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Asymptotic properties of spectral estimates of second order

By DAVID R. BRILLINGER

London School of Economics and Political Science

SUMMARY

Let X(¢) (=0, £ 1,...) be a zero mean, » vector-valued, strictly stationary time series
satisfying a particular assumption about the near-independence of widely separated values.
Given the values X() (t=0,1,...,7 — 1), we construct the statistics: I{% () (—o0 <A< 0),
the matrix of second-order periodograms, F¥% (1), the matrix of sample spectral measures,
£7%(A), the matrix of sample spectral densities and ¢¥%(u) (=0, +1,...), the matrix of
sample covariances. In the paper expressions are derived for the first- and second-order
moments and the asymptotic distributions of If% (1), FEX(A), £€%(A) and cFk(u). Our
purpose is to determine the form of these moments and to indicate the appearance of the
Wishart distribution as an exact limiting distribution for £¢%(A). It has previously been
suggested as an approximation.

1. INTRODUCTION

We consider asymptotic properties of second-order statistics based on sample values from
a strictly stationary vector-valued time series. The serics is assumed to possess moments
of all orders and to be such that values of the series, well separated in time, are nearly
stochastically independent. This weak span of dependence requirement is formulated as
Assumption I. It is a principal and unifying assumption of the theorems presented.

The statistics considered are based on the matrix of second-order periodograms. Our
method of proceeding is to derive a general theorem on the asymptotic behaviour of the
periodogram, including a necessary uniform error term, and then to deduce the behaviour
of the other statistics from this. In fact, the periodograms are based on the discrete Fourier
transform of the sample. A lemma of Brillinger & Rosenblatt (1967) indicates the elementary
asymptotic sampling properties of this transform. The work of Tukey (1967) indicates the
extreme rapidity with which it may be calculated and the consequent quick calculation of
the statistics of this paper. In addition the pleasant analytic properties of Fourier trans-
forms are well known. We have therefore been led to take the periodogram as the basis of
our work for three distinct and important reasons. Our work differs from much of the
previous work in giving the periodogram such an important position. A further important
distinction from previous work is that no assumption about the linearity of the underlying
process is required for the results presented here.

We prove that distinct values of the periodogram tend to be asymptotically independent
and have Wishart distributions. The sample spectral measure, F#%(A), tends to be Gaussian
with a spectrum of order four, a trispectrum, appearing in its distribution. The sample
autocovariance function, ¢ (u), is also seen to be asymptotically Gaussian, the distribu-
tion again involving a trispectrum. We demonstrate the convergence of these statistics,
considered as random functions of A and u respectively, to limiting Gaussian processes.

Two limiting distributions are seen to appear in the case of the sample spectral density
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376 Davip R. BRILLINGER

matrix. Under one limiting process it tends to be Gaussian and under a second it tends to
have a Wishart distribution.

We commence to set down notation. Let X(#) (=0, +1,...) be a strictly stationary
r vector-valued time series all of whose moments exist. Set

E{X(t)} = cy, (1-1)
BIX(t-+u) - cx} {X(O) — ex¥] = cxx(@) (Lu=0, £1,...) (1-2)
Suppose }:“ lexx(u)] < 0. (1-3)

Here |cx x(u)] denotes the matrix of absolute values. We may then define £ (A), the » x #
matrix of second-order spectral densities, by

frx() = (@m)7 3 cxxluyexp(—ilu) (—co<A<o0) (1-4)

U=—n

and F 5 ¢(A), the matrix of second-order spectral measures, by

Fax) = [ fxxloda (0<A<m). (1'5)

We suppose that X(¢) has a weak span of time dependence as indicated by Assumption L.
We construct estimates ¢F % (u), £&%(A) and FEL(A) of ¢x x(u), fx x(A) and Fy (). These
estimates are based on If%(A), the matrix of second-order periodograms. Thislast is derived
from the finite Fourier transform of an observed stretch of data, X(¢) (t=0,1,...,7 —1).
We determine asymptotic expressions for the cumulants of ¢% (%), IF%(A), F¥%(A) and
f7%(A) and from these cumulants are able to identify the limiting distributions of the
appropmabely standardized estimates. We also consider the weak convergence of the
sequences of stochastic processes

(&) (=0, £1,...)}, {FZQ) (0<A<m)} and {F%(A) (—c0<A<o0)}.

We do not assume that X(f) is a linear process.

