
ASYMPTOTIC PERFORMANCE OF MIMO WIRELESS CHANNELS
WITH LIMITED FEEDBACK

�
WiroonsakSantipachandMichaelL. Honig

Departmentof ElectricalandComputerEngineering
NorthwesternUniversity

2145SheridanRoad
Evanston,IL 60208USA�

sak,mh � @ece.northwestern.edu
Abstract– We considera single-user, point-to-pointcom-
municationsystemwith � transmitand � receiveanten-
naswith independentflat Rayleighfadingbetweenantenna
pairs. The mutual information of the multi-input/multi-
output(MIMO) channelis maximizedwhenthetransmitted
symbolvectoris a Gaussianrandomvectorwith covariance
matrix � . Theoptimal � dependson how much channel
stateinformationis availableat thetransmitter. Namely, in
the absenceof any channelstateinformation, the optimal� is full-rank and isotropic, whereaswith perfectchannel
knowledge, theoptimal � hascolumnswhich are theeigen-
vectors of thechannel,andhasrankat most ���
	��
������� .
We assumethat the receivercan feedback � bits to the
transmitter(per codeword). Thefeedback bits are usedto
choosethecolumnsof � froma randomsetof i.i.d. vectors.
Wecomputethemutualinformationasa functionof both �
and the rankof � . Our resultsare asymptoticin thenum-
ber of antennas,andshowhowmuch feedback is neededto
achieve a rate, which is closeto the capacitywith perfect
channelknowledge at thetransmitter.

1. INTR ODUCTION

Adding antennasto the transmitterand receiver of a sin-
gle point-to-pointfadinglink cansubstantiallyincreasethe
achievable datarate [1, 2]. The channelcapacitydepends
on theamountof channelstateinformation(CSI) known at
thetransmitterandreceiver. AssumingperfectCSIat there-
ceiver, andindependentfadingacrossdifferenttransmitter-
receiver antennapairs,thechannelcapacityhasbeenevalu-
atedfor thecaseswherethereis noCSIandcompleteCSIat
thetransmitter.

Herewe examinethecapacitywith completeCSI at there-
ceiver, but partial CSI at the transmitter. We assume��
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transmitantennas,� receive antennas,and that the chan-
nels acrossdifferent transmitter-receiver antennapairs are
i.i.d. Rayleigh.(Thecapacitywith correlatedfadingacross
antennapairsis studiedin [3].) The mutualinformationis
maximizedwhenthetransmittedsymbolvectoris Gaussian
with covariancematrix � , which dependson how much
CSI is available at the transmitter. Specifically, in the ab-
senceof any CSI, theoptimal � is full-rank andisotropic,
whereaswith perfectCSI the optimal � hasrank at most���
	��
������� . We assumethat thechannelis stationary, and
that the receiver relays � bits to the transmitter(per code-
word) via a reliablefeedbackchannel(i.e., no feedbacker-
rors).Thepurposeof thefeedbackis to specify � .

In thispaper, weanalyzetheperformanceof aRandomVec-
tor Quantization (RVQ) scheme,which is usedto specify
a � with rank � , where � can be optimized. The RVQ
schemeis motivatedby relatedwork on signatureoptimiza-
tion for CDMA with limited feedback,whereit is shown to
beoptimal[4,5]. Otherrelatedwork on theperformanceof
MIMO channelswith limited feedbackhasbeenpresented
in [6–10]. Although our modelis similar to thatoriginally
presentedin [6], our asymptoticapproach,basedon RVQ,
alongwith theassociatedresults,differs substantiallyfrom
prior work.

Wecomputethesummutualinformationbetweenthetrans-
mittedandreceivedsymbolsperreceiveantennaasthenum-
berof transmitantennas� , thenumberof receive antennas� , the numberof feedbackbits � , andthe rank � all in-
creaseto infinity with fixedratios. The limiting mutualin-
formation can be evaluatedby using resultsfrom extreme
orderstatisticsandrandommatrix theory. Weshow how the
optimalrankfor thecovariancematrixwith RVQ decreases
with theamountof feedback� , andobserve that relatively
little feedbackis neededto achieve a ratecloseto the ca-
pacitywith perfectCSIwhen ����� is large.Optimizingthe
rank � canalsoresultsin a substantialincreasein thesum
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mutualinformation.

