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1 Introduction

Recent work on the asymptotic structure of electromagnetism in Minkowski spacetime has

revealed the remarkable presence of an infinite-dimensional symmetry at infinity, which

enables one to view the soft photon theorems in quantum electrodynamics as the associated

Ward identities [1-11] (for a review of these fascinating developments, see [12]).

Most of these studies were carried out at null infinity. The purpose of this paper is to

shed light on these questions by performing the analysis at spatial infinity. A description



of the symmetry and its associated charges on standard spacelike hyperplanes adapted to
inertial Lorentz observers, who have access to the information available at null infinity
since their hyperplanes of simultaneity are Cauchy surfaces, must indeed be possible —
and is in fact so, as we shall show. Our work also resolves the tension between the absence
of effective infinite symmetry at spatial infinity found in some earlier work and the recent
developments mentioned above.

In order to perform the analysis at spacelike infinity, one must provide there precise
boundary conditions on the dynamical variables. These conditions should be consistent,
i.e., should fulfill the following criteria:

e They should make the action, and in particular the symplectic form, finite.

e They should be such that all Poincaré transformations are symmetries of the theory.
That is, the Poincaré transformations, including the dynamical ones (time transla-
tions and Lorentz boosts), should be canonical transformations that leave the bound-
ary conditions invariant and have well-defined (finite) canonical generators.

e They should include the “physically” relevant solutions (in particular the Coulomb
potential for a charge at rest).

Boundary conditions fulfilling these criteria were given in [13]. These boundary con-
ditions involve parity conditions inspired by [14] and are invariant under an infinite-
dimensional set of angle dependent u(1) transformations fulfilling also some definite parity
conditions. However, the corresponding charges turn out to vanish for all configurations
obeying the boundary conditions, indicating that they are “proper gauge transforma-
tions” [15] not changing the physical state of the system. This shows that the analysis
of [13] must be completed and that the problem of finding consistent boundary conditions
allowing for a non trivial action of the asymptotic infinite-dimensional symmetries requires
delicate investigation.

A similar problem arises for pure gravity, where the BMS group [16-23] investigated
at null infinity is absent with the parity conditions of [14]. The difficulty was solved in [24]
where new boundary conditions involving a crucial “twist” of the parity conditions for the
angular components of the fields were proposed and shown to yield a non trivial action of
the BMS group.

We show in this paper that a similar twist with respect to the parity conditions of [13]
is necessary in the electromagnetic case. We also prove that it is in fact sufficient that this
twist be an improper gauge transformation for the emergence of the non-trivial infinite-
dimensional symmetry. What is crucial is to allow non zero twisted parity components of
the angular components of the potential. The virtue of taking these twisted components
to be simply an improper gauge transformation and not arbitrary functions with twisted
parity, is that one can then easily cover magnetic sources. Furthermore, this restricted form
of the twist eliminates singular behaviour of some of the fields as one tends to null infinity.

We also investigate Lorentz invariance, known to be a subtle issue due to the long-
range features of the electromagnetic field [25, 26], already at the classical level (see e.g. [27]
and [1] and references therein). The most unexpected feature coming out of our analysis



is the manner in which the Lorentz boosts are canonically realized. Indeed, these fail to
be canonical transformations, unless one adds a surface degree of freedom at infinity. This
degree of freedom contributes to the symplectic structure, which acquires therefore an extra
surface term. Boundary contributions to the symplectic form were discussed earlier in [28]
in the different context of isolated horizons. Here, our extra surface term in the symplectic
structure reproduces the surface contribution of [11] when one fixes the gauge by relating
the temporal component Ay of the vector potential to the new surface degree of freedom.
However, we prefer not to fix the gauge in our general derivation and leave Ay unrelated to
the surface degree of freedom. Once the new degree of freedom and the surface contribution
have been included, the Lorentz group is canonically realized.

The idea of introducing surface degrees of freedom was pursued previously in [29-32] to
describe the infrared sector of gauge theories, and more recently in [33] where they appear
as holographic Stiickelberg fields, but we have not explored the connection (if any) between
the variables introduced there and the variables introduced here.

Our paper is organized as follows. The next section, section 2, recalls some background
information on electromagnetism in Minkowski space. The explicit action of the Poincaré
group on the leading orders of the asymptotic fields is given and the asymptotic form of
some key solutions (Liénard-Wichiert potentials, magnetic monopoles) is given. We then
show in section 3 that the finiteness of the bulk symplectic form imposes extra conditions
on the asymptotic fields. Combined with the known behaviour of the key solutions, this
leads to a definite set of asymptotic conditions. The asymptotic behaviour involves a
twist of the parity conditions for the angular part of the fields, which is crucial for the
emergence of a non trivial infinite-dimensional asymptotic symmetry. Section 4 constitutes
the core of our paper. It deals with the zero magnetic charge case, which illustrates all
the main points. We first exhibit the need to modify the symplectic form by boundary
contributions which involve new surface degrees of freedom in order for the boosts to be
canonical transformations. We then provide the complete action, with these new degrees
of freedom included. The global symmetries are worked out and shown to involve an
angle-dependent u(1) algebra. The treatment is extended in section 5 to cover magnetic
sources. The extension is direct. Indeed, all the new conceptual points are already present
in the zero magnetic charge case of section 4 since they are related to the twist in the
parity conditions. Section 6 is devoted to concluding comments and open questions. In
particular, the way to cover Taub-NUT and magnetic charges in the Einstein-Maxwell
system is indicated. Finally, appendix A extends the general formulation of well-defined
generators and Hamiltonian vector fields to cover boundary modifications of the symplectic
structure, while appendices B and C provide the explicit link between the asymptotic
symmetry algebras at null infinity and spatial infinity, and demonstrate their equality.

2 Some background

2.1 Action and gauge symmetries

We start with free electromagnetism in Minkowski space, in standard Minkowskian coor-
dinates. The dynamical variables to be varied in the action are the spatial components



A; of the vector potential, their conjugate momenta 7 (equal to the electric field) and
the temporal component Ay = A; of the vector potential which plays the role of Lagrange

multiplier for the constraint
G=—-0m' =0 (2.1)

(Gauss’ law). We use the symbol ~ to denote equality on the constraint’s surface. The
action is

SH[Ai,wi,AO] = /dt {/d3x T oA — /d?’x (;ﬂ'im + iFijFij + Atg) +Foo} (2.2)

where F is a surface term at spatial infinity (r — o), which depends on the boundary
conditions and which will be discussed below.

One could couple charges (massive or massless) to the electromagnetic field but we can
assume that their fields decay sufficiently fast at spatial infinity that they do not directly
contribute to the surface integrals. They do, however, indirectly contribute by changing
the fluxes. For instance, if Gauss’ law with zero right hand side holds everywhere in space
(~ R3), the flux of the electric field at spatial infinity vanishes. The presence of charges
replaces G = —0;m ~ 0 by G = —0;7" +j° ~ 0 where j° is the charge density, and modifies
the flux of the electric field at infinity, which is no longer zero. Assuming that the electric
flux at infinity is non zero is the way we shall take the charges into account.

