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ABSTRACT: We provide a unified treatment of conformally soft Goldstone modes which
arise when spin-one or spin-two conformal primary wavefunctions become pure gauge for
certain integer values of the conformal dimension A. This effort lands us at the crossroads
of two ongoing debates about what the appropriate conformal basis for celestial CFT is
and what the asymptotic symmetry group of Einstein gravity at null infinity should be.
Finite energy wavefunctions are captured by the principal continuous series A € 1 + iR
and form a complete basis. We show that conformal primaries with analytically continued
conformal dimension can be understood as certain contour integrals on the principal series.
This clarifies how conformally soft Goldstone modes fit in but do not augment this basis.
Conformally soft gravitons of dimension two and zero which are related by a shadow trans-
form are shown to generate superrotations and non-meromorphic diffeomorphisms of the
celestial sphere which we refer to as shadow superrotations. This dovetails the Virasoro
and Diff(S?) asymptotic symmetry proposals and puts on equal footing the discussion of
their associated soft charges, which correspond to the stress tensor and its shadow in the
two-dimensional celestial CFT.
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1 Introduction

The realization that soft theorems in gauge theory and gravity are manifestations of Ward
identities for asymptotic symmetries [1-3] has reinvigorated recent attempts at flat space
holography [4] as well as reopened some questions regarding what the physical asymptotic
symmetry group of asymptotically flat spacetime should be [5-7]. One of the key milestones
from applying this paradigm is that it solidifies [8] a conjectured extension [9] of the
BMS group to include superrotations [10-12], based on a newly discovered subleading
soft graviton theorem [13]. This precipitated two parallel initiatives within the field.

On the one hand, the subleading soft graviton mode is a natural stress tensor can-
didate [14] for a putative dual celestial CFT with a Virasoro symmetry. This provoked
reexamining scattering amplitudes in a basis [15-17] that makes conformal covariance
manifest which, in turn, demanded a new understanding of the conformal analog of soft
theorems [18-27]. While the leading conformally soft graviton naturally arises as the zero
mode in this discussion, a puzzling question arose on how the subleading conformally soft
graviton would fit into the appropriate conformal basis for celestial amplitudes.

On the other hand, while the leading soft graviton theorem is equivalent to the Ward
identity of BMS supertranslation symmetry, the correspondence between the subleading
soft graviton theorem and the proposed asymptotic Virasoro superrotation' symmetry
does not appear to be bijective. Questions were raised as to whether the asymptotic
symmetry group should be extended from the double copy Virasoro symmetry generated
by local conformal Killing vectors (CKVs) to arbitrary diffeomorphisms of the celestial
sphere (Diff(52)) [28-31]. Unlike for local CKVs, the Ward identity for Diff(S?) symmetry
appears to be equivalent to the subleading soft graviton theorem [32], but the price to pay
for this enlarged asymptotic symmetry group is a relaxed set of boundary conditions which
modify the metric of the celestial sphere at leading order.

This paper provides a unified treatment of conformally soft Goldstone modes which
lands us at the crossroads of these two ongoing themes and offers a resolution to some of
the tensions surrounding what the appropriate conformal basis for celestial amplitudes is,
and what the appropriate asymptotic symmetry group for Einstein gravity at null infinity
should be.

Four-dimensional scattering amplitudes exhibit conformal properties when the stan-
dard plane wave modes are replaced by so-called conformal primary wavefunctions. These
are labeled by the conformal dimension A and spin J of the representation of the 4D
Lorentz group SL(2,C) which acts as the 2D conformal group on the celestial sphere at
null infinity. In [16] it was shown that finite energy modes are captured by conformal
primary wavefunctions on the principal continuous series A € 1+ iR and that these form a
conformal basis. Whereas, in the momentum basis, the leading and subleading soft poles
of scattering amplitudes arise in a series expansion near w — 0, in the conformal basis,
the leading and subleading conformally soft theorems arise from different limits of the con-
formal dimension A [16, 18-24]. As shown in [19], the asymptotic large U(1) Kac-Moody

!By superrotations we collectively mean the angle-dependent generalization of rotations and boosts.
They are distinguished from general diffeomorphisms of the celestial sphere.



symmetry of gauge theory and the BMS supertranslation symmetry of gravity are gener-
ated by respectively spin-one and spin-two conformal primaries with conformal dimension
A = 1. Insertions of these A = 1 modes into celestial amplitudes give rise to conformally
soft factorization theorems in gauge theory [20, 33, 34] and gravity [22-24].

Furthermore, a subleading conformally soft theorem in gravity is obtained [22, 24]
in the A = 0 limit of celestial graviton amplitudes. This corresponds to the insertion
of a conformally soft graviton whose conformal dimension does not lie on the principal
continuous series. This theme appears to continue for the subsubleading conformally soft
theorem in gravity which arises in the A = —1 limit of celestial graviton amplitudes [24],
as well as for the subleading conformally soft theorem for celestial gluon amplitudes which
is obtained in the A = 0 limit [22]. The nature of this analytic continuation in conformal
dimension raised some questions. In particular, it was unclear how these modes would fit
with the results of [16] that the principal continuous series wavefunctions form a complete
basis. Here we show how conformally soft primaries with analytically continued conformal
dimensions can be understood as certain contour integrals along the principal continuous
series. These modes therefore do not augment the conformal basis, even with zero energy
modes taken into account.

Related to the subleading A = 0 conformally soft graviton A" by a shadow transform
isthe A=2—A=2 spin-two conformal primary h2. The modes h° and h2 are both pure
diffeomorphisms. Near null infinity, 2 matches the form of a superrotation [19] thus sup-
porting an asymptotic Virasoro symmetry. Its relation to the stress tensor for a putative
celestial CFT, which is the soft charge, was examined in [19, 35]. On the other hand, h°
does not obey the standard fall-off conditions. Instead, we will show that it generates an
asymptotic Diff($?) symmetry. The corresponding soft charge is divergent and a regular-
ization method needs to be employed. Following [29] we take care of radial divergences
by adding appropriate boundary terms and demand consistency with the subleading soft
graviton theorem. The renormalized soft Diff(S?) charge we eventually arrive at turns out
to be the shadow transform of the 2D stress tensor.

Why was such a renormalization procedure not needed in computing the soft superro-
tation charge [8, 36]7 In fact, even superrotations modify the round metric of the celestial
sphere at isolated points when the generator is not part of the global SL(2,C). Here we
show that when keeping track of these contact terms in the diffeomorphism vector field
associated to h2, a regularization method akin to the one used in defining a soft Diff(5?)
charge [29] is required in order to derive the soft superrotation charge.

This puts the conformally soft gravitons h2 and hO on equal footing and dovetails the
Virasoro and Diff(5?) asymptotic symmetry proposals. In [8] the subleading soft graviton
theorem was shown to imply a Ward identity for superrotations within semiclassical S-
matrix elements which is given by the conformally soft graviton h2. Campiglia and Laddha
then demonstrated in [32] an equivalence between the subleading soft graviton theorem
and the Ward identity for certain Diff(S?) transformations which turn out to be none
other than the conformally soft graviton h’. Here we see, that the shadow operation
implies that the converse of the relation found in [8] also holds. This is illustrated in
figure 1. The asymptotic symmetry group for Einstein gravity at null infinity should thus
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Figure 1. Superrotations imply the subleading soft graviton theorem so long as the asymptotic
Virasoro symmetry group is enhanced to include shadow superrotations.

include the closure of Virasoro under shadows within Diff(S?). The Ward identity for
this enlarged symmetry group is equivalent to the Cachazo-Strominger soft theorem [13].
If one allows more general convolutions than the shadow transformation, the asymptotic
symmetry group extends to all of Diff(S?).

We thus come away with a better understanding of both the debate around Virasoro,
generated by local CKVs, versus Diff(5?), generated by arbitrary vector fields, and the
interpretation of conformal primaries with analytically continued conformal dimension with
respect to the principal continuous series basis. Moreover, the machinery we develop is
primed to tackle interpretations of further subleading soft modes [22, 24] which are not
pure gauge, as well as the corresponding memory effects in gauge theory and gravity which
involves a careful handling of an admixture of incoming and outgoing modes as explained
in [19]. We leave these interesting topics to future work.

This paper is organized as follows. We begin by establishing our coordinate conven-
tions in section 2. In section 3, we review properties of the Mellin transform (section 3.1)
and the relevant conformal primary wavefunctions from [16] (sections 3.2-3.3). We build
most of the tools we will need in section 4. In section 4.1 we use properties of the Mellin
inversion theorem to define a useful distribution that helps us analytically continue results
previously established for wavefunctions on the principal series. We discuss practical reg-
ularizations of this distribution and then show in section 4.2 how applying them offers a
quaint interpretation of modes off the principal series in terms of superpositions of modes
on the principal series. This straightens out previous attempts [35] at interpreting symplec-
tic pairings between wavefunctions with arbitrary conformal dimensions (section 4.3) and
clarifies the principal series mode expansion [16, 19] which we write down in section 4.4. We
conclude this section by combining these results and tools to define analytically continued
mode operators in section 4.5 which we connect to soft charges for asymptotic symmetries
in section 5. Sections 5.1 and 5.2 are mainly a review of the results of [19] which identified
the conformal primary modes corresponding to the leading soft photon and soft graviton
theorems. In section 5.3 we apply the methods of section 4 to the subleading soft graviton



and identify the spin-two Goldstone modes h? and KO with generators of the proposed
Virasoro and Diff(5?) symmetry groups of Einstein gravity at null infinity. We show how
a careful treatment of contact terms puts them on equal footing in computing the soft
charges. As a further payoff, this illuminates an under-appreciated connection to the work
of [29, 32] even for superrotations.