Thepaperis organizedasfollows. In section2, we describe
the systemmodel. In section3, we review the behavior of
thecapacitywithoutany CSIatthetransmitter, andwith per-
fect CSI. We presentRVQ andtheassociatedperformance
analysisin section4 andthenumericalresultsin section5.
Section6 concludesthepaper.

2. CHANNEL MODEL

We considera single-user, point-to-pointwirelesschannel
with � transmitantennasand � receive antennas.We as-
sumei.i.d. flat Rayleighfadingchannels,so that thesetof
channelgains �
�����  !� betweenthe " th transmitantennaand
the # th receiveantennacontainsi.i.d complex Gaussianran-
domvariableswith zeromeanandvariance$&%
' �(���  )' *,+.-0/ .
Thereceivedvectoris givenby1 -32547698
where 2:-;%<�(���  =+ is the �?>@� channelmatrix, 4A-;% BC��+
is the � >A/ transmittedsymbol vector, 1 -D% EF �+ is the�G>9/ receivedsymbolvector, andthenoise 8 is complex
Gaussianwith covariancematrix H *I)JLK whereJLK is the �M>� identitymatrix.

Ourperformancemetricis summutualinformationbetween4 and 1 . The mutual information is maximizedwhen the
transmittedsymbolsBC� arecomplex Gaussianrandomvari-
ables,in whichcasethesummutualinformationis givenbyN�O 4QP 1SR -A$UTWVYX[Z]\_^(`=acb J K 69de2f��2hgji�k (1)

wherethecovariancematrix �l-3$&% 4m4 g + , dn-3$&%po�4coq*�+��!Hm*I
is thebackgroundSignal-to-NoiseRatio(SNR), and X[Z]\ de-
notesnaturallogarithm.

We are now interestedin maximizing the sum mutual in-
formationover thecovariancematrix � subjectto a power
constraintasr=�]�t�vu�/ .

3. PERFECT CSI VS. NO CSI

Herewe considerthetwo extremecasesin which thetrans-
mitter has no CSI available, and the transmitterhas per-
fect CSI. Thesecorrespondto normalizedfeedbackvaluesw�x-3���,� * -3y and

w�x-�z , respectively.

3.1. Zero Feedback

If thereis no CSI availableat the transmitter(correspond-
ing to zero feedbackbits from the receiver), then the op-
timal �:- {| J | [2]. That is, eachantennatransmitsan

independentsymbol,andthetransmittedpower is allocated
equally acrosstransmitantenna. As

O �h�q� Rf} z with
fixed

w�~-������ , thecapacityper receive antennais given
by/� ^(`=a�X[Z]\ b JLK 6 d� 2�2 g�i }~���� X[Z]\ O /_69d�� R�� O � R ^��

(2)-�� � O w�x-3y R
whereconvergenceis almostsurely, and � O � R is theasymp-
totic probability density function for a randomly chosen
eigenvalue of �| 2h2 g , and is given in [11]. The integral
in (2) hasbeenevaluatedin [12], and gives the following
closed-formexpression� � O w�x-3y R -3X[Z]\�d�E�6 /�� w�w� X[Z]\&� //��f��� � � w� (3)

whereE - /���� /�6 w�06 /d 6 ��/�6 w��6 /d � * ��� w����� - /� �� /�6 w�06 /d � � /�6 w��6 /d � * ��� w����¡ 
3.2. Infinite Feedback

If
w�D-¢z , then the transmitterhasperfectCSI, and the

optimal � is givenby �l-3£¥¤¥£5g (4)

where £ is anunitarymatrix whosecolumnsareeigenvec-
tors of 2 g 2 , and ¤ is a diagonalmatrix whoseelements
arecomputedby water-filling over theavailabledimensions.
Therankof theoptimal � is at most ���Y	��
������� , andde-
pendsontheSNR. In contrast,with

w�¦-Ay theoptimal � is
full-rank.

