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Abstract— We considera single-userpoint-to-pointcom-
municationsystemwith M transmitand N receiveanten-
naswith independentlat Rayleighfading betweerantenna
pairs. The mutual information of the multi-input/multi-
output(MIMO) channelis maximizedvhenthe transmitted
symbolvectoris a Gaussiarrandomvectorwith covariance
matrix Q. Theoptimal Q dependson how mud channel
stateinformationis availableat the transmitter Namely in

the absenceof any channelstate information, the optimal
Q is full-rank and isotropic, wheraswith perfectchannel
knowledg, the optimal Q hascolumnswhich are theeigen-
vectos of the channel,andhasrankat mostmin{ M, N'}.

We assumethat the receivercan feed badk B bits to the
transmitter(per codavord). Thefeedbak bits are usedto
choosethe columnsof Q fromarandomsetofi.i.d. vectos.
We computethe mutualinformationasa functionof both B
andtherankof Q. Our resultsare asymptotidn the num-
ber of antennasand showhow mud feedbak is neededo
achieve a rate which is closeto the capacitywith perfect
channelknowledg at thetransmitter

1. INTRODUCTION

Adding antennado the transmitterand recever of a sin-
gle point-to-pointfadinglink cansubstantiallyincreasethe
achievable datarate[1, 2]. The channelcapacitydepends
on theamountof channelstateinformation(CSI) knowvn at
thetransmitterandrecever. AssumingperfectCSlatthere-
ceiver, andindependentading acrossdifferenttransmitter
recever antenngairs,the channelcapacityhasbeenevalu-
atedfor thecaseavherethereis no CSlandcompleteCSl at
thetransmitter

Herewe examinethe capacitywith completeCSl at there-
cewver, but partial CSI at the transmitter We assumeM
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transmitantennas /N receve antennasand that the chan-
nels acrossdifferent transmitteirecever antennapairs are
i.i.d. Rayleigh. (The capacitywith correlatedadingacross
antenngpairsis studiedin [3].) The mutualinformationis
maximizedwhenthe transmittedsymbolvectoris Gaussian
with covariancematrix Q, which dependson how much
CSl is available at the transmitter Specifically in the ab-
senceof arny CSI, the optimal Q is full-rank andisotropic,
whereaswith perfectCSl the optimal Q hasrank at most
min{ M, N}. We assumehatthe channels stationaryand
thatthe recever relays B bits to the transmitter(per code-
word) via a reliablefeedbackchannel(i.e., no feedbacker
rors). The purposeof thefeedbacks to specifyQ.

In this paperwe analyzethe performancef a Randomvec-
tor Quantization (RVQ) schemewhich is usedto specify
a Q with rank D, where D canbe optimized. The RVQ
schemads motivatedby relatedwork on signatureoptimiza-
tion for CDMA with limited feedbackwhereit is shavn to
beoptimal[4,5]. Otherrelatedwork on the performanceof
MIMO channelswith limited feedbackhasbeenpresented
in [6-10]. Although our modelis similar to that originally
presentedn [6], our asymptoticapproachpasedon RVQ,
alongwith the associatedesults,differs substantiallyfrom
prior work.

We computethe summutualinformationbetweernthetrans-
mittedandrecevedsymbolsperreceie antennasthenum-
berof transmitantennas\/, the numberof receve antennas
N, the numberof feedbackbits B, andtherank D all in-
creasedo infinity with fixed ratios. The limiting mutualin-
formation can be evaluatedby using resultsfrom extreme
orderstatisticsaandrandommatrix theory We shaov how the
optimalrankfor the covariancematrix with RVQ decreases
with the amountof feedbackB, andobsere thatrelatively
little feedbackis neededto achieve a rate closeto the ca-
pacitywith perfectCSIwhenN/M is large. Optimizingthe
rank D canalsoresultsin a substantialncreasdn the sum
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mutualinformation.

Thepapers organizedasfollows. In section2, we describe
the systemmodel. In section3, we review the behaior of
thecapacitywithoutary CSlatthetransmitterandwith per
fect CSI. We presentRVQ andthe associategberformance
analysisin section4 andthe numericalresultsin section5.
Section6 concludeghe paper

2. CHANNEL MODEL

We considera single-user point-to-pointwirelesschannel
with M transmitantennagnd N receve antennasWe as-
sumei.i.d. flat Rayleighfadingchannelsso thatthe setof
channelgains{h; ;} betweenthe ith transmitantennaand
the jth receve antennacontaing.i.d complex Gaussiaman-
domvariableswith zeromeanandvarianceE||h; ;|?] = 1.
Therecevedvectoris givenby

y=Hx+w

whereH = [h; ;] isthe N x M channelmatrix,x = [z;]
is the M x 1 transmittedsymbolvector y = [y;] is the
N x 1 receved symbolvector andthe noisew is comple
Gaussiamwith cwariancematriXU?LI ~ Wherel y isthe N x
N identity matrix.