The electromagnetic field and its conjugate are usually taken to possess the following
decay at spatial infinity,

A = %Zi + T%AZ(»U +o(r?), == T%ﬁi + T%W(l)i + o(r™3) (2.3)
where the coefficients of the various powers of r~! are arbitrary functions on the 2-sphere,
i.e., of the angles 2 used to parametrize it.! We shall find it necessary to strengthen (2.3).
Extra constraints are indeed needed since the conditions (2.3) by themselves do not guar-
antee finiteness of the symplectic structure. So, the fall-off conditions (2.3) are not the
final boundary conditions. The form of the extra constraints will be explicitly described in
section 3 below.

The boundary conditions (2.3) are invariant under gauge transformations generated
by the first-class constraint-generator G:

66141' == 81'6, 5E7Ti == O, (24)
provided the gauge parameter € has the asymptotic behaviour

e = &™) + %41)(95/4) Fo(r ). (2.5)

Further conditions limiting the functional class to which e belongs will of course appear
when strengthening the boundary conditions (2.3). The generator of (2.4) is explicitly

Glel = /d3xeg - fd25ﬁfi ~ jl{dQSiEfi (2.6)

!We shall assume “uniform smoothness” [18] whenever needed, i.e., 8.0(r~%) = o(r=*71), dao(r=F) =
o(r™").



where the surface term is determined by the methods of [14]. The electric charge is as-
sociated with the improper gauge transformation generated by ¢ = 1. We recall that an
“improper” gauge transformation [15] changes the physical state of the system and has
non-vanishing charge. It should not be quotiented out.

To complete the description of the asymptotic behaviour, we need to specify the fall-off
of the Lagrange multiplier A;. Since A; parametrizes the gauge transformation performed
in the course of the evolution, we take for A; the same fall-off as for the gauge parameter ¢,

A=) + - AD @A) + o). (2.7)

If Ay(z?) = C # 0, the time evolution involves a non-trivial improper gauge transforma-
tion. The term Zt(xA) will be subject to the same extra conditions as the gauge parameter
€ when strengthening the boundary conditions.

2.2 Poincaré transformations

We now turn to Poincaré transformations. A general deformation of a spacelike hyper-
plane can be decomposed into normal and tangential components, denoted by & and &7,
respectively. A general Poincaré transformation corresponds to the deformation

£ =bizt +at (2.8)
&= bijxj +a (2.9)
where b;, b;j = —bjs, at and o' are arbitrary constants. The constants b; parametrize the
Lorentz boosts, whereas the antisymmetric constants b;; = —bj;; parametrize the spatial

rotations. The constants a' and a’ are standard translations.
Under such a deformation, the fields transform as

§A; = Emi + E Fji + 0i¢ (2.10)
57" = Oy (F™E) + O (€77") — (O )m™ — £ O™ (2.11)

The transformation of the fields is really defined up to a gauge transformation. This is the
reason why we have included the term 0;( in the transformation of A;. A definite choice of
accompanying gauge transformation will be made below to get simple expressions for the
algebra. It is clear that the fall-off (2.3) is preserved under these transformations provided
¢ behaves as in (2.5).

For later purposes, we rewrite the boundary conditions in spherical coordinates. One
gets, recalling that the momenta carry a unit density weight:

1— 1 1

A, = ;Ar + T—QAQ) +o(r7?), =7+ ;w(l)r +o(r7Y), (2.12)
— 1 1 1

Ag=As+ ;A(Al) +o(r Y, at= ;ﬁA + T—QW(I)A + o(r7?), (2.13)

while the form of A; remains unchanged as it is a spatial scalar. The coordinates z*

are coordinates on the two-sphere. We will also need the Poincaré transformations of the



leading orders, which are invariant under translations and transform only under boosts and
spatial rotations. Recalling that the above transformations read §A; = % +& Fji+0;¢ and
ot = 0O, (\/§F mif) + Om (fmﬂ'i) — (Om&H)T™ — €90, ™™ in general curvilinear coordinates,

where g;; is the flat metric in those coordinates, one finds explicitly

_ b _
Soy Ay = ﬁﬁr + Y4944, (2.14)
_ b _ _ _
hyAa = ﬁiABﬁB +YB (8314,4 - 8AAB) + 04C, (2.15)
Sy T =T D (bOAA,) + 04(Y AT, (2.16)
S yT =7 Dp (b FBOFAL (9 Ap — 8DZC)>
+ 0p(YB74) — apYA7P — vAopwP (2.17)

where we have set, in terms of the unit metric 745 on the sphere,

9AB ="V ap (2.18)

and
£ =rb+T, =W, gA:YAJr%EAm (2.19)
DADW +7 45W =0, DaDpb+7,45b=0, LyJap=0, 04T =0. (2.20)

The quantities b, Y4, T and W are functions on the sphere. The first two, b and Y4,
describe the homogeneous Lorentz transformations, while 7" and W, which do not appear
in the transformation laws (2.14)—(2.17) of the leading orders, describe the translations.
Explicitly,

b= b1 sinf cos p+bo sin O sin p+bs cosb, (2.21)

0 cos6 0 0 cos6 0 0
Y =m! [ —sinp— — —— — ) +m? — L dinp— |+mi— 2.22
m < sin 075 Hcosgo > m <cosg0 075 QSlmp ) m ( )

and
W = a'sinf cos p + a®sin fsin ¢ + a> cos 6. (2.23)

Finally, D 4 is the covariant derivative associated with 745 and Dt = ~FBDpg.
The transformation laws (2.14)—(2.17) of the leading orders possess interesting features:

e They do not mix radial and angular components. The radial variables transform
among themselves and so do also the angular ones. This implies that one can treat
independently the radial and angular components in the boundary conditions.

e Since b and Y4 are odd under the parity transformation ' — —z*, which we formally

write as £ — —z4 in terms of the coordinates on the sphere,? one can consistently

2Note that in terms of standard spherical coordinates, the antipodal map is actually § — 7 — 6 and
¢ — ¢+ 7 (and r — r). This implies dd — —df and dp — dp. Therefore, the condition that A is even
(for example), i.e., Aa(—z®) = Aa(2®), which really means that the one-form A = Aadz? is odd (i.e.,
®*A = —A, where ®* denotes the pullback by the antipodal map), is equivalent to the statement that A
is even and A, is odd. Similar considerations apply to the odd case Aa(—2F) = —Aa(2F).



impose parity conditions on the leading orders of the canonical variables. That is,
one can require the components of the potential to have a definite parity and their
conjugate momenta to have the opposite one. This is preserved by the Lorentz trans-
formations (if one chooses the gauge transformation ¢ appropriately). Furthermore,
one can consider different parity conditions for the radial and angular components
since they transform independently.

In polar coordinates, the conserved charge (2.6) takes the form
Gle] ~ fd%;zﬁﬁ (2.24)

It follows from our boundary conditions that A, is gauge invariant since d.e = O(r—2).
The gauge invariance of A, can be phrased in familiar terms by observing that the radial
integral (along any fixed ray) |[ ;R drA, transforms as ¢(2R) — ¢(R) = O(%) and is thus
gauge invariant in the limit R — oo. This integral is equal to A,In2 in that limit. The
symmetry generated by A, will be clarified below.

2.3 Liénard-Wiechert solution

To motivate the boundary conditions below, we now consider various solutions. We start
with the Coulomb potential.

