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Abstract. In this paper we consider the complexification of the Arnold standard famﬂy of
circle maps given by Fa c(U) = ue®e@/DW=1/u) with o = a(e) chosen so that Fa(g) e
restricted to the unit circle has a prefixed rotation number 6 belonging to the set of Brjuno
numbers. In this case, it is known that ﬁa(g) ¢ is analytically linearizable if ¢ is small
enough and so it has a Herman ring Ug around the unit circle. Using Yoccoz’s est1mates
one has that the size Rg of Ug (so that Ug is conformally equivalent to {u € C : 1/ Rg
lu| < Rg }) goes to infinity as & — 0, but one may ask for its asymptotic behavior.

We prove that ﬁg = (2/¢)(Ro + O(eloge)), where Ry is the conformal radius of the
Siegel disk of the complex semistandard map G(z) = ze'“e?, where @ = 276. In the
proof we use a very explicit quasiconformal surgery construction to relate Fa(g),g and G,
and hyperbolic geometry to obtain the quantitative result.

1. Introduction
The complex standard family of self maps of C* = C \ {0} is given by the two-parameter

family
Foo () = ue'®eE/D@=1/1)

where « € [0,27) and ¢ € [0, 1). These maps are holomorphic in C* and the points at 0
and infinity are essential singularities (see [Ba, Kol, Mak, Ke, Ko2, F]). For small ¢,
these functions are perturbations of the rotation of angle o with respect to the origin.
The interest in this family relies on the fact that it is the extension to the complex plane of
the well-known Arnold family of circle maps (see [Ar, dMvS]). Indeed, the unit circle C;
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FIGURE 1. Rational Arnold tongues in the parameter space of the standard family up to denominator 5 (note that
these are sets with interior). The curves correspond to the irrational tongues for y = (+/5 — 1)/2and § = J2-1.

is invariant under fa,g, and using the homeomorphism e27* between T! = R/Z and C;,
the map Fy, ¢|c, becomes the Arnold family:

fae: T — T

X — x+ 2+ Gin@rx). (1
2 2w

It is clear that if ¢ € [0, 1), ]?l;,g is an orientation-preserving diffeomorphism of T!,
and, thus, for each pair of parameters («, €) the rotation number of ﬁ;,g is well defined
(see §2.1 for the definition of the rotation number). The rotation number measures the
asymptotic rate of rotation of points of the circle. For instance, a rigid rotation of T! of the
form 7y (x) = x + 6 has rotation number 6. All throughout this paper we fix an irrational
rotation number 8 and always choose the parameters o and ¢ such that the rotation number
of fa,g is 8. More precisely, we choose our rotation number 6 among the Brjuno set
of irrational numbers, which contains all Diophantine numbers (see [PM] for a precise
definition of these sets). In the («, &)-parameter space, the set of parameters with a given
rotation number 0 is called the Arnold tongue Ty. If 6 is rational, its Arnold tongue is a set
with interior, while if the rotation number is an irrational number 6, then Ty corresponds
to a curve connecting ¢ = 0 and ¢ = 1, which is in fact the graph of a function ¢ — «/(¢)
with «(0) = 276 (see Figure 1). If 6 is a Brjuno number, the curve a(¢) is known to be
analytic for ¢ small enough [Ri, FG].

Moreover, if the rotation number 6 is a Brjuno number we have that for ¢ small enough,
the map fx(g), ¢ 18 analytically linearizable (see [Y2, PM, Ri]). That is, there is an analytic
map 7 : T — T' that conjugates fy(e).e to Tp, i.e.

fa(s),s o ﬁe = ﬁe o7Tp. )

Equivalently, to say that fa(g), ¢ restricted to Cj is analytically linearizable means that there
is an analytic map @, : C; — Cy, such that

~

Fa(s),s o as = as o R, 3)
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where R, (1) = ¢/®u and @ = 276. Since the linearization @ is analytic, it can be
extended to a neighborhood of the unit circle of the form A(1/r, r), where we define

Ay, rn)={ueC:r <|ul <r} 4)

as the straight ring of radii r; and . We denote by Zg = A/ ﬁg, Eg) the maximal ring
for which @, can be analytically continued. Then, it is easy to check that being Fa (£).6IC
analytically hnearlzable 1s equlvalent to the existence of a Herman ring Ug for Fa(g) &
which is given by Ug = @ (Ag) In Ug, every orbit under Fa(g) ¢ lies on an invariant
closed curve which has rotation number 6. Since @, is unique (up to composition with
rotations), the constant R, is univocally defined and we call it the size of the Herman ring.

The main goal of this paper is to give an asymptotic estimate for the size R, of the
Herman ring ﬁg ase — 0.

The sharpest results concerning the size of Herman rings for univalent maps on a given
ring are due to Yoccoz (see Theorems 2.1 and 2.3), who gives an estimate that can be
applied to any analytic map F' that leaves the unit circle C; invariant and has rotation
number 6§ (i.e. a lift on R of Fic, has rotation number #), and which depends only on 6 and
on the size of the domain where the map is univalent. In §3 we will see that this general
result applied to the complex standard family leads to

§6>Kﬂ
&

where K = exp(—® (@) — 27 Cyp), ® is the Brjuno function [MMY] Co is a universal
constant and o(¢) = 1 + +/1 — &2 is defined in such a way that Fa(g) ¢ 1 univalent in
Ae/o(e),o(¢e)/e).

The fact that this estimate holds for any analytic diffeomorphism having C; invariant
with rotation number 6 and univalent at least in A(¢/o (¢), o(g)/¢€), suggests that a better
estimate can be found for the complex standard family. We shall return to this problem
in a moment, but first let us consider what is known as the complex semistandard map of
parameter ¢'®

G(z) = ze'e*.

Observe that z = 0 is a fixed point of G with derivative €', Since w = 276, and 6 is a
Brjuno number, it is known [Br1, Br2] that G has a Siegel disk around the origin, which
we denote by U. This means that if we call D, the open disk of center 0 and radius r, there
exists a unique maximal number Ry > 0 and a unique conformal isomorphism

¢ :Dpy— U, ¢0)=0, ¢0)=1 )

that conjugates G to the rotation R, i.e. G o ¢ = ¢ o R,. The number Ry is known as
the conformal radius of the Siegel disk. Standard arguments show that Ry is always finite.
Lower bounds for Ry (as a function of w) could be obtained applying Yoccoz’s results [Y1]
to the semistandard map.

We now return to the problem of estimating the size of the Herman ring Ue. Our main
result is the following theorem.

THEOREM A. Let 6 be a Brjuno number and consider the standard map ﬁa,g(u) =
ue'®eE/DW=1/u) wish o = «a(e) such that Fy(e),¢ restricted to Cy has rotation number 6.
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Let ﬁg be the size of its Herman ring and let Ry be the conformal radius of the Siegel disk
of the semistandard map G(z) = ze'?¢%, where w = 27 6. Then,

~ 2
R. = E(RO + O(eloge)).

Remark 1.1. We believe that this is the best estimate that can be obtained with our methods.
However, some recent developments (work in progress) seem to indicate that a more
optimal estimate could be ﬁs = (2/&)(Ry + O(e?)) (with ﬁg analytic on ¢). As a
vague indication, this could follow from knowing that the complexification of the Arnold
tongue Ty, with 6 a Brjuno number, can be parametrized holomorphically by a complex
parameter strongly related with the modulus of the ring.

An analogue of Theorem A, for Chirikov’s standard and semistandard maps of R?,
was proved in [SV] using KAM methods and complex matching, and therefore restricting
the result to Diophantine rotation numbers. In the present paper, we prove Theorem A
using quasiconformal surgery, inspired by a qualitative construction of Geyer in [G]
which relates the standard and the semistandard maps. We modify this construction by
introducing the dependence on the parameter ¢ and by making most of its ingredients
completely explicit. These additions will give us the possibility of obtaining quantitative
estimates from the geometric construction.

From all the partial results involved in the proof of Theorem A we choose the following
to be remarked on here, because of its interest in itself and its possible use in other surgery
constructions. Part (a) is known from a theorem of Teichmiiller, and relates the hyperbolic
distance between the Morrey—Bojarski—Ahlfors—Bers map (see Theorem 2.12) and the
identity with the dilatation ||x||. From this result, in part (b) we obtain an estimate for
how close this map is from the identity.

Throughout the paper, &, indicates the hyperbolic distance inside U, where U/ is a
hyperbolic set (see §2.3). The notation || - || denotes the infinity norm and D = ;.

