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ASYMPTOTIC PROPERTIES OF THE LSE IN A REGRESSION
MODEL WITH LONG-MEMORY STATIONARY ERRORS

By ¥osHIHIRO YaJmmal

Wakayama University

We consider asymptotic properties of the least squares estimator (LSE)
in a regression model with long-memory stationary errors. First we derive a
necessary and sufficient condition that the LSE be asymptotically efficient
relative to the best linear unbiased estimator (BLUE). Then we derive the
asymptotic distribution of the LSE under a condition on the higher-order
cumulants of the white-noise process of the errors.

1. Introduction. Let the observed process {y,} follow the regression model
of the form

Ye = XtI:B + &,

where X, = (x,4,...,x,;,) is a k-vector of nonstochastic regressors and {¢,}, the
sequence of errors, is a stationary process with mean 0 and spectral density

f(A), and B =(B,,...,B,) is a vector of unknown regression parameters.
Throughout this paper f()) is assumed to have the form
(1) FN) =F*(A)/11 =M™, 0<d<1/2,

where f*(\) is a positive continuous function. Since f(A) diverges to « as
A =0, {&,} is a strongly dependent process and its autocorrelations vy, =
Eee,.5, h =0,1,2..., are not absolutely summable. The f(A) of (1) includes
the spectral densities of both a fractional Gaussian noise model [Mandelbrot
and Van Ness (1968)] and a fractional ARIMA model [Granger and Joyeux
(1980) and Hosking (1981)], two popular long-memory models [Geweke and
Porter-Hudak (1983), Theorem 1].

Here we discuss the asymptotic efficiency and the distribution of the LSE
for B. These problems have been investigated widely. However, the case that
{£,} is a stationary process with the spectral density f(A) of (1) has not been
clarified fully yet since this process causes considerable mathematical difficul-
ties.

In Section 2 we consider the asymptotic efficiency of the LSE relative to the
BLUE. The LSE is not identical with the BLUE unless {¢,} is an uncorrelated
process. However, the LSE is used frequently since the covariance matrix of
{e,} must be known for the computation of the BLUE while the LSE is always
available and is an unbiased estimator. Hence it is important to compare the
LSE with the BLUE for various correlation structures of {,}.
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Grenander (1954) derived a necessary and sufficient condition on X, that
the LSE be asymptotically efficient relative to the BLUE when f(A) is positive
and continuous. On the other hand, only a few results seem to be known when
{z,} follows a long-memory model. Adenstedt (1974), Beran and Kiinsch (1985)
and Samarov and Taqqu (1988) discussed properties of the sample mean,
¥p=2XT | y,/T for the case x,, = 1, k = 1. Beran and Kiinsch (1985) also
considered so-called M-estimators [Huber (1981)]. Yajima (1988) considered
the case x,, =t'"!, £ > 1, a polynomial regression. One of the remarkable
results is that the LSE is no longer asymptotically efficient, which differs from
what occurs when f(A) is positive and continuous. Here we evaluate the
asymptotic covariance matrices of the LSE and the BLUE for more general
regressors. Next we extend Grenander’s result to our model.

In Section 3 we discuss an asymptotic distribution for the LSE. Yajima
(1989) derived a central limit theorem for finite Fourier transforms, which is
equivalent to x,; = e‘M’, Here we consider more general regressors. Eicker
(1967) and Hannan (1979) discussed the same problem under the condition
that the white-noise process of {¢,} is independently distributed or a martingale
difference. Here we impose a different condition on higher-order cumulants of
the white-noise process and evaluate the asymptotic covariance matrix in
detail.

2. The asymptotic efficiency of the LSE. First we introduce so-called
Grenander’s conditions on X, [Grenander (1954), Grenander and Rosenblatt
(1957) and Anderson (1971)]. Let

T-h
ali(h) = X %0h %, h=0,1,...,
t

=1
T
= Z Xivh,i¥ejs h=0’—1,--- .
t=1—-h

(G.1) af(0) 5o asT >, i=1,... k.

(G.2) %im x%.1,/0%(0) =0, i=1,... k.

(G.3) The limit of

1/2
al;(h) /{a%(0)a;(0)} " = rf(R)
as T — x exists forevery i, jand h,i, j=1,...,k,and h=0,+1,....
Let
qlwifﬁori?(h):pij(h)’ i,j=1,2,...,k, h=0,+1,...,

and let R(%k) = [P”(h)]
(G.4) R(0) is nonsingular.

