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Abstract: The aim of this work is to study the asymptotic stability of the time-changed stochastic delay
differential equations (SDDEs) with Markovian switching. Some sufficient conditions for the asymptotic
stability of solutions to the time-changed SDDEs are presented. In contrast to the asymptotic stability in
existing articles, we present the new results on the stability of solutions to time-changed SDDEs, which is
driven by time-changed Brownian motion. Finally, an example is given to demonstrate the effectiveness of
the main results.
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1 Introduction

The research on stochastic differential equations (SDEs) plays an important role in modeling dynamic
system areas, such as physics, economics and finance, biological and so forth. Recently, the qualitative
study of the solution of SDEs has received much attention. Particularly, the stability of SDEs has been
considered widely by many researchers [1-4]. It is well known that time delay is unavoidable in practice,
then the corresponding stochastic delay differential equations (SDDEs) are used more widely in systems. It
considers the effects of past behaviors imposed to the current status. The stability results of SDDEs we have
mentioned here can be found in [5-8]. The delay term has main influence on the stability of SDDEs. It could
be regarded as a perturbation to the stable systems, or may be the delay part has a stabilizing effect as well
[8]. Jump system is a new type of SDE with Markovian switching [9-12]. In practice, the system can switch
from one mode to another randomly, and the switching between the modes is governed by a Markov
process. SDDE with Markovian switching is a kind of hybrid system, including both the logical switching
mode and the state of system. It is used widely in many applied areas such as neural networks, traffic
control model, and so on.

Very recently, Chlebak et al. [13] considered a sub-diffusion process in Hilbert space and the associated
fractional Fokker-Planck-Kolmogorov equations. The process is connected with a limit process arising from
continuous-time random walks. In fact, the limit process is a time-changed Lévy process, which is the first
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hitting time process of certain stable subordinator (see [14,15] for details). The existence and stability of
SDEs driven by time-changed Brownian motion attracted lot of attention. Wu [16] established the time-
changed It6 formula of time-changed SDE, and the stability analysis is investigated. Subsequently, Nane
and Ni [17,18] established the It6 formula for time-changed Lévy noise, then discussed the asymptotic
stability and path stability for the solution of time-changed SDEs with jump, respectively. And in [19],
we considered the exponential stability for the time-changed stochastic functional differential equations
with Markov switching.

Motivated strongly by the above, in this paper, we will study the stability of time-changed SDDEs with
Markovian switching. By applying the time-changed Itd formula and Lyapunov function, we present
the LaSalle-Type theorem [6,12] of the time-changed SDDEs with Markovian switching. More precisely,
we consider the following SDDEs driven by time-changed Brownian motions:

dx(t) = p(t, Eq, r(t), x(t), x(t — T))dt + f(¢, E, r(t), x(t), x(t — 1))dE; + g(¢, E¢, r(t), x(¢), x(t — 1))dBg, (1.1)

on t > 0 with initial data {x(f) : -1 <0< 0}=¢¢ C}O([—T, 0]; R™, where p, f, g are appropriately speci-
fied later.

In the remaining parts of this paper, further needed concepts and related background are presented in
Section 2. In Section 3, the main stability results of the time-changed SDDEs with Markovian switching are
given. Finally, an example is given to illustrate the effectiveness of the main results.

2 Preliminary

Throughout this paper, let (Q, 7, {Z };.0, P) be a complete probability space with the filtration {% };.0,
which satisfies the usual conditions (i.e., {Z };.¢ is right continuous and .# contains all the P-null sets in #).
Let {U(t)};»0 be a right continuous with left limit (RCLL) increasing Lévy process that is called a subordinator.
In particular, a B-stable subordinator is a strictly increasing process denoted by Us(t) and characterized by
Laplace transform

E[exp(-sUs(t))] = exp(-tsP), s>0, Be(0,1).
For an adapted f-stable subordinator Ug(t), define its generalized inverse as
E = Ef = inf{s > 0 : Us(s) > t},

which is called the first hitting time process. And E; is continuous since Ug(t) is strictly increasing.

Let B; be a standard Brownian motion independent of E;, define the filtration as

F=N{o[B,: 0 <r<s|volE :r=>0]}
s>t

where 07 V 0, denotes the o-algebra generated by the union of o-algebras 0; and 05. It concludes that the
time-changed Brownian motion B, is a square integrable martingale with respect to the filtration {Zg }»o.
And its quadratic variation satisfies (Bg,, Bg,) = E; [20].