Ourperformancenetricis summutualinformationbetween
x andy. The mutualinformationis maximizedwhenthe
transmittedsymbolsz; arecomplex Gaussiamandomvari-
ables,in which casethe summutualinformationis givenby

I(x;y) = En [1og det (IN + pHQHT)] 1)

wherethecovariancematrix Q = E[xx'], p = E[||x||?]/02
is thebackgroundsignal-to-NoisdRatio (SNR), andlog de-
notesnaturallogarithm.

We are now interestedn maximizing the sum mutual in-
formationover the covariancematrix Q subjectto a power
constraintr{Q} < 1.

3. PERFECT CSI VS.NO CSlI

Herewe considerthe two extremecasesn which thetrans-
mitter has no CSI available, and the transmitterhas per
fect CSI. Thesecorrespondo normalizedfeedbackvalues
B = B/N? = 0 andB = oo, respectiely.

3.1. Zero Feedback

If thereis no CSl available at the transmitter(correspond-
ing to zerofeedbackbits from the recever), then the op-
timal Q = LI, [2]. Thatis, eachantennaransmitsan

independensymbol,andthe transmittedobower is allocated
equally acrosstransmitantenna. As (N, M) — oo with
fixed N = N/M, the capacityperreceve antennds given

by

1 detlog (I + ﬁHHT) - /oo log (14 pA) g(A) dA
N NTM 0 "
2

=C>®(B=0)
wherecorvemgenceis almostsurely andg()) is theasymp-
totic probability density function for a randomly chosen
eigemvalue of %HHT, andis givenin [11]. The integral
in (2) hasbeenevaluatedin [12], and gives the following
closed-formexpression

_ 1-N 1 z
o0 = = i
C*(B =0)=logpy + 7 log<1_z> i (3)
where
| _ 2 _
y = - |1+N+-+ (1+N+—> — 4N
p
1 _ 1 _ 2 _
z = - |1+N+--— 1+N+-) —4N
2 P p
3.2. Infinite Feedback

If B = oo, thenthe transmitterhas perfectCSlI, andthe
optimal Q is givenby

Q = UDU' (4)

whereU is anunitary matrix whosecolumnsareeigerec-

torsof H'H, andD is a diagonalmatrix whoseelements
arecomputedy waterfilling overtheavailabledimensions.
Therankof the optimal Q is at mostmin{ M, N}, andde-

pendsonthe SNR. In contrastwith B = 0 theoptimal Q is

full-rank.

Let C*®(B = oo) denotethe capacityperreceve antennan
thelimit as(N, M) — oco. We have that

(5= = [ Tlogd) T gNdr  (5)

wherethe waterlevel v is determinedby the power con-
straint
_ o0 1 +
N/ (7— X) gA)dr=p
0

wherez™ = max{0,z}. We can verify that C*°(B
0) < C*®(B = o), andnow considerthe ratio C*®(B =

(6)
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o) /C*®(B = 0) to seehow muchof anincreasen capac-
ity is attainablewith feedback.We evaluatethis ratio in the
regimesof bothlargeandsmall SNR.

For large SNR, from [3] we have that

C*®(B = o0)

_ N > 0.
pggo C>®(B=0) >

=1 for
Hencefor large SNR, thereis clearlylittle incentve to relay
CSlbackto thetransmitter This is becausdor large SNR,
the transmitterusesall available dimensionsandan equal
power allocationasymptoticallygivesthe samecapacityas
waterpouring.

For smallSNR, we have that

12 _
= 1+—_> for N>0. (7)
(75
Thislimit is anextensionof theanalogou$imit in [3], which
is for N = 1. Hencethe potentialgain dueto feedbackde-
creasesvith N. Thisis becausdor large V, therecever ob-
tainsmoreindependentopiesof a transmittedsymboland

is ableto decodethe symbolwhetherthe power is allocated
equallyor optimally.

lim 0700(3 =)
p—0 C®(B =0)

4. RANDOM VECTOR QUANTIZA TION

To maximizethe summutualinformation,Q is givenby (4)

wherethe columnsof U arethe eigervectorsof HYH. If

Q hasrank D < min{M, N}, thenthe eigeectorscor

respondto the D largesteigemwvalues. In whatfollows, we
assumehatthe recever quantizeghe matrix U, andrelays
this backto the transmitter We alsoassumehatthe trans-
mitter distributes equal power and rate over the D eigen-
vectors,i.e., the optimal water pouring distribution is not
relayedbackto the transmitter (The degradationin capac-
ity dueto usinga constanpower allocationwith optimized
rank D, ratherthanthe optimalwaterpouringpower alloca-
tion hasbeenshown to besmall[13].)