Let � � O w��-�z R denotethecapacityperreceive antennain
thelimit as

O �h�q� R§} z . Wehave that� � O w��-�z R - ���� O X[Z]\���¨ R�©�� O � R ^�� (5)

wherethe water level ¨ is determinedby the power con-
straint w� ���� �(¨&� /�.� © � O � R ^��¥-ªd (6)

where B © -«��¬!­��Fy��sB�� . We can verify that � � O w� -y R u�� � O w�~-®z R , andnow considerthe ratio � � O w�~-
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z R �F� � O w�¯-�y R to seehow muchof an increasein capac-
ity is attainablewith feedback.We evaluatethis ratio in the
regimesof bothlargeandsmallSNR.

For largeSNR, from [3] we have thatX
�
�{±° � � � O w��-Az R� � O w�x-3y R -¡/ ²�Z]r w�´³µy� 
Hencefor largeSNR, thereis clearlylittle incentive to relay
CSI backto thetransmitter. This is becausefor largeSNR,
the transmitterusesall availabledimensions,andan equal
power allocationasymptoticallygivesthesamecapacityas
waterpouring.

For smallSNR, wehave thatXY�
�{±° � � � O w�x-�z R� � O w��-ªy R - � /�6 /¶ w� � * ²�Z]r w�·³µy�  (7)

Thislimit is anextensionof theanalogouslimit in [3], which
is for

w�G-�/ . Hencethepotentialgaindueto feedbackde-
creaseswith

w� . This is becausefor large
w� , thereceiverob-

tainsmoreindependentcopiesof a transmittedsymboland
is ableto decodethesymbolwhetherthepower is allocated
equallyor optimally.

4. RANDOM VECTOR QUANTIZA TION

To maximizethesummutualinformation, � is givenby (4)
wherethe columnsof £ are the eigenvectorsof 2 g 2 . If� hasrank � ¸¹���
	��
�����@� , then the eigenvectorscor-
respondto the � largesteigenvalues. In what follows, we
assumethat thereceiver quantizesthematrix £ , andrelays
this backto the transmitter. We alsoassumethat the trans-
mitter distributes equalpower and rate over the � eigen-
vectors,i.e., the optimal water pouring distribution is not
relayedbackto the transmitter. (Thedegradationin capac-
ity dueto usinga constantpower allocationwith optimized
rank � , ratherthantheoptimalwaterpouringpoweralloca-
tion hasbeenshown to besmall[13].)

Given � feedbackbits, we can constructa vector quan-
tizer, which choosesthe matrix £ from the set, or code-
book �Lº � �=»=»=»��sº *�¼ � . That is, assumingthat 2 is known
at the receiver, the receiver choosesthe º� thatmaximizes
the summutual information,andrelaysthe corresponding
index backto thetransmitter. Optimizingthis codebookfor
finite � and � is quitedifficult; however, as

O ����� R§} z ,
theeigenvectorsof 2 areisotropicallydistributed.Thissug-
geststhatthecolumnsof thecodebookentriesshouldalsobe
isotropicallydistributed.Hencein whatfollows,weassume
thatthematrices�Lº� ]� , #�-�/½�=»=»=»�� �]¾ areindependentand

isotropic,andreferto this schemeasRandomVectorQuan-
tization(RVQ). An analogousRVQ schemehasbeenprevi-
ouslyproposedfor CDMA signatureoptimizationwith lim-
ited feedbackin [4,5], andhasbeenshown to maximizethe
SINR in thelargesystemlimit.

Weareinterestedin themutualinformationwith RVQ in the
limit as

O �h�q�����7��� R¿} z with fixedratios
w�?-l����� ,w�À-·���,� * , and

w�«-·�t��� . (Note that the numberof
feedbackbitsisnormalizedby thenumberof matrixentries.)
Given the rank � uÁ� , the covariancematrix is chosen
from theset �]�  � , #Â-¡/½�=»=»=»Ã� �]¾ , where�Ä U- /� º� =º g ²pZ]r /Äu�#�u � ¾
and º� is an � >Å� randomunitarymatrix, i.e., º g º� Ä-JLÆ . Thematricesº� for all # arechosenindependently, and
thetransmittedpower asrL�]�� ½��-�/ . Thereceiver selectsthe
quantizedcovariancematrixÇ��-3¬½r�\5��¬!­�sÈ  È *�¼�É�Ê  K - /� X[Z]\�^�`=a b JLK 69d)2@�Ä =2hg i�Ë  
Hencethesummutualinformationperreceive antennawith� feedbackbits is givenbyÌ KÍYÎ,Ï - $¯ÐÑ��¬!­�sÈ  È *�¼ Ê  K�Ò- $¯Ð /� X[Z]\.^(`=a�b J K 69d)2 Ç�n2Ågsi Ò (8)

