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ASYMPTOTIC STABILITY OF THE WONHAM FILTER:
ERGODIC AND NONERGODIC SIGNALS*

PETER BAXENDALET, PAVEL CHIGANSKY*, AND ROBERT LIPTSER}

Abstract. The stability problem of the Wonham filter with respect to initial conditions is ad-
dressed. The case of ergodic signals is revisited in view of a gap in the classic work of H. Kunita
(1971). We give new bounds for the exponential stability rates, which do not depend on the ob-
servations. In the nonergodic case, the stability is implied by identifiability conditions, formulated
explicitly in terms of the transition intensities matrix and the observation structure.
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1. Introduction. The optimal filtering estimate of a signal from the record of
noisy observations is usually generated by a nonlinear recursive equation subject to
the signal a priori distribution. If the latter is unknown and the filtering equation is
initialized by an arbitrary initial distribution, the obtained estimate is suboptimal in
general. From an applications point of view, it is important to know whether such an
estimate becomes close to the optimal one at least after enough time elapses. This
property of filters to forget the initial conditions is far from being obvious and in fact
generally remains an open and challenging problem.

In this paper, we consider the filtering setting for signals with a finite state space.
Specifically, let X = (X;);>0 be a continuous time homogenecous Markov chain ob-
served via

t
(1.1) Yt:/ h(Xs)ds + oW,
0

with the Wiener process W = (W})¢>0, independent of X, some bounded function h,
and o # 0.

We assume that X; takes values in the finite alphabet S = {ay, ..., a,} and admits
several ergodic classes. Namely,

S= {a%,...,a}“,...,ai”,...,aﬁm },
S1 Sm
where the subalphabets Sq,...,S,, are noncommunicating in the sense that for any
i#jandt > s
(1.2) P(Xt S Sj‘Xs S Sz) =0.

So, unless m = 1, X; is a compound Markov chain with the transition intensities

*Received by the editors November 1, 2002; accepted for publication (in revised form) October
16, 2003; published electronically July 23, 2004.

http://www.siam.org/journals/sicon/43-2/41692.html

TDepartment of Mathematics, University of Southern California, Los Angeles, CA 90089-1113
(baxendal@math.usc.edu). The research of this author was supported by ONR grant N00014-96-1-
0413.

fDepartment of Electrical Engineering Systems, Tel Aviv University, 69978 Tel Aviv, Israel
(pavelm@eng.tau.ac.il, liptser@Qeng.tau.ac.il).

643



644 PETER BAXENDALE, PAVEL CHIGANSKY, AND ROBERT LIPTSER

matrix
A O 0
(1.3) A=| 0 A2 0

of m ergodic classes and is not ergodic itself.

The filtering problem consists in computation of the conditional distribution,

T (1) = P(X{ = a1|#5 ), -, 7 (n) = P(X{ = an|Z(gy),

where @[g 1l
tions (henceforth, the superscript v is used to emphasize that the distribution of X
is v).

The vector-valued random process 7} with entries 7} (1),...,7¢(n) is generated
by the Wonham filter [45] (see also [29, Chap. 9])

is the filtration, generated by {Y},0 < s < t} satisfying the usual condi-

Ty =V,

(14> Vo A%V -2 . v V[, _U\* v * U
dry = N*wydt + o~ (diag(n}) — m} (7)) )h(dY} — h*7ydt),

where diag(z) is the scalar matrix with the diagonal x € R™, h is the column vector

with entries h(ai),...,h(ay), and * is the transposition symbol. If v is unknown and
some other distribution § (on S) is used to initialize the filter, the “wrong” conditional
distribution 7/ is obtained:
Bv
T, =pf
(1.5) 0 ’

dr}” = A}V dt + o2 (diag(n)”) — 7)Y (7)) VW(dYy — b m)Y dt).

According to the intuitive notion of stability, given at the beginning of this section,
the filter defined in (1.5) is said to be asymptotically stable if

(1.6) lim E|x! — 70| =0,
t—o0
where || - || is the total variation norm.

If the state space of the Markov chain X consists of one ergodic class (m = 1),
our setting is in the framework studied by Ocone and Pardoux [35]. In this case, there
exists the unique invariant distribution u, so that

(1.7) Jim Sy — pl] = 0,

where S; is the semigroup corresponding to X and <y is an arbitrary probability
distribution on S. Moreover,

(18) lim /S 1S:f (@) — u(f)ldpa(z) = 0

t—oo
holds for any bounded f : S — R. So, it may seem that it remains only to assume
(1.9) v g

and allude to [35]. However, the proof of (1.6) given in [35] uses as its central argument
the uniqueness theorem for the stationary measure of the filtering process m; which
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appeared in the work of H. Kunita [22]. Unfortunately, the proof of this theorem
(Theorem 3.3 in [22]) contains a serious gap, as elaborated in the next section.

A different approach to the stability analysis of the filters for ergodic signals
was initiated by Delyon and Zeitouni [19]. The authors studied the top Lyapunov
exponent of the filtering equation

1 ’ "
Yo (3, 8" = tlirgo i log ||m ¥ — 0 “|l, 8" and 3" distributions on S,

and showed that v, (3, 8”) < 0 too when A and h satisfy certain conditions. Moreover,
the filter is found to be stable in the low signal-to-noise regime: lim, . 7, (3, 8”) <
R[Am2x(A)] with A™2*(A) being the eigenvalue of A with the largest nonzero real part.

These results were further extended by Atar and Zeitouni [3], where it is shown
that uniformly in ¢ > 0 and h

(1.10) Yo (B, 8") < *21;1;2\/ ApgAgp; 8-S,

and the high signal-to-noise asymptotics are obtained:
1 2
T 92 .
I oy, < —3 Zlu min [h(a:) = h(a;)]",
1=

d d
. 1 2
lim 0%y, > ) ;Ni 21 [h(ai) = h(a;)]",

o—0 -7
j=

where p is the ergodic measure of X.

The method in [3] (and its full development in [2]) does not rely on [22] and is
based on the analysis of the Zakai equation, corresponding to (1.4) (see (5.2) below).
The analysis is carried out by means of the Hilbert projective metric and the Birkhoff
inequality, etc.; see section 5 for more details. This approach proved out its efficiency
in several filtering scenarios (see [1], [9], [11]).

Other results and methods related to the filtering stability can be found in [4], [10],
[12], [13], [14], [16], [17], [18], [15], [24], [25], [26], [27], [36], [37]. The linear Kalman—
Bucy case, being the most understood, is extensively treated by several authors: [5],
[32], [33], [19], [35], [28], [30] (sections 14.6 and 16.2).

In the present paper, we consider both ergodic and nonergodic signals. Apply-
ing the technique from Atar and Zeitouni [2], we show that in the ergodic case the
asymptotic stability holds true without any additional assumptions. In other words,
the conclusion of H. Kunita [22] is valid in the specific case under consideration.

In view of the counterexample given in section 3, it is clear that in general ~,
may vanish at ¢ = 0. So, it is interesting to find out which ergodic properties of the
signal are inherited by the filter regardless of the specific observation structure. In
this connection we prove the inequality

— 1 - .

Jim —log ||} — /|| < - Zlur min Ay
r=

Since p is the positive measure on S, unlike (1.10), this bound remains negative if at

least one row of A has all nonzero entries.

Also we give the nonasymptotic bound (compare with (1.10))

|7y — Wf"” < Cexp ( — 2tm;n \/)\pq)\qp)
p#q
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with some positive constant C depending on v and 3 only.