In the paper W,(», Z) will denote an r x » symmetric matrix-valued Wishart variate with
variance-covariance matrix = and v degrees of freedom. Let W¢(», Z) denote an rxr
Hermitian matrix-valued complex Wishart variate with variance—covariance matrix Z and
v degrees of freedom. This last distribution is discussed by Goodman (1963). For real
matrices A, B and Z = A+¢B, write

A B
R_
=[5 a
then the two are connected by WE(v, Z)E = W, (v, ZF). We set
T-1
ADA) = 3 exp(—iAl), (1-6)
=0
1 (A =0, mod2nm),
= ].'
7(A) {0 otherwise. } (1-7)
For (¥,,Y,, ...,Y,) a random variable with real or complex components, we denote its joint
cumulant of order k by oum (¥, ¥y, ..., X). (1-8)

This is the coefficient of £, £, ... #; in the expansion of its cumulant generating function. For
X, Y complex-valued, cov (X, ¥) = E[{(X - B(X)}{Y —E(Y)}'].
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Asymptotic properties of spectral estimates of second order 377

2. PARAMETERS AND ESTIMATES

Let the 7 vector-valued series X(¢) have real-valued components X,(¢) (¢=1,2,...,7). All
moments are assumed to exist and we set

Cayy vy agllis -5 lpy) = cUmM (X +7)s o, Xy (g +7), X (1)}
(@ en = 1,2, 15t ot 4, T=0,21,..;k=1,2,...) (21)
using the assumed stationarity. We then set down

Assumrprion 1. X(8) is a strictly stationary series all of whose moments exist. For each
i=1,2,..., k=1 and any k-tuple a,, a,, ..., a; we have

3 ]tjc%“_,uk_l(tl,...,tk_l)f<oo k=2,3,...). (2-2)

[P

Because cumulants are measures of the joint dependence of random variables, (2-2) is
seen to be a form of mixing or asymptotic independence requirement for values of X(¢) well
separated in time. In the case of a Gaussian series, because cumulants of order greater than
2 vanish, Assumption I is satisfied if one requires only

Y e < oo, (23)

where ¢, () is the autocovariance funection of X () (¢=1,2, ..., 7).
If X(#) satisfies Assumption I we may define its cumulant spectral densities by

k-1
fa‘ ...,a;c(/\l? "‘:Ak—l) = (2ﬂ)—k+1t Zf Gal,...,ak(tli seey tk—l) exp (_7’ _21 Ajt]')
13 vves bE—1 3=
(—0o<A<00; @y, .0y ,=1,2,..,r; k=1,2,...). (2:4)

If k = 2, the cross-spectra f, ,,(A) are collected together in the matrix £ (A) of (1-4).
Suppose now that a stretch, X(#) (t=0,1,...,7 —1) of the series X(¢) is available. For

—00 < A < 00, we define o1

dPn) = tZO exp (—At) X(f), (2+5)

the finite Fourier transform of the given stretch of data. Denote the entries of d£’(A) by
d(A) (@=1,2, ...,7). Following Brillinger & Rosenblatt (1967) one has
Lemma 2-1. Suppose Assumption I is satisfied, then
K
um (D), e DO} = (2o o) AT (E,) 40Q1). (26)
j=1

The ervor term O(1) is uniform in Ay, ..., A, as T — oo.
Suppose that Z{X(f)} = 0; then this lemma indicates that one might base estimates of

fx x(A) upon I8N = (2aT)-1dD(A) DV, (2:7)

the matrix of second-order periodograms; the bar denotes complex conjugate. As an estimate

of F xx(A) we consider N

FEW = [ 1@ da <<, (29)
0

24-2
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378 Davip R. BRILLINGER

As an estimate of ¢y x(u), in this case where E{X(¢)} = 0, we consider

mx(u) = % X(@E+u)X'(@)

0t i+ usT~1

§ 1E% () exp (tue) da. (2-9)

—7
Before constructing an estimate of fy x(1), we set down

AssumprioN II. Let H(a) (—7 < < 7) be a weight funciion that is bounded, is symmetric
about 0, has a bounded first derivative and is such that

" H(@)da=1. (2:10)

Given B, > 0, we then set
H)a) = Bp*H(B7ta). (2-11)
In later sections we will consider the cases: B, = K/T; By — 0, BpT —~ oo as T — o0;
B, constant with respect to 7.
As an estimate of £ (1), we take

() = H<T> Y IFA(A—a)

= (2m)t Z m”} u)exp (—iud) | HD(a)exp (—iux)da.  (2:12)
u=—T+ -7
We have been led to consider a variety of statistics based on I% (1), the matrix of second-
order periodograms, and therefore turn to an investigation of its asymptotic properties.
We note that Bartlett (1966, p. 337) has suggested handling the sampling theory of
vector-valued series X(¢) by means of arbitrary linear combinations «'X(f), with o an r
vector.