Then there is a Hermitian matrix function M(A) with positive semidefinite
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increments such that

R(h) = [ e dM(a).
Grenander (1954) derived a necessary and sufficient condition that the LSE be
asymptotically efficient under (G.1)-(G.4) when f(A) is positive and continu-
ous. We present his result to make the comparison between it and our result
clear [cf. Grenander (1954), Grenander and Rosenblatt (1957) and Anderson
(1971)]. Let B, and B be the LSE and the BLUE, respectively. Then

éT = (XTl‘XT)_IXTl‘YT’
Br=(Xp37'%,) Xp3i0¥y,

where Y, = (yl,.. ,y0Y, Xp=(x,), a T X k matrix of rank 2 (< T) and
%y = (0;;) with 0;; = y,_; is the T X T covariance matrix of £, = (g, ..., 7).

THEOREM (Grenander). Let
= diag(llx,lly, . .., llagll,),
where ||lx;ll7 = (aT,(0))1/2.

(i) Assume that f(A) is a continuous function in [—,w). Then under
(G.1)-(G.4),

(2) lim D7 E((By ~ B)(Br — B))Dr = 2mR(0) ™" [ f(1) dM(2) R(0) .

(ii) Assume that f(A) is positive and continuous in [—,w]. Then under
(G.1)-(G.9),

-1
(3) lim D +E{(Br — B)(Br — B))Dy = [(277)_lf_ f(A)_ldM(A)]

(iii) A necessary and sufficient condition under (G.1)~(G.4) that the LSE be
asymptotically efficient for {¢,} with a positive and continuous spectral density
is that M(QA) increase at not more than k values of A, 0 < A < , and the sum
of the ranks of the increases in M(A) is k.

Now we turn to the case that f(A) is expressed of the form (1). Let M, (M)
be the (p, ¢)th entry of M(A). And let

mZ (A) = ( Y xtpe_”)‘)( ) xtqei“‘) / (27l pllx )
t=1 t=1
and
MI(2) _/ m? (w) dw

and MT(\) = [Mqu(/\)]. If we regard MT(/\) and M(A) as matrix measures
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in [-=, 7], RT(h) = [rg(h)] and R(h) are their characteristic functions,
respectively. Then (G.3) implies
(4) MT(A) >y M(2)

as T — =, where —, means that M7(A) converges weakly to M(A). [See
Eicker (1967), page 68, Kawata (1972), Theorem 9.2.1, and Ibragimov and
Rozanov (1978), Section 7.4.] That is, for any continuous function #(A) in
[— T, 77],

(5) lim (" 9(1) aM7(3) = [* o(A) dM(1).

This fact is the key to developing the following arguments. Asymptotic proper-
ties of the LSE and the BLUE depend heavily on the behavior of M;;(1) near
A = 0. Hence hereafter we assume, if necessary, by changing the numbering of
x;,0=1,...,k, that

) M, (0+) — M,,(0) >0, i=1,...,m, 0<m<k,

M, (0+) -M,;;(0)=0, i=m+1,... k.

Also, N stands for general constants being independent of 7' but is not always
the same one in each context. And « is a k-component vector and |l«|| implies

the Euclidean norm. First we evaluate the asymptotic covariance matrix of the
LSE.

THEOREM 2.1. Let {¢,} be a stationary process with spectral density f(A) as
in (1). Let conditions (G.1)~(G.4) be satisfied.

(i) Suppose that m = 0 in (6). Then relation (2) holds and every entry of
the right-hand side matrix is a finite value if and only if for any § (> 0) there
exist ¢ such that

(7) f F(N)dME(A) <8, i=m+1,...,k,

Al<e

for every T.
(ii) Suppose that m > 0 in (6) and condition (7) holds. Then the limit of

J

[ ) aMEO) /T, 1siyjsm,
as T — = exists if and only if the limit of
f_" 11— e "2 aMI(N) /T2, 1<i,j<m,
as T — « exists.

Next if we define

by = £*(0) lim f_’;u — e dMI(A)/T*,  1<i,j<m,
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then
lim D77, ) E{(r ~ B)(Br - BY)(%4-r) D7t = 20,
where !
DT = diag(”xIHTTd, sy ”xm”TTd, ”xm+1“T’ LI ] ”xk”T)
and
B B, 0
0 B,

and B, = [b{}], a m X m matrix and B, is a (k — m) X (k — m) matrix whose
(@, )th entry is [T f(N)dM,, ,, ;,n(A).

Proor. (i) First assume that relation (2) holds. We have
DTE{(éT - 3)(éT - 3)l]DT
- (Dr'%; X, D7) (D7'%;3,%,D7') (D7 % X, D71)
(G.3) implies
lim D;'X; X, D;' = R(0).