For the discrete time case, related results can be found in Del Moral and Guionnet
[18] and Le Gland and Mevel [24]. For example, in [24] the positiveness assumption
for all transition probabilities is relaxed under certain constraints on the observation
process noise density.

In the case of nonergodic signal, m > 1, we show that the filtering stability holds
true if the ergodic classes can be identified via observations and the filter matched to
each class is stable. We formulate explicit sufficient identifiability conditions in terms
of A and h.

The paper is organized as follows. In section 2, we introduce the necessary no-
tations and clarify the role of condition v < (3 in the filtering stability (Proposition
2.1). This section also gives a link to the gap in Kunita’s proof [22], while in section
3 the filtering setting is described for which the stability fails and the gap becomes
evident.

The main results are formulated in section 4 and proved in sections 5 and 6.

2. Preliminaries and connection to the gap in [22].

2.1. Notations. Throughout, v < 3 is assumed.

In order to explain our approach, let us consider a general setting when (X,Y) is
a Markov process with paths from the Skorokhod space D = D[O7OO)(R2) of right con-
tinuous functions having limits to the left functions. Moreover, the signal component
X is a Markov process itself.

We introduce a measurable space (D, 2), where 2 = o{(xs,ys),s > 0} is the
Borel o-algebra on D. Let D = (%;);>0 be the filtration of 2, = o{(zs,ys),s < t}
and let DY = (2!);>0 be the filtration of 2 = o{ys,s < t}.

As before, we write (X7, V) and (X7, Y;?), when the distribution of X is v or
0, respectively, meaning that both pairs are defined on the same probability space,
have the same transition semigroup, but different initial distributions.

For a bounded measurable function f, we introduce 7y (f) := E(f(X})] [Ot)

and 7 (f) == E(f(X)|%,). Since 7 (f) and () are % - and %t

random variables, respectively, it is convenient to identify 7} (f) and 7rt ( f) with some
27 -measurable functionals of trajectories Yoy ={YS s<t}andY [0 q= ={YB s <t}

For this purpose, let Q” and Q° denote the distributions of (X, Y") and (X?,Y#)
on (D, 2), respectively, and Q} and Qf be their restrictions on [0, ], so that Qf, Qg
are the distributions of (X4, YY), (X5, Y¥). We also assume that

dQy dv
Jop (&0 = g5

Since (X7,Y) and (X[, Y/”) have the same transition law, we have Q” < @ with

-measurable

(2.1)

Qv dv
o @) = o)

Without loss of generality, we assume that the filtrations D and DY satisfy the
general conditions with respect to (Q” + Q”)/2.

For fixed ¢, let H (y) be a 2¢-measurable functional so that H (Y?) = 7 (f) a.s.
Moreover, due to Q¥ < Q°, a version of Htﬁ (y) can be chosen such that the random
variable H(Y") is well defined. Then we identify 7/ (f) with H(Y").
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We do not assume that 8 < v (and thus Q” <« Q¥), so this construction fails for
7P (f). Nevertheless, a version of HY (y) can be chosen such that H”(Y") = 7/ (f)

a.s. and used for the definition of 7} A (f). Indeed, let @5 and Q" be the distributions
of Y” and Y@, respectively, i.e., the marginal distributions of Q? and @, obviously,

[ @ﬁ as well as @tu < @f, the restrictions of Q" and @ﬁ on the interval [0, ¢].
Moreover, 22t (YA) = (95(X5) I|%E ). Now define
dQy; [0,t]

t

/7 (f) = Hy (V7)1 ( Q, 57 >0>

th
We introduce the decreasing filtration ﬁ” ﬁ 00) = o{XP s >t}, the tail o-algebra
(2.2) S AEZ
>0
and o-algebras 2;° = o{X/'}, @[Oﬁoo) Vis0?, 0 0.4°
Set
(2.3) T (f) = E(F(XD))125 v 27).

2.2. Filter stability. For bounded and measurable f, the estimate =} (f) is
asymptotically stable with respect to § if

(2.4) Jim E|ry(f) — =" (f)] = 0.

Note that, when the signal process takes values in a finite alphabet and (2.4) holds
for any bounded f, then (2.4) and (1.6) are equivalent.
We establish below that (2.4) holds if for large values of ¢ the additional measure-

ment Xoﬁ is useless for estimation of f(X xP ) via Y[o 4 OF analogously, if the additional

measurement Xtﬁ is useless for estimation of 4 a5 Y (X)) s ) via Y[O 00"
PROPOSITION 2.1. Assume v < 3. Then, any of the conditions
1.

(2.5) Jlim E[x () == (f)] =0,
2.
d
(2.6) E(d; x|z )) = lim E(dﬂ (X% o) V%[foo))

provides (2.4).
Proof. Let us first show that, under v < (3, for any bounded f

E{Wtu _Wé/(f)|

(2.7) _E‘E( (x2)| [Ot)E( FXP) Ot]) E(Z;(XB FXP)| [Ot])’
Write

E|7rt”(f)_7rt”(f)| :Ejﬂ XO ]wt _W;’B(f”

:EE(Z; Xo | [0t>|7rt(f)_7rt |—E’E< Xo ’ [Ot]>( B(f) W;B(f))‘

= B|B ()30, B (1) 88,) - B (G pled,) |
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So, it remains to show

(2.8) E(Z;(Xﬁ |9/0t]) (Z;(Xﬁ FXP) [Ot)

With 2/-measurable and bounded function ¥;(y) we get

E{\Ift(Yﬂ)E(Z; HZ )} (%(Yﬁ% (Xt <f))
= B(Wr)m(f) = E(%(Y")f(xt”)) = (W) ) XD)
and notice that (2.8) is valid by the arbitrariness of ;.
The proof of (2.5)=-(2.4). Using (2.7) and
B OrxD|8,) = B(F D (1)
we derive
Bl (f) =i ( "E’E( K340 )70 )~ B XD 0184
= B B( ) - w2y | < B ) - (1)

where the Jensen inequality has been used. Let for definiteness |f| < K with some
constant K. Then 7 (f), 77°(f) can also be chosen such that |z (f)| and |77 (f)|
are bounded by K. Hence, for any C' > 0, we have

dv
E|xl (f) — m2(f)| < CE|xl(f) — nf°(f)] + 2KP(dﬁ

Therefore, lim;_.o E|m,”(f) — 7 (f)] < 2KP(d” (xP) > C) and by the Chebyshev
inequality P(Z—E(Xg) >(0)<C!' -0, C— .