Given B feedbackbits, we can constructa vector quan-
tizer, which chooseghe matrix U from the set, or code-
book{Vi, -+ ,Vys}. Thatis, assuminghat H is knowvn
attherecever, the recever chooseghe V; thatmaximizes
the sum mutual information, and relaysthe corresponding
index backto the transmitter Optimizing this codebookfor
finite M andN is quitedifficult; hovever, as(M, N) — oo,
theeigervectorsof H areisotropicallydistributed. This sug-
gestghatthecolumnsof thecodeboolentriesshouldalsobe
isotropicallydistributed. Hencein whatfollows, we assume
thatthe matrices{V,}, j = 1,--- , 28 areindependenand

isotropic,andreferto this schemeasRandomvector Quan-
tization (RVQ). An analogouskVQ scheméhasbeenprevi-
ouslyproposedor CDMA signatureoptimizationwith lim-
ited feedbackn [4, 5], andhasbeenshavn to maximizethe
SINR in thelarge systemlimit.

We areinterestedn themutualinformationwith RVQ in the
limit as(N, M, B, D) — oo with fixedratiosN = N/M,
B = B/N? andD = D/M. (Note thatthe numberof
feedbaclbitsis normalizedby thenumberof matrixentries.)
Giventherank D < M, the covariancematrix is chosen
fromtheset{Q;},j =1,--- ,25, where

Qj:BVjVj for 1<5<2
andV; isan M x D randomunitary matrix, i.e.,V;.Vj =
Ip. ThematricesV for all j arechoserindependentlyand
thetransmittecpower tr{Q, } = 1. Therecever selectshe
quantizedcovariancematrix

Q = arg max

; 1
max {JIJV =N log det (IN + pHQjHT) } .

Hencethe summutualinformationperreceve antennawith
B feedbaclbits is givenby

E ma; Jj
[ 1<j<08 N ]

E [% log det (IN + pHQHT)] ®)

AA R

TVq

wherethe expectationis over the channeland covariance
matrix. To evaluate(8), we mustknow the cumulatve dis-
tribution function (cdf) for J%,. Sincethe matricesQ; are
Li.d., the randomvariables{J]{,} arealsoi.i.d.. Letting Fy

denotethe correspondingdf, we have that

N =B / 2FB " (a) fu (2) da

where fx(z) is the probability density function (pdf) for
J%. In whatfollows we considerthe limit as N, M, D, B
all tendto infinity.

Theorem1 As (N,M,B,D) — oo with fixed N =
N/M > 0, B = B/N? and D = D/M, the summu-
tual informationper receiveantennaIrf‘v’q corvemgesalmost
surely to

IOO

1
= li Fll1-=]). 9
YT (N MD.B) seo” N ( 23) ®)
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The inverse cdf Fy' dependson N, M, and D. The
proofreliesontheasymptoticheoryof extremeorderstatis-
tics [14]. With appropriateshifting and scaling[14], Fix
convergesin distribution to a Weikull cdf asB — co. An
analogougesultin the context of CDMA signatureopti-
mizationhasbeenpresentedh [4].

Computingthe exact cdf Fy appearso be difficult. We
thereforeresortto a Gaussiarapproximationwhichis moti-
vatedby thefollowing lemma.In whatfollows, we dropthe
superscriptn J%; to simplify thenotation.

Lemmal As (N,M,D) — oo with N/M = N and
D/M = D,

N(Jy —p) — N(0,0%) in distribution

whee N(0,0?) is the Gaussiancdf with zeo meanand
variancec?,

- N D

N
o? = —log (1 — —112>
D
whee

1. b D 1/ D D > 4D
V=4 —=+ — — = =4+ =) —=.
2 2N 2Np 2 N Np Np

This lemmais an extensionof a similar resultin [15] with
D = 1, andfollows from Theoreml.1in [16]. To compute
p ando?, we write

N —
1 N
JIN = N kE_l log (1 + pﬁ)\k)

where ), is the kth eigevalue of +tHVVTH. As
(N, M, D) — oo, theempiricaleigewvaluedistribution con-
vermgesto adeterministidunction,which canberepresented
in termsof its Stieljestransform[16]. Theasymptotianean
andvarianceof Jy canthenbe evaluatedaccordingto re-
sultsin [16].