3. THE PERIODOGRAM
Because all of the moments of X(#) are finite, all of the moments of I£%(A) will be finite.
We turn to a determination of the asymptotic cumulants of If%(A). We do th1s by using the
rules developed by Leonov & Shiryaev (1959) for determmmg the joint cumulants of

polynomial functions of random variables.
Denote the entry in the ath row and bth column of I¢%(A) by I3 (A) (@,b=1,2,...,7).We
then have

TaroreM 3-1. Let X(8) satisfy Assumption I and have mean 0. Then

(IS (A0)} = fayp,(A0) +O(T7Y), (3-1)
with O(T1) um'form n Ay,
cov {Ig13 (A1), TG (Ao} = T2 AD(A — A9) |2y 0y (A1) foyna( — A1)
+ T2 |AD(A; + Ay) ]2fa] Ao g — A1)
2T sy =g, = Ag) + T2RDA,, Ay), (3:2)

where there is a finite K such that
[BAAL Ag)| < K{JADQA -+ Ag)| + [ADUA, — A,) [} (3:3)
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Asymptotic properties of spectral estimates of second order 379
and  cam {I{R(Ay), ..., I3, (A)}

= T*EAD ) + 1) oo AD g+ V) fo, 0, (1) - fepap (i) +O(T2). (3-4)

Here the summation in (3-5) extends over all partitions

{(c1s 1), (dys 1)}, - {lCns 00)s (s i)} (3-5)

wnto pairs, of the quantities
(a/lf Al): (bl’ - Al)’ Ty (alu Alc)’ (bk: - /\lc) (3'6)
excluding the caseswith p; = —v; = A, for some j, m. The error term, O(T1), in (3-4) is uniform

mAy, .., Ay
The proofs are given in §8.
From (3-4) we can derive the following corollary.

CororLARY. Under the conditions of the theorem, if ome of A;+A,, = 0 (mod2m) or
A;— A, = 0 (mod 27) ¢s not true for each j, m = 1, ...,7, then

cum {IL)(A,), ..., I (A =0 as T—ow (k=3,4,...). (3:7)

a1l agby

Let us now determine the limiting distribution of I'¥} (1) on the basis of the limiting values
of its cumulants. We have,

THEOREM 3-2. Let X(t) satisfy Assumption I and have mean 0.

If 0< A <Ay < .o < Ay <, then IEL(AY), ..., IE%(AL) are asympiotically independent.
If A % 0 (mod 7), then IE%(A) tends, in distribution, to WE{1,£x x(A)}. If A = 0 (mod ), then
it tends in distribution to W1, x(A)}.

The different asymptotic distributions in the cases A £ 0 (mod 7)and A = 0 (mod 7) reflect
the fact that fy (1) and I§%(A) are real-valued in the latter case.

The asymptotic behaviour of the periodogram, IL)(A), of X ,(¢) has been considered by
Bartlett (1966, p. 304), Grenander & Rosenblatt (1957), Hannan (1960, p. 52) and Kawata
(1959). Walker (1965) determines the asymptotic distribution of I5(A) for X (t) a linear
process. Rao (1967) considers asymptotic properties of the cross-periodogram I;(A), @ + b
of X, (t) and X,(¢); see also Slutsky (1934) and Olshen (1967).

4. THE SPECTRAL MEASURE

If the series X(¢) (¢=0, +1,...) has spectral density matrix fy (1), then Fy x(A), the
matrix of spectral measures, is given by

FoxW = [ fex@da (0<a<m), (1)

Outside this range Fy (1) is taken to have period 27 and satisfy Fyx (—A) = Fixx(A). In
view of (3-1) one can consider estimating F ¢ x(A) by

FEL () = f 1) da (0<A<). (4-2)
0

Because of its elementary dependence on I¥% (1), we can determine the asymptotic moments
of FZ%(A) directly from Theorem 3-1. We have
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380 Davip R. BRILLINGER

TrEOREM 4-1. Let X(t) satisfy Assumption I and have mean 0. Then
E{FG ()} = By, (A) +O(T7Y), (4-3)

r min (A, Ag)
cov (FE),(Ay), FELA)} = 2073 { f Forad®) Fruna —

Ay /12
f f (@ — —B)dxdBl £ OT1log T)  (49)

and cum {FE) (A), ..., FE) (M)} = O(T*1)  (k=1,2,...). (4+5)

akbk

We see that FZ4(A) is an asymptotically unbiased and consistent estimate of Fy (A).
In fact one has

CoroLLARY. Under the conditions of the theorem

prob{ lim FE () = Fxx(A)} = 1 (0<A<m) (4-6)
T—w
and, in fact, prob{lim sup |F&%(A)—Fxx(A)]=0}=1. (47)
T—oo 0LALST

We see that FE4(A) is a strongly consistent estimate of Fxx(A) with the convergence
uniform in A.

