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Hidden Markov models (HMMs) have during the last decade become
a widespread tool for modeling sequences of dependent random variables.
Inference for such models is usually based on the maximum-likelihood esti-
mator (MLE), and consistency of the MLE for general HMMs was recently
proved by Leroux. In this paper we show that under mild conditions the
MLE is also asymptotically normal and prove that the observed informa-
tion matrix is a consistent estimator of the Fisher information.

1. Introduction. A hidden Markov model (HMM) is a discrete-time
stochastic process {(X,, Y;)} such that (i) {X,} is a finite-state Markov
chain, and (ii) given {X,}, {Y .} is a sequence of conditionally independent
random variables with the conditional distribution of Y, depending on {X,}
only through X,. The Markov chain {X,} is sometimes called the regime.
The name HMM is motivated by the assumption that { X} is not observable,
so that inference and so on has to be based on {Y,} alone. HMMs have
during the last decade become widespread for modeling sequences of weakly
dependent random variables, with applications in areas such as speech
processing [Rabiner (1989)], neurophysiology [Fredkin and Rice (1992)] and
biology [Leroux and Puterman (1992)]. See also the monograph by MacDonald
and Zucchini (1997). Commonly, the conditional distributions of Y, given X,
belong to a single parametric family, such as the normal or Poisson families,
so that X, selects the parameter used to generate Y,. The distribution of
Y ,, that is, the marginal distribution of {Y .}, will then be a finite mixture
from the parametric family. Mixtures are frequently used in i.i.d. settings
to increase the dispersion governed by a specific parametric family, and this
effect is obviously found in the marginal distribution of an HMM as well. In
addition, {Y,} is dependent. HMMs can thus be viewed as an extension of
Markov chains, but also as an extension of mixture models.

Inference for HMMSs was first considered by Baum and Petrie, who treated
the case when {Y .} takes values in a finite set. In Baum and Petrie (1966),
results on consistency and asymptotic normality of the maximum-likelihood
estimator (MLE) are given, and the conditions for consistency are weakened in
Petrie (1969). In the latter paper the identifiability problem is also discussed,
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that is, under what conditions there are no other parameters that induce the
same law for {Y,} as the true parameter does. For general HMMs, Lindgren
(1978) constructed consistent and asymptotically normal estimators of the
parameters determining the conditional densities of Y, given X, but he did
not consider estimation of the transition probabilities. Later, Leroux (1992)
proved consistency of the MLE for general HMMs under mild conditions, and
local asymptotic normality (LAN) has been proved by Bickel and Ritov (1996).

The topic of the present paper is asymptotic normality of the MLE. Al-
though Bickel and Ritov (1996) prove that an estimator similar to the MLE is
asymptotically normal and achieves the information bound, their result falls
short of proving that the likelihood function has a second derivative and that
the MLE itself is asymptotically normal. Asymptotic normality of the MLE
can be inferred from their paper, but an extra argument is needed; see Ritov
(1996). In this paper we show that the curvature of the likelihood function is,
asymptotically, equal to the information bound and hence the MLE is asymp-
totically normal. We also work with conditions that are weaker than those in
Bickel and Ritov (1996).

Before we proceed, we need to introduce some notation. We let { X, }7° ; be a
stationary Markov chain on {1, ..., K} with transition probabilities a(a, b) =
P(X,.1=0| X, = a). We also let {Y,} be an %-valued sequence such
that given {X,}, {Y,} is a sequence of conditionally independent random
variables, Y, having (conditional) density g(y|X,) with respect to some o-
finite measure v on 2. Usually % is a subset of R? for some g, but it may also
be a higher dimensional space. Moreover, both {«a(a, b)} and {g(:|a)} depend
on a parameter J, that is a(a, d) = ay(a,d) and g(-|la) = g4(-|a), where ¥
is to be estimated from a realization of {Y,}. The set to which 9 belongs is
denoted by 0, and we assume ® C R?. Note that the stationary distribution
of {X}, denoted by {m(a)}X ,, does also depend on .

The most common set-up is that where 9 contains the transition proba-
bilities themselves, together with some parameters characterizing the g’s. In
particular, it is often the case that gy4(y|a) = f(y; ¢(a)) for some parametric
family f(y; ®). We refer to this situation as the “usual parametrization.” We
now give a few examples of HMMs.

ExaMPLE 1 (Mixture of normal distributions). Let K = 2, 9 = (a(1, 2),
(2, 1), w(1), w(2), 02) and gy(yla) = o Le((y — u(a))/), where ¢(-) is the
standard normal density. Hence, % = R and v is Lebesgue measure. The
distribution of Y, is a mixture of two normal distributions with different
means but equal variances. This model has been used to model electric current
through channels in ion membranes; see Guttorp [(1995), page 109], for a short
description and Fredkin and Rice (1992) for a fuller treatment.

ExAMPLE 2 (Mixture of Poisson distributions). Let K = 2, 3 = (a(1, 2),
a(2,1), u(1), u(2)), and let gy(y|a) be the Poisson density with mean w(a).
Hence, # = {0,1,2,...} and v is counting measure. The distribution of Y,
is a mixture of two Poisson distributions. Albert (1991) proposed this HMM
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as a model for series of daily counts of epileptic seizures in one patient [see
also Le, Leroux and Puterman (1992) and MacDonald and Zucchini (1997),
page 146], Leroux and Puterman (1992) used it for modeling fetal lamb move-
ments.

