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ASYMPTOTIC-NUMERICAL SOLVERS FOR LINEAR NEUTRAL DELAY
DIFFERENTIAL EQUATIONS WITH HIGH-FREQUENCY EXTRINSIC
OSCILLATIONS

HAJAR AIT EL BHIRA!, MUSTAPHA KZzAZ** AND FATNA MAACH?

Abstract. We present a method to compute efficiently and easily solutions of systems of linear neutral
delay differential equations with highly oscillatory forcing terms. This method is based on asymptotic
expansions in inverse powers of a perturbed oscillatory parameter. Each term of the asymptotic expan-
sion is derived by recursion. The cost of the computation is essentially independent of the oscillatory
parameter. Numerical examples are provided and show that with few terms of the asymptotic expansion,
the solutions are approximated with high accuracy.
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1. INTRODUCTION

An important and rich source of oscillatory problems with high-frequency extrinsic oscillations is computa-
tional electronic engineering. Indeed, the modeling of highly oscillating electronic circuits leads to differential
equations, in particular, delay differential equations. The reason for this is that the delay occurs wherever sig-
nals are transmitted along a finite distance from one point to another. Thus, when one wishes to obtain precise
communication systems, one must imperatively model the problem with delay differential equations. A wide
range of applications in engineering of DDEs with highly oscillatory forcing terms can be found in [2,7,9].
Among these applications, we can cite for example coupled microwave oscillators ([3,12]), laser dynamics ([11])
and the related secure communication techniques using chaos ([10]).

In this paper, we are concerned with systems of linear neutral delay differential equations (NDDEs) with
highly oscillatory forcing terms of the form:

{y’ (t) = Ay(t) + By(t — 1) + Cy'(t — 1) + h(t) + a(t)e™t, 0<t < T (1.1)
y(t) = o(), —1<t<0 :

where y, h, a: R — C%, A, B and C are d x d constant matrices and w >> 1.
There exist numerous methods for the numerical solution of neutral delay differential equations, mostly based
upon an extension of Runge-Kutta, collocation and multistep methods, see [1]. However, the highly oscillatory
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nature of the solution imposes a very small stepsize on standard numerical methods for solving ODEs. In effect,
as has been extensively explained in [4,6,7], in any standard numerical method of order p with step h, the error
scales roughly like thy(pH)(t). Since the derivatives of highly oscillatory functions grow very fast, typically
y<p+1)(t) =0 (wp'H) , we are compelled to choose a very small hw, and therefore to require h to be extremely
small in order to keep the error down to an acceptable size.

The method we propose consists in solving (1.1) recursively and this on each interval [k, k + 1], k € N. Thus,
on each interval [k, k + 1], we get a linear ordinary differential equation of the form:

{y;(t) = Ayr(t) + he(t) + a(t)e™, k<t <k+1 (12)
Y (k) = o, ' '

Thanks to ODE solving techniques, the solution of such equation is given by:
yp () = Ak (£) + Ui (t,w), t €[k, k+1], keN

where Ay, (¢) is the solution of the equation y;c (t) = Ayi(t)+hi(t) (which itself is the sum of the general solution
of the homogeneous equation and a particular solution of the complete equation), while W (¢,w) is a particular
solution of the equation (1.2). In other words, the term Ay () represents the non-oscillatory part while ¥ (¢,w)
represents the oscillatory part of the solution of (1.2) on the interval [k, k + 1].

The term Ay, (t) is the solution of the sequence of the following first order linear ODE’s with non-oscillatory
forcing term:

(1.3)

{A;(t) = AN () + BAp 1 (t— 1)+ CA,_(t—1)+h(t) k<t<k+1
A_1(t) = o(t), -1<t<0

Each equation of this sequence, can be solved numerically by standard numerical solvers of first order linear
ODE’s, see [8]. Note also that the non-oscillatory term of the solution can also be seen as the solution of the
neutral delay differential equation:

{A’(t) = AA(t) + BA(t— 1)+ CA'(t = 1)+ h(t), 0<t<T (1.4)

A(t) = o(t), —1<t<0"

This type of equations can be solved thanks to the numerical methods specific to the differential equations with
delay, see [1].