Let us now turn to the consideration of the asymptotic distribution of F{I%(1). We may
use Theorem 4-1 to evaluate the limits of the cumulants of T#{F{¢%(A) — F x ¢ (A)}. The limits
of cumulants of order greater than two are seen to vanish and we may conclude

TrEOREM 4-2. Let X(¢) (¢=0, + 1, ...) satisfy Assumption I and have mean 0. Then
THFE (X)) = Fxx(A0)}, oo THEE () — Fxx(A)}
are asymptotically jointly multivariate normal with covariance structure given by

lim cov [T' %{F (affb)l (1) — a, bl(/h 5T {F fzz;)), Hs) Fag bg(ﬂz)}]

T—w

min (uy, #)
— 2 f Far o) o — ) dac + 2 f f Fuctranss (0 — 2t B)doc 0

0
(Hispea = Ay o, A5 a0 = 1,2, 055 = 1,2,k k= 1,2,...). (48)

This theorem indicates the asymptotic normality of finite collections of the F{I%(A). We
turn to stronger results concerning the convergence of the stochastic process

[THFEX() ~Fxx(N)} (0<A<m)]

to a certain Gaussian process. We first set down some terminology.
For 0 < a < 1, Lip}*"(0, ) will denote the Banach space of 7 x » matrix-valued functions
Y(A) (0<A<7), Y(0) = 0, with norm

[YI = sup [YQ)[+ sup [e]*[Y(A+e)-Y(A)]. (1-9)

<A Ate<n

In the case r = 1, this space is discussed by Lamperti (1962).
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Asymptotic properties of speciral estimates of second order 381

A sequence {YP(Q)(0<A<m}(T=1,2,...) of stochastic processes, with values in
Lip‘;>< (0, ), is said to converge weakly in the topology of Lip*” to a process Y(A), with values

rxr :
T—o0
for any bounded real-valued function &(.), continuous on Liph*"(0, 7).
We may now state

THEOREM 4-3. Let X(t) (t=0, + 1, ...) satisfy Assumption I and have mean 0. Then, for any
a with 0 < a < £, the sequence of processes

[THFE,(A) ~Fxx(A)} (0<A<7)]
converges weakly in the topology of Lipi*™ to an r x r matriz-valued Gaussion process

fY(1) (0<Aagm)}
with mean 0 and

min (A, Ag)
OOV{ albl 1)> azbg 2)}=27Tj falag(“)fblbg('—a)da‘
0

A
-|-27rf falblazbz(oc, o, —f)ydadf (a;b;=1,2,...,7; §=1,2). (411)

If X(¢) satisfies the condition of the theorem, we are now able to assert the convergence in
distribution of functionals such as

T% sup ‘F(T) FXX(A)L (4.12)
0<aAgn
Tf:f:Id—ﬁ]_%IF(}'}((OC)—FS%})((,&’)—FXX(OL)+FXX(ﬁ)|2d“dlB (413)

to corresponding funectionals based on the Gaussian process Y(A) of the theorem.
Because

%) A{F&&c )} (0<asa), (4:14)

we may expect I¥%(A) to exhibit some of the properties of the (generalized) derivative of the
process Y(A).

Ifr = 1 and X(¢) is a linear process, then Grenander & Rosenblatt (1957) demonstrated
the weak convergence of 73| F(T)(A) — F(A)| to a Gaussian process in the coarser topology of
uniform convergence. Ibragimov (1963) and Malevich (1964, 1965) have considered the
weak convergence of T} F™(A)—F(A)| in the case that X(#) is Gaussian with square
integrable spectral density.