wherethe expectationis over the channeland covariance
matrix. To evaluate(8), we mustknow thecumulative dis-
tribution function (cdf) for Ê  K . Sincethe matrices �  are
i.i.d., therandomvariables� Ê  K � arealsoi.i.d.. Letting Ó K
denotethecorrespondingcdf, we have thatÌ KÍpÎ±Ï -3� � B�Ó ¾ÕÔ �K O B R�Ö K O B R ^(B
where Ö K O B R is the probability density function (pdf) forÊ  K . In what follows we considerthe limit as �h�q���������
all tendto infinity.

Theorem 1 As
O ���q�����&��� R·} z with fixed

w� -����� ³Áy , w�Ñ-~���,�Å* , and
w� -~�¥��� , the summu-

tual informationper receiveantenna
Ì KÍpÎ±Ï convergesalmost

surely to Ì �ÍpÎ±Ï - XY�
�× K � | � Æ � ¾�Ø ° � Ó Ô �K ��/�� /� ¾ �   (9)
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The inverse cdf Ó Ô �K dependson � , � , and � . The
proofreliesontheasymptotictheoryof extremeorderstatis-
tics [14].Ù With appropriateshifting and scaling[14], Ó K
convergesin distribution to a Weibull cdf as � } z . An
analogousresult in the context of CDMA signatureopti-
mizationhasbeenpresentedin [4].

Computingthe exact cdf Ó K appearsto be difficult. We
thereforeresortto aGaussianapproximation,whichis moti-
vatedby thefollowing lemma.In whatfollows,wedropthe
superscriptin Ê  K to simplify thenotation.

Lemma 1 As
O �h�q����� R¦} z with ����� - w� and�¥���Ú- w� ,� O Ê K �fÛ R � }¹Ü O y���H * R �
	v^C�
Ýsasrq�[Þ�ß(a��[Zà	

where Ü O y���H * R is the Gaussiancdf with zero meanand
varianceH * ,Ûh- w� w� X[Z]\ � /_6 w� w� dÂ� w� w� d�á � 6âX[Z]\ O /�69dv�@d�á R �fá
and H * -¡�5X
Z]\ � /�� w� w� á * �
whereán- /� 6 w�� w� 6 w�� w�hd � /� ��/�6 w� w� 6 w� w��d � * � � w�w�hd  
This lemmais an extensionof a similar result in [15] withw�¯-l/ , andfollows from Theorem1.1 in [16]. To computeÛ and H * , wewrite

Ê K - /� Kãä=å � X[Z]\ � /�69d w� w� �
ä �

where � ä is the æ th eigenvalue of �K 25ºtº g 2 g . AsO �h�q����� R.} z , theempiricaleigenvaluedistributioncon-
vergesto adeterministicfunction,whichcanberepresented
in termsof its Stieljestransform[16]. Theasymptoticmean
andvarianceof Ê K canthenbe evaluatedaccordingto re-
sultsin [16].

Although Lemma1 statesthat the asymptoticdistribution
of Ê K is Gaussian,this assumptionleadsto an approxima-
tion for theasymptoticsummutualinformationbecausethe
distribution for finite � is still neededto compute

Ì �ÍpÎ±Ï in
Theorem1. Specifically, usingtheGaussianassumptionin
Theorem1 gives çÌ �ÍpÎ±Ï -ªÛ76âH§è � w�âX[Z]\ � (10)

which approximates
Ì �ÍYÎ,Ï . As

w� } y , this approximation

becomesexact. However, as
w� } z ,

çÌ �ÍpÎ±Ï } z , whereas� � O w�é-¦z R is finite, andcanbecomputedby (5) and(6).
Thereforethe Gaussianassumptiongivesan inaccuratees-
timateof

Ì �ÍpÎ±Ï for large
w� . This is becauseÊ K is bounded

for all � , whereasthe Gaussianpdf assumesthat Ê K can
assumearbitrarily largevalues.