The Coulomb solution has A, =0, 7 =sinf, A4 = 0 and T = 0. By boosting it, one
generates the Liénard-Wiechert solution. Since 7" is even, the Liénard-Wiechert solution
is characterized by the following parities of the radial components,

A (—z?t) = —A.(zY), T (-2t =7"(z?). (2.25)

The statement that A, is odd is gauge invariant because A, is gauge invariant.
As to the angular components, both 7 and F 45 remain zero,

74 =0, Fap=0. (2.26)
This implies that A4 reduces to a gauge transformation 049,
A A= 8145 (2.27)

for some function ® of the angles. The value of ® depends on the choice of the accompanying
gauge transformation ¢ in (2.14)-(2.17). The choice ¢ = 0 amounts to transform A, as
§PF,, under Poincaré transformations. One other possible choice is to take ¢ so that the
transformation of the potential A, is its Lie derivatives L¢A,, rather than {PF),,. The two
choices differ by the gauge transformation 0,,(£”A,). The gauge parameter £ A, is of order
O(1) for rotations and boosts.

2.4 Magnetic monopoles

For magnetic monopoles, the situation is somewhat reversed. The asymptotic Coulomb
fields A, and 7 vanish and remain zero under Poincaré transformations. The field of a
monopole is purely angular and given by

=0,  Fp,=sin (2.28)



when the monopole is at rest. It coincides with its leading order. The 2-form %F apdx?daP
is odd, something that we write as F 45(—2%) = —F4p(z“). By Poincaré transforming
the monopole field, one generates 7 and F4p that remain odd. The potential is not
globally defined but on the sphere minus the two (antipodal) poles, one can take it to be

even up to a gauge transformation, e.g., for the monopole at rest
Ay = 0p®, Zq, = —cosf + 8¢$ (2.29)

(see footnote 2 for conventions on parity terminology). The (not globally defined) gauge
transformation that brings the monopole potential to the familiar form A, = (1 — cos )
regular at the North pole has gauge parameter ¢ = ¢ and is such that the one-form de = dy
is odd (opposite parity to that of — cosfdyp).

3 How to make the symplectic form finite

Without further constraints, the symplectic potential derived from the bulk piece of (2.2)
is logarithmically divergent, since its dominant part is

/Cff/d% (WZ,A—%AZA). (3.1)

To make it convergent, one must impose extra conditions on the leading components of
the dynamical variables so that the integral on the 2-sphere

/dgx (ﬁ’“Z} + %AZA> (3.2)

vanishes.
We treat separately the radial and angular components.

3.1 Condition on the radial components

To make the symplectic form finite for the radial components, we impose a parity condition,
as for gravity [14]. In view of our above discussion, we request

A (=2t = —A(z?), T (-2t =7"(z?). (3.3)

This agrees with [13]. As we have seen, this boundary condition contains the Coulomb
field viewed in a moving frame. The antipodal symmetry of 7" is what remains of the
spherical symmetry of the static field after an arbitrary Poincaré transformation has been
performed. As we have also stressed, (3.3) is gauge invariant. The parity condition (3.3)
will be imposed throughout the subsequent discussion.

Since 7" is even, the charges (2.24) reduce to

Gle] =~ j{d?x%even . (3.4)

The odd part €,q4 of the gauge parameter € gives a zero contribution to the charges Gle|. Tt
follows that the gauge transformations with €,q4 are proper gauge transformations that do



not change the physical state of the system. By contrast, the gauge transformations with
€.ven are improper gauge transformations that do change the physical state of the system.
The charge (3.4) is generically non zero.

These conclusions hold irrespectively of whatever extra conditions are imposed on
the angular components of the fields to make [ d?z 74 A4 vanish, conditions to which we
now turn.

3.2 Conditions on the angular components

No magnetic charge. In the absence of magnetic charges, we impose the boundary
conditions

7 = 0, ZA = 3145 (3.5)

for some function ® of the angles. As our previous discussion shows, these conditions are
fullfilled by the Liénard-Wiechert potentials, and match therefore the setting adopted in
most discussions of the behaviour of the fields at null infinity [12].

It might be tempting to set ® equal to zero by a gauge transformation but this would
be illegitimate if the needed gauge transformation is improper, which is the case when
® is even. For that reason, we keep @ - or at least its even part. The odd part of ®
defines instead a proper gauge transformation and can be set equal to zero if one so wishes,
although it can be useful to keep it.

Note that the relevant part of Ay is odd since aimpmpcr is even. We could therefore
assume that A4 is odd. This means that A,dr and A dz? have opposite parities, which
is the analog of the “twisted parity conditions” considered in [24] for gravity.

Magnetic charges. In the presence of magnetic poles, we keep the same conditions on
the radial components of the fields so as to allow electric sources, and we impose on the
angular components the parity conditions

Ay =A5" 40,49, 7T —2P) = —74(P) (3.6)
which are in agreement with the behaviour of the fields of magnetic sources. Here
A" (—aP) = A" (). (3.7)

Thus, the angular part of the potential is even up to a gauge transformation, while the
angular part of the electric field is odd. Again, one cannot drop the gauge component
4P since its odd part defines an improper gauge transformation that changes the physical
state. Thus both the even and odd parts of A4 are essential, and the odd part takes the
form 94 ®. .
To make the symplectic form finite, ie., [ d’>x7TA A, vanish, we impose also the
Poincaré invariant condition
T =0. (3.8)

Since 9,77 = O(r~2), this condition is equivalent to demanding that Gauss’ law holds
asymptotically, i.e., that the leading order O(r~!) in 9;7° be absent. This restriction
has no physical impact in the sense that it does not remove any solution, for which 9;7



is strictly zero. A similar condition was previously used for gravity in the study of the
asymptotic symmetries of asymptotically AdS3 spacetimes in [34] and, more recently, in
the hamiltonian analysis of BMS, symmetries in [24].

It is clear that the action and the boundary conditions are invariant under u(1) trans-
formations that are even functions of the angles. This infinite-dimensional algebra acts
non trivially. The boundary conditions of [13] assumed that ® was odd so that A4 was
even. This choice corresponds to a uniform behaviour of the components of the vector
potential and its conjugate in Cartesian coordinates, i.e., A; = even, @ = odd. It is the
analog for electromagnetism of the boundary conditions of [14]. It freezes as we have seen
the possibility of making improper gauge transformations and explains why the non triv-
ial asymptotic symmetry was found to contain in that case only the global constant (1)
transformations. The strict parity conditions A4(—2P) = A4(2?) of [13] choose a definite
point in the orbits of the angle-dependent (1) transformations. To be able to see the full
orbits, one must allow an odd part in the potential, as in (3.6).

4 Asymptotic analysis: I. No magnetic charge

4.1 Generalization of the boundary conditions

We have exhibited so far an infinite-dimensional symmetry of electromagnetism character-
ized by an even function on the sphere. The emergence of the other half of the symmetry,
characterized by an odd function, is rather subtle. The point is that the inclusion of an
odd part in the vector potential, necessary as we have stressed to allow for the infinite
symmetry, makes at the same time the action of the Lorentz transformations non canon-
ical. One way to cure this problem is to modify the symplectic structure by a boundary
term involving a new surface degree of freedom. The resulting action has a new symme-
try involving the searched-for odd function on the sphere, which combines with the even
function to yield the full symmetry displayed at null infinity.

The purpose of this section is to explain these somewhat unexpected features. We start
with the case of no magnetic charge with the boundary conditions (3.5) on the angular
variables. This case illustrates already all the main features of the general construction.