The second term W (¢,w), representing the oscillatory part of the solution of (1.2) on the interval [k, k + 1],
corresponds to the solution of the sequence of the following first order linear ODE’s endowed with highly
oscillatory forcing term:

{xp;(t,w) = AU (t,w) + BYy 1 (t — L,w) + OV, (t — 1, w) +a(t)e™!, k<t<k+1 (15)

Uy (t,w) =0, —1<t<0
Recall that the resolution of the equation (1.1) has been studied in [6], in the following restricted framework,

y (t) = Ay(t) + By(t — 1) + h(t) + a(t)e™!, 0<t<T (1.6)
y(t) = o(t), —1<t<0" :

The main result of this paper is to resolve (1.5). The approach we take is to divide the whole interval into
the subintervals [k, k + 1]. On each subinterval [k, k + 1], the oscillatory term of the solution is obtained by a
succession of integrations by parts of (1.5). It is written by distinguishing two cases: the case where (1.1) is a
scalar equation and the case where (1.1) is a system of equations. Indeed, we show that W (¢,w) is of the form:

oo

ety (t w) — AR, (1 w)
(iw — A)"

M

g (t,w) , tek k+1] (1.7)

r=1
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if (1.1) is a scalar differential equation, and of the form

X iwt
Wiltw) = 3 (t’(ﬁ)r ur (09) -y ¢ [+ 1] (1.8)
r=1

if (1.1) is a system of equations of dimension d > 2, and we give the exact expression of the terms Qy , (t,w)
and @y, (t,w) appearing in (1.7) and (1.8).

The current approach allows us to determine the coefficients Qy, , (¢t,w) and @, (t,w) of (1.7), Qi (t,w) of
(1.8) recursively and to determine the coefficient @y, ,- (¢, w) of (1.8) by solving a single non-oscillatory ODEs. This
represents a great advantage in terms of computational cost compared to conventional solving methods. Indeed,
unlike the classical methods, the current approach is completely independent of the size of w. On the contrary, it
becomes more precise when the frequency w is increased since once (1.7) (resp. (1.8)) is truncated for r > 1, we
obtain a numerical approximation whose error, O (1 / wT“), actually improves for growing frequency. Moreover,

we show in the scalar case, when the function a(¢) appearing in (1.1) is a polynomial of degree p, the exact solu-
k+p+1

iwt _A(t—k)
tion is obtained in the form of a finite sum. More precisely, we obtain Wy (t,w) = > < Qi (tw)—e i (t)

(iw—A)"

r=1
where the @y, (¢t) and the Q. (t,w) are given recursively.

Finally, let us recall that the idea which consists in not using the classical methods of resolution of NDDEs, but

o0
rather to write the solution in the asymptotic form y(t,w) = > w and then, determining the y, (t,w), has

been widely and successfully used in solving some differential eaugtions with high-frequency extrinsic oscillations,
see [4,5].

The paper is organized as follows: In Section 2, we justify that the Uy, (¢, w) actually have the forms (1.7) and
(1.8). In Section 3, we deal with the case where (1.1) is a scalar differential equation. We give all the terms of
the asymptotic development (1.7). We show that these terms have a very simple expression on [0, 1] and that
on the other intervals, these terms are obtained recursively without having to solve any differential equation. In
Section 4, we treat in a similar way the case where (1.1) is a system of differential equations, then we study the
stability of the proposed algorithm. At the end of each of Sections 3 and 4, we give several numerical examples,
computed by MATLAB, to show the efficiency of the proposed algorithms.