The proof of (2.6)=(2.4). By (2.7)

(x2) > c)

Blm" (f) = i (f)]

:EE(f(Xf)E[ Ol )|@ds) - B(rxd) & (x)i, [Ot)‘

dp

Notice also

dv dv
(1) G &1%) = B(FDE[ GO v 20 0| 140,):
Since |f| < K, by the Jensen inequality we have
(2.9) Elm"(f) == (f)]
dv
<KE‘E( xD)\25,) fE(dﬁ (xP)|#, [Om)vﬁ”{fm)(
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Both random processes E( d” (X)), | 0y) and E( d” (X)), | 000) V
formly integrable forward and backward martlngales with respect to the filtrations

(@[Oﬁt])po and (@[goo) \Y z%[t oo))t>0 Therefore, they admit limits a.s. in ¢t — oo:

(45(X0)| %5 o)) and lim B(55(X0)|20 ) v 277

[t,00) /7

)) are uni-

0, oo) ), respectively. By (2.6)

}E&’E( D) - E(Ez% DNV 2 )| =0

We show also that

d
(2.10) lim E E(—V

NPY dv &) 3 _
dﬁ(X0)|g/[0,t]) B(SZ) v 27)| =0

g
Denote by «y any ofE(d—ﬁ X’B ‘@0 t]> and E(d” X’B |@ )V %”[foo)> and
e = Jim

It is clear that (2.10) holds true if lim;_ o E|a; — aso| = 0. Since limy_ o0 ap = Qoo
ay > 0, and Fa; = Fay, = 1, by the Scheffe theorem we get the desired property.
Thus the right-hand side of (2.9) converges to zero and the result follows. a

2.3. Connection to the gap in [22]. In [22], H. Kunita studies® ergodic prop-
erties of the filtering process ny. He considers m; as a Markov process with values in
the space of probability measures and claims (in Theorem 3.3) that there exists the
unique invariant measure being “limit point” of marginal distributions of 7}, ¢t /* co.
As was later shown in [35], this result is the key to the stability analysis under (1.8).

Below we demonstrate that the main argument, used in the proof of Theorem 3.3
of [22], cannot be taken for granted. We discuss this issue in the context of Propo-
sition 2.1. Suppose the Markov process X is ergodic in the sense of (1.7) and (1.8).
It is well known that its tail o-algebra .7 (X*”) (see (2.2) for definition) is empty a.s.
It is very tempting in this case to change the order of intersection and supremum as
follows:

(2.11) RESNE

[t,o0) T
t>0

@[goo) v 7(XP) as.

Then, the right-hand side of (2.6) is transformed to

hm E(ZZ Xﬂ |§?/0 o) \/&Vfoo)) =F Zﬂ(Xg” Q{g/goo) \/‘%foo)}
(Z; BN oo)vy(xﬁ)) (Z; (XD, [000>)

and (2.6) would be correct, regardless (!) of any other ingredients of the problem
(e.g., with ¢ = 0 in (1.1)).

In [22], the relation of (2.11) type plays the key role in verification of the unique-
ness for the invariant measure corresponding to 7},¢ > 0. However, the validity of
(2.11) is far from being obvious. According to Williams [44], it “...tripped up even

IThe notations of this paper are used here.
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Kolmogorov and Wiener” (see Sinai [39, p. 837] for some details). The reader can find
a discussion concerning (2.11) in von Weizsécker [43]; unfortunately, the counterex-
ample there is incorrect. A proper counterexample to (2.11) is given in Exercise 4.12
in Williams [44], which, however, seems somewhat artificial in the filtering context.
It turns out that the example, considered by Delyon and Zeitouni in [19] (see [21] by
Kaijser for its earlier discrete time version), is nothing but another case when (2.11)
fails.

For the reader’s convenience, we give below a detailed analysis of this example.

It is important to note that the counterexamples mentioned above do not fit
exactly into the setup considered by Kunita. They merely indicate that (2.11) is not
evident and so the claim of Theorem 3.3 in [22] remains a conjecture.

Generally, the stability of nonlinear filters for ergodic Markov processes remains
an open problem, and some results [23], [40], [41], [6], [8], [7], [35] based on [22] have
to be revised.

3. Counterexample. Below we give a detailed discussion of one counterexample
to (2.11). Consider Markov process X with values in S = {1,2,3,4}, with the initial
distribution v and the transition intensities matrix

-1 1 0 0
0o -1 1 0
(3.1) A= 0 0 -1 1
1 0 0 -1

All states of A communicate, and so X is an ergodic Markov process (see, e.g., [34])
with the unique invariant measure p = (1/4 1/4 1/4 1/4). Let h(z) = I(z =
1) + I(z = 3), that is,

Y, = /t [I(Xs =2)+ I(X, =3)]ds + o W;.
0

By Theorem 4.1 below, the filter is stable in this case for any o > 0.

3.1. Noiseless observation. Consider the case ¢ = 0.
It will be convenient to redefine the observation process as follows:

Y, = [[(X, = 1) + I(X, = 3)].

We assume v < [ and notice that (2.1) holds true. We omit the superscripts v and
[ when the initial condition does not play a significant role. Since X is an ergodic
Markov process, satisfying (1.8), 7 (X) = (Q, @) a.s.

ProrosITION 3.1.

(3.2) ﬂ (@[o,oo) % f%t,oo)) 2 ZYo,00) @-5.

t>0

Proof. Tt suffices to show that Xg is a [),~0(%0,00) V Z[t,00))-measurable random
variable and at the same time Xo ¢ %o ). -
The structure of matrix A admits only cyclic transitions in the following order:

{4 {1 {2 8=
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TABLE 3.1
Typical trajectory of w¢ for Yo = 1.

3 0,71) | [r1,72) | [m2,73) | |m3,74) | [74,75)
Y: 1 0 1 0 1
(1) l’l:'llfs 0 Vllfug 0 Vlljrlug
1% 1%
m2) | 0 it 0 Tiiva

So, since Y and X jump simultaneously, Xy can be recovered exactly from the tra-
jectory Yy, s <'t, and X; for any ¢t > 0, i.e., Xq is 21 V %o -measurable. Owing to
2NV Zo) C Zit,o0) VY Zo,00), Xo is measurable with respect to

N (%m) v %[t,oo))-

t>0

Denote by (7;);>1 the time moments where Y jumps. It is not hard to check that
(7i)i>0 is independent of (Xy,Y)) and, moreover,

Doy = \[ ofn <t} v o{Yo}

i>0

Thus for any ¢t > 0

P(XO = 1|@[0,t]) = P(Xo = ].‘ \/ O’{Ti § t} \/U{Yo}>

(3.3) i>0
4!
=P(Xo=1Yy) = Y.
(Xo = 1]Yp) it s 0
Since (3.3) is valid for any ¢ > 0, we conclude that
P(Xo = 1|%p00) = ——Y
0= [0,00)) — v+ s 0-

Obviously I(Xg = 1) # =-Y; and thus Xj is not % )-measurable. d

vi+vs

3.2. Invariant measures of m; and the filter instability. Since I}(2) +
I;(4) = 1-Y; and I4(1) + I(3) = Y3, only It(1) and I;(2) have to be filtered while
m(3) = Yy —m (1) and ¢ (4) = (1-Y;) —m(2). The derivation of the filtering equations
is sketched in the appendix.

PROPOSITION 3.2. The optimal filtering estimate satisfies

dm(1) = (1 = m—(2))(1 = Y32)dY; + m—(1)Y;—dY;,
dmi(2) = —m—(2)(1 = ;- )dY; — m—(1)Yi-dY;

subject to mo(1) = —2—Yp, mo(2) = —2-(1 - Yp).

vitus votuy
Let us examine the behavior of the filter from Proposition 3.2. A pair of typical
trajectories are given in Table 3.1 (for Yy = 1) and Table 3.2 (for Yy = 0).
It is not hard to see that Y is itself a Markov chain with values in {0,1} and
the transition intensities matrix (_11 fl), and thus its invariant measure is p’ =

(1/2 1/2). Hence, the invariant measure ® of the filtering process (my(1),m(2)) is
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TABLE 3.2
Typical trajectory of w¢ for Yo = 0.