ExamMPLE 3 (Markov-modulated Poisson process). Let {X(¢)} be a contin-
uous-time Markov chain on {1, ..., K} with intensity matrix @ = {q(i, j)}, let
A(1), ..., A(K) be nonnegative numbers and let {N(¢)} be a doubly stochastic
Poisson process (or Cox process) with random intensity function {A(X(¢))};
that is, given {A(X (¢))}, {N(¢)} has conditionally independent increments and
N(t + s) — N(t) has a Poisson distribution with mean ftHS/\(X(u)) du. Such
processes are called Markov-modulated Poisson processes, and they have been
proposed for modeling traffic streams in complex telecommunication networks.
See, for example, Heffes and Lucantoni (1986). The parameters of the model
are the ¢’s and the \’s. To make the connection to discrete-time HMMs, let
Ty = 0, let T, be the time of the kth event in {N(¢)}, Y, = T, — T,
and X, = X(T}). Then {(X,,Y;)} is an HMM, except that given {X,},
the distribution of Y, depends on both X, ; and X,. Replacing {X,} by
{X%} ={(X}_1, X})} takes us back to the standard set-up, however.

The joint density of (X4,...,X,,Y;,...,Y,) [with respect to (counting
measure)” x v"*] is given by

n—1 n
pﬁ('xlﬂ e Xy Y15 e yn) = Wﬁ(xl) l_[ at‘}(xkﬂ xk+1) l_[ gﬁ(yk|xk)’
k=1 k=1

and the joint density of (Y4, ..., Y, ) (with respect to v") is

K K
(1) pﬁ(yl""syn)zZ"'Zpﬂ(xl""!xn’yl’--wyn);
x1=1

1= x,=1

here, as well in the sequel, p is used as a generic symbol for densities. Looking
at (1), one might think that the complexity for computing py(yi,..., y,) is
exponential in n. Fortunately, we can compute the likelihood much faster by
introducing the matrix G4(y) = diag {gs(y|a)} and noting that

(@) Do (Y1 eees ) = m{ I Gﬁ<yk>Aﬂ}1,
k=1

where Ay = {ay(a,b)} and 1 is a K x 1-vector of ones. The computational
complexity of (2) is only linear in n. A further useful observation is that con-
ditional on the Y’s, {X,} is still a Markov chain, although nonhomogeneous.
It mixes geometrically fast, however, and this is the key to our analysis below.

The MLE, denoted by 5n, maximizes py(Yq,...,Y,) over the parameter
set ©. In many cases we may renumber the state space of {X,} and the g’s,
leaving the likelihood unchanged, and the MLE is then not unique. In partic-
ular we may do so if the usual parametrization is employed. This ambiguity
is obviously not a big concern, though.
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In practice, the MLE is often computed using the EM (expectation-
maximization) algorithm; {X,} then play the role as missing data. In the
context of HMMs, the EM algorithm was formulated by Baum and co-workers;
see, for example, Baum, Petrie, Soules and Weiss (1970). A recent general
reference is the monograph by McLachlan and Krishnan (1997). For HMMs
with the usual parametrization, the M-step, in which the parameters are
updated, is always explicit in the transition probabilities; that is, the new a’s
are obtained without a numerical search. If the parametric family f(y; ¢)
is an exponential family, the M-step is often explicit in the ¢’s as well.
The E-step, in which conditional expectations are evaluated, is computa-
tionally more demanding. In most cases it is carried out using the so-called
forward-backward algorithm, the complexity of which is linear in n; we refer
to Rabiner (1989) and Leroux and Puterman (1992) for details. The major
drawback of the EM algorithm is its rate of convergence, which is only linear
in the vicinity of the MLE. Various modifications of the basic algorithm
have been suggested to improve on this; see, for example, Jamshidian and
Jennrich (1997), Meng and van Dyk (1997) and references therein. Little
has been published on which of these modifications perform well for HMMs,
however.

Alternatively, one may maximize (2) with respect to ¥ directly, using any
standard numerical optimization scheme. The downhill simplex algorithm [see
for example Press, Flannery, Teukolsky and Vetterling (1989)], is particularly
attractive since it does not require any derivatives of the objective function,
and derivatives of (2) are time-consuming to compute.

Whatever optimization algorithm is used, one always faces the problem that
the likelihood surface of an HMM in general is multimodal. Any algorithm,
including EM, may thus converge towards a local maximum or even a saddle
point. Today there are no methods guaranteed to find the MLE, but the best
advice available is to start the optimization algorithm from several different,
possibly random, points in ©.

2. Further notation and assumptions. The true parameter is denoted
by ¥,. We deliberately replace the subindex ¥, by ‘0’ in notation like P,
(becoming P,) and so on. The L (Py)-norm will be denoted ||-||,; that is,
[[-1lg = {Eol - |9}1/4, Sometimes Y ,,, ..., Y, will be abbreviated Y/, with an
entirely similar notation for the X-process. The symbol D denotes differen-
tiation with respect to ¥, with D forming the gradient and D? forming the
Hessian. Occasionally we will use a dot instead of D and two dots instead of
D?2. Finally, C denotes a generic constant, finite and nonnegative, whose value
may change from one expression to another.

The following assumptions will be referred to in the sequel.

(A1) The transition probability matrix {«,(a, d)} is ergodic, that is, irreducible
and aperiodic.

(A2) For all @ and b, the maps ¥ — ay(a, b) and ¥ — my(a) have two con-
tinuous derivatives in some neighborhood |9 — ¥| < é of . For all a
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and y € Z, the map ¥ — g4(y|a) has two continuous derivatives in the
same neighborhood.
(A3) Write 9 = (94, ..., ¥4). There exists a 6 > O such that (i) forall1 <i <d

and all a,
2
} < o0

]<oo;

(i) for j=1,2,all1<i;<d,l=1,...,Jj,and all q,

d

E, |: sup log g4(Y|a)

Y—|<b

(i) foralll<i, j<d and all a,
2

99,09 ;

EO[ sup
|8 —¢| <5

log g4(Y4|a)

7
sup |[——gy(yla)|v(dy) < .
/w_ao|<a 79,0, 90| (@)
(A4) There exists a 6 > 0 such that with
gs(yla)

po(y)= sup max )

W)= S Ik gy (vl
Py(pg(Y{)=00| X;=a) <1 forall a.

(A5) 1 is an interior point of ©.

(A6) The maximum-likelihood estimator is strongly consistent.