It is in fact interesting to consider more general boundary conditions than (3.5). We
shall assume in this section that the angular part of the electric field 74 does not vanish
but is an even function on the sphere that fulfills 947 = 0, and that the angular part
of the vector potential is an odd function of the sphere modulo a gradient, As(—2%) =
—EA(:UB ) + 04®. The even part of ® can actually be absorbed in a redefinition of Ay4
so that we can assume ® to be odd. For that reason, one could drop @ since it defines a
proper gauge transformation, but we choose to keep it as it simplifies some formulas. Thus,
we take as boundary conditions in this section

Au(—aP) = A (2") + 049, B(—z") = —®(z"), (4.1)
(Alternative — and not the final! — boundary conditions)
7 (—zP) = 7(2P), AT =0. (4.2)

These boundary conditions make the symplectic form finite.

~10 -



Because the angular components of the fields fulfill parity properties different from
those of the radial components, one calls (4.1) and (4.2) “twisted parity conditions”. These
boundary conditions clearly contain (3.5) and hence, accommodate the Liénard-Wiechert
potentials. They also allow for improper gauge transformations. We shall carry the analysis
of the no-magnetic-charge case with these boundary conditions explaining along the way
the simplifications that occur if A4 reduces to its pure (improper) gauge transformation
piece and 7 vanishes as in (3.5).

There is an interest in carrying the analysis with the more general conditions (4.1)
and (4.2) for various reasons. First, it is always a good policy to devise boundary conditions
as flexible as possible. Second, the analysis of (4.1) and (4.2) does not cost much more
work than the analysis of the conditions (3.5). Finally, the twisted parity conditions (4.1)
and (4.2) are the analogs for electromagnetism of the twisted boundary conditions for
gravity given in [24]. Their analysis provides therefore useful insight into the limitations
and properties of these boundary conditions.

4.2 Lorentz boosts: need to add a boundary term to the symplectic structure

For the Poincaré group to be a symmetry of the theory, it should leave the action invariant.
In particular, it should leave the symplectic structure invariant. There is no difficulty with
the bulk terms since the Poincaré transformations have canonical bulk generators and are
thus formally canonical transformations. The only subtlety comes from surface terms.
These are usually neglected without actually checking that they are indeed zero. We shall
show in this section that these terms are in fact not zero for all Poincaré transformations
and need therefore special treatment.

The difficulty comes from the Lorentz boosts, to which we explicitly turn (the surface
terms for the other Poincaré transformations can be easily verified to raise no problem as
it will be explicitly checked in subsection 4.5 below).

The symplectic 2-form derived from (2.2) is

Q= /dg.%' dvﬂ'i dvAZ' (4.3)

where the product is the exterior product A of forms which we are not writing explicitly,
and where we use the symbol dy for the exterior derivative in phase space in order not to
introduce confusion with the spacetime exterior derivative.

The transformation defined by the vector field X is canonical if dy (ix2) = 0. Evalu-
ating this expression for the boosts & = br, one finds

dy (ipQ2) = / Az O, (/9€dy F™) dy A; (4.4)

where we have used dy 7! dy7m; = 0. Integrating by parts and using dy Fij dy F U =0, we
get that dy (ip€2) reduces to a surface term,

dy (ipQ) = }[ d*x /g€ dy F dy A; (4.5)

- 11 -



an expression that can be transformed to
dy (ipQ2) = —fd2$\ﬁbdvﬁAZr dy Ay (4.6)
_ 7{ /5 dy A, DM bdyAL) (4.7)

using the asymptotic form of the fields. This term would vanish if A4 was even, but in
our case, A4 has a non trivial odd component. That odd component remains crucially
present, and dy (13€2) does not vanish, even if it reduces to an improper gauge transfor-
mation, Ay = 04® with ® even. Something must thus be done in order to accommodate
Lorentz boosts.

One might try to impose a relationship between A, and A4 so that the 2-form

?{ A2\ /Fbdy DA, dy A,

vanishes. This would be the analog of what was done in [35-37] when dealing with a slowly
decaying scalar field in anti-de Sitter space. There is, however, no obvious relationship
that can be imposed without at the same time destroying the asymptotic angle-dependent
u(1) at infinity, so that a different route must be followed.

We shall instead add a surface degree of freedom at infinity, which we denote by W.3
The field ¥ is at this stage a field living on the two-sphere at infinity, which can depend
on time. To cancel the unwanted surface term (4.7), we add to the symplectic 2-form the
surface term

— 7{ d*x 7 dy A, dy¥ (4.8)

and postulate that W transforms under boosts as
5,0 = D (bA,) + bA,. (4.9)

The field ¥ could be restricted to be odd under parity, i.e., to be of the same parity as A,.
We can however add to it an even part, which is clearly pure gauge since it drops from
the surface term (4.8). Shifting ¥ by an arbitrary even function is then another proper
gauge symmetry of the theory, which comes in addition to the proper gauge symmetries
generated by G[e] with ¢ odd. In other words, we take the field ¥ to be odd up to a proper
gauge syminetry.

The second term in the right-hand side of (4.9) is even. It is therefore a pure gauge
term, which we find convenient to add as it simplifies some formulas below. (When extended
into the bulk, the transformation takes the convenient form (4.29).)

We also modify the transformation law of A; by adding a gauge transformation
parametrized by the gauge parameter ¥, where U is any function that matches U at

3The boundary field ¥ plays here a similar role to the extra boundary field ¢+ introduced in [5] in order
to complete the Poisson structure at future and past null infinity. Both fields parametrise improper gauge
degrees of freedom. Using the results of appendix C, one can show that the fields ¢+ defined at null infinity
are linear combinations of U and ®.
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infinity as
v gl
U=—f — ). 4.10
. + 2 +o(r=°) (4.10)
Which extension of ¥ one takes does not matter since two extensions will differ by a proper

gauge transformation. The full transformation of A; under boosts is thus

5A; = \ngm +Oh(ED). (4.11)

The extra gauge transformation does not yield extra term in the transformation of A,
(0,(bW) is of order 7=2), but does induce an extra surface term in the variation of the
symplectic form equal to

% d*zbdy T dy 0. (4.12)

With these transformations, the symplectic form is invariant and the boosts define canonical
transformations. Note that the even part of ¥ in (4.11) defines a proper gauge transfor-
mation, while its odd part defines an improper gauge transformation.

4.3 Complete action
The action describing the dynamics with the new field ¥ included is

i Iy i 1 i 1 ij
SylA;, 78,0, Ay] = /dt{/d3m OLA; —/d% <2\/§w o+ Z\/gFJF,-j +Atg>

- ]4 d?z /7 A, aﬁ} : (4.13)

Variations of the extra boundary term in (4.13) give two extra equations of motion on
the boundary:

O A, =0, oV = 0. (4.14)
The first one is not new as it is a consequence of the bulk equation of motion generated
by 7"
1 _
O A, — 0rAr — ﬁﬂr =0 = 04, =0. (4.15)

The second one is an equation of motion for the new surface degree of freedom W.

One could add to the action a surface Hamiltonian involving A, that would modify
the equation of motion for ¥. The choice made here, namely Hg,, face = 0, is the simplest
one, and it is compatible with Poincaré invariance as discussed below.