Let Bg, = (Bé[,...,Bg'[’) be an m-dimensional Brownian motion defined on the probability space. If
K c R", let d(x, K) = inf,cx|x — y| be the distance from x € R" to K. If w is a real-valued function on R",
then its kernel is expressed by ker(w) = {x € R" : w(x) = 0}. We also denote by L'(R,, R ) the family of all
functions r : R, — R, such that I:;Or(t)dt < 00, I:Or(t)dEt < oo and I:Or(t)dU(t) < 0o.

Letr(t), t > 0 be aright continuous Markov chain on the probability space taking values in a finite state
space S = {1, 2,..., N} with generator ' = (V)nxn by

A + o(A) ifi+j,

Pir(t +8) =jlr() = i} = {1 + 1A+ o(d) ifi=j
ij R
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where A > 0, y; is the transition rate from i to j if i # j and y; = -}, ;) We assume that the Markov chain
r(t) is independent of Brownian motion, it is well known that almost each sample path of r(t) is a right-
continuous step function.

LetCLL2(R, x R, x R™ x S; R,) denote the family of all continuous nonnegative functions V (¢, E, x(t), i)
defined on R, x R, x R" x S, such that for each i € S, they are continuously once differentiable in ¢
and E; and twice differentiable in x. For each V ¢ CM2(R, x R, x R" x S; R,), define the Itd operator
LV: R, xR, xR"xR"xS) >R, (I=1,2) by

N
L\V(t, E, x,y,1) = Vi(t, E¢, x, 1) + Vi(¢, Ep, x, D)p(t, E¢, X, ¥, 1) + ZyijV(t, E:, x,j)
j=1

and

LZV(t5 Eta X, ys l) = VE,(ts Et, X, l) + I/X(ts E[y X, l)f(t7 E[s X, y’ l) + %trace[gT‘/Xx(ts Et: X, l)g(t’ Et) X, y5 l)]a

where
~ OV(t, E;,x, 1) . oV (t, E;, x, 1)
Vi(t, E;, x, 1) = ————">"2>,  Vg(t, E, x,1) = ———>—"~=
t(t, Ey, X, 1) o E(t, Et, X, 1) aE,
. . AT
Vi(t, Eo x, 1) = aV(t, E, x, 1), oV(t, E;, x, 1) - oV(t, E;, x, 1)
ax 0% Xy
and

: .
Vialt, Eov ) = (—a e B x, ’)) .
nxn

0X;0X,

At first, we introduce the important generalized time-changed It6 formula convenient for the subse-
quent stochastic calculation.

Lemma 2.1. (The generalized time-changed Itd formula) [19] Suppose that Us(t) is a -stable subordinator
and E; is its associated inverse subordinator. Let x(t) be a Fg, adapted process defined in (1.1). If

V:R,xR,xR"xS — R isaC'2R, x R, x R" x S; R) function, then with probability one
t
V(t’ Et’ X(t)’ r(t)) = V(O’ O’ X0, r(O)) + ILIV(S’ ES’ X(S)’ X(S - T)’ r(s))ds
0

t

+ IL2V(S, E, x(s), x(s — 1), r(s))dE;
Ot

+ JVx(s, Es, x(s), 1(s))g(s, Es, x(s), x(s = T), r(s))dB,
0

t
N II[V(S, Ex, X(5), o + h(r(s), 1)) — Vs, Es, x(s), r(s))]u(ds, dI),
0O R

where u(ds, dl) = v(ds, dl) - m(dl)ds is a martingale measure.