3 0,71) | [r1,72) | [m2,73) | |m3,74) | [74,75)
Y: 0 1 0 1 0
mt (1) 0 Vzlfu 0 Vzlfwl 0
12 V. 1z

"t(2) | mie 0 vatug 0 atva

concentrated on eight vectors

121 0 Y3 0
¢1=(”16”3>, ¢2=< v )7 ¢3=<V16”3>7 9254:( vy ),
v1+vs vi1+vs
vo 0 V4 0
an (). w=(2) (). - ()
Vot votvy

q)(¢z) = (Vl + V3)/43 i= 17273343
(D(qbl) = (V2+V4)/43 i:57677a85

with

and, consequently, ® is not unique. Moreover, the optimal filter is not stable in
the sense of (1.6). In fact, for different initial conditions, the filtering distribution
g, t > 0, can “sit” on different vectors!

4. Main results.

4.1. Ergodic case. Markov chain X is ergodic if and only if all entries of its
transition intensities matrix A communicate, i.e., for any pair of indices i and j, a
string of indices {¢1, ..., ¢, } can be found so that A, Aee, - .- A, j 7 0 (see, e.g., [34]).
In this case, the distribution of X; converges to the positive invariant distribution p
being the unique solution of A*y = 0 in the class of vectors with positive entries the
sum of which is equal to one.

THEOREM 4.1. If all states of A communicate, then there exists a positive con-
stant ¢ such for any v and (8

— 1
lim ~log |7, — n{|| < —c a.s.
t—oo t

Remark 1. Clearly, Theorem 4.1 provides (1.6). Also it allows us to conclude
that flim |7 — 7¥|| = 0 a.s. for B concentrated in a single state of S. Then, in

particular, we have
lim ||7f° — 74| =0
t—oo

which is the main argument in the proof of existence of the unique invariant measure
for the process (m;)i>0. This fact corroborates Kunita’s result from [22] in the finite
state space setup of Theorem 4.1.

Actually, Theorem 4.1 verifies the logarithmic rate in ¢ — oo which is in general
a function of A, h and 0. However, stronger assumptions on A guarantee exponential
or logarithmic rates, regardless of h and o (o is only required to be nonzero).
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THEOREM 4.2. Assume all states of A communicate. Then
— 1
(4.1) T o [ — x| < - Zur i

Remark 2. The bound (4.1) is negative if at least one row of A has all nonzero
entries.

THEOREM 4.3. Assume all entries of A are nonzero.

1. If v < 3, then

(4.2) E||x" — =Y <nzdﬁ a; exp( 2tm1n\//\pq)\qp) t>0.

7j=1
2. If v ~ 3, then

d
(4.3)  ||l7)" —7Y| < n? max 3 (a]) max dﬂ (a;)exp ( 2tm;n \/)\pq)\qp) t>0.

4.2. Nonergodic case. Let m > 2 and A be given in (1.3). If Xy € S;, then X
is a Markov process with values in S; with transition intensities matrix A;. We denote
this process by X7. In addition to h, introduce column vectors hj,j=1,...,m, with
entries h(al), ..., h(a{lj ), respectively.

THEOREM 4.4. Assume the following.

A-1. For any j, all states of A; communicate.
A-2. For each j, k with j # k, either

Wi # by
or

n; diag(/ﬂ)Aghj # hj, diag(u®)Ahy, for some 0 < q<n;+ny — 1.

Then the asymptotic stability (1.6) holds true.

The condition A-1 is inherited from Theorem 4.1 to ensure the stability within
each ergodic class, while under A-2, %[, ) completely identifies the class in which X
actually resides.

5. Proofs for the ergodic case. Recall that under m = 1, X is a homogeneous
ergodic Markov chain with values in the finite alphabet S = {a1,...,a,} with the
transition intensities matrix A. The unique invariant measure u = (p1, ..., in) is the
positive distribution on S. Let v be the distribution of Xy and 3 a probability measure
on S. The observation process Y is defined in (1.1). Recall that the entries of 7} and
ﬂf ¥ are the true and “wrong” conditional probabilities, respectively, as defined in the
introduction.

5.1. The proof of Theorem 4.1. We use the method proposed by Atar and
Zeitouni in [2], which is elaborated for the considered filtering setup for the reader’s
convenience.

Recall the following facts from the theory of nonnegative matrices. For a pair
(p, q) of nonnegative measures on S (i.e., vectors with nonnegative entries), the Hilbert
projective metric H(p, q) is defined as the following (see, e.g., [38]):

‘max (p;/ q5)
log “————~ . p~g,

(5.1) H(p,q) = .min (pi/4:)
00, p#q
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The Hilbert metric is known to satisfy the following properties:
1. H(e1p, c2q) = H(p, q) for any positive constants ¢; and cs.
2. For matrix A with nonnegative entries (4;;),

H(Ap7 Aq) < T(A)H(p, q) (see, e.g., [38]),

where 7(A) = o \/L(A is the Birkhoff contraction coefficient with

AiAje
A _ J
w( ) gl,kné AwAjk

3. |lp—dq| < lOz?)H(p, q) (Lemma 1 in [2]).
Returning to the filtering problem, let us first consider the special case when
1/ = u, and thus the signal X* is the stationary Markov chain. It is well known that
=/, ) where 1 denotes the vector with unit entries, (-, -) is the usual inner
product, and Ny solves the Zakai equation

5.2 dnt* = N*nl*dt + o2 diag(h)nl'dY}"
t t t

subject to nt = p. Similarly, 77" = n/*/(1,77"), where 5" is the solution of (5.2)
subject to 7763” = 0.

The Zakai equation possesses the unique strong solution which is linear with
respect to the initial condition. Hence, n}' = Jjo,qp and ntﬁ“ = Jjo,nB, t > 0, where
Jjo,) is the random Cauchy matrix corresponding to (5.2).

The matrix Jjo4 can be factored (here |t] is the integer part of t):

Lt

Joa1 = Jepa | T Jn-rml | Ji0.01-
n=2

The properties of the Hilbert metric, listed above, provide

" 2
||t = w¥| < @H(w#,mﬁ”) = KH(J[OJW, Jo.05)

[t]
7(Ji1e)0 HT Jin—1,n) H (Jio, 111 Jjo,118)-

n=2

- log3
Assume for a moment that H(J[Oyl]u, J[Oﬁl]ﬁ) < o0 a.s. Then

[t]
1 1
59 i ot ¥ < B iy o8 (v

Lt]
< B Z{ V1087 (Jp- 1) } = B[ = 1V Iog7(Jo)] <0.

The equality is implied by the law of large numbers, which is valid since —1 <
{=1Vlog7(Jpm-1,n))} <0 and log7(Jp—1,,) is generated by
{XF—XP |, We=W,1}, n—1<s<mn,

where the processes X* and W are independent and X* is an ergodic Markov chain.
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Let JV

[n—1,n]
Recall that p is the positive measure on S, so that ¥ < p and, in turn, @V < @M
(here Q" is the distribution of Y#).

Since (5.3) holds Q"-a.s., it also holds Q" -a.s., i.e., with Jin—1,n) replaced by
] which gives the following theorem.

be the matrices defined similarly to Jj,,_1 ) with Y* replaced by Y.

JV
[n—1,n
THEOREM 5.1. (version of Theorem 1(a) in Atar and Zeitouni [2]). Assume that
all states of A communicate, i.e., X is an ergodic Markov chain. Assume Jj 113 and

Jjo,1jv have positive entries a.s. Then,
T 1 v v
(5.4) tlggo glog H7rt i H < E[—1VlogT(Jp1)] as.