5. THE AUTOCOVARIANCE FUNCTION
Let X(¢) t=0, +1,...) denote an r vector-valued stationary series with autocovariance
f .
unetion o tw) = BQX(t+u)— BX (¢ +u)] [X()— EXE)) (=0, +1,...). (5:1)

If E{X(#)} = 0, and the values X(#) ((=0,1,...,7 —1) are available, then we can consider
estimating cx x(u) by

m%(u) = T2 Y X(t+u)X'(H) (w=0, £1,...). (5:2)
0t t+u<?7-1
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382 Davip R. BRILLINGER
We have seen that mi(u) = ! I(T’ X (o) exp (Fua) dow (5-3)
and so we may determine the statistical properties of m{’’% (x) from those of I (). Theorem
3-1 gives directly
THEOREM 5-1. Let X(2) (t=0, + 1, ...) satisfy Assumption I and have mean 0. Then
E{m{3, ()} = myp, (uy) +O(T7Y), (5-4)

cov {miy, (wa), mig),(me)}

= 71| [ exp liatuy — 4 @) o~
+ {7 oxp fia(ts 4 1) (@) o — )
+2m f : f j"exp (5(0t 0 + g 0)} Fagprasy (1 — > o)ty docz] +O(T-2logT) (55)
and cum {mi%) (uy), ..., m{E), ()} = O(TF+1) (5-6)

foru;=0,+1,..;0;b;=1,2,....,r;5=1,...,kand k = 1,2, .... The error terms are uniform

in each case.

CoroLLARY. Under the conditions of the theorem

prob{lim mT%(u) =myx(w)}=1 (u=0,+1,...). (5-7)
Also prob[ lim sup|u {m¥%(u) —myx(u)}| = 0] = 1. (5'8)
T—o0 ukl

Let us now turn to an investigation of the asymptotic distribution of finite collections of
the m% ()

TEEOREM 5-2. Let X(t) (t=0, +1,...) satisfy Assumption I and have mean 0. Then
THMG % (uy) — My x ()}, -, THME & () — MLy x ()}
are asympltotically jointly multivariate normal with covariance structure given by

lim cov [Tf{mifgl () — Mg p, (Uy )} THmELg, (us) — azbz(u2)}]

T

2m 2w
= fo exp {iou(u, — uz)}fa1 ag(a)fbl Bl — ) do +f0 exp {ioc(u, + uz)}falbg(o‘)fbl a(—a)da

27 (*2n
+ 27 fo fo exp {i(ot Uy + g uy)} o, by asbe(@¥1s — %15 Ols) doy doty. (5-9)

Let us turn to the derivation of a theorem concerning the asymptotic behaviour of the
function {mT(u) (u=0, +1,...)}. We first introduce «/%*". This is the image of Lip}*"(0,7)
by the Fourier—Stieltjes transform, that is the space of r xr matrix-valued sequences
{y(u) (=0, +1,...)} of the form

y(u) = f " exp (iua) dY (@), (510)

where Y () € Lipi*"(0,7) for 0 < & < 1. As norm of this y(u) we take | Y(A)].
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Asymptotic properties of spectral estimates of second order 383

Elementary calculations indicate that £7%*" is a subspace of the Banach space of » x r
maftrix-valued sequences, y(u) (¢ = 0, + 1, ...), with norm

ly@)], = s;lp |y(u)| + S:Op lut+ey(w)|. (5:11)
We have

TurOoREM 5-3. Let X(t) sotisfy Assumption I and have mean 0. Then, for any o with
0 < o < &, the sequence of processes {THmT (u) —my(u)} (w=0, £ 1, ...)} converges weakly
in the topology of 27" to a zero mean Gaussian process {y(u) (=0, +1,...)} with

cov {?/a] bl(ul); Yas bz(uz)}

27 2
- fo exp {ict(tty —3)} o, (0o — )+ fo XD {i0t(tty + U)oy (0) oy o — 2) A0

27 P2n
+ 27rf0 j . exp {i(0y Uy + Ao o)} fu, v, g by (Ot — g5 Otp) Aty dot,. (5-12)

Turning to related work and the case of a real-valued series X (¢), we note that Slutsky
(1934) considered asymptotic properties of m{L) (%) in the Gaussian case. Parzen (1961) gave
conditions for the convergence of m{%(x) with probability 1. Bartlett (1946; 1966, p. 285)
and Parzen (1957b) developed formulae for the asymptotic variance of m{L)(u). Walker
(1954), Lomnicki & Zaremba (1957, 1959), Parzen (1957 a) and Anderson & Walker (1964)
considered the asymptotic normality of m§L) (%) in the case where X () was a linear process.
Rosenblatt (1962) considered asymptotic normality in the case where X (¢) is Gaussian.

Bartlett (1966, p. 286) noted that, if instead of the autocovariance function m{%)(u), one
considered the autocorrelation function m&%)(u)/m{%(0), and X ,(¢) was a linear process, then
only second-order spectra appear in the asymptotic variance formula. Elementary calcula-
tions based on (5-9) indicate that this result does not continue to hold in the case that X ,(f) is
not a linear process.