Without loss of generality, we assume that the §’s in (A2)-(A4) agree.

REMARK. If (A1) holds, {X,} is ergodic under P,. This implies that {Y .}
is ergodic as well; see Leroux [(1992), page 130]. (A2) and (A3) are essentially
regularity conditions of “Cramér type,” that we cannot expect to weaken con-
siderably. (A4) fails to hold if there are two g,’s with disjoint support; let, for
example, the g’s be location shifts of Beta densities. Heuristically, the result
is a gain of information, however, rather than a loss, and it is possible that
our results could be refined to include also this case.

In (A6) we assume that 5n — ¥y, Py-a.s. as n — oo (up to a possible
permutation of states). Consistency of the MLE is discussed by Leroux (1992),
and the conditions needed to ensure (A6) are essentially the following: (i) (A1);
(ii) for all ¢ and b, the map ¥ — ay(a, b) is continuous on O; (iii) for all a
and y € %, the map 9 — gy(y|a) is continuous on 0; (iv) O is compact
(this assumption can be relaxed somewhat; see Leroux’s paper); (v) for each
a, Eqllog g9(Y]a)| < oo; (vi) For each a and 9 there is a 6 > 0 such that
Eo[supy_gs(log g9/ (Y1|a))*] < oo; (vii) for each & such that the laws P,
and P, agree, 9 = 9, (up to a possible permutation of states).

Obviously, conditions (ii), (iii) and (vi) are global, whereas conditions (A2)—
(A4) are all local. Condition (vii) holds, for example, if the HMM has the usual
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parametrization, finite mixtures of the parametric family {f(y; ¢)} are iden-
tifiable and the ¢’s are distinct. Families of which finite mixtures are identi-
fiable include the normal distribution, the Poisson distribution and the expo-
nential distribution.

ExaMPLE 1 (Continued). We may define ® by «(1,2),a(2,1) € [0,1],
w(a) € [-1/e,1/¢], and o2 € [e, 1/¢] for some small & > 0. Conditions (A2)—
(A4) are then all satisfied, as are the conditions for consistency listed above
provided «((1, 2), oy(2, 1) € (0, 1) [implying (A1)].

ExaMPLE 2 (Continued). We define O by «(1, 2), «(2, 1) € [0, 1] and u(a) €
[0, 1/&] for some small ¢ > 0. Then (A2)—(A4) and the consistency conditions
are satisfied provided (A1) also holds.

ExAMPLE 3 (Continued). Define ® by @ having off-diagonal elements
bounded by 1/¢ and A(a) € [0, 1/¢] for some small & > 0. Then (A2)-(A4) and
the consistency conditions are satisfied provided (Al) also holds; it does if @,
is irreducible and all Ay(a) > 0. Parameter estimation and consistency of the
MLE are further discussed in Rydén (1994).

3. Main results. To prove asymptotic normality of the MLE, we need
two lemmas which themselves are of considerable interest. These lemmas
involve the loglikelihood, denoted by L,(9%) = log py(Y4,...,Y,), and the
Fisher information matrix for {Y,}, denoted by _#,. Intuitively, #, may
be thought of as the limiting covariance matrix of either n~'/2L,(9,) or
Dlog py,(Y,|Y ,_1,...,Y1). In Section 4 we show that both of these defini-
tions are valid.

The first lemma is a central limit theorem for the score function at ¥,.

LEMMA 1. Assume that (A1)~(A4) hold. Then n~Y2L,(9,) — 4(0, £,) Po-
weakly as n — oo.

We prove this lemma in Section 4. The second lemma is a law of large
numbers for the Hessian of the log likelihood.

LEMMA 2. Assume that (A1)—(A4) hold and let 97 be any, possibly stochas-
tic, sequence in © such that 9% — ¥,, Py-a.s.as n — oo. Then n~'L,(9%) —
— /o in Py-probability as n — oo.

This result will be proved in Section 5. Note that Lemma 2 shows that
if (A1)~(A4) and (A6) hold, the observed information, that is —n~1L,(9,),
converges to _#, in P(-probability. The main result is now as follows.

THEOREM 1. Assume that (A1)—(A6) hold and that #, is nonsingular. Then
n'2(9, — 9y) — 4(0, £51), Py-weakly as n — oo.
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PROOF. The proof essentially uses the approach introduced by Cramér. For
n large enough, 9, is an interior point of ® and |3, — 9| < §, and we can then
make a Taylor expansion of L, about ¥,

0=L,(3,)=L,(90)+ L@, - ),

where ¢, is a point on the line segment between ¢, and §n Rewriting this
expression, we obtain

nV2(8, = 9¢) = [-n 1L, (3,)] 0 V2L, (8,).
The result now follows from the above lemmas. O

REMARK. Lemmas 1 and 2 also imply LAN of our model. In fact, they even
imply uniform LAN, that is, that in the expansion

L,(9,+ n*1/2u) —L,(9) = n’1/2uTLn(1‘}0) + n*I%uTﬂn(ft}o)u +R,(u),

R, (u) tends to zero in P,-probability uniformly over compact subsets of RY.
The superindex T' denotes transpose.

Throughout the remainder of the paper, we shall make two assumptions
that simplify the notation but do not remove any principal difficulties. The first
assumption is that ¢ is one-dimensional, which saves us from using notation
like uu”. At one instance we do use this notation, namely, in the definition
of the Fisher information matrix below. Our second assumption concerns the
transition probabilities. By (Al), there exists a positive integer r such that
all r-step transition probabilities agr)(a,b) = Py(X, =b| Xy =a) > 0.
The assumption we make is that this inequality is satisfied with r = 1. We
comment on the general case after Lemma 3.

