TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 319, Number 2, June 1990

ASYMPTOTIC STABILITY OF PLANAR RAREFACTION WAVES
FOR VISCOUS CONSERVATION LAWS IN SEVERAL DIMENSIONS

ZHOUPING XIN

ABSTRACT. This paper concerns the large time behavior toward planar rarefac-
tion waves of the solutions for scalar viscous conservation laws in several di-
mensions. It is shown that a planar rarefaction wave is nonlinearly stable in
the sense that it is an asymptotic attractor for the viscous conservation law.
This is proved by using a stability result of rarefaction wave for scalar viscous

conservation laws in one dimension and an elementary Lz-energy method.

0. INTRODUCTION

We will establish the asymptotic stability of planar rarefaction waves for
scalar viscous conservation laws in two or more space dimensions. We consider
n-dimensional scalar viscous conservation laws of the form

n n
(1) u,+Z(fi(u))xi = Z L xeR", t>0,
i=1

i,j=1

where u € R! , A= (aq j) , called the viscosity matrix, is a constant positive
definite matrix, and we assume that all the flux functions are smooth (say in
C") and equation (1) is genuinely nonlinear in the x,-direction [8], i.e., for a
fixed constant a > 0,

(2) fwza.

The initial data for equation (1) is

(3) u(x, 0) = uy(x)
satisfying

(4) xll—ivr:ibloo ”u(-xl y ) — ui”Lw(R"—') =0,

where u,, u_ < u_, are two constants. A planar rarefaction wave (in X,-
direction) u’(xl , 1) is a solution of the following initial value problem for the
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806 ZHOUPING XIN

corresponding inviscid equation

(5) u+(fiw), =0, xR, >0,
(6) u(x,, 0) = MS(XI),
where uy(x,) satisfies
. r d .,
(7) x,liToo ug(x,) =u,, and E“o("n) >0, ae.

1
Since any rarefaction waves of (5) with same end states are time asymptotically
equivalent (i.e., they converge to each other in L®-norm as ¢ tends to infinity
[6]), for definiteness, we will study a smooth rarefaction wave u’(x1 , 1) of (5)
with initial data ug(x,) which satisfies

2
(8) Ei—ug(xl) >0, and %ug(x,)
1 xl

d 1
< kod—xlu‘r)(x')’ vx, €R

for some positive constant k;,. Then our main result in this paper is the fol-
lowing stability theorem.

Theorem 1. Suppose that u'(xl , 1) is a smooth planar rarefaction wave with

initial data ug(xl) eC "(Rl) satisfying (8). Then there exists a constant & such
that if

(9) l4g(+) = s ()| g1 gy < 6
then problem (1), (3) has a global smooth solution u(x,t) satisfying
(10) Jim fluC-, ) =4’ )l o pry = 0.

Remark 1. For the case that a; ;=4 j(u) , it can be shown by checking our fol-
lowing proof that Theorem 1 still holds under the assumption that the strength
of the wave, u,_ —u_, is small.

Remark 2. The choice of x -direction is no loss of generality, since we can
reduce a general situation to this case by a suitable change of coordinates.

Remark 3. In the following, we will only give a proof of Theorem 1 for the case
n = 2, since the proof for n > 2 is identical.

Remark 4. In Theorem 1, we have no restriction on the strength of the planar
rarefaction wave, this is in constrast to the complementary case of the stability
of viscous scalar shock fronts in several dimensions [3] which is proved for
weak waves only.

The proof of Theorem 1 is based on a stability result of rarefaction waves
for scalar viscous conservation laws in one dimension and an elementary L*-
energy method. The one dimension stability of expansion waves for scalar
viscous conservation laws was first established by II'in and Oleinik [4] based on
a maximum principle. Another approach using the semigroup argument was
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PLANAR RAREFACTION WAVES FOR VISCOUS CONSERVATION LAWS 807

given in [1]. Our proof of multidimension stability in Theorem 1 has more in
common with the proof of stability of weak rarefaction waves for systems of
viscous hyperbolic conservation laws in one dimension which has recently been
studied by many authors (see [12, 13, 7, 9, 10]).

The rest of the paper is organized as follows. In §1, by making use of a
stability result for rarefaction wave in one space dimension, we can construct
a planar solution U(x,, t) for equation (1) which approximates the smooth
rarefaction wave u’(xl , t); see Lemma 2. Then, we write the solution u(x, ¢)
of (1), (3) as a perturbation of U(x,, t) and reduce the proof of Theorem 1 to
the energy estimates on the difference between u(x, t) and U(x,, ?). The basic
stability estimate and higher order estimates are given in §2 and §3. Finally,
we study the existence and large time behavior of the solution of (1), (3) by
applying the a priori estimate derived in §3.