Now the statement of Theorem 4.1 follows from the lemma below.
LEMMA 5.2. The right-hand side of (5.4) is strictly negative.
Proof. Tt suffices to show that all entries of Jjg ;) are positive a.s. For fixed i, j,
we have
t t
J[O,t] (7’73) = 6ij +/0 J[O,s] (%]) [)\iids + U_2h(ai)dY;H] +/O Z AriJ[O,s] (ij)ds'
r#i

With the help of the It6 formula and with
(bt(l) = exp {)\iit + O'_Qh(ai)Y;'u — (1/2)0_2h2(ai)t}

we derive
t
Toaid) = o)1+ [ 0760 Y Moo )ds).
r#i
(5.5) .
To.1(i§) = 61(0) / 6:1(0) S Midio(rg)ds, i j.

r#£i

Also notice that the entries of Jjg 4 are unnormalized conditional probabilities and so
nonnegative a.s. Since all states of A communicate, for a pair of indices (i, j) there is
a string of indexes j = iy,...,41 = i such that A;,;,_,,...,Aiys, > 0. So from (5.5), it
follows that a.s.

Ji0,4 (e, 10) > ¢¢(ig) > 0,

¢
Ji0,4(Ge—1,10) > ¢t(iz—1)/ &5 (ie—1)Nigip_y Jj0,5) (g, ig)ds > 0,
0

t
o (ie—2,i¢) > bolie_s) / 67 e—2) N sis a0 (it—12i)ds > O
0

for any t > 0, and so on until we get Ji 4(i1,%¢) > 0, t > 0. O

5.2. The proof of Theorem 4.2. Denote pj;(t) = P(Xg = aﬂ%é’ﬂ,Xtﬂ = a;).
If B is a positive distribution, then by Lemma 9.5 in [29, Chap. 9] we have

1, 7=1,
pji(0) = {

0’ .7 7é i)
(5.6) dos (1) _ |
dt :Zﬁﬁi@.)(/’jr(t)—mi@)), i=1,...,n.

r#i
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Remark 3. By the arguments used in the proof of Lemma 5.2, it can be readily
shown that 7 (i) > 0 a.s., i = 1,...,n, for any ¢ > 0. Then (5.6) remain valid for
t > tg for any ty > 0 initialized by

piilte) = P(XG = a;| %5, 1. X, = ai).

Set i°(t) = argmax;cgp;i(t) and io(t) = argmin, g p;;(t) (if the maximum or
the minimum is attained at several indices, the lowest one is taken by convention).
Set

(5.7) po(t) == pjiey(t) and  po(t) = pji (1) (1)-

LEMMA 5.3. The processes p®(t) and po(t) have absolutely continuous paths
with

dp®(t) = Zf(i°(f) = 1)p;(t)dt,
dpo(t) =Y 1(io(t) = i)pji(t)dt.

i=1

(5.8)

The proof of this lemma uses two results formulated in Propositions 5.4 and 5.5
below.

PROPOSITION 5.4 (Theorem A.6.3 in Dupuis and Ellis [20]). Let g = g(t) be an
absolutely continuous function mapping of [0,1] into R. Then for each real number a
the set {t: g(t) = a,§(t) # 0} has Lebesgue measure 0.

PROPOSITION 5.5. Let X (t,w) be a random process with absolutely continuous
paths with respect to dt in the sense that there exists a measurable random process
x(t,w) such that fot |z(s,w)|ds < 00 a.s., t >0, and

(5.9) X(t,w)=X(0,w) +/O x(s,w)ds.
Then
| X (t,w)| = |X(0,w)] —1—/0 sign(X (s,w))z(s,w)ds,

where sign(0) = 0.
Proof. Set Vi(w) = fg |z(s,w)|ds and notice that for any ¢’ <" it holds that

X", w)| = X, )l < [X(t",w) = X(#,0)] < (Ver(w) = Ve ().

Hence, for fixed w, the function |X(¢,w)| possesses bounded total variation for any
finite time interval. Denote by U;(w) this total variation corresponding to [0,t]. Ob-
viously, dU;(w) < dV;(w) < dt. Recall that Uy(w) = Uf(w) + U/ (w), where Uj(w),
U/'(w) are increasing continuous in ¢ functions such that for any ¢ > 0 and measur-
able set A from R, fAﬂ[O,t] dU! (w) = 0 and f(R+\A)ﬁ[0,t} dU!(w) = 0, and at the same
time | X (t,w)| = U{'(w) — U{(w). Since dU; < dUs(w), dU{" < dU;(w), it follows that
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d| X (t,w)| < dU(w) < dVi(w) < dt and so that

(5.10) X(tw)| = 1XO0.)] + [ glsw)ds

though we may not claim that g(¢,w) is measurable in (t,w).

Now, we show that sign(X(s,w))z(s,w) is a measurable version of g(s,w). By
(5.9), we have X2(t,w) = X?(0,w)+2 fot X (s,w)z(s,w)ds. At the same time, by (5.10)
it holds that |X(t,w)> = |X(0,w)]* + 2f(;5 | X (s,w)|g(s,w)ds. Hence, the following
identity is valid: For any ¢t > 0

/Ot | X (s,w)|g(s,w)ds = /OtX(&w)x(s,w)ds_

Therefore, | X (s,w)|g(s,w) = X (s,w)x(s,w) for almost all s with respect to Lebesgue
measure. Consequently, we have I(|X(s,w)| # 0)g(s,w) = sign(X(s,w))z(s,w) for
almost all s with respect to Lebesgue measure. It remains to show that

I(X(s,w) = 0)g(s,w) =0

for almost all s with respect to Lebesgue measure. Taking into account (5.10), it
suffices to prove that [ I(X(s,w) = 0)d|X(s,w)| = 0 a.s. On the other hand,
whereas d| X (t,w)| < dV;(w), it suffices to show that [;* I(X(s,w) = 0)dVi(w) = 0
a.s. The latter holds by Proposition 5.4. O

Now we give the proof for Lemma 5.3.

Proof. Let us introduce p®*(t) = pj1VpjaV---Vpj; and po ;(t) = pj1 ApjaA---Apji
and notice that p®™(t) = p°(t), pon(t) = po(t).

The use of obvious identities

P2 (t) + po2(t) = pj1(t) + pja(t),
P2 (t) = po2(t) = lpji(t) — pja(t)]

and the fact, provided by Proposition 5.5, that d|p;1(t) — pj2(t)| = p(t,w)dt with
measurable derivative p(w,t), allow us to claim that p>2(t) and po 2(t) are absolutely
continuous with respect to dt with measurable derivatives.