PROPOSITION B. Let u be a Beltrami coefficient on C (see §2.2) and h : C — C be

the unique quasiconformal solution of the Beltrami equation 0h/d07 = (0h/0dz) fixing 0

and 1 (see Theorem 2.12).

(a) Foranyz € C\{0, 1}, we have 5c\(0,1y(z, h(2)) < dp (O, [ul).

(b)  There exists a universal constant 0 < p < 1 such that if ||| < p, then for any
zZ € ]D); =D, \ {0} verifying ||llllog |z]| < p, one has

|h(z) — z| = Clinlllz||log lzll,
where C > 0 only depends on p.

This paper is organized as follows. Section 2 contains basic introductions to some of
the tools and preliminary results that will be used during the proofs of Theorem A and
Proposition B. The expert reader can go directly to §3, where the problem is scaled and
restated more precisely. Sections 4 and 5 contain the actual proofs of Theorem A and
Proposition B, respectively.
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2. Preliminaries

In this section, we state the basic results that we need to prove Theorem A and
Proposition B. In §2.1 we review previous results about the linearization of analytic
circle maps and their translation to maps of the complex plane having an invariant circle.
Section 2.2 is devoted to quasiconformal mappings and measurable Riemann mapping
theorem. Finally, in §2.3 we give some definitions and results in hyperbolic geometry.

2.1. Analytic linearization. Let f : T! — T! be an orientation-preserving
homeomorphism of the circle T! = R/Z, and fy its lift to R with the normalization
f0(0) € [0, 1). To such a map one can assign a rotation number defined as
n
p(f) = tim X
n—o0

where x is any point in R. It is well known (see e.g. [dMvS]) that f being a
homeomorphism guarantees that this limit exists and is independent of the point x.
With this definition, p(f) is a rational number if and only if f has a periodic orbit. We are
interested in maps with an irrational rotation number.

If the rotation number of f is an irrational number 6 and f € C>(T'), Denjoy’s theorem
(see [dMVS]) ensures that f is topologically conjugate to the rigid rotation of angle 6,
Tp(x) = x+6. Thatis, there exists a homeomorphism 5 : T! — T! such that noZy = fon,
making the following diagram commute:

Ty
T! —T!

|

Tl%r]rl

If we require n(0) = 0, then the conjugacy is unique.

From now on we restrict ourselves to the case where f is an analytic diffeomorphism
of T!, and therefore it can be extended to a complex annulus, of certain width A > 0,
around T!:

Apr ={z € C/Z : |Im(z)| < A}. 6)

Abusing notation, we again denote this extension by f. If the conjugacy 7 is also analytic,
the map f is said to be analytically linearizable. Then again, n can be extended to a
neighborhood of the circle, and it is easy to check (by the principle of analytic continuation)
that its extension also conjugates f to 7y wherever 7 is defined.

We are particularly interested in the case where F' : f C C — C is an analytic map
having the unit circle C; invariant, and f is the map on T! induced by Fic,. In this
case, we say that Fc, is analytically linearizable if there exists an analytic diffeomorphism
¢ : C; — Cy,suchthat p o Ry, = F o ¢, where R, (1) = ey and w = 270. If we ask
(1) = 1, ¢ is univocally defined and the relation between 1 and ¢ is given by

g0(6‘2711',\’) — eZnin(x)’ x e Tl.

The image by ¢ of the maximal ring where ¢ can be analytically continued is called the
Herman ring of F. If R is the outer radius of this ring (in the understanding that this ring is
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symmetric with respect to the unit circle, and then it is of the form A(1/R, R)), the width
of the annulus of analyticity of f around T' is (1/27)log R. The quantity (1/7)log R is
called the modulus of the ring and we call R the size of the ring.

Arnold showed in [Ar] that if 8 is a Diophantine number and f is close enough to the
rigid rotation 7y, then f is analytically linearizable. This result was later improved by
Riissmann [Rul, Ru2], Herman [Her1, Her2] and Yoccoz [Y2, PM]. The sharpest results
are due to Yoccoz and we state them below. In the statement, ® : R\ Q — R™ U {00}
denotes the Brjuno function, a purely arithmetic Z-periodic function. Its most important
property is that ®(«) is finite if and only if « is a Brjuno number (see [MMY] for details
on ®).

The local conjugacy theorem, due to Yoccoz, states that any analytic circle map with a
Brjuno rotation number and which is univalent in a sufficiently large annulus (where ‘large’
is defined only in terms of the rotation number) is analytically linearizable. Moreover, it
gives a lower bound for the linearization domain which, again, only depends on the initial
domain of univalency and the rotation number.

THEOREM 2.1. (Local conjugacy theorem) Let 6 be a Brjuno number and A > 0 such
that A > (1/2m)®(0) + Co, where Cy is a universal constant. Let f : T! — T! pe
an analytic circle diffeomorphism, orientation preserving and with rotation number 6.
We assume that f is holomorphic and univalent in the annulus Aa (see (6)). Then, f
is analytically linearizable and the linearization n : T' — T is analytic in the complex
annulus Ay, with

1
d>A——&@) — Cy,
2

and verifies n(Ag) C Aa.

Remark 2.2. For the Arnold standard family (1) a sort of reciprocal is also true. Indeed,
it was shown in [G] that if a member of the Arnold standard family is analytically
linearizable, then its rotation number must be Brjuno.

If F is a holomorphic map leaving the unit circle invariant, then by applying
Theorem 2.1 to the map f induced by F|c,, we can state an analogous result about the
analytic linearization of F.

THEOREM 2.3. Let 6 be a Brjuno number and R > 1 such that R > ¢®@+27Co,
Let F : C; — C be an analytic diffeomorphism with rotation number 6. We assume that
F is holomorphic and univalent in the ring A(1/R, R). Then, F is analytically linearizable
and the linearization ¢ : C; — Cj is analytic in the ring A(1/r, r), with

> Re~®©®-21Co.

and verifies (A(1/r,r)) C A(1/R, R).
2.2.  Quasiconformal mappings and the Beltrami equation. In this section we briefly

recall the relevant definitions and results to be used in the quasiconformal surgery
procedure, which is going to be one of the main tools to prove the results of this paper.
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The standard reference for quasiconformal mappings is [Ah]. In this section, ¢,V C C
are open sets.

Definition 2.4. Given a measurable function p : U — C, we say that u is a k-Beltrami
coefficient of U if |u(z)] < k < 1 almost everywhere in /. Two Beltrami coefficients
of U are equivalent if they coincide almost everywhere in U.

Equivalently, a Beltrami coefficient of U/ gives an almost complex structure o, which
means a measurable field of ellipses in the tangent space of U, centered at 0 and defined
up to multiplication by a non-zero real constant. The argument of the major axis of these
infinitesimal ellipses, at the point z € U, is 7 /2 + arg(u(z))/2, and the ratio of minor and
major axes equals (I — [u(2)])/(1 + | (2)]).

Definition 2.5. A homeomorphism f : U — V is said to be k-quasiconformal if it has
locally square integrable weak derivatives and

(0f/02)(2)

(0f/92)(2)

is a k-Beltrami coefficient. In this case, we say that u 7 is the complex dilatation or the
Beltrami coefficient of f.

nr(@ =

Remark 2.6. With the same definition, but skipping the hypothesis on f to be a
homeomorphism, f is called a k-quasiregular map. It is easy to check that a k-quasiregular
map is locally the composition goh of a holomorphic map g and a k-quasiconformal map 4.

Definition 2.7. Given a Beltrami coefficient « of V and a quasiregularmap i : U — V),
we define the pull-back of p by h as the Beltrami coefficient of I/ defined by:

Bt — (0h/3z) + (o h)(ah/az).
(0h/0z) 4 (1 o h)(9h/0Z)
Remark 2.8. Note that if in the previous definition u = p ¢ for certain quasiregular map f,
then A" = pyon.

Remark 2.9. Pulling-back by holomorphic functions does not increase the maximal
dilatation, k, of a k-Beltrami coefficient.

Remark 2.10. The standard complex structure corresponds to wo = 0, which is a field of
circles. A quasiregular mapping f is holomorphic if and only if f*uo = po.

Definition 2.11. Given a Beltrami coefficient u, the partial differential equation

af af

R b 7
P n(z) Py )
is called the Beltrami equation. By the integration of y we mean the construction of a
quasiconformal map f solving this equation almost everywhere or, equivalently, such that

¢ = pu almost everywhere.

The famous measurable Riemann mapping theorem by Morrey, Bojarski, Ahlfors and Bers
states that every almost complex structure is integrable. As we are going to use this result
for Beltrami coefficients with &/ =V = C, we give a statement adapted to this context.
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THEOREM 2.12. (Measurable Riemann mapping theorem [Ah, BD]) Let i be a Beltrami
coefficient of C. Then, there exists a unique quasiconformal map h : C — C such that
h(Q) =0, h(1) = 1 and puy = w. Furthermore, if u; is a family of Beltrami coefficients
such that p(z) depends analytically on t, for any z € C, then h; depends analytically on t.