1. PRELIMINARIES

We begin by considering the following Cauchy problem:

{ U+(HU), =a,U, ., x€R, >0,

U(x,,0) = uy(x,).

(11)

Noting that a;, > 0 and (7), by the nonlinear stability of rarefaction waves for
scalar conservation laws in one space dimension (see [4, 1]), we see that there
exists a unique global (in time) smooth solution U(x,, ¢) to (11) which has
the centered rarefaction wave of (5) determined by data (u_, u,) as a time
asymptotic state in L*°-norm. Since all rarefaction waves of (5) with the same
end states are time asymptotically equivalent in L°°-norm, we have

lim |U(-, ) —u'(-, D)l oo gty = 0-

t— oo
Furthermore, if we denote le (x,,t) by w(x,, t), then w(x,, t) satisfies
2
(12) w,+f,J(U)wX| +fl”(U)w =a,w, -
Since w(x,, 0) = (“S(xl))x, > 0 by (8), it follows from a maximum principle

that U(x,, t) is strictly increasing in x, for each fixed 1 >0, i.e,

w(xl,t)=aixlU(xl,z)>o, vx, €R', 1> 0.

In other words, this says that the characteristic fields corresponding to the solu-
tion U(x,, ) of (11) is expansive, i.e.,

9
5;1[/{(0()(,,:))] >0, Vx €R', r>0.

We list some properties of U(x,, ) in the following lemma which we will use
later.
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808 ZHOUPING XIN

Lemma 2. The Cauchy problem (11) has a unique smooth solution U(x,, t)
satisfying:
(13) (1) [l_l}’&“U(, t)_ur(" t)”L°°(R')=O'

(14) (ii) aixlU(xl,t)>O, vx, €R', 1>0.

(iil) There exists a positive constant K = K (k) such that

32

ZSU(x,, 1) gkiu(xl,z), vx, €R', 1>0.

dx, 9x
Proof. We have already proved (i) and (ii). For (iii), we differentiate (12) with
respect to x, and set ¢ = W, s then we get

¢+ K)o, +3f’(U wo+ (U’ =a, 4,

(15)

thus ; , ,
$ = a9, + LU, +3/ (U)wp=—f"(V)w

If we define a linear parabolic differential operator L by

2
(16) L= gt a“662+f(U +3f(U
then
(17) L(¢) = —f" (U’

On other hand, we get from (12) that for any constant C
(Cw), + [LWU)(Cw), + £ (U)C w’ = a,(Cw),

so that

(18) L(Cw) =2Cf'(Uyw’

We now choose |C| = K so large that
l 1
K > max{ k,, — max |/ (U)w]| } .
{0 2ax|€R'| l( ) |}

We note that we can take K < oo, since it can be proved that
”w("t)”LOO(Rl) SMO’ for alltzO,
where

L™(R")
which is a finite constant by our assumption. To see this, let M(¢) be the
solution of the following problem

d
My = e, Ol = | 75669
1

M) +aM(n’ =0, M(©O)=M

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



PLANAR RAREFACTION WAVES FOR VISCOUS CONSERVATION LAWS 809

where a is the positive constant in (2). Then we have that 0 < M(¢) < M.
Using (2), it is easy to check that M(¢) is an upper solution for nonlinear
parabolic equation (12). Consequently we have

lw(-, Ol gy < M(t) < M,, forallz>0.

It follows from this and (17), (18) that
L(-Kw) = = 2K f"(U)w® < —=2Kaw® < —(f" (U)w)w’
= L(¢) < 2Kaw’ < 2K f'(U)yw’ = L(Kw).

Since we also have |¢(x,, 0)] < kyw(x,,0) < Kw(x,, 0) by (8), thus by a
comparison theorem for a parabolic equation (cf. [11]), we have

|$(x,, )] < Kw(x,, 1), VYx, €R', 1>0.

This completes the proof of (iii). We remark that (iii) also can be proved by
the argument given in [14]. O

By (i) in Lemma 1, we see that, in order to prove Theorem 1, it would
suffice to show that the smooth expansive planar wave U (x,, t) is an asymptotic
attractor for the equation (1). Thus we will consider the solutions of (1), (3)
in a neighborhood of U(x,, t). As we will see later, the advantage of using
U(x,, t) instead of u'(xl , 1) is that U(x,, t) is an exact solution of (1) and
this will enable us quite easily to estimate some terms which do not decay in
X,-direction.