2 Coordinate conventions

We begin by outlining our coordinate conventions in this section. Cartesian coordinates
on four-dimensional Minkowski spacetime? R are related to Bondi coordinates (u, 7, 2, Z)
by the transformation

_ . 1 23
XV =u+r, Xlzrz+z_, 2 iyt —, X?’:rizf, (2.1)
1422 1422 1422
which maps the Minkowski line element to
ds? = —du? — 2dudr + 2% ysdzds  with yas — — (2.2)
§° = —du uar + 2r-y,zdzaz - wi 7ZZ_(1+z2)2' .

One reaches future null infinity Z* by holding (u, 2, Z) fixed and going to large r, and we
refer to the S? cross section of future null infinity as the celestial sphere. Corresponding
quantities exist in an expansion near past null infinity where v = u + 2r is held fixed in
place of u, with a corresponding past celestial sphere. For any asymptotic symmetry under
consideration only an appropriate diagonal subgroup acting simultaneously on future and
past null infinity will be a symmetry of the four-dimensional scattering problem [3].

A massless particle crosses the celestial sphere at a point (w,w) with momentum

pﬂ = wq#(wv ’lI)) ) (23)
with w > 0 and ¢*(w, w) a null vector given by
¢ (w,w) = (1 + ww,w + w, —i(w — w), 1 —ww). (2.4)

Under an SL(2,C) transformation

_>aw+b 7_>aw+13 (2.5)
T o w — _ Rl .
cw~+d cw+d
¢" transforms as a vector up to a conformal weight?

¢" = " = Jew +d|2Aq" . (2.6)

Here ad — bc = 1 and A", is the associated SL(2,C) group element in the four-dimensional
representation. Note that null vectors (2.4) satisfy

q"(w, ) q,(w, @) = —2|w — w'|?, (2.7)

*We use signature convention (—,+, +, +).
3The energy p° = w(1 + wd) transforms as p° — p°A§ while w — w|cw + d|>.



and the derivative of (2.4) with respect to w (w) gives the photon polarization vector €,

(ei2) of positive (negative) helicity:
Dwg" = V2e (¢q) = (w,1, —i, —w), Dpg" = V2 (q) = (w, 1,4, —w). (2.8)
These satisfy
€w =0, €p-€p=0, €p-€ez=1, (2.9)

and similarly for w <> w. The graviton polarization tensor of positive (negative) helicity is

ey = ewel (e = epe).

3 Conformal primary wavefunctions

Four-dimensional scattering amplitudes were recently shown [15, 17] to exhibit conformal
properties when the standard plane wave basis is replaced by a basis of so-called conformal
primary wavefunctions [16]. For massless fields this can be achieved via a Mellin transform.
In this section we review the construction in [16]* of conformal primaries in gauge theory
and gravity which form a complete conformal basis for single particle states when the
spectrum is the principal continuous series of the Lorentz group.

3.1 The Mellin transform

The Mellin transform is defined as follows
MINA) = [ dst ) = (). (3.1)

with the inverse transform given by
1 1 c+i00 A
M@ = 5 [ dBwTAe(8) = f). (32)

27 Je—ioo

The Mellin transform is well defined for functions f(w) such that

/000 dw L f(w)] < o0, (3.3)

for some k£ > 0, and the existence of the inverse transform requires ¢ > k. If these conditions
are satisfied then we have the identity

p(A) = MIMTHI(A). (3.4)

3.2 Conformal primaries from Mellin transforms of plane waves

The Mellin transform (3.1) and its inverse transform (3.2) allow us to go back and forth
between the plane wave basis of the standard momentum-space formulation of massless

4This builds on earlier work [37-40] using the embedding space formalism.



scattering processes and wavefunctions that transform as conformal primaries under the
Lorentz group. The relevant pair of functions is given by

Flw) = eFwaeX—owd”  with £>0,

_ I 1 .
p(A) = )2 (g X Fie)> with Re[A] > 0 (3.5)
= o (XM wi )

where in the last line we introduced the massless spin-zero conformal primary wavefunction.
Spin-one and spin-two massless conformal primary wavefunctions are gauge equivalent to
Mellin transforms of plane waves multiplied by the appropriate polarization vectors and
tensors as we will discuss in the following. Note that the ie-prescription in (3.5) is added to
make the Mellin integral convergent or to circumvent the singularity at ¢- X = 0. This can
be achieved by the imaginary timelike shift X* — X/ = X#+icV# with V# = (-1,0,0,0).
The appearance of the conformal factor ¢° = 1-ww is a consequence of the parametrization
of the momentum (2.3)-(2.4). In Bondi coordinates X3 is then regulated at the light-sheet
by u — u F ie.

3.2.1 Gauge theory

The outgoing (+) and incoming (—) massless spin-one conformal primary wavefunctions

are [16, 18]

(—q : X:t)aaQM + (8aq : Xi)Qu
(—q- X4 )AH

A —1V2(k0)A

A T(4Q)

At . A
Aa (XHw,w) =
(3.6)

A+ A+

V#;a + Vo,
_ At . .

where a = w or w and V)4~ is the Mellin transform of a plane wave

Via® = emad™ (3.7)

with the polarization vector €,,, = %&lqu and the residual gauge parameter is

3aq . Xi

A+

QT = A 3.8
A(—q-X4)A (3.8)

The wavefunctions (3.6) satisfy both Lorenz and radial gauge conditions
VHASE =0, XLARE=0, (3.9)

and are solutions to the source-free four-dimensional Maxwell equations, which reduce in
this gauge to

V,VPARE =0, (3.10)
with field strength F lﬁ,}f = VNAf;;f — VZ,Aﬁ’ai given by

FAE _ (A - 1)(‘],uaa(b/ - (Iz/aaQ,u)
HY5a (—q- Xi)AH :

(3.11)



The wavefunctions (3.6) transform as two-dimensional conformal primaries with con-
formal dimensions (h, h) = 5(A + J,A — J) under an SL(2, C) Lorentz transformation:
aw+b aw+b
cw+d ew+d

Aﬁ;;zi <APVX”; ) = (cw + d)*"(ew + J)QhAlfA?f(Xp; w,w),  (3.12)
where the index a = w corresponds to the spin J = +1 (positive helicity) while a = @
corresponds to J = —1 (negative helicity). In two-dimensional conformal field theory,
the shadow transform maps a primary with conformal dimension A to a primary with
conformal dimension A = 2 — A. The shadow transform of the spin-one conformal primary
wavefunction (3.6) is [16]

QAL “A 42-A+ _ FA,
Aps = (X)) AL BE = ADE. (3.13)
3.2.2 Gravity

The outgoing (+) and incoming (—) massless spin-two conformal primary wavefunctions
are

1[(=q- X+)0aqu + (9aq - X+)qu][(—q - X+)0aqy + (Faq - X+)qv]

2 (—q- Xg)A+2

A—1(+)2 A A+ A+
= m F(A) V,u,uga + V;U'Cl/;& + VVCM;& ’

A _
hov i (XPw,w) =

(3.14)
where Vﬁ,;f is the Mellin transform of a plane wave
VMAV% = 6uu;a¢A7i 5 (3.15)
with polarization tensor €,,., = %aaq“aaqy, and the residual diffeomorphism is
At _ 1 (&qu(aaq : X:i:) lqM(aaq : X:i:)2> (3 16)
e 2(A+ 1)\ (g XA 2(—g- Xg)AT!
They satisfy harmonic and radial gauge conditions
M hie =0, VFhoE =0, X{ihp= =0, (3.17)
and are solutions to the vacuum linearized Einstein equations, which reduce to
V, VPt (XM w,w) = 0. (3.18)

The wavefunctions (3.14) transform as both a four-dimensional traceless symmetric rank-
two tensor and as two-dimensional spin-two conformal primaries with conformal dimension
(h,h) = (A + J,A — J) under an SL(2,C) Lorentz transformation:

BAE <A“X”- aw—+b aw+b

uvia v ) m, Cw_|_d> = (C’LU —'- d)2h(éw "‘ J)2hAupAyUhA7:t (X,LL, w, ’lI)) . (319)

po;a

The two-dimensional index a = ww corresponds to spin J = +2 (positive helicity) while
a = ww corresponds to J = —2 (negative helicity). The shadow transform of the spin-two
conformal primary wavefunction (3.14) is [16]

RAE _ (Lx2)-Ap2-AE Z jAE (3.20)

nv;a uvia nria

and has conformal dimension A = 2 — A.



3.3 Conformal basis

To determine the values of the conformal dimension A of the spin-one and spin-two con-
formal primary wavefunctions relevant to physical scattering processes we now turn to
a discussion of the conformal basis. A natural inner product between complex spin-one
wavefunctions is

(A, ANy = —i / dxr [AYF", — A"™F,,] (3.21)
and between complex spin-two wavefunction is (see e.g. [41-44])

(h, W5 = —i / s’ [hﬂ"vph”;,, — O B, 4 RVER — BV B B VR — (B h’*)] :

(3.22)
where ¥ is a Cauchy surface and h = h9 vanishes for conformal primaries due to the
tracelessness condition (3.17). The inner products for Mellin representatives Vf;a’i and
Vf{,’;fac, defined in equations (3.7) and (3.15) for A on the principal continuous series of the
Lorentz group, i.e. A =14 i\ with A € R, were evaluated by one of us and Shao in [16].
The result for both spin-one and spin-two on a constant X© slice is

(VEEAE pIFN S o = £2m) 0,00 (w — w)§(A - N), (3.23)

and hence pairs A = 1 4 ¢\ modes with their A = 1 — i\ partners. It was further shown

that these form a complete basis for finite energy wavefunctions.®

4 General conformal dimension

In this section we show that conformal primaries with A € C can be expressed as a
superposition of conformal primaries on the principal continuous series A € 1 + iR. It
is then natural to expand general fields and define asymptotic charges purely in terms of
primaries on the principal continuous series. We compute the inner product for conformal
primaries with general conformal dimension and use it to define operators that shift the
gauge field and the metric at null infinity. We will be particularly interested in special
values of A € Z corresponding to Goldstone modes of spontaneously broken asymptotic
symmetries [16, 18]. These operators will be related to soft asymptotic charges in section 5.