Remark 1. If we have to resolve an equation with several oscillatory source terms, i.e., equation of the form

y (t)=Ay(t) + Byt - 1)+ Cy'(t = 1) + ¥ am(t)en!, 0<t<T
1

y(t) = o(t), —1<t<0

M=

the oscillatory term of the solution, thanks to the superposition of solutions, is in the scalar case of the form:

© N iwnt _ LA(t—k)
€ Qk,r.m tvwm € (I)k,'r,m tvwm
\I/k(t,w):E E m (z‘zm—A)r ( ), tekk+1] (1.9)

r=1lm=1

and in the vectorial case of the form

o Y (b wim) — P (¢
Up(tw) =3 > € b (b 0m) = Phoram (bom) 4 o) (1.10)

r=1lm=1 (iwm)r

Remark 2. In order to simplify the writing, we omit to write the second parameter w, in Uy, (¢, w), Qg (t,w)
and @y, (t,w) .
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2. GENERAL SETTING
As it was announced in the introduction, we write the solution of equation (1.1) in the form:
ye(t) = Ag(t) + U(t),t € [k, k+ 1],

where Ag(t) (respectively Wy (t)) represents the non-oscillatory part (respectively the oscillatory part) of the
solution on [k, k + 1]. The oscillatory part of the solution, verifies for k = 0, the first order linear ODEs:

‘Ijg(t) :A\PO(t)—i_ ( ) zwt 0<t<l1 (2 1)

Uy (0) =0, ’

and for k > 1, the perturbed linear ODEs:

Wi (t) =AVg(t)+BYy_1(t—1)+CV,_(t—1)+a(t)e™t, k<t<k+1 (2.2)

U_i(t) =0, 0<t<l1 ’

The solution of equation (2.1) is given by:
t .
Uo(t) = etA/ e " a(x)edz. (2.3)
0

~4% and by integrating between

This result is obtained by multiplying the two members of equality (2.1), by e
0 and t € [0, 1].

A simple integration by parts of (2.3), gives us in the scalar case:

> ei‘*’tﬂom (t) — eAtq)()’r (t)

Uo(t) =) o A7 (2.4)
r=1
and gives us in the vectorial case
> eitho r (t) — (I)O r (t)
Wy(t) = Z R (2.5)
— (iw)

where Qg (t) and ®g , () can be obtained recursively.
For k > 1, by multiplying the two members of equality (2.2) by e~4% and then by integrating between k and
t €[k, k+1], we get since Uy (k) = Uj_1(k):

Up(t) =CUp_1(t—1) + eAlt=F) (Ug—1(k) = CUg_1(k — 1))

, 2.6
+eAt fkt e A (B+ CA) Y, (x — 1)dz + e fkt e A%a(z)ewdz. (26)
From (2.6), a reasoning by induction on k, suggests to us that in the scalar case, Wy(¢) is of the form
o €ithk - (t) _ eA(t—k)(I)lC , (t)
= : : telk,k+1 2.7
R tE [k k+1] (2.7)
r=1
and in the vectorial case, U(t) is of the form
e wt() ) -
Y —— br @)y e k4 1]. (2.8)

r=1
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3. SCALAR CASE

3.1. Interval [0,1]
A simple integration by parts of (2.3), gives us:

W0 . (1) — et Dy . (t
To(t) = — (i(w)_A)r 0r () 4 e [0,1]
r=1

with
| { Qo,r (1) = (1) a1 (1)
Do, (1) = (1) al=D(0) -

3.2. Interval [1, 2]
With (2.2) for k =1 and with (3.1), we get on [1,2]:

’

\I/l(t) :A\pl(t)“i’B\IlO(t*1)+C\I/6(t71)+a(t)e“ﬂt
iw(t—1) o= Qo.r(t— )X g, (t—
ot — 1) = elt=1) ;Mf&(t 1) ;%

From (2.7), we get for k =1,

(oo}

ezwtgl _ eA(tfl)(I)l,T (t)
(iw — A)" ’

r=1

which gives after differentiation:

€th 1,r+1 1,r 4 A(t 1) 1
W) = 10,1 () + (Qu,r1 (1) + AQe (1) + %ZT(% (@1, (1) + APy, (1))
r=1

We have with (3.2): Qo 11 (t —1) +Qp,. (t—1) = 0 and &, (¢ — 1) = 0. Thus, we obtain from (3.3),

and (3.5),

w zw Q1,r +Q7‘() Oo@r”
et 1 (1) + tzlﬁw—mf A=) Z(zwl a7

_ Ceiw(t—l)QO)l (t—1)+ (B + AC) eiw(t—1) Z g(lf;f,(z)lr) — Alt=1) D (B+’?Z)?ﬁ')i(t_l) + a(t)ewt
r=1 r=1

which gives after identification, the following equalities:

{ Qai(t) =alt)+a(t—-1)Ce™
Ql,r-l—l (t) = _Qa.,r (t) + (B + AC) E_szOW (t — 1)

and
<I>’1,7. (t) = (B+ AC) Qo (0).