T—>ow

Hence

lim D7'X,5, X D7t = lim 27 [ f(A) dMT(A
T T<T T _

Toox

= 20" f(X) dM(}).
Then if we note that for any 8 (> 0) there exists ¢ such that
/ F(A)AM(A) <8, i=m+1,... k,
[Al<e

[Halmos (1974), page 125, Theorem B] and that f(A) is continuous in[—, — c]
and [c, 7] for any ¢ (> 0), condition (7) immediately follows from (4) by the
argument of Loéve (1977), page 185, Theorem A, replacing [, . . in his proof
by /<. and vice versa. The converse can be shown in the same way as in
Loéve (1977) if we note that

aore
for any set A Cc [—w, 7].
(i) We have
Dr' (X7 X7 )E{(Br - B)(Br — B)}( X7 Xy)D7' = D' X735, X D'
First we show that /7, f(A)dMT(1)/T?® and [7, |1 — e™|** dM(A) /T,
1 <i, j < m, are bounded with respect to T'. Since noting
mT(A) < T/2nw

< [ £ aM(A) + [ F(2) dM,, ()
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and
T T
f mi;(A)dA =1,
e
we have

fﬂ f(A) dMii()‘)/Tzd = maxf()‘)*fw |1 — |72 dMiq;(/\)/T2d

[Al<m
[ , T : —
< (27) ITI_Zdllfllfxf(’\)*f_ //Tll —e*"2 d)x < N.

Next it follows from (4) that

(8) Jim f(A) dM5(A)/T** =0
—oY)lze

and

(9) lim 11 — e 7% dM, (1) /T?* =0

T—owl|\ze

for 1<i<m, m+1<j<k. Then relation (10) follows from (7) and (8).
Hence the proof is complete. O

["r()yaMEQ) /T, 1<i,jsm,
as T — o exists. Then noting (8) and (9), we have that

min f*(A) lim supa[fv |1 — eir|~2d dMT(/\)]a/Tmi

[Al<e T—ow -

Thf;a'[f_"vf()o dMT(/\)]a/Tzd

IA

max f*()t)liqrpinfa’[/w L dMT(/\)}a/TZd

Al<e —

IA

for any k-component vector «. Noting that f*(A) is continuous and, next,
letting ¢ go to 0, we see that the limit of o'[f7 |1 — e 724 M T(M]a as
T — = exists. The converse can be shown similarly if we note that

min f*(A) %im a’[fv |1 — eir| =24 dMT(/\)]a/Tzd

[Al<e -

< 1i;ninfa'[f” F(A) dMT(/\)]a/TZd

lim sup a’[f_v f(d) dMT(A)]a/T2d

<
T—c
< max f*(A) lim a’[fw [1 — eir| 2 dMT(/\)]a/T2d.
[Al<e Too -
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Next we shall prove the second assertion. We have already proved
lim f_wf()\) dME(A) /T2 =b®, i<i,j<m.
Hence it suffices to show that
(10) %ig;flf(/\) dMZI(A\)/T?=0, 1<i<m, m+1<j<k.
We have that

[ Fo amz| /1

] { s () D/ TZd}Uz{&sc‘fU) dMﬁm} N

1/2

for 1 <i<m, m+1<j<k. Then relation (10) follows from (7) and (8).
Hence the proof is complete. O

REMARK 2.1. (i) If max, ., m%(A), i =m + 1,..., &, is bounded with re-
spect to T for some c, then condition (7) is obviously satisfied. If x,, = cos »,¢,
sin v;¢, v, # 0, or a periodic function, a stronger condition holds:
max, .. m},(A) converges to 0 as T — « for some c.

(ii) For example let

x,; = t"®, i =1,...,m,
with —1/2 < (n(i) and n(i) # n(j), i #j. Then it is shown in the same way
as in Theorem 2.2 of Yajima (1988) that

B = F*(0)[{(2n (i) + 1)(2n(j) + D}?I(1 - 2d) /{T(d)T(1 - d)}]
Ll Gy n()y _ o 2d—1
Xfo fox OynDig — y| dxdy.

If n(i) = —1/2 for some i, the evaluation of the asymptotic covariance matrix
in Theorem 2.1(ii) can be sharpened and a direct calculation shows that we
have to replace ||lx,IT¢ in Dy by llx;IT?/(log T)/? and (2n(i) + 1) in b by
1, respectively.

Now we consider the asymptotic covariance matrix of the BLUE. Here we
impose a new condition on x,; besides (G.1)-(G.4).

(G.5) 1maxTxfi/alTi(O) =0(1/T?%), i=1,...,k,
<t<

for some 6 > 1 — 2d.
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THEOREM 2.2. Let {s,} be a stationary process with the spectral density of
(1). Assume that

(11) O<Mll(0+)_Mll(0)<1’ i=1,...,m,

and the right-hand side matrix of (3) is well defined. Then under (G.1)-(G.5),
relation (3) holds.