Further, taking into account p®(t) = p®*=1(t)V pj; and ps i (t) = po,i—1(t) Apji(t)
and consequent identities

pH(E) 4 p ) A pji(t) = p () + pjilD),
P () = po () A pgi(t) = [p™ 1 (E) — psi(E)],
Po,i—1(t) V pji(t) + poi(t) = poi-1(t) + pji(t),
Poic1(t) V pji(t) = poi(t) = |poi—1(t) — pja(t)],

absolute continuity for p°(¢t) and p.(t) is verified by the induction method.
Thus, dp°(t) = u(t)dt with some density u(t) such that f(f lu(s)|ds < oo a.s.,
t > 0. On the other hand, since Y ., I(i°(t) = i) = 1, we have

() = °(0) + / > 16°(5) = dyuts)ds.
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So, it suffices to show that for any ¢t > 0 and any : = 1,2,...,n

t
/ I(i°(s) = i)|u(s) — pji(s)|ds = 0 a.s.
0
The latter holds true by Proposition 5.4, since
t
[ 16 = dlats) = piolas
t
= [ 1676 = pits) = 0)1u(s) = sl
¢
— [ 1°) ~ p3i(s) = 0,u(s) = p5s) 2 O)lu(s) — pri(s)lds =0. O
0
LEMMA 5.6. Under the assumptions of Theorem 4.2,
t—oo t 1<,k <n

_ 1 n
(5.11) lim —log max |pjr(t) — pje(t)] < — Z”T min \;.
ot iFET

Proof. By (5.6) and (5.8), we have?

dpo(t) _ = M)
“ _}o(t) w0

(5.12)

W _ g Ario @yt (r)
dt Rl ()

In what follows, we will omit the time variable in is(¢) and i°(¢) for brevity.
Set Ay = p°(t) — po(t). By (5.12) we have

o1 (r o (T
== X 2 (o) <y, 0) - 3 2T (0,0 - o)

rio Tt (i°) = (i)
(5.13) = -/ /\ioiwf(%) n Az’%’,ﬂf(io)
) G

T;éio (t) 7Tt (7’0)

r#io(t)

Letting 0/0 = 1/2, set a,(t) = po(t);if”(t). Then, we get 1 — () = 2z=ret)

t

2In (5.12)—(5.14) we use for brevity a form of differential equalities (inequalities) which are valid
for any w and almost all ¢ with respect to Lebesgue measure.
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and 0 < a,(t) <1 and (5.13) implies

@ _ At (Aioioﬂ-f(io) + )\ioioﬂ'tﬂ(io)>

dt (i) 7 (io)

-<>71"6 T ri 71'52 r
—At Z [ar(t)Arlﬁ t( ) +(1_Oér(t))>\ 3 ( )]

i (t) mp (i) ) (is)

T#io(t)
S — At ()\iQiOﬂ-tﬁ(io) + )\ioioﬂ'tﬁ(io))
(5.14)
ol Y {ar(t)/\”o +(1- ar(t)))\mo]ﬂf(r)
r#£i®(t)
r#is(t)
S - A25 )\zozoﬂf(zo) + )\zozoﬂ_tﬁ Z |:)\m° A >\m<>:|7rt ( )
r#£i°(t)
T#i0(t)

Recall that all offdiagonal entries of A are nonnegative and >.""_; A;, = 0 for any 4.
)‘ioi°| A\ |)\ ’ Z )\ioio, )\i°i°| N |)"L°z ’ > )\z<> and (514) provides

Toteo [23)

dA 3 -
< Atz(\wmumw)wt ()< -A min, Anilmf ()

r=1 r=

=—/\; Z m ( mln Ari-

Since the derivative d{ﬁt is defined for each w and almost everywhere (a.e.) in ¢ with

respect to dt, the above inequality < dAt < =AY ﬂf (r) min;z, A is also valid a.e.
So, it allows us to define a.e. the functlon

di

:—AtZﬂ't mln/\”—w.

Moreover, for definiteness, we may redefine H(t) everywhere so as H(t) > 0. Then
we have

A, = — lAt 22: T (r) min Ari + H(t)] dt.

Notice also that fg |H(s)|ds < oo a.s. for any ¢ > 0 and recall that g = 1. Then, we
get

t n ¢ t n
A = exp ( / min )\”'ds> —/ exp <—/ ng(r) r&in )\Tidu> H(s)ds
7' 0 s —1 1FT

and in turn

n

1 1/
7 log Ay < — Z (Ilnsél;l )\”-)g/o 72 (r)ds.

r=1
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So, it is left to verify that
1t
(5.15) lim - [ 7%(r)ds = p, as.

t—o0 0
Similarly to (1.4), 7 satisfies

5 =B,
dr) =A*m)dt + o~ (diag(n)) — 7} (7)) ) h(dY — b ) dt).

Recall that o1 (Yf — fot h*wfds) is the innovation Wiener process (see, e.g., Theorem
9.1 in Chapter 10 in [30]). Hence M; = fg’ (diag(n?) — w8 (7)) n(dYP — h*nlds) is a
vector-valued continuous martingale. Its entries My(i), i = 1,...,n, have predictable

quadratic variation processes (M (7)); with the following property: For some positive
constant ¢, d(M(i)); < cdt. Then by Theorem 10, Chapter 3 in [31], limy_.o + M, (i) =

0 a.s. This fact and the boundedness of 77,55 provide A*lim;_, o % fot 78ds = 0. The

vector Z; = % fot 72ds has nonnegative entries, whose sum equals 1. Therefore the
limit vector Z.,, obeying the same property, is the unique solution of the linear
algebraic equation A*Z,, =0, i.e., Zo = p. O

To prove Theorem 4.2, without loss generality, due to Remark 3, we may assume
that v ~ 3. Then, we show that forany t >0andi=1,...,n

d
(5.16)  |x(0) —wf”<>r<nmaxdﬁ<aj>maxdﬁ<aj> [p3s(8) — pax (D).

1<z] k<d

Recall that Q¥ and Q° are distributions of (X”,Y") and (X?,Y#), respectively,
which are equivalent, by virtue of v ~ 3, with

dQ” ., <., _ dB dQ” s )
dQV(X,Y)*f(XO) and QB(X y)f%(X)

d
Now, we show that for any i = 1,...,d and t > 0, Q"- and Q%-a.s.
Sy (42 () P(XY = a5), XY = ail3gy )
d v
B(2(X5)1%,)

To this end, with any bounded 2-measurable function ¢ (y), write

ds ag

dv

(5.17) (i) =

Eun(Y")m (L (XN ) = BooY)m” ()5 (XE)

dQ”
dQv

= B (YP)I(X] = a;) = By (Y)(X} = a;)

as
dv
Hence, by the arbitrariness of 1:(y),

(XY, YY) = By (YP) 7P (3)

dQB 1% 174

dQ"(X YY)

(x8) = B (v B (1057 = a) 2 (x84,

= E¢y(Y")m}" (i)

= B (Y I(X] = a;)

R OB (DI = B (10 =) X1 ).
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Further, Q¥ ~ QP provides E( (X)), [o 9 ) >0, QV-and Q%-a.s., so that
E(I(XV = az) (X0)| [Ot)
B(Zxn3s,)

m" (i) =

and it remains to notice that
v dﬁ - d/B v v v
E (I(Xt Zaz)d (X¢)| [m) = ZE(%‘)P(Xt = ai, X§ = aj|%5 )
=1

Taking into consideration (5.17), we find
Sy (L) P(XE = a0, XY = ail2))
B2, ‘
S B (R OP = al%5) — PXE = a5, X7 = algg,) )|
B(L(X5)1%5,) '

| (1) = " (0)| = |y ()

Then, since by the Jensen inequality l/E( (X)), 0 t]) < E(g—ﬁ(Xo )%, 0.4 ), we get
the chain of estimates

, v d dv
77 0) = ()| < max (o) max 7 (a)

£) (P(XE = a319) = P(XE = as] X7 = ai’@[&t}))‘

< (a;) max 22 (a)
= mes dv S dp

(5.18) xS A O)|P(XY = a19g) - POXY = 0,1 XY = ai, %)
j=1
g dv
<
W gy ()52 5 )

S|P =l ) - PO = 017 = 0]
j=1
dp ; P(X§ = a;|%] t
= max " (a;) flfjgx dﬁ §: ’ ¢ = ;1% ) — pii )’~

