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ABSTRACT. We study the asymptotic behaviour of the time-changed stochas-
tic process X (t) = B(fS(t)), where B is a standard one-dimensional Brow-
nian motion and fS is the (generalized) inverse of a subordinator, i.e. the
first-passage time process corresponding to an increasing Lévy process with
Laplace exponent f. This type of processes plays an important role in statis-
tical physics in the modeling of anomalous subdiffusive dynamics. The main
result of the paper is the proof of the mixing property for the sequence of
stationary increments of a subdiffusion process. We also investigate various
martingale properties, derive a generalized Feynman-Kac formula, the laws of
large numbers and of the iterated logarithm for FX.

1. INTRODUCTION

Let (2, F,P) be some probability space. A subordinator T/(t), ¢ > 0, is an
increasing Lévy process, i.e. a stochastic process with stationary and independent
increments whose sample paths are right-continuous with finite left limits. Being a
Markov process, the law of T is uniquely characterized by the one-step transition
functions. By definition, these are one-sided and infinitely divisible, and the Laplace
transform of 77 (t) can be written as (cf. [53])

E (e—qu(t)) _ e—tf(u)7

where the characteristic (Laplace) exponent f(u) is a Bernstein function; it is well
known (cf. [54]) that all characteristic exponents are of the form

fw =+ [ (1= da),
(0,00)

where A > 0 is the drift parameter and v is a Lévy measure, i.e. a measure supported
in (0, 00) such that f(o,oo) min{1, 2} v(dx) < co. For simplicity, we will assume that
A = 0. In order to exclude the case of compound Poisson processes, we will further
assume that v(0, 00) = oo; in particular, the sample paths ¢ — th are a.s. strictly
increasing.

The first-passage time process of the subordinator T/ is the (generalized, right-
continuous) inverse

(1) IS(t) =inf{r >0 : T (r) >t}, t>0.
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We will call /S(t) an inverse subordinator. The assumption (0, 00) = co guaran-
tees that the sample paths of T/ are a.s. strictly increasing, i.e. almost all paths
t +— 7S(t) are continuous. Since the closure of the range of T/ has zero Lebesgue
measure, the trajectories of /S are singular with respect to Lebesgue measure.
Note also that T/ is a transient Lévy process and its potential measure satisfies
U([0,2]) = E(/S(x)). Moreover U([0,z])/x is bounded as z — oo; see [5, p. 41].

In what follows we denote by h(u) the Laplace transform of a function h(t), i.e.

o0
h(u) = / e “h(t)dt.
0
It is straightforward to verify that

@) sa,u) = L eero,

u
where s(z,t) is the probability density function of £S(¢) (existence of s(y,t) under
the assumption v(0,00) = oo was proved in [4I] Theorem 3.1). In particular, we
get for any independent, exponentially distributed random time 7 ~ we™%! dt

Eeg'fS(T):// et%s(x, tyue " dt dx
0o Jo

= /OO et f(u) e W dg = ) .
0 flu)—¢

Inverse subordinators have found many applications in probability theory. For
their relationship with local times of some Markov processes, see [5]. Similarities
between inverse subordinators and renewal processes were investigated in [7)[I7,27].
Applications of inverse subordinators in finance and physics are discussed in [57]
and [221[35.[56], respectively.
In this paper we study some sample path properties of the process

(4) IX(t)=B(S(t)), t>o0.

(3)

Here, B is a standard one-dimensional Brownian motion (Wiener process) and /S is
an inverse subordinator; we assume that 7S and B are independent. For every jump
of the subordinator T/ there is a corresponding flat period of its inverse fS. These
flat periods represent trapping events in which the test particle gets immobilized
in a trap. Trapping slows down the overall dynamics of the diffusion process B,
therefore 7X (t) = B(/S(t)) is called a subdiffusion process.