Now, we suppose that u(x,, x,, t) is a solution of (1), (3). We decompose
the solution as

(19) u(x,, %, 1) = Uy, )+ V(x,, Xy, 1).

It follows from (11) and (9) that the Cauchy problem (1), (3) is equivalent to
the following initial value problem:

2
(20)  Vi+ (O +1QU, V)l + (KU V), = 3 a, ¥,

i, j=1
1) V(x,, xp, 0) = Vy(x,, x,) = (%, X,) — uh(x,) € H (R,

where Q(U, V)= f{(U+V) - f(U) —fl(U)V satisfying |Q(U, V)| < cv?
for some constant C > 0 if |V| is small enough. Then, we need only to show
that the Cauchy problem (20), (21) has a smooth global solution, which tends
to zero as ¢ approaches infinity uniformly with respect to x; and X, . This is
an initial value problem for a parabolic equation with initial data in HZ(Rz) ,
so the local (in time) existence of solution is standard, and in order to get the
global existence and large time behavior, we will need an a priori estimate on
the solution of (20), (21). For this, we first define the solution space for (20) by

(22) X0, T)={$(x,, x,, ) €C(0, T; H); ¢, ¢, €L*0, T;H")}
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810 ZHOUPING XIN

with T > 0. We suppose that the solution V(x,, x,, t) of (20), (21) belongs
to X(0, T) for some T >0 and set

(23) N = sup V0 Ollyge
1€[0,1]

In what follows, we always assume that N(7') < ¢, for some positive constant
¢, - The desired a priori estimate on V' will be derived in the following sections.

2. BASIC ESTIMATE

In this section we derive the basic L’-energy estimate on V(x,, x,). For
ease of notation, in what follows we will use ||| to denote the norm in Lz(Rz)
and [[[ the triple integral over [0, f]xR* unless otherwise stated. Multiplying
(20) by V' and integrating over [0, t] X R’ gives

%||V(~, n|I* + /// V[j:(U)V]XI dx dx,dt
+// View, Vi, dx,dx,dt
(24) +/// VAU + V)], dx, dx,dt

2||V , 0l +///Vza V dxldxzd‘r

i,j=1

Each term in (24) will be estimated separately as follows. First, by assumption
that 4 = (a;)) is positive definite, we see that there exists a constant b > 0
such that

(25) ///VZaU Vir dx dxyd7 < b/||(V V) , 0| dt

i,j=1

as follows from integrating by parts. Next, taking into account (2) and (14), we
may integrate by parts twice to get

/// VAUV, dx, dxyde < —]//f,(U)VVXI dx, dx,dt

1
(26) = E// [/ (U)), V*dx, dx,dz
> %// U, V2 (x,. %, 0)dx, dx, dt.

To estimate the third term on the left-hand side of (24), we write Q(U, V') =
g(U, V)V2 , here g(U, V) is a smooth bounded function by the Taylor for-
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PLANAR RAREFACTION WAVES FOR VISCOUS CONSERVATION LAWS 811

mula. Thus, integration by parts leads to

// VIQU, V)1, dxldx2d1=—///g(U, Vv, dx, dx,dt

o /// V’/3) dxldx2d1+///gv ", V/3) dx,d,

<Cisup|Vi(x,, x,,t |///U v:dx ydx,dr

+Cz///|Vx,V |dx, dx,dt

for some positive constants C, and C,, where the sup is taken over [0, ¢] x

R?. We treat the last term on the right-hand side of (27) as follows: for fixed
(x,, x5, t), we have by Cauchy inequality that

5 X, a ) +oo
Vix,, x,, t) = (—9;—V(xl,x2,t)dxl§2 |VVx||dxl
—00 1 —o0

< 2”V(” Xy T)”LZ(R')“VXI(°, X, "T)”LZ(R') >

consequently

///|VXIV3|dx]dx2d1=///|Vle|V2dxldx2dr

< 2//[“V(, Xy T)”LZ(RI)”I/XI(.’ Xy T)“LZ(R‘)/lVV;Ildxlldxz dt

(28) 2 2
< 2// V(s xy Ol Ve (X, Ol 2w dx, dt
<2 sw Ve Ol [ 1%,60R
0<1<t, x,€R
and so
// ViQU, V)]X. dx, dx,dt
(29) < Cisup|[V(x,, x,, t)l/// le v? dx, dx,drt
t
2
+2C, sup |V, x21)||Lz(R.)/ “V)ﬁ(°’ 1)”2 dt.
Ogrgt.xzekl 0