Now, integrating between 1 and t, the last equality becomes:

D1, () =1, (1) + (B+AC) Q- (0)(t—1).

231

(3.5)

(3.4)

(3.8)

Since ¥;(1) = Ty(1), we get with the expressions of Uy (t) and ¥y (t) given respectively by (3.1) and (3.4) and

after identification, 4
q)l,r (1) = 6A(b0’r (1) + (Ql,r (1) — QO,T (1)) €Zw.
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Thus, (3.8) becomes

() =q1, +(t-Da

with
4, = (B+AC) Q. (0) ,
Q?,r = eA(I)OJ’ (1) + (1, (1) - Qo,r (1)e -

3.3. Interval [k, k+ 1],k > 1
We show by induction on k > 1, that on [k, k + 1]:

e (1) — ATV, (1)

\I/ =
{1 =2, (i — Ay
with
k
Qa(t) = S Cla(t —j)e
=0
k=1 o
Qk7,«+1 (t) = _Q;c,r (t) + (B —+ AC) e z (Ceilw)] Qk_l_jﬂa (t
=0

and

k
(ka Z

=0

where the q,l” verify the following equations:

@, = €A‘I>k71,r (k) + (e (k) — Q1. (K)) P
G, = 7 (B+AC) qk_lr#-C’qu,M, I=1,. k-1
@, =+ (B+AC) ¢},

Let t € [k + 1,k +2]. We get with (2.2) and (3.11)

’

e

iw Qp r(t—1 Dy, - (t—1)
Upt—1) =e (t—1) z_: (fw(A ) _ pA(t—k-1) Z (fw(A)’

and with (2.7), we get

iewmkﬂ,r (t) — e F 0P, (1)

lI/k:-&-l (t) = (zw o A)»,-

r=1
Thus, we obtain with (3.15) and the last equality:

: Qra1.rr1(t)+Q, (t) e R D ()
wt wt k+1, +1 k+1,r A(t—k—1 k+1,7
et Qri1a (t) +e Z — e VY

(iw—A)"

Wy (t) =AU (t) + BYy(t — 1) + O, (t —1) + a(t)e?

-Jji—1

r=1
iw(t— iw(t— (B+AC)Q,r(t—=1)+C (41 (2=1)+95, .(t—1)
= Ce (t 1)Q]€71 (t _ 1) +e (t 1)TZ::1 k (iug_l;‘):—l k )
_pAlt—k—1) ioj (B+AC)<1>k,(ri(::114);:Cq>%,r(t—l) +a(t)ei,

After identification, we get three equalities:
1) Q11 (1) = alt) + Ce Q1 (t — 1). This gives immediately from (3.12),

k+1 ] B
Qk+1,1 (t) = ZCJCL(t - j)e_”w

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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which proves the first equality of (3.12).

2)
Qk+1,r+1 (t) = _Q;€+1,7’ (t) + (B + AC) Qk,r (t - 1) e >1 317
+C (Qk,r-‘rl =1+, (- 1)) emiw = (8:17)

3)
pi1r (1) =(B+AC) Py, (t—1)+CP) . (t—1). (3.18)

Let’s start by looking at the expression of Q1,41 (t).
By using the equality (3.17) for j € {1,....,k} , we obtain:

Q11 () + Qjpg, () = (B+AC) e, (t = 1) + Ce™™ (Qjrpa (= 1) + Q) (t = 1))

Now, multiplying each of the precedent k equalities by (Ce_i“’)k_j , and then summing these k equalities, (from
j =1to k), we obtain:

k-1 o
Qtr1 () + Dy, () = (BHAC) e 3 (Cem™) ey (t = = 1)
j=0 (3.19)

+(Cem ™) (Quppa (= k) + Q4 (t— k).
Now, according to the second equality of (3.6), we get for t € [k + 1,k + 2]:
Q1 (E—k)+ Q. (t—k)=(B+AC)e o, (t —k—1).