4.1 Generalized delta function

Given the existence of the Mellin transform and its inverse as stated in section 3.1, we
begin with the identity

P(A) = MIMHgll(A), (4.1)
which, using the definitions (3.1)—(3.2), is explicitly
o] 1 c+ioo
p(A) = / dwwA_l,/ dzw *p(z)
0 2mi c—100
(4.2)

:/Cj:o(idz) (;ﬂ /OOO dwwA‘Z‘l) p(2).

5These inner products are invariant under gauge transformations that vanish sufficiently rapidly. They

are not invariant under large gauge transformations, which are zero energy modes. This is important when
comparing (3.23) to (4.20) and (4.21).



This leads us to define the distribution
1 o
O(i(A —2) = — / dww? =1 (4.3)
0

which will serve the role of a generalization of the Dirac delta function to the complex

plane with the property

o) = [ s - e, (1.9

—100
for A € C, and ¢ determined by the condition for existence of the Mellin inverse described
above.
In what follows, we will need to distinguish the three different conditions the z-contour
¢+ iR in (4.4) can obey.

e For ¢ = Re(A) we have Re(A — 2) = 0 in the integrand of (4.4). In this case,
the generalized distribution (4.3) reduces to the Dirac delta function with argument
Im(A — 2), as can be shown by a change of variables w = e*.

To discuss the other types of contours, it will be useful to introduce the following regulated
versions of the generalized distribution (4.3) which converge on the respective contour.

e For ¢ < Re(A) we define

1 (o)
8y (i(A = 2)) = o~ i dww®*te™ | Re(A —2) >0
4.5
= iVZ*AF(A —2) )
Cor ’

where v > 0.

e For ¢ > Re(A) we define

where v > 0.

The Gamma functions appearing in these expressions can be analytically continued to the
entire complex plane except for an infinite set of poles at the non-positive integers. These
expressions are to be understood inside contour integrals of the form (4.4) which can be
computed using Cauchy’s theorem from the residues of the Gamma function

(=D"
Resye D(z) = —~2 . 4.7
ese=—nl (@) = 50 (4.7
We will now show that the analog of (4.4) holds when one substitutes (4.5) or (4.6)
for (4.3) and takes the v — 0 limit, namely that

c+i00
(A) = lim (—id2)8,2(i(A — 2))p(2) (4.8)

v—0 c—i00

~10 -



Let’s start with the regularized distribution (4.5) in (4.8). First, note that I'(A — z) — 0
as Re(z) — +o00. We would thus like to close the contour in (4.8) to the right. We will
be allowed to do so, so long as ¢(z) does not grow fast enough to negate or outpace the
suppression of the Gamma function along this arc. We will allow ¢(z) to have poles at
some set of points {z;} in this region. Since Re(A) > ¢ we also pick up the residues of the
poles of the Gamma function at z = A +n with n € {0,1,2,...}. Then, using (4.7) we
arrive at

c+100

P_I)I(l) (—idz)d, > (i(A — 2))p(2) = il_r)r%) [Z V" n + Tnt 1) ©(A+n)

+ Z VAT (A = 2p)Res.—., ¢(2) (4.9)

=p(A),

where the only contribution to the sum comes from the n = 0 pole of the Gamma function,
so long as Re(z, — A) > 0. We have shown that (4.8) holds for (4.5) if

1. T'(A —2z)p(z) = 0 as |z| = o0, Re(z) > ¢,
2. ¢(z) has no poles in the strip Re(z) € [¢, Re(A)].

A similar sequence of steps will reach an analogous conclusion for (4.6) in (4.8). Closing
the contour to the right since I'(z — A) — 0 as Re(z) — —oo we find that (4.8) holds
for (4.6) if

1. I'(z — A)p(z) = 0 as |z| = o0, Re(z) <,
2. ¢(z) has no poles in the strip Re(z) € [Re(A), ¢].

We conclude this section with a word of caution about evaluating the regulated dis-
tributions (4.5) or (4.6) at Re(A — 2) = 0 as ¥ — 0 and expecting to get a Dirac delta
function in Im(A — z). Letting A — z = iy and k = —logr, (4.5) and (4.6) become

8= (i(A — 2)) = %eiikyf(j:iy) , (4.10)
and limv — 0 corresponds to lim k& — oco. This behaves as a distribution in y as follows.
Over the (infinitesimal as k — 0o0) window [y — 2&,y + =%] the phase e switches sign.
So long as I'(+iy)p(A Fiy) is slowly varying in y the contribution of this window to (4.4)
vanishes. Meanwhile, for generic ¢ this condition precisely breaks down near y = 0 where
the Gamma function has a pole and

1
ky £ isinky) . 4.11
m,y(cos y L isinky) (4.11)

<

0, >(i(A—2)) ~ :|:2

SNote that if there is a zp such that zx = A + n for n € Z then this corresponds to a double pole in
I'(A — z)¢(z) rather than two single poles. This will modify the residue formula but so long as conditions
1. and 2. hold they are damped in the v — 0 limit.

- 11 -



The k — oo limit of the imaginary part of this expression, while divergent as y — 0, is still
odd in y and its contribution to (4.4) will also average to zero over a small window centered
at y = 0. The real part of (4.11) is a familiar representation of the Dirac delta function
with non-trivial support at y = 0 but multiplied by % How did we get %5(y)? What we
have really been doing is taking the ¢ — Re(A) limit of (4.5) on the ¢ < Re(A) contour
(or of (4.6) on the ¢ > Re(A) contour). In doing so the n = 0 pole of the Gamma function
now lies on the integration contour. To insure (4.8) still holds, for (4.5) the ¢ — Re(A)~
contour would need to be deformed by a small arc leaving the pole at z = A to the right
of the contour, while for (4.6) the ¢ — Re(A)™ contour would need to be deformed by a
small arc leaving the pole at z = A to the left.

As a final remark, it is worth noting that while the choice of regularizations in (4.5)
and (4.6) may seem somewhat arbitrary, they actually naturally appear as the ie regular-
ization of spacetime singularities in our wavefunctions (3.5). Indeed, in the inner product
computation in appendix A we actually see the integrand in (4.5), with v replaced by
2eq°, appearing in (A.7) before taking the ¢ — 0 limit. We can thus expect any analysis
involving admixtures of in and out states — as necessary when examining electromagnetic
and gravitational memory in the conformal basis [19, 45] — to take these regularizations
as physical.

4.2 Conformal primaries with analytically continued A

Building on the results of the previous section we now show that conformal primary wave-
functions with general conformal dimensions can be expressed as a superposition of wave-
functions on the principal continuous series of the Lorentz group. This result follows after
realizing that the conformal primaries (3.6) and (3.14) satisfy the conditions 1. and 2.
on ¢(z) discussed in section (4.1) for the ¢ =2 Re(A) contours with ¢ = 1. We can thus
substitute A%% and hs for (z) in (4.8) and deform the principal series contour.”

Conformal primaries with conformal dimension lying to the right of the principal series

Re(A) > 1 can be expressed as

At I A +
A (XM w,w) = lim /1 dzv* S (A — 2)ALL (XH w,w)

v—0 271 4
T (112
A+ . =) — i z—A - z,+ . —
e (XH5 w0, ) 312((1)—27”, /1—z‘oo dz v ST(A = 2)hy o (XH; w,w) .

To verify this, note that the z-dependence of the integrand for either spin takes the form

<qu> I'A—2)—0, Re(z)— +oo. (4.13)

"This is somewhat reminiscent of the contour deformations employed in the CFT literature to translate
between conformal partial waves on the principal series and conformal blocks. While the integration kernel
in (4.12) and (4.16) may be non-standard, its asymptotic behavior gives the desired convergence of the
deformed principal series contour for which we recover conformally soft Goldstone modes with integer
conformal dimension. Moreover, the regulators in (4.5) and (4.6) are natural given the comments at the
end of section 4.1.
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1+ i\

(a) Contour deformation for Re(A) > 1. (b) Contour deformation for Re(A) < 1.

Figure 2. Conformal primaries with general conformal dimension A can be expressed as integrals
along the principal series contour z = 1 + ¢X with A € R. Depending on whether Re(A) 2 1 the
contour is deformed to the right (2a) or left (2b). For illustration we have drawn the pole positions
corresponding to A = 2 and A = 0 in (2a) and (2b), respectively. Using (3.13) and (3.20), we see
the same contours are relevant for the shadow modes with A = 2 and A = 0, respectively.