Notethat
Ì �ÍpÎ±Ï is a functionof boththerank

w� andfeedbackw� . For agiven
w� , wewishto selectthe

w� , whichmaximizes
çÌ �ÍpÎ±Ï . The optimal

w� canbe found by differentiating

çÌ �ÍpÎ±Ï ,
anddependson

w� ,
w� , and d .

5. NUMERICAL RESULTS

Figure1 shows

çÌ �ÍpÎ±Ï with optimal rank
w�&êÍYÎ,Ï versus

w� with
differentvaluesof d and

w�ë-My� íì . Thedashedlinesshow
the water-filling capacity � � O w�?-´z R . As expected,the
performanceof the optimal power allocation, relative to
equalpower allocation,decreasesasSNR increases.Also,
the amountof feedbackneededto reach � � O w�Á-¹z R de-
creaseswith SNR. Thedashed-dottedlinesshow

çÌ �ÍpÎ±Ï with
fixed rank

w�î-ï/ anddifferent valuesof d . In this case,
the rateswith the optimizedrank andfull-rank do not dif-
fer much.Also shown in theplot aresimulationresults

Ì �ÍYÎ,Ï
with

w�·-ð/ . We canseethat

çÌ �ÍpÎ±Ï is a goodestimateeven
for small � (e.g.,8).
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Figure1: Summutual informationper receive antennafor
RVQ with optimizedrank andfull-rank versusnormalized
feedback.

Figure2showstheoptimalRVQ rank
w�&êÍYÎ,Ï versus

w� for dif-
ferentvaluesof d and

w�;-3y� íì . Therankstartsat
w� êÍpÎ±Ï -¡/

(full-rank) for
w�M-�y , anddecreaseswith

w� . Therankcon-
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vergesto the valueassociatedwith the optimal covariance
matrix with perfectCSI. For given

w� , the optimal rank in-
creaseswithñ SNR, reflectingthefactthatthewaterpouring
distribution is spreadacrossmoreeigenvectors. In the fig-
ure, the optimal rank convergesto

w� for d�-óò and6 dB,
but convergesto a lower numberfor dn-�ô and0 dB.
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Figure2: The optimal RVQ rank versusnormalizedfeed-
back.

Figure3 shows themutualinformationper receive antenna
versusnormalizedfeedbackwith differentvaluesof

w� . The
water-filling capacityis alsoshown. As

w� decreases,the
performancegap associatedwith

w� - y and
w� - z

widens,which is consistentwith (7). Also, thesummutual
informationperreceive antennadecreaseswith

w� .
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Figure3: Summutualinformationper receive antennaver-
susnormalizedfeedbackwith differentvaluesof

w� .

Figure4 shows mutualinformationperreceive antennaver-
susnormalizedrank from (10) with

w�«-;y� 
/ , dµ-®õ dB,
anddifferentvaluesof

w� . Themaximalratesareattainedatw�é-3y� 
/ for casesshown. As
w� increases,therateincreases

andthedifferencebetweentheratewith optimizedrankand
full-rank alsoincreases.
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Figure 4: Mutual information per receive antennaversus
normalizedrankwith differentfeedback.

6. CONCLUSIONS

We have studiedtheachievablerateof a single-userMIMO
fading channel with limited feedback. Our results are
asymptoticin thenumberof antennas,andindicatethemin-
imum feedback,which is neededto achieve the capacity
associatedwith perfectCSI at the transmitter. The asymp-
totic mutualinformationwasevaluatedwith a randomvec-
tor quantizationschemein which thecovariancematricesin
thesourcecodebookareindependentandisotropic.Thisap-
proachallows usto studytherankof thecovariancematrix
which maximizesthe mutual information. Our numerical
resultsshow that less feedbackis neededas the ratio be-
tweenthenumberof receiveantennasandtransmitantennas
increases.For thecasesshown, thecovariancewith theop-
timizedrankgivesa large increasein capacityover theone
with full-rank (e.g.,50-60%).
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