4.4 New global symmetry — alternative form of the action

Note that the gauge generator (2.6) remains well-defined even after the symplectic structure
has been modified because the leading term of the gauge parameter does not depend on
the fields.
It is clear that the action is invariant under arbitrary shifts of ¥ which can depend on
the angles,
6,V =1, 0,A; =0, o, =0, J,A =0. (4.16)
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The even part of the parameter u, which can have an arbitrary time-dependence, generates
a pure gauge transformation, but the odd part, which must be time-independent in order
to leave the action invariant, generates a global symmetry. The corresponding charge is
—¢ d*x\/y TiA, as we shall derive below, and is generically non-vanishing.

It turns out that both the even part of € and the odd part of 7 naturally combine
into a single function. In order to make that structure manifest, it is useful to extend the
surface degree of freedom W into a dynamical bulk field ¥, i.e., to treat (4.10) as a field to
be varied in the action principle. This can be done provided one introduces at the same
time the constraint that the conjugate my to ¥ vanishes,

Ty ~ 0 (4.17)

so that the bulk part of ¥ is pure gauge and only (the odd part of) its leading term ¥ in the
asymptotic expansion is truly dynamical (4.10). One can introduce a Lagrange multiplier
A for that constraint, so that an alternative action is

SH[Ai,Wi,\I/,Wq,;At,)\]:/dt{/d3m7ri8tAi—|—7T\p(9t\I’—?{dQ:EﬁZr@t@

- / 3z <2\1/§7Ti7ri—|—\{fFijFij>— / d3x()\7r\p+Atg)}. (4.18)

In order to avoid a logarithmic divergence in the kinetic term | dxmy 0, ¥, we impose that
the conjugate momentum 7y — a density of weight one —, behaves asymptotically in

spherical coordinates as
1
Ty = 777\(1,1) +o(rh). (4.19)
T
This behaviour does not remove physical solutions since mg = 0 on-shell.
Once the bulk piece is included, the above shifts of ¥ (with the obvious extension in
the bulk of the 7 -transformation, and assuming that 7 is field-independent) are generated
by the canonical generator

G#[Ai,\I/,’iTi,W\p] = /d?’xmr\y — %d%ﬁﬁﬁ,« (4.20)

where the boundary term insures that it is an allowed functional. The generator G, reduces
to the boundary term when the constraint 7y ~ 0 holds. This conserved boundary term
does not generically vanish for odd ’s and therefore, it indeed defines then a proper gauge
transformation in agreement with what was observed before. Contrary to the usual frame-
work, the algebraic constraint my can thus generate improper gauge transformations with
non-vanishing charges. This is because the symplectic form involves a non-trivial surface
contribution. More information on the canonical formalism with surface-term contributions
to the symplectic structure is given in appendix A.

The addition of the surface degree of freedom and the companion boundary modifi-
cation of the symplectic form lead also to the satisfactory situation that the conserved
quantities — § d*x\/y 1A, appear as Noether charges for definite, non trivial symmetries.
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Without this surface degree of freedom, the conserved charge A, would appear as a con-
served quantity that generates no transformation.

To summarize, the extended formulation contains two first-class constraints my =~ 0
and G =~ 0 that generate the two independent gauge transformations described above:

6ue¥ =, OucAi=0ie, Ouem =0, Ouemy =0 (4.21)

where the gauge parameters have the asymptotic behaviour

= %ﬁ(sc“‘) + %u“(w“‘) +o(r™?), e=e(?)+ %E“)(:c“‘) +o(r™). (4.22)

The gauge transformations are improper when the leading terms 7, respectively €, have
an odd, respectively even, part. There is thus a wealth of two functions of the angles, one
odd and the other even, of improper gauge transformations. Assuming that @ and € are
field-independent, we can write the total generator:

GuelAi, U, ' my] = /d?’x(mr\p +eG) + %de(ﬁT — VA TA,) (4.23)
and easily check that it is conserved
(G, H} = /d?’x T ~ 0. (4.24)

To complete the formulation, we need to give boundary conditions on the Lagrangian
multiplier A. Just as we did for A;, we allow it to behave as a gauge transformation

asymptotically,
P
A=S4 0 ). 4.25
2 A ol (4.25)
When A(—24) = —\(z?), the gauge transformation is improper.

We have written the action principle assuming that the electric charge ¢ d>x7" was
fixed, allowing the asymptotic value of the “conjugate chemical potential” A; to vary.
Alternatively, one can fix A; and vary the electric charge, in which case one needs to add
the surface term [dt ¢ d?>z A" at infinity. Similarly we have assumed that the other
charge § d?>z A, was fixed since otherwise one gets a clash between the equations of motion
obtained by varying my (9;¥ = \) and A, (0;¥ = 0), when \ involves a transformation at
infinity. In fact, the leading term X of the Lagrange multiplier acts as chemical potential for
the charge ¢ d?zA,. If one adds to the action the surface term Jdté d?z\ A, one goes to
the corresponding “grand canonical ensemble” and the charge ¢ d?xA, can now be varied
while keeping \ fixed.

Finally, we note that there is no particular simplification if A4 = 94®. The only
formula that is affected is (4.9), which becomes 6, ¥ = p* (b0AD) + bA,.

4.5 Poincaré charges

With the boundary modification of the symplectic charges, all Poincaré transformations are
canonical transformations with a well-defined generator. We first consider the kinematical
transformations, i.e., spatial translations and rotations.
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As we already stressed before, transformations of the fields under a symmetry are
defined up to a gauge transformation in any gauge theory. For spatial translations and
rotations, we adjust the gauge transformation in such a way that the action of these spatial
symmetries on the fields is the ordinary Lie derivative, i.e.,

where U is a spatial scalar so that LU = €0, U and where the spatial vector ¥ is given
by (2.19). This choice, which is somewhat arbitrary, leads to a simple algebra of the
charges. Spatial translations and rotations are then generated by

Pygi = / (' Lew As + Ty Len V) + f Pr/FUYA04A, (4.27)

= /d3m fi(Fijﬂ'j — Aiajﬂ'j + W@@Z\I/) + fd%(f y4 (E,ﬁ’” + ﬁ@@AZT) . (4.28)

The boundary term in the expression of the rotation charges (angular momentum) is es-
sential with the twisted boundary conditions in order to have an allowed functional.

The generator of the boosts and time translation is more complicated. We have worked
out in subsection 4.2 the transformation rules of A; and ¥ under boosts, equations (4.11)
and (4.9), respectively. Noting that EA(bA 4) + bA, is the leading term in the asymptotic
value of V/(£A4;) with & = br, we can extend the transformation law of ¥ into the bulk with

S0 = Vi(EA,). (4.29)

The boosts are then generated as

i ; 1 X 7 .
Feo = /d3x§ <—\I/82-7r1 — AiV'my + mﬂm’ + [FijF”)

+ j{ Peb(Te + FAD'A,). (4.30)

We take the same formal expression for the generator of time translations where the pa-
rameter £ is given by £ = T with 947 = 0. This amounts again to a specific choice of the
improper gauge transformation included in what is meant by a “time translation” and is
again a matter of choice. Our choice leads to a simple algebra. The generator (4.30) is
thus generally valid for

E=bxzNr+T, DaDpb+7,5b=0, 9T =0. (4.31)

While the surface term is mandatory for the boosts in order to have a well-defined genera-
tor, it vanishes for time translations. It should be stressed that the logarithmic divergence
in the bulk integral of P% i, potentially present for rotations and boosts, cancels due to
our asymptotic fall-off.
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The total generator of Poincaré transformations can be written in terms of local dif-
feomorphisms generators in the following way

Peei = / P (EHPM + EH) + B, (4.32)
, . 1 N g
EM _ _ At _ A7 PRI Ny Y
H Vo, — A;Vimy + 2\/§7mr + 1 Fi; FY, (4.33)
/HlEM == Fijﬂ'j - Ai(‘)jwj + m,c%\l’, (434)
BEM — f{ P (BT + VTAD A) + YA AT + VT T04A,)) (4.35)

One can easily compute the algebra of the various generators. One finds:

{Pey i Pey ey = P
{Gue: Peeit = Gage, (G Graa} = 0,
£ =606 — 6061, & =¢l0;6h — 0,61 + 97 (€10, — £10;6),
il = Vi) — €0, €= eu—Ede.