In Physics, subdiffusive dynamics is frequently described by fractional diffusion
equations [44]. Using the relation P(*S(t) < s) = P(T7/(s) > t) and the Fourier-
Laplace transform in z and ¢, respectively, one sees that the probability density
function p(z,t) of the process X (t) satisfies the following generalized diffusion
equation

2
(5) ap(;,t) = l‘I’ta—P
t 2 " 0x?
(cf. [15L29.[55]); this is also a special case of Theorem [2] below.
Here, ®; is an integro-differential operator given by

(© Biglt) = g5 [ M(t=9(0)ds
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for sufficiently smooth functions g. The memory kernel M(t) is defined via its
Laplace transform

(7 Ni(u) = /0 et dt = ﬁ

One can also write () with an operator ®; * on the left, i.e. a truly “fractional”
time evolution. This operator is also a convolution operator, where the convolution
kernel has the Laplace transform f(u)/u.

The most important case in applications is the case of a-stable waiting times,
which corresponds to f(u) = u® with a € (0,1) being the stability parameter. In
this case, the operator @, is the Riemann-Liouville fractional derivative ODtl_a (cf.
52)),

t

Dyg(t) = oDy " g(t) = ﬁ%/o (t —y)*"'g(y) dy.
Then, (B) becomes the fractional diffusion equation [2,[35[36L43L[60]. The case of
space-time fractional derivative operators can be found in [I]. Subdiffusion phe-
nomena with a-stable waiting times have been empirically confirmed in a number
of settings: Charge carrier transport in amorphous semiconductors, nuclear mag-
netic resonance, diffusion in percolative and porous systems, transport on fractal
geometries, dynamics of a bead in a polymeric network, and protein conformational
dynamics; see [44]. The corresponding process X appears in a natural way as a
scaling limit of uncoupled continuous-time random walk with heavy-tailed waiting
times [3,40]. Path properties of X with f(u) = u® have been investigated in
[311,39,46].

Another important example is the tempered-stable case [11148], which corre-
sponds to f(u) = (u+ A)* — A* with A > 0 and 0 < a < 1. This type of
anomalous dynamics has recently been investigated in [I5L[37,42]. Tempered sta-
ble distributions are particularly attractive in the modeling of transition from the
initial subdiffusive character of motion to the standard diffusion for long times. In
physics, applications of tempered stable distributions in the context of astrophysics
and relaxation can be found in [56]. Modeling of the lipid granules dynamics with
the use of tempered subdiffusion has recently been proposed in [20]. Note that the
subordinate process B(T/(t)), where T (t) is the tempered stable subordinator, is
the relativistic stable process with Fourier exponent equal to (£2 + m?2/P )5/ 2-m
[25]. Here A = m?/# and a = (/2.

Another interesting example is the distributed order fractional diffusion equa-
tions [12,241138], which correspond to the case f(u) = [;*(1 — ™) v(dx) with
v(t,00) = fol t=P u(dB). Here, B € (0,1) and p is some distribution supported in
[0, 1]. This type of Laplace exponent leads to the ultra-slow dynamics displayed by
fX. The corresponding fractional Cauchy problem has recently been analyzed in
[45].

Our paper is organized as follows: In the next section, we will investigate var-
ious properties of the subdiffusion process fX. In particular, we will describe its
martingale properties, derive a generalized Feynman-Kac formula, and the laws of
large numbers and of the iterated logarithm for X. Our results extend those for
the a-stable case in [31L[46]. In Section 3 we will construct a stationary sequence
of increments of the appropriately modified process fX. We will show that this
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sequence is ergodic and mixing. This is the main result of the paper; it can be ap-
plied to verify ergodicity and mixing of all subdiffusive complex systems modeled
by the generalized diffusion equation (Hl).

2. ASYMPTOTIC BEHAVIOUR OF TRAJECTORIES

We begin with a result which establishes martingale properties of the subdiffusion
process X .

Theorem 1. (i) Both 'X(t) and 7Y (t) := exp {/X(t) — 175(t)}, t > 0, are mar-
tingales with respect to the probability measure P.

(i) Let t € [0,T]. Then for each e > 0 the process 7Z(t) = exp {/X(t)} is a
martingale with respect to the probability measure P. defined as

P.(4) —ce-/AeXp{—%fX(T)— <e+%> fS(T)}d]P’.

Here A € F and c7' = [, exp{—1/X(T) — (e+ 3) /S(T)} dP is the normalizing
constant.