Proor. We have
~ - ! v/ —-1v — -1
Dy E{(Br — B)(Br — B)}Dr = (DT_"IXTET lXTDTl) .
Hence it suffices to show that

lim D7 %, 57 %, D7t = (2) 7 7 F(A) 7 dM(A).

Toow

We shall prove the result successively for the three cases. (i) f*(A) a constant.
(i) £*(A) = c/|p(e’)|® with a constant c, where ¢(z) = 1 — Zf=1¢jzj with
¢, # 0 and ¢(2) # 0, [2| <1, and all the roots of ¢(z) =0 are distinct. (iii)
£ *(A) is a general positive continuous function.

Case (). We can put f*(A) = 1/27 without loss of generality. Let {n,} be
the white-noise process of {¢,}. Since {z,} is a fractional ARIMA(0, d, 0) process,
{¢,} has the infinite autoregressive representation

[=2]
Z Ti€e—j = My
j=0

where

7= T(j = d)/{T(j + DI(-d)).
[See Hosking (1981), Theorem 1.] Then let A, be the T' X T lower triangular
matrix with (i, j)th entry m,_; and let 37 be the T X T covariance matrix
associated with a stationary process with the spectral density 1/{(27)?f(A)}.
By noting that f(A)~!is a continuous function in [—1r, 7], it follows from (5)
that
lim D7 %735 X, D7t = lim (2m) " [* £(A) 1 dMT(2)

ToHw —ar

T

=2 [T )T aM ().

© Hence we havé only to show that

(12) TIE}»D;IX}(E; - ArAp) X, D7 =0
and
(13) lim D;'X7(ApAp — 271) X, D7t = 0.

T
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First we shall show relation (12). Put

2 T
= max x-/a;:(0).
K 1<t<T,1<i<k n/ ”( )

Then noting that

Sp—ApAp = )y ijjﬂs—ll}
J=min(T—-s+1,T—¢t+1)
and
(14) lm| < Nj~¢~1,

we find that the absolute value of every entry of D7 ' X,(3% — Ay Ap) X, Dyt
is bounded by .

T s © 1/2 © 1/2
9 I I B e o R

s=1¢=1\j=T—s+1 j=T-s+1

Hence we have relation (12). Now we prove (13). Let
¢, ,(d) = —(})F(j —d)T(i —j—d+1)/{T(-d)T(i — d + 1)}

and
oc2(d) =T(¢t + DIt + 1 —2d) /{T(¢t + 1 — d)}°

Let By be the T X T lower triangular matrix with (i, j)th entry —¢,_; ;,_{(d)
and let

CT = dlag(o-()z(d)’ 0-12(d)’ ey O-Tz—l(d))'
Then

27" = BrCr'By

[Hosking (1981), Theorem 1, and Yajima (1985), Lemma 3.2]. First we show
(15) lim D;'X7 (A7 Ay — By Bp) X, D7t = 0.

T
Let &, 7 and Z; ; be the ith column of ApX,D;' and B;X, D7, respec-
tively. Since
(16) Sh2ApAp > 35t

[Shaman (1976), Corollary 2.1 and Theorem 2.2], where the inequality is
defined in positive semidefinite sense, [|i; 7|l is bounded over all T'. Hence it
suffices to show

lim “ﬂ)l’T—Z‘l’T”=O, i= 1,...,k.
T—ox

Define A, (d) by
' A i(d) =1+ ¢, (d)/m;.
Then

Ai(d)=1—-{T+ DIt +1-i-d)}/{T(t+1-d)T(t+1-i)}.
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We evaluate Ay Ad) by
A, () <N{i/(t—1i)}, i < tf,
SNE/(t- i), #<ist,
with £, 0 < ¢ < 1, being specified later. [See Yajima (1985), page 311.] Then

i—=2\j=1

. 2
T i—-1
l@; r — éi,Tllz <pp) ( Y |7Tj| |/\i—1,j(d)|)

T
ZMTZ

i=2

. . 2
if i—1
Y+ X
J=1  j=if+1

< N#T(T2§(1—d)—1 + T2_§(2d+1)).

By taking ¢ such that 2 — £(2d + 1) — 8§ < 0, the result is obtained. Finally we
show

(17) Jim Dy X7(BrBy — 271 XDy = 0.