In this paper, the following hypothesis is imposed on the coefficients p, f and g.
(H1) Both p,f: R, xR, XxR"xR"xS - R" and g: R; xR, x R" x R" x S — R™™ are Borel-measur-
able functions. They satisfy the local Lipschitz condition. That is, for each k = 1, 2,..., thereis ¢ > 0
such that
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|P(t, E[,X, ya l) _p(t’EtaY’Ya l)l \ V(t’Et’X’y’ l) _f(t’Et’Y’y’ 1)|
Vlg(t’Et’X’yy l) _g(t’Et,Y’y9 l)| < Ck(lx_)?l + |y_7|)

forallt >0,ie Sandx,y, X,y € R"with |[x|] v |y] v |X| V || < k. Moreover,
sup{lp(t, Et, i, 0, 0)| Vv |f(¢t, Et, i, 0, 0)| Vv |g(¢, E;, i, 0, 0)| : t > 0} < oo.
(H2) If x(t) is an RCLL and Zg,-adapted process, then
p(t, E¢, x(8), x(t = 1), 1(1)), f(t, Ep, x(0), x(t - 1), 1(1)), g(¢, E¢, x(8), X(t — 1), 1(1)) € L(FE),

where L(Z,) denotes the class of RCLL and Zg,-adapted process.
We will need the useful semimartingale convergence theorem, which is cited here as a lemma.

Lemma 2.2. (Semimartingale convergence theorem [3]) Let {A¢}¢=0 and {U}sso be two continuous adapted
increasing processes with Ag = Uy = 0 a.s. Let {M;};>¢ be a real-valued condition local martingale with My = 0O
a.s. Let & be a nonnegative #y-measurable random variable. Define

Xt=£+A[—Ut+M[ fOTtZO.

If X; is nonnegative, then

{lim A < oo} C {lim X; exists and is ﬁnite} n {lim U; < oo} a.s.,

t—o0 t—co t—o00
where B ¢ D a.s. means P(B n D) = 0. In particular, if lim;_,.,A; < oo a.s., then for almost all w € Q,

lim X,(w) exists and is finite, and lim Uy(w) < oo.

t—oo t—oo

3 Main results and discussion

In this section, we aim to establish the stability results of the system equation.

Theorem 3.1. Let conditions (H;) and (H,) hold. Assume that there are functions V € CLL2(R, x R, x R x
S,R.), 1y € LR, R,) and wy € C(R", R,), 1, j = 1, 2 such that

LiV(t, E, x,y, 1) < ri(t) + na(Ee) — wiu(x) + wip(y), (3.1)
LyV(t, Et, x,y, 1) < ma(t) + ma(Ee) — wa(x) + wa(y), (3.2)
wa(0) 2 wip(x), i=1,2 3.3)
and
lim inf V(t, E;, x, 1) = oo, (3.4)

|x|— 00 0<t<co

where (t, E¢, x, y,1) € R, x R, x R" x R" x S. Then Ker(w; - w,) # @ and

lim d(x(t; ¢), Ker(w; — wy)) = 0 a.s. (3.5)

t—o00
for every & € C}O([—T, 0]; R™), where w; = wy; + Wy, 1 =1, 2.

To prove this result, let us present an existence lemma at first.

Lemma 3.1. Under the conditions of Theorem 3.1, for any initial data{x(0) : -1 <0 <0} =¢& ¢ C}O([—T, 0]; R™),
equation (1.1) has a unique global solution.
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Proof. Under conditions (H;) and (H,), equation (1.1) has a unique maximal local solution x(¢) on
t € [-1, 0y) for any initial data {x(8) : -1 <6 <0} = &€ CL ([-7, 0]; R"), where o, is the explosion time
[15,21]. So we only need to show that g, = co a.s. For any k > 1, define the following stopping time

T = O A Inf{t € [[0, o [[:|x(t)| > k}.
By the generalized time-changed It6 formula in Lemma 2.1,
[EV(t A Ties Etng, X(t A 1), T(E A ‘rk))
AT tATK
— EV(0, 0, x(0), io) + E J LiV(s, Es, X(5), x(s — ), r())ds + E I LoV (s, Es, x(s), x(s - 7), r(6))dEs.
0 0
By using conditions (3.1) and (3.2), we can see that

EAT AT

f L,V (s, Es, x(s), x(s — 1), r(s))ds < _[ [11(8) + ra(Es) — win(x(s)) + wip(x(s — 7))]ds

tAT

[ru(s) + ra(Es)]ds + jw(x(s))ds - j [Wi(x(s)) — wia(x(s))]ds

-T 0

o_‘n

and

tATK tATE

j LoV (s, Es, x(5), (5 — 7, r(s))dEs < j [1a(S) + 1Es) — Wa(x(s)) + wan(x(s — T)IAEs