Thus, the equality (3.19) becomes:

k .
Qustra1 (1) = Dy, () + (B+AC) e ™Y (Ce™™) Qi (t—5 — 1),
7=0

which proves the second equation of (3.12).
Let us now focus on the expression of ®j1q . (t).

k
By induction hypothesis, @, (t) = > (t — k) g, where the (qu T)l , are given by (3.14). Thus, (3.18)
=0 ’ " /1=0,..,
k k
becomes: ¥, (t) = (B + AC) l;) (t—k-1)'q, + cl;z t—k-1)""q,.
Now, integrating on [k + 1,¢] C [k + 1,k + 2], the precedent equation becomes:

k
Dpiir (1) = Prsry (k+ 1)+ X (H(B+AC) 4 +Cdf, ) (0= k= 1)
=1
+i (B+AC) qf, (t—k— 1)

(3.20)

On the other hand, we have Uy 1(k + 1) = ¥i(k + 1), which gives by using the expressions of W (t) and
U11(t) given by (3.11) and after identification
Dpyr, (k+1) = e @, (k+ 1) + (Qrr,r (b + 1) — Qo (k4 1)) T,

Thus, we obtain from (3.20) and the last equality,

Ppy1,r (t) = Z (t—k—1) Dot 1,0
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FIGURE 1. (resp. Fig. 1b): The minus of decimal logarithm of absolute values of the errors in the
oscillatory term of the solution of (3.21) on the interval [0,10] with w = 100, (resp. w = 1000)
using the equations (3.1) and (3.2) on [0,1], and the equations (3.11)—(3.14) on [1,10] with
r =1—12 (resp. r = 1—8) from bottom row to top row. If we subtract the computation time of
the exact solution given by (2.3) and (2.6), the execution time of the twelve curves in Figure la
was 40.66 seconds while that of the eight curves of Figure 1b was 27.6 seconds.
with

Qi1 =€ pp (k+1) + (g1 (k+1) = Qe (k + 1)) e

Gy, =7 (B+AC) g +Cql,, I=1,....k
k
G,y = 517 (B+AC)qf,

which proves (3.13) and (3.14).
Remark 3. When a(t) is a polynomial of degree p, the oscillatory term Wy () is given by:
k+p+1€ithk,r (t) — eA(tfk)(I)k)r (t)

(iw — A)"

Uy (t) = te [k k+1]

r=1
where the Qy , (¢t) and @y, (t) are given by (3.2) for k = 0, and by (3.12) and (3.13) for k > 1.

Remark 4. If a(t) is of the form a(t) = e“*g(t), it is preferable to replace in the expansions (3.1), (3.4) and
(3.11), iw by iw + a and to replace in (3.2), (3.6) and (3.12), a(t) by g(t) .

3.4. Numerical examples

Let us consider the following example:

{y’ (t) = —y(t) +2y(t — 1) +3y'(t — 1) + e~ tet, 0<t <10 (3.21)

y(t) =0, -1<t<0”

With the help of MATLAB software, the exact oscillatory part of the solution of this equation is determined by
(2.3) and (2.6). Thus, we are able to compare it with the approximate oscillatory term of the solution proposed
in this section. See Figures la and 1b. As it is seen from these figures, the asymptotic error decreases for
increasing r. Furthermore, the accuracy of the asymptotic method increases greatly for the same number of r
levels for higher values of w.
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FIGURE 2. (resp. Fig. 2b): The minus of decimal logarithm of absolute values of the errors in
the oscillatory term of the solution of (3.21) on the interval [0,10], using the same equations
and parameters used to obtain Figures 1a and 1b, but this time taking into account Remark 4.

Remark 5. For equation (3.21), we would obtain the exact oscillatory part of the solution if we take into
account Remark 4 with « = —1 and ¢(¢) = 1 as it is shown in Figures la and 2b.