Remark 2.13. The application of the measurable Riemann mapping theorem to complex
dynamics is the following. Let f and u be, respectively, a quasiregular mapping of C and
a Beltrami coefficient of C, such that f*u = p. If we apply Theorem 2.12 to integrate
and we construct a quasiconformal mapping 4 such that p;, = u,theng = ho foh™!
verifies g*uo = wo, and hence g is a holomorphic map of C. Moreover, f and g are
quasiconformally conjugate, i.e. they have the same dynamics.

2.3.  Hyperbolic geometry. In this paper, besides quasiconformal surgery we will use
some results of hyperbolic geometry (see [Be2] for a survey). Briefly, quasiconformal
surgery will be the key for the geometrical constructions we do and hyperbolic geometry
will provide some of the quantitative estimates.

Definition 2.14. Given U C C a domain (open and connected set) and given a continuous
function A : U — [0, +00), with at most isolated zeros, we define the conformal metric
A on U as the metric having A(z)|dz| as a line element. More precisely, given a piecewise
differentiable arc y : [a, b] — U, the length of y with respect to the metric X is defined by

b
L) =/)»(Z)Idz| =/ Ay )y ()] dr.
y a

Definition 2.15. Given a conformal metric A on I/ and given two points z1,z2 € U, we
define the distance d, (z1, z2) by

dy.(z1,z2) = inf{lh(y) | y C U arc from z; to z3}.

In the case when this infimum is achieved by an arc y* from z; to z», this arc y* is called
a geodesic between z1 and z5.

Any holomorphic map between two domains U/ and V can be used to transport a
conformal metric on ) to a conformal metric on U.

Definition 2.16. Given a holomorphic map f : &/ — )V and a conformal metric A on V, we
define the pull-back of A by f as the conformal metric on I/ given by

fa= o OIfL.

With this definition f is a local isometry between (U, f*A) and (V, 1), i.e. it preserves
arc-lengths. If f is biholomorphic, then it is a global isometry.

The example that concerns us is the hyperbolic metric, which is a conformal metric
defined on domains U/ that have the unit disk D := ID; as a covering space, and which
is preserved under conformal self-mappings of &/. On D, the hyperbolic metric takes the
following form.
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Definition 2.17. The hyperbolic or Poincaré metric on D is the metric defined by

Ap(z) = 2
p@ =15

The Poincaré metric Ap is the unique metric on I (up to multiplication by positive
constants) invariant under conformal automorphisms of .
We will need an explicit expression for the distance in D defined by the Poincaré metric.

PROPOSITION 2.18. Given wi, wy € D, we have the following formula for the hyperbolic
distance 8y in D:

sinh? |:5]D)(wh wz)} _ 4wy — wy?
2 (1= |wi ) = [wa|?)

In particular, if 0 <r < 1,

BD(O,r)=10g<1+r>.

1—r

The pull-back process allows us to transport the Poincaré metric to any domain I/ that is
conformally equivalent to ID. Indeed, if ¢ : &/ — I is a Riemann map, then the hyperbolic
metric on U/ is given by

M(2) = (W Ap) (@) = Ap(Y (@)Y (2],
or equivalently, if ¢ : D — U/ is a conformal map, then

Ap(z)
l¢' ()|

An important example of this is the upper half plane, H, for which we can take ¥ (z) =
(z —i)/(z + i), obtaining the following result.

ry(p(2)) = ()

PROPOSITION 2.19. The hyperbolic metric in H is given by Ay(z) = 1/Im(z). In this
case, the hyg-geodesics are vertical segments or arcs of circles orthogonal to the real axis.

The hyperbolic metric can also be transported to non-simply connected domains, by
means of any universal covering map.

Definition 2.20. A domain U of the Riemann sphere C is called hyperbolic if it has at least
three boundary points.

THEOREM 2.21. If U is a hyperbolic domain, there exists a holomorphic covering map

¢ : D — U (ie. ¢ is a local homeomorphism at every point). Each such map is called

a universal covering map and it is uniquely determined if we prefix ¢(0) and require
/

¢’ (0) > 0.

Then, if U is a hyperbolic domain and ¢ is a universal covering for I/, the hyperbolic
metric Az/|dz| is given as above by (8).

Using that ¢(z) = exp((z — 1)/(z + 1)) is a universal covering for the punctured disk
D* = I\ {0}, we obtain the following properties for the hyperbolic metric in D*.
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PROPOSITION 2.22. The hyperbolic metric in D* has the form
1

@) = e

The hyperbolic distance Sp+ satisfies

21, 22 € D¥,

. o |:51D>*(Zl,22)j| llogz1 — log 22/
sinh = ,
2 log |z1]log |z2]
where we have chosen appropriate determinations forlog z1 and log zo (with the arguments
of z1 and 7z differing at most by 7). Moreover, the geodesics in D* are obtained by
mapping the geodesics of H by the covering @ : H — D* given by ¢(z) = e'%.

The main reason why hyperbolic geometry is very useful in complex dynamics is the
fact that all holomorphic maps are contractive, when we look at them under the hyperbolic
metric. This is known as the Schwarz—Pick lemma which reads as follows.

THEOREM 2.23. (Schwarz—Pick lemma) If U and V are hyperbolic domains and f :
U — V is holomorphic, then

Sy(f(z1), f(22)) < Su(z1,22)
forall z1, zo € U. Moreover, forall 7 € U,

M (f (@) F @) < 1.
Ay (2)

In this paper, we need to compare (locally) different hyperbolic distances. The following
result, known as Ahlfors’ lemma, gives a comparison between hyperbolic metrics. Since we
are unable to provide a standard reference, we include its proof, taken from [Pet].
The analogous comparison for hyperbolic distances (which is in fact what we really need in
the proof of Proposition B) requires some work and it is therefore given in Proposition 5.1

(see §5.2).

PROPOSITION 2.24. (Ahlfors’ lemma) Leti{ €V C C be hyperbolic domains. Then for
any point z € U,

Ay (2) 1
1< @) < coth (581;(1, 8U)> .

Proof. The left-hand inequality is quite immediate if we consider the identity map Id :
U — V. By the Schwarz—Pick lemma, Ay (z)/A4(z) < 1 and we are done.

For the right-hand inequality, let ¢ : D — V be a universal covering of V such that
©(0) = zand let 0 € U’ C D be such that ¢ : U/’ — U is conformal (see Figure 2).

Since ¢ is a (local) isometry between the hyperbolic metrics, we may work with D, U’
and O instead of V, U/ and z. In particular, we have

M) Ay (0)
Mm@ Ap0)
Letr = min{|z| : z € OU'}. If r = 1 then U’ = D and there is nothing to prove. Hence we
suppose r < 1. We now apply the left-hand inequality to D, € U/’ to obtain
| < *.© _1ip(0)
= e (0) e (0)
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< -

D

O

FIGURE 2. Sketch for the proof of Ahlfors” lemma.

and hence,

Ay (2) < l

M@ T
It remains to show that 1/r = coth(d/2) where d = 8y (z, 0U). To see this, we use
Proposition 2.18. In particular, we observe that oy (0, -) has radial symmetry, and thus we
have

—r

, 14+r
d = éy(z,0U) = p(0, oU") = ép(0, r) = log 7 .

Therefore ¢? = (1 +r)/(1 — r) and

1 el4+1 4?4792 cosh(d/2) d
— = = = — =coth [ = O
red—1 ed/2—e=d/2  sinh(d/2) 2

3. The complex standard family and the semistandard map

The complex standard family

Fa,s(”) = uei®e /D =1/u),

with @ € [0,27) and ¢ € [0, 1), is a family of holomorphic maps of C* onto itself,
with essential singularities at 0 and infinity. The maps of the family are symmetric with
respect to the unit circle, which is invariant under I?a,g. The singularities of the inverse
map consist exclusively of the images of the two critical points of Fa,g (as Fa,g has no
asymptotic values) which are located at

c(e) = é(—l +v1-¢2) <.
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Moreover, one can see that the standard map is univalent on a symmetric ring A(1/rg, re),

re = —F () = %(1 ++/1—¢2).

Note that r, < 2/e as ¢ — 0, and so r, tends to infinity as € tends to zero.