Let 2, be the (i, j)th entry of Bz X, D7'. Then if we note that
limo2(d) =1
>
[Yajima (1985), Lemma 3.2], and
ql,ifiozi =0,
with i, j being fixed, it follows from Toeplitz’s limit theorem that
T
. 2 .
71115; Zl(l—l/o-j_l(d)) z,-ZJ-T=O, i1=1,...,k,
j=
which implies (17). Then relation (13) follows from (15) and (17).
CasE (ii). From (5) and (16),

lim supa'(D;lX'}EEIX'TD;I)a < a'[(ZW)_lfﬂ ()71 dM(/\)]a.

T oo

Hence we have only to show that
(18) 1i;ninfa'(D;1X;2;1XTD;l)a > a'[(zw)‘lf” f(A)_ldM(A)]a.

The assertion is shown straightforward for a general ¢(e‘*). Hence to make
the proof clearer, we consider the case that ¢ = 1/27 and ¢(e’*) = 1 — $,e’*.
Then {¢,} is a fractional ARIMA(1, d, 0) process. Let I be the T X T identity
matrix and L, be the T X T matrix with 1’s on the diagonal directly below
the main diagonal and 0’s elsewhere. Then let

FT = IT — ¢.Lyp.
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Define &€ = (8,,...,87) by
éT = FTET‘
Let 3, be the covariance matrix of &,. We partition 3, and F, into

a

A2 ~1 Fr
2= 0_-1 :T Tl and Fp= fllT ,
Op 27 Fyr
respectively, with ¢ £2 (= Eel) Gy, a (T — 1)-component column vector,

S.ra(T—1x (T - 1) matrlx fir=10,0,...,0Y and Fpp a T X (T - 1)
matrix. Then
37t =F 3 Fr

= (f~1T fir - flT&T"iz_T}leT - FzTiz_TIU~T fir + FzTiz_TlffT‘;}iz_Tle’T)/ﬁ*T

+ Fyr 357 Fyr,
where
o = 6f — 635167

Lemma A.1 in the Appendix assures that o% converges to a positive value as
T — . And it follows from (G.5) and Lemma A.1 that

Tlim oDy Xy fir fir XpD7'a = 0
and
Jim o'D;' Xy frr613 52 Far XpDp'a = 0.
Then if we note that 3, is identical with the (T — 1) X (T — 1) covariance

matrlx of the case that {g} is a fractional ARIMA(0, d,0) process and
Fy, EzTo-ToT 35AF,, is a positive semidefinite matrix, we obtain

llmlnfa DTIXTETIX DT o > llm aDT XT 2TE2TF2TXTDT (24

T—ow T —cw

- a'[(zw)*[” F(A) "dM(A) |a
We complete the proof of (18).

CASE (iii). There exist ¢™(2) =1 — L2, ¢Pz/ and ¢®(2) =1 -
_1 ¢Pz7 such that ¢“X(2) # 0, [zl < 1,i = 1, 2 and all the roots of d(2) =
O, I = 1 2, are distinct, and if we define

FEA) = ey/|¢P(eM)|” and  fE(X) = ¢y/|6P(eM)],
then
fir(x) <f*(A) <fy(»), -—-w<ism,
and
AN = fEN) e, —m<As<m,

for any £ (> 0). Then the proof is complete as in Grenander (1954), page 259.
O
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If condition (11) does not hold, then the right-hand side matrix of (3) is no
longer well defined. A general result for this case has not been obtained yet.
Here we consider a polynomial function as a typical example. If we assume
that .

(19) X, =t"1 i=1,...,p, 0<p<m,
then

M;;(0+) — M,;;(0) =1, i=1,...,p,
and
(20) 0 <M, (0+) —M;(0) <1, i=p+1,....,m

THEOREM 2.3. Let conditions (19) and (20) be satisfied. Let
D, = diag(HxIHT/Td, ool /T Ny s illgs - - kaHT).
Then under (G.1)-(G.5),
-1
Jim D, E((Br - )8 - 81Dy~ 20 ' |
where W, is a p X p matrix with (i, j)th entry,
T(i — d)I(j - d){(2i - 1)(2j — 1)}
/AFHO)T(E — 2d)T(j — 2d)(i +j — 1 - 2d)}
and W, is a (k — p) X (k — p) matrix with (i, j)th entry

[T dMy 5 (R).