Let us now consider the second example:

") = —yt)+ 2yt — 1) + 3y (t — 1) + (1 + t)2et, 0<t <10
{z(g))zo7y()+y( )+3yY(t—1)+ (1+¢) OEIEN (3.22)

and let us compare the results given by the current algorithm and the MATLAB routine ddensd, whether in
terms of accuracy or in terms of execution time. See Figures 3a and 3b.

As seen in Figure 3b, the MATLAB routine ddensd gives a worse and worse approximation as one moves away
from 0. Also, the execution time becomes longer and longer when w becomes very large. On the other hand,
we note on Figure 3a, an undeniable superiority of the current algorithm compared to the MATLAB routine
ddensd, whether on the accuracy or on the execution time. This feature makes the current algorithm most
suitable for simulation of linear neutral delay differential equations with high-frequency extrinsic oscillations.

4. VECTORIAL CASE

4.1. Interval [0,1]

The solution of equation (2.1) is given by: ¥y (t) = fg e(t=)Aq(z)e™*dx. A simple integration by parts, gives
us
= ei“th r (t) - (I)o r (t)
Wo(t) = L o (4.1)
; (iw)"

which gives after differentiation:

et (Qo.rs1 (t) + 2, (1) — B, (1)
(iw)" '

WH(t) = e Qo (8 +
r=1
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FIGURE 3. (resp. Fig. 3b): The minus of decimal logarithm of absolute values of the errors in
the oscillatory term of the solution of (3.22) on the interval [0,10] with w = 200, using our
algorithm, with » = 1—12 from bottom row to top row (resp. the Matlab routine ddensd). If
we subtract the computation time of the exact solution given by (2.3) and (2.6), the execution
time of the twelve curves in Figure 3a was 40.18 seconds while that of the curve of Figure 3b
was 278.36 seconds.

With (2.1), (4.1) and the last equality, we obtain:

_ et (Qo,r +Qp, (1) — Dp, (¢ et — Dy,
euuiEQO71 (t) + Z ( 0 +1( ) (iw)(z‘,r( )) O,T( ) _ Aze 0,r (t) 0, (t)
The identification gives three equalities:

a) Qo1 (t) = a(?),

b) Qory1 (£) + 2, (1) = Ao (1),

¢) )., (1) = Ao, (1)

Moreover, we have from (2.1), ¥((0) = 0, which gives ® , (0) = Qo (0). Thus, Qo , () and D¢, (t) are given

by:
{ QO,I (t) = a(t)
Qor1 (t) = =, () + AQo,r ()

and
Do, (1) = e, (0).

4.2. Interval [1, 2]
With (2.2) for k =1 and with (4.1), we get on [1,2]:

’

U, (1) = AV (t) + BUg(t — 1) + CUL(t — 1) + a(t)e™?
O giw(t—1) (t—1)— (t—
TEIEES

From (2.8), we get for k =1,

b

ielwtglr (I)lr( )

r=1

(4.2)

(4.3)
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which gives after differentiation:

, et (g ppr (1) + Q1L (1) — @1, (1)
V() = ey (t)+ ) (s (iw)lr’ )~ %, (1)
Thus, (4.4), (4.5) and the last equality give:

Gt | (1) + > e““’(le<t>(j3i,r<t>)f¢>1,r<t>
_AZ ‘“Jtﬂl,(t) tbw(t) "’BZ D00 (t—1)—=Dg . (t—1)

(tw)" (iw)"

N C§1 e (Qq 4 (t— 1();;?76 T(t 1))—®f . (t—1)
The gdentiﬁcation gives three equalities:

a) 91,1 (t) = Ceiin()’l (t — 1) + a(t).

b) Qupp1 (1) = =, (6) + AQup () + €7 BQoy (t— 1) +e7“C (Qoppr (t—1) +Qf . (£ — 1)) .

c) @, (t) = A®y, (t) + BPo, (t — 1) + C® . (t —1).
On one hand, we have from (4.2), Qo 11 (t) + Qg ,. (t) = AQq - (t) . Thus, the equalities a) and b) become

+ Cewt=1Q0 | (t — 1) + a(t)ei™!.