From now on, we fix a rotation number 6 in the Brjuno set and consider the analytic
curve @ = a(g) such that the rotation number of ﬁa(g)) ¢|C, 18 6. Thus, for & small enough
(depending only on 0), the standard map is under the hypothesis of the local conjugacy
theorem of Yoccoz (Theorem 2.3) which assures the existence of a Herman ring of size

~ 1+V1—82K’ o(e)
. :

where

Ré‘ 2 = K: (9)
&

where K = exp(—®(0) — 2w Cp), ® is the Brjuno function and Cj is a universal constant.
To asymptotically estimate the value of R., we start by scaling the problem hoping that
the scaled value of R, has a finite limit as & tends to zero. We perform the change of
variables
= zu,

and we obtain a new map

Fo(e),e(2) = ze!®®)gz=e 4

This map shows the complex standard family as a perturbation of the semistandard map
G(2) = ze'®e?, with w = 270, as long as z is far away from zero (recall that «(0) = w).
Note that the limit is a singular limit at z = 0, since an essential singularity is converted
into a fixed point. The new scaled map Fy ) . leaves C/, invariant and its critical points
are now located at

cx(e) = S (—-1£V1—-¢2) <0, (10)
which approach 0 and —1 as ¢ tends to 0.
We also change variables on the conjugation plane so that the map

)= (2) 1)
¢e(2) = 5¢c | 22 ) (

where ¢, is given in (3), is now the linearizing map of Fy()ejc.- The map ¢, is
2

defined from the ring A(82/4R6, R.), with R, := (8/2)§5, to the scaled Herman ring
Ug:=¢/2- ﬁg (see Figure 3).

We will actually compare the scaled standard family, Fy () ¢(z), with the semistandard
map, G(z). The qualitative and quantitative relationship between these maps will be
explained by the surgery construction in the next section.

Remark 3.1. At this point, after scaling, Theorem A is equivalent to proving that
R: = Ry + O(eloge), (12)

where Ry is the conformal radius of the Siegel disk U of the semistandard map G(z) =
ze'®¢? (see (5)). In particular, this result implies that R, is a continuous function at ¢ = 0.

Note that (12) means that Yoccoz’s estimate (9) can be improved for the standard
family by observing that ﬁg = (o(e)/e)K (¢), with K(¢) = Ry + O(eloge) and, hence,
K(¢) > Rpase — 0.
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FIGURE 3. Scaling the dynamical plane and the linearizing plane.

4. Proof of Theorem A

The proof of Theorem A is based on an explicit (quantitative) version of the (qualitative)
surgery construction [G] that relates a member of the (non-scaled) complex standard family
Fa(g),g, with the semistandard map G. First, in §4.1 we explain Geyer’s construction,
slightly modified and adapted to the scaled map Fy),e. In §4.2 we re-formulate
Theorem A in terms of the previous surgery construction. Section 4.3 gives an explicit
version of Geyer’s construction, which allows us to obtain the quantitative results. In §4.4
we obtain Theorem A as an easy consequence of Proposition B and the results of §4.3.
Finally, §5 contains the proof of Proposition B.

4.1. Surgery construction. The idea of Geyer’s construction to relate Fy (), to G is
basically to ‘fill up the hole’ of the Herman ring U, in order to transform the Herman ring
into a ‘Siegel disk’. For our purposes, ‘the hole’ is the disk of radius £/2 (denoted by D¢ 2),
given the fact that its boundary is simpler than the boundary of U, and that it is invariant
under the map. This can be accomplished by defining a new map H, which consists of the
old one Fy (), everywhere outside D 2, and a suitable quasiconformal map conjugate to
arotation of angle w inside this disk.

Due to the fact that the behaviour of the scaled standard map and the semistandard
map at co are the same, the map H, thus obtained is then ‘morally’ equivalent (in the
dynamical sense) to the semistandard map. However, the map H, constructed in this way
will be quasiregular, but not holomorphic. We shall make it holomorphic by means of the
measurable Riemann mapping theorem (see Theorem 2.12), as explained in Remark 2.13.
So, we construct a Beltrami coefficient p,, invariant by H,, and by the integration of w
we will obtain a quasiconformal map h, such that i, o Hy o h; ! is holomorphic and has the
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same dynamics as H, (holomorphic smoothing). By choosing H, appropriately, we prove
that this new map is the semistandard map G.

We now proceed to make this construction precise. To define a rotation inside the small
disk D¢ /2, we first choose a ‘gluing’ map .. Let ¥ : W/z — m be any quasiconformal
map that agrees with ¢, on the boundary (i.e. Y¢|c,,, = ¢-) and sends 0 to 0. Since ¢; is a
real analytic map, the existence of 1, is guaranteed (see [Pom]). Then we define the new
map H; as
Foe).e on C\ D¢/

Ye o Ry 0 1//5_1 on D¢ /2

e =

(see Figure 4).

By the choice of i, the map H, is continuous and quasiregular. By construction,
it has a fixed point at z = 0, and it is conjugate to a rotation of angle w on the set
(topological disk) D> U U, by means of the conjugacy maps ¢, and ., which match
up continuously. Last, we note that H, has only one critical point: the former critical point
c— (&) of Fy(e),¢ (given in (10)) which was outside D7, since the symmetric one ¢4 (¢)
has been annihilated.

To start the second part of the surgery construction (holomorphic smoothing) we define
the Beltrami coefficient i, on C as follows. First we define it on the surgery region by
pulling back po = 0 to D¢ /2 by means of v/, !, We extend this almost complex structure
to every preimage of D¢ /2 using H, (or equivalently Fy ) ¢, as both maps coincide outside
of D¢ 2); and finally we set p, = O at the remaining points. That is,

(WH*(0)  on Dy
(H!*(ne) on H"(Dgj2), ifn > 1

0 on (C\ J H:" (D),

n>0

MHe =

where H_ " (ID¢/2) should be understood as the set of points whose nth iterate falls (for the
first time) in D, /2. Note that with this definition and using that H, (U \ D¢ /2) = U \ Dg2,
we have that the points in Uy \ D, (and all their preimages) satisfy u.(z) = 0.
By construction, we have that pt, is measurable and invariant under the pull-back by H,
for it is spread out by the dynamics.

Remark 4.1. Since v is k¢-quasiconformal in D, for some 0 < k; < 1, then . has
maximal dilatation ||uellp,, = llwy-1lp,, = llity.llp,, = ke < 1, and also in the
remainder of the plane since it is pulled-back by a holomorphic map (see Remark 2.9).

Therefore, we may apply the measurable Riemann mapping theorem (see
Theorem 2.12) to ji.(z) := pe(c—(g)z), obtaining a (unique) quasiconformal mapping
%g : C — C which integrates ., that is Ky, = e, and such that ES(O) = 0 and
Eg(l) = 1. Now, we define h.(z) = _Eg (z/c—(g)). We note that h, integrates u, and
verifies h.(0) = 0 and h.(c_(g)) = —1.

Remark 4.2. As e = 0 in Ug \ D¢ /2, we have from the Beltrami equation (7) that &, is
holomorphic in this region.
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FIGURE 4. Commutative diagram showing all maps involved in the surgery construction.
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As explained in Remark 2.13, the composition map
G :=hsoH;o h;l

is not only quasiconformally conjugate to H, but also holomorphic in C. Moreover, if
el < %, then we have that this map does not depend on the parameter ¢ as shown in the
following proposition.

PROPOSITION 4.3. With the previous notations, if ||pe| < %, then forall z € C
Ge(2) = G(z) = ze'“¢".

The proof of this proposition is similar to an analogous result for Geyer’s construction
in [G]. However, for the sake of completeness, we include here a proof adapted to our
context. The key tool in the proof is an estimate on the growth of a quasiconformal map
at oco. This estimate is a consequence of the following basic property of quasiconformal
maps.

THEOREM 4.4. [Ah, p. 71] A k-quasiconformal mapping in a domain U C C is uniformly
Holder continuous with exponent (1 — k) /(1 + k) in every compact subset of U.

This result implies the desired bound for a quasiconformal map at co.

LEMMA 4.5. Let ¢ be a k-quasiconformal mapping of C, fixing 0 and oo. Then there
exists C > 0 such that for any |z| > 1 we have |¢p(2)| < C|z|(1+k)/(1_k).