The obvious formula P(X{ = a;|%, (0.4 ) =>4 77 (k)pjx(t), and (5.18) provide

d n n
’71}”( —71-?”( >‘<maX ﬁ(a aeSdﬁ aJ Z’Zﬂ't pjk pji(t)‘

a;es dv yrril o
dp s,
(5.19) < max 7 (ag) max 72(a) D 3w (B)]pge(t) = pa(0)

j=1k=1

and (5.16). Thus, by Lemma 5.6, the desired statement (4.1) holds true.
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5.3. The proof of Theorem 4.3. We start with the following lemma.
LEMMA 5.7. Under the assumptions of Theorem 4.3, for any t > 0

(5.20) max_|pjx(t) — pje(t)] < exp ( 2t min \/)\pq)\qp)
1<j,k,b<n p#q
Proof. Here we follow the notations from Lemma 5.6. From (5.14), it follows that
A e B
(521) d t S _At )\Zolﬁﬂ-t (ZO) + )\7/ i g (7’ )
dt m; (i°) it (io)

subject to Ag = 1. Set 7 = inf{¢ : i°(t) = i.(t)}. Since A\, is a nonincreasing function,
Ay =0 for t > 7, and (5.20) holds trivially. For ¢ < 7, as previously we find

t N B(; Ny B0
Ay < exp */ /\lolﬁ’ns (ZO) + Ai %ﬁﬂ—s (Z ) ds
0 s (i) 75 (io)
! 1
< exp —/ min | Ai zox + Ao, — | ds
o »20 x

t
= exp {—/0 2\/)\%1‘0)\2'%0618} < exp ( — 2t rpn;gl \/)\pq)\qp),

and (5.20) follows. O

To prove the first statement of the theorem, taking into account v <« [ we
replicate a fragment from the proof of Proposition 2.1.

Using the notations introduced in section 2.1, write 7 (i) := 7y (f) and 7" (i) :=
7 (f) for f(x) = I(z = a;). Then,

vy d
(5.22)  E|xf" (i) — =} (i) <E‘E( Xﬂ)\%t])_E(dg DNy V 20|
and, since (X”?,Y?) is a Markov process,
dl/ Ié; Ié] o dl/ Ié; [é]
E(dﬁ XDy v 2 ) = E(dﬁ (X5 v 27).
Then,
dv 5y|ay? dV 5 3
" d
zzﬁ( )(P(XO = a;|%8,) — P(X] _ajwoﬂv%f))
j=1
n n d
(523) =D IO = a0) g5 (as) (P = as1%(3) — piel0)
j=1¢=1
=> 3N wk)I(X] ae)dﬂ(ag)(pgk(t) pje(t))
=1 =1 k=1
" dy
< max_ |pi(t) pje(t)lgﬁ(%)

The first statement of Theorem 4.3 follows from (5.22), (5.23), and Lemma 5.7.
The second statement follows from (5.16) and Lemma 5.7.
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6. Proofs for the nonergodic case. Recall that in the nonergodic setting
under consideration

_ 1 1 m m
S—{al,...,a alt . a }, m > 2,

S1 Sm

with subalphabets Sy, ..., S,, noncommunicating in the sense of (1.2).

6.1. Auxiliary lemmas. In this subsection, )?tj is an independent copy of th
with the initial distribution p/, defined on some auxiliary probability space (€2, .7, P),

and E i is the expectation with respect to P. Recall that 47 is the invariant measure,
so that X Jis a stationary process.

LEMMA 6.1. Fizr > 0 and define Z, = i, (ij —Y(f_l)r)Q. Then with n — oo

1 m _ r . 2
-7, I(X? e SHE (X7 ds) .
L2, 3106 € 5)B ([ 1T as)

=1

Proof. Define

F(i)=E

(/Orh(Xf)ds>2 \Xg - ai]

and ¢, = U{}/[O nr]} \ U{X[O nr]} Then E[(Yﬁ_t,_l)r m") |§f ] =r+ F(X
that the sequence M,, = Z, —nr — > 01 F(X’H) is a martingale with respect to the
filtration (%,)n>1. It is easy to verify that there exists K < oo such that for all n we
have E(M, 1 — M,)? < K. It follows that (1/n)M, — 0 a.s. as n — oo (see, e.g.,
Chapter VII, Section 5, Theorem 4 in [42]).

Now consider (1/n)> ", ! F(Xfr) If Xo €S, then X; € S; for all £ > 0 and the
process is ergodic in S; with stationary distribution p’. Applying the ergodic theorem
for each class S; we obtain

nr ) SO

% i F(X)) =Y EFX)I(Xo€S;) =Y E (/0 h(X?) d5> I(X§ es))
i=0 j=1 j=1

as n — oo a.s. Finally

n—1

1
lim —Z,, = lim M +r+ lim fZF

n—oo N, n—oo N, n—oo N,
2
r+ZE(/ de) I(X) esy)

and we are done. ]
With X/ defined as in Lemma 6.1 and r > 0 let d;(r) = E(for h(X7)ds)2.
LEMMA 6.2. For any k # j the following are equivalent:
i. di(r) =d;(r) for all r > 0;
ii. hy diag(ur)A{hy = R diag(p;)Afh; for all 0 < g <n; +n; — 1.
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Proof. Notice first that
d; (r) =2E/ / h()?g)h()?g)duds=2/ / BR(XI)(XT) duds
0 0 0 0

= 2/ / EhXDMXI_ ) duds = 2/ / Eh(X])W(X7) dv ds.
0 0 0 0

Now, introduce the vector I7 with entries I(X! = af),..., (X} = a},.) and notice
also that

EWX3)M(X]) = En;I)(I])"h; = ER3 T} (I3) ™" by
= h’;Ediag(fg)eAﬂhj =hj diag(u?)eri?hy;.
Therefore d;(r) =2 [ [, b} diag(u?)etiVh dvds, so d;(0) = d;'(0) = 0 and
;" (r) = 2h;} diag(u?)er " h;.
Differentiating with respect to r a further ¢ times and then putting r = 0 we get
2 - ;
P9 (0) = 2h% diag(1? ) AR,
It follows immediately that if di(r) = d;(r) for all 7 > 0, then
hj, diag(u*)Afhy = b diag(p/ ) AR,

for all ¢ > 0 and so in particular for all 0 < ¢ < ng +n; — 1.
Suppose conversely that A} diag(/ﬂ)A?hj = h; diag(u*)Afhy for all 0 < ¢ <
ng +n; — 1. The Cayley—Hamilton theorem applied to the (ny +mn;) x (ng +n;) block

diagonal matrix (AO’“ 181-) gives constants cg,c1,. .., Cpy4n,;—1 50 that
ng+n;—1 ng+n;—1
ng+tng _ q nit+n; _ q
AL = E cgAp and A = E cgl\j
q=0 q=0

Therefore we have h} diag(u*)Ahy, = h diag(uj)A‘j—hj for all ¢ > nj +ny —1 as well.
Using the fact that e = E;O:O %, we see that di,” (r) = d;" (r) for all r > 0, and
hence dy(r) = d;(r) for all r > 0. 0

LEMMA 6.3. Assume A-2. For any f3

lim B|\P(X{ € 8,19 ) - I(X] €8;)| =0, j = 1.