Proof. (i) The proof of this part is similar to the proof [31, Theorem 2.1]. Note first
that the quadratic variation of /X (¢) satisfies (X, 7X), = #(B, B); = /S(t). Set
(8) Fo=[)o({By) : 0<y<u}, {!St) : t>0}).

u>t
By definition, {F;} is right-continuous, (B(t), F;)i>0 is a martingale, and for every
fixed o > 0 the random variable /S(t) is a stopping time with respect to {F;}.
Thus {G;} where G; = Fis@) is a well-defined filtration. Let us introduce the
sequence of {F;}-stopping times

T, = inf{u > 0 : |B(u)| = n}.

By Doob’s optional sampling theorem we have for s < ¢

E(B(T, AS(t)) | Gs) = B(T A'S(s)).

The right-hand side of the above equation converges to B(/S(s)), whereas the left-
hand side converges to E(B(S(t)) | Gs) as n — co. Therefore, /X is a martingale.

From [47, Proposition IV.3.4] we get that /Y is a local martingale. To prove that
it is also a martingale, we have to verify the integrability of the random variable
Supg<y<; 7Y (u). Using Doob’s maximal inequality and the independence of B and
S, we get

E

2
<0qu e {B(fS(u))}) ] < 4E [exp {2BUS(1)}] = 4E (exp {2-75(1)})
Assume that the parameter u of 7 in () is so large that f(u) > 2. Then we see
that the expression on the right-hand side is finite. Thus, E[supogugt fY(u)} < 00,
and /Y is a martingale.

(ii) Put
1

V(t)zexp{—53(t)—%t} and W (L) = exp {B(t)} .

Then
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Therefore, the product V - W is an (F;, P)-martingale, and so is the stopped pro-
cess V(- ANIS(T))W (- AS(T)). Since the bounded random variable e=<S(T) js
Fo-measurable, it follows that efefS(T)V(' ANIS(T)W (- A TS(T)) is an (F, P)-
martingale. This in turn implies that W (- A 7S(T)) is an (F;, P.)-martingale.

Denote by EF the expectation with respect to the measure P.. Then, one shows
similarly to (i) that

EF (sup W(t/\fS(T))) =k ( sup W(t)) < 0.
10 +<IS(T)
Thus, W (- A 7S(T)) is a uniformly integrable (F;,P.)-martingale. Consequently,
there exists a random variable H such that W (t A fS(T)) = EF< (H|F;). Moreover

T2(t) = W(IS(t) N 1S(T)) = B (H| Frs(r)) »
and this implies that /7 is an (Frs(t), Pe)-martingale. O

The next result is a generalization of the Feynman-Kac formula. Consider the
standard diffusion process V' given by the following [t6 stochastic differential equa-
tion:

dv (t) = u(V(t)) dt + o(V(t)) dB(t),
V(0) ==z.
In order to ensure the existence and uniqueness of the solution we assume the usual
(local) Lipschitz and (global) growth conditions on u and o. Then the infinitesimal
generator of V(t) is
2

A9() = p(w) 5 9(a) + 30 (@) wo(w), 6 € CA(R).

Theorem 2. Let g and h be continuous functions, such that g is bounded and
h > 0. Then the function

Ts(t) :
(9) v(x,t) = E (exp {—/O h(V(u)) dU} g(V(fS(t)))>

satisfies the generalized Feynman-Kac equation

ov(z,t)
ot

with the initial condition v(x,0) = g(x) and the operator ®; from (Gl).

(10)

= O [Av(z, t) — h(z)v(z,t)]

Proof. Denote by w(z,t) the function

w(z,t) =E° (exp {— /Ot h(V(u)) du} g(V(t)))

and recall that s(y,t) is the probability density of /S(¢). With the above assump-
tions on g and h, w(x,t) is in C*H(R x Ry).

Using the classical Feynman-Kac formula, we get that w(z,t) satisfies in the
Laplace space the equation

(11) ud(z,u) — w(z,0) = Ab(z, u) — h(x)b(z, u).

Since /S and B are independent, we obtain

vwozéwmwmmm%
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which by (@) implies that

(12) o) = L (e, 1(w).

Replacing u by f(u) in () we get
fwyi(z, f(u) —w(z,0) = Ad(z, f(u)) — h(z)d(z, f(u)).

Consequently, applying ([I2) and the fact that w(z,0) = v(x,0), we conclude that
0(x,u) satisfies

ud(z,u) —v(z,0) = o) [Ab(z,u) — h(z)0(z,u)].