{Q (1) = alt) +Ce™Q, (t—1). (4.6)

Qa1 () ==, () + A, (t)+ e (B+CA)Q, (t—1)

On the other hand, we have from (4.3), ®; . (t —1) = A®q, (t —1). Moreover, W;(1) = Wy(1). Thus, we
get with the expressions of ¥o(¢) and Uq(t) given respectively by (4.1) and (4.4) and after identification:
Py, (1) =™ (1, (1) — Qo (1)) + Do, (1) . Therefore, we get with the equality c):

O, (1) = ADy . (1) + 4(B +CA) Dy, (t—1) (4.7)
1, (1) = @op (1) + € (1 (1) — Qo (1)) )
4.3. Interval [k, k +1],k>1
We show by induction on k > 1, that on [k, k + 1]:
[e%s} ethkr (I)kr( ) (4 8)
r=1
with ‘
Qk,l (t) = a(t) + Cefzwﬂk7171 (t — ].)
Qs (1) =~ (6) + A, () + 3 eTCT (B+ CA) Dy (£~ ) (49)
j=1
and

k .
D), () = Ay, (8) + 3 C77H (B + CA) @y (t — )
’ =1 : (4.10)

Dy (k) = Pp_1,p (k) + €™ (. (k) — Qo1 (K))

For k = 1, the previous equalities have been proved in paragraph 4.2.
Let k > 1 and let ¢t € [k, k + 1]. We get with (2.2) and (4.8)

\I’;e+1(t) = AUy (t) + BUg(t — 1) + O, (t —1) 4 a(t)e™!
Uyt —1) = et io: Per(t1) Z M )"

w)"
r=1 (i) r=1

(4.11)
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and with (2.8), we get

= eithqul r (t) - (I)k+1 r (t)
Vo) = 3 e (O B 0
= (iw)

Thus, we obtain with (4.11) and the last equality,

. o0 iwt / _ &
ethQk}Jrl,l (t) + Z € (Qk+1,r+1(t)'|£:i)3t1,r(t)) Dt (1)
r=1

_ A Zl et Qi1 ()= Pri1, (1) +B 21 et (t=1) =8, (t—1) + Ceiw(t*l)Q]ﬁl (t i 1)

(iw)™ (iw)™

00 iw(t—1) 1t N r )
+CZ (Qk +1(t 1();%%;@ 1) ;. - (t—1) —l—a(t)e“"t.

r=1

After identification, we get three equalities:

a) Qk+1)1 (t) = Ce—szk)l (t - 1) + a(t).

b) Qucr it (8) Qs (6) = A (1) + B0y (¢ = 1) + O (O (6 1) + D (1= 1))
¢) Phiy, () = APpy1, () + By, (t = 1)+ CPp (¢t —1).

Now, with the induction hypothesis (4.9), the equality b) becomes:

1
Qerrri1 () = =y, () + AQpy1r () + Ze_jwcj_l (B+CA)Qp—j_1,(t =)

j=1

which proves the equation (4.9) for Qg1 41 (2).
Let us now focus on the expression of @41, (t).
With the first equation of the induction hypothesis (4.10), the equality ¢) becomes:

k+1
bt (1) = AQpp1y () + ) CI7H (B +CA) ey (= 5)

j=1

which proves the first equation of (4.10) for @), ().
On the other hand, we have Uy, (k+ 1) = Ui (k + 1), which gives after using the expressions of Wy (t) and
U11(t) given by (2.8) and after identification:

D1, (k+1) =0, (k+1) +*FV Qi (k+1) = Qo (k+1)),
which proves the second equation of (4.10) for x4, (k + 1).

4.4. Stability

As a direct consequence of the construction of the method in this paper, we obtain yx(t) — Ag(t) = O(L),

where y(t) is the solution of the perturbed system on the interval [k, k + 1] and Ag(¢) is the solution of the
unperturbed one on the interval [k, k + 1]. More precisely, we write

{yk(t) = A(t) + Up(t), k<t<k+1
y-1(t) = ¢(1), —1<t<0

where Ay(t) is the solution of the first order linear differential equation (1.3) and Wy(¢) is the solution of the
perturbed linear differential equation:

{ W (t) =AVg(t)+ BYy_1(t—1)+CV),_,(t—1)+a(t)e!, k<t<k+1 (4.12)

Ui (t)=0 ~1<t<0
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We compare (4.12) with the system

{ Z(t) = AZ(t), k<t <k+1
Zy, (k) = Uy (k)

having constant solution Zy = Uy_q(k) on [k, k + 1].