AT

[ra(S) + r(Es)IdE; + ij(x(s))dE j [Wa(x(s)) - wa(x(s)ldEs,

-T

oﬁ—.‘N o

where we extend E(s) to [T, 0) by setting E(s) = E(0), then

[EV(t A Tiey Etng, Xx(t A 1), T(E A Tk))
EATK ATk

EV(0, 0, x(0), io) + E _[ LV (s, Es, x(s), x(s — 1), r(s))ds + E I LLV(s, Es, x(s), X(s — 1), 1(s))dE,

t t

EV(0, 0, x(0), ip) + j[rn(s) + rp(E)]ds + j[m(s) + r(E9]dE, + jwlz(f(e))de N jwﬂ(f(s»dEs - A

0 0 -T

IN

This yields that

P <t) <- A —.
infisk,120,iesV (¢, Ep, X, 1)

Taking k — oo, we can see from (3.4) that P(t,, < t) = 0. Since t is arbitrary, it follows that P(1,, = c0) =1,
this completes the proof. O

Now, let us prove our main results.
Proof of Theorem 3.1. We divide the proof into three steps.

Step 1. For any ¢ and iy we write x(¢; iy, &) = x(t) for simply. It is well known that a continuous time Markov
chain r(t) with generator I = {yij},\;X n can be expressed as a stochastic integral with respect to a Poisson
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random measure. In fact, let A; be consecutive, left closed, right open intervals of the real line each having
length y; such that

N-1 N
A =10, )’12)y A3 = [)’12, Yo }’13), ey DNy = [Z Wijs Zylj],

=2 j=2

N N N N
Ay = lz}ﬁj’ Z)’l} + VZI]’ Ay = lzyu' + Voo ZYU +Vnt Y23]’ e

j=2 j=2 j=2 j=2

N N-1 N N
Aoy = lz)’u Y Ve dwt ) Yz]']
j=2

j=1,j#2 j=2 j=1,j#2

and so on. Define the function h: S x R - R by

. ] - i, if y € Aij’
h(,y) =
@) {O, otherwise.

Then dr(t) = IRh(r(t—), y)v(dt, dy) with initial condition r(0) = ry, where v(dt, dy) is a Poisson random
measure with intensity dt x m(dy), where m is the Lebesgue measure on R. In what follows, we use the
generalized time-changed It formula in Lemma 2.1: if V € C*%(R, x R, x R" x S; R_), then for any ¢ > O,

t
V(t, Et, x(t), r(t)) =V(0, 0, xq, r(0)) + J_LlV(s, Es, x(s), x(s — 1), r(s))ds
t 0
+ ILZV(S, E, x(s), x(s — 1), r(s))dE;
;
+ j‘/x(s, Es, x(s), 7(5))g (s, Es, x(s), x(s — 1), r(s))dB,

+

o'—‘w o

I[V(s, E;, x(s), io + h(r(s), D)) — V(s, E;, x(s), r(s))]u(ds, dI),
R

where u(ds, dl) = v(ds, dl) — m(dl)ds is a martingale measure. By using conditions (3.1) and (3.2), we can
see that

t

0 0
V(t, B x(), () < V(0, 0, £(0), 1(0)) + j WiE)ds + jw22(s<s>)dEs + j[m(s) + ma(Ey)lds

0
t

[ra(s) + ro(Es)]dEs - j [Wa(x(s)) — wia(x(s))]ds

0

+

t
[Wa(x(s)) — wa(x(s))|dEs + J.Vx(& Es, x(5))g(s, Es, x(s), x(s — 1), r(s))dBE,
0

+

|
O C— ~ O C— O C—

I[V(s, Eg, x(s), i + h(r(s), D)) — V(s, Es, x(s), r(s))]u(ds, dl).
R

Applying Lemma 2.2, the semimartingale convergence theorem yields that

lim supV(t, E;, x(t), r(t)) < co a.s. (3.6)
t—oo



620 —— Xiaozhi Zhang et al. DE GRUYTER

Moreover,

t t
E j [Wi(x(s)) — wia(x(s))]ds + E j[w21<x(s>> ~ Wax(s)ldE,
0 0]