Inverting the Laplace transform, we get that v(x,t) satisfies (I0). O
We will now study the asymptotic behaviour of the trajectories of fX.
Theorem 3 (Law of large numbers). The trajectories of X (t) satisfy

f
lim —X(t) =0

t—00 t

Proof. Fix € > 0 and define

A, = sup
on StSQnJrl

Using Markov’s inequality we get that

@DQ < : {(S“pws&znﬂ |fX(t)\)2} .

t

EP(A,) <E < sup ; 52

on StSQH+1

Using the fact that 7X (¢) is a martingale, we obtain from Doob’s maximal inequality
the bound

2
E ( sup ’fX(t)|> <A4E (‘fX(2n+1)|2) — 4F (fS(ZnJrl)) ]

m<p<omtl
Since E(*S(z))/z = U([0,z])/z is bounded as = — oo, we get
E (fs(2n+l)) < 02n+1

for large n and some positive constant ¢. Thus

4e2ntL
P(4,) < o2ngz

for large enough n, and so
(o)
Z P(4,) < .
n=1
Finally, using the Borel-Cantelli lemma we obtain the desired result. O

Now, we turn to the law of the iterated logarithm. It is known that for the
inverse subordinator 7S(t) we have (see [14])

IS (t)

limsup —= =

t—00 ¢(t)
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for a certain function ¢(t). Thus, by the celebrated law of the iterated logarithm
for a Brownian motion B, we obtain the following bound for X (t) = B(’S(t)):

, X(t)
lim sup <1
t—oo /26(t)loglog((t))
This result is, however, not sharp (cf. [31]): Just observe that the large increments
of B do not coincide with those of fS. The next theorem determines precisely the
asymptotic behaviour of the trajectories of X for small and large times.

Theorem 4 (Law of the iterated logarithm). (i) Assume that for some € > 0 the
Laplace exponent of T satisfies f(u) > u€ for sufficiently large u. Then, for v > 1
there exists a constant ¢ > 0 such that

x f
lim sup ®) =1 and liminf X(t)
o 9(t) N0 g(t)

(ii) Assume that for some € > 0 the Laplace exponent of T7 satisfies f(u) < u®
for sufficiently small u. Then, for v > 1 there exist a constant ¢ > 0 such that

=-1 a.s.

x X
lim sup ®) =1 and liminf ®) =-1 a.s.
00 9(t) oo g(t)
Here, the function g(t) is the inverse of
log(| log (¢

(vt~ log(|log(t)]))’
and n(u) = 1 (u2/2).
Proof. In the proof we will apply the method used in [6] in the context of iterated
Brownian motion.
(i) Put

B*(t) = sup B(s)
s€[0,t]
and
IX*(t) = sup ‘X (s) = B*(/S(t)).
s€[0,t]

Let us introduce
Sy)2(t)=inf{r : B*(1) > t}.
It is known [53] that Sy /5(7) is the 1/2-stable subordinator with Laplace transform

E (67“51/2(7)> = TV,

Additionally, we have
IxX*(t)=inf {7 : TI(S,/2(1)) > t}.
The Laplace transform of the subordinator 7 (S /2(t)) is given by
E (e 4T (S12(0)) — | (e=S120f(w)) — o—ty/2f(u)

Using the assumpgions on the szy ex;()onent f (u),)we can apply [14, Theorem 1]
to get

— T7(Si2(t) 1

N0 O
where h(t) is defined in (I3).
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Since
B*(JS(T7(S12(1)))) =,
we obtain that

—_

, ifcg > 1,
, if ¢g < 1.

=)

]P’(B*(fS(Coh(t))) >t infinitely often as &\ 0) = {

This in turn implies that
B*(75(t
lim sup BTCSW)
N g(t)
where g(t) is the inverse of h(t). Clearly, B* in the numerator can be replaced by
B, and we obtain

:]_7

Xt
lim sup J =1,
oo 9(t)
which proves the first half of part (i).
The result ;
X
lim inf (*) = -1,
tNO - g(t)
is a consequence of the symmetry of B.
The proof of part (ii) of the theorem is analogous. O

Remark. In some particular cases it is possible to find the explicit form of the nor-
malizing function g. For example in the a-stable case g(t) ~ cot®/?(log | log t|)(2~)/2
as t — 0% and ¢ — oo, where ¢ is an appropriate positive constant; cf. [31L46].