Finally, we estimate the last term on the left-hand side of (24). Since U does
not depend on Xx,, we may get after integrating by parts several times that

/// VILWU + V)], dx dx,dt = ///f;(U+ VIVV, dx dx,dt
- %// LU+ VY, dx dx,dt

! AU + V)V3V dx, dx,dt,
6 2 X, 1 2
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812 ZHOUPING XIN
consequently

// VAW + V)], dx, dx, dx §C3///|VVXZ|V2dedx2dt

for some positive constant C, . Therefore, in a similar way as for the estimate
(28), we have

/// VAU + V)], dx, dx,dt

t

2 2

<2 swp V0 Ol [ IV O
0<t<t,x €R 0

(30)

Collecting all the estimates (24), (25), (26), (29) and (30) together, we arrive at
the following lemma.

Lemma 3. There exist positive constants ¢, (i =1, 2) and C, depending only
on the flux functions and viscosity matrix, such that if

(31) sup Vi(x,, Xy, ) <e,
OStSt,(xl,xz)eR2

2 2
(32) sup [sup Vix,, -, T)||L2(R|) + sup ||V (-, x5, T)”Lz(Rn) <e,,
0<t<t | x,€R! x,ER'
then, for all t € [0, T], we have
2 2
e o+ [[[ 10,V e 5. ndx, dx, e

(33) , 2 2
s [0 v o de< v, o

Next, we notice that the conditions (31) and (32) will be satisfied if N(T) is
suitably small. In fact, it follows from Sobolev inequality that there exists an
absolute constant Cj, such that

(34) sup Vi(x,, x,, )] < CsN(T).
0<t<t, (x,, x,)ER?

To estimate the left-hand side of (32), we set
2
0(x,, 1) =IV(-, x5, Dll2my»
then

0 0 2
O(x,, 1) < /‘a—xzﬁ(xz,t)‘ dx2=/’a—xz/V (x,, x,, 1)dx,| dx,

S

< NY(T).

2 2
(x| > Xps t)dx| dx2 < “V(’ [)” + “V:"z(’ t)”

Thus

2 2
(35) sup [V (-, x5, D2y <N (T).
0<1<1, x,€R!
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Similarly

2 2
(36) sup “V(xl » T)"LZ(R') < NY(T).
0<t<t,x,€R’

As a consequence of (34)-(36) and Lemma 3, we arrive at the following basic
a priori estimate

Proposition 4 (a priori estimate). There exist positive constants é, (< ¢&,) and
C, independent of T, such that if N(T) < é,, then the basic energy estimate
(33) holds.

3. HIGHER ESTIMATES

In this section we will establish energy estimates on higher order derivatives of
U, which will yield a time uniform estimate on U with which we can obtain the
global existence of solution by a standard continuity argument. These estimates
will be derived by making use of the basic estimate (33). First, we estimate the
first derivative of U and we have

Lemma 5. There exists a constant C_ > 0 such that if N(T) < d,, then

e, “H (R?) ///|U s (X, Xy, 1)dx dx,dt

# [ 10, V) Dy 47 < GV O

Proof. Since the estimate on V is similar to but somewhat easier than that
on V , we will only derive the estimate on V . For this, we differentiate (20)
with respect to x,, multiply the resulting equatlon by V and integrate over

[O,t]xR . We find

(37)

. z>||2+b/ 1V, Vi ) DI
<2V, (. 0 +V//V L[V, dx, dx,d

’ ’/// Vo[, V)l , dx, dx,dt
" ‘/// VAU + V)], dx, dx, dx].