6. THE SPECTRAL DENSITY

We turn to the investigation of estimates of f5 (1) the matrix of second-order spectral
densities. Let H(a) (—7 <o <7) be a weight function satisfying Assumption II. Let B,
be a scale factor depending on 7. Suppose X(¢) (=0, + 1, ...) has mean 0. Let

AD(u) = ! HTY () exp (—iuo) da, (6-1)

-7

where H™(a) is given by (2-11). As an estimate of % (a), we propose

() = @M % A () mEh(w) exp (— iud)
u=—T+1

- f HO (o) I (A — ) der, (6-2)

that is a weighted average of the periodogram. We may prove

THEOREM 6+1. Let X(1) (=0, + 1, ...) satisfy Assumption I and have mean 0. Let fT%(2) be
constructed in the manner of (6-2) where H(a) satisfies Assumption 11. Then

BB} = [ HE@ 00— Bra)dat 0T, (6:3)
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384 Davip R. BRILLINGER
cov {fin (Ar). f & A)}
= T_l{ H(x) H(Az_A1—“)fa1a2(A1_“)fblbg(“_/‘l) da

-7

" He) HOg+ A=) a)fblaz(oc—aoda}

+2nT1 f H(oty) H(0ty) fay byagby{ Ay — 01> %y — Ay, 0y — Ag) doty day
+0(T%logT) (Bp=1), (6:4)

cov {fi (A0, fiR(An)} = BT~ 1{ H (a)zda} [7(A1 = A2) fay a3 () fo (= A1)
+ (A + A2) fu, 5,(A0) fo, ap( — A1)
+O(B72T-2) (By—>0, BpT—>00 as T —0).
O(T—*++) (Bp =1),
(D) (A (T) =
Also cum{f 1b1 .-:fakbk(Ak)} - {O(vak-('lT_k_H‘) (BT—>O, BTT->OO as T—-)OO)
Turning to the asymptotic distribution of % (1), we have
THEOREM 6-2. Let X(t) (t=0, + 1, ...) satisfy Assumption I and have mean 0. Let
8% (A,), .., £FL(A,)

be constructed in the manner of (6-2), where H(o) satisfies Assumption L1. If BT — o0 as
T — o0, then

(Bp 1)} [£F%(A) — BEL, (AL, - (Bp TR [ES, (M) — BELL (A (k=1,2,...)
is asymptotically normal with mean 0 and covariance structure indicated by (6-4).
On occasion an alternative form of asymptoticdistribution may proverelevant. Suppose we

estimate fx x(A) by a simple average of periodograms. For example, with s(7'), m integers
and 27s(T)/T near A, consider

(2m+ 1)- Z 1E%[2n{s(T)+s}] T] (A==0, mod7) (6-5)
and (2m 4 2)1 {I(}}(/\) + _% IEL A+ 278/T);  (A=0, mod 7). (6-6)

Then one has

TarEOREM 6-3. Let X(t) (£=0, +1,...) satisfy Assumption I and havemean 0. Let m be fixed
and 2ms(T)|T — A as T — co0. If A = 0 (mod 7r), (6-5) tends in distribution to

(2m+ 1)1 WE2m+ 1,15 ¢ (M)}

If A = 0 (mod ), (6:6) tends in distribution to (2m + 1) W{2m+ 1, fx x(A)}.
In the notation of (6-2), the estimates (6-5), (6-6) correspond to a B of order 7.
One may prove a theorem concerning the weak convergence of the process

{fF%() (—o<A<co)}
in the case By = 1. The theorem follows directly from the weak convergence of

FEO) (0<a<m)
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Asymptotic properties of speciral estimates of second order 385

and the representation

SP0) = f " H(o) dFE A — ) + FDA — )}, (67)
1]

The theorem involves the weak convergence of T3[fF% (1) — B{F%(A)}] to a zero mean
Gaussian process with covariance structure indicated by (64) and is clear in view of our
previous results.

The asymptotic mean and variance of power spectral estimates were investigated by
Grenander & Rosenblatt (1957), Parzen (19574, 5) and Blackman & Tukey (1958, p. 16).
Asymptotic normality has been demonstrated, under various conditions, by Rosenblatt
(1959) and Brillinger (1965, 1968). Bartlett (1950) made use of the y? distribution for
smoothed periodogram estimates. The approximation of the distribution of f{%(A) by a
complex Wishart was suggested by Goodman (1963). Wahba (1968) proves that expression
(6-5) has the form (2m + 1)~ WE{2m + 1, fx x(A)} + O, (T~1) + O, (m~1). This does not yield our
Theorem 6-3, however.