4. A central limit theorem for the score function. Since the bivariate
process {(X;, Y;)} is stationary, we may extend it to a doubly infinite sta-
tionary sequence {(X,, Y)}._.., a feature that we will use frequently. Let
ps(Y11Yq,..., Y _,) denote the conditional density of Y; given Y,,..., Y _,.
By the very definition of an HMM,

K
3) P19(Y1|Y9n) = Z 8o(Yqla)Py(X;=a | an)-

a=1

By a martingale convergence theorem by Lévy [see, e.g., Shiryayev (1984),
page 478], Py(X; =a | an) — Py(X{=a| Ygoo) Pgy-a.s. as n — oo. Thus, if
we define py(Y1|Y,, Y_q,...) in analogy with (3), ps(Y1]Y°,) — ps(Y1]Y°,)
Py-a.s.
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Now, by a general identity for models with missing data [see Louis (1982),
page 227], valid in our case because the X’s take values in a finite set,

Dlog py(Y4|Y, ..., Y )

(4) = D].Og p19(Y—n’ ceey Yl) - D].Og p‘f}(Y—n’ ceey Yo)
- Eﬁ[Dlogpﬂ(X_n, ...,Xl,Y_n, ceey Yl) | Y_n,..., Yl]

—Ey[Dlogps(X_,,,.... X1, Y _,,....Yo) | Y_,,..., Yl

note that in the second term on the right-hand side, we consider X; as miss-
ing despite that Y; is not observed, a trick that will simplify the follow-
ing computations slightly. Thus, writing Ay(a, b) = Dlog ay(a, d), vs(yla) =
Dlog g4(v|a), and 74(a) = Dlog my(a), we have

Dlog PﬂO(Y1|Yo7 Y )

0
= 3 {Bolno(Y 4l Xp) + 26(X s, Xiea) | YL,
(5) k=—n

— Eolvo(Y 5l X 1) + Ao( X1 Xpn) | Y2, 1
+ Eolyo(Y11X 1) | YL, 1+ Eol7o(X_,) | Y, 1= Eg[ro(X_,) | YO, 1.

Define

0
m= 3 {Eolno(YulXe) + 0o(Xp Xppa) | Y]

k=—0c0

(6)
— Bolvo(Y 4l X3) + Ao(X s Xp1) | Y001

+ Eo[vo(Y4|X1) | Yloo]‘

The sum in (6) is absolutely convergent in Ly(P,), so that the right-hand side
of (6) defines a random variable in Ly(P,). We do not show this here, but it
follows from the proof of Lemma 6 below. Under somewhat stronger conditions,
the result 1, € Ly(P,) is shown in Lemma 2.3 in Bickel and Ritov (1996). We
now define the Fisher information matrix as #, = Eo[nﬂhT]- Before proving
Lemma 1, we give some additional notation and lemmas.

Note that if (A1) and (A2) hold, there exist a § > 0 and a o, > 0 such that
inf{ay(a, b): a, b, |¥ — 9| < 6} > 0y, inf{aj(a, b): a, b, |¥ —Iy| < 6} > 0y and
inf{my(a): a, |9 —Fg| < 8} > 0y, where ajy(a, b) = my(b)/my(a) x ay(b, a) are
the transition probabilities of the time-reversed version of {X,} (recall that
we assume r = 1). Without loss of generality, we assume that this § agrees
with the one in (A2)—(A4). Let

ro(y) = [1+ (K — Doy 2p(3)}



1622 P. J. BICKEL, Y. RITOV AND T. RYDEN

if (A4) holds, Py(uo(Y1) > 0| X1 = a) > 0 for all a. For further reference, we
cite the following result from Bickel and Ritov (1996); it is their Lemma 3.3.

LEMMA 3. Let —n <1l < k < 0 and let H,, be an event defined in terms of
X, Xpi1s--» Xgand Y, Y, q,..., Y, only. Then for all & such that |9 —
190| < 8,

max Py(H, |Y°,,X,=a)—min Py(H, |Y°,, X, =a)

k-1
< l_[ (1—=2p0(Y,))

i=l+1

k-1
= ]_[ exp(—2u(Y;)).

i=l+1

REMARK. If r > 1, the result corresponding to Lemma 3 (and with an
entirely similar proof) reads

max Py(H, | Y, X g = a) —min Py(H, | Y0, X, = )

(7

q
=< 1_[ exp(_zlu’O(Yk—ir-&-la ey Yk—ir+2r—1))a
i=2

where now

1
1+ (K - 1)og 2 TI7 p(y:)

and with o defined as above but in terms of the r-step transition probabil-
ities. By deleting every second factor in (7) we obtain a bound with factors
containing disjoint blocks of Y’s. The proofs below then go through as when
r = 1, except for some very minor changes caused by the need to work with
the Y’s in blocks of size r.

/“LO(yla LR} y2r—1) =

LEMMA 4. Let —n < k < 0 and define

Sy(n, k) =max|Py(Xy =a | Y%, X, =b)- Py(Xs=a| Y’ X;=0)

Then, for any O such that |0 — Uy| < 8,

0
Sy(n, k) =[] exp(—2u0(Y})).

i=k+1

The proof follows from Lemma 3 and the observation that the time-reversed
version of {(X;, Y;)} is an HMM as well.
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LEMMA 5. Let —m < —n < k < 0. Then, for any ¥ such that |9 — 9| < 6,

0
max|Py(X, =a|Y',)~ Py(Xy=a|Y’)| < [T exp(~2u0(Y)),
i=k+1

max|Py(X; = a, Xy =b|Y.,) = Py(Xy=a, Xy =b]Y",)

0
=< J1 exp(—2po(Y3)),
i=k+2

k-1
max|Py(X, =a | YL,) - Py(Xp=a|Y,,) = T exp(—2p0(Y))),
i=—n+1

max|Py(X; = a, Xy =b| Y.,) = Py(Xy =, Xy =b|Y",)

k—1
< l_[ exp(—2uo(Y;))-

i=—n+1

The first two conclusions hold true Py-a.s. also if —n is replaced by —oo, and
the last two conclusions hold true Py-a.s. also if —m is replaced by —oc.