ProoF. Let ¢"/(T) and o;%(T) be the (i, j)th entry of DX 37 X, Dt
and D7 X, 37X, D7, respectlvely Then by Theorem 2.3 of Yajima (1988), it
suffices to show that

lim ¢¥(T) =0, l<i<p, p+1<j<k.
T oo

From (16),
i ii 1/2 1/2
o5(T) — o' (T)| < (a5(T) — o*(T)) "(0j3(T) — ¥(T))
Since wm7T(A),i = 1,..., p, has the same property as the Fejér kernel has and

|1 — ei*|?? gatisfies a Lipschitz condition of order 2d, we have
[T - e AME(A) = O(T™%),  i=1,...,p
[Zygmund (1959), Chapter 3, Theorem 3.15]. Hence the first right-hand side
term in the previous inequality is bounded in T, while Theorem 2.2 assures
that the second term converges to 0 as T — «. Hence we have only to show
that
hm a*(T) =0.
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We have

1/2
|5 (T)| < {T”(,%)‘l flMSUf(A)‘ldMﬁ(A)}

1/2

x{(2m)™ fmgf(/\)‘ldMﬁ(/\)}

1/2

+{T2d(27r)_1 fw>cf(A)‘1dMi€<A)}

1/2

x{em™ [ auion)

Noting that f(0)~! = 0, we see that the first right-hand side term can be made
as small as desired uniformly in T by letting ¢ go to 0. Next assumption (19)
assures that the second term converges to 0 as T — o, ¢ (> 0) being fixed.
Hence the proof is complete. O

REMARK 2.2. (i) Shaman (1976) assumed that f(A) is positive and continu-
ous to derive relation (16). However, as is seen from his proof, his result still
holds for an invertible stationary process having an infinite autoregressive
representation. A fractional ARIMA(p, d, ¢) process with —1/2 <d <1/2is
invertible. [See Hosking (1981), Theorem 2, and Yajima (1985), Proposition
2.3.]

(i) (G.1) and (G.2) imply

li 2 7a7.(0) = 0.
lim max x,/a;,(0)
[See Anderson (1971), Lemma 2.6.1.] (G.5) specifies the rate of convergence.

(iii) Clearly 7; =0, 1 <j <o, for d =0 and N =0 in inequality (14).
Hence as is well known, (G.5) is unnecessary in this case.

Now we have a generalization of the result given by Grenander (1954).

THEOREM 2.4. Assume that m = 0 in (6) and condition (7) holds. Then a
necessary and sufficient condition under (G.1)—(G.5) that the LSE be asymptot-
ically efficient for a stationary process {¢,} with the spectral density f(A) of (1)
is that M(A) increase at not more than k values of A, 0 < A < 1, and the sum
of the ranks of the increases in M(A) is k.

Proor. Combining Theorem 2.1(1) with Theorem 2.2 and following the
same arguments developed by Anderson (1971), Section 10.2, we have the
- result. O

The intuitive interpretation of Theorem 2.4 is the following. If M(A)
increase at A = 0, at which f(A) diverges to «, then the LSE, being con-
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structed by neglecting the correlation structure of {¢,}, cannot separate M(A)
from f(A) so that it is not asymptotically efficient. However, if M(A) increases
at A, 0 < A < 7, where f(A) takes a finite value, then the LSE can discrimi-
nate between M(A) and f(A) and, hence, is asymptotically efficient.

ExampLE 2.1. We shall give an example which clarifies the implication of
Theorems 2.1-2.4. Let

Y: = B1Xy T BaXye t £y,
where
Xy = T1o + Ty COS Vil + 715 COS Vot

X9 = Tgg T Tgy COS ¥ + Tog COS VL,
with v, # 0, = 1,2, and v, # v,. And let )
7= (71y,79), i=0,1,2
Then
R(h) = M, + cosv,hM, + cos vyhM,,
where M, = T'7,73T, M, = (1/2)T%#T, i = 1,2, and
. -1/2 —1/2
I'= dlag((ffo + (Tfl + frfz)/Z) , (730 + (7221 + 752)/2) )
[See Anderson (1971), page 581.] Define the relative efficiency of the LSE by
e(d) = lim det[ E(Br — B)(Br - B)]/det| E(B, - Br)(Br - )]

Now we consider the following three cases in each of which e(d) takes a
different value.

() Let 7,=1(0,0y, 7, =(1,0) and 7, =(0,1)Y. Then m =0 in (6) and
condition (7) holds. Since

max xf/a7(0) = O(1/T), i=12
<i<

(G.5) also holds. Then it follows from Theorems 2.1(i), 2.2 and 2.4 that the
LSE is asymptotically efficient and, hence, e(d) = 1. Actually

lim Dr{E(B7 — B)(Br — B,))Dr = lim Do{E(Br — B)(Br — B)}Dr
_ f(vy) 0
- 27( 0 f(Vz) )

(i) Let 7, =(1,0y, 7, =(1,0) and 7, =(0,1)Y. Then m =1 in (6) and
conditions (7) and (11) are satisfied. It follows from Theorem 2.1(ii) and
Theorem 2.2 of Yajima (1988) that

lim D7Y(X;.X;) E{(B7 - B)(Br - B} Xr Xr) D!