Applying the results of section 4.1 we close the contour to the right of the principal contin-
uous series, picking up the residues of the poles of the Gamma function at z = A + n for
n =4{0,1,2,...} while there are no poles in our corresponding ¢(z) to worry about. Using

- A+n (_1)” — oY A 4.14

we arrive at

'lig%y_A P [_ (—q 'VXiﬂ <—q I'/Xi>A ~ (¢ '1Xi)A ’ (4.15)

thus validating (4.12). An analogous line of arguments holds for the shadow primaries (3.13)
and (3.20) for Re(A) > 1 with the same contour.
Conformal primary wavefunctions with conformal dimension lying to the left of the

principal series Re(A) < 1 can be expressed as

1 1+io0
A _ - A _
Au;gt(Xu; w, ’w) = ili)% 277” /1_Z'OO dzv ZF(Z - A)AZ:Z:(X“’ w, U]) )
Lo (4.16)
A+ m — : 1 e A—z z, £ m —
B e (X5 w0, 0) = ili% i ) dzv=" T (2 — A)hyy o (XH; w, W) .
In this case,
(v(—q- X Fie)) "T(z—A) -0, Re(z) > —0, (4.17)

and we thus close the contour to the left picking up the residues of the poles of the Gamma
function at z = A —n for n = {0,1,2,...} while there are again no poles in the corre-
sponding ¢(z). We get a sum of the form

n=0
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and so

lim v exp [—v(—q - X)) (v X)) = ¢ ! (4.19)

—q-X i)A ’
validating (4.16). The same arguments can be repeated for the shadow primaries (3.13)
and (3.20) for Re(A) < 1.

We have thus shown that conformal primary wavefunctions (3.6) and (3.14) (and their
shadows (3.13) and (3.20)) with arbitrary conformal dimension can be expanded in terms

of conformal primaries on the principal series.

4.3 Inner product

We are now ready to discuss the inner product for conformal primary wavefunctions with
arbitrary conformal dimension A. Relegating the explicit computations to appendix A,
we reach the following results.® The inner product (3.21) between two spin-one pri-
maries (3.6) is

(AB(w), A H ) = £2(2m) e sim(am) V5,50 (- w86 (A+A" -2)).
“ TA(A—2)
(4.20)
For spin-two primaries defined in (3.14) the inner product (3.22) is
(2 w), by ()
(A-14+4)A—-1-
TA(A —1)(A —2)

= +(2m)eT™ A sin (A7) i) 80 0P (w — w)E(i(A + A —2)). (4.21)
As demonstrated in appendix A these expressions hold regardless of whether the Cauchy
slice ¥ is a constant X© slice or taken to null infinity. The sin(7rA) appearing in the
inner products introduces zeros for integer A except where cancelling poles appear, i.e.
A ={0,2} for spin-one, and A = {0, 1,2} for spin-two.

While orthogonality holds on the principal continuous series [16], the discussion in sec-
tion 4.1 and 4.2 highlights that we should not take the appearance of the distribution (4.3)
in (4.20)—(4.21) as an orthogonality condition that pairs modes of weight A with modes of
weight 2 — A* for arbitrary A € C. Indeed, the regulated distributions (4.5)-(4.6) gener-
ically give a non-zero inner product between any two {A, A’} € C. Moreover, it makes
sense that the inner product between two such wavefunctions would generically be non-
trivial since they can each be viewed as a wavepacket of principal series wavefunctions.
One should keep this caveat in mind when interpreting the ‘pairings’ in [35] of spin-two
modes away from the principal series with dimensions zero and two. Besides its relevance
for the subleading soft graviton mode which we examine in section 5.3, this observation is
also important for further subleading soft modes corresponding to subleading soft photon
and sub-subleading soft graviton modes [22, 24] as will be addressed in [46].

8Note that the pairings between the A = 1 Goldstone modes of gauge theory and gravity and their
respective canonical partners constructed in [19], namely the conformally soft photon and graviton, are
not captured by the righthand side of (4.20) and (4.21). They can be readily obtained though from the
combination of incoming and outgoing wavefunctions discussed in [19] using the regulated versions (4.5)—
(4.6) of the distribution (4.3).
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4.4 Mode expansion

Now that we understand that conformal primary wavefunctions with arbitrary conformal
dimensions can be expressed as a superposition of wavefunctions with A € 1 + iR, it is
natural to expand general fields purely on the principal continuous series of the Lorentz
group. An arbitrary gauge field perturbation is given by”

1+zoo
/d2 Z / —idA) [Nm AAib*AJF(X“ w, w)ay p(A;w, w)
1

(4.22)
+ Ny AA (XM w,w)ap(Asw w)T] ,
and an arbitrary metric perturbation is given by
1+ico
/d2 Z / (—idA) [./\/;:2_ iu%*<+(XH w, W)agp(A;w, w)
w1 (4.23)
+ N, Ahwb(X“;w,u‘J)ag,b(A;w,w)q :
Here we have introduced the normalization factors
~1/2
£ _ 4 _+inA . (A-1)
NipA = [2(27T) e Sln(Aﬂ—)iﬂ'A(A — 2>} , (4.24)
and 12
: . A—-1+i)(A—=-1—-9)]"
NQA |:< 7T> e Sln( 7T) WA(A—].)(A—Q) ) ( )

so that the creation and annihilation operators with spin j = {1, 2} obey the commutation
relations

[aj,0(A, w, @), a0 (A, w0, 0] = 6408 (w — w')S(E(A + A - 2)), (4.26)

where we have used J\/ 9A = N . On the principal continuous series, where A = 1+ i\,
A’ =14\ with A, )\’ € R, this reduces to the standard Dirac delta function §(A — \').

4.5 Analytically continued quantum modes

Let us now define the following operators!”

QL (w, @) = i(A, AL T (w,@))s, Q5. (w, @) = i(h,hyt T (w,@))s . (4.27)

Using the mode expansions (4.22)—(4.23), the results for the inner products (4.20)—(4.21),
and the relation (4.4), these reduce to

Q1a: i( 1A) 1a1,a(A;w,w), Q2a: i(N 2A) 1a2,a(A;w,ﬁ)). (4.28)

9Subtleties involving zero modes were examined by two of us and Strominger in [19]. Memory effects,

discussed there for A = 1 conformally soft modes, involve admixtures of incoming and outgoing modes. A
proper treatment of those in the mode expansions (4.22) and (4.23) goes beyond the scope of this paper;
we will return to it in [45].

10Note that conformal primaries with analytically continued conformal dimension away from A € 1 + iR
do not obey the standard fall-off conditions near null infinity. The associated operators (4.27) are divergent
and need to be renormalized. In section 5 we will outline this for the conformally soft gravitons h° and h2.
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These operators shift'! the gauge field as

[QT. (w, W), Ay (X)] = iAgy (X* w, ), (4.29)
and the metric as
[Q2 (0, ), by (X)] = ihiy o (X" w, @) . (4.30)

In particular, this implies that acting with these operators on the vacuum produces single
particle states with conformal primary wavefunctions of dimension A:

(0]QT, (w, @) Ay (X)[0) = iAR (XH;w, w), (4.31)
and
(01Q5 4 (w, @)y (X)]0) = ihiy o (X*;w, ). (4.32)

The notation for the operators QJ»A’G is intended to be suggestive. In the following section,
we will show how for certain values of A for which the conformal primary is pure gauge,
the operators Qﬁa correspond to soft charges in the full (matter-coupled) theory when we
take the Cauchy slice ¥ to future null infinity Z+.12

5 Asymptotic symmetries

Soft theorems in gauge theory and gravity imply Ward identities for corresponding asymp-
totic symmetries [3]. Whenever there is a gauge transformation that obeys some bound-
ary conditions but acts non-trivially at the boundary, one can use the canonical formal-
ism [42, 44] to construct a non-zero charge associated to it. When Stokes’ theorem is used
to express this charge as an integral along null infinity, the part of the charge linear in the
fields is referred to as the soft charge [3]. While the soft theorem/Ward identity connection
becomes nontrivial only in the full (coupled) theory, the inner product of an arbitrary field
perturbation with a Goldstone mode is enough to identify the soft part of the charge. In-
deed the soft charge is the operator which generates an inhomogeneous shift of the gauge
field tangent to the asymptotic symmetry.

It is thus natural to try to map any residual gauge transformations to soft charges.
In [16] it was shown that for certain values of the conformal dimension the conformal pri-
mary wavefunctions A% and h®, defined in (3.6) and (3.14), and their respective shadows
AZA and h2 2, defined in (3.13) and (3.20), reduce to pure gauge or diffcomorphism
modes. By inspecting their large r behavior near null infinity, these can be seen to corre-
spond to Goldstone modes of spontaneously broken asymptotic symmetries of gauge theory
and gravity. This is summarized in table 1.

In the following sections we will show that we can identify soft charges in gauge theory
and gravity with the operators QjA,a defined in section 4.5, which by (4.29)—(4.30) generate
an inhomogeneous shift in the gauge field or metric by the Goldstone modes of table 1.

"Here we have used (4.4), /\f;f a = N7 and the fact that on the principal continuous series A* = 2—A.

12For past null infinity, the soft part of the charge transforming the in state will be related to particular

(Q5a)T.
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A A
A his,

A 1 1 0
symmetry | large U(1) | supertranslation shadow superrotation € Diff(52)

Table 1. Goldstone modes of spontaneously broken asymptotic symmetries of gauge theory and
Af=2-4 hi47 22 are also pure gauge. While A=

and hy;

gravity. The corresponding shadow modes

and hﬁfl are their own shadows, the shadow of hﬁfo is the superrotation mode izgl,:z.

