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ASYMPTOTICS NEAR EXTINCTION FOR NONLINEAR
FAST DIFFUSION ON A BOUNDED DOMAIN

BEOMJUN CHOI, ROBERT J. MCCANN, AND CHRISTIAN SEIS

ABSTRACT. On asmooth bounded Euclidean domain, Sobolev-subcritical
fast diffusion with vanishing boundary trace is known to lead to finite-
time extinction, with a vanishing profile selected by the initial datum.
In rescaled variables, we quantify the rate of convergence to this profile
uniformly in relative error, showing the rate is either exponentially fast
(with a rate constant predicted by the spectral gap), or algebraically slow
(which is only possible in the presence of non-integrable zero modes). In
the first case, the nonlinear dynamics are well-approximated by exponen-
tially decaying eigenmodes up to at least twice the gap; this refines and
confirms a 1980 conjecture of Berryman and Holland. We also improve
on a result of Bonforte and Figalli, by providing a new and simpler ap-
proach which is able to accommodate the presence of zero modes, such
as those that occur when the vanishing profile fails to be isolated (and
possibly belongs to a continuum of such profiles).

1. INTRODUCTION

Setting mg 1= 1— %Jrq [DKM15], consider the fast diffusion equation with
the exponent 0 < m € (ml_%, 1), integrable non-negative initial data, and

Dirichlet boundary conditions, on a smooth bounded domain 2 C R™:
wr = A(w™) on Q
w = 0 on 0.

This equation models heat flow in a material whose thermal conductivity
mw™ ! depends inversely on its local temperature w. With m = 1/2 it has
also been used to model the diffusion of plasma ions across a magnetic field

in simulations [OD73| and experiments [TPOT73]. For such an initial value
problem, it is known that the vanishing Dirichlet boundary conditions drive
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the solution w to become extinct in finite time, e.g., [Sab62l, [Sab65, [BHS0].
To understand the vanishing profile, rescale around the extinction time 1" >
0,

m T

1
l—m 'T—+

1

w(z,7)=((1—m)(T —71))Tm v%(x,t), t=

to obtain an equation for v(z,t) with p = 1/m:
o [P
Z(Z)=A P on O
(1.2) 8t<p> v+ v¥ on
v =0 on 0N.
The rescaled solution v on € is known to converge (both subsequentially
[BHS0O] and sequentially [FS00]) as t — oo to some unique profile V(x)

selected by the initial datum; moreover, V is a positive solution to the
stationary elliptic problem

AV +VP=0o0n N

1.3

(1.3) V =0 on 092

Solutions to (I.3)) represent critical points of the Lyapunov functional [BHT7S)]
1 1 1

(1.4) Bw) = 5190 ~ S5l

for the dynamics (L2). Sobolev subcriticality p—! > mi_z = Z—;g implies

LP* 1 coercivity of the energy on the LPT!-unit sphere, from which the ex-
istence of positive steady states (L3]) had earlier been derived by Berger
[Ber77]. Brezis and Nirenberg showed such solutions need not be unique
however [BN83]; other uniqueness and nonuniqueness results concerning pos-
itive solutions in specific domain geometries may be found in the works of
Gidas-Ni-Nirenberg [GNN79| on the ball, Dancer [Dan88] [Dan90] on con-
nected approximations to disjoint unions of balls, Damascelli-Grossi-Pacella
[DGP99] on domains with symmetry, Zou [Zou94] on rough balls, Akagi-
Kajikiya [AKI4] who used instability to show that uniqueness fails on thin
annuli, so solutions and their rotations form continuous families, and Ak-
agi [Akal6] who showed the stability of energy minimizers. On the other
hand, Feireisl-Simondon [F'S00] showed that the evolution (L2]) selects and
converges to one of the positive solutions V' of (L3 (which may depend on
the initial datum) as ¢t — oo. They did not give a result on the convergence
rate. Later Bonforte, Grillo and Vézquez [BGV12] showed convergence in

relative error h := ”;/V, ie.
. v(z,t)
1.5 lim - =0,
(1:5) t=oo || V(x) Loo(Q)

and provided an exponential rate of convergence in entropy sense, under a
non-degeneracy condition which they were able to verify for m close to 1.
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It has been a problem of considerable interest (a) to quantify the rate of
convergence unconditionally, and (b) to predict the higher-order asymptotics
of the relative error h. In contrast to the analogous questions set on the full
space 0 = R", resolved in [DKMI5] and its references [BBDT09| [CT00]
[CV03] [DPD02] [KMO06] [Ott01], this challenge is compounded by the fact
that the linearized problem has unstable modes (including those correspond-
ing to 7-translations in the original variables, which blow up at different
times T'), and can also have zero modes, including modes called integrable
that arise e.g. for reasons of symmetry, as for the thin annuli mentioned
above. Recently, Bonforte and Figalli overcame some of these challenges to
solve (a) for C%“-generic smooth domains including the ball [BF21]. In a
suitable Hilbert space, they show the linearized evolution of h is generated
by a self-adjoint operator possessing a complete basis of eigenfunctions. To
summarize their findings: the unstable (negative) modes cannot be active
due to Feireisl and Simondon’s convergence, and neutral (zero) modes are
absent on generic domains [ST79], in which case they show that the relative
error decays uniformly with an exponential rate A no smaller than the first
positive eigenvalue. On arbitrary smooth domains however, such a result
eludes their techniques, which rely on the kernel of the linearized opera-
tor being trivial, and hence the limiting profile being isolated. A simpler
derivation of the rate of exponential convergence was subsequently obtained
under the same restriction by Akagi [Aka21]; although he expresses conver-
gence in terms of an energy rather than the entropy or relative error, these
quantities can be compared using the boundary regularity theory of [JX22].
Finally, Jin and Xiong showed unconditionally that the rate of convergence
is at least algebraic in ¢ [JX20], but with a power that is not explicit. In
the present manuscript, we bridge this wide gap (between exponential up-
per and algebraic lower bounds on the rate) by developing a new approach
which yields that ||h|/z~ either decays exponentially with rate A or else de-
cays algebraically at a rate 1/t or slower. In the second case, not only must
zero modes be present, but they must be non-integrable in a sense made
precise below. Moreover, when the decay rate is exponential, we address
(b) by showing that the longtime asymptotics of the nonlinear problem are
described by the linearized dynamics up to the error e=2* produced by qua-
dratic corrections. This refines and confirms a conjecture made for the case
n =1 by Berryman and Holland [BHS0].

Besides being more powerful, our approach is also simpler than Bonforte
and Figalli’s. Instead of augmenting Del Pino and Dolbeault’s nonlinear en-
tropy method [DPD02] with approximate orthogonality conditions, we rely
on an ODE lemma of Merle and Zaag [MZ98]|, which implies that the dynam-
ics are eventually dominated either by stable or neutral modes. We must also
control the nonlinearity by adapting parabolic regularity estimates to the
geometry of the steady state around the domain boundary. Delicately match-
ing these estimates to the ODE argument allows us to estimate the rate of
convergence via the dichotomy described above. From there we use Hilbert
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projection techniques to get an asymptotic expansion up to an e~ 2M error.

The latter resembles Denzler, Koch and McCann’s treatment of higher-order
asymptotics in the narrower range mg = 1 — % < m < 1 of evolutions on
the unbounded domain 2 = R™ — though the linearized analysis around
the selfsimilar spreading solution described in [DKM15] [DKM16] and their
references is more subtle than the present problem, and our rate estimate
does not require us to establish differentiable dependence of the flow on ini-
tial conditions. On the other hand, the whole space problem is not plagued
by the multiplicity and continua of limiting profiles that we presently face.
In the current setting, finer aspects of the dynamics (beyond rate 2)\) may
conceivably be described by constructing invariant manifolds, but we defer
the exploration of this possibility to future research. In the porous medium
regime (which refers to the complementary range of nonlinearities m > 1)
on the whole space 2 = R", such a construction was completed by one of
us [Seild] [Seild] following earlier work of Angenent [Ang88] for n = 1 and
Koch [Koc99] for n > 1.

The remainder of this manuscript is structured as follows. In the subse-
quent Section 2 we rewrite the problem in terms of the relative error, for
which most of our analysis is conducted, summarize the spectral theory and
introduce some notation. Along with the necessary terminology, Section
states our two main dichotomy results. After recalling variants of the Merle-
Zaag lemma [MZ98| due to K. Choi with Haslhofer and Hershkovits on the
one hand [CHH| and with Sun on the other [CS20], our first dichotomy —
separating fast and slow convergence — is proved in Section ] apart from
the parabolic regularity estimates which yield a quadratic bound in the rel-
ative error for the nonlinearity. These are postponed to Section The
remaining dichotomy is established in Section [Gl

2. LINEARIZED DYNAMICS AND RELATIVE ERROR

In terms of the relative error h := ”;/V, the dynamics (L.2) take the form
(2.1) Oth + Lyh = N(h),
where Ly is the linear operator relative to V,
Lyh = —%A(hV) ~ph

= —VITPAhL —2VPVV -Vh— (p—1)h

= V1PV . (V2Vh) — (p — 1) h,
and N (h) is the nonlinearity, given by
(2.2) N(h)=(1+hP—1—ph+ (1—(1+h)P1)oh.
Observe that N(h) = My (h) for any solution h to (2.I]), where

(2.3) My(h) = (14 B — 1 — ph) + (1 - W) Lyh.
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Indeed, solving (2] for 0;h, dividing by the prefactor and shifting the
nonlinearities onto the right-hand side yields N(h) = My (h). This allows
us to exchange temporal for spatial derivatives of & in the nonlinearity. Since
in most parts of the paper the reference stationary solution is fixed, we will
often write L = Ly for notational simplicity.