:ZW(”&’ 0 )
0 f(ve)
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where
by = (2/3) fF*(0)T(1 — 2d) /{(2d + 1)T(1 — d)I'(1 + d)}.
On the other hand, it follows from Theorem 2.2 by noting
lim D7'( X7 X, )D7' = R(0) = I,

T—ow
that
. 1{ <! < -4 = 4 TR -1 3 V1 0
o 05 () (B~ - 1) 1) (MO

Hence e(d) = 0.

(iii) Let 7, =(1,0Y, ¥, =(0,1) and 7, =(0,0Y. Then m =1 in (6) and
p =1 in (19). It follows now from Theorem 2.1(ii) by noting
lim, . D7 (X, X;)D;! = 1, that

Jim B (B8~ )8~ )10, - 28 0 ),
where
BY = f*(0)I'(1 — 2d) /{(2d + 1)T(1 — d)T(1 + d)}.
Theorem 2.3 implies that
- - ~ . w, 0\°'
Tl‘i_I)I:ODTE{(:BT - B)(BT - B)’}DT = 2‘”( 01 ) )
where
w; =T(1 = d)*/{f*(0)T(1 - 2d)T(2 - 2d)},
and w, = f(v,)" L. Hence
0<e(d)=(1+2d)I(1+d)I(2—-2d)/T(1-d) <1, 0<d<1/2.
The actual values of e(d) are listed in Table 1 of Yajima (1988).
3. The asymptotic distribution of the LSE. In this section let {¢,} be a

strictly stationary process all of whose moments exist, which has the infinite
moving average representation

[+ ]
& = Z bj”’h—j,
Jj=0

where £%_, b2/ # 0, |z| < 1, so that
2

(21) 27w f(A)/o} =

<]
ijA
Yy b;e
j=0

with o = En?. Next let ¢/(t;,...,¢,_,) be the rth-order cumulant of
Moy Mgty s Mewe,_, @A f7(Af, ..., A, ;) be the rth-order cumulant spectral
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density of {n,}. Then
r—1
Mtreeostyr) = [ expli X At | 1Ay Al) dAg A,y
- 5=1

with IT = [ -, 7]. Assume

(22) Yy len(ty, .. st1)| <=

Byenns bo_q=—00

Then we have an asymptotic distribution of the LSE, which is a generalization
of the result given by Yajima (1989) for finite Fourier transforms.

THEOREM 3.1. Let c¢] satisfy (22). Assume the same conditions as in
Theorem 2.1(ii). Further assume that

(23) max(m?i()t))l/z=o(1/T1/4+d/2), i=m+1,...,k,
|Al<8

for some & (> 0) and
(24) [T (mT(0)) P da = o(1/TVA442), =1,k

Then D7 (X7 X)X By — B) has a limiting normal distribution with means 0
and covariances given in Theorem 2.1(ii).

Proor. It follows from Lemma A.2 in the Appendix that the cumulant of
any order of the LSE converges to the corresponding cumulant of the normal
distribution. Hence we have the result. O

REMARK 3.1. If x,,=¢'"!, 1 <i<m, and x,, =cosv;, sinv;,, v, # 0, or a
periodic function for m + 1 < i < k&, by noting that

max(mlri()\))l/2=0(1/T1/2), i=m+1,...,k,
IAl<é

for some 6 (> 0) and
[ (mT(0) 2 dA = 0(og T/T?), i=1,....k,

we see that conditions (23) and (24) hold.

APPENDIX
Define the backward shift operator B by Be, = s,_,. And let
é, = ¢(B)e,, —o <t <o,

And.let H{(é, s,t}, s < t, be the Hilbert space generated by {¢,, 4, ,,..., £} and
the inner product of x and y in H{4, s, ¢} is defined by (x,y) = Exy. And let
P, s nx be the projection of x into H{é,s,#}. Then we have the following
result.
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LEmma A1, Let
Ner =& — Py pi1,mss t=1,...,p.
Then the covariance matrix of tnirp, ..., n} p} converges to a positive definite
matrix as T — oo,
Proor. Since

lim n*,=¢, — P, £
T_m"'lt,T ¢ ¢, p+1,8¢

= n,
say, the covariance matrix of {n}r,..., n¥ 1} converges to that of {n},...,n}}.
Define {7;*} by .
=& — P iv1,080 o<t <