< E[V(0, 0, §(0), r(0)) + jwlz('f(S))ds + }sz(i ($)dE;s | + T[rn(S) + ra(Es)]ds + T[rZI(S) + 1(Es)|dE;
N —r —‘r 0 0
Taking t — co we obtain that
[ET[WH(X(S)) = wip(x(s))]ds < oo, ET[Wzl(X(S)) - w(x(s))]dE; < oo,
0 0
this means
T[Wll(x(s)) = wip(x(s)]ds < oo, T[W21(X(S)) - wn(x(s)dEs < 0o ass. (3.7)
0 0

Step 2. If we set w = wy; — w,, where w; = wy; + wy;, i = 1, 2. Clearly, w € C(R", R ). It is straightforward to see
from (3.7) that

lim infw(x(t)) = 0 a.s. (3.8)
t—o00
We now claim that
lim w(x(t)) =0 a.s. (3.9)
t—oo

If it is false, then
P{lim supw(x(t)) > O} > 0;
t—o0

therefore, there exists a number € > 0 such that
P(Qy) = 3¢, (3.10)
where
Q= {lim supw(x(t)) > 28}.
t—o0
Since E; is continuous, by means of (3.6) and the continuity of both the solution x(t) and the function

V(t, E;, x, r(t)) [6,12], we can see that
sup V(t, E, x(t), r(t)) < oo a.s.

-T<t<oo
Define the function 4 : R, —» R, by
ulk) = inf V(t, E;, x,i) for k > 0.

|x|>k,0<t<c0,i€S
Clearly u(Jx(t)|) < V(t, E;, x(t), r(t)), hence,
sup u(lx(@®)]) < sup V(t, E;, r(t), x(t)) < co a.s.

—-T<t<oo —T<t<oo
On the other hand, by (3.4) we have

klim u(k) = oo.
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Therefore, it follows that

sup [x(t)] < co a.s. (3.11)

-T<t<oo

Since the initial data ¢ is bounded, we can find a positive number h sufficiently large, which depends on &,
satisfying |£(0)| < h for all -7 < 6 < 0 almost surely, while

P(Qy)=1-¢, (3.12)
where
Q, = { sup |x(t)| < h}.
-T<t<o0

It is easy to see from (3.10) and (3.12) that

P(Q; N Q) = 2e. (3.13)
In what follows, we define a sequence of stopping times,

oy =inf{t > 0 : w(x(t)) = 2¢e}, oy =inf{t >0y 1: wx(t)) =€}, i=1,2,...,
Oyiy1 = Inf{t > 0y : wx(t)) =2}, m=inf{t>0: |[x(t)|=h}, i=1,2,....

Throughout this paper we setinf@ = co, note from (3.8) and the definitions of Q; (i = 1, 2) thatifw € Q; N Q,,
then

Th(w) =00 and o0yw) < oo foralli>1. (3.14)

Let I be the indicator function of set A, by means of the fact that g,; < co whenever 0y_; < co and (3.8),
we obtain that

00> E I w(®)dt
0
= Z[E I{oz,-_1<oo,02i<oo,r;,:oo} .[ W(X(t))dt (315)

i=1
02i-1

M8

=€ [E[I{aﬁ,1<oo,r;,:oo}(0'2i - 03i-1)].

i=1

On the other hand, by the hypothesis (H;), there exists a constant K, such that
|P(t1’ t2’ X, Y, l)l \ If(tl’ t2, X, Y, l)l \ |g(tl) tZ’ X, Y, l)l < I<h)

whenever |x| v |y|] < h and t > 0. By the Holder inequality and the martingale property of the indefinite Itd
integral [3], one can compute that

E[Iy,n051<00 SUP [X(Th A (021 + 1)) = X(Th A 02i-1)P]
0<t<T

TA(02i-1+t)

< 3E| Loy 1<co SUP I p(s, Es, x(s), x(s — 1), r(s))ds

o<t<T
Ti\O2i-1

TA(Ozi-1+t) (3.16)
4 3E| Iy <o SUD j £(5, Es, x(5), x(5 — 7, r(s))dEs

0<t<T
Th\02i-1

TN (02i-1+t)

+ 3E| Iypoy <co SUD j g(s, Es, x(5), x(5 — 1), 1(s))dBp,
o<t<T

Th/\O2i-1
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T (02i-1+T)
< ITE|Typmcoo | 1p(S. B x(9), X(5 = 1), H©)Pds
ThA\ORi-1
TWA(02i-1+T)
F3TE Iy oo | 6B X(8), XG5 = ), 1(5DPAE,
Th\02i-1
TWA(02i-1+T)
+ 12E{ I n oy y<c0 I |g(s, Es, x(s), x(s — 1), r(s))|?dE;