Proof. We set h = ¢~ ! and g(z) = 1/h(1/z). Tt is easy to check that g is
k-quasiconformal, with g(0) = 0 and g(oo) = oo. Applying Theorem 4.4 we have
that there exists a constant m > 0 such that

lg(z1) — 8(z2)| < mlzr — 22| TR/IHD i |24 Jzo) < 1
We take z1 = z and z» = 0, and we replace z = 1/¢ (w) to obtain the desired bound:
p(w)| < Clw|TH/I-H,

with ¢ = mU+R/0=k  However, this estimate holds provided that |¢(w)| > 1.
As {w € C: |¢p(w)| < 1} is a compact set, we can assure that [¢(w)| > Lif jw| > 1. O

Proof of Proposition 4.3. By construction, we know the following properties of G,:
(a) G, isentire;
(b) Gg(z) =0if and only if z = 0;
(¢)  G¢ has a Siegel disk h¢ (Dg /2 U U,) around z = 0, with rotation number 6, and hence
G.L(0) = ¢'; and
(d) G.(—1) = 0 because G, is not univalent (it has degree two) around —1.
Combining the first two properties of G, we have that

G (z) = 78:(2),

with g, entire and without zeros. Now, we can estimate the growth order of g.. To this
end, we use that if z € C \ I, 5, then

Hs(z) — Fa(g),g(Z) — Zeia(e)ezng/élz_
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So, we have that if |z| > 1, then
Ge(@) = he(h; ! (@)@ @I,

From Lemma 4.5 we have that if |z| >> 1 there exists some constant C > 0 such that
|he(z)| < Clz|Xe, where K = (1 4 ||pel])/(1 = ||pee]l). For the other values of z the map
h¢ is bounded. This is also true for h;l, and both facts can be summarized by saying that
there exists M > 0, which depends only on &, such that

lhe(2)] < Mmax{|Z|Ke, 1}, Ihe_l(Z)| < Mmax{IZIKg’ 1).
Moreover, we may also ask that [/, ! (2)| = Lif [z| > 1, obtaining
1Ge(2)| < my|z|KEem2l1"e

where m| and m, may depend on ¢ (of course, the condition |z| > 1 is not necessarily
uniform on ¢). As we are assuming ||u.|| < 1/3, we have that 1 < K, < 2, and so we
deduce that g, has growth order controlled by

|17

lge (@) < eFI",if [z > 1,

with 1 < p < 2. The known properties of g.(z) (entire function without zeros and with
exponential growth of order 1 < p < 2) imply that it is of the form

g:(2) = ePs(z),

(see [D]) with P.(z) a polynomial of degree not greater than 1. Now, the proposition
follows from the remaining properties. O

Remark 4.6. Assuming that ||u || < %, we have just proved that G = h, o H; ohgl, and so
H, and G are conjugated by /.. Then, as the invariant curves are preserved by conjugation,
we have that the rotation domain D¢ 2 U U, of H, is mapped by &, to the Siegel disk U of
G (see (5)). Thatis

U= hs(Ds/Z UU).

This concludes the surgery construction relating the (scaled) standard map Fy ), and
the semistandard map G. In the following section we see which quantities we need to
estimate in order to obtain quantitative information from the surgery we just performed.

4.2. Restatement of the problem. Using the same notation as §4.1 and assuming || 4. ||
< %, we observe (see Figure 4) that the map defined as

(he 0 @e)(z) if z € Dg, \ Dej2

P = {(hg oY) ifzeDep

is holomorphic in Dg,. From Remark 4.2, this assertion is obviously true in Dg, \ D 2.
To prove the analyticity of ¢, in D, /2, we can check that ¢} o = o (see Remark 2.10),
which follows from the fact that . = (1//_1)*u0 in D .

By construction, ¢, conjugates the semistandard map G on the Siegel disk U =
he (g2 U Ug) to the rotation R, on Dg, .
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However, we cannot be sure that the map ¢, is the normalized linearizing map ¢ of G
(see (5)), since, among other reasons, we expect the radius R, to move with ¢ while G,
U and Ry do not. This is equivalent to saying that ¢.(0) # 1. Then, to recuperate the
(normalized) linearizing map ¢, let us define

b(e) = ¢,(0),

and so by the preceding argument,

Z
0(z) = ¢ <%) )

given that ¢.(z/b(g)) satisfies both normalization conditions (¢(0) = 0, ¢’(0) = 1)
(see Figure 4).

From here, it is clear that R, = Ro/|b(¢)|, so that to relate Ry and R, we need to have
control over b(g), i.e. over (h, o ¥¢) (0).

Remark 4.7. Let us observe that (he o %) (0) does not depend on the particular
quasiconformal map ¥, used in the surgery construction (which is of course not unique).
This allows us to compute this derivative by explicitly constructing a convenient ;.

From the previous observations, Theorem A follows immediately from the next
proposition.

PROPOSITION 4.8. With the previous notation, we have
b(e) = (he oY) (0) = 1 + O(e loge).

To prove Proposition 4.8, we study the quantity

d
d_z(he o Ye(2) — Z)|z=0

by means of the Cauchy integral formula. This will be done in §4.4. The estimates we use
come from studying the quantities |, (z) — z| and |h¢(z) — z| or, equivalently, how far the
maps Y, and h, are from the identity map in a neighborhood of zero.

To obtain such an estimate for ¥, we construct ¥, explicitly in §4.3. The estimate for
h¢ is a direct application of Proposition B.

4.3. Explicit surgery construction. The main purpose of this section is to explicitly
construct the quasiconformal extension 1/, used in the surgery construction of §4.1, and to
give the explicit estimates that measure how far v is from the identity map.

Let us recall that we have a circle of radius /2 on which the real analytic (scaled)
conjugacy ¢, is defined. Our goal is to find a quasi-conformal map v, : Dg/» — D5 that
extends @;.

We define the ‘gluing map’ v, to be the most natural extension: the radial one.
More explicitly, given z € Dg /> we define

2 €z
Ye(2) = —zlee (——) . (13)
g 2 |z|
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This map is clearly continuous, it agrees with ¢, on the boundary of D, ;, and sends 0 to 0.

We also observe that it leaves all circles in D, > invariant. In Proposition 4.9 below, we

prove that ¥, is a quasiconformal mapping if ¢ is small enough (even more, it is C* at

all points except at z = 0). Moreover, this result shows that for small values of ¢ we have

lpell < % (this condition is needed to show that G, = G, as stated in Proposition 4.3), and

so all the results derived from the quasiconformal construction (see §§4.1 and 4.2) hold.
Our goal in the remainder of this section is to prove the following result.

PROPOSITION 4.9. There exists a constant C1 > 0, independent of €, such that for any &
small enough, V. is a (C1&)-quasiconformal mapping in D /2, and it verifies

Ve (2) — z| < Crelz]. (14)

Remark 4.10. One could also use an alternative, more dynamically meaningful, quasi-
conformal extension of ¢, given by V¢(z) = ¢2;/(z). In this case, the map H; would
be explicitly given by He(z) = Fu|z)),212/(2) = 7/l ez=7 on D, />. This extension
also preserves circles in D¢ /2 and, on each of these circles, it is the linearizing map of a
scaled standard map. In this case, one can show that | (z) — z| < C} |z|2.

The proof of this proposition will be an easy consequence of the following lemma.

LEMMA 4.11. The linearization ¢, (see (11)) of the scaled standard map Fy () ¢(z) =

zeia(‘?)e“ez/“, verifies the following bounds if ¢ is small enough and |z| = ¢/2:
lp:(2) — 2l < C2?, 19L(2) — 1] < Cae, (15)
where C, is a constant independent of ¢.
The proof of Lemma 4.11 is deferred to the end of the section.

Proof of Proposition 4.9. First of all, we stress that the estimates given by Lemma 4.11 are
only valid if we evaluate ¢.(z) for |z| = ¢/2. From the definition of ¥, (z) (see (13)) this
is precisely the case which we are interested in.

Let us see that ¥, is a quasiconformal mapping, and obtain a bound for its distortion.

In D, /> we have
e 1/(8Z> 1z (sz>
D=z 7= | +=-=0 (53—
a; &= 2% 2121) T e 2k

Ve 172 ,(8z) 1z (8z)
@ =i s )+ (2 ).
0z D= 3 T G

Then, applying Lemma 4.11, we can bound

SR (55) )1 (55 -52)
2\t \ 2z elzl \"°\210z1) 21z

0z
1 1 5 3
< =Che + —Cre” < =(Cae,
2 e 2

and

(z)—l‘
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ol (2 (5) )+ 5 (o (55) - 5)
— ()| =|-2—> )1+ -2 S B
‘az()‘ ‘ 212 " 21l el \*\27a) 7 2]

< _ICZ —IC < —CZ
8+ € E.
2 & 2

So, if we assume ¢ to be small enough in order to have that %Cze < %, we can bound the
distortion of i by
(0v:/02)(2) (3/2)Cae
0Ye)/(02)(2) | — 1= (3/2)Cae
Hence, v, is a (C1¢)-quasiconformal mapping with C; = 3C».
In order to estimate how far v, is from the identity map, we apply the first inequality
of (15) (see Lemma 4.11), obtaining

2|| £ Z £z <2||C 2 . ¢ 2|
- —— | —=— - € €
e I\ \ 2 ) T2l )| T e = e

which concludes the proof. O

< 3(Cse.