7. DEPARTURES FROM ASSUMPTIONS

The most common departure from the assumptions of this paper will be for the series to
have non-zero mean.

Let Y(t) satisfy Assumption I. Let X(¢) = Y(t) — E{Y(¢)}, then X(¢) will have zero mean
and the results of the paper will apply to it. Suppose Y(t) ((=0, 1, ...,T — 1) are available.
Set

Yo~ 1S Y@y (t=0,1,...,T—1) (7-1)
t=0
and YOty = Y(#) = YD = X(1)+ [B{Y($)} - Y D] (¢=0,1,...,T—1). (7-2)

Our procedure will be to replace the statistics, of the paper, based on X(¢) (¢=0,1,...,7—1)
by statistics based on YO () (t=0,1,...,7—1).

In many cases the difference Y — E{Y(#)} is asymptotically negligible and the results
of the paper continue to hold. See the discussion of Walker (1965), Parzen (1957a,b),
Hannan (1967), for example.

There are immediate extensions of the theorems of this paper to apply to the case of a
continuous time process X(¢) (— o0 < ¢ < c0) satisfying

ff [tica, . aplti s ben)| @y oondlyy <00 (@yy e, =1,2,.,rk=1,2,...).
tiyoeusti—a
(7-3)
8. ProOFs
In this section we present proofs of the various theorems of the paper.
Proof of Theorem 3-1. Let us determine
oum {d§0(A) AP = Ay), -, AR () dED (= X))

as(3:1), (3-2), (3-3) follow directly from it. We use a result of Leonov & Shiryaev (1959) and

argue as did Brillinger (1965), Brillinger & Rosenblatt (1967) and Brillinger (1968). The
cumulant in question is given by

Zeum (C,)...cum (C, ), (81)
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where [C s s C’,,p] is an indecomposable partition of the elements of the table

EDOD, ED(-
: (8-2)
d&f)(ﬂk), d‘T P(—A)
and the summation in (8-1) extends over all such indecomposable partitions. We may now
use Lemma 2-1 to evaluate cum (C,) and obtain (3-1), (3-2), (3-3) by retaining only the
principal terms.
Proof of Corollary. This follows from the fact that 7~ |ATXA)| - 0 unless A = 0 (mod 27).
Before turning to a proof of Theorem 3-2, we first note that the characteristic function of
a W, (v, Z) variate is given by

det (I— 2/20)~¥ (8:3)
(Anderson, 1958), while that of a WZ(v, Z) variate is given (Goodman, 1963) by
det (I —2Z0)~. (8-4)

These are both analytic in a neighbourhood of the origin so the variates are determined by
their moments,
We can now turn to

Proof of Theorem 3-2. The stated asymptotic independence follows from the Corollary
of Theorem 3-1.
Suppose A = 0 (mod 7), then from (3-4), it follows that
lim cum {I{,(A), ..., I, A} = Ef. 0.(A) .. fop 0, (), (8:5)

00

where the summation in (8-5) extends over permutations (¢, ..., ¢;) of (ay, ..., @), permuta-
tions (dy, ...,d;) of (by,...,by), no d; = b, if a; = a,,. The rules of Leonov & Shiryaev
indicate that (8-5) is cum (W, 4, ..., W,,,), where W is W {1, fx x(A)}. Because the complex
Wishart is determined by its moments, the proof is completed in the case A % 0 (mod 7).
The case A = 0 (mod 7) follows in a similar manner.

Before proceeding to the proof of Theorem 4:1, we note two properties of the function
AT (a).

To begin, we have (Edwards, 1967, p. 80)

fﬂ IA(T)(oa2—oc1)| day = O(log T'). (8:6)
0
Alsofor 0 < o, Ay <77
A o) (Ag<ay)
—1| AT _ 2 — 2 1 .
R O F M &7
This last expression follows from the fact (Edwards, 1967, p. 79) that
27
f T-1|AD o) 2de = 2. (8-8)
0
Proof of Theorem 4-1. We note that
P00 = [ 18y de; (=12 0.0, (39)
and so results may be made to follow from corresponding results concerning I§ ( ;)
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Relation (4-3) is seen to follow directly from relations (4-2) and (8-1). Turning to (4-4), from
(3-2) one has

cov {F ggl()(l fz’fb)z (/\2)}
Ao
- f For @) fouon ) { f -2 lAm(al—az)lﬁdaz} da
4] 0

A Az
o) ol =) | [ T2 100 4 ) 20,
A (A
20 [ [ s =, — ) I B+ OT2NogT), (510
0J0

and the indicated result follows from the previous discussion.