The relative error and the linear operator are best understood when ana-
lyzed in suitable weighted Lebesgue and Sobolev spaces. Given o > 0 and
a positive solution V' to (I.3]), the weighted inner product

<f,g>a=/gng"dw

makes L2 = L2(Q) := {f : {f,f)s < oo} into a Hilbert space. We will
occasionally be concerned with more general Lebesgue spaces induced by

the norm
1

1flls = ( / \f\qduaf,

where dyy,(x) = V(x)Pdx. Weighted (homegeneous) Sobolev spaces such as

H 1 are defined analogously; c.f. (2.4) below.

Multiplication by V' acts as an isometry between le, 41 and L;2)—1' Un-
der this isometry, the linear operator Ly + pI is unitarily equivalent to an
operator L = V o (Ly + pI) o V=1 with compact inverse on Lg_l, whose
spectral theory, subject to vanishing Dirichlet boundary conditions, was elu-
cidated by Bonforte and Figalli [BF21]: the corresponding operator L= Ly
is a self-adjoint semibounded operator on L127 4 1;the spectrum of L is discrete
and the eigenfunctions form a basis of le, +1- They are critical points for the

restriction of the weighted Dirichlet energy
(24) By(6) = ol = [ [VoPV2da

to that subset of the L, unit-sphere for which the boundary trace of ¢V’
vanishes. Using two nonnegative integers I and K, let us list the eigenvalues
with repetition as

A7 <...< A1 <0=X=...= k1 < Ag <....

e The integer I represents the dimension of the unstable modes of L
(and coincides with the Morse index of E(v) from (I4]) at V).

e K represents the dimension of kernel of L and any corresponding
eigenfunctions are called Jacobi fields.

e Let us call the eigenfunctions which correspond to A_j to A_; the un-
stable modes, those corresponding to Ao to Ax_1 the neutral (or cen-
tral) modes, and the remaining eigenfunctions (starting with eigen-
value A\g)the stable modes. The corresponding eigenspaces will be
denoted by FE,, E. and Ej, respectively. They are understood as
subspaces of Lgﬂ, so that le)Jrl =F,oE.®FE;.
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e\ =1-p=1-— % and it is actually simple (a.k.a. multiplicity 1, so
A1 < A1_1) with corresponding eigenfunction 1 (called the ground
state). In the original variables it corresponds to time translation
of the solution; the signs I > 0 > A_j account for the fact that 7-
translations of a given solution disappear at different times 7" hence
diverge sharply from each other under the rescaling appropriate for
one of them.

Notation. We finally comment briefly on some notation that we will
frequently use throughout this work: We write a < b if there is a constant
C such that a < Cb. The constant C' may depend on the limiting profile V/,
the domain, and other parameters such as p = 1/m, but this dependence is
continuous under small perturbations of V in the relatively-uniform topol-
ogy generated by ([B.6) below, hence C' may be regarded as being locally
independent of V. We write ¢ > 1 to indicate ¢ must be sufficiently large.

3. FAST VERSUS SLOW CONVERGENCE DICHOTOMIES

Recall Bonforte, Grillo and Véazquez [BGV12| showed if V' (z) is the limit

solution of v(x,t) (see [FS0Q]) then the relative error h(t) = # — 1 decays
uniformly:

(3.1) |l oo (@) = o(1) as t — oo.

In this section we describe two dichotomy theorems which establish that
a spectral gap gives the sharp rate of exponential convergence, unless the
linearized dynamics has a non-integrable kernel in the refined sense of Defini-
tion 3.3 When Definition [3.3] fails to be satisfied, we show the convergence
occurs either exponentially at the rate of the spectral gap or no faster that

O(1/1).

Theorem 3.1 (First dichotomy for asymptotic behavior). For 0 < m €
(mi—z,1) = (Z—jrg, 1), let Q C R™ be a smooth bounded domain and v(x,t)> 0
on (z,t) € Q x [0,00) be a bounded solution to the evolution problem (L.2]).
Let V(x) be the classical solution to (L3)) satisfying (LBH). Then there ex-
ist positive constants € = €(V,p) and C = C(V,p) such that whenever

|h(t)]|Le < € for all t > 0 exactly one of the following alternatives holds:
(1) the relative error h(t) := @ — 1 decays algebraically or slower
(3.2) Clh®)ll e 2 1ROz, = (€O Vi1
(2) the relative error h decays exponentially or faster,
33)  CTHIRMON Lz, S MOl < Ce ROl 2, V21,

where X = A\ > 0 is the first positive eigenvalue of linearized opera-

tor L in (2.1]).
Moreover, whenever [B3]) holds for some A > Ak and any C =
C(V,p,N), if J € Ny is given such that Ay < 2\ and \j < Aj11 =: p,
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and vo, 1, - - - ,9J are corresponding eigenfunctions chosen in such a
way that they can be extended to a complete Lf, 11 orthonormal basis,
then there are constants C; € R such that t > 1 yields

J e if > 2,
(34)  ||h(t) =D Cie ™My < ClR(O)ll 2, x { te™ if p =2,
i=0 L2, e Mt if < 2,

for some C = C(V,p,\,C). Finally, C; = 0 for any \; € [0, ) so,
in particular, for any i < K.

Remark 3.2. (1) The result of Bonforte-Figalli in [BF21] shows (B.3])
when K = 0 (meaning ker Ly is trivial). This assumption prevents
the first alternative (3.2I).
(2) As Bonforte and Figalli argued, we can relax the boundedness as-
sumption on v in Theorem [3.1] since initial conditions

LY Q) if m € (mo,1) = (1—2,1)

Yo € U LUQ) if me (mi_n,mo] = (23,1 2]
>5(1-m)

lead to solutions which remain bounded after any short time [DKV9I].
(3) Due to Bonforte, Grillo and Vazquez result (3.I]), the smallness as-
sumption on our initial data is no restriction either.
(4) Notice the factor ¢ appearing in the bound ([B.4)) when p = 2\ ac-
counts for the possibility of the kind of eigenvalue resonances de-
scribed in [Ang88].

As remarked above, triviality of the kernel, K = 0, implies exponential
decay. However, we can also show that in certain situations, exponential
decay also occurs when K > 0. For example, some kernel of L can be
obtained as a tangent variation among stationary states (as for the non-
rotationally symmetric limit states V' found by Akagi and Kajikiya on thin
annuli [AK14]): if there is a one-parameter family (V) se(—s,so) Of solutions
to (L3) with Vo = V and 9,V (0) # 0, then L(ZV2) = 0. If all zero
modes are accounted for by such continuous symmetries in the sense of
Definition B3 below, exponential decay occurs in spite of the fact that K > 0.
To formulate this more precisely, consider the whole family S C H'() of
weak solutions V' to the Dirichlet problem (L3]), i.e. Sobolev functions for
which ¢ € C1(Q) implies

(3.5) /ch'Vde = / ©VPdx.
Q Q

In Lemma 5.} we shall eventually infer S C C3%(Q) for some « € (0,1) and
that V/W € L>°() for all V,W € S. The latter implies that the sets

(3.6) B (V) ={WeS: |¥—1e<r}



8 BEOMJUN CHOI, ROBERT J. MCCANN, AND CHRISTIAN SEIS

form the base {B,(V)},>0,ves for a topology on S, called the relatively-
uniform topology. We call V' € § an ordinary limit if S forms a manifold
of dimension K = dimker Ly near V, which the error relative to V' embeds
differentiably into L,.1. More explicitly, call h a stationary relative error
if it is a time-independent solution to (2.I]), or equivalently satisfies the
nonlinear (singularly) elliptic equation

(3.7) Lyh = M(h), where M(h) = (1+ h)? —1— ph;
here M (h) = N(h) = My (h) since h is stationary.
Definition 3.3 (Ordinary limit). We say that V' is an ordinary limit if there

exists a constant § € (0,1), an Lgﬂ-open neighborhood U of 0 in ker Ly
and a C! diffeomorphism

Qv WU Ngz,,) = ({h € LY N Hy : Lyh = M(h), Ihz~ <8}, -llz ),
with the properties that
Oy (0) =0, (dPy)o=id.
In this definition, the identity map is the one on ker Ly, .
The point of this definition is the following theorem:

Theorem 3.4 (Second dichotomy: convergence to ordinary limits is fast).
Under the hypotheses of Theorem [, if a solution to (L2) converges to an
ordinary limit V€ S, then convergence takes place exponentially fast: i.e.,

B.3) holds.

Here are some preliminary (rather formal) observations.

Remark 3.5 (Ordinary limits have integrable kernels). (1) If h(s) is a smooth
curve with Ly h(s) = M(h(s)) and h(0) = 0, then ¢ = 9sh(0) € ker Ly .
(2) If ¥ € ker Ly consider h(s) = @y (sy) for s small. Then

Lyh(s) = M(h(s)), h(0) =0, 5h(0)= 1.

This remark shows the kernel of Ly satisfies the next definition if V' € S
is an ordinary limit.

Definition 3.6 (Integrable kernel). The kernel of Ly is called integrable

if for each ¢ € ker Ly, there is a one-parameter family {Vi},c(—c) C S of
solutions to (3], with Vj =V and —83“//(0) = .