It follows from these equations that the algebra of the symmetries is a semi-direct sum of
the Poincaré algebra and the abelian algebra parametrized by 1 and €. The action of the
Poincaré subalgebra characterising this semi-direct sum is easily obtained from (4.39):

Seyprwy B =Y 0um — Da(bD™ ), Sy W)€ = YA04€ — b (4.40)

If we had chosen a different improper gauge transformation to accompany the spacetime
transformations, the bracket {P&&,P&&} R P&fi would have generically been modified
by terms containing G.

In appendix B, we relate our study to the Lagrangian analysis in hyperbolic slicings,
and in appendix C, we prove that the above algebra agrees with the one obtained at null
infinity. In particular, we show how the even and odd gauge functions € and p combine to
form the full angle-dependent (1) transformations seen at null infinity. This analysis is
very close to the corresponding one for gravity [24, 38].

5 Asymptotic analysis: II. Magnetic charges

The twisted parity conditions that we just investigated lead to a perfectly consistent picture
and a well-defined Hamiltonian formulation. They suffer, however, from two drawbacks.
First, they do not allow for the presence of magnetic sources. Second, they generically lead
to divergences in the magnetic field as one approaches either the past of future null infinity
or the future of past null infinity. This is shown in appendix B. To avoid these singularities,
one must impose the extra condition that the even parts of the angular components of the
electric field and of F4p vanish.

We shall for these reasons turn to the boundary conditions (3.6) and (3.8) which do
not suffer from these drawbacks: they cover magnetic sources as we indicated previously,
and are free from singularities as one tends to null infinity.
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It turns out that the asymptotic analysis of these boundary conditions is straight-
forward. The reason is that the modification of the symplectic term and the addition of
non-trivial surface terms to the Poincaré generators is forced by the odd part 94® of the
angular component A 4 of the vector potential. The even part drops out in those consider-
ations and raises no extra complication. All the difficulties have thus been already treated
in the previous section.

The action takes thus again the form

SylAs, 78, U, my; A, N = /dt{/d%wiatAi + Ol — fd%ﬁmaﬁ

/d% (2\1[7r i + [FUFU> - /d% (A +Atg)} (5.1)

and the Poincaré generators are

Peei = /  (EH™ + EHPM) + By, (5.2)

HEM — w9t — A Ving + —mr + iFijFij, (5.3)
2\/9

HIM = Fnd — A0, 4 mg 0,0, (5.4)

BEM ]{ P (WO + FAD A4,) + YA + VTT04A,)).  (55)

The logarithmic divergences in the bulk integrals are absent because the leading O(r~1)-
term in the integrand of the boost and rotation generators is odd and thus integrates to
zero over the 2-sphere. One may also replace A4 by 94® in the boundary terms, because
Zi’en simply drops out. All the subtle features are introduced by the odd component of
A4 studied above.

The theory possesses the same improper gauge transformations as above generated by

Gueldi, ¥, ' my] = /d3x(u7rq/ +€G) + %dQ:C(ﬁT — VA TA,). (5.6)

These transformations act only on the 04 ®-part of A4 and on 9 so that here again, all the
conceptual points have been made in the previous section.
This ends the discussion of the general case.

6 Conclusions

In this paper, we have proposed new boundary conditions for electromagnetism at spatial
infinity. These are (2.12), (2.13), (3.3), (3.6), (3.8), (4.10) and (4.19). These boundary
conditions include magnetic sources and fulfill the consistency requirements listed in the
introduction. They are invariant under an infinite set of non trivial asymptotic symmetries,
labeled by one function on the two-sphere. These angle-dependent u(1) transformations
have generically non-vanishing charges and their generator is given by (5.6). The way
the even component (¢) and the odd component (u) of the symmetry parameters combine
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as compared with the analysis at null infinity is somewhat subtle and worked out in ap-
pendix C. We have also worked out the canonical generators of the Poincaré group, which
involves an extra surface degree of freedom (eq. (5.2), and computed their algebra with the
asymptotic infinite angle-dependent u(1) symmetry (eq. (4.36)—(4.39)). Note that if the
charge is not zero, Lorentz invariance is broken since the angle-dependent conserved quan-
tity G, transforms non trivially under rotations and boosts, as clearly exhibited by (4.40).

A crucial element in the emergence of the non trivial symmetry at spatial infinity is
the twist in the parity conditions on the angular components of the vector potential as
compared with the conditions of [13]. This twist is the electromagnetic analog of what was
done in [24] for pure gravity. However, as we have shown here, it is sufficient for the twist to
be given by an improper gauge transformation. This restricted class of twists enables one
to include magnetic monopoles. The same can be done for gravity in order to encompass
the Taub-NUT solution, as it will be shown elsewhere.

We stress that the parity conditions given here on the angular components of the
potential are not a restriction in the sense that they do not exclude the standard solutions
relevant for the usual asymptotic analysis. If they were imposed on the next order, they
might of course be a restriction, but they are here conditions on an order that is actually
zero for the Liénard-Wichiert potential that plays such an important role in the analysis
of the fields at null infinity. We have in fact shown that our results are in agreement with
those obtained at null infinity. The non trivial symmetries visible at null infinity do have an
expression at spatial infinity and turn out to be also asymptotic symmetries with charges
that reduce to surface terms at null infinity (“improper gauge transformations”), with no
bulk contribution. Relaxing the parity conditions does not seem necessary from the point
of view of known solutions and furthermore, could lead to undesirable divergences in the
symplectic structure.

Our work also shows an interesting interplay between the radial components of the
fields and their angular components. The radial components, associated with the Coulomb
aspect of the electromagnetic field, are subject to parity conditions that reflect what is left
of spherical symmetry in a moving frame. At the same time, they act as generators of the
infinite-dimensional symmetry on the angular components and dictate what is a proper
gauge symmetry and what is an improper one. To allow for the improper ones, the angular
components must have a parity-twisted piece with respect to the radial components.

There is a clear difference between electromagnetism and gravity in the asymptotic
treatment given here. While the twisted parity conditions are sufficient in the gravity case
to ensure a consistent formulation without modification of the symplectic structure, an
extra feature appears in the case of electromagnetism. It is that the symplectic structure
must be modified by a boundary contribution (as observed first in [11]), and that surface
degrees of freedom must be explicitly introduced in a gauge-fixing free approach. It is
thanks to this extra structure that the full angle-dependent algebra (and not just that of
the even functions) emerge at infinity.