And define {w;} and {8,}, 0 <j < =, by
- ; —d = i -1

Yl =(1-2)"" and ¥ 620 =¢(2) ",

Jj=0 Jj=0
respectively. Then since

g = ) 0,6, ; and ¢, = )y Y,
Jj=0 Jj=0

we have

(A].) 771'* = Z (Z 0i+j—p+n(/1n)’ﬁ:—j’ L

J=0\n=0

I
i
Es

with 6, =0, n < 0. Let @ be the p X p matrix whose (i, j)th entry is the
coefficient of 7%, ;_; in n},,_; of (A.1). Then

Q = [ Z 0n—i+jdln:|'
n=0

8; is expressed as

p
9j=zciVij’ —ptl<j<,
i=1
where ¢;, i = 1,..., p, is a nonzero constant and |y, <1,i=1,...,p, with
v; # v,, i # n. Then @ is expressed as
Q= Q1Q2Q3,
where @, and @; are p X p matrices with (i, j)th entry ¢;v;**! and v/,

respectively, and
v szdiag((l—vl)_d,...,(l—l/p)_d).

Hence @ is a nonsingular matrix. Since {#*} is an uncorrelated process,
(n%,...,n}} are linearly independent, which means that the covariance matrix
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of {nf,..., n}} is positive definite. O

LEmMma A.2. Assume (23) and (24).

(i)
T T r
_ d
cum| X Xy a2 Xt(ry, i(rBe(r) —O(Tq n”xi(j)”T)
D=1 Hry=1 Jj=1

forl1<i(j)<m,j=1,...,q,andm + 1 <i(j)<k,j=q+1,...,r,r >3,
qg > 0.

T T
(ii) cum( Z X1y, i1)€e1yr - + 5 Z Xe(r), irEer)
t(1)=1 t(r)=1

=%Hmmm
j=1
form+1<i(j)<k,j=1,...,r,r>3.

Proor. (i) We can prove the result as in Yajima (1989). Let

T
2 (1) = T we
t=1

and

Pr;(8) = Tﬁ:’;[xffj()‘)l
and

Qr; = f_ﬂ Ixi"kj()‘)ld)\-
And let

b()\) = Z bjeijA.

Jj=0

For notational simplicity we express [pi-1dA;...dA,_; by [dA. Then it
follows from Lemma 2 of Yajima (1989) that

T T
cum( Z Xiny, i)Ee1ys - -+ Z xt(r),i(r)et(r))
t(1)=1 t(r)=1

r—1 r
= fxi‘k,iu) - /\j) fo"k,i(j)()‘j—l)
j=1 Jj=2
r—1 r—1 r—1
xbl X A TTe(=A))Fm )\j,)tz,...,)tr_l) da
Jj=1 JJ=1 j=1

= [g(}) da,
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say, where A = (A;,...,A,_;). We choose 8 so that o satisfies (23). Since we
can change the numbering of %y and A; if necessary, we can restrict the
domain of integration to

S={|M<1/T1<j<nM|21/T,n+1<j<q-1,
Pjpgorl > 8,1 <j<u,lr l<s,u<j<r-q-1}.
It follows from (1) and (21) that

(A.2) [6(A)[ < N/WE, —m<A <.
Clearly,
(A.3) lx# ()| < T2 lx; ]l

Then noting that f"(A;,...,A,_,) is a bounded function and using (A.2) and
(A.3), we obtain

n+1

flg(f\)|d/\ < NToeb2r@n=Dd [z, ll, - T1T Pry(8)
S Jj=1 J=q+u+1
q+u
<S{ T letaa, )

Then similar to Lemma 3(i) of Yajima (1989), the right-hand side of the above
inequality can be bounded above by

n+1
1-n)/2+(q—1)d d-1/2 d
NTC~m/2+@=D l_IIHxi(j)”T(T / ”xi(n+2)”T + T QT,i(n+2))
j=

X b

gtu

-
X I QT,i(j). I Pr . ;i(8)
j=n+3 J=q+u+1
for n <g—1or u > 0and by
q r
NT'-a/2+@=Dd H ”xi(j)“T I_I PT,i(j)((s)
j=1 j=g+1

for n = ¢ — 1 and u = 0, respectively. The assertion follows from (23) and

(24).
(ii) We can restrict the domain of integration to

V={Al>81<j<n,l<én+1l<j<r-1}.

Then similar to (i), [5lg(A)IdA is bounded by

n+1l r

Tl/z”xi(l)”T(Td_1/2“xi(2)“T + TdQT,i(2)) ﬂ QT,i(j) I_I PT,i(j)(a)

Jj=3 Jj=n+2

for n > 0, and by
Tl/z”xi(l)”T ﬂ PT,i(j)(6)
j=2

for n = 0, respectively. The assertion again follows from (23) and (24). O
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