3. ERGODIC PROPERTIES

Our standard reference for the ergodic theory of dynamical systems is [28]. For
the convenience of our readers let us recall some basic facts.

Let (X, A,v,S) be a measure-preserving dynamical system: X is the phase
space, A is a o-algebra on X, v is a probability measure on X, and S : X — X is
a measure-preserving transformation. A set A € A is invariant if S71(A4) = A. We
say that (X, A,v,95) is ergodic, if every invariant set A € A is trivial, i.e. if either
v(A) =0or v(X \ A) =0. We say that (X, .A4,v,S) is mizing, if for all A,B € A

nhﬁn;Q v(ANST"B) = v(A)v(B).

Clearly, mixing is stronger than ergodicity.

Ergodicity and mixing have their origins in statistical physics. Intuitively, a
system is ergodic if the phase space X cannot be divided into two regions such
that a phase point starting in one region will always stay in that region. Thus,
for ergodic transformations every phase point will visit the whole phase space.
Another important property of ergodic systems is that their temporal and ensemble
averages coincide, which follows from Birkhofl’s ergodic theorem; cf. [28]. Mixing
can be viewed as the asymptotic independence of the sets A and B under the
transformation S.

In the context of stochastic processes, we use the following setup. Consider a
real-valued stationary process Y'(n), n € N. In its canonical representation, {Y (n)}
can be identified with its law which is a probability measure P on the space RY. On
this space we use the canonical o-algebra B generated by the cylinder sets, and we
consider the standard shift transformation S : RY — RN. Stationarity of {Y(n)}
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implies that the shift S is measure-preserving. Note that (RN, B, P, S) is a typical
object of study in the theory of dynamical systems. Therefore, ergodic properties
of stationary stochastic processes can be studied in the framework of the theory of
dynamical systems. A detailed analysis of ergodicity and mixing for the classes of
infinitely divisible and fractional processes, can be found in [9,T0,19.49] and [32],
respectively.

Here we will study ergodic properties of the anomalous diffusion process ¥X.
However, one cannot verify ergodicity and mixing of fX in a straightforward man-
ner, since neither 7X nor its increments are stationary. Therefore, we will introduce
a modification.

Let us assume that the first moment of 77 is finite: y := E(T7(1)) < co. Let

TI(t) =To + T7 (1)

denote the generalized subordinator whose initial distribution is given by

P(Ty < x) / / v(ds)d / min(s, z) v(ds),

where T} is assumed to be independent of T/. The corresponding inverse subordi-
nator is

(14) IS(t)y=inf {r >0 : T (1) > t}.

With this choice of the initial distribution of T}, the process /S has stationary
increments; cf. [27]. Consequently, the modification of /X defined as

IX(t) = BUS(),
has stationary increments as well. We denote this stationary sequence by
(15) Y(n)='X(n+1)-'X(n), neN
Now we are in position to verify its ergodicity and mixing properties.
Theorem 5. The stationary sequence 'Y defined in (@) is ergodic and mizing.

Before we embark on the proof of the above theorem, we need two lemmas. The
first shows that the increments of £S are asymptotically stationary. More precisely,
the increments of /S converge in distribution to the increments of /S.

Lemma 6. Let M € N, z; e Ry, b e Ry, j=1,..., M, with z; < z; fori < j.
Then

(exp{ Zb z]+1+n)—f5(zj+n))})
— E(exp { - zi[:lbj (7S(z; +1) - fg(zj))})-

Proof. Assume that M = 1. We will show that

» E(exp{ — b1 (US(z1 +1+n) —IS(z —l—n))})

— E(exp{ — b1 (IS(z1 + 1) = 7S(21)) })

n—00
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Observe that /S(t) < fS(t) and that, by (@) and the continuity of ¢ — /S(t), /S(t)
has exponential moments for any ¢ > 0. Therefore, the moments determine the
distribution of fS(t); cf. [I3, Chapter VII, Section 3]. Consequently, the distribution
of the random variable fS(z; +1) — /S(z;) is also determined by its moments. This
means that it is enough to prove the convergence of moments

(17) E[“ﬂm+1+n)—@@y+MV]——%E{@ﬂa+l%f@@ﬂf}

n— oo

for every k € N.
Denote by U(t) = E(¥S(t)) the renewal function of /S and by U(dx) the measure
induced by U. We introduce another measure on [z1, 21 + 1] defined as

Uplz1,2] =U(z+n) —U(n), z€[z,z1+1].