In the case of gravity, the condition that the mixed component h,4 of the spatial
metric should vanish to leading order was imposed in [24]. If it is not satisfied, the boost
charges are not integrable. The treatment of the electromagnetic field given here suggests
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that one might avoid the condition h,4 = 0 in gravity by introducing surface degrees of
freedom (which could be related to the lapse and the shift by gauge-fixing) and modifying
the symplectic structure by a surface term. This might lead to an enlargement of the
asymptotic symmetry algebra. We recall in this context that super-rotations [39-43] were
not included in the approach of [24]. Perhaps this might open the way to their satisfactory
inclusion. Similarly it would be interesting to extend the analysis to the Yang-Mills case,
as well as to supergravity where one would have to work out the impact of the twist in
parity conditions on the spinors. It is hoped to return to all these questions in the future.
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A Poisson structure

We extend in this appendix the work of [14] and [44] to the case when the symplectic form
is not the standard one but is modified by a boundary term. This extension relies on well-
established results of the hamiltonian formalism, as described e.g. in the monograph [45].

In the following, we will collectively denote the fields by z4 and we will restrict our

analysis to symplectic structures €2 of the form

1
Qlz;dyz,dyz] = /20ABdeAdeB d"r + wlz;dy z, dy Z] (A.1)
where w is a boundary term such that dyw = 0. We will also assume the matrix
oAp = —opa to be constant and invertible c4Bopo = 504.

Let us consider a vertical vector field §zz# preserving the asymptotic conditions. It is
a hamiltonian vector field iff

F[ZA] = /f(z) d"z + %fb(Z) d" 'z st. dyF = —ipQz;dyz, dy 2] (A.2)

where € is a closed vertical 2-form. We will call allowed functionals F' functionals that are
associated to a hamiltonian vector through (A.2). As in the case of Regge-Teitelboim, this
prescription fixes the boundary term of allowed functionals up to a constant.

Considering two allowed functionals F} and F5, we can define their Poisson bracket as

O F; O F:
JGABJanU + 11%9w. (A3)

{F1, Fo} =i = 5,47 3.8

In this case, we see that the usual result given by the bulk term is modified by a boundary
term. By construction, the Poisson bracket is antisymmetric and we have the following

property
{Fl, FQ} = —Z'gilQ = igdvFl = (52F1 (A4)
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where 924 is the variation associated to F». Using standard techniques, we can then prove
the two following results that make this Poisson bracket well-defined.

Theorem A.1 The Poisson bracket of two allowed functionals Fy and Fs is an allowed
functional with
dy{F1, Fa} = —ifp )92 (A.5)

Theorem A.2 The Poisson bracket satisfies Jacobi identity:
{{Fl,FQ},F3} + cyclic = 0. (AG)

The demonstration of these theorems follow usual lines of symplectic geometry and is left
to the reader.

In the particular case where the boundary term of the symplectic structure is absent,
w = 0, the allowed functionals F' are those with a variation of the form

dyF = / —dvad”J: —ipw —/ —dvad”a: (A.7)

without boundary term. This is the prescription of [14].

B Electromagnetism in hyperbolic slicings

B.1 Connection with previous work

The connection between spatial infinity and null infinity is most conveniently worked out
in hyperbolic coordinates [46-49],

gudxtdx” = dn? + 772habdx“d:cb, (B.1)
1 1
where 7 4 5 is the metric on the 2-sphere. The radial coordinate 7 and the hyperbolic time
s are related to the usual time ¢ and equal time radial distance r by

n=vV—t+r2 5:;. (B.3)
These coordinates only cover the part of space-time where r > |¢| which implies —1 < s < 1.
Tensors appearing in the 7 expansions are defined on the 3 dimensional unit hyperboloid
‘H with metric hy, coordinates x® = (s, ;rA) and covariant derivative D,. A translation in
the hyperbolic time s involves asymptotic boosts at infinity.

The analysis of electromagnetism in hyperbolic coordinates was performed in [11], in
which the need to modify the symplectic form by a boundary term was first pointed out. In
this appendix, we compare our findings in standard coordinates with the results of [11]. In
the next appendix, we use the hyperbolic coordinates to relate the asymptotic symmetry

group at spatial infinity with the asymptotic symmetry group at null infinity.
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Reference [11] assumes the following fall-offs for the electromagnetic potential:

_ 1 ~ 1 1 _
Au=Aa+ Aol A=Ay A+ ol (B.4)

With this asymptotic behaviour, the usual bulk action of electromagnetism is not well-
defined. A general variation of the action leads indeed to:

V4 v v
5 / d*z T P = / d*z\/—gV,FM5A,

+ / dn 7{ d*x\/—gF§ A,

51
+ / d*zv/~hD A, 04, (B.5)
50 H
where V, is the covariant derivative associated to the background metric (B.1). There is
a boundary term at the spatial boundary H.

A solution for removing this unwanted term that allows one to keep a non-trivial
asymptotic symmetry algebra without having an impact on the solution space is given

n [11]. One adds the following boundary term to the action:

SIA,] = / a2 VIR, P /H B/ =R A, (DA, + Ay). (B.6)
Here, we have used a boundary term quadratic in Zn but a more general function of Zn
could have been used.

A variation of the action now gives

68 = / dz/—gV, F' A, + / d3x\/—h<D“Za+ZZn)5Zn
H
S1
+ [ / dn 7{ d*z\/—gF*§A, + 7{ d%\/—hhs‘lznéza] : (B.7)

S0
The choice of boundary term added to the action leads to an extra equation of motion on
the boundary:
DA, + 24, = 0. (B.8)

This is the leading term of Lorenz gauge condition:
1

VA=

(D Ay + 24,) + o(n?). (B.9)
The extra EOM (B.8) is compatible with all bulk EOM and can be interpreted as an
asymptotic gauge fixing. This condition is a central element of the analysis of [11] where
it is imposed as an extra asymptotic condition (see also [50]). We have just shown that
it consistently follows in fact dynamically from the action. The gauge transformations
preserving the action are generated by gauge parameter of the form

A, 2%) = X(z%) + )\(1)(3:“)717 fo( ),  DuDX=0. (B.10)
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Here and in the next appendix, we used the notation A for the gauge parameter in order
to make the link with [11]. It is not related to the extra Lagrange multiplier we added
in section 4.4.

Our analysis of the gauge symmetries and associated charges, translated in hyperbolic
coordinates, reduces to that of [11] if one imposes the gauge condition A; = ¥, which is
admissible if the constant part in the asymptotic expansion of A; is absent (otherwise, one
must impose A; — A; = ¥). Since the Lagrange multiplier A; transforms with the time
derivative of the gauge parameter ¢, this gauge condition relates 0:e to u. Note also that
s-translations in hyperbolic coordinates involve asymptotic boosts. It does therefore not
come as a surprise that the symplectic form problem encountered in our treatment when
handling Lorentz boosts appear here already at the level of (s-)time translations.

The action (B.6) suffers from a second problem: the associated symplectic structure
is divergent. This problem is solved in the same way as in the core of our paper by adding
parity conditions on gauge invariant combinations of the asymptotic fields. The discussion
proceeds along parallel tracks and will thus not be repeated here.

B.2 Asymptotic behaviour of the fields as one goes to null infinity

To end this appendix, we will make the link between the asymptotic fields in hyperbolic
coordinates and physical quantities usually defined at null infinity. The equations of motion
derived from action (B.6) imply

— (1 - 0?4, +DaD" A, =0, D Fpa—0;((1—5*)Fsa) =0 (B.11)
where Fup = 0,Ay — OpA, is the leading term of the field strength F, = Fup + O(n™1).