In the context of minimal surfaces and geometric evolution equations,
analogous concepts of kernel integrability date back at least to Allard-Almgren
[AFA81] and Simon [Sim85] respectively. Simon used analyticity to show a
converse to Remark Inspired by this, it is natural to expect integrabil-
ity of the kernel of Ly to imply that V is an ordinary limit — though we
have not verified this in the present context. Note that a limit V' can fail
to be ordinary in one of three ways: either (a) S can fail to be a manifold
nearby; or (b) S can be a manifold locally which the relative error fails to
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embed differentiably into L2(V?*1); or (c) locally S can be a differentiably
embedded manifold whose dimension is strictly less than that of ker Ly . It
is natural to expect that limits which fail to be ordinary are rare: To the
extent that the behaviour of S mimics the stratification and singularities of
an analytic variety, we imagine that (a) occurs only on a set having local
codimension one in S. Based on the regularity results we establish below,
we are skeptical that (b) ever occurs. And inspired by the genericity results
of, e.g., Saut and Teman [ST79|, we conjecture that (c) is non-generic in
the sense that there is a dense G in S on which the kernel of the linearized
operator has the same dimension as S; i.e. the extra zero modes associated
with non-ordinary limits are coincidences whose eigenvalues become non-
zero upon perturbation. (A weaker conjecture is that a perturbation of {2 as
well as V' preserving the dimension of S is required to restore ordinariness.)
It is these expectations that motivate our choice of the term ‘ordinary’.

We finally translate the leading order asymptotics that we found for the
relative error back to the original fast diffusion equation (1)) and its con-
vergence towards the separation-of-variables solution

3|

(3:8) W(a,7) = (1= m)(T = 7)) =nV ().
Theorem 3.7 (Quantitative approach to self-similarity in original variables).
For 0 < m € (ml_%,l), let @ C R™ be a bounded smooth domain and
w(xz,7)>0 on (z,7) € Q x [0,00) be a bounded solution to the evolution

(TI) converging towards the separation-of-variables solution W (xz,T) given
by BR). Then there exists C = C(p,V) such that for || &= — 1| oo (@x[0,77)

and T — 1 > 0 sufficiently small, after multiplication by (T —T)_ﬁ exactly
one of the following alternatives holds:
(1) the difference w — W decays logarithmically or slower,

1 1
(T—T) 1*me(7') — W(T)HL} > m;

(2) or the difference w — W decays algebraically or faster,

w™(0) T mAK

@—TrfmmvwWWﬂmwéCMwwn_w%“(_T

Remark 3.8. Analogous estimates hold true for the relative error

Proof, Case 1. We start with the logarithmic decay estimate for which we
assume that the first case in Theorem [B.] applies. Then

1 1
7 SHIA® Nz, = lo@®) = Viigz_, S llo() = VIIZ,

where we have used in the second inequality that (v—V)?% = (v4+V)(v—V) =
(h+2)V(v—V) < V]v—V]| by the uniform boundedness of h. Hence, by the
definitions of w and W and the relation between ¢ and 7, the latter estimate
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is equivalent to

1 m

— < (T —7) Tm||w(n)™ = W"(r )
i) ST ) Wl

We now use the elementary estimate |[a™ — b™| < m (a™ 1 4+ ™) |a — b|
for a,b € Ry to bound

()™ = W) VP S (w(r)™ "+ W ()™ ) VP () - W)
p—1

<(T-n (% T 1) fw(r) — W ()|

Since V/v = 1/(h+1) is uniformly bounded by hypothesis, the above analysis
gives
1
— < (T —7) Tnl|w(r) - W(r
a7 ST ) - Wy
as desired.

Case 2. We finally convert the exponential decay estimate on the relative
error into an estimate for the fast diffusion equation (LI). From the second
case in Theorem B.I] the definitions of W and w and the relation between ¢
and 7 we infer

[R(E)]zee S|

w™ (0) gt T MAK
_ < — _)1-m
Wm(o) 1HLZ+16 N(l T)l
We shall now invoke the elementary estimate |a — 1| < |a — 1] which
holds true for a close to 1 to conclude a control on the relative error,
w(7)

H v Ty
W)

—1 1— —=)1I—-m
which yields the desired statement in view of the scaling of W and the
boundedness of V,

— = S

) = W ()l < 19 e |2 20

~

1 w(T)
< T — 1—-m —_ 1 oo
(T =)=y 52
This concludes the proof of the theorem. O

4. PROOF OF FIRST DICHOTOMY (APART FROM SMOOTHING ESTIMATES)

We start with an L? semigroup estimate which is at the heart of our
analysis.

Lemma 4.1 (Energy growth control under nonlinear evolution). Let h be a
solution to the nonlinear equation 2.1))—-22)) with initial datum ho € Lz27+1’
and assume that ||h||p < € for some € > 0. Then there exists C' > 0 such
that for € > 0 small enough and all t > 0, the following holds:

t
2 2 < Ct 2 )
I, + [ IRy < nol,
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Proof. Tt will be convenient to consider the purely spatial form (23] of the
nonlinearity N(u) = My (u) when working with (2I)-(22]). Then setting
duy(z) = V(x)Pdz, testing ZI) with hVP™! and integrating by parts, we
arrive at the identity

1d
5 h? d,upH—F/IVh\Qd,ug

=(p — )/h dup+1+/(1+h)p = (1 +h)P =1 —ph) duyia
+/ <<1+h 1) VA2 dus + (p 1)/h<1J%h>p|Vh|2dM2
+(p—1)/<<1+h>p 1 )h dpip1-

Because |h| < € < 1, the right-hand side can be controlled by quadratic
expressions, more precisely,

d
G [ dupe [ 1P dus < [0 dugi [ 190 dpe

If € is sufficiently small, the gradient terms can be absorved into the right
hand side, and the resulting estimate can be solved with the help of a stan-
dard Gronwall argument. This proves the lemma. O

The proof of our first dichotomy, Theorem Bl is based on two main
ingredients. On the one hand, our argument will rely on a fundamental
dynamical systems result that is due to Merle and Zaag [MZ98|, and which
in turn improves on an earlier related result by Filippas and Kohn [FK92].
On the other hand, we have to exploit some smoothing properties of the
parabolic equation.

The Merle—Zaag lemma is concerned with a system of weakly coupled first
order ordinary differential equations featuring stable, neutral and unstable
solutions. It states that under the assumption that the unstable modes fail to
grow, the long time asymptotics are dominated by precisely one of the other
two modes. This lemma provides an effective way to extract the quantized
behaviour of the solution prescribed by the discrete spectrum of its limit. It
plays a pivotal role in recent progress on classifications of ancient solutions
(solutions defined for (—oo, T) to parabolic equations [ADS20, | ABDS, BC19,
CM] and entire solutions to elliptic equations [CCK21] arising from geometry.
In classifications of ancient flows, the lemma is applied backward in time
(i.e. t = —s). One advantage in backward problems is that there are only
finitely many stable eigenfunctions (imagine, for instance, the laplacian A
has only finitely many positive eigenfunctions); this makes the classifications
possible. Meanwhile in the forward problem, there are infinitely many stable
eigenfunctions. The lemma is used to investigate the asymptotic behavior
of solutions. To obtain the stated dependencies of the constants in our first
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dichotomy requires a refinement of the Merle-Zaag Lemma due to K. Choi
et al:

Lemma 4.2 (Choi-Haslhofer-Hershkovits refinement |[CHH, Lemma 4.6]).
Let X(s), Y(s), and Z(s) be non-negative absolutely continuous functions
on [0,00) satisfying X +Y + Z >0,

dX

— —X>—-Y+Z
dS — 6( + )7

dy
dz
— 4+ Z<eX+Y
A <e(X+Y)
for each e € (0, 1k5) and a.e. s € [so(€),00). If
li_)m(X—FY—i—Z)(s):O

then X < 2e(Y + Z) for s > so(€) and either
X(s)+ Z(s) =0(Y(s)) as s = o0
or
X(s)+Y(s) <100eZ(s) for s > so(e).
Proof. A proof is given in Appendix B of [CM]. O

For later use we also recall a quantitative adaptation of the Merle Zaag
lemma to a compact time interval proved by Choi and Sun in [CS20]. In
Section [0] their result will be motivated and used to prove our second di-
chotomy.

Lemma 4.3 (Choi-Sun refinement [CS20, Lemma B.2]). Suppose X(s),
Y (s), and Z(s) are non-negative absolutely continuous functions on some
interval [—L, L] such that 0 < X +Y + Z < n for some n > 0. Suppose that
there exist two constants o > 0 and A > 0 such that

dX

— —AX>—-0(Y+Z
- AX = —o(Y +2)

dy
—|<o(X+Y+2Z2
S l<o(X +Y +2),

Z—Z+AZ§U(X+Y),
s

for any s € [=L,L]. Then there exists oo = oo(A) such that if 0 < o < 09
it holds

X+7Z< STUY—l—Zlne_% for any s € [-L/2,L/2].

The next proposition provides the crucial control that we need to estimate
the nonlinear terms in the relative error dynamics (2.1)) quadratically:
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Proposition 4.4 (Spatially uniform control of time derivatives). Let k € Ny
and t > 0 fized. Then if ||h|| L~ < € with € sufficiently small, there exists a
constant C = C(t,k,m, V') such that

k
105 ()] Lo < Cllhollzz, -

We postpone the proof and a discussion of this proposition to the next
subsection and show first how to deduce our first dichotomy from Lemmas
4.1H4.2] and Proposition 4.4l

Proof of Theorem [31l. In this proof, for the sake of convention, we omit the
subscript L;2>+1 = L2(VP*Y) and use ||f] = HfHL2H' Positive constants
P

e =¢(V,p) and C = C(V,p) are not fixed yet, ¢ may become smaller, and C
may become larger until they are fixed.