Applying the renewal theorem we get that

€ . .
U,lz1,2] —— —  pointwise,
n—oo M

where p = E(T/(1)). This implies that

U, — é weakly,

n—roo

where X is Lebesgue measure on [z1, 21 + 1].
Now, using [27, Theorem 1], we obtain

E[(fS(zl +14n) IS0z + n))k}
zitltnzi+l4n z+ltn
=k! / / / U(dzy — xk—1) ... U(dxe — x1)U(dz1)
n4n @ Tho1

z1+121+1 z1+1
= k! / / / U(dyr — yr—1) ---U(dya — y1)Un(dyn),
Z1 1 Yrk—1

where the last equality was obtained by changing the variables y; = ©; — n, i =
1,...,k. By the weak convergence of U, to A\/u and [27, Theorem 1], we get

]E{(fS(zq +14n)—IS(z + n))k}
z1+1z1+1 z1+1
k! dy:
m : U(dyk—yk—1)~-~U(dy2—yl)7
z1 Y1 Yk —1

:EWmm+u—@@»ﬂ
This ends the proof for M = 1.
The proof for arbitrary M € N is similar. Note first that the random variable

M

ij(fg(z]' + 1) - fS(ZJ))

j=1
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is determined by its moments. So, it is enough to show

M k M k
<Zbj(fS(Zj+1+n)_fS(Zj+n))) 1 —>]E[(ij(fg(zj—i—l)—fg(zj))) ]

n—ro0
Jj=1 Jj=1

E

for any k£ € N. As before, using the multinomial formula

) kil kpg!mt MY

Jj=1 k1,....kp >0
ki+-+kyn=k

one needs to show the convergence

ol M
(18) ElH(fS(zj—|-1+n)_fS(Zj+n))k,7] E

n—oo

(7S(z+1) - fg(zj))k-f]

j=1 j=1

with Y k; = k. Applying [27, Theorem 1], we obtain

M M k
E(H (7S(z; +14+n) —IS(2; + n))’“-7'> =1I*'I] / U(dz; —xj_1),
i=1 j=1"C

j=1

where C' = {(20,..., %) : o = 0,25 + 1 < Tpgpo gy 141 < ov < Thopodh; <
zi+1+mn,5 =1,...,M,ky = 0}. Finally, changing the variables y;, = z; — n,
i=1,...,k, and using the weak convergence of U, to A/u, we get ([I8]). O

We will use the following recursive relations for inverse subordinators from [23]:

(19) ]E(exp{iiajfsvj)}) :E<exp{ziejf5(7j)})
+ 2%10] /Oﬁ E(exp { zéeij(Tj - x)}>dzE<exp {fS(x)

Jj=1

M

>0))

7j=1
M

(20) ]E<exp { Zeij(Tj)}) = E<exp { Zjéojfé(rj)})

j=1
9 - M ) M
++/ E(exp{ZijS(Tj—m)})de<eXp{fS(x)ZHj}),
Zj:laj 0 j=2 j=1
where M >2,0< 7 <---<7p, 01,...,00 €R.

We will also need the following technical result.

Lemma 7. Let m,M € N with1 <m < M, 0< 2z < ... < zp, bj € R for
j=1,....mandb; e Ry forj=m+1,...,M. Then

(21)
]E(exp { ibij(zj) - jélbj(fS(Zj +1+4n)—75(z +n)) })
— E(exp { JZE bjjS(Zj)})E<eXp { - jél b; (PS(z; + 1) — 18(z;)) })

Proof. We will prove formula (ZI]) by induction on the parameter M.
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Step 1. Let M = 1. Then m =1 and the formula is trivially fulfilled.

