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ASYMPTOTIC STABILITY FOR TWO-DIMENSIONAL BOUSSINESQ
SYSTEMS AROUND THE COUETTE FLOW IN A FINITE CHANNEL

NADER MASMOUDI, CUILI ZHAI, AND WEIREN ZHAO

ABSTRACT. In this paper, we study the asymptotic stability for the two-dimensional Navier-
Stokes Boussinesq system around the Couette flow with small viscosity v and small thermal
diffusion g in a finite channel. In particular, we prove that if the initial velocity and initial
temperature (vin, pin) satisfies ||vin — (y,0)||Hgy < gomin{v, ,u}% and ||pin — 1HH;L§ <
e1 min{v, u}% for some small €o,e1 independent of v, u, then for the solution of the two-

dimensional Navier-Stokes Boussinesq system, the velocity remains within O(min{v, u}%)

of the Couette flow, and approaches to Couette flow as t — oo; the temperature remains
11

within O(min{v, 1} 12) of the constant 1, and approaches to 1 as t — oo.

1. INTRODUCTION

In this paper, we consider the two-dimensional Navier-Stokes Boussinesq system in a finite
channel Q = {(z,y) 1z €T,y € (-1,1)}:

o +v-Vu—vAv+ VP = —pges
(1.1) Op+v-Vp—pulAp=0, V-v=0,
' v(t,z,£1) = (£1,0), p(t,z,£1) = cp,
U(07$7y) = ’Uin(xyy)v p(07$7y) = pzn(xyy)v

where v is the viscosity coefficient and p is the thermal diffusivity, v(¢, z,y) = (v',v?) is the

two-dimensional velocity field, P(t,z,y) is the pressure, p is the temperature, g = 1 is the

normalized gravitational constant and e = (0,1) is the unit vector in the vertical direction.

The boundary condition in (LI]) means that the fluid is moving together with the boundary

and the temperature is fixed at the boundary. Let us also normalize ¢y = 1 for simplicity.
The system (L.I)) has a flowing steady state

(12) US = (y70)7 pS = 17 pS = y + C.

Now we introduce the perturbation: v = u+(y,0), P = p+ps and p = 0+ ps, then (u,p,0)
satisfies

u2

atu+y8xu+< 0 )+u'Vu—yAu+Vp:—< 2 ),
(1.3) 00+ y0,0+u-VO—puAd=0, V-u=0,

u(t,z,£1) =0, 6(t,x,+£1) =0,

U(0,$,y) = uin($7y)) 0(07$7y) = ezn($7y)

We also introduce the vorticity w = V x u = d,u! — d,u?, which satisfies

Oww + yorw + u - Vw — vAw = —0,.0,
(1.4) 010 + 90,0 +u - VO — uAf = 0,
U = VJ_Q/) = (6y¢7 _aw¢)) Aﬂ) = Ww.
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Note that we can not impose the boundary condition on the vorticity, which is the main
difficulty of this paper.

Before stating our main result, let us first recall previous works about the stability of
flowing steady states. The linear inviscid two-dimensional Boussinesq system with shear
flows has been extensively studied starting from the works of Taylor [I8], Goldstein [12] and
Synge [I7]. We also refer to the book of Lin [13]. The system (L3)) is well studied in the
infinite channel case T x R. We can refer to [5, 10], 22, 23], 24]. The best stability threshold
result when v = p is

(1.5) lwinllirs < ev%, 1inlars < ev, [||1Do]50in] s < e,

with s > 1, which was proved by Deng, Wu and Zhang [10]. The mechanisms leading to
stability are the so-called inviscid damping and enhanced dissipation, which are well studied
for the Navier-Stokes system around Couette flow which we will introduce later. Without
thermal diffusion, Masmoudi, Said-Houari and Zhao [14] considered the Navier-Stokes Boussi-
nesq system with no heat diffusion in the thermal equation, and they studied the stability of
Couette flow for the initial data perturbation in Gevrey—% for % < s <1 in the domain T x R.
For the Euler Boussinesq system v = pu = 0, the global well-posedness for large data is an
open problem. In [2I], Yang and Lin proved the linear inviscid damping for the linearized
two-dimensional Euler Boussinesq system which is generalized in [6]. The nonlinear inviscid
damping for large time is studied by Bedrossian, Bianchini, Coti Zelati and Dolce [1].