In the last two parts we may also replace Yin and Yim by an and Y?m,
respectively, and also, as above, extend these statements to infinite m.

PrROOF. First assume that n and m are finite. The first part of the lemma
can be proved using Lemma 4 and arguing as in (h), (i) and (j) in the proof of
Lemma 2.3 in Bickel and Ritov (1996).

For the second part, note that

}Pﬁ(Xk =a, Xp1=0b] Yin) —Py(Xp=a, X}y1=0] an)|
= |P19(Xk =a| Xy = b7Y£n)P1‘)(Xk+1 =b] Yin)
—Py(Xp=a| Xy =bY")Py(Xp =bY)
= |P19(Xk =a| Xpp1= baY}in)Pﬂ(Xk-&-l =b] Yin)
—Py(Xp=a| X4y =b,Y,)Py(Xy =b| YY)
< |Py(Xp1=0]YL,) = Py(Xp1 =Y,

and use the first part (for 2 = 0 this argument is not valid, but the result is
then trivially true).
Since

[Py(Xp=a|YL,) - Py(X,=alYL,)|

K
=Y Py(X,=a|X_,=0Y"
b=1

)Py(X_, =b|Y,)

n+1

K
- ZP{)(Xk =a | an = C’Y£n+1)P1‘}(an =cC | Ylm)!

c=1
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=max|Py(Xp=a| X, =b Y., 1) - Py(Xp=a| X, =c Y, )

k-1
=< 1_[ exp(—2uo(Y;)),

i=—n+1

the third part holds; the last inequality follows from Lemma 3. When an
and Ylm are replaced by an and Y?m, respectively, the bound follows in a
completely similar fashion.

The last part is proved using part three and an argument like the one used
to prove part two. Finally, if n or m is infinite, use the fact that P4(X, = a |
Y' ) Py(X,=a]|Y',) Py-as. and so on. O

We are now ready to prove the following result.

LEMMA 6. There exist constants B, € [0, 1) and C,, such that
[Dlog py, (Y1|Yq,..., Y_,) = mlls < CoBg-

ProOF. Comparing (5) and (6), we see that it is sufficient to prove that
there are B, € [0, 1) and C, such that

(8) HEO[TO(X—n) | Yin]_EO[TO(X—n) | YEn]HQ = COBga
) | Eo[vo(Y11X1) | YL - Eoly(Y]1X,) | Yioo]HQ < CyBp»
| 0 . .
(10) H Yo A Eolvo(YrlIXp) 1 Y, 1= Eolvo(Y Rl X3) | Y L1} | < CoBi,
k=—(n/2) 2
0 . .
(11 H Yo AEo[A(Xp, Xp) | YL, 1= Eo[A( X, X i) | Y.L} < CoBis
k=—{n/2] 2
—|n/2]-1 ) o
12) ‘ Yo {Eolvo(YrlIXp) | Yo, 1= Eolvo(Y X)) | Y2, 1}| < CoBS,
k=—n 2
[|—lr/2]-1 ) o
(13) H Yo {Eolho(X g, Xpi1) | Yo, 1= Eo[Ao( Xy, Xpi1) | Y2, 1} < CoB,
k=—n 2
—|n/2]-1 Ny .
(14) ‘ Yo AEovo(YrIXp) | Yo 1= Eolvo(Y X)) | YOLI}| < CoBt,
k=—00 2
—|n/2]-1 ) o
(15) ' Y AEo (X, Xpr) | Yo 1= Eg[Ag(X g, X 1) | Y2 L1} < CoB
k=—oc0 2

for j =0, 1, where |-| denotes the integer part.
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We start with (8). By the first part of Lemma 5 we have

| Eol7o(X_) | Y21 = Eolro(X_,) | Y2,]]

K
= | Y (@) [Po(X_, =a|Y,) = Py(X_, =a|Y°,)]

a=1

0
<max7y(a)C [ exp(—2uo(Y))).
e i=—n+1

Thus, by the definition of an HMM,

| Bolro(X_,) | YL, 1 = Eol7o(X_,) | Y%, 1|2

r 0
AR exp<—4uo<Yi>>}

Li=—n+1

— CE, :EO [ iz]i[ﬂ exp(—4p(Y,)) | XOnHH

0
=CEy| ] Eo[exp(—4uo(Yi))|Xi]]
Li=—n+1

0
<CEo| [] max Eq[exp(—4po(Y)) | X; = a]}

Li=—n+1

for some B € [0, 1) and (8) follows. A similar argument shows (9).
We now turn to (10). By the third part of Lemma 5, with m = oo,

|Eolvo(Y 1 X2) | Y7, 1= Eolvo(Y 1 X2) | Y/ ]|

K . .
= 2 Yo(Yila) [Po(Xy =a | Y),) = Py(X) =a|Y/)]

a=1
k-1
§m(;ax|y0(Yk|a)|C [T exp(—2u0(Y;))
i=—n+1

Py-a.s. Thus,

| Bolvo(Y 4l X 1) | Y21 = Bolvo(Y 4| X2) | Y2 |5
k-1
< o Cmax n(Y3l) T exp(-4iao(Y )]

i=—n+1

k-1
< CBo| Bo max n(Y3la) T exp(~4io(Y )| X, |

i=—n+1
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k-1
— OBo| Eo[max yo(Yala) | Xa] TI BEofexp(~4uo(¥.0)| X,]]

i=—n+1

< Cmax By max (Y yJa)|? | X, = 8|8+,

so that

0

> {Eolyo(Y i X3) | Y, 1= Eolvo(Y £l X ) | Y. ]}

|
k=—|n/2] I

2

0
< C Z B(k71+n)/2 < CB(*[”/QJ*PF’L)/Q’
k=—|n/2]

and (10) follows. Also (11)—(15) follow in an entirely similar fashion, using
other parts of Lemma 5. Note that (14) and (15) show that n; € Ly(Py). O

PROOF OF LEMMA 1. Let £, = Dlog py (YY1, ..., Y ), so that L, (%)
=Y 7.1 & and let

E-1
m= ) {EO[VO(YL'|XL‘) + Ao( X, Xigq) | Ylioo]

i=—00

= Eo[ (Y11 X))+ 0(X;, Xin) | YA

+ Eovo(Y 4l X)) | YE].