For the leading soft theorems, the computations in sections 5.1 and 5.2 will essentially be a
review of results in [19], involving the Goldstone modes Alll, = g}l and hiw = E}w, to which
we add that now we can interpret these charges in terms of conformal primary creation
operators by equating the corresponding charges to Qﬁa for spin j = 1,2 and A = 1 and
then using (4.28).

The subleading soft graviton case, which we address in section 5.3, is more subtle.
It turns out that there are two Goldstone modes, hﬁf 0 and ﬁﬁf 2 which are related by
a shadow transform. Certain aspects of these modes have already been studied in [19]
and [35], but the results of section 4 add an important insight: the subleading soft graviton
can be viewed either as an analytic continuation away from the principal series or as a
superposition of radiative (on the principal series) modes. Unlike the leading soft graviton,
these analytically continued modes are not each canonically paired with only a single other
mode as is clear from (4.21) thus generalizing the result of [35]. Our main focus in section 5.3
will be the identification of these two Goldstone modes with the generators of celestial
conformal symmetry. A crucial point is that previous treatments of the superrotation
vector field associated with the Virasoro asymptotic symmetry group have dropped contact
terms which are radially divergent and modify the round metric of the celestial sphere at
isolated points. This is reminiscent of the action of general diffeomorphisms on the celestial
sphere which have been proposed as a distinct extension of the original BMS group. Here,
we will show that the superrotation primary h? and the Diff(S?) primary h°, which we refer
to as a shadow superrotation, appear on equal footing in a careful treatment of contact
terms. We evaluate the operator QjAZZ’a and its shadow for A = 2 and A = 0, interpret
them in terms of the soft part of the superrotation and Diff(5?) charges [3, 29, 32, 36] after
a suitable renormalization procedure, and discuss their relation to the 2D stress tensor and
its shadow.

5.1 Large U(1) Kac-Moody symmetry

For conformal dimension A = 1 = A the spin-one conformal primary (3.6) and its
shadow (3.13) degenerate to the same Goldstone mode

Al = g0yt = Al (5.1)
with
al® = —9,log(—q- X1). (5.2)
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At future null infinity Z* the angular components of the Goldstone mode A,ljff for positive
helicity (a = w) takes the form

XQWZHXwaP, AL, = 2w (z — w), (5.3)
where we dropped the + label since the there no longer is a branch cut. The temporal
and radial components of the gauge field near null infinity behave, respectively, as A}L;w ~
O(1/r) and A}, ~ O(1/r?). Hence, A, obeys the standard fall-off conditions'? and
obviously has a vanishing field strength. We recognize the angular expressions (5.3) as the
Goldstone modes of spontaneously broken large U(1) gauge symmetry

AL, =00, AL, =0se,, (5.4)

where the large gauge parameter ¢,, is the boundary value of ol on T+

1

Evaluating (4.27) for A =1 and a = w we find!*

ZywT uz Zyw™ uz

Ql, = i(A, A5, = — / dud?®z <A1 FO 4 gl F<0>). (5.6)

Comparing this with the definition for the soft charge for the corresponding asymptotic
U(1) Kac-Moody symmetry [3, 47]

o 1 0
soft — -3 /dudzz (0,6 F9 + 9.e V), (5.7)

we find (after reinstating the factor 1/e? in the definition of the charge operator)

Q1. = QX" [511) = %w} : (5.8)
5.2 BMS supertranslation symmetry

Supertranslations are generated by arbitrary functions on the sphere f = f(z,z) and take
the form (see e.g. [3])

1

1
(r = fOu+ §D2far — ;DAfaA + ..., (5.9)

where sphere indices A = (z, Z) are raised and lowered with the round sphere metric v4p
and its inverse, while D4 and D? = DD denote, respectively, the covariant derivative
and the Laplacian with respect to 74p. The action of supertranslations (5.9) on the free
gravitational data C'4p defined by gap = 7“2’>’AB +7rCap + ... is

6;Cap = f0,Cap —2DaDpf +vapD*f . (5.10)

130ne indeed usually (see e.g. [3]) takes the fall-offs A, ~ O(1/r), A, ~ O(1), As ~ O(1).
4 The superscript (n) denotes the order T% at which the fields appear in the large r expansion.
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In [19] it was shown that the inhomogeneous part of the transformation (5.10),

8" Crp = —2D4Dpf + yapD*f, (5.11)
is generated by spin-two conformal primaries with dimension A = 1 = ﬁ, where the

conformal primaries and their shadows again degenerate to the same Goldstone mode

ity = VuCor + Vot = bk (5.12)

nria H5Svia uvia o

with diffeomorphism vector

1
wia = ~glalaulog(—q- X)) (5.13)
Near future null infinity Z*, the vector field n#” C,};ij 0y, becomes the generator of su-
pertranslations (5.9) with supertranslation parameter for positive helicity a = ww given by
1 (z —w)

fuw = T4z-—w)(1+z22)

(5.14)

The leading components of the metric no longer have a branch cut that we have to regulate

and so we will drop the + label in the following. In terms of (5.14), the gravitational data

given by the angular component of the Goldstone mode (5.12) for positive helicity a = ww,
(z —w) 763 (2 — w)

Lo 1m0z —w)
Cooww = w4 28) O = (1423) (5.15)

can be written as
CLoww = —2D*fuw, Clrww = —2D2 fuw - (5.16)

ZzZ;ww

This corresponds precisely to a pure shift (5.11) induced by large diffeomorphisms on
Zt. Hence (5.12) is the Goldstone mode of spontaneously broken BMS supertranslation

symmetry. The remaining metric components obey the standard fall-off conditions!® and
the Bondi news tensor defined as N}l Baw = &LC}‘ Biww vanishes.
Evaluating Q%,ww gives
Q%,ww = i(ha h?ugl)l*' = _/dudQ'zﬁ (C;z;wwsz + Czlz;wwsz) : (5'17)

Comparing this with the definition for the soft charge for the corresponding supertransla-
tion symmetry [3, 48]

1

soft __
@ = 167G

/ dud®z\/y (D2fN** + D2fN7), (5.18)
we find (after reinstating the factor 1/(167G) in the definition of the charge operator)

1 ft 1 Z—W
Q2w = Q?‘O [f'ww = *ZW . (5.19)
5Usually, one fixes Bondi gauge and demands the fall-offs hyy ~ O(1/7), hur ~ O(1/72), hys ~ O(1),
huz ~ O(1), hzz ~ O(r), hzz ~ O(1), hzz ~ O(r).
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5.3 Superrotation and Diff(5?) symmetry

Besides the A = 1 Goldstone modes for gauge theory and gravity, for spin-two there exist
additional Goldstone modes away from the principal series. These are spin-two conformal
primaries with conformal dimension A = 0

. 1
hiva = Viboia + Vilua  With €15 = ——(=¢- X4) Oalgualog(—g- X4)],  (5:20)

and shadow dimension A =2 — A = 2,

- , 1
Wik =V v,eEE with €5 = —ﬂagj’[Xi(qpaaqu—qu8aqp)10g(—q-Xi)]7 (5.21)

nv;a

which are related by the shadow transform (3.20) as

—~

ho,i _ (_X:Qt)hQ,:t — ﬁZ,i (522)

nyia uvia — "Yuvia *

The vector fields in (5.20) and (5.21)¢ both satisfy the condition 0¢=0 and are related
by [18]
1
Ontiia = —50ayia (5.23)

We will show below that these correspond to particular Diff(52) vector fields parameterized
by the leading data in (5.30) and (5.36).

In harmonic gauge, diffeomorphisms of the celestial sphere are generated by the vec-
tor field

D? A, U o A A
& = uald, — (ar+u<2+2> a> O + (Y +§((D +1)Y“ —-2D a)) Oa+...,
(5.24)

where YA = Y4(z, 2) is an arbitrary vector field on the sphere and we have introduced
o= %DCYC. A detailed derivation of the form (5.24) is presented in appendix B where we
discuss various subtleties that arise when Y4 is not a conformal Killing vector on the sphere,
as well as the appearance of logarithmic terms at subleading orders, which are necessary
for the diffeomorphism (5.24) to satisfy the harmonic gauge condition.'” It is important to
notice that Diff(S?) vector fields are over-leading, in the sense that they modify the metric
of the celestial sphere. Indeed, the action of the Lie derivative along (5.24) on a metric of
the form gap = r2yap +7Cap + ... is given by

d0yvaB = DaYp + DY — 2av4B,

5.25
oyCup = (auau—i-ﬁy —Oc)CAB —QUDADBa+uDA(D2+1)YB. ( )

At this point, an important comment is in order. The first proposed extension of the
BMS group in the literature [8, 10-12] considered superrotations which are local conformal
Killing vectors that enhance the Lorentz group to two copies of the Virasoro algebra. The

6 They should not be confused with the vector field ¢ defined in (3.14). E.g. ¢2=0 is related to the
vector field in (5.20) via gﬁ;a = (Bm — %&zq,,(aaq - X).
17See references [49-52] for other analyses of residual gauge transformations in harmonic gauge.
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surface charges associated to superrotations as well as their algebra were derived in [36] (see
also [53, 54]). Because they violate the CKV condition DY + DYy = 2ayap locally,
these meromorphic superrotations change the celestial sphere metric by adding singularities
at isolated points. This was physically interpreted in [55] as due to cosmic strings piercing
null infinity. As we will see in the following, keeping careful track of these singular terms
puts Virasoro on equal footing with Diff(5?) as far as their Ward identities are concerned.
Indeed, the A = 0 and A = 2 Goldstone primaries (5.20) and (5.21) which we will in the
following relate to Diff(S?) and Virasoro symmetry, respectively, are related by a shadow
transform, and so are their corresponding soft charges.
The action on the news tensor Nap = 0,Cap can be read from (5.25):

SyNap = (audy + Ly)Nap — 2DsDga + Ds(D* +1)Yp. (5.26)

The inhomogeneous parts of the transformations above induce the following shift on the

metric functions: i
5%,1 t'YAB = DY+ DpYy,

MOy = —2uDaDpa +uDA(D* +1)Yp, (5.27)
SMN g = 2D Dpa + Dy(D* +1)Y5.
We will now show that the primaries (5.21) and (5.20) are the harmonic gauge diffeomor-
phisms of the celestial sphere which generate pure shift transformations (5.27) for given
Y4 = Y4(z,%). Finally, we will compute the operator (4.27) for both Goldstone modes

and identify it with the soft part of the canonical charge for superrotation and Diff(5?)
symmetry.