Th/\02i-1

< 3Kﬁ[E|:T2 + (T + 4)(E02,-,1+T - EUzil)]‘

Since w(-) is continuous in R”, it must be uniformly continuous in the closed ball 5, = {x € R" : |x| < h}.
We can therefore choose § = 6(¢) > 0 so small that

|[w(x) - w(y)| <& whenever |x —y| < 8,x,y € S (3.17)
Furthermore, since E; is continuous at ¢t = 651, we choose T = T(e, §, h) > 0 sufficiently small such that
3KZE[T? + (T + 4)(Ey, i1 — Eoy.))] < 6%.
It follows from (3.16) that

3KZE[T? + (T + 4)(Ey, .1 — Es,
P({Th A 031 < 00} N {sup |X(Ty A (Gai1 + 1)) = X(Ty A 0i_1)| = 8}) < = [+ (T + 61( 01117 = Eoy.))] <e.
0<t<T

This yields that

P|{05i-1 < 00, T, = 00} N {SUP [x(02i-1 + t) — x(02i-1)| 2 5}]

0<t<T

P

{Th A 021 < 00, T, = 00} N {sup [X(Th A (02121 + 1)) = X(Th A 02i-1)] = 6}]
0<t<T

IN

Pl{T, A 03i_1 < 00} N {sup [x(m A (0221 + 1)) — X(Th A O2i_1)| = 6}] <e.

0<t<T

Recalling (3.17), we further compute

P|{03i_1 < 00, T = 00} N {sup [Wx(03i-1 + 1)) — w(x(02i-1))| < e}]

o<t<T

> P|{03i-1 < 00, T = 0o} N { sup |x(0zi-1 + t) — x(02i-1)| < 6
0<t<T (3.18)
> P01 < 00, Ty = 00} — P({02i-1 < 00, T = 00} N {SUP [x(03i-1 + t) — x(03i-1)| 2 5}]
o<t<T
> 2e—-¢€g=¢.

Set

Q; = { sup [w(x(0s_1 + t)) — w(x(02-1)| < 5}’
0<t<T

noting that

03(w) — 0yi_1(w) > T if w € {01 < 00, T, = 00} N Q,
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we can derive from (3.15) and (3.18) that

(o]
o0 > & Z[E[I{Uz,-,1<oo,rh:oo}(02i — 09i-1)]

—_

8

> & ) Ellig, 1<co,m=00}n0;(02i = 02i-1)]

=1
> €T Y P({03-1 < 00, Ty = 00} N Q)

it is a contradiction. So (3.9) must be hold.

Step 3. We first show that Ker(w) # &. Note from (3.9) and (3.11) that there exists a Qy ¢ Q with P(Qq) =1
such that

lim w(x(t, w)) =0 and sup |x(t, w)| < co for all w € Q. (3.19)

t—oo O<t<oo

Forany w € Qo, since {x(t, w)}o is bounded, there exists an increasing sequence {t;};-; such that {x(t;, w)};>1
converges to some y € R". Hence,

w(y) = tlirgo w(x(t, w)) = 0, (3.20)

which implies y € Ker(w), that is, Ker(w) + @.
Now, we claim that

lim d(x(t, w), Ker(w)) = 0 for all w € Q,. (3.21)

t— o0
If it is not true, there exist some @ € Qg such that

limsup d(x(t, @), Ker(w)) > 0;

t—oo
therefore, there is a subsequence {x(t;, @)};>1 of {x(t, @)}:»o such that
dx(t, w), Ker(w)) > e, Vix1,

for some £ > 0. Since {x(t;, @)};>1 is bounded, we can find a subsequence {x(f;, @)};>1, which converges to z.
Clearly, z € Ker(w), that is, w(z) > 0. However, from (3.19) we can see that

w(z) = lim w(x(&;, @)) = 0,

1—00

which contradicts with w(z) > 0. Hence, (3.21) holds and the required assertion (3.5) follows since P(Qo) = 1.
This completes the proof. O

Corollary 3.1. Let conditions (H,) and (H,) hold. Assume that there are functions V € C*%>(R, x R, x R"x
S,R,), 1y € L(R,, R,) and wj € C(R",R ), i,j = 1, 2 such that

LiV(t, E, x, y, 1) <m(t) + ma(Ep) — wi(x) + wip(y),
LV(t, Ei, x, ¥, ) < tn(t) + mo(Ep) — wa(x) + wy(y), (3.22)
wi(x) > wp(x), VYx+0,i=1,2

and

lim inf V(t, E;, x, 1) = co.

|x]—00 0<t<co
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Then

lim x(t; £) =0 a.s. (3.23)
t—o00
for every & € C5.([-T, 0]; RM.