Using (A3)(iii), it readily follows that

Eo[’Yo(Y1|X1) | Ygoo] = EO[EO[’YO(Y1|X1) | Ygoo’ X411 Ygoo]

= Eo[Eo[%(Y1|X1) | X111 Y’ ] =0,

so that {7;} is a stationary and ergodic (because {Y ,} is ergodic) martingale
increment sequence with respect to {(Y* )} in LLy( Py). Its covariance matrix
is /. By the central limit theorem for martingales [see, e.g., Durrett (1991),
page 375], we obtain

n

(16) n-1? > — A0, %)
k=1

Finally, Lemma 6 shows that

n n n
—1/2 _1/2 _1/2
Y g —nT Y |l < n T2 (16— mlle
E=1 k=1

2 k=1

=23 |ID1og py, (Y1l or oo Y iz) = mille,
k=1

where the last equality follows by stationarity. By Lemma 6, the expression
on the right-hand side tends to zero as n — oo, whence the result follows from
(16). O
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5. A law of large numbers for the observed information. In this
section we prove Lemma 2 via a uniform law of large numbers for the Hessian
of the loglikelihood. Our approach is similar to the one used in Section 4, but
the derivation is more delicate. First, again by a general identity for models
with missing data [see Louis (1982), page 227], valid in our case because the
X’s take values in a finite set,

D?log py(Y1|Yy,...,Y_,)

=D?log py(Y_,,...,Y,)—D?*log ps(Y_,,,..., Y,)

=Ey[D*log py(X _,s.... X1, Y ..., Y1) | YL, ]
+ Ey[(Dlog py(X_,..., X1, Yy, Y2 | YL, ]
—{E,[Dlog py(X_p, ..., X1, Y, ..., Y1) | YL )
— Ey[D*log py(X -, X1, Y _h . Y) | Y2, ]
—Ey[(Dlog py(X s s X0, Y oy, Y))2 | Y2, ]
+{Ey[Dlog py(X s, X1, Y s, Yo) | YO )

0
= Y AEs[vo(Y X)) + Ay (X, Xpp1) | Yln]
k=-n

— Eg[v9(Y 1 X)) + Ag (X, X1i1) | Y2,
+Ey[ys(Y1X1) | YL, ]+ Eg[75(X_,) | YL, ] — Eg[75(X_,) | Y2,]

0 0
+ 2 SB[ (VX (VI X) | Y]

k=nl=n
- E, [%&(Yk|Xk) | Yin]Eﬂ [Vﬂ(YﬂXl) | Yin]
- Eﬁ[yﬂ(Yk|Xk)71‘)(Yl|Xl) | YEn]

1‘}[719(Yk|Xk) | an]Eﬁ['yﬁ(Ylle) | an]

+ E5[Ag (X, Xp1)Ae(Xp, X1q) | Yin]
— Ey[rg(Xp, Xp11) | Yln]Ea [As(X;, Xppq) | Yin]
— Ey[Ao(Xp, Xpy)ho( Xy, Xp41) | Y2, ]
+ Eg[Ao(Xp, Xpi1) | YO, Eo[Ao(Xy, X141) | Y2, ]
+ 2E1?[719(Yk|Xk))‘13(Xl’ Xi41) | Yln]
—2E,[ys(Yh| X)) | Yin]Eﬁ[)‘ﬂ(Xb Xi41) | Yin]
- 2Eﬂ[70(Yk|Xk)/\ﬂ(Xla Xi41) | YEn]
+ 28, [ (Y41 X3) | Y2, 1B [ Ao (X1, X110) 1 Y2, ]

A7) +Ey[y3(Y1|X1) | Y5, ]~ (Es[ve (Y11 X1) | YL, ])
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0
+ 2 [ZEﬁ[Vﬂ(YﬂXl)Yﬁ(YHXk) 1YL, ]

k=—n
- 2E0[Y19(Y1|X1) | Yin]Eﬁ[yﬂ(YHXk) | Yin]
+2E[vo (Y11 X )Ao(Xy, Xpi1) | Y2, ]
- ZEﬂ[Ya(YﬂXl) | Yin]Eﬂ[)‘ﬂ(Xk’ Xpi1) | Yln]}
+ Ey[13(X_,) | YL, ] = {Ey[ro(X_,) | YL, 1
— By [75(X_) | Y2, ]+ {Bo[ra(X_) | Y2, 1

0
+ Z [2E19[T,9(X,n)‘}’,9(Yk|Xk) | Yin]

k=—n
—2E,[79(X_,) | YL, ]Eo[vo(YelX1) | Y1,]
- 2E0[70(X—n)71?(Yk|Xk) | an]
+ 2B, [79(X_0) [ Y2, 1B [vs (Y4 X1) | Y2, ]
+ 2B [75(X_)Ap(Xpo Xpia) | Y2, ]
—2E,[m9(X_,) | Yin]Eﬁ[/\t‘}(st Xpi1) | Yin]
- 2E1‘)[719(X7n)/\19(Xk’ Xk+1) | Yi)n]
+ 28, [75(X_,) | Y2, ] Eo[Ao(X s Xpa) 1 Y2, ]]
+ 2E1‘}[719(X7n)719(Y1|X1) | Yin]
- ZEﬂ[Tﬂ(an) | Yln]Ea[%(YﬂXﬁ | Yin]

Again, we need some additional lemmas before we look closer at this ex-
pression.