5.3.1 A =2 Goldstone mode

We begin by quoting the gravitational data for the A = 2 Goldstone mode (5.21) for
positive helicity a = ww

~ u
C2vw = e (5.28)
which implies the Bondi news tensor N, ZQZ;ww = auégz;ww,
., 1
sz;ww = (2—710)4 . (529)

The news is conformally soft as defined in [19] as it transforms as a primary with conformal
weights (h,h) = (2,0) under an SL(2,C) transformation. It moreover has the form of a
pure (meromorphic) superrotation; indeed, near future null infinity Z*, the vector field
52“(% for a = ww matches the expansion of (5.24) with
YZ, = _ Yz, =0 (5.30)
ww 6(,2 _ w) ? ww ? °
which is a (complexified) superrotation. As already pointed out in [19], the Bondi news
tensor can be expressed as
NZ o= —-DY? (5.31)

ZZ;ww zZTww
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which is nothing but the pure shift transformation in (5.27) with Y4 given by (5.30). The
superrotation vector field (5.30) violates the CKV condition at isolated points, and thus
changes the celestial sphere metric by adding singularities:

2
Oyyzz = LyYzz = 27.:D:Y,,,, = ?77%25(2) (z —w). (5.32)

This inhomogeneous shift (5§/mft755 coincides with the leading O(r?) term in the expansion
of the primary near Z+

h%é;ww = TQagi;ww + 7"C’zgé;ww Tt ’ (533)

while the O(r) term coincides with the inhomogeneous shift 65/ C5; in the gravitational
data
C?2

ZZ;ww

1 (1 + zw)*

= —uD2D. Y7, +uDs(D? + 1) Yeuw = umroz (14 =2 8.9: ) 6@ (2 — w).

WD,y + uDAD? 4 Yo = e (14 51 30,06 ) 60z - w)
(5.34)

We thus see that the spin-two primary (5.21) is the Goldstone mode of spontaneously
broken superrotation symmetry.!

5.3.2 A =0 Goldstone mode

2

A shadow transformation takes the positive helicity mode Ew;ww

0
mode 1,0

to the negative helicity
with gravitational data

B 9 0 B (I4+wz)(1+ 2w) (2 —w)
= 21ud® (z — w), Cezow = —2u (1122 G
and Bondi news tensor Ngz;wm = aung;ﬁ,@ and NQE;M = aung;@@. Near future null
infinity, the diffeomorphism &;* Oy for a = ww takes the form (5.24) with the vector field

CO

ZZ; W

(5.35)

Yig= —;(é__l;); Vi =0. (5.36)
This diffeomorphism generates the shifts
Nl = —D2¥55, Nisge = 1::D:(D* + 1)V, — DID:Yi, (5.37)
at O(r) while the leading O(r?) term in
hgz;ww = 7"2‘122;11;12; + Tcgz;ww +..., (5.38)
is generated by )
Lyvzz = 27.2D:Y 5 = ’7zzg:;§2 . (5.39)

Hence, the spin-two primary (5.20) is the Goldstone mode of spontaneously broken shadow
superrotation € Diff(S?) symmetry. Moreover, the vector field (5.36) is the one needed
in [32] to show that the Cachazo-Strominger subleading soft graviton theorem can be
obtained from a Diff($?) Ward identity.

B Asin [14] a generic superrotation can be constructed via a contour integral in the reference direction w.
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5.3.3 Soft charges for superrotation and Diff(5?) symmetries

The soft part of the charges associated to superrotations and shadow superrota-
tions € Diff(8?) is obtained from the inner product (3.22) at null infinity of a generic
metric perturbation h with the Goldstone mode (5.21) or (5.20). However, because the
Goldstone modes h° and h? violate the standard Bondi fall-offs, the inner product is diver-
gent and we need to employ a suitable renormalization procedure that takes care of radially
divergent terms. A remaining ambiguity in defining the soft charge is fixed by demanding
consistency with the subleading soft graviton theorem. We outline these steps now.

In the language of the covariant phase space formalism (see [56] for a pedagogical
review), computing the inner product (3.22) at future null infinity amounts to computing
the Iyer-Wald symplectic structure [43, 57]

Q[bg,8'g; 9] = /I+w[5g,5’g;g}, (5.40)

for the variations dg = h, 8’g = h’ around a fixed background ¢ and the presymplectic form
is a spacetime co-dimension one form' given by

w?[6g,6'g; 9] = /—g(W*' VPR, — 20N 0, — (h < 1)) . (5.41)

We are interested in computing (5.41) with the metric perturbation h’ corresponding to
either of the Goldstone modes hY . or h?

JZR Ty nrsww
(see appendix C for details), we find that it contains a radially divergent piece proportional

When computing the presymplectic form

to the inhomogeneous shift (5.27) of the celestial sphere metric. This feature was already
noticed by Compere, Fiorucci and Ruzziconi in the analysis of Diff(5?) symmetries [29] and
can be expected as the latter are over-leading symmetries in that they change the round
metric of the celestial sphere.

A renormalization of the symplectic structure is therefore required in order to obtain
finite boundary charges. We will follow the procedure developed in [29], which exploits
the fact that the presymplectic form can be shifted by a boundary term, which expresses
a residual ambiguity in the definition of the presymplectic structure in the covariant phase
space formalism [57]. After renormalization, the symplectic structure is finite and we find
(see appendix C)

i(h, W) = Q™" [0g,6'g; g) = —0Qy , (5.42)
where

1 _ _
Qy = / dud?z\/~ ( — D3YFCF — §D2D5YZCZZ +uD3Y*N** — ;D2D5Y2N22> . (5.43)

There subsists a remaining ambiguity in adding boundary terms at null infinity which
can be fixed by demanding consistency with the subleading soft graviton theorem. This

"With the notation w = w”(d*z), and (d’z), = Lepuvodat Adz” A da”.
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amounts to adding the boundary term?’

AQy = / d?z2/yu(DaYp + DpDcDAYC)CAB | (5.44)
to (5.43) and defines the soft charge

# =0y + [ dud, 20y (5.45)

For Y4 = (Y#,0), as is the case for both h? and h!) we have

WV ww Hr;ww?

1 _ _
/ dudy,AQy = / dud22ﬁ<D§YZCZZ + §D2D5YEC” +uD3Y*N* 4 gDzDEYENZZ) .
(5.46)

This yields the final result for the soft charge associated with (shadow) superrotations:

soft — ﬁ / dud®z/y uD3Y*N** | (5.47)
with Y? = Y?*(z,2) and we reinstated 1/(327G) in the standard definition of the soft
charge.

A few comments are in order. The expression for the soft charge (5.47) which we
derived in harmonic gauge takes the same form in Bondi gauge [28, 29, 58]. Moreover,
the above counterterm procedure highlights the importance of carefully keeping track of
contact terms. For superrotations generated by the Goldstone mode h? with positive

helicity (a = ww) we have

1
D3Y7i, = ——— (5.48)

z T ww (Z — w)4 )
while the radially divergent term in (5.40) as well as the remaining terms in (5.43) are
contact terms that get subtracted. In hindsight, this explains why previous discussions
of the soft superrotation charge got away with dropping contact terms altogether. The
situation is inverted for shadow superrotation symmetry where the final expression for the
soft charge generated by the Goldstone mode h° with negative helicity (a = ww) involves
a contact term

DYz, = =216 (2 —w), (5.49)

z*ww

while the radially divergent term in (5.40) and the remaining terms in (5.43) are non-
meromorphic functions on the celestial sphere. Clearly, the renormalization procedure is
needed to arrive at a sensible soft charge. Moreover, the contact term (5.49) is what
establishes the equivalence between the Diff(S2) Ward identity and the subleading soft
graviton theorem [32].

Finally, we turn to the analytically continued mode operators defined in section 4.5
and their role in the putative celestial CFT. For the superrotation Goldstone mode h2

20Conformal primary wavefunctions obey the harmonic and a further residual radial gauge condition
which is incompatible with the Bondi gauge fixing employed in the literature in the discussion of Diff(S5%)
symmetry and soft charges. We have therefore adapted the renormalization procedure of [29] to our gauge
fixing,.