[Ve(2) — 2| =

The rest of the section is dedicated to proving Lemma 4.11. For this purpose, we
will need a diophantine-like bound for Brjuno numbers that is weaker than the Brjuno
condition. More precisely, if 6 is a Brjuno number, there exist constants cy, ¢z, depending
only on 6, such that for any k € Z \ {0}, the following inequality is satisfied (see [Brl,
p. 140]):

|827Tl']<9 _ 1|71 S Cle27‘[cz|k| (16)

this inequality leads to the following lemma.

LEMMA 4.12. Let m(x) be a 1-periodic function with zero average, and 0 € R be a

Brjuno number, hence verifying (16). We assume that m is analytic in the complex annulus

Ay = {x € C/Z : |Im(x)| < ¢3}, being c3 > c2, and that B = SUPyeA,, |m(x)| < +o0.
Consider the 1-periodic solution & (x) of the difference equation:

Ex+0)—5(x)=m(x), §0)=0. A7)

Then, & is analytic in Ac,—c,, and verifies

—27 (c3—c2—[Im(x) )

1§(x)| < 4Bcy

1 — ¢—27(c3—c2—Im(x)])’ x € Aez—c,-

Proof. First, we expand m in Fourier series:
m(x) = Z mkeZnikx.
keZ
Then, using the bound of |m| in the annulus Ac3, and that it has zero average, one has
that its Fourier coefficients verify mo = 0 and |mi| < Be 2"l if k £ 0. On the other
hand, writing £ also in Fourier series, we can solve (17) for the coefficients of £, obtaining

mg

&= g = kO,

Moreover, condition £(0) = 0 gives §y = _ZkeZ\ 10y &k-
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Using (16) we obtain that

& < c1lmp|e?™ M < BejemFrle—edlkl g £ 0,

and, for &,
—2m(c3—c3)
e
&0l < Z &k < 2301m~
keZ\{0}
Joining these bounds, the estimate for |£(x)| in A.,—¢, follows immediately. O

Now, we have all the ingredients to prove Lemma 4.11.

Proof of Lemma 4.11. To obtain the estimates for this lemma, it will be more convenient
for us to work with the map on the circle induced by the scaled standard map, that is
the Arnold standard family (1). To this end, we make the transformations we have done
backwards in order to go from f;(g))g(x) =x+a(e)/2m + (¢/2m) sin(2mx) to Fy (), (2).
Then, if we make the change z = (¢/2)u, we have @, (u) = (2/&)p:((¢/2)u), where @,
is the linearization of the standard map Fa(g)gg given in (3). On the other hand, writing
u = 2™ we have @y (e271%) = 2N () 3 being a conjugation of ]";(5))5 to the rotation
T in T (see (2)).
Then, we obtain that

e & i~ . L
0e(2) = 2= S @ew) —u) = ST — 2T = g(2TO™I 1. (18)

Our purpose is to bound 7, (x) — x using the local conjugacy Theorem 2.1, and to derive
from these bounds those for ¢, (z) — z and its derivative.

First of all, we observe that fa(g),g(x) is univalent in the annulus A1 /27)1og(o (e) /)
where o (g) = 1 ++/1 — £2 is defined in (9).

In order to apply Theorem 2.1, let us observe that, if ¢ is small enough, we have that
(1/2m)log(o(e)/e) > (1/2)®(0)+ Co. Thus, Theorem 2.1 ensures that 7, (x) is analytic
if

1 1
[Im(x)| < o log(o(e)/e) — — P (O) — Cop.
T 2

In particular, if we take any constant 0 < ¢4 < 0’(8)/€¢(0)+2n Co_ the linearization 7 is
defined in A(1/27)1og(cs/e) and its range is contained in A(1/27)10g(0 (¢)/¢)- Moreover, in
this domain it verifies ]";(5))5 o0le =T1e0Tp.

Now, calling & (x) = 7. (x) — x, it is straightforward to check that

Ex+0)—E&(x) =m(x),

where m(x) = ﬁ(g))g(ﬁg(x)) — Ne(x) — 6. Then, &(x) verifies the hypotheses of
Lemma 4.12 if we define ¢3 = c3(¢) = (1/27)log(cs/e) and we take B a bound of
|fa(8),8(x) — x| in the domain A1 25 log(s(¢)/¢)» Which can be taken independent of «.
We remark that as ¢c3 = (1/27) log(ca/¢), the hypothesis ¢3 > ¢, of Lemma 4.12 always
holds if we assume & < cqe™27¢2,

Applying the conclusions of Lemma 4.12, we obtain the following bound for the
function £ (x) when |Im(x)| < ¢3 — ¢2 = (1/27) log(cs/e) — c2,

o —(0g(ca/e)=27 (cr+Im(x)))) 4Bcie
|§(x)| < 4Bci

] — e—Uog(ca/e) 2 (et D)~ gye—2m(catm@D _ -
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Let us now take c¢5 any constant, independent of &, verifying 0 < ¢5 <
(1/2m)log(ca/2¢e) — ca. We observe that c5 can be taken arbitrarily large, provided that
¢ is sufficiently small and that, with this definition of c5, we always have the inequality
e < (64/2)6—2ﬂ(62+65)_

Then, the previous considerations imply that the function 7. (x) — x = &(x) is defined
in A5 and verifies, in this domain, the bound

- 4Bcie 8 Bce2m(cates)
176 (x) — x| < P o & (19)

2mix

Using the changes u = e and z = (&/2)u, we have that if x € A, then u €
A(e™275 e27¢s) and z € A((g/2)e™ 275, (8/2)e¥%5) (see (4)). Now, we assume ¢ small
enough such that (8Bcie?™(€2tes) /e)e < 1. So, Equation (19) implies |7 (x) — x| < 1.
Then, for these values of z, inequality (18) leads to

167 B (cates+h)

|9 (2) — 2| < |2]e¥ =T (x) — x| < ” elzl. (20)

So, the first bound in (15) follows from (20) as a particular case when |z| = ¢/2, taking
Cy > 87 Bepe?m(catesth) ey

Using the bound of the function ¢, (z) — z in the ring A((e/2)e~27%5, (¢/2)e>™¢5), we
proceed to bound its derivative for |z| = ¢/2. To this end, we pick a particular value
of z and we consider the disk of center z and radius r = (¢/2)(1 — e~27¢s5) which we
denote by C,(z). One can easily check that if we take a point t € C,(z), then ¢ belongs to
A((e/2)e27¢5, (¢/2)e*™¢5) and then | (1) — ¢| verifies (20) with z = ¢.

Then, we can bound the derivative of ¢.(z) — z using the Cauchy integral formula.
We have
@e(t) — 1

— dt.
2mi Cr(2) (t—Z)Z

d
g — 1= 27 () = D=z =

In order to bound the integral above, we may apply inequality (20) to any t € C,(z),
obtaining

1 1
— max |@g(t) —¢t| < - max

’
7)—1
|(ﬂg( ) I r teC,(z) r teC,(2)

IA

167TBC1€27T(C2+C5+1)
elt|
Cq

2 — 72765 167 Beye?m (@testh

= g,
1 — e—27¢s cq

which gives the second part of (15) taking C; > (2 —e 27%)/(1 — e 27%)
(167 Bee?™(atesth) jeyy, |

4.4. Proof of Theorem A. From the restatement of the problem in §4.1, we only need to
prove Proposition 4.8 in order to prove Theorem A.
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Proof of Proposition 4.8. As we know that i, o Y/, is holomorphic, we can express b(g) — 1
in terms of the Cauchy integral formula:

d
be)—1= 7z (he 0 Ye(2) — 2)|2=0

d
_ L heo¥e®) —z
2w C, Z2 <
1 he o e (z) — Ye(2) 1 / Ye(z) — 2
- dz+— | 2 "2y,
2mi /r 72 et 2mi Jc, 72 ‘

where C, is any circle contained in D, /. From now on we take r = £/2.
‘We can bound the second integral by using inequality (14) of Proposition 4.9, obtaining