LEMMA 7. Let —m < —n < k, [ <0. Then for any 9 such that |9 — ¥y| < 8,
ma})x|Pﬂ(Xk =a, X;=b|Y.)-Py(X,=a, X;,=b6|Y)|

0
< [I exp(—2uo(Y;)),

i=kvi+1
ma})x|Pﬂ(Xk =a, X;=b|Y.,)-Py(X,=a, X;=0|Y",)

kAL-1
=< l_[ exp(—2u(Y;)).

i=—n+1
The second conclusion holds true also if Y*, and Y*, are replaced by Y°, and
Y? | respectively.

—m>

The proof is entirely similar to the proofs of parts two and four of Lemma 5.
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LEMMA 8. Let —n < k, 1 < 0. Then for any 9 such that |% — 9| < 8,
max| Py(X, = a, X;=b|Y!,)~ Py(Xy=a | Y, )Py(X, =b|Y.,)
kvi-1
< I exp(—2po(Y})).
i=kAl+1

The conclusion holds true also if Yln is replaced by YEn.

PROOF. Assume that £ > [. Then
|Py(Xp=a, X;=b|YL,) - Py(X,=a|YL,)Py(X,=b|Y.,)|
= |Py(Xy=a| X, =b,YL,)Py(X, =b|Y",)

—Py(Xp=a|YL,)Py(X,=b|YL,)

= |P0(Xk =al|X; =baY£n)—Pﬂ(Xk=a|Y£n)|

K
Z[Pﬂ(Xk =al| X =b’Y£n)

c=1

L Py(Xp=a| Xy =, Y )IPy(X = ¢ | Y1)
|
= m?XIPﬁ(Xk =a|X;= b’Yln) - Py(Xp=al|X;= C7Y£n)|

k-1
=< JI exp(—2uo(Y))),

i=0+1

where the last inequality follows from Lemma 3. The proof with an is anal-
ogous. O

Let G denote the neighborhood {9: |§ — 94| < 8} of ¥y,

LEMMA 9. As m,n — oo,

|[sup| D?1og py(Y1[¥1,,) = D*log py(Y4[Y2,)I|| — 0.
deG 1

PrROOF. Considering (17), we see that we must prove, for example,

0 0
> Y Bl (Vi Xy (Vi1X)) | YL,]

k=—ml=—m

sup
YeG

= Bylyp(Y 4 X3) | YL, 0B [vs (Yol X)) | YL,
= E[vo (Yl X3)vs (Y| X)) | ng]
(18) + Eolys (Y4l X3) | YO, 0B, [ys (Y0l X)) | Y0,1)
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0 0
= ¥ X B (VX )ya (Y11 X) | YL,

k=—nl=—n
— Eylye (Y| X}) | Yln]Eﬂ[Yﬂ(YﬂXl) | Yin]
— Eylye (Y| Xp)ys(Y X)) | an]

+ Eylya (Yl X3) | Y2, 1B, [vs (Y1 X)) | Y%]}'

-0
1

as m,n — oo. Other statements, similar to (18) and which together with (18)
prove the lemma, can be shown using slight variations of the technique used
below. In order to prove (18), it is sufficient to show that (assuming m > n)
for j=0,1,

—|n/2] [k/2] X
S0 | supl Eolys (Yl Xy (Vi X)) | Y2,
(19) b——m 1=k ' 0€G

— Eylys (Ve Xp)ve (Y11 X)) | Y2, | ‘1_> 0,

—Ln/2] [k/2]

> Y

(20) k=—m =k

iug‘Eﬂ[Va(YﬂXk) | YL 1Es[ys (Y01 X)) | Y2, ]
€
— Byl (Yil Xa) | Y2, 1B, [ys (Y11 X)) 1 Y2,1]|| —o.

—Ln/2] |%/2]

S |[supl Eolya (Yl Xy (Vi X)) | Y2,
(21) k=—n =k @ V€G

— Byl (Vi X)yo(Y1lX) | Y2, ]]| o,

—Ln/2] /2]

o Z U I B,y (Val Xi) | YL, 1B [y (V21X ) | Y2, ]
k=—n I=k €

— Eslys(Yil X3) | YO, 1E [y (Y1 X)) | YE”HIL_) 0,

0 0 ‘
> Y || sup| By (Vi Xy (V11X | Y7,
(23) k=—|n/2) I=—|n/2)] 9€G

— Eslys (Yl Xp)ve (Y11 X)) | Y, ] H1_) 0,

0 0
Y X |[sup|Eolya(Yal X | Y, 0E [y (YilX)) | ¥,,]
(24)  k=-In/2]i=—|n/2| <G

i i [
— Ey[ys(Yh|Xp) | Y, 1E[vs (Y, X,) | Y2, ] I, 0,
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—|n/2] 0

S % || sl Bl (VX s (VX 1Y)
(25) k=—mi=—|k/2] YeG

i i [
~ Eylys (Y4l X0) | Y2, )Bylys (V11 X)) | Y2, ]]|| o,

—[n/2] 0

> || suplEalva (Yl X4)ya(YiIX)) | Y2,]
(26) k=—n I=—|k/2] ' <G

- El?[Y19(Yk|Xk) | Yi‘n]Eﬁ[’Yﬁ(Yl'Xl) | Yin]| Hl_) 0’

as m,n — oo; compare Figure 1. The idea of splitting up the sum (18) goes
back to Baum and Petrie (1966).

Starting with (19), by the first part of Lemma 7 we have that

iug|Eﬁ[')’ﬁ(Ylek)Vﬁ(Yl|Xl) | Y, 1= Eglys (YRl X1)ve (Yo X)) | Y21
€

K
<sup Y |vs(Yila)| lvs(Y,I0)| |Py(Xy =a, X;=b|YL,)
VeG g, p=1
_Pﬁ(Xk=a7Xl=b|Y9m)|

0
< C(supmax |y,(Y4la)] ) (supmax |y, (Y I0)]) ] exp(~2uo(Y))).
deG @ deG @ i=kvi+l

By conditioning on the X’s, we obtain that the L,(Pj)-norm of the above
expression is bounded by Cg/*"I!l for some B € [0, 1), whence the left-hand

Q

T
n m

Fic. 1. Illustration of how the sum in (18) is split into subregions. In region A, Ey[- | Yim] is
compared to E - | ng] etc. In region B, E4[- | Yim] is compared to Eg|- | Yin] etc. In region C,
Ey[-x- |Y£m] is compared to Eg|- | Yim] x Eg[- | Ylm] and so on.
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side of (19) is bounded by
m m m
C Z Z Bl <C Z Btk/ﬂ < CBL”/‘H.
k=|n/2] I=|k/2] k=|n/2]

Here, the right-hand side tends to zero as m,n — oo, and (19) follows; (21)
follows similarly.