Proof. By condition (3.22), x ¢ Ker(w; — w») if x # 0. On the other hand, from Theorem 2.1 we obtain that
Ker(w; — wy) # &, then it must be Ker(w; — w,) = {0}, and lim,_, . x(t; &) = 0 a.s. immediately. O

4 Controllability of linear stochastic differential system

Let us consider the following linear SDE with delay:

dx(t) = [A@r(Ox(®) + CUr(O)x(t - 7) + Dr(E)u(®)]dt + [FIr(O)x(t) + Gr(O)x(t - T)]dE;

+ 3 GO + NerOXE - DIdB(E) “-D
k=1

on t > 0 with the initial data é = {x(0) : -1 < 6 < 0} € Cf’;o([—‘r, 0]; R™ and r(0) = iy. Here u is an .%-mea-
surable and RP-value control law. For each r(t) = i € S, we write A(i) = A;. 4;, C;, E, Gi, My;, Ni; are alln x n
constant matrices and D; is an n x p matrix.

The aim of this study is to design a delay-independent feedback controller with the form u(t) =
H(r(t))x(t), such that the following closed-loop system of (4.1)

dx(t) = [Ar(O)x(t) + Cr(O)x(t - T) + Dr(t)Hr(O)x(B)]dt + [F(r()x(t) + Gr(O)x(t - 7)]dE;

m
+ Y [M(r()x(t) + N(r()x(t - 7)]dBi(Er)
k=1
becomes almost surely asymptotically stable. Here for each mode r(t) =i € S, H(i) = H; is a p x n matrix.

Lemma 4.1. (The Schur complement [22]) Let M, N, R be constant matrices with appropriate dimensions
such that R = RT > 0 and M = MT. Then M + NRINT < 0 iff

[M N]<0.
NT -R

(Here, as usual, by R = RT we mean R is a symmetric matrix while by R > 0 or R < 0 we mean R is a positive-
definite or negative matrix, respectively.)

Theorem 4.1. If the following linear matrix inequalities (LMIs)

P -C; P G:
Tll Qz i <0 and T21 Qz 1 < 0, iesS
cla -1 Gra; -1

have the solutions Q; and H; such that Q; = Ql-T > 0, where I is the n x n identity matrix and
N
Py = QA; + AT Qi + QD:H; + (D:H)TQ; + ZYHQI +1,
I=1

m m
Pyi=QF + F Qi + 2 ) M{QiMy; + 2 ) NiQiNii + I.
k=1 k=1

Then system (4.1) is almost surely asymptotically stable with the controller u(t) = H(r(t))x(t).
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Proof. Let V(x, i) = xTQx, then by the generalized time-changed It6 formula in Lemma 2.1,

N
LiV(x, y, i) = 27 Q(A; + DiHx + XTQiCy + X" Y y,Qux,
1=1
m

LV(x, y, 1) = 2 QFx + Gy] + kZ[Mkix + Ny " Qi Migx + Ny .
=1
Note that
2xTQAx = XT[QA + ATQ]x, 2x'QDHx = x'[QDH + (DH)TQ]x.
From the following inequality
" = x"QO0" - x'QC) = 0,
it follows that
27QCy = xTQCy + yTCTQx < yTy + xTQCCTQx.
Then
N
LV < XT[QiA; + AT Qilx + XT[QiD:H; + (D:H)TQilx + x"QiICCTQix + yTy + xT ZyﬂQlX

=1
< =wii(x) + wip(y),

where
wii(x) = I[Py = QCGCIQ; + Ix,  wpp(x) = xx.
By Lemma 4.1, P; + QiCiCIQ; < 0, it means that, -P; — Q;C;CfQ; > 0, so we obtain that
wni(x) = xTx = wp(x) > 0, Vx # 0.
Let wy1(x) = min;eswyyi(x), clearly wy(x) > wip(x) for x # 0. Furthermore, note that