Step II. Assume that the formula (21)) holds for M —1. We will show that it is also
true for M. Applying (I9) we have

]E(exp { ébij(zj) - j_ZZH b; (7S(z; + 14+ n) = 1S(z; +n)) })
- E(exp { ébij(zj) - jélbj (7S(z +1+n) = 15(z +n)) })
N %/OZIE(eXp{ibij(zj —2)

S st et o s {53 ),

j=m+1

Now, if m > 1 we apply the induction assumption, the dominated convergence
theorem to get that the expression above converges to

m M

B(ow { Y0756} )E(ew{ = 3 b6+~ 5) })

j=2 j=m+1

+]E(exp{— JZM: bj(fS’(sz)—fg(zj))})

j=m+1

X % /0 ]E(exp { ébij(zj - x)})deE<exp {fS(a;) f:bjD

and this is, by (), equal to -
E(exp { jf:lbij(zj)})E(exp { - jﬁ:;ﬂ b; (1S(z; +1) — 1S(z))) }) :

For m = 1 we apply Lemma [0l and use the same argumentation. This ends the
proof. O

Now we are ready to prove our main result.

Proof of Theorem [l In order to prove that Y (n) defined in () is mixing, it is
sufficient to show the following convergence of characteristic functions (cf. [34]):

m M
]E<exp<i2ajf}7(zj) +i Z a; 7Y (2 +n)>>
j=1 j=m+1

(o (1) Je (e (3 wie))

k=m+1
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for m, M € N,1<m< M, ay,...,apy € Rand 0 < 23 < --- < zy. By the
definition of /Y'(¢) we get that the above convergence is equivalent to

B (expd - f (3 + 1) = 8() = 3 (e + 1+ m) — (s #)})

j=1 j=m+1

— E(exp { - f:lcj (7S(z; +1) — fS(zj))}>

n— 00
J

M

xIE(exp{— > cj(fg(zjﬂ)—fg(zj))}),

j=m+1
where c; = a? /2. We will prove the following more general assertion:

(22)
M

E(exp { zm:bjfé(zj) = > bi(US(z+14n) —I8(z + n))})

j=1 j=m+1
M

mE(eXP{ibjjg(Zj)})E(eXp{— >, bj(fS(sz)—f'S(zj))}),

j=1 j=m+1

where m, M e Nwith 1 <m <M,0< 2 <...<zy, b €Rforj=1,...,mand
bjeRyforj=m+1,...,M.

The proof follows the same lines as Lemmalll To show [22]) we will use induction
on the parameter M:

Step 1. For M =1 also m = 1 and the convergence trivially holds.

Step II. Assume that the formula ([22]) holds for M — 1. We will show that it holds
also for M. We apply [20) to get

E(exp{ibjfg(zj)_ i b; (19(z + 1+ n) —I5(z; +”))}>

j=1 j=m+1

_ ]E(exp { f:bjfg(zj) _ iw: b;(78(z; +1+n) — 5(z + n))})

Jj=2 j=m+1
+ ﬁ /Oz1 E<6Xp{j§:2bjf5(zj — )
_ ji:l b;(7S(z; +14+n—xz) —IS(zj +n — x))})de(exp {f:S‘(x) ji_n; bj}).

Now, applying the induction assumption for the first summand, Lemma [7] for the
expression inside the integral, and the dominated convergence theorem we obtain
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that the above formula converges to

(e { ibj-@(zj)})E(exp{ Y b8 1)- 5) })

Jj=2 j=m+1
- ]E<exp { - jélbj (S(z +1) — fS*(zj))}>
X % /O E(exp { ibij(zj - x)})de(exp {fé(z) i bj}>,

which is, by (20), the same as

E(exp{ibjfg(zj)})ﬂl(exp{— i bj(fé(zjﬂ)_fé(zj))}).

j=1 j=m+1
This shows that /Y (n) is mixing and therefore also ergodic. O

Remark. We point out that Theorem [5 holds only if E(77(1)) < oo. In particular
this result can be applied in the case of tempered stable laws. This class of distribu-
tions is especially important in applications [20,56], since it can model the so-called
transient subdiffusion [37[42]. The characteristic feature of transient subdiffusion
processes is the transition from power-law to linear scaling of the variance, which
is very different from the behavior of the standard Brownian diffusion.

For E(T/(1)) = oo one cannot construct the stationary-increment modification of
S as in (). As a consequence, the so-called weak ergodicity breaking is observed;
see [M].
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