— 24 —



the asymptotic charge operator (4.27) for A =2-A=2and a = ww defined by
Q%;ww = i(h,h;)7+ corresponds, after renormalization (5.44) and (5.46), to the super-
rotation charge (5.47)

2 ft
3 = QY

YZ, =0]. (5.50)

Ge=mt

This quantity appears as the 2D stress-tensor for 4D gravity [14, 19]

dud?z\/ANZ,,,uN** = 12i Q318 (5.51)

2, ww

which is a weight (h,h) = (2,0) operator in the putative celestial CFT.
The asymptotic charge operator (4.27) for A = 0 and a = ww, defined by Qg;ww =
i(h, hY ., )1+, corresponds after renormalization to the soft Diff(S?) charge

Oren _ soft[Y§7 — _% (Zziiﬂw)2 YZ. = 0] . (552)

2, 0w

Defining the weight (h,h) = (—1,1) shadow stress tensor

a0 \2
Ton = 5 [ ol (o s Turar (5.53)
m w—w
we find?!
Top = 120 Q978 . (5.55)

From the point of view of a putative celestial CF'T, the shadow transform thus puts super-
rotations and Diff(S?) shadow superrotations on equal footing as illustrated in figure 3.

This relation elucidates the correspondence between the Ward identity for the Vira-
soro [8] and Diff(S?) [32] symmetries and the subleading soft graviton theorem [13] as
depicted in figure 1. While the former corresponds to the insertion of the 2D stress ten-
sor (5.51) into the S-matrix [14], the latter corresponds to the insertion of the 2D shadow
stress tensor (5.55). Moreover, the relation between superrotations and the subleading soft
graviton theorem becomes 1:1 when the asymptotic Virasoro symmetry group is enhanced
to include shadow superrotations. We thus conclude that the asymptotic symmetry group
of Einstein gravity at null infinity should include the closure of Virasoro under shadows
within Diff(S$?). This extends to arbitrary diffeomorphisms Y* = Y*(z, Z) upon convolution
of Tpe with D3 Y™ (w,w), integrating by parts, and using D3 Yz, = 216 (2 — w).

2'Here we used that the positive helicity Goldstone mode ﬁzz;ww is related to the negative helicity
Goldstone mode h? 2w Dy ashadow transform on the celestial sphere where orders of r are not mixed, and
made use of the result of [59] that

1 I'(1—h)I'(1 — h2) hi—h 24(2)
d’z — = — — )" 2m)6 Y (21 — 22), 5.54
/ Pl Z _ Zz)h (7 _ Zi)hi F(hl)r(hz) ( ) ( ) ( 1 2) ( )
where ?:1 hi = ?:1 hi = 2, h; — h; € 7. Convergence of the integral requires h; + h; < 2 for all 4

although it may be extended by analytic continuation.
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Figure 3. The shadow [59] and renormalization [29] procedures commute. The renormalized
quantities {Tyw, Tww } correspond to soft charges appearing in [8] and [32], respectively.
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A Inner product

Here we evaluate the inner products (4.20) and (4.21) for two choices of Cauchy surfaces
¥, one at constant time X" = 0 and the other at null infinity. For appropriate boundary
conditions (at spatial infinity) one would expect the inner product to be the same for any
Cauchy slice. The computations in this appendix show that this is indeed the case.

A.1 Inner product on X" =0 Cauchy slice

Let us start by considering the X° = 0 Cauchy slice. To effectively compute the inner
products

(A, A)g, = —i / 50 [AY (VoA =V, A5) — (A< A™)] (A1)

and
(h,B)s, = —i / s’ [h’“’(voh’fw — 2V, K3,) — (h h’*)} : (A.2)

— 96 —



between two conformal primaries it is useful to reorganize the expressions (3.6) and (3.14).
Spin-one conformal primary can be written as

1 1
AA.,:N: XH- ) — ., _ | ———————— A.
200 w.0) = [0+ 500 s (A3
and spin-two conformal primary as
hA’i(X“'w ’LD)*1 0aq,.0, +l( 0aGy + 400q,,)0, +# 92 _
wia W, ) a9 0aqv A 4u0aqyv T qvUaldy)0a A(A_'_I)Q,uqy a (—Q'X:t)A.
(A.4)

where we have used 92q = 0. Using the Mellin representation for the denominator appear-
ing in the conformal primaries (3.5) in terms of plane waves

(i)
T(A)

00 ] 1
dwwletivaX—ews” — = , A5
/0 (—q- X3)A (A-5)

one can see that the d®X integral of the product of two such terms — parameterized by
reference directions and weights {¢, A} and {¢’, A’} — should be proportional to a delta
function on the celestial sphere §)(§ — ¢'), where § refers to the unit vector pointing in
the direction of the spatial part of ¢, forcing ¢ and ¢’ to be parallel. Indeed

1
(4 XA (g - X5

IE(A A" +1) = /d3X

CmIED)AATT o @ /°° A+A™—3 —2ewqd
= SN(AT(A 1 1) (¢") 6% (w—w') ; dww e .

Meanwhile, the d®X integral gives 0 if both plane waves have the same =+ sign. Taking the
limit € — 0, one finds

lim dwwATAT=3e72000” — on5(i(A + A™ — 2)), (A.7)

e—0 0

which is the distribution we defined in section 4.1.

To compute the inner products (A.1) and (A.2) for the primaries (A.3) and (A.4),
respectively, we use our above observation that we are restricted to the support of § = ¢’
and fact that the reference direction ¢ is a null vector satisfying

q-q=¢q-0,q=0, (A.8)

and similarly for ¢’. Furthermore, we have that 9,q - 9y+q = 2d,,. For spin-one primaries

we find
(ASE (W), A (), = —i(A = 1)q0(Baq o ¢ )T (A, A" +1) — (A 65 A”)
4 tirA (A-1) ) / A
_ , _ 9
+2(2m)%e sin(Am) TAA =) a0\ (w —w') (A.9)
X 3((A+ A —2))
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while for spin-two primaries
BAE (W), B E (') = —— (A" — 2)q0(Daq - Oy )2 TE(A, A* 1) — (A & A
a 0 4 1

(A—1+i)(A—1—1)
TA(A — 1)(A —2)
X 8(i(A+ A" —2)), (A.10)

= +(27) %™ sin(An) 80 0@ (w — w')

where we have taken the € — 0 limit in the final expressions and made use of ¢(2)d(i(A —
2)) = ¢(A)d(i(A — z)) which holds inside a contour integral of the kind (4.4) since the
conditions on ¢(z) of section 4.1 are satisfied here. Also note that the exchanged terms
involve I:X(A + 1, A”) and have the phase (£i)*t'=2" rather than (£i)2" =21 due to
the fact that the ie prescriptions are fixed for each mode.

A.2 Cauchy slice pushed to null infinity

To compute the inner product at null infinity, we can repeat the above steps once we
evaluate the three-dimensional integral of two massless plane waves at future null infinity.

. 7 . ) / /.
lim 72 / AP zdu/yeTwr X i d-X

r—00
_ T,lggo TQ/dQZi‘due:I:iwqo(u—I—r(l—cos 6))€:Fiw’q’0(u+r(1—cos49’)) (A.ll)
— 27‘(‘(5(&)(]0 _ w/q/O) lim 72 / dZi,e:I:iqur(lfcos 9)e¥iw/q’0r(17cos 0") 7

r—00

where cos = ¢ - and cos @’ = ¢’ - &. Without loss of generality we can orient our axes so
that ¢’ points towards the north pole. Then using

lim sin Hleiw’q’or(l—cos o) _
r—00 w'qOr

5(0") + (’)((wqor)_Q) , (A.12)
twice we have

' . —
lim 72 / d%duﬁe*“"q Xeti'q X

r—00

2me 4, 5l
—_ 27T5(0Jq0 _ w/q/O) Tlggo r2 %eﬂ:wqor(l—q.Q) + O((quT)—Q)

_ (277)35(wq0 - w/qlo)(wq0)726(2)(q _ (j/>
= (2m)360) (w7 — ') .

Again we have used the notation § to refer to the unit vector pointing in the direction

(A.13)

of the spatial part of ¢q. Since this agrees with the plane wave integral computed on the
X0 = 0 slice, we get the same result for (A, A + 1) in (A.6).

The reasoning in appendix A.l continues to hold except we must use ¢ - n in place
of go. Now n*d, = 0, — %8,,, so at the point near future null infinity parameterized by
{u,r, z,z} we have q, = qo = —(1 + ww) and ¢, = —%. Because of the z dependence
of ¢, unlike in the spatial case, any ¢, term modifies the Cauchy slice integrand. However,
since we saw above that the Cauchy slice integral localizes to z = w any term with ¢, or
0qqr will vanish. We thus find that our answer at future null infinity is the same as our

computation at the X = 0 slice.
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B Harmonic Diff(S?) vector field

In this appendix we derive the vector field £ that generates arbitrary diffeomorphisms of
the celestial sphere in harmonic gauge where

0&,(u,r,2,2) =0. (B.1)
Our ansatz for the radial expansion of the vector field is??