D N N
b= —= log(1+—p—5pv> +log (14 p—pv) —v

and

Although Lemmal statesthat the asymptoticdistribution

of Jy is Gaussianthis assumptiorieadsto an approxima-
tion for the asymptoticsummutualinformationbecausehe
distribution for finite IV is still neededo computeZ7, in

Theoreml. Specifically usingthe Gaussiarassumptionn

Theoreml gives

ff\?q = p+04/2Blog?2

(10)

which approximatesLy,. As B — 0, this approximation

becomesxact. However, asB — oo, iﬁé’q — oo, whereas
C*>(B = o) is finite, andcanbe computedby (5) and(6).

Thereforethe Gaussiarassumptiorgivesan inaccuratees-
timate of II?;”q for large B. This is because/y is bounded
for all N, whereaghe Gaussiamdf assumeghat Jy can
assumarbitrarily large values.

NotethatZ7, is afunctionof boththergnkf) andfeedback
B. Foragiven B, wewishto selectthe D, whichmaximizes
I2,. Theoptimal D canbe found by differentiatingZs,,

TVq"

anddepend®n N, B, andp.

5. NUMERICAL RESULTS

Figure1 shavs 722, with optimalrank Dy, , versusB with
differentvaluesof p and N = 0.5. The dashedinesshav
the waterfilling capacityC>®(B = oo). As expected,the
performanceof the optimal power allocation, relatve to
equalpower allocation,decreaseasSNR increasesAlso,
the amountof feedbackneededo reachC®(B = o) de-
creasesvith SNR. The dashed-dottetines shav ZZ, with
fixedrank D = 1 anddifferentvaluesof p. In this case,
the rateswith the optimizedrank and full-rank do not dif-

fer much.Also shavn in theplot aresimulationresultsZyy,

with D = 1. We canseethatZ2, is a goodestimateeven
for small M (e.g.,8).

N/M =0.5
T

p=0dB

0.8 -

0.6 &
v

o Simulation for I:q(D =1)withmM=8

| | | ; ;
0.2 0.4 0.6 0.8 1 12
BIN?

Figure 1. Summutualinformation per receve antennafor
RVQ with optimizedrank andfull-rank versusnormalized
feedback.

Figure2 shavstheoptimalRVQ rank Dy, , versusB for dif-

ferentvaluesof p andN = 0.5. Therankstartsat D*, . = 1

rvq

(full-rank) for B = 0, anddecreasewith B. Therankcon-
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vemgesto the value associatedvith the optimal covariance
matrix with perfectCSlI. For given B, the optimal rank in-
creasesvith SNR, reflectingthe factthatthe waterpouring
distribution is spreadacrossmore eigemvectors. In the fig-
ure, the optimal rank corvergesto N for p = 9 and6 dB,
but corvergesto alower numberfor p = 3 and0 dB.

N/M=0.5
T

0.9

081

051

0.4r

03 . . . . .
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BIN?

Figure 2. The optimal RVQ rank versusnormalizedfeed-
back.

Figure 3 shavs the mutualinformation perreceve antenna
versusnormalizedfeedbackwith differentvaluesof N. The
waterfilling capacityis alsoshavn. As N decreasesthe
performancegap associatedvith B = 0 and B = oo
widens,which is consistenwith (7). Also, the summutual
informationperreceve antennalecreasewith N.

p=6dB

I I I I
0.1 0.15 0.2 0.25
BIN?

Figure3: Summutualinformationperreceve antennaver
susnormalizedfeedbaclwith differentvaluesof N.

Figure4 shavs mutualinformationperreceve antennaver-
susnormalizedrank from (10) with N = 0.1, p = 6 dB,
anddifferentvaluesof B. The maximalratesareattainedat
D = 0.1 for caseshavn. As B increasestherateincreases
andthedifferencebetweertheratewith optimizedrankand
full-rank alsoincreases.

N/M=0.1;p =6 dB
T T T

35F S . 4

— BIN?=1
- - BIN*=5

~ BIN?=10
1 T

05 I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

D/M

Figure 4. Mutual information per receive antennaversus
normalizedrankwith differentfeedback.

6. CONCLUSIONS

We have studiedthe achievablerateof a single-useMIMO
fading channelwith limited feedback. Our results are
asymptotidn thenumberof antennasandindicatethe min-
imum feedback,which is neededto achiere the capacity
associatedvith perfectCSl at the transmitter The asymp-
totic mutualinformationwasevaluatedwith a randomvec-
tor quantizatiorschemeén which the covariancematricesin
thesourcecodeboolareindependenandisotropic. This ap-
proachallows usto studytherank of the covariancematrix
which maximizesthe mutual information. Our numerical
resultsshav that lessfeedbackis neededas the ratio be-
tweenthenumberof receve antennasndtransmitantennas
increasesFor the caseshawvn, the covariancewith the op-
timizedrank givesa large increasdn capacityover theone
with full-rank (e.g.,50-60%).
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