Expression (4-5) follows from (3-4) directly.

Proof of Corollary. Equation (4-6) states that F&%(A) tends to Fxx(A) with probability
one. Now (4-3), (4-4) and (4-5) indicate that

B FELA) = F, 0 (A)|% = OT-?)  (ay,b;=1,2,...,7).

a1b1
Equation (4:6) now follows from the convergent series criterion.
Because Fxx(A) is a continuous bounded monotonic function of A, (4:6) implies (47}

following a theorem of Polya.
In the proof of Theorem 4-3 we will make use of the identity

EY,Y,...T;) = Seum{Y; (jer,)}... cum {Y; (jev,)}, (8:11)

where the summation is over all partitions (vy,v,,...,v,) (p=1,2,...,k) of the integers
1,2,... k.

Proof of Theorem 4-3. We note that the various cumulant spectra of X(#) are bounded
following Assumption I. If we note this and use (8-11) above with Theorem 4-3, then for
n a positive integer

| TmE(I G5 o) — BIGP (01)}] . [1G5(ctan) — BTN 0t0)}1))
UGN N CEE N

Vzn 1—

7 (8:12)

for some K > 0, where the summation extends over all permutations (vy,v,,...,Vs,) of
(1,2,...,2n) and all choices of *.

Therefore,

TE(|[F(A) — B{FP ()} — [FR (1) — B{E D (w)}1]>)

A A (1) 2 () 2
sK:f f A (a}t%l e (%n;i“m)l dat, ... dotgy,

S L|A—p|? (8-13)

for some L > 0 as we may integrate out » of the o’s to remove the AD functions and then
note that the remaining o’s range from g to A.
It follows from (3-1) that there exists M > 0 such that

LELFR )} — FE )]~ [BFE )} = F ()| < M |A—pl. (8:14)
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388 Davip R. BRILLINGER
The combination of (8:13) and (8-14) gives
T {(FB0) — Ey0}— (G — Ey @} < N A= (3:15)
for some N > 0.

The indicated theorem now follows from the multivariate extension of the principal
theorem of Lamperti (1962).

Proof of Theorem 5-1. We note that
mf,f%(uj) f_ﬂlgfb;(aj) exp (iuoy;)doy;  (j=1,2,..., k), (8-16)

and so (5-4), (5-5) and (5-6) follow directly by the arguments used in the proof of Theorem 4-1.
Proof of Corollary. We may write

i) = [ exp (iua) PG o)+ P}
={FZ () + F§’ Jay ()} — f {Fi a)+F§,%(oc)} exp (ua) doc (8-17)

if one integrates by parts. Equations (5-7) and (5-8) now follow from (4-6) and (4-7).
Proof of Theorem 5-2. This follows directly as did the proof of Theorem 4-2.
Proof of Theorem 5-3. Because the mapping of Lip,*7(0,7) to &%*" indicated by (5:10) is
continuous, Theorem 5-3 follows directly from Theorem 5-4 once we note that
T ) = )} = [ exp () AU )~ B (o) + P (0) =y )
(8-18)
Proof of Theorem 6-1. Expression (6-3) follows directly from (6-2), (3-1) and the definition
of H™(et). Turning to (6-4), from (6-2) we have
cov {fB.(A), B} = ff H T ot) HD(otg) cov {TEE) (A — oty), TED (Ag — 0t5)} dxy oty
(8-19)
We will substitute into this expression from (3-2). Now in the case that B, T — co we have

H(T) YT | AD(y — a)|2da = HD(y) + O(Bg*T) (—w<y<m). (8-20)

Also fﬂ [HDYe)| |AD(y —a)|da = O(Bptlog T'). (8-21)
These two indicate that the covariance in question is given by
74 [* B0 HO@, =1y ) fo s =05~ 1)

o Hw(a)H<1°(A2+Al—oc)fa,,,zal—a)fblaz(a-«Aadcx}

2 [ HOa) HO0) o000 =010 = At~ ) oy

+O(B72T-2)+ O(Bz'T-3log T) (8-22)
from which (6-4) follows.
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Asymptotic properties of spectral estimates of second order 389

Expression (6-5) follows by a similar, but cruder, argument using (3-4).

Proof of Theorem 6-2. We note that all cumulants of order greater than two tend to 0 as
T — oo. This gives the result.

Proof of Theorem 6-3. This follows directly from Theorem 3-2.

1 would like to thank Professor J. Durbin for a number of helpful comments.
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