L I/fe(Z) —Z

2
2l Je 2 < = sup {|[Y=(2) —z|} < Cie.
e/2

& ZECS/Z

dz

For the first integral, we use that |y (z)| = |z] if |z] < /2 (see (13)), and so

1 e 0 Ve(2) — Ve 2
o [ D <2 sup () -2,
27 Cg/2 Z

ZECQ/Q

In order to bound h.(z) — z, we first recall that ¥ (z) is (Ci€)-quasiconformal (see
Proposition 4.9). Hence, the maximal dilatation of . is bounded by the same constant, that
is |||l < Cre. Now, we want to apply Proposition B. However, we cannot do it directly
because & has been constructed in such a way that s, (0) = 0 and h(c—(¢)) = —1, where
c—(g) = (=1 —+/1 — £2)/2 is the critical point of Fy () . given in (10). We can arrange h,
to apply Proposition B simply by defining l~zg (z) = —hgs(c_(g)z). We observe that l~zg is a
quasiconformal map of C, solving the Beltrami equation (7) with the Beltrami coefficient
e (z) = 15, (2) = pe(c—(¢)z) and verifies s(0) = 0 and % (1) = 1. Then, if we assume
that ¢ is small enough such that ||t || = ||uell < C1e < p, we can apply Proposition B to
ILe, obtaining that if |z] < p and ||[L¢|||log |z|| < Ciellog|z|| < p, then

|he(2) — 2| < Cllfillzllog z]| < CCielz]llog z|I. (21)

Taking into account that |1/c_(e) + 1| < 2, we have that if |z| = &/2 with & small, then
: N
c_(¢&) c—(¢)

So, we can apply formula (21) to z/c_(¢), obtaining

£ £
=SU+e) <p. el |log §C18‘10g<§(1+82))‘ <p.

~ Z ~ z z
e 1= () +4 = () - e
<CCie¢ ‘ ‘log( < )+|Z|82§C/82|10g8|,
c_(g) c_(e)

with C” depending on C and C;. As a consequence of this, we can bound

1 / he 0 e (2) — Ve (2) J
_— > z
Cep2

2mi z

< 2C'elloge|,

obtaining b(e) = 1 4+ O(¢|log ¢|), and therefore ending the proof of Proposition 4.8. O

This concludes the proof of Theorem A, up to proving Proposition B.
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5. Proof of Proposition B
Our goal in this section is to prove Proposition B.

5.1.  Proof of Proposition B(a). For the sake of completeness, we give here a proof of
this result. A different proof can be found, for instance, in [Mar].

Let us consider the following one-parameter family of Beltrami coefficients

e =1 L,
lleell

where t € D. As ||u¢]| = [t] < 1 forall t+ € D, we can apply Theorem 2.12 and obtain
a one-parameter family of integrating maps #; : C — C fixing 0 and 1, and such that
oh; /07 = us(dh;/3z). Moreover, h;(z) depends analytically on 7. Observe that, as u; = 0
ift =0and u, = pif t = ||ull, we have that hg = Id and | = h.

Now, let z € C\ {0, 1} fixed, and consider the holomorphic map

f;:D— C\ {0, 1}
I —— ht(Z)~

Since both D and C\ {0, 1} are hyperbolic sets, we conclude from the Schwarz—Pick lemma
(see Theorem 2.23) that f; is a contraction in the Poincaré metrics, that is

Scvo,1) (e (2), iy (2)) < dp(tr, 12)
for all t1, t; € D. If we take t; = 0 and £, = |||, the statement follows.

5.2.  Proof of Proposition B(b). The second part of Proposition B will be deduced from
the first one by comparing the Euclidean distance between points close to 0, with the
hyperbolic distance in C \ {0, 1}, and using the explicit formula for §p (0, ||||) given in
Proposition 2.18. We note that it is not easy to work directly with 8¢\ (o,1y, since there
is no explicit formula for this hyperbolic distance. However, as stated in the following
proposition, d¢\o,1) is comparable—close to the origin—to p+, for which we have an
explicit expression (see Proposition 2.22).

PROPOSITION 5.1. There exist constants 0 < ¢ < 1/2, M > 0 and o > 0 such that:
(@) forallzy,z2 € Df =D\ {0}
Sp+(z1,
| < D+(21, 22) <14M:
Scvio,1y(z1s 22)
() ifz1, 22 € D% with |z1] < ¢/2 and éc\jo,1)(21, 22) < 0, then |z2| < c.
The comparison between the Euclidean distance and ép+ is given by the following
lemma.

LEMMA 5.2. Let z1, 7o € D* satisfying

1
[log |z1]18p+ (21, 22) < 7 Sp+ (21, 22) < 2log(1 + v/2),

then:

lz1 — 22| =< lz1[[log |z1[|dp= (21, 22)-

V2
=5
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Remark 5.3. We point out that Proposition B(a) only provides information about
3¢\ j0,1)(z, h(z)) and thus on dp+«(z, h(z)) (after using Proposition 5.1). This is the reason
for which the hypotheses of Lemma 5.2 are formulated in terms of the hyperbolic distance.
If, for instance, a priori estimates on |z — z2|/|z1| were known, then the statement (and
the proof) of the lemma could be simplified.

The proofs of Proposition 5.1 and Lemma 5.2 are postponed to the following section.
Now, we prove the second part of Proposition B.
The key point to proving (b) is the estimate provided by (a):

dcvio,13(z, h(2)) = 8p (0, lIlD- (22)
Using this inequality, we check that the desired result follows by taking
. o c ﬁ
p = min RSN ’
42 81+ M)

where 0 < ¢ < % M > 0 and o > 0 are the constants provided by Proposition 5.1.
First of all, by Proposition 2.18 we have

14 [l
Sp(0, Il = 10g<1 — ||M||)'

Now, as we are assuming ||u|| < p, we have ||u] <c/2 < % So, applying the mean value
theorem to the logarithm, we deduce that 5p (O, ||i]) < 4|lull.

As we also suppose ||| < o/4, the previous inequality on §p (0, ||]]) jointly with (22)
implies that 8cyjo,1)(z, (z)) < o. Then, from Proposition 5.1(b) we deduce that if
|z] < ¢/2, then |h(z)| < c. This a priori estimate on the size of k(z) allows us to apply
Proposition 5.1(a), obtaining

Sp+(z, h(2)) = (1 4+ M)dcy\j0,1)(z, h(z)) <41+ M)l

Finally, if we combine this last inequality with the hypotheses ||| < p and ||i]/|log|z]| <
p, we obtain

1
Sp+(z, h(2))llog |z|| = 4(1 + M) |plllloglzll = 4(1 + M)p < 7

and

Spx(z, h(2)) =4 + M)||ull =41+ M)p < g < 2log(1 +V2).

Thus, the hypotheses of Lemma 5.2 are verified for z; = z and z» = h(z), giving

2
|h(z) —z| < «/E\/: 1|Z||10g|Z||<31D>*(Z,h(Z))
- 4V2(1 + M)

< ﬁllulllzlllog |l = Clinlllz|[log |z]].
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coth(d/2)

FIGURE 5. The graph of coth(d/2) or equivalently (e + 1)/(ed —1).

5.3.  Proof of Proposition 5.1 and Lemma 5.2. We recall that Ahlfors’ lemma (see
Proposition 2.24) provides a way to compare the line elements corresponding to the
hyperbolic distances when &/ = D* and V = C\ {0, 1}. To prove Proposition 5.1, we
have to obtain a similar comparison result for the hyperbolic distances between two points.
In addition to Ahlfors’ lemma we need the following result, whose proof is postponed to
the end of this section.

LEMMA 5.4. There exists a constant 0 < k < 1 and a topological closed disk D,
0 € D C Dy, such that if z1,z2 € D* = D \ {0}, then the geodesic (with respect
to AC\(0,1}) that joins 7 and z3 is entirely contained in D.

Proof of Proposition 5.1. During the proof, let us set &/ = D* and V = C\ {0, 1}.
(a) The left-hand inequality follows from its analogue in Proposition 2.24. Indeed, let
y C U be a path joining z| and z». Since & C V, we have

b b
lu(y) =/ Ay )y’ ()] dt Z/ MWy O)y' Oldt =y(y) = 8y(z1, 22).