In this paper, we mainly study the boundary effect due to the non-slip boundary condition
on the velocity.

Our main result is stated as follows.

Theorem 1.1. Suppose that (u,0) solves the system (L3) with the initial data (wip,0in).
Then there exist constants vg and €g,e1,C > 0 independent of v, i so that if

[winll 2 < £ min{v, 1}2,

16l 111 + (1D 0inl g1 < £1 min{, u} 12,

for some sufficiently small €9,e1, 0 < min{v, u} < vy, then the solution (u,0) is global in
time and satisfies the following stability estimates:

1 1 1 1
”(1 - ’y‘)QwHZ?]:LILE + ”@cuHZf}'LlL% + |HDI‘QUHZ§<>]:L1L§<> +vi H‘D:c’2wHfoL1L§

< Ce¢ min{u,,u}%,

and
1 1 2 ) u

HH”E;’O]-'Lng + ”’Dx‘ﬁe”Z?]:LlL% + ps H‘Dw,SHHZf]:LILg < Ceymin{v, pu}iz,
where Hf”ff]—'Lng = kZG:ZkaHLng and fy = 5= [ f(z)e"*®dx is the Fourier transform of f
i the x direction and k is the wave number.

Remark 1.2. The function space Ef]:Lng 1s of the same spirit as the Chemin-Lerner’s
Besov space [g].

Remark 1.3. The asymptotic stability holds for the initial perturbation satisfying

—~ _ ~ . 1
S N@inkllz + D K0y Bin il 2 < Ceomin{v, p}2,
kEZ keZ\{0}
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and

11

imolle + % K58kl 12 < Corminy, p} 2.
keZ\{0}

Remark 1.4. The estimate ||0yul|72 z1,2 s due to the inviscid damping and the estimates
t y

V%H\Dx]%wHZQley and M%H]DI\%HHngLlLQ are due to the enhanced dissipation.
t y t Y

Remark 1.5. Compared to [10], when v = pu, the interpolation of Sobolev spaces gives that
the stability threshold is actually more restrictive than the one in our paper. In [10], an
extra smallness on lower frequencies is required, namely ||0;,||gs < ev. The key point of
improvement is that we are able to control the buoyancy term and nonlocal terms in the
temperature equation by avoiding discussing the different sizes of 0 in different frequencies.

Remark 1.6. If 0;, =0, v = u, Theorem [11] is consistent with the Navier-Stokes result in
[9]. We also remark that the stability problem of two-dimensional Couette flow has previously
been investigated. One may refer to [3, 4 [I5], [16] for infinite channel case, and to |2, 9] for
finite channel case. In this paper, the linear estimates of the velocity and the vorticity can
be obtained by the same method as [9], and in order to shorten this paper, we will use some
linear estimates from [9] as a black box.

Remark 1.7. For the Navier-Stokes result, the restriction on the size of perturbations for
1
the asymptotic stability is v2 which was obtained in [9] due to the boundary effect. Without

boundary, it is expected that the stability threshold is V3 for perturbations in some higher
reqularity Sobolev spaces [15]. By modifying the time-dependent multiplier of [15] and treating
the bouyancy term as in this paper, one can obtain that for the system (L4) in T x R, the
asymptotic stability holds for larger initial perturbations, namely,

1
HwiTLHHS < €0 min{l/, M}gv

1 . 2
10in |l s + [/ D | 50in || s < €1 minfw, p}3,
with some s large.

In order to control the buoyancy term, in section [, we obtain the precise estimates of 6 by
decomposing the system of # into inhomogeneous problem and homogeneous problem. For
the homogeneous part, we can obtain the sharp bound by using the Gearhart-Priiss lemma in
[20]. And for the inhomogeneous part, we obtain Proposition by some resolvent estimates
which were obtained in section & of [9] with the Navier-slip boundary condition. Finally, in
section [3] we will mainly give the proof of the nonlinear stability.

2. SPACE-TIME ESTIMATES OF THE LINEARIZED BOUSSINESQ EQUATIONS

In this section, we establish the space-time estimates of the linearized two-dimensional
Boussinesq equation. By taking the Fourier transform in x € T, we have

O(t,x,y) = Zekty”m w(t,xz,y) = Zwkty”m u(t,z,y) = Zuktylkx
keZ kEZ keZ

And for convenience, we suppress the index k in 0y, Wy, Uy,.
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2.1. Space-time estimates for the vorticity. Let us first study the following system for
k £ 0:
1) {at@ +v(0] — KW+ iky® = —ikf' — 0, %, wli—o = Bin(k,y),
W = Oyu' —iku?, u(t,k,+£1)=0.
We also introduce the space-time norm:
12 za = [[I1f @) a1, [| 1o gy -
Let us introduce the following estimate for (Z1I).

Proposition 2.1. (Proposition 6.1 in [9].) Let 0 < v < vy and @ be a solution of (Z1]) with
Win € HY(—1,1) and f', f? € L2L?, where ©;, satisfies (Wi, e™™¥) = 0. Then there exists a
constant C > 0 independent of v, k so that

ell[lF e e + R2N32 2 + R Z (@132 2 + (1 = [y]) 230 2
< O(|1Bmllfz + k210, @inlF2) + C (v 2 kI T2 + v 172 r2)-
2.2. Space-time estimates for 6. First of all, we consider the linearized equation:
(2.2) 00 — (92 — k)0 + ikyd = —ikg" — 9y9%, Olio = Oin, Olymsr = 0.

By the standard energy estimates for 5, we can easily get the following proposition, which
is important for the estimates of high frequency of 6.

Proposition 2.2. Let 6 be a solution of Z2) with 8;, € L*(—1,1) and g*,¢* € L*L2. Then
there exists a constant C > 0 independent in wu,k so that

1017 12 + 1k?(10] 722 + ull0y811 722 < Cr™ (llg" 17212 + 1917 212) + 18in72-
Proof. Taking L? inner product between (2.2 and 6, we get
(00, 0) — (95 = *)8,0) + (iky0,0) = (~ikg" — 3,9°,0).
By taking the real part and integration by parts in the above equality, we obtain

1d ~ ~ ~ ~ ~
§a\l9\liz + 1| 0,0172 + uk?||0]172 < Cligll2l1k8] 2 + Cllg®|l L2110,8]l .2
1 ~ _ 1 ~ _
< RO + CpighITe + g ulldyfl e + Cr g |IZe-
Thus by integrating in time, we have
7112 2119112 2112 —1(11,1112 2112 22
101702 + 1k (017212 + p1l| 040l 7212 < Ca (Hg 7202 +1lg ”L2L2) + [10in |72
g

In order to deal with the buoyancy term 0,6 in the vorticity equation, we also need to give
the following estimates about 6.
First, we decompose 0 = 0; + 0, where 0; solves

(2.3) 001 — (0 — k)07 + ikyf; = —ikg' — dyg%, Orli—o =0, Ofy—s1 = 0,
and §H solves
(2.4) 00 — w02 — k)0 + ikl = 0, Opli—0 = Oin, Oprly—s1 = 0.

For the homogeneous part §H, by using transport diffusion structure and the Gearhart-
Priiss type lemma with sharp bound [20], we use the following estimates.
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Lemma 2.3. (Lemma 6.3 in [9].) Let 8, € L2(—=1,1). Then for any k € Z, there exist
constants C,c > 0 independent of u, k such that

[l 2 < et M) G o
Moreover, for any |k| > 1,
(uk*)3 6117212 < CllOun72-
For the inhomogeneous part, considering the system
(2.5) —u(02 — kO +ik(y — N\)O = F, ©(%1) =0,

we have the following sharp resolvent estimates for the linearized operator, which is very
important for the space-time estimates of 6;.

Lemma 2.4. (Proposition 3.1 and Proposition 3.3 in [0].) Let © € H2(—1,1) be a solution
of [B3) with A € R. Then it holds for F € L?(—1,1),

20010 1A ~
w3 k|3 10y0llz2 + (k)3 (O] 2 + [kl (y = MOz < CIIF| 2,
and for F € H71(-1,1),
~ 2 1~
pll0yOll 2 + p3[k[5 1O L2 < ClIF|| g1

Proposition 2.5. Let 0; be a solution of @3)). Then there ezists a constant C' > 0 inde-
pendent of u, k such that

1~ ~ _1 4 —
(uk?) 511011722 + 10117002 < C (5 R[5 g T2 2 + 1 g% 72 L2)-

Proof. Now we use the resolvent estimates in Lemma [2.4] to obtain the semigroup estimates.
By taking the Fourier transform in ¢:

o~ +m o~ .
B\ kyy) — / b1 (t, &, y)e " dt,
0

. +OO . .
GOk = [ ket =12,
0
we get that from (2.3)),
(2.6) (iX = p(D5 = k%) + iky)(\ by y) = —ikG (N kyy) = 9,GP (A b, y).

Using Plancherel’s theorem, we know that
oo -
| B0t ~ [ 1F)E

|19 @~ [ 167N, 5 =12
We further decompose 51 = 551) + §§2)7 where 551) and 552) solve
(iA = (02 — k) + k)0 (A, b y) = =ik G (A b, ), 07 =1 = 0,
(X — (02 — k2) + iky)0 (A k. y) = —0,G2(\, k), 0 =1 = 0.
By Lemma 2.4] we get

1
(k?)5 185 (V)2 < CIEG (V)] 12,
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and
2,1
3518 (W) 12 < CIG2ON) || 2.

Then, by Plancherel’s theorem, we have

1~ g ?
()3 10222 ~ Gek®)3 100 gz ],
9 2
- o1 (i) 6%
< 2(uk )3<( 18 (V)| 2 LZ(R)+\H91 M2 LQ(R)>
9 2

< 2\ 1 2y—1 1 -3 3 2

< Ok ([ () 316G Wl [, + [ F N2, )

14 1 2 “HG? :

=Cu s |k|3 ‘IIG (Ml z2 LQ(R)JFC“ HHG ()‘)”LQ‘ L2(R)

1,4 _
~ w3 kIS g e + 1T G2 T e
Next we estimate ||§1||L00L2. Notice that
1~ .
SOOrIZ2 + pllDy0rl[Z + k1611172
= Re((0y — p(0] — k%) + iky)0r, 0r)
= Re(—ikg" — 9,4°, §I> = Re( —ik(g", §I> + (92,8y§1>>
< |klllg*ll 21011l 2 + 9% 211901 | 2.
which gives
A ~ ~ 14 1 _
0161172 + 1ll0yOrl 72 + 2uk? (16112 < 173 [k|5 19" 172 + (k)3 1611172 + 1 g2 172

As @\I!tzo = 0, this shows that

~ t 1 4 1~ —
18:(8)1172 < /0 (651K g ()12 + (k) 3101 (5)]32 + ™ g (5)]132 ) ds

14 1 _

< w3 kIS 19 e e + (k?) 51101l 72 2 + 17 9?72 2
14 _

< Cu73Ikl3lg 22 + 1M 9% F2r2)-

Thus, we get
2112 Lt 12 —1y,2)12
101l e 2 < C3 kI3 g (17202 + 1 [lg7 117 22)-
This completes the proof of Proposition O

Thus, combining Lemma 23] and Proposition 2.5, we immediately obtain the following
space-time estimates of 6.

Proposition 2.6. Let 6 be a solution of Z2) with 8;, € L*(—1,1) and g*,¢? € L2L2. Then
there exists a constant C > 0 independent in u,k such that

~ 1~ ~ 1 4 _
01 2 + (21832 < 18inl32 + C (8 W1 g 220+ 07 6P 2,2 ).
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3. NONLINEAR STABILITY

In this section, we prove Theorem [[.Il Due to the buoyancy term 9,0 in the equation of

1
the vorticity, we need to estimate |||D,|s6(t)||z2 in order to control the buoyancy term. In
fact, for the two-dimensional Boussinesq equation, the global existence of smooth solution is

well-known for the data u;, € H*(Q), 0, € H'(Q) and |Dm|%0m € H'(Q). The main interest
of Theorem [I.1]is the stability estimates

(3.1) ZEk < Cepmin{v, ,u}2 ZHk < Cep min{v, ,u}l_z
keZ keZ

Here Eo = ||@o|| o2 and Hy = ||| e r2, and for k # 0,
1 ~ L~ 2L~
Ep = ||(1 = [y])2 Wkl poc 2 + [K[l[Uk || L2 22 + [k2 |Gkl oo oo + (VE) 3 || Wk | 212,
and
1~ L1~
Hy, = |k[5 ][0k || oo 2 + 18 |K|2 |0k L2 12

And we can get the following estimates, which along with bootstrap arguments, then we can
easily deduce the estimates (3.1).

Proposition 3.1. There hold that, for k # 0,

. _ . _1 11
(3.2) B < || @i kllz2 + 1k~ 10y @inkll 2 + Cv™2 > EEg_y + Cv™ap” o Hy,
=
and
~ _1
(3.3) By < |@inollze +Cv™2 Y EE_.
1€7)\{0}
For Hy, there holds that
~ _1 _2
(3.4) Ho < |\ Oimollze + 172 > I 3EH_,.
1€7\{0}
For k # 0, there hold that
1. for uk® <1,
1,0~ _1 1 _ 5
(35)  Hy Sk implle + 172 Y ErHyy + v 5 2 > EyHy—y;
lez 1€Z\{0,k},|k—1| <&
2. for uk? > 1,
(3.6) Hi S KI5 0imgell 2 + 02 Y EyHyy + v~ 5 p 31 By Ho,
leZ

Proof. Proof of (3.2]). Denoting wy(t,y) = 5- fT (t,z,y)e”**dx and

fety) =Y a1 (ty)Brai(t,y), fElty) =D 07t y)Dei(t,y),

leZ €T
we have

(3.7) (0 — (02 — k?) + iky) Wk (t,y) = —ikb(t,y) — ikfi(t,y) — D, fE (L y).
It follows from Proposition [2.1] that

_1 1~ _1 1 _1
By < C (v AR Bl oge + v 3 I |l poe + v fR o 2 )
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(3.8) + (1D gl 22 + 161 10y @i e 2
As in [9], we get that for k # 0,
R 2
‘ a(t,y) wp GV
1
(U= lyD)? [l opee fwel-ry 119l ||,
| [} 0.3 (¢, z)dz|? | [, 0.3 (¢, z)dz|?
= ||max{ sup , S
yel0,1] L -yl ye[-1,0] L — |yl Lt

< 40,822 = Ak I3 e < 4B},
From which, we infer that, for k € Z,
i (t,y)

1
1— 1)} 1L = [y))2 @pillpoor <2 EvEgy,
-y

L2 leZ

(3.9) 1f7ll 2z < Z

IEZ

and
£l r2re < gl ool @l r2r2 + Nk 2poo | @oll ooz + > 18] 1o Loo 1@kl 2 2.
1€7\{0,k}
Thanks to |||k — 1| 2 |k|(l # 0,k), we have
R . 1 1 1
> bl roe | Braillzzre S Y T2 Ew ik — 1|2 By
1eZ\{0,k} 1eZ\{0,k}
< k72v7a Z E By,
1€Z\{0,k}

and

R R . R . R _1

186 | oo oo | @l p2r2 + g |l p2roe |@ol oo re S N@oll oo 2| @kl p2re S (vE*) ™3 By Eo.
This shows that

(3.10) I fillzre S (VR?)~ ZElEk I-
ez

Thus, by (3.8), (3.9) and (3.10), we obtain that
_ 1A o~ 1 1
By, < || @ k|2 + K70y @in gl L2 + Cv™2 Y BiEyy+ Cv™ap~ o Hy,.

IEZ
Proof of B3.3)). Due to divu = 0, we have u3(t,y) = 0. By Py(u'd,u') = 0, we have
Optig(t,y) — vOLty(ty) = — Y G;(t, )yl (t,y)
leZ\{0}
(3.11) == ) @ty oty = —f5ty).
1€7)\{0}

By integration by parts in (3.11]), we get
1 =N ~ I
(00— vORih, ~028) = 00,303 + VIO = (f3. 02)

which gives

Q0o ()72 + vI05ue (1) |72 < CrHIfE(E w1z,
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from which, along with 8, (t,y) = @o(t,y), we infer that
(3.12) Ef = |[@o[| 700 2 < Cv 1 fg (6 9) 1722 + [|1@ino]172-
Thus, by using (3.9), we obtain
. _1
Ep < Hwin,OHLz +Cvr™ 2 Z EE_;.

leZ\{0}
Proof of ([B.4)). Similarly, we can derive the evolution equation of b,
(3.13) 000 — 0200 = — > 9,(uf_))(t,y) = —0,53(t.y).
leZ\{0}

Similarly as the estimate of Fy, we get that by integration by parts in (313)),

(3.14) Hg = [|60]1 700 2 + ullyb0ll7212 < CrHlgo (t )72 2 + 1Binmol 72
By using the Gagliardo-Nirenberg inequality and 8,u; = —ikiy, we have
(3.15) il 2pe < ClE|2[[Uil|Z2 2 Ukl 2p2 < ClEIT2 Ej.

And then, we obtain
. ~ 1 1
g3l 212 < Z 17 || 2 poe 10-tll o2 S Z 2| =175 B Hy
lez\{0} lez\{0}
(3.16) < S SEHL
1€7\{0}

Thus, from B.I4) and (3I6]), we have

. ) ,
Ho < | Oimollge + 172 > I 3EH_,.
1eZ\{0}

In order to control the nonlinear term ||gi||z2z2, during the estimates of Hy, we need to
divide them into the low frequency part uk? < 1 and the hlgh frequency part pk? > 1.
Proof of ([B.5]). First, we can derive the evolution equations of 9k(t Y) = 5= fT (t,z,y)e " dg.
Denoting

=@ (Y0t y), gity) =Y Gt Yokt y),
=7 Iz

we have that 8, (t,y) satisfies,

(3.17) (0 — (D} = k) + iky)Bu(t, y) = —ikgi(t,y) — Dygi(t.y).

For puk? < 1, it follows from Proposition that

(3.18) Hy. < |l# Bin,p 2 + C (175 K[ gkl o2 + 13 K[ 11g7 | 22 ).
On the one hand, by using 4% = 0 and (B.I5]), we have that for k # 0,

lg?l 22 < N7 llcero [Bollimore + D [l opo 10koill o
1€Z\{0,k}
<K 2EHo+ Y. 73k~ U S EHy
1€Z\{0,k}
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1 _1
(3.19) < |k[T2ERHo + k75 Y EH.
1eZ\{0,k}

On the other hand, for g,i and k # 0, by using Gagliardo-Nirenberg inequality, we have

. PR PO _1,.,_3
(3.20) gl 2o < Cllugllf2 100Ukl 22 < CvT5 K71 E,

and then we obtain that

lgall 22 < ol oo roe 0kl por + @k popoe B0l poere + D~ 1N Oill 22

1€Z\{0,k}
—~ -~ 1,3 ~ o~
< |[@oll Lo 2|0kl 22 + v k|73 Bkl 0ol oo 2 + Z 12 Ol 1212
1€7\{0,k}
(3.21) < S|k EoHy + v sk T E o+ Y @il pase
1€Z\{0,k}

To estimate ) |]’1Il1§k_lH 1212, we divide it into two parts and get that

1€Z\{0,k}
> M@ Oeillrere < > 12} 6—il 212 + > [ O—il 212
1eZ\{0,k} 1€Z\{0,k},[k—1| <Lkl 1€Z\{0,k},[k—1|> 141
g1, + 1L,
whereas by (3:20),
HL < > 112 | £2 100 10—l poo 1.2
1€Z\{0,k},[k—1|<L&]
S DR 2 | iU (2 o7 A
1€2\{0,k},|[k—1|< 14!
(3.22) Sy Y BHw,
lEZ\{(]’k}"k_l‘S@
and
LH < > [ty [[ oo oo 10—l 22
1€Z\{0,k},[k—1|> 141
S Y TRk B
1€Z\{0,k}, | k—1]> 1]
(3.23) SuelklTE Y B

1€Z\{0,k},[k—1|> 2]
And then, substituting (3.22) and (3:23) into (B.21I]), we get
1 1 1 3
lgtll o2 < p™5|k| 72 EgHy, + v 5 |k| 1 By Ho

(3.24) + o5 |k > E\Hy—; + p5|k| "2 > EiHjy.
1€Z\{0,k},[k—1| <& 1€Z\{0,k},[k—1| > 4!
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Thus, combining (3.I8), (3.19) and (3:24)), we get that for k¥ # 0 and pk? <1,
1 _1 11 111
Hy, S|k | Oingellre + 072 Y EyHe_y+ p73|k|3 EgHy + v 5 75 k|12 By Hy

1€7\{0}
1 1 1
TS k| 3 EHy_; + 1 3|k[3 3 EH,_,
1€Z\{0,k},[k—1| < K] 12\ {0,k},|k—1]> 4]
1 _1 1 _s
§|k7|6||92n,k||[,2 + ZZElHk—l‘i’V su~ 2 EpHy
1€z
5 1
FuTEp T Z EHp 1 +p 2 Z EyHy—
1€Z\{0,k},|k—1|< &l 12\ {0,k},[k—1] > L&]
PN _1 1 _s5
S KIS |0kl 22 + 172 ZElHk—l +vspT 2 Z EH,_,.
ez 1EZ\ {0,k }, |k —1]< 4]

Proof of B.8). For pk? > 1, it follows from Proposition 2.2 that
1~ 1 1~
Hy, < |k|o]|0k]| oo 12 + K] o (1k?) 2 (|04 ]| L2 2
1~ R
(3.25) < KI5 |0in,gll 22 + Cr 2Kl (lggll 22 + 197l z222).-
For gi and k # 0, by (B8:20), we obtain

lgdll 22 < ol Lo roe 10kl oz + @k peroe B0l oere + D 1) Ok—ill 22

1€Z\{0,k}
~ ~ 1,3 ~ PPN
S | @ol|poe 2|0kl 22 + v 8 k|74 Eg[|60]| oo 22 + Z 12 O]l 1212
1€Z\{0,k}
(3.26) S TSk BoH + v s KT BeHo + Y [ fe-illzne.
1€Z\{0,k}

Whereas for the term .7, 1o 1 ||a11§k—l||L2L27 we can obtain that by using |||k —1]| = |k|(l #
0,k),

Yo l@beillere Y N} llzeenoe 10k—ill o2

1€Z\{0,k} 1€Z\{0,k}
< Y Bk - TRy
1eZ\{0,k}
SpTRTE Y BiHy.
1€Z\{0,k}
And then, we obtain
(327)  lghllzre S p oIkl 2 EoHy + v sk T EH + Sk TE Y Bl
1eZ\{0,k}

Thus, combining (3.25)), (19) and 3:27), we get that for & # 0 and pk? > 1,
1, = 1 2 1 1 1 7
Hy, S |k[6 | Oingell 2 + 072 > EyHy_y + p3|k| "3 EgHy, + v~ 8 =2 k|12 By Hy
leZ

21
+uTEkTE Y EHy
1€2\{0,k}
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1A _1 _1 1 s _1
S 1k[6 |0 ll2 + 12 ZElHk—l +p 2EgHy + v 8p 2By Hy + ™2 Z EyHy_
leZ 1€Z\{0,k}

510, -1 1 5
5 |k|6||9in,k||L2 +po2 ZElHk—l + v 8u 21 E Hy.
lez

This completes the proof of Proposition B.11 O
Now we prove Theorem [Tl From (3.3]) and (8.2)), we deduce

S B <Y N@imulze + Y k0 @in il 2

keZ keZ keZ\{0}

(3.28) + v Y N BB +Cvins Y H
k€EZ lEZ kezZ\{0}

And by the fact that

ZHk:H()-I- Z Hp + Z Hy,

kez kezZ\{0},pk?<1 keZ\{0},uk2>1

combining ([34]), (B.3) and (B.6]), we can deduce that

~ 1A 1
> Hi SllOmolize + D kIS 10imkllre +172> > EiHe

keZ keZ\ {0} keZ 1T
(3.29) + V_%/f% Z ZEka_l + V_%/L_% Z ELHy.
keZ\{0},uk2<1 IEZ keZ\{0},uk2>1

On the other hand, it is easy to verify that from ||| g2 < eo min{v, ,u}% and ||0in |l +
1 . 1
11Dz |50in| g1 < &1 min{v, p} 1z,

~ — ~ . 1
S @inallze + 2 K0, @on il < Czomingv,
keZ keZ\{0}

and

~ 1~ . 1
1Binollz + Y 1k|o )0 kllz2 < Cermin{w, p}rz.
kezZ\{0}

Thus, for eg,e1 suitably small, by bootstrap arguments, we can deduce from (B.28)) and

B:29) that

Z E, < Cep min{y,,u}%, ZHk < Cg min{l/,,u}%.
keZ keZ

This completes the proof of Theorem [I.11 O
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