Eulu,r,2,2) = r (€ (u, 2, 2) + log(r) £ (u, 2, 7)) , (B.2)

n

which, after a similar decomposition of (B.1) into powers of =" yields [51]

[O&,)™ = 2(n — 2)8,60"™ D +[D? + (n — 2)(n — 3)] €2
+ (5 —2n)el"? — 20,6V,
[0¢,)™ = 2(n — 2)0,60 D +[D? + (n — 2)(n — 3) — 2] €2 4 26 —2pAc~?)
+ (5 —2n)E2 — 29,01
(O = 2(n = 2)0u6 52 +[D? + (n = 2)(n - 3) = 1] €77 — 20, (602 — ")

+(5-2n)Y — 20,072 (B.3)
and at logarithmic order

(O8] = 2(n — 2)8,£0" Y +[D* + (n — 2)(n — 3)] £"2,

2 u
[O€)™ = 2(n = 2)0,6" D + [D? + (n — 2)(n — 3) — 2] £~ 4 26"~ — 2DAEY?,
0 = 21— 2)0,€5 Y + [D? + (1~ 2)(n — 3) — 1] €5 — 20, (€D — ).
(B.4)
Unlike in [51], we use a radial gauge condition to perform our residual gauge fixing. This

o
:> Rt

takes the form
V= XKVl +V0E,) =0, (B.5)

which decomposes into

V) = 240,50 — 249,67 _ g, untD) | peu(n) . per(n) _ guln) _ gr(n)
VM = —ud, ™ 4 (n — Dug Y + (n = 1)ug"" Y

_ yfun=1) _ y@r(n=1) 4 gpculn) _ gfu(n) (B.6)
Vf(‘nfl) =y apud B — 9 D) g7 gy

— (n+ Dyapg®tth) 4 4, pgP0

22Here ~ denotes logarithmic terms in the expansion and is unrelated to the ~ we use for the shadow
transform. For now, we will let n range over all integers, but boundary conditions will demand that the
coeflicients {§Ln), 18")} are non-zero only for a semi-infinite range extending to n — 4o00. The harmonic
and residual gauge fixing conditions provide restrictions on the leading data.
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and for the logarithmic terms into

Nu(n) = _2uaugu(n) - 2U8ugr(n) - augu(n—i-l) + néu(n) + né’r(n) )
Nr(n) = —u0, 4 — 2482 _ 9y r(=2) 4 gpdul=1)
VI = 44 pud €80 — g 8 g9 D) 9, u) (4 1)y pEB0Y)
(B.7)
We use &4 = =&, £ = & — &, to combine the above expressions involving raised vs lowered
indexed components.
In this appendix we are interested in the specific example of a Diff(5?) transformation

of the celestial sphere, i.e.
40 =Y4(z,2), (B.8)

which corresponds in our notation to
&7 = Ya(z,2). (B.9)

Even if we only cared about pure superrotations, for which Y?(z,z) = Y*(z), we would
need the full Diff(S?) vector field in order to keep track of contact terms.
We start by imposing the conditions

En=0) = gn=0) — g@=m — o (= =0, (P = yyu(z,2), (B.10)

u T

which is reasoned as follows. The last two conditions imply a Diff(S?) on the celestial
sphere, while the first three conditions follow from consistency of the log-order equations.
The first non-zero orders allowed would be the free data of the log-equations, but are fixed
by the non-log equations.
The u-independence of Y4(z, z) gives
Vs = (=200, 4 n) (£ + ) — 9,84
V=0 — (—ud, + 20 + 2)€ Y o (ev) 4 gr )y (B.11)

Vf(‘n—lﬁ—Q) _ _aA(u(é-u(n) + fr(n)) + fu(nJrl))
Noting that &% + £ = —&,, the radial gauge condition (B.11) tells us
£ = gl (B.12)

T

for n < —1. We can then use this to replace every ¢, in (B.3), in particular

[Oea] "7 = 20, (602 - 602 (8.13)
then implies
17 = —ugln, (B.14)

for n < 0. If we want the tower to truncate we should demand

gr==2 =0. (B.15)
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We then have the leading equations

[3ea]® = —20,6Y + [D? + 1] €5 — 204607V,

]
o
=
Il
Do
S
g
s
a0
=
_l_
S
I
T
=
|
S
N
s
=
>

]
]
(06 = 40,67,
[O¢)M = =20, + [D* + 2] £, (B.16)
]

0&,]® = — [D? — 2] ugl™) +26{0 — 2DAeY — 29,6
[0¢,)® = D¢ — 20,0

The first three tell us

]_ _
€ =50, €0 =77+ Dav?, Y = 5D,
) 2 1 3 2 (B.17)
07 =Ya(z2), €7 =5 ([D*+ 1] Ya - DaDpY™) |
so that

¢ =y = ([D?+1] YA - D DY P) + ...,
g = gDAYA +..., (B.18)
&= —%DAYA—% [D? + 4] DAYy + ...,

where the omitted terms should be solved for using the radial gauge fixing recur-
sions (B.6)—(B.7), consistent with the harmonic condition (B.1).

Meanwhile the last three equations in (B.16) allow us solve for the leading log terms,
which are in turn free data for the log tower (B.4). Explicitly, these are

20,8 = 5([D* = 1] [D* + 1] Ya — 2D [D* + 2] DpY'P),
20,61 = 5(2[D* + 2] DYa — 2D [D* + 1] Ya), (B.19)
20,E1) = %DQ [D?+2] DAY,
Finally, we note that away from poles of meromorphic Y?*(z), we have
[D?4+1]yA =0, [D*+42D,vA=0. (B.20)
We thus see that all of the log terms vanish, while the vector field reduces to
€A=YA—2%DADBYB+... ,
g = %DAYA o, (B.21)
£ = _gDAYA - %DAYA +....

It should be emphasized, that in order to keep track of poles in Y#, as needed in section 5, we
should use the generic Diff(S?) form (B.18) which adds contact term corrections to (B.21).
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C Renormalized symplectic structure

In this appendix, we compute the inner product at future null infinity for the conformal
primary Goldstone modes with conformal dimension A = 0 and A = 2. This amounts to
computing the Iyer-Wald symplectic structure [43, 57]

Qbg,8'g; 9] = /I+w[5g,5’g;g}, (C.1)

for the variations h = dg, h' = §’g around a fixed background g, where the presymplectic
form w = w’(d®z), is given by

WP169,0'g; 6] = 12 TBPTPH, — WV, — (5 ). (€2)

We want to compute (C.2) for k), = h,.;5 and R, = Efw;ww, both of which behave near
future null infinity as®3

How = O0°) Hon = O0) Moz =gz +O(). ©3)

W, =r8Co+O°) R =1dCo: +0OF°) Ry =120y + 10 Csz + O(),
where the variations §’Cap depend on (u, z, Z), while 6’9521) and §’vzz only depend on the
angles. We assume the following fall-offs for the perturbation h,, = dg,.:

huw =090 + O™, hya =06 + O™, hap =réCap + O®°), (C.4)

with 6C,z = 0 and all variations are functions of (u, z, z). The leading behavior of the radial
metric components in both (C.3) and (C.4) is determined by the radial gauge condition

u
hru = _;huu . (C5)

Evaluating (C.2) for these fall-offs, we find:
W' = —/78'7z:0C7 + O(r™Y),

. C.6
W' =178 vzz0N** + w"© 4 o@r 1, (€6)

with N4 = 9,C4p and

WO = /7 (§CapdNA = 6Capd NP +8'97(2D.092 — 0,392) )
7
+ 2D55’g£;1)6022 — 27Z26'g(_1)(1 — u@u)ég(0)>.

uz u

Similar expressions can be obtained for the opposite helicity Goldstone modes h;w =hn0

prsww
r_ 72
and h/w = huu;ww

whose asymptotic behavior is given by (C.3) with z and z exchanged.
We thus see that the presymplectic form diverges in r, a feature which was already
observed in [29]. This divergence can be removed via an appropriate renormalization of w.

Writing the presymplectic form in terms of the presymplectic potential ©,

wldg, 8 g; g) = 60[8'g; 9] — 6'O[6g; 9], (C.8)

Z3The superscript (n) denotes the coefficient of the 1/7™ term in the expansion near null infinity.
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exposes the freedom to perform a shift?*
0 —->0+dY, (C.9)

where Y is a spacetime co-dimension 2 form. The freedom (C.9) expresses the residual
ambiguity in the definition of the presymplectic potential in the covariant phase space
formalism [57]. We will adopt the same choice of Y as given in [29] and will not repeat the
details here. As shown there, the effect of this renormalization is to remove the radially
divergent piece in w”, as well as remove the finite piece in w“. The renormalized inner
product therefore only receives contributions from the finite piece in w”:

Q" [5g,0'g; ] = / dud®z w0 [5g,0'g; g] . (C.10)

To simplify (C.7) we make use of the equations of motion (see e.g. appendix A of [51])

0=0h. — (1-ud,)ig¥ =D?C..,

0=0h., — 4D.6¢9 = (D?—2)6C.. + 20,699, (C.11)

0=0h. — 4D:8g;Y = (D? - 2)8"ys:,

and integrate by parts on the celestial sphere. This yields
1 __
W0 — ﬁ(é’CAgéNAB — 6C 450’ NAP ¢ 2D25’75550ZZ>. (C.12)

Finally, we can express the inner product in terms of the vector field Y4 = (Y* Y? =
0) using that the Goldstone modes are pure shift transformations & = &P (see (5.34)
and (5.37)), namely

§'Con = —uD2Y*, §/Cs; = SDD:Ys, §7:: = 2D:Ys,

1 (C.13)
0'N.o = =DIY*, §'Nzz = D*D:Yz,
where we used the identities
: 1
D;D?Y; = §(D2 —1)Yz, [Ds,D?|Y: = —3D:Y:. (C.14)
We thus find
Qe [5g, 63 g; g]
(C.15)

1 __ _
- / dud*z\/~ (Dg’yza(}“ + 51)2051;5(7“ —uD3Y SN 4 ;‘DQDzyzaNZZ).

Everything being linear in the metric fields, one can integrate out the variation as
Qren[gg, 631t g; g = —0Qy, with

1 __ __
Qy = / dud?z\/y <— D3Y*C* — §D2D5YEC” +uD3Y*N* — ;DQDEYZNZZ) (C.16)

24This renormalization procedure was recently shown to be covariant in terms of the boundary structure,
justifying a posteriori the counterterm prescription to remove the radial divergence [60].
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