Theorem 1. If

a) all the eigenvalues of the matriz A, say Aj,j = 1,...,d satisfy that ReX; < 0 and those eigenvalues with
zero real part are simple.

b) Jei, > 0,Vt € [k, k + 1] fk lla(z)|| dz < .

Then, the constant solution Zy (t) = Ui_1(k) is stable in the sense of Lyapunov and W (t) is bounded.

Proof. Because of the first condition, we have: 3¢ > 0,Vx > 0, HeAg”H < ¢. Thus, we get from (2.6) with the
second condition:

IOkl < NCIHTT Rl + e[ Crall L+ [CN) + ¢ 1B+ CAJ[ [ Wgal] + ccx. (4.13)

Since ¥_; = 0, we get from (4.13)
||\I/QH < CCy = Co. (414)

From (4.13), we have for k =1
W]l < ICIHoll + ¢ [[Toll (1 +[[CN) + ¢l B+ CA[ [Wol| 4 ccx
which gives with (4.14),
|| < [|C]|Co+c(1+]|C|)Co+c||B+ CA| Co+ cer = Ch.
Let us now suppose || ¥ || < Cy. With this induction hypothesis, we obtain with (4.13):

[Wrial] < NCICk +c (X +Cl+ B+ CAJ) Ck + crpa = Chpa-

O
4.5. Numerical examples
Let us consider the system modelled by the following second order linear ODE:
2 () + 22 () +22(t) =ax(t -1+ (t—1)+2"(t—1)+ st e [0;T]
() =1,2'(t) =0 tel[-1;0
In a matrix form, we get:
y (t) = Ay(t) + By(t — 1) + Cy/ (t = 1) + a(t)e™?, 0<t<T (4.15)
y(t) = o), ~1<t<0 :

< (20 2= (51,0 (1) 0= (39) 0 =3(0) 0 <)

The real parts of both eigenvalues of the matrix A are negative. Thus, we have asymptotic stability according
to Theorem 1.

For this particular example, thanks to (2.3) and (2.6), we can compute exactly the Wy (¢) with MATLAB
software and compare it to the approximate solution proposed in this section. See Figures 4a—5b. As in the
scalar case, we observe from these figures, the asymptotic error decreases for increasing r and the accuracy of
the asymptotic method increases greatly for the same number of r levels for higher values of w.
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FIGURE 4. (resp. Fig. 4b): The minus of decimal logarithm of absolute values of the errors
in the oscillatory term of the solution of (4.15) in x(t) (resp. x’(t)) on the interval [0,5] with
w = 100, using the equations (4.1)—(4.3) on [0,1], and the equations (4.8)—(4.10) on [1,5] with
r = 1—12 from bottom row to top row.
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FIGURE 5. (resp. Fig. 5b): The minus of decimal logarithm of absolute values of the errors in
the oscillatory term of the solution of (4.15) in x(t) (resp. x’(t)) on the interval [0,5], using
the same equations and parameters used to obtain Figure 4a (resp. Fig. 4b), but this once for
W = 1000.

5. CONCLUSION

We have shown that the solution of the equation y (t) = Ay(t)+By(t—1)+Cy'(t—1)+h(t)+ Z A (t)emt

can be written as the sum of two terms. The first term represents the non-oscillatory part of the solutlon and
is solution of a certain ODE which can be resolved by one of the classical methods of resolution of ODEs. The
second term is the oscillatory part of the solution that we have expanded into asymptotic series in inverse powers
of the frequencies w,,. We have shown that each term of the asymptotic series is obtained recursively. We have
seen that with few terms of this asymptotic expansion, the oscillatory part of the solution is approximated with
highly accuracy and at a lower cost.
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