Proof. We use the notation Zﬁf) to express the dependence on r of the function
Z, in Lemma 6.1. We have 1Y, — 3™ | h¥p/1(X}] € S;) and

L =
EZT(L) HT’ﬂL_Z;dj(T)I(Xg €5;)
J:

as n — 0o a.s. Using assumption A-2 and Lemma 6.2 we can find an integer ¢ and

numbers r; > 0,4 = 1,...,¢, and construct a random variable of the form V,, =
B, Z8 —nry, . Z5 — nry) so that Vo = X0, v I(X) €S;) as n — oo,
P-a.s., where the vy,...,v,, are distinct vectors in R, Therefore {XOB € S;}is
Y?  _measurable a.s. and the result follows immediately. 0

[0,00)



STABILITY OF THE WONHAM FILTER 665

6.2. The proof of Theorem 4.4. By Proposition 2.1, it suffices to show that

lim EH?T — 7P H =0.
t t
t—o0

We introduce a new filter, intermediate between 7/’ and 7/°. Define the random
variable U by U = j on the set {X/ € S;}, and then define

7Ttﬁ7U(i) = P(Xt = al|@[o t]7U)

Then

n

v = 7PV = 30[POXY = aully) - POEY = il U)|

n m

=" > P = il U =) (PW = 51#5,) — 10 = 1)

<> |Pw =gz - 1w =)
and

HW?U—#OH—z]P X[ = @], U) = PX] = ail ), X0)|

[0,t]’
:ZZI( ‘P Xf_al' [0,¢]° U:j)_P<X a1|@0t]7 Jan)‘
i=1 j=1
m ) /B
:ZI(U:J)HWt =
j=1

where (37 denotes the conditional distribution of 3 restricted to the subalphabet S;.
By Lemma 6.3,

t—oo

> |Pw =g - 1w =5 Lo
j=1

while > I[(U = j)||7rt — 7rt || —> 0 by applying Theorem 4.1 to each S;.

Jj=1

Appendix. Proof of Proposition 3.2.

Proof (sketch). We use the following construction for X. Let X, be a random
variable with values in S = {1,2,3,4} and P(Xy = j) = v;, j = 1,...,4. Introduce
independent of Xy the matrix-valued process

—Nia(t)  Nia(?) 0 0

_ 0 —Nos(t)  Nos(t) 0
(A1) N = 0 83 —1\2724@) N34(t)
N41 (t) 0 0 —N41 (t)

where N;;(t) are independent copies of the Poisson process with the unit rate. Let us
consider the It6 equation

t
(A2) I, =1, +/ dNS*]S,
0
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with Iy the vector with entries Iy(j) = I(Xo = j), j = 1,...,4. Since the jumps of
Poisson processes N;;(t)’s are disjoint, for any ¢ > 0 the vector I; has only one nonzero
entry. Moreover, whereas the increments of A; are independent for nonoverlapping
intervals, I; is a Markov process. It is readily checked that, with the row vector
= (1 2 3 4) , Xt = gl; is a Markov process with values in S and the transition
intensities matrix A and It(j) = I(X: =j), j=1,...,4.
We will follow Theorem 4.10.1 from [31]. The random process Y has piecewise
constant paths with jumps of two magnitudes, +1 and —1. Due to (A.2), its saltus
measure p(dt, dy) is completely described by

dt {].} {It dN41 +It ( )dN23(t)},
p(dt, {—1}) = {L,—(1)dN12(t) + I~ (3)dN34(t) }.

So, the compensator g(dt,dy) of p(dt,dy) with respect to the filtration (#fo )¢>0 is
defined as

(A3) 7§(dt7 {1}) = (me-(4) + m—(2))dt = (1 - Y- )dt,
q(dt, {—1}) = (m—(1) + m—(3))dt = Y;_dt.

Notice also that

(A4) p(dt, {1}) = (1 = Y;_)dY; and p(dt,{—1}) = —Y;_dY;.

Equation (A.2) also gives “drift+martingale” presentation for I (t), I2(%):

dl;(1) = (= I(1) + I,(4))dt + dM; (),

(A.5) dI(2) = (I4(1) — I,(2))dt + dMa ()

with martingales
My (t) = / (= L-(d(Nia(s) = 8) + L (4)d(Nar(s) — 9)),

My(t) = /O t (Is_(l)d(ng —8) — I, (2)d(Nas(s) — s)).

Then, by Theorem 4.10.1 in [31], adapted to the case considered, we have

dmi(t) = ( —m (1) + 7Tt(4))dt + /Hl(w,ty) [p(dt, dy) — ﬁ(dudy)],
(A.6)

d772(t) = (ﬂ-t(l) - 7Tt(2))dt + /HQ(w7t7y) [p(dtvdy) - q(dt’ dy)],

where H;(w,t,y), i = 1,2, are Z(Y) @ #(R)-measurable functions (here #(R) is the
Borel o-algebra on R and Z(Y) is the predictable o-algebra on 2 x R} with respect
to the filtration (%o 4)t>0). Moreover

Hi(watay) = M(AMl + I (Z)|‘@(y) ® %(R))(w7ta y) - ﬂ_t—(i)a

where AM; and I_(i) are the processes M;(t) — M;(t—) and I;_(i), respectively,
and M(-|2(Y) @ Z(R)) is the conditional expectation with respect to the measure
M(dw, dt, dy) = P(dw)p(dt,dy) given 2(Y) @ B(R).
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By (A.5), AM;(t) + I (i) = I(i) and the structure of compensator g provides
(here AL (1) = I; (i) — L;— (7))

M(I(3)|2(Y) @ BR)) — m— (i) = M(AL()| 2(Y) © B(R)).

The desired conditional expectation is determined uniquely from the following iden-
tity: For any bounded, compactly supported in ¢ and Z()) @ Z(R)-measurable
function ¢(w,t,y)

g * [ ot sty

_E / h / $(w, £, y)M(AIE) P(Y) © B(R)) (w, t, y)a(dt, dy).
0

By (A.2)

AL(1) = =L (1) AN1o(t) + It (4) AN (2),

ALi(2) = I (1) AN12(t) — 1;—(2) AN23(t),
and so

AL(Dp(dt, {1}) = I (4)dNa (8),

AL(1)p(dt,{-1}) = =1, (1)dN12(t),
AlL(2)p(dt, {1}) = —I;—(2)dN23(t),
AL(2)p(dt, {—1}) = L, (1)dN12(2).

Owing to the obvious relations

Ii(t) = LA -Y1), L) =1 (t)(l - 1),
we have
gy =R Q)Y T ()= o ()1 Ve

Ft_(l)dt = Wt_(l)i/t_dt, T¢— (3)dt = T¢— (3)n_dt
Taking into account (A.3), we find

s y=1
1)v y:*L

)
(

_ —7Tt,<2), Yy = 1a
H2(w;t7y) - { 7Tt—(1)7 Y= —1.

In accordance with (A.3), (A.4), the formulae for Hy, Hs, and (A.7), we transform
(A.6) to

Hl(w=t7y)={

dmi(t) = (= m(1) + m¢(4))dt + m—(4)(1 = Y, )(dY; — dt) 4+ m— (1)Y,—(dY; + dt)
=m_(4 )(1 — Y, )dY; + m_(1)Y,_dY,
= (1-m—(2)(1 =Y )dY; +m(1)Y;-dYs,

dmy(t) = (mo(1) — m(2))dt — m—(2)(1 = Yoo )(dY — dt) — m— (1)Yo— (Y, + dt)

- —m )1 = Y )dY, - m_(YidY;. O
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