For (20), the first part of Lemma 5 shows that for any J € G,
max|Py(X; =a | YL,)Py(X; =b|Y.,)

~ Py(Xp=a|Y%,)Py(X;=b|Y7,)|
= max| Py(X; =a | Y1,)Py(X, = b|YY,)

—Py(Xp=a|YL,)Py(X,=b]|Y2,)
—Py(Xp=a|Y2,)Py(X;=b|Y",)|
< max|Py(X, =b | Y,) ~ Py(X, =b | YY)

+max |Py(X, =a|YL,) - Py(Xy=a|Y’,)
0
<2 J] exp(=2po(Y})),
i=kvi+1

so that
iugiEﬂ[%s(YHXk) | Y IEs[ye (Y1 X)) | YE,]
€

— Eylys(YalXp) | Y2, 1E 5[y (Y1 X)) | Y2, ]]

K
<sup ) [vs(Yila)l|ys(Y,]0)|
Ve ¢ p=1
x |Py(Xy=a|Y.,)Py(X;,=b|Y",)
~ Py(Xy=a|Y%,)Py(X,=b|Y",)|
0
< C(supmax |y, (Yla)] ) ( supmax |y, (Yila)l) [T exp(—2uo(Y ).
9eG ¢ deG @

i=kvIi+1

Now (20) follows as above, and (22) follows similarly.
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Further, the second part of Lemma 7 shows that the left-hand side of (23)
is bounded by

(/2] [n/2]

0 0
C Z Z Bn+kAl—1 - C Z Z Bn—k\/l—l

k=—|n/2| I=—|n/2) k=0 1=0
[n/2] [n/2]

< 20 Z Z ’Bn—l—l
k=0 =k
[n/2]
=C X pH < C(In/2] + DB,
k=0
The right-hand side vanishes as n — oo, whence (23) follows; (24) follows
using a bound similar to (27).
Finally, by Lemma 8 the left-hand side of (25) is bounded by

—|n/2] 0 m Lk/2]
C Z Z Bkvl—kAl—lzc Z Z Bkvl—kAl—l
k=—m l=|k/2| k=|n/2| =0
m  |k/2] ol
=C > X g
k=|n/2| 1=0

IA

c S pgtlkat 2 gl
k=|n/2|

whence (25) follows; (26) follows similarly, and the proof is complete. O

Thus, {D?log py(Y1|Yy,...,Y_,)} is a “uniform Cauchy sequence” in
L,(Py), and the following result is then immediate.

LEMMA 10. There is a continuous function {;(9) from G to L{(P,) such
that

| sup | D?log py(Y1|¥ 0., Y ) = &(®)|| 0
YeG 1

as n — Q.

REMARK. Assuming the MLE to be consistent, that is, that (A6) holds,
any subset of the sample space with Py-measure one for some ¥ # 9, has P,-
measure zero, whence Lemma 5 does not guarantee that any of the statements
with infinite n or m holds Pj-a.s. for any 9 other than . This is the reason
for working with Cauchy sequences in this section, rather than with an explicit
representation of ¢;(¥) similar to (6).

PrOOF OF LEMMA 2. Define {,(%) as the L,(Py)-limit of
D*log py(Y, YL
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and let G’ be an arbitrary neighborhood of 9, such that G’ € G. We then have

.o n |
lim sup P0< n L, (8%) —nt > Zk(ﬁo)l > 3)
n—oo k=1 |
= lim sup P()( Z{Dz log pa*(Yk|Yk 1o Y1) — gk(ﬁo)} > 8)
n—oo k=1

n

<hmsupP0( 3 sup| D2 1og py (YAl ¥t V1)~ 6u(90)] > )
k=

+limsup Py(9; € G')

n—oo

. 1 [ [
<limsupn'e IZH upIDzlogpﬁ(YﬂYO,.._,Y,k+2)—§1(190)|H

S
n— oo r=1'"' Y@ 1

[
UPIDZ log py(Y1|Yq,...,Y 4i0)— 51(19)| H

S
n—»00 r=1'' @ 1

+limsupnte? Z’ sup|£1(9) — £1(9)] H1

n—o00 b= deG

sup|4y(9) —
Je@’

= 871’

where the third step follows by Markov’s inequality and stationarity, and the
last one by Lemma 10. Let G’ | {9} and use continuity of {(-) to conclude
that

(28) n L, (9") —n71 Z £1(99) — 0 in P,-probability

k=1
as n — oQ.

Now, because {Y,} is ergodic, so is {{,(9¢)}, whence n™1 37 {,(9y) —
Py-a.s. for some matrix J = E,{;(9). The proof is thus complete if we can
show that J = — #.

Using (A3)(iii) it readily follows that

Eo[—D2 log gao(Y1|X1)] = EO[(Dlog gﬁO(YﬂXl))z],

which together with the representations (4) and (17) show that

2
EO[DZ log py, (Y1[Yo, .-, an)] = —Eo[(D log py,(Y1[Yo, .., an)) ]
for each n. Hence, by Lemma 6 and Lemma 10, J = —#,. O

Acknowledgments. Many thanks to Jens Ledet Jensen and Niels Vaever
Petersen, who did not only carefully read an earlier version of this paper and
found four errors (in Assumption A2 and the proofs of Lemmas 1, 2 and 9),
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