[Mx + Ny]"Q[Mx + Ny] < 2xX’"MTQMx + 2y"NTQNy,

then
m m
LV < XT[QF + E'Qlx + yTy + X' QGG Qx + 2T ) M{QMyix + 2y" Y NiQiNwy
k=1 k=1
< =wai(X) + wa(y),
where
m
wai(X) = XT[—Pzi - QGG Qi + 1+ ZZNIZ;'QiNki]X
k=1
and

m
Wai(X) = XT[I + ZZN,(TiQiNki]x.

k=1
By Lemma 4.1, P + QGG Q; < 0, in other words, —P5 — Q;G;GIQ; > 0, so we obtain that
m
wai(x) > XT[I + ZZN,(T,-Q,-NM]X =wyi(x) >0, Vx+0.
k=1

Let wxn(x) = min;cswaxi(x), wap(x) = max;.swapi(x), then it is clear that wy(x) > wxp(x) for x # 0. Therefore,
the system is almost surely asymptotically stable with the controller designed above. O
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Remark. If the controller u(t) applies to the time-changed term dE;, then system (4.1) becomes the fol-
lowing system:

dx(t) = [Ar(Ox(t) + Cr(O(t - DIt + [F(r{E)x(t) + Gr(O)x(t — 7) + D(r(t)u(®)]dE,

+ S IO + NrOX(E — T)IdB(E. (42
k=1

In this case, we can also consider the asymptotic stability by means of the LMIs just renew P;; and P5; as
follows:

N
Pi=QA; + ATQ; + ZyﬂQl +1,
=1

m m
Py = QF; + F'Q; + QiDiH; + (DH)"Q; + 2 Y MEQiMi; + 2 Y N§QiNig + 1.
k=1 k=1

In what follows, we shall give an example to show the aforementioned results.

Example 4.1. Let r(t) be a right-continuous Markov chain taking values in S = {1, 2} with the generator

I'= (Vpaxa = [_11 _11]

Let B(t) be a one-dimensional Brownian motion independent of r(t). Now, let us consider the following
two-dimensional SDDE with Markovian switching as

dx(t) = [A@)x(t) + u(®)]dt + F(rt))x(t)dE; + N(r(t))x(t — 1)dBg, t=0, (4.3)

(-1 1 (-2 3 (11
Al‘(-z —3)’ Fl_(—3 —12)’ Nl_(l 0)’
(-1 -2 (-2 0 (10
Az‘(—l —3)’ Fz‘(—z —3)’ Nz‘(l 1)'

Next, let us design a feedback control u(t) = H(r(t))x(t) in order to guarantee the stability of system (4.3).
To the end, we set

where

2
Pi=QéA; + AT Qi + QH; + H'Q; + ZyﬂQ’ +1
=1

Py =QF + F Qi + 2N/ QiN; + I.
It is easy to verify that the LMIs
Py iCi Py; iGi
le Qz 1 <0 and T21 Qz i < 0’ icsS
CiQ -I G Q -I

have the solution

(5 2 (-3 4 (41 (-2 1
Ql = (2 1)7 Hl = ( 4 _9)3 QZ - (1 2)’ HZ = (_3 _1)-
Obviously, Q; and Q, are positive-definite and symmetric matrices. By Theorem 4.1, we can see that
equation (4.3) is almost surely asymptotically stable with the controller u(t) = H(r(t))x(t). When the initial
condition x(¢t) = col[1.1sin(t), 1.8 cos(t)] (t € [-T; O]), T = 2, r(0) = 1, Figure 1 shows the asymptotic beha-
vior in almost sure sense of the global solution for (4.3).
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Figure 1: Asymptotic behavior in almost sure sense of the solution for equation (4.3).

5 Conclusions

The SDDEs driven by time-changed Brownian motions is a new research area for recent years. In this work,
we have considered the asymptotic stability of the time-changed SDDEs with Markovian switching, by
expanding the time-changed It formula and the time-changed semi-martingale convergence theorem.
Our result generalizes that of SDDEs in the literature. Due to the more construction of SDDEs with time
change than the usual SDDEs, our result is not a trivial generalization.
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