Let us denote by P, P. and P, the orthogonal projections of LI% 11 onto
the stable, center, and unstable eigenspaces F;, E. and F,, respectively.
Moreover, we write hy = Psh, h. = P.h, and h, = P,h for the projected
solutions. A straightforward computation reveals that

d
g 1hall = =A-tllhull = IN (R,

(@) el | <1

d
g sl < =Axclls ]| + IN ()],

where we recall A_; and Ax are the negative and positive eigenvalues of
L= Ly closest to zero. As an example, for the case of the evolution on the
stable subspace, we observe that

(4.2) Oths + Lhs = P;N(h),
and testing with hsVP*! gives
Ld
2dt
The third estimate in (£I]) now results from the lower bound on the stable
eigenvalues and the Cauchy—Schwarz inequality. The first and the second
estimates are derived analogously.
In order to estimate the nonlinearities in ([&Il), we note that for |h| < e,
(provided that e is sufficiently small) there is C1 = C(p) such that
IN(R)| < Cufh|(|h] + [0:hl)
< Ci|hl (|h] + C[[A(t = 1))
by Taylor expansion followed by the smoothing estimates of Proposition A.4]
for t > 1. By virtue of Bonforte, Grillo and Vazquez’ [BGV12] uniform

bound on the relative error (31)), for any small € > 0 there exists a time
to(€) such that

(4.4) IN(R@)I < él|n@)] for any t > to(é).

hsl|? + (s, Lhs) = (hs, N(h)).

(4.3)
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Plugging this estimate into (4.1]), we observe that if h # 0, then hg, h. and h,,
satisfy the hypothesis Lemma 2 with s = At where A := £ min(|A_1], [Ax|).
Therefore, unless h is stationary (and thus trivial), either

(4.5) Il + sl = o(lIAcll)
or

100¢ .
(4.6) Il + el < = 1] for ¢ > to(e).

A

Note in particular, the second alternative ([@.6]) implies ||y ||4||hc|| = o(||hs]])-
We discuss the implications of each case individually, starting from the latter

case ([4.0)).

Case 2. First, by choosing € = ¢(V,p) sufficiently small, we may assume
[l + [[hell < Fl|hs|| for all ¢ > 1. Here, note that ¢ > 1 is needed as Propo-
sition 4] is applied to estimate N (h). Moreover, by the same argument we
used to derive (@A), there is Cy = Co(V, p) such that

IN(R@)] < Cae||(t)]] for ¢ > 1.
Combining above, the estimate of the nonlinearity (4.4]) becomes
IN(R@) < Cael|h(B)]] < 2C5¢]|hs(B)]];
for t > 1. The third estimate in (£I]) thus turns into the differential inequal-
ity
d
Zlhsll < = (A = 2Cse)|hsl,
for t > 1, which yields via a Gronwall argument
Ihs()]] < e~ =2AED R (1),

By another application of ([A6]) and the semigroup estimate from Lemma
[Tl this estimate can be translated into the full solution

(4.7) ()] S e =22 g

To improve this inequality by removing the €, fix € small so that 2Cse <
%)\ , and refine the estimate of the nonlinearity with the help of the qua-
dratic bound (43]), the smoothing estimates from Proposition [£.4] and the
previous estimate ([£.7]),

INC(EN ] S (A e + [0 ()]1z) 1A
< It = DR
S [

~

for t > 1. Substitution into the third estimate of (@J]) finally establishes a
differential inequality, which yields

Ih®)]| S e lholl,
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via ([@06), for all t > 0 (recalling ||h1]| < ||hol| from Lemma [A.1]). By another
application of Proposition 4], this estimate can be upgraded towards a
uniform convergence result,

IOl < e holl,

for t > 1. Having established (B.3)), it remains to identify the leading order
expansion (B3.4]). Let us begin by noting that whenever (3.3) holds for some
A > Ak and any C, repeating the previous estimate on the nonlinearity
yields the improvement

(4.8) IN(h()]|< Ce*X|ho*

for t > 1, where C = C(V,p,\,C). Since the nonlinearity is quadratic,
modes corresponding to eigenvalues in the interval [0,2)) are accessible via
a simple ODE argument. For any i, the projection y; = (h, ;) satisfies the
differential inequality

d

Y + Niyi| < ||IN(R)|],
which can be rewritten as

| P

as a consequence of ([L8]). Integration in time thus yields for any 7' > t> 1
that
[Xyi(t) = Ty (T) | S e BN,

where we have used the fact that A; < 2A. This bounds implies that T
e*Ty;(T) is a Cauchy sequence, so that, sending T' — oo, we find

(4.9) (h(t), i) = yi(t) = Cie ™" + O(e™*)

for some C; € R.

We now estimate with the help of the decomposition h = hg + he + hy,
the triangle inequality and the fact that the eigenfunctions q,...,p s are
orthonormal that

J J J
(4.10) [[A=Y " Cie™ M oill <Y [yi=Cie™ |+ hs= Y gispill+ || el + 1 |
i=0 i=0 i=0
We have just seen that the first term on the right-hand side is < e™ 2.
Recalling the spectral decomposition of L and (£2]), the next contribution,

z=|hs— z;-le yip;|| satisfies the differential inequality

d

(4.11) P < |IN(R)|-

Similarly to the argumentation above, we rewrite (4.11]) as
d

—(eM2) < e—(%—u)t,
dt ~
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and deduce that
e A > 2,
(4.12) 2(t) S te M if p= 2,
e M if < 2,
via integration.
Finally, regarding the remaining terms in (4.I10]), the first two estimates

in (@1)) imply that
d d
Zh A > —2)t
el + & ) 2 e
and thus, an integration from ¢ to oo gives, thanks to the fact that ||h.|| +
|hul] — 0 as t — oo,
(4.13) Ihe@)l + 1hu(D)]] S e

Therefore, substituting (4.9), [AI2), and AI3]) into [I0), we deduce
that

e i > 2,
S tem M = 20\,

e Mt if < 2
as desired. If C; # 0 for some \; € [0, \), then (B4 contradicts (3.3)); thus
A; > )\ as asserted.

Case 1. In case the neutral modes are dominating (4.5]), an estimate anal-
ogously to the one in Case 2 above gives rise to the bound

IN(R)]] < 2C2¢][he(B)]],

provided that t > t. for some t. large enough. By plugging this into the
middle equation of ([@Tl), we find

J
h(t) — Z Cipie Nt
i=0

d
Zlihell = —2Czel|hel.

and thus, via (£.5]),

[R(t + DIl = [[he(t+ DI 2 [he@)] Z 1R,
for any t > t.. With this information at hand, we may reconsider our
previous bound on the nonlinearity. This time, making use of the pointwise

estimate in (43]) and the smoothing properties from Proposition €4 we
have

IN (R S IhE = DRG] S 11 S e @)%,
for any t > t., for some (possibly larger) t.. The second estimate in (4.1])
now turns into the growth condition

d

—||he(t)]] = —||he(t)]?

Zlhe®ll 2 ~ ()]
which yields the lower bound

IR = he®) Z

9

~ | =



FAST DIFFUSION ASYMPTOTICS ON A BOUNDED DOMAIN 17

if ¢ > ¢, for some t..
This concludes the proof of Theorem [3.11 O

5. SMOOTHING ESTIMATES

In this section, we use parabolic regularity techniques to prove Propo-
sition 4.4l We remark that optimal (boundary) regularity estimates were
derived recently by Jin and Xiong for the rescaled solution v of (I.2]) rather
than the relative error h [JX19]. However, from Theorem 5.1 in their paper
we easily infer that

(5.1) oFh e CO((1,00) x Q),

for any £k € N and 7 > 0. This insight will simplify the derivation of our
regularity estimates substantially.

Smoothing features are typical for parabolic equations and they remain
true in the time and tangential directios for the singular parabolic equation
under consideration, see (5.1]) and Corollary In transversal direction,
regularity is limited (if p is not an integer) [JX19]. Indeed, simple scal-
ing arguments for the elliptic problem suggest that V(x) ~ adist(x,0Q) +
bdist(x, 9Q)P*+2 close to the boundary, and the same behavior can be ex-
pected for the parabolic problem (L2]).

For deriving the smoothing estimates in Proposition B4} we notice that
the leading order contribution in the nonlinearity ([2.2]) is of the order |h||0;h| <
€|0¢h|, and plays thus the role of a perturbation term in regularity estimates.
Moreover, the equation is invariant under differentiation in time and in tan-
gential coordinates near the domain boundary (at least with regard to the
leading order contributions), and thus, regularity in these variables is propa-
gated and even further increased by parabolicity. We deal with higher-order
derivatives of the nonlinearity by applying suitable interpolations, so that
eventually, derivatives of the nonlinearity will play the role of perturbations
similarly to the nonlinearity itself as discussed above. Of course, smooth-
ing proceeds instantaneously but not uniformly in time. For this reason,
the estimates in or behind Proposition [4.4] Equation (5.I]) or Corollary
deteriorate as t — 0.

Before addressing the dynamical problem, we need to estimate the first
three derivatives for weak solutions of the nonlinear elliptic problem (L3,
starting from the known result (5.2]). Later we’ll see that higher-order tan-
gential derivatives of this solution can also be estimated near the domain
boundary.

Lemma 5.1 (Regularity of asymptotic profile). For any a € (0,1) with
a<p-—1,if Ve HYQ) satisfies B.5) for all p € CH(Q), then V € C>%(Q)
and for any x € €,

(5.2) dist(z,00) < V(z) < dist(z, 09),

(5.3) and [VV (2), V2V (2)],[V?V(2)] £ 1
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hold. Furthermore, there exists an r 2 1 such that
(5.4) IVV(z)] 2 1,
for any x € Q with dist(x,0Q) < r.

Proof. For a fixed V € S, the first estimate is established, for instance,
in Theorem 1.1 in [DKV91] (on the level of the evolutionary problem) or
Theorem 5.9 in [BGV13]; the form of (5.2]) makes it clear that the constants
depend continuously on V' in the relatively-uniform topology on S. The
second and the third estimate follow from maximal regularity estimates and
Sobolev embeddings. Indeed, since V' € L*°(Q) thanks to (5.2]), we must
have that V € W?24(Q) for any ¢ € (1,00) based on Calderén-Zygmund
estimates for the elliptic problem (L3]), see, e.g., Chapter 11 in [Kry08], and
thus V € C1(Q) for any a € (0,1) by Sobolev embeddings. It follows that
0;VP = pVP=19,V € C%*(Q) provided that o < p — 1, and thus one spatial
derivative of the equation shows V € C3%(Q) by Schauder estimates, see,
e.g., Chapter 6 in [GTO01].

The statement in (5.4]) is a consequence of the above. Indeed, according to
(52), at the boundary V' grows linearly in the direction of the inner normal.
By the estimates (0.3)), we must thus have (5.4 in a neighborhood of the
boundary. O

Our first step in the derivation of the smoothing estimates is a maximal
regularity estimate for the linearization of (2.I]). More precisely, we consider
the inhomogeneous linear equation

(5.5) Oth — V1PV . (V2Vh) = (p— Dh + f,

with zero initial data. For general initial data hg € L12) 41 and inhomo-
geneities f € LY((0,7); Lg +1), a solution is always understood in the weak
sense. A w.eak solution of (5.0 refers to a function h € L>®((0,T); Lz27+1) N
L?((0,T); H}) in the spaces provided by Lemma [Tl such that

— // hoyp dpy1dt + // V- Vhduadt
(0,1)xQ (0,T)x

(5.6)
= // ((p = Dh + fepdppidt +/ #li—o ho dpip+1,
(0,T)x Q
for any p € C([0,T) x Q) of compact support. It should be stressed that
we do not impose spatial boundary conditions on h in the parabolic problem
(5.5), which turns out to be well-posed (only) in this case. This is a con-
sequence of the observation that by (formally) integrating by parts in the
gradient term in the weak formulation (5.6]), the boundary term vanishes
thanks to the Dirichlet boundary conditions satisfied by V', see (L3]).
Existence of weak solutions can be derived via standard methods, for
instance, via Galerkin approximations based on an Lg 11 orthonormal basis
consisting of eigenfunctions of the linear operator L= Ly . Moreover, from



FAST DIFFUSION ASYMPTOTICS ON A BOUNDED DOMAIN 19

standard energy estimates (derived similarly to those in Lemma [A.1]), we
infer the uniqueness of weak solutions.

What is a crucial tool in our theory is a maximal regularity estimate
for the linear equation (5.0, that we consider, for convenience, with L%p
inhomogenity and zero initial data, see Proposition below.

In the interior of €2, maximal regularity for the parabolic problem (5.5
follows by standard theory, see, e.g., Chapter 7.1 in [Eval0], because the
diffusivity coefficients are strictly positive in the interior as a consequence of
(5:2)). We shall thus focus on the boundary from here on and we fix 2y € 99).
Let 1 denote a cut-off function on R" interpolating smoothly between n = 1
in By(z¢) and n = 0 outside of By, (x0).

A short computation reveals that the localized solution H = nh satisfies
the problem

(5.7) OH —V~I7PY . (V2VH) = F + G,
where F' and G are given by
F=nf, G=-2V'"PVy.Vh—V'"PhAn— 2V PhVV -Vn.
The following lemma guarantees that G belongs to L2(L§p) provided that
h e L? (le, L) N L2(H21), which is assumed for our weak solutions.

Lemma 5.2 (Weighted Poincaré / Hardy type inequality). All h € LI% 1N
H21 satisfy

1Pl S [1Pllz, , + VAl L3
In particular, it holds that

hllzz,, < libllg + IVhllgz.

The proof of the first statement is based on an interpolation argument
and the properties of the limit V. The latter then follows via Holder’s and
Young’s estimate.

Proof. We start considering the first estimate. Because C'*°(12) is dense in
L2, N H}, cf. Lemma 2 in [Seild], it is enough to establish the estimate
for smooth functions. We first notice that an integration by parts and the
defining properties of V' in ([L.3]) yield

/h2|VV|2d:1: = —/h2VAVd:n—2/th-VVVd:n
= /h2vp+1 dx—2/th-VVde.

Making use of the elementary inequality ab < a? + b%/4 thus gives
1AIVV 2 S WRllzz,, + VAL

The first statement of the lemma is now a consequence of the fact that
1 < VPl 4 |VV|, which holds true thanks to Lemma [5.11
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For the second statement, we apply Holder’s inequality, and the previous
bound to estimate
p+1 —1

Illz,, < IRl HhHLZp S HhHLp HhH ot HhHL” HVhH

The desired result is then a consequence of Young’s inequality ab ,E ad + b7
for any Holder conjugates ¢ and ¢’. O

We shall now flatten the boundary. Upon a rotation of the coordinate
system, we may assume that the boundary inside B, (xg) can be written as
a graph of a function ~, for instance,

QN By (o) = {z = (¢/,2,) € Bay(wo) : @ > (')}

We set & = ¢(z) = (2/, 2, — v(2)), which defines a diffeomorphism in the
support of 7, and maps the boundary 9 into the hypersurface R"~! x {0}.
In terms of H(t, ) = H(t,z), V(&) = V(z), F(t,%) = F(t,z), and G(t, %) =
G(t, ) the localized equation (5.7]) becomes

(5.8) OH—VTIPV . (V2AVH) = F + G,

where

s I | —V'y
(V)T [1+ VP )
Notice that the transformed equation (G5.8]) has to be considered on the
halfspace R} .
The advantage of (B.8) over the (5.5 is that in the new variables, the

weight and its tangential derivatives can be estimated by the distance to the
flattened boundary.

Lemma 5.3 (Derivatives of asymptotic profile parallel to flattened bound-
ary). For any & € ¢(Q2 N Bay(xg)) and k € N, both

in S V(2) < dn
and
(5.9) DLV ()] S dn,
hold. Moreover, V/in belongs to C*< for some a € (0,1) with o < p — 1.
Proof. We start by noticing that the boundary estimate (5.2)) translates into
(5.10) in SV(2) S dn
under the change of variables. Indeed, since

dist(z,00)> = inf (j2' — /P + (20 —7())?),
yleRnfl

on the one hand, by choosing 3’ = 2/, we immediately deduce that

dist(z,00Q) < z,, — y(2) = 2.
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On the other hand, as the minimizer 3’ solves the optimality condition z’ —
Y = (zn —7(y))V'(y), we find

Bn < |z =)+ IV Y|ze |2 = | < (14 [V pe) dist(z, 99).

Thus dist(z, 0f2) is comparable to &,, which implies (5.10) via (5.2]).

We have to show that this estimate remains true for tangential derivatives.
Since Lemma [B1] asserts V € €32, [53) follows directly for k& € {0,1,2}
via Taylor expansion because the homogeneous boundary conditions are
invariant under differentiation in tangential direction. For larger values of
k, we have to transform the elliptic equation (L3) into a problem on the

half-space. In a similar way as we transformed the parabolic equation, we
find that

—V - (AV(AV)) =7VP+B-VV +CV,

for some smooth and bounded functions B and C' on R’} that depend only
on the regularity and the shape of the boundary 0{2. Differentiating with
respect to tangential variables z; for any ¢ < n, we find

—V - (AV(70:,V)) = [

with f € Ch?, since e.g. Lemma [5.1] shows 8;,(V?) = pVP to be the
product of a C*“ function with a ratio in which the C%® numerator and C>®
denominator both vanish linearly at the halfspace boundary. On any smooth
bounded subdomain of the halfspace containing ¢(Q N Bay(4,)), Schauder
theory (e.g., Chapter 6 in [GTO01]), then implies 778@.17 € C3% so that (5.9)
holds for k = 3. For larger k, choosing a sequence 7;_1 > 1y, of nested cutoffs
satisfying the same hypotheses as 73 = 7, and a multi-index 8 € N§ ! x {0}
consisting of |3| = k — 2 tangential derivatives yields

9,V
1%

V- (AV@DV)) = fs.

Induction on k gives fz € C1* hence DV e C3* and (E9) for all k;
this induction relies on the decay already established for the derivatives of
V' which appear in the p-homogeneous nonlinearities, (and the fact that of
the k — 1 derivatives of V' that contribute elsewhere to f3, all but two are
in tangential directions).

Finally, the third statement of the lemma follows from Lemma [5.1] and
Taylor expansion. O

It follows immediately from the preceding lemma that the problem in
(65:8) can be further rewritten as

(5.11) OH —i,17PV - (i2AVH) = F 4+ G,
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for some new elliptic A, and where G is the sum of G and other lower-order
terms of the same class. The weak formulation in (53 now turns into

— / / HO, @ djiyy1dt + / / V¢ - AVH djiadt
(0,T)xRY} (0,T)xR"

(5.12)
= // P(F + G) dfiprrdt + [ Ho li—g diipt1,
(0,T)xR% R
for any ¢ € L?(L3) N L2(H}) N HI(LI%H) vanishing near the endpoint T'.
We now prove maximal regularity for the problem in (G.11J).

Lemma 5.4 (Maximal regularity for linearized inhomogeneous halfspace
problem). Let F and G be given in L2(L%p) and let H € L2(L12,+1) NL2(H})
be a weak solution of (B.II) with zero initial data. Then H e L2(HY) N
L*(H3) N HI(L%p) N C’O(LI%H) with

IVH | porz, ) + 10 N 213 ) + IV H 202y + IV H | 1213
S HFHLQ(L%p) + HGHLQ(Lgp) + |Wﬁ”L2(L§) + HﬁHL?(Lgp)-

Proof. In order to simplify the notation, we drop the hats and tildes from
here on. Moreover, we set G = 0. We will here only give formal arguments.
The estimates can be derived rigorously by approximating F' smoothly and
using suitable finite difference quotient approximations for the test functions,
see, e.g., Chapter 6.3 in [Eval0].

In a first step, we use (an approximation with smooth cut-offs in time
of) ¢ = —X(QT)@,%H for some k € {1,...,n — 1} as a test function in (512,
where X (o,7) is the characteristic function for the time interval, and we obtain

J[ - mgetmmdndi- [[ V(@) AVH
(0,00) xR} (0,T)xR"

=— // ORHF dyy,,qdt.
(0,T)xRT

Multiple integrations by parts then yield
(5.13)

1 T
5 / 4 / (OkH)? dpp11dt + / / VORH - AVOLH dusdt
2 Jo dt T (0,T)xR™

=— / / OFHFE dpuyy1dt — / / VoL H - (0, A)VH dyusydt,
(0,T)xR7 (0,T)xR7

and invoking the ellipticity of the matrix A, the Cauchy—Schwarz inequality
and recalling that H was assumed to have zero initial data yields

1

1 1
NORH | oo 12, ) + IVORH || 1223 S ORI 12 IF

LZ(L% IQ’Z(L%p) + ||VH||L2(L%)
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Via the elementary estimate ab < ea® + e 'b%, we can control the second
order term on the right-hand side. We have thus derived the desired control
over the second order tangential and mixed derivatives, namely

||8kH||Loo(L§H) +IVOH | 2(12) S HFHL2(L§p) + [IVH|| 2 (12)-

Moreover, an application of Lemma provides also the control over the
first order tangential derivatives, because p + 1 > 2 implies:

o Ok H 3 = 10-H |2 S [0k H[2, | + IVORH]| 13-
Notice that a replacing the time interval (0,7") in (5.13]) by (¢,t + €) shows

also the continuity of HakHHHH in time.
P

In order to control the transversal derivatives, it is now enough to focus
on the x, variable, and thus study the one-dimensional problem

O:H — x;l_pan(:E%AnnanH) =F,

because all the other terms that appear in (5.11]) are now known to belong
to L%p. In order to simplify the notation further, we drop the subscripted n’s
in the rest of the proof. Furthermore, the problem becomes more accessible
if we freeze the diffusivity function A at an arbitrary point x,. That is, we
study the equation

O H — Az 1P, (220,H) = F — 271 7P0,(2* (A, — A)0, H),

where we have set A, = A(x,). Thanks to the regularity of A, it holds that
|As — A(z)| £ 6 for x and z, in the interval (0,6). We should thus localize
the problem further by smuggling in a cut-off function n satisfying n = 1 in
(0,9) and vanishing outside of (0,25). This way, we are led to considering

Or(nH) — Ayx™17P0, (220, (nH))
=nF + (A — Az 17?0, (2?0, (nH)) — 201 7P0,nAd, H
— 207 P9,nAH + 2 Pno, A0, H — z'7P9*nAH,
and we write F for the right-hand side for brevity and set H = nH. Now,
if we can show that
(5.14) 100 3+ 100H 2 + 1028 13 S 1P 3,
the statement follows if § is sufficiently small, because
113, S 17l + 81002 + 0103l 13 + <10 Hlg + 5 1H 2

by the regularity of A and the properties of the cut-off function. In view of
the interpolation Lemma 5.2, the L? norm on H can be replaced by the L%p
as in the statement of the lemma.

We have now reduced the multi-dimensional problem with variable coef-
ficients (B.11]) to a one-dimension problem with constant coefficient,

OH — Auz™ PO, (2?0, H) = F.
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We have to do one more transformation in order to arrive at a problem that
is better behaved. Indeed, if we change variables & = P!, = A, (p + 1)%t,
H(t,#) = H(t,x) and F(f,%) = F(t,z) the above equation turns into

OiH — #770:(2° 10 H) = F,

where 0 = 1%‘ This is precisely the linear version of the parabolic equation

that characterizes the porous medium dynamics in a neighborhood of the
Barenblatt solution as studied earlier in [Koc99, Kiel6l [Seil5]. It is well-
understood: Calderén—Zygmund and Muckenhoupt theory is available and
provides estimates

10 ||z + 102 Hl 2 + 10 H || 2, < IF Iz,

for any q € (—1,2(c + 1) — 1), see the proofs of Proposition 3.23 in [Kiel(]
or Proposition 4.23 in [Seil5]. Our choice is g = which is equivalent to

G.14).

P
p+17
(|

We summarize our findings as follows:

Proposition 5.5 (Linear inhomogenous a priori estimates). Let h be a
weak solution to the linear equation (5.5) with zero initial datum and f €
L*(L3,)NLY (L2, ). Then for all T >0, the following holds:

(5.15)

IVAl Lo 0,1);22, ) + 10l 2(0,7),22,) + VRl L2((0,7)522) + IVl 2 (0,7):22)
S 1 lzzo,ryiz2)) + 1Pl 220,r):22)-

Proof. Since Q C R"™ is bounded, its boundary can be covered by finitely
many open balls, sufficiently small that within each of them, the boundary
can be expressed as a graph over any of its tangent planes. The complement
of these open sets in {2 can be covered by one additional open set compactly
contained in the interior of 2. Choosing a partition of unity subordinate
to this covering, we flatten the boundary in each of the covering balls and
apply Lemma [5.4l The analogous estimates in the interior of  follow from
standard parabolic estimates and the boundedness of logV. Combining
these estimates in the original variables using the partition of unity, the
proposition follows from a linear analog of Lemma .11 O

This maximal regularity result can be easily combined with the energy
estimate for the nonlinear problem.

Lemma 5.6 (Nonlinear smoothing 1). Let h be a solution to the nonlinear
equation 2.1) with initial datum hy € LIQJH and assume that ||h||p~ < €
for some € > 0 small enough. Then, for any 0 < 7 < 1 < T there exists
C=C(r,T,n,p,V) such that

(5.16)

10ehll L2 (2 + VAl L2(rirysee )y + IVl 2 (rryi22)) < Cllhollzz, -
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Proof. We denote by ¢ a smooth cut-off function that is 1 in the time interval
[7,T] and zero in [0,7/2]. We localize the evolution (2.I]) with the help of
this function

(5.17)  9(Ch) = V~IPV - (VPV(Ch)) = (p — 1)Ch + hd + (N (h),

and apply the maximal regularity estimate from Proposition 5.5 to the effect
that

18: (M) 23y + IV(CP) I L2(z2) + IV (¢l ez
S IChllzez ) + 1h0:Cllrzrs ) + ICN (Pl r2(r3)-

Thanks to the particular structure of the nonlinearity ([2.2]), the third term
on the right hand side can be estimated by

ICN(WI 222 ) S 1h0:Clr2(rz ) + 11CP I 2(rz ) + €llO:(Ch) 222 )-

Using the fact that Lz 1 embeds continuously into L%p by the virtue of (5.2]),
the above estimates combine with the pointwise bounds from Lemma (4] to
give

Hat(Ch)”m(Lgp) + V(¢RI L2(z2) + HV2(Ch)”L2(Lg)
< C (elloch)lizz(eg, ) + oz, ) -

Choosing € small enough and invoking the properties of the cut-off function
yields the statement of the lemma. O

Before turning to higher-order derivatives, we use integration by parts to
establish a class of interpolation inequalities which will allow us to control
the effects of the nonlinearity.

Lemma 5.7 (Interpolation). Let ¢p € C2°(R™) be given, ¢ > 2 and k,l € N
with k > . Then it holds

E—1
k k=t _
[ D RI% e S IRll% D IID™ DR | L.

m=0

Proof. To keep the notation as simple as possible, we perform a rather sym-
bolic calculation. That is, we write 0" for some partial derivative of mth
order, 0™ = 9% with || = m. In our argument, the precise value of « is not
of importance.
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We start with an integration by parts to notice that

/ |71 A% da

/ |70 h b6 h| "

q2l

< / (9105 1] B0 R

/ ]9~ |00 b0

1 £+1
: </ ‘wlqlaf—lh!‘k_qld"”c) ’ </ 5[0 h| da:> ’ </ [19|0¢h| 7 dx>
=1 kg—k—(+1
kq kq .q
([ it ac) ™ (frevionas) T fivie

where the last estimates follow from Holder’s inequality. Here, we employ
the convention that

-1
</ |20 1h\f T da:) o = ||h||gee for £ =1.

Applying Young’s inequality in the form ab < cab + ngblTle for some arbi-
trarily small € and 6 € (0,1) to the right hand side yields

£+1
¢

-1
[ ototn® ao ( [ et d:z:) ” ( [ oo tag dm) :
k(;l
kq +4—1
T ( / \qura‘—lh\mx) ( [ 1ovioir

It remains to apply an iteration procedure. For this purpose, we set for

k>/0+m,
e
> (k—m)q

and notice that Ay := A(k,0,m) = ||h||z~. Upon rescaling h, we may
assume from here on that Ay = 1. (We may always assume Ay # 0 as
otherwise the lemma is vacuously true.) With this notation, the previous
estimate becomes

(5.18) C(k,0) < Ok, € —1)3C(k, £+ 1) + C(k, € — 1)FF=1 Ak, £,1) F+i1,

and the statement of the lemma can be rephrased as

Atk tom) = ( [ 10mateip

B(t,m) := A({+m,l,m),
C(k,0) .= A(k,¢,0)

k—1
(5.19) 0t <> Bk —m,m)
m=0

kq—2¢

1
)a q
dm) ,

k
)q k+0—1
dm) .
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for every kand 1 </ <k —1.

The proof will be a double-induction on (k, ). We start by noticing that
for k = 2 and ¢ = 1, our objective (5.19) is nothing but the estimate (5.18])
just proven. Suppose k > 3 is fixed and that (5.19]) holds true for & — 1 and
any ¢ < k — 2. Our goal is to show (5.19) for fixed k and all 1 < ¢ <k — 1.

We first need some auxiliary inequalities. Note for ¢ = D1, it holds that

4
m— ((k=1)=(m-1))
A(k‘,ﬁ,m) _ </|Dm 1 |q|D€h|_ - ( 1)q d$> q
= Ak —1,6,m — 1)

and since the estimate in (5.18]) is independent of the choice 1, the inductive
hypothesis (5.19) allows us to estimate

k—1-1
Ak —1,,07 =Ck-1,07 < Y Blk—1-m,m)
m=0
h—1-1
= Ak —1,k—1—m,m)
m=0
or
. k 1
A(k,0,1)) T B(k —m,m)
m=1

for any ¢ < k — 2. Plugging this bound into (B.I8)) gives

=

C(k,0) < C(k, 0 —1)2C(k, L+ 1)

k=1 T
+C(/€,€—1)k+i*1 <Z B(k:—m,m)) .

m=1

(5.20)

We claim that this estimate implies

k
?

k—
<Ok, 0+ 1)71 + Z (k — m,m)

m=1

(5.21) C(k, 0)

for any 1 < ¢ < k — 1. Indeed, the case ¢ = 1 follows directly from (5.20])
because C'(k,0) = Ay = 1. The general case follows by induction: We
suppose that (5.2I)) is proved for 1,2,...,¢ — 1 and we aim at establishing
it for ¢. For this purpose, we use Young’s inequality in (5.20) to the effect
that

N

—1
< eC(k, 0 —1)7T + Ok, 0+ 1)&1 + S B(k — m,m),

)

C(k, 0)

3
Il



28 BEOMJUN CHOI, ROBERT J. MCCANN, AND CHRISTIAN SEIS

for some arbitrary e. Invoking the hypothesis that (5.2I]) holds true for £ —1,
we then deduce

k k
‘ 4

k—
+ Ok, 0+ 1)1 + Z (k —m,m)

m=1

C(k,0)t < eC(k,0)

which gives (5.21]) for ¢ if € is chosen small enough.
It remains to iterate (5.2I]) to find

k—1 k—1
C(k, )7 S Ck,k)+ Y Bk —m,m) =Y B(k —m,m)
m=1 m=0
which is what we aimed to prove, cf. (5.19]). O

We will now perform an intermediate step towards higher-order regular-
ity estimates by lifting the norms on the left-hand side in (5.I6]) to the next
order in time. Higher-order time derivatives will be considered subsequently
simultaneously with suitable higher-order spatial derivatives. The intermedi-
ate step that we take in the following lemma is necessary in order to control
lower-order error terms that appear later as a result of a transformation of
the equation close to the boundary, see (5.22]) below.

Lemma 5.8 (Nonlinear smoothing 2). Let h be a solution to the equation
&) with initial datum ho € L., and assume that ||h||L < € for some
€ > 0. Then if € is small enough and 0 < 7 < 1 < T, it holds that

||8t2h||L2((7—,T);L§p)) VORI L2 ((rrysr2 22y + IV 20b 2 rysr2)) S 1hollzz, |

Proof. Regularity in time was proved already by Jin and Xiong, see (5.1
above. In order to get control over the mixed derivatives, we proceed care-
fully by considering finite difference quotients d{h(t) = s~1(h(t + s) — h(s)).
We consider the same cut-off function in time as in the proof of Lemma
Then localizing the nonlinear equation and “differentiating” (B.17) with re-
spect to time, we obtain

O3 (Ch) — VTPV - (V2Vd; (Ch))
— (p— 1) (Ch) + dhONC + hdAC + CAEN(R) + N(R)dSC.

Regarding the nonlinear terms, we notice that
IN(B)| < |h[* + |hl|9eh]

and

i N(h)| < [Bl|dih] + [dihl|O:h| + |h||Ord;R].
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Therefore, using |h| < ¢ < 1 and making use of the maximal regularity
estimate for the linear problem, Proposition 5.5 we find that

1007 ()| 2 rz ) + V7 (P2 2y + V27 (Ch) | 2 rzy
S ”XsptChHLZ(Lgp) + HXsptcdthm(Lgp)
+ICdihdkhll 2z ) + €lld;0u(Ch) I 2r3 )-

If € is sufficiently small, the last term on the right-hand side can be absorbed
into the left-hand side. Moreover, the (remaining) expressions on the right-
hand side are bounded uniformly in s by the virtue of Jin and Xiong’s
regularity statement (5.I]). We may thus pass to the limit s — 0 and find

107 (¢ 213,y + IV OS2 12y + IV20(CR) | 2 13
S Ixsprchllzerz)) + xspecOehllr2 ez ) + ”C(ath)2HL2(L§p)'
Now, applying the interpolation Lemma [5.7 in the form
”C‘athP”L?(L%p) S Hh”LOOHCatQhHL%Lgp) + Hh”LooHatCathHH(Lgp),
and using again that |h| < e <1 leads us to the estimate
Hatz(Ch)HLZ(Lgp) + VO L2 L2y + IV20u(Ch) [l 222
< HXsptchHLZ(Lgp) + HXsptcathHLZ(Lgpy

provided that e is sufficiently small. Since po, S pp41 by the virtue of
Lemmal[5.1] we can now apply Lemmas[d.T] and 5.6l and deduce the statement
of the lemma by the properties of the cut-off function. O

Similarly to the derivation of the maximal regularity estimate in Propo-
sition 0.5l the derivation of higher-order regularity estimates requires at-
tention only in a neighborhood of the boundary. Indeed, in the interior
the equation is parabolic with smooth coefficients, and thus, higher-order
estimates in the interior just follow by standard iterative arguments based
on the maximal regularity estimate from Proposition As before, we
shall thus focus on the boundary from here on. We choose essentially the
same notation as in the proof of Proposition and we fix o € 02 ar-
bitrarily and let n denote a cut-off function on R™ interpolating smoothly
between 7 = 1 in B,(z9) and n = 0 outside of Ba,(z¢). Moreover, as in
the proofs of Lemmas and (.8 we have to introduce a cut-off function
¢ defined on [0,00) that satisfies ( = 0 in [0,7/2] and ( = 1 in [r,T] for
some 0 < 7 < 1 < T. Treating the nonlinearity N(h(z)) =: f(z) as an
inhomogeneity and smuggling (7 into the equation, we find that H = (nh
satisfies

(5.22) OH -V~ 1PV . (V2VH) = (p—1)H + F + G,
where

F=<(nf, G=-=2VI"P(Vn. -Vh—VIPChAy—2CVPhVV -Vn+ 'nh.
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We now apply the same diffeomorphism ¢ that we used in order to transform
the elliptic problem (5.7)) into the half-space problem (5.I1]), and arrive at

(5.23) OH -V I PV (VEAVH) = (p—1)H + F +G.

We will now derive control on higher-order derivatives for equation (5.23]).
As before, we interpret the weighted Lebesgue norms with respect to the
simpler weight ,, and we consider L" (L[QI) = L"((0,7); L*(f1,)) with measure
dfig = 2% d% and typically r = 2. Moreover, we write z = (¢,2’) for the
time and flattened tangential variables, whereas V denotes the full spatial
gradient (tangential and normal) in flattened coordinates.

Lemma 5.9 (Tangential smoothing by the linear inhomogeneous evolution).
Let H be a solution to the transformed equation (5.23)). For any k € N and
o' € N{ with |o/| = k, it holds that

HDfatfff”m(Lgp) + || DEV H | 2(12) + I DEVZHI| 212,
(5.24)

k k
I 0 A
S ;: 1Dz F 2z ) + ; DG 222 )-
= -0

Proof. As G can be considered as an inhomogeneity, we can set G =0 for
notational convenience.

We can proceed as in the proof of Proposition and show that (5.15])
holds true on the half-space, that is, we have

(5.25) 1O |21z ) + IV N 202y + IV H 2 2) S 1E N 223

Note that the implicit constant in this estimate might be time-dependent
and blow up for infinite times. Now, we differentiate (0.23]) in time and
tangential direction. For m € Ny and o’ € Ng_l, it holds that

OMON H — V17PN - (VZAVO"OS H)
=(-1)

oY H + 0o F
+a P > apdlolH +aP Y bgdfdlH,
1<I6]<[o’| +1 1<|BI< o]
n= n,l

for some continuous and bounded functions ag,bg on R. We can now apply
the maximal regularity estimate (5.25]) and find (5.24]) via iteration and
thanks to the fact that Z, < 1 in the support of H. O

~

Now, we translate the above estimate to the nonlinear setting. That is,
we consider f = fo + f1, with

f0:(1+h)p_1_ph7 flz((l—l_h)p_l_l)athv
and we write Fj(t,2) = C(8)7(&)fi(2) = C(t)n(x)fi(z) for the transformed

and truncated quantities. Moreover, we write h(t,#) = h(t,2). The nonlin-
earities are bounded as follows.
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Lemma 5.10 (Spacetime localized boundary estimates for the nonlinearity).

Suppose that ||ﬁ||Lw < ¢ for some € < 1. Then, for any k € Ng there exists
a constant v € (0,1) such that

k
IDEE 213y S € Y IDE™(CDTHhllpz ) Vie {01},

m=0

Proof. We drop the hats for notational convenience. We start considering
the estimate for Fp, and notice that

Ry =) (g)aﬁ‘% 02 fo,

B

by the multi-dimensional Leibniz rule, where we have set ¥ = (n. We inspect
the nonlinearity and find by Young’s inequality and an iterative argument
that

181
107 fol S [Rl1OZRI+ > [97h[DT,
v<B
1<yI<1Bl-1
provided that e is sufficiently small and |3] > 1. Therefore, summing over
any multi-indices a with |o| = k and integrating in space and time, we have
that
k—1

k
1D Foll ug, ) < Il DRl aug ) + S IOIDERI lpaqus
/=1

e
—_

k—m m
+ ”hHLoo”Dz tz h”Lz(L%p)

3
I
=)

N
—_

m—1

k— £, m
+ 1D DR (| 2rg )-
2 (=1

3
[

Let’s discuss the right-hand side term by term. The first term is exactly of
the kind we are looking for. For the second one, we apply Lemma 5.7 and
find,

k-1 k-1
E v m —m
; [4| DR ”L%L%p) Se 2_:0 | DYy DY hHLZ(Lgp),

for some v > 0. The remaining terms are bounded by the same quantity.
The treatment of fy is similar. This time, derivatives of the nonlinearity
are bounded as follows,

—1 /—m
l—m
IDLAT S RIDLO + > Y |DEh| W [DTosh,

m=0 n=1

—_




32 BEOMJUN CHOI, ROBERT J. MCCANN, AND CHRISTIAN SEIS

as can be observed by Young’s inequality and an iterative argument. With
the help of the Leibniz rule, we thus obtain

k—1
IDEF |21 ) S WWolloe 19 DE0;AI 213 ) + Y IAllze | DE~ @ DL 215 )
£=0

e

-1

w

—m

nypE=m m
Z H¢|Dzh| " Dz 8thHL2(L§p)
n=1
—14—-14—m .
v DA 0 D H S PP O s
0 m=0 n=

+

1

N

o~
Il
—

and absorbing d; into D, and an application of the Hoélder inequality fur-
thermore yields

|D% Fy |l 222

N ¥

k-1
k k=0
Sl zee HT/JDthHLz(Lgp) +Y " |IDE ¢Dz+1hHL2(Lgp)>
/=1
k—1 k—m bl k—m 1 m+1
ETo 0k k
+ 30 llDrh) ||L2+(1L2 || D3 hlm“llLsz)
m=0 n=1
k—1 ¢—1 f—m
+ > Dk %\D"h\i\\ﬁ}z |~ Zl/J\Derlh\m“HfJ(le
£=0 m=0 n=1
We now invoke Lemma [5.7] to the effect that
k
k kt1—
IDAFaa ) S € S IDE0DE = oy
m=0
for some v > 0. O

With these preparations, we are in the position to extend the L? estimates
from Lemmas[L.1] [5.6] and 5.8 to z-derivatives of any order where z = (¢, /)
denotes the tangential and time variables and V denotes the full spatial
gradient (tangential and normal) in flattened coordinates. For our purposes,
it is enough to bound the unweighted terms in these estimates.

Proposition 5.11 (Tangential nonlinear smoothing in Hilbert norms). Let
H be the solution to the transformed equation (5.23]) and suppose that | H || <

€ for some € small enough. Let 0 < 7 < 1 < T be given. Then, for any
k € Ny, it holds that

IDEV A || 212y + IDEVZ Hl| 212) S lhollzz,,
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Proof. We start by noting that the estimates from Lemmas [4.1], and 5.8
easily translate into the localized setting, so that

HﬁHLoo((o,T);LgH) + HatﬁHLz((T,T);L%p) + ”8t2ﬁHL2((T,T);L§p)
(5.26) +HIVH z2(rryiz) + IVOH | 2 (i) + IV H | p2 i 12)
+ ”V23tH”L2((T,T);L§) < [[holl 2

P+l
In order to derive estimates on derivatives of the next order, we invoke
Lemma 5.9 with k£ =1,

HDzatﬁHLZ(Lgp) + DV H| 122 + | D=V H|| 1212
S HFHLZ(Lgp) + ”DZFHLZ(Lgp) + HGHLZ(Lgp) + ”DZG”LQ(Lgp)'

Of course, our presentation here is a bit formal: Instead of considering
derivatives D,, we should more carefully apply difference quotients to the
nonlinear equation. We have done so in Lemma (.8 to deal with time deriva-
tives. Because of the known reguarity in time (&1I), passing to the limit
in the difference quotients don’t cause any problems, also in the nonlinear
terms. The strategy remains the same for higher order derivatives in time,
and we may generously simplify our presentation here by considering proper
time derivatives in the sequel.

When it comes to higher order derivatives in tangential direction, a result
analogous to (0.1 is missing, but will be derived by us in Corollary
below. We should thus be a bit more careful in our argumentation. For the
sake of a simpler presentation though, we shall keep the notation D, and
will tacitly interpret it as difference quotients in the tangential variables.
Only in the discussion of the leading order nonlinear terms, we shall recall
its actual meaning. For all other terms we will be rather formal.

Let us start considering the lower-order terms. From the definition of G,
we deduce

HG”L2(Lgp) + HDZGHLZ(Lgp) S xsptwhllpz ey + ”Xsptw@hHLZ(Lg)
+ lIxspt DRl 22y + ||Xspthz@il||L2(Lg)a

where we have set ¥ = (7.
We will now apply an interpolation to modify the weights on the right-
hand side. Let ¢ be a cut-off function that is 1 in the support of ¢ and

vanishes outside of a small neighborhood @ of this support. Then it
holds for any regular function £ that

foca[(&)ses

-9 / EndEOE di — 2 / EnOndE2 di.
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An application of the Cauchy—Schwarz inequalities then yields

Ixsprwéllzzey S Ixgrpélieez) + gy Vel wz)-

This argument can be repeated by writing & ZTrn,  and using that

fiqg S fio for ¢ > 2, to derive

(5.28) Ixsprwéllzzey S Ixgryéllews) + HX@@SHL%Lg)a

for any ¢ € 2N. By interpolation, this estimates extends to any g > 0.
Making use of this interpolation-type estimate with suitable choices of ¢
in the above estimate for G’ and estimating fiop S fip+1 S fi2 S 1 yields

HGHL2(Lgp) + ”DZG”L2(Lgp) < HX@EHLZ(LZH) + ”X@@hHLZ(m)
+lIxgrg Oz ) + IXgry 0 VAl 222

+ ”X@V%HLZ(L@’

We may now invoke (5.26]) with suitable choices of 7, T and spatial cutoff r
to deduce that

1Gllzzaz ) + 1D=Gllzqes, ) < Mhollgz,,-

It remains to estimate the nonlinear terms in (5.27)). We promised to be
more careful when considering higher order tangential difference quotients
and we should thus briefly discuss the rigorous treatment of the leading order
nonlinear terms. Because tangential derivatives leave the limit function 1%
invariant in terms of scaling, cf. Lemma [£3] these are terms of the order
Y|dsh||8;h| and |h||Brdsh|, where df is the difference quotient operator
in direction Z;, see also Lemma [5.8l By using the smallness of H in the
assumption, the second of these terms can be absorbed into the left-hand side
before passing to the limit s — 0. The other term can be split into the two
quadratic terms (d; iz)2 and w(atiz)% among which we only have to consider
the first one, because time regularity is already settled. Here, we notice that
this term is bounded uniformly in s, because ||y (9;h)?|| 13, can be estimated

by ||h| e |02 || £z plus lower order terms via the interpolation Lemma 5.7
and by using fig, < fi2 in the support of 9. This term is controlled via
(5:26]). There are no further regularity issues popping up when considering
higher order tangential derivatives. We shall continue with the rather formal
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discussion and summarize here that Lemma [5.10] implies
HFHLZ(Lgp) + ”DZFHLQ(Lgp)
< e (Ihllag,) + 10D:hl s ) + WDl 2z
D22 g ) + D D:Rl a3, ) )
S ||Xsptwi1||L2(L§p) + ||Xspthzi1||L2(L§p) + 6V||D§[;{||L2(L§p)
Sllhollzz,, + € ID0H| 1213 ) + € 1DV H] 1212,
where the last inequality is due to (5.26]).

Plugging these estimates (for the lower-order terms involving G and the
nonlinearities involving F') into (5.27)) thus yields

”DzatﬁHL2(L§p) + DV H| 22 + |1 DV Hl| 212) S 1hollzz, ,»

provided that €” is chosen small enough that the final terms above which it
multiplies can be absorbed into the left hand side.

This procedure can be iterated, with a suitable adaption of 7,7 and the
radii  of the spatial cut-off functions 7 in each step to prove

HDfatﬁHm(Lgp) +[|DEVH | 2(12) + IDEV2H | 213y S 1hollz2, >
inductively. This implies the desired bounds. O

Finally, we use generalized Sobolev embeddings to pass from L? to L™
estimates:

Corollary 5.12 (Tangential nonlinear smoothing in weighted uniform norms).
Let H be the solution to the transformed equation (5.23)) and suppose that
|H ||z < € for some € small enough. Let 0 < 7 < 1 < T be given. Then,
for any k € Ny, it holds that

IDEH || oo (100 + |20 DEVH|| oo (o) S Ilholl 2, -

Proof. The estimate basically follows from Proposition 511l via generalized
Sobolev embeddings using compact support in the z = (¢,2’) € R" variables,
followed by (two) integrations in x,, where we have a vanishing boundary
condition at one end x,, = r only. Indeed, for m € N with m > n/2, it holds
that

m
IDEH | g oy S D IIDET HI 22y + D |1 DET 05, H| 1212
=0 =0

We now use the Hardy inequality

1€ll2z2) S 1102, €l 2(22)
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