These two equations control the asymptotic behaviour of the radial part of the electric and
magnetic field:

E'(n,z%) = /—gF" = E"(2*) + O(n™ 1), E" = —\/70:A,, (B.12)
B"(n,2%) = "B Eyp = B"(2%) + O(n 1), B" = —e*BF 5. (B.13)
We have denoted by €*#7% and ¢48 the anti-symmetric densities with e¥9¢ = —1 = —¢f?.

Using Bianchi’s identity, one can easily show that the leading terms of both E7 and B"
satisfy the following equation:

==0, E=E"DB" (B.14)
Using spherical harmonics, its general solution can be written in terms of Legendre poly-

nomials Pj(s) and Legendre functions of the second kind @;(s) which can be expressed in
terms of Pj(s) as

Qs = Aoy lo (1) + 2o (B.15)
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where él(s) are polynomials. Without taking into account the parity conditions, the
corresponding solutions are given as follows

E'(s,0%) = V33 (EfuPus) + B, Qu(s)) YVim(a?), (B.16)
Im

B(s,a) =7y (B;fmpl(s) + Bﬁle(s)) Yim(2?). (B.17)
l,m

Encoding the contribution from electric sources, E" is always even on the hyperboloid
which means that ElQm = 0. This implies that the leading part of the electric field E” is
bounded in the interval s € [—1,1]. Its magnetic counterpart B" will also be bounded if

one imposes parity conditions allowing for magnetic charges, Ezdd —0=BY however, it

Lm>
will diverges at s = +1 if one imposes twisted boundary conditions, B.,,, = 0 = Bf -

As one could expect, the late time behaviour of both quantities is related to their
value at null infinity. Unfortunately, the link is not direct as the hyperbolic coordinates
used above are not adapted to the description of null infinity. We will inlstead rely on the

methods of [51-53] and introduce a new radial coordinate p = n(1 — s%)2. With this, the
background metric takes the form

1
g

ds* = 1 — s%)dp? + 2spdsdp — p*ds* + pQVAdeAde) . (B.18)
In these new coordinates, the rescaled line element (1 — s2)2ds? is continuous in the limits
s — £1. These two hypersurfaces describe past and future null infinity with induced
coordinates (p,z?). The limits relevant for Strominger’s analysis, namely approaching
spatial infinity along future or past null infinity, correspond to taking the following two
limits in succession: s — 1 or s — —1 and then p — oco. As the change of coordinates
only involves a rescaling of the radial coordinate, the expansion of the fields given in (B.4)
behaves nicely. In particular, the leading term of the radial electric and magnetic fields are
unchanged

Ef(p,a®) = V=gF* = E"(a*) + O(p~"), B’(p,2") = P Fap = B"(2") + O(p™").

(B.19)
Using the explicit solutions obtained in (B.16), we can now evaluate the value of the
electromagnetic field at null infinity. The leading part of the electric field E” is finite
and its parity properties imply that it will satisfy the antipodal matching conditions of
Strominger [2]. However, if one imposes twisted boundary conditions, the magnetic field
will in general diverge in the limits s — +1 which breaks the usual asymptotic conditions
of electromagnetism at null infinity.

C Explicit large gauge transformations and link with null infinity

We compare in this appendix the asymptotic symmetry group appearing here at spatial
infinity with the asymptotic symmetry group emerging at null infinity. Using hyperbolic
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coordinates to describe spatial infinity, large U(1) gauge transformations are parametrized
by gauge parameters of the form

A, ) = Xa®) + XD (@)~ +o(n™") (C.1)
where X is an even function defined on the hyperboloid and satisfying
DD\ = —(1 — 2)202A + (1 — s2)DAD "X =0 (C.2)

(see (B.10)). On can check that the odd part of X is always a proper gauge transformation
due to the parity conditions imposed on E"”. The general solution to this equation that is
also an even function can be written in terms of spherical harmonics as follows

A(s,z?) = thmal(s)iﬁ,m(az’é‘), o = (1 —5%)0:Q(s) (C.3)
l,m

where the functions Q;(s) are Legendre functions of the second kind given in terms of
Legendre polynomials P,(s) in equation (B.15). The fact that Pj(+1) = (—1)! can be used
to determine the asymptotic behaviour of the functions «

lim aq(s) = limlPl(s) = (£1), lim (1 — s%)dsa(s) = 0. (C4)

s—=+1 s—+ s—+1

The general solution obtained in (C.3) is completely characterised by its value at s = +1:

lim A(s,z4) = e (xa4). (C.5)
s—=+1
These two values correspond to the gauge parameters at future and past null infinity. As
explained in the previous appendix, in order to show this, we need to introduce a new
radial coordinate p = n(1 — 52)_%. The gauge parameters induced at future and past null
infinity can then be evaluated easily

Mp, ) |7+ = lim A(p,a®) = e (22) + O(p™) (C.6)

where sub-leading terms in p are present because the gauge in the bulk is not fixed. One can
see that the antipodal properties of the gauge parameter obtained in [2] are consequences
of the parity conditions associated with the extra equation of motion (B.8).

The link with the parametrization of the U(1) transformations used in the Hamiltonian
formalism in section 4 is made by parametrising the function X, solution of equation (C.2),
in terms of initial conditions given at s = O:

X =, ax|  =mEh). (C.7)

Both € and 7 are functions on the sphere with a definite parity: €(—z?) = &%) and

f(—z*) = —7(z?). The explicit change of parametrisation from null infinity ¢/ and the
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Hamiltonian formalism at spatial infinity (€,z) can be obtained using the expansion in
spherical harmonics and the expressions for the functions ay:

/=3 NmYim(@?), (C8)
Im
2%+1 2%k
B= > Toppim Yokitm: €= Y. €akm Yokm, (C.9)
k m=-—2k—-1 k m=-2k
Aok41,m OsQt1 |s=0 = Fagt1.ms Aok.m 2k |s=0 = Ep.m- (C.10)

The first few a; functions can be easily computed

1—s2 1 3s(1—s> 1
ag=1, a;=s+ i log its . as=3s2—2+ s(1=s )log ts (C.11)
2 1-s 2 1-s

and we can use them to write the first few component of the change of basis:

00 = €00, Alm = §ﬁ1,m, A2m = *igz,m- (C.12)
The action of Lorentz algebra on both parametrizations of the large U(1) gauge trans-
formations can be evaluated using the same strategy. Lorentz algebra on the hyperboloid

is generated by
A

Vi=—(1-5b, VA=Y -sD", (C.13)
and acts on the U(1) gauge parameter A through the Lie derivative. We obtain its action
on the gauge parameter at null infinity ¢/ by taking the limit s — 1:

ype’ = lim Gy X = (V4 = D b)aae?, (C.14)

which is the Lorentz action on the gauge parameter at null infinity [3]. The action of
Lorentz algebra in the alternative parametrization can be obtained by evaluation of the
transformation laws of A and 9;\ at s = 0:

Syp€ = —bfi + Y2048, Oy = — DD ) + Y4047 (C.15)

This is the action obtained in section 4 which finishes the proof that the algebra obtained
in the hamiltonian formalism is identical to the one obtained at null infinity.

Note that in the null infinity terminology, the asymptotic symmetry group at spatial
infinity is the diagonal subgroup of the groups of angle-dependent transformations at future
null infinity and past null infinity.
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