As this holds for any y, we obtain &§4(z1, z2) > 8y (21, 22).
To prove the right-hand inequality we need to work a little harder. From Proposi-
tion 2.24 we only obtain, for any y C U connecting z; and z2,

b , b d(l) ,
lu(J/)=/ ?»u(J/(t))IJ/(t)IdIE/ coth (T) Iy ()Y ()] di

d
< coth <7’/) y(y) = Kyly(y), (23)

where we define d(t) = Sy (y (¢), oU), d, = minse[q,p)d(¢) and K, = coth(d, /2).
Note that if y is a curve that comes very close to ol \ 9V = C; \ {1}, then d, is
a constant very close to 0 and, consequently, K, is very close to infinity (see Figure 5).
Thus, to assert that K, is finite we need to have y bounded away from the set Cy \ {1}.
Let0 < ¢ < % be a constant such that the disc D, is contained in the topological disk
D, D C D_, of Lemma 5.4. For any two points z;, zo € D¥ it is not difficult to check,
by combining Proposition 2.19 with Proposition 2.22, that the D*-geodesic path joining z;
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and z; is entirely contained in a disk whose radius is the maximum of the moduli of z;
and z7, which is at most c. Consequently,

84(z1,22) = iInf [ = inf [ = inf |/ ,
u(z, 22) ycuu(y) e u) oot u(v)

1—k

where the infima are always taken on paths y joining z; and z». Since forany y C D}_,,

the constant d,, is bounded away from zero and therefore K, < 1+M for a certain constant
M = M (k) > 0, Equation (23) reads

inf f(y) <

inf Kl <(A+M) inf lpy).
yoB ot yhv(y) = ( ) ot by(y)

1—k 4 1—k
To conclude the proof we observe that for any z1, z> € D}, Lemma 5.4 guarantees that the
V-geodesic joining z1 and z» is entirely contained in D C ID1_,. Then, this implies that

Su(zi,z2) = inf ly(y) <A+ M) inf Ly(y)
v D ycDi_,

=1+ M) inf Iy(y) = (1 + M)Sy(z1, 22).
ycV

(b) The geometrical definition of the Poincaré metric makes this result straightforward.
We just have to define
o = inf 8V(Z1, Zz).
lzil=¢c
lz2]=c/2
We stress that this proof is independent of the particular value of 0 < ¢ < % provided
by (a). O

To conclude the first part of this section, we now prove Lemma 5.4.

Proof of Lemma 5.4. The key to proving this lemma lies on the understanding of how
geodesics in the thrice punctured sphere V = C \ {0, 1} look.

We first observe that the vertical line / going through the point % is a geodesic since
it is a line of symmetry in V. Two more geodesics can be obtained by considering the
Mébius transformations of C, g(z) = (az+ b)/(cz + d), that map V onto itself (i.e. those
that permute 1,0 and co). These maps are isometries and hence they send geodesics to
geodesics. In particular, some of them map / to the unit circle and the others to the circle
centered at 1 with radius 1 (check this using, for instance, the transformations (z — 1)/z
and 1/(1 — z)) (see Figure 7 below).

This already states that if two points are in D*, the geodesic path that joins them must
lie entirely in D*. However, this is not enough for our purposes since we need to have a
domain D strictly contained in D* with the same property. Hence we need to understand
more about the other geodesics. This would be easy if we knew an explicit expression for
a universal covering of V, which could be used to transfer the geodesics of the covering
space, D or equivalently H, to the geodesics in V. However, such an expression does not
exist, although a universal covering ¢ : D — ) can be obtained from the so-called modular
map, M : H — V. This map has been extensively studied and we refer the reader to [Bel]
or [C] for a detailed investigation of M. Here we only recall the main facts that lead us to
specifically prove Lemma 5.4.
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FIGURE 6. The region X.

Let I' denote the modular group, i.e. the group of Mobius transformations such that
a,d €27+ 1,b,c € 2Z and ad — bc = 1. Then I is generated by the maps

Z
2z +1°

uz)y=z4+2, vz =

If we consider the region ¥ in the upper half plane depicted in Figure 6, it can be shown
that # and v pair the sides of ¥ and that the images of ¥ by I' tessellate H.

The modular map M : H — V is constructed as follows. Consider the open right-
half piece of X, or more precisely o = X N {Re(z) > 0}, and choose a conformal map
M : ¥y — H (whose existence follows from the Riemann mapping theorem). Then, M
extends to a homeomorphism between the boundaries of these domains and, by combining
it with an appropriate conformal automorphism of H, we may assume that M fixes 0, 1
and co. Hence, the positive imaginary axis is mapped to the interval (—oo, 0). By the
Schwarz reflection principle, we can extend M across this axis so that it maps the left part
of ¥ to the lower half plane. So, we have that M (abusing notation again) conformally
maps X onto C\ [0, +00). Using the transformations u and v we can analytically continue
M to the whole upper half plane, obtaining a holomorphic covering M : H — V. We can
show that M(z) = M (w) if and only if w = g(z) for some g € I.

Now, let us see which geodesics in H correspond to those we know in V. Recall that
geodesics in H are either vertical lines or half circles perpendicular to the real axis (see
Proposition 2.19). It is not hard to check that the half circle going through —1, i and 1 is
mapped by M to the unit circle, while the vertical segments {j:% +it: % <t < 400} are
mapped to [ (see Figure 7).

Note that in this setting, if we take y a piece of H-geodesic joining two symmetric
points on the lower boundary of X, it would be mapped by M to a simple closed curve
inside D surrounding 0, M (y), which will be a V-geodesic. We define D as the topological
disk bounded by the curve M(y). Thus, the V-geodesic path joining two points in D lies
entirely in D. Now, if we pick y, for instance, the H-geodesic connecting % +i/2 and
—% + i /2 (see Figure 7), then the lemma is proved. O
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FIGURE 7. The map M : H — V, some geodesics in VV and the topological disk D.

The second part of this section is devoted to proving Lemma 5.2. The proof of this
lemma will need the following auxiliary results.

LEMMA 5.5. Given z1, 2o € D*, then we have:

(i) |loglzi| —loglza||* < log|zi|log |z2| sinh®[8p (21, 22) /2]

(i) (arg(z) —arg(z2))? < log|z1|log |z2| sinh?[8p« (21, 22) /21

(iti) |z1 — z21? < 2(max{|z1, [z21})? log |z1] log |z sinh®[8p+ (21, 22) /2].

Proof. (i) and (ii) are immediate by applying the formula for &p«(z1,z2) given in
Proposition 2.22, and using that

llogz) — logz2)? = |log |z1| — log |z2||* + (arg(z1) — arg(z2))?.
On the other hand, from the cosine rule, we can write
|21 — 22> = 21 * + |z2|* — 2 cos(arg(z1) — arg(z2))[z1]]22]
= (lz1] = Iz21)* + 2(1 — cos(arg(z;) — arg(z2)))z1|z2]-

Then, (iii) follows by combining this expression with (i) and (ii), the mean value theorem,

1
llog |z1] —log |22 = gllml —lz2ll, & € (21l |z2),

and the bound
%2
l—cosxsj, x €[—m, ] O
The third part of Lemma 5.5 is very close to what it is stated in Lemma 5.2, but it is not
exactly what we need: we want a bound for |z; — z2| depending just on z1 and dp+ (21, 22).
This requires the following a priori estimate.

COROLLARY 5.6. Given 71, z2 € D* such that dp+(z1, z2) < 2log(1 + «/5), we have

V5
2

llog |z2|| < [logz1]l.
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Proof. If we set x = —log|z2| > 0 and d = dp«(z1, 22), then from Lemma 5.5(i) we have
that

d
x2 +log |z1] (2+sinh2 (5))x +1log? |z1] < 0. (24)

Thus, x_ < —log|z2| < x4, where x4 are, respectively, the two (positive) zeros for x of
the left-hand side of (24). This provides lower and upper bounds for — log |z>|, but we are
only interested in the upper one:

1 d d d 3 5
Xy = @ (2 + sinh? <§> + sinh <5> sinh? <§> +4) < +2\/—|10g|Z1 I,

where we have used that d < 2log(1 + +/2) implies sinh(d/2) < 1. O

Proof of Lemma 5.2. In the proof we set d = dp+(z1, z2). To prove this result we have to
deal with two different cases.
(1) If |z2| = |z1], then from Lemma 5.5(iii) we have

. d
21 — 22| < v/2|z2]|log |21 ]| sinh (5) .

From here, the expression below follows:
. d . d
|21 — 22| ( 1 = V2[log |21 || sinh 5)) = V2|z1|llog z1]| sinh 5

We point out that from the hypotheses on the statement we have that cosh(d/2) < +/2.
Thus, using the mean value theorem we deduce

d d\ d 1
«/§|log|zl|| sinh (5) < «/§|log|zl||cosh <§> 5 < |log|z1lld < ﬁ

From here, we obtain

2
lz1 — 22| <

T V2-1

@ii) If |z1] > |z2|, again applying Lemma 5.5(iii) and Corollary 5.6, we obtain

d 3 5 d
|21 — 22| < V2|z1][log |22 || sinh <§> = J:/%/—Imllloglmll sinh (5)

The proof ends by again applying the mean value theorem. O

. d
|21 Illog |21 || sinh <§> _
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