We now estimate the last three terms on the right-hand side of (38). (In what
follows, we will denote by C any positive constant which does not depend on

N

(38)
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814 ZHOUPING XIN

T'.) First, using integration by parts and Cauchy inequality, we can get
(39) | / / VAWV, dx, dx,dt) = ‘ / / / V, LUV, dx, dx,dr
B U// Ve L (DU V + f(U)V, 1dx, dx, d
b [ , 2
< [Wealdeec [[[1, 7, 5, 0dx, dx,de
0 272 X,

t
+ [, ¢l dr.
0 1

Continuing,

o) |[[[ vitew. v, dndxde =| ][ Veltv v dxax,ae
SC//flezleC|UXI|V2+VZ‘VX,|+|VVX|I)dX1dX2dT
<? 'IIV ¢, Ol dt+C U Vix,, x,, 1) dx, dx, dz
T 6o R X 1> %2> 19X,

t
2
+C [0 dr,

where we have used estimate (34) and the assumption N(T) <¢,. In a similar
way, one can obtain

‘/// Vs, [~ + V)]xzx2 dx dx,dt
/// VXZ":’,;(U+ V)sz dx dx,dt

t !
<2 [ ol de+c [y, oortdr.
0 - 0

(41) =

It follows from (38)—(41) that

t
2
I e OF 6 [ 00V, V) 0N do
(42) <V, (O +C U/ U, V2%, x,, 1) dx, doxy de
! 2
+ [0 e o]
Similar estimate holds for Vx, . Now, the lemma follows from (42) and Propo-

sition 4. O
Next, we estimate the second derivatives of V.
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Lemma 6. If N(T) < 4,, then

(43) 10V, o) + / S0V, Dl de

=2 Ja]=3

< gV, o) +c[// |U, |V (x,, x,, )dx, dx,dt

|a|=2
! 2
# [0 V)6 M ]

Proof. We first estimate V. Differentiating (20) twice with respect to x;
and multiplying the resultmg equatlon by V , we find

Vx X {V:Y Xt + (fJ(U)V]XM’le +Q(U, V)'xlxlx [fZ(U * V)]x XX }

2
Z U xx, XXX

i,j=1

Integrating the above equation over [0, ] x R’ , we find after some manipula-
tions and integration by parts that

LA Y N A AN T
< 5o O+ [[[ Vi AU+ P, dx dxyde
+ / / / V, 0 [QU. V)], , dx, dx, de
- /// VX.X: [/I(U)V]xlx,x, dx dx,dr.
We denote the last three terms on the right-hand side of (44) by I, I, and I,

respectively. I, can be estimated quite easily as before, indeed, it follows from
Cauchy inequality that

I = /// Vx,xlxI[fZ(U+V)]x2x, dx, dx,dt
= [[[ Vomulbsw + Vi, + H WUy,
+15( U+V)Vx|Vx2]dxldx2dr
! 2
<o [ O T+ CO0 [, DI 15, 0
+C(u)// |VX1| |Vx2| (X, x,, 1)dx, dx, d,

where x is a small positive constant to be chosen later. By Sobolev inequality,
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we have

///lellleX’[(xl,xz, t)dx, dx,dt
< [/ M,

(45) X[V, o (5 Xy Oll 2 IV, (5 X ‘[)Hiz(kl)] dx,dr
! 2
seaf [ coonras [ IV, O e

t t
SCA,/O ||Vxlxl(-,r)||2dt+CA|B|2/0 1V, 0l de.

where
2
A = sup ||Vx|(-, Xy Dll2wyy s
0<1<T, x,€R'
2
B, = sup ||VX7(~, Xy s 1)||L2(R|).
0<t<T.x,eR' °
Consequently
t t
2 2 2
L$x [ W0 de+ CON+ 8] [V, 0, P e

€00 [V, (0 e+ ClL00A, [ 1V, 6ol de.

Next, we estimate I, . Straightforward calculation gives

125/// Ve e [QU, V)], dx dx,dt
: C/// |Vxlxlx1| [|UX1|2V2 + |Ux. Vx||V2 + IUXI Vx, Vi

2 2.2 2 2
HV VW VI VIV VIV 4 V] ] dx dxy de

- /// sV, V)Vxlxlxl lexl VZ dxl de dr,

where g(U, V) is a smooth function. By Cauchy inequality, (34) and the
assumption N(7T) < ¢, one can verify that

(47)
t
L<n [ 1V, o0l dr
0 1
t
+C(u){// U, IV2(x,, Xy, 1) dx, dx, dr +/0 1V, ¢ Ol gy 47
+// |V\','4(’xl , Xy, T)dx, dx, d‘t}

+///g(U, VIV, oo U Vdx dx,dx,
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where x is as before. We now follow the similar argument as in (45) to show
4
(48) // Ve | Xy Xy, 7) dox, dx, de
! 2 3 [ 2
<ca, [ W ool dercd [y, conikds.

By using (iii) of Lemma 2 and (34), we can estimate the last integral on the
right-hand side of (47) as follows:

///g(U V)VXXXU V dx,dx,dt

// lg(U, V)| xxxl(kU )V dx,dx,drt

<x/ W, . ol de

+ C(u)// |le|V2(xl , Xy, 1)dx dx,dt,

(49)

so that
(50) I, <2u/ 1V, v, ¢, 0’ dt
+ C(») {// llele(xl , Xy, B)dx, dx,dt

t
3 2
+(1+ A,)/O 17, (. Ol gy 4

t
2
(e [0, oo de)
Finally we estimate ;.

) n=- [[[ v @, dxdxde
e s
< C///l el |IV|+|UXII/X|I+IV:V1X||+IUX|X|V'] dxl dx2d1.'

<2n/ 1V, 0x (2 DIt

+ C(x) {///|U)‘1|V2(xl Xy, dx, dx,dt
! 2 ! 2
# [0 M+ [ o

where we have used Cauchy inequality and (iii) of Lemma 2 as in the estimate
of I,.
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We notice that in a similar way as in the proof of (35) and (36) one can check
that

XXy

2 2
4y < sup [V, ¢ 0l +17, G O] S N,
(52) 0<1<T
2 2 2
B = sup [IV, (. P + 11V, 0IF] < N1
0<7<T ‘ e

Thus, if we now choose » = b/8, then it follows from (44), (46) and (50)-(52)
that for N(T) <4,

t
W o OF 48 [ 10, Vi) 01
<V, ol [ [[[ 10,1720 5. 0dx, dxyds

4
2
+/0 1V, s V) Cs Ol ey A7

Similar estimates hold for VXW and me. Thus the proof of Lemma 6 is
considered complete. O

Combining Lemma 6 with Proposition 5, we have proved the following time-
uniform estimate

Proposition 7 (time-uniform estimate). There exists constant C, > 0 indepen-
dent of T, such that if N(T) < d,, then for t € [0, T}, it holds that

VG O + // U V2%, %y 1) dx, doxy e
(53) , 2 2
+ [ V)6 Dl 47 < IV Ol

4. ASYMPTOTIC BEHAVIOR
The global existence of unique solutions for problem (20), (21) and its large
time behavior is an immediate consequence of Proposition 6. Indeed, combin-
ing the standard theory of the existence and uniqueness of the local (in time)
solution for parabolic equations with the time-uniform estimate (53), one can
extend the local solution for (20), (21) globally by the usual continuity process
and show that the estimate (53) holds forever (cf. [5, 3, 2]). Thus we have

Proposition 8. There exist positive constants § (< d,) and C, such that if
i, O)Hilz(kz) = |luy(+) - u()(')“i,z(kz) < 4, then the initial value problem (20),
(21) has a unique global solution V € X(0, +oo0) satisfying

+00
2 1/2
sup V(. Ol + [ 10

(54) 120 '

V(- 0l di

+00 5
[0 Dl 4T < CVE Ol
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To complete the proof of Theorem 1, by Proposition 8 and (i) of Lemma 2,
it suffices to show that

(55) ,Einoo Ve, t)”L°°(R2) =0.

In order to prove (55), first, we have from the inequality (54) and the equation
(20) that

+oo i} 2
L0 v e o + [, v o]} d < oo,
from which it follows
(56) Jim 1V Ve ol =o.
On the other hand, we can get
(57) VG Doy S 20V DIV G DI+ 20V, G DIV, ¢ Dl

In fact, for any fixed (x,, x,, ) € R’ xR" , we have
5 Xy a 5 +0o0
Vix,, x,, 1) = 2/ WV (X, Xy, D)dx, < 2/ |V|Vx||(xl » Xy, 1) dx,
—00 1 —00
2 2
< ”V(’ Xy, t)”LZ(R') + ”VxI( » Xo s t)”LZ(R') s
thus
2 2
WV, t)||2‘§(kz) < sup [V (-, x,, Dl 2Rty + sup ||Vx|(-, Xy, Dl -
x,ER' x,€R’
Furthermore we have by using Cauchy inequality that
sup ||V (-, x,, t)||L 2Rl = sup / % —=IV(, x,, t)||Lz(R. dx,
xZeR
SZ/AZIVIIKZI(x.,xz,t)dx,, dx,
<2V Es Dlliv G, 0l
Similarly, one may get

2
sup |V, (-, %, Dl < 21V, 5 0l ¢ 0l
xzeR

and (57) is proved. It follows from (56) and (57) that (55) holds, therefore
we have the desired asymptotic behavior (10). This completes the proof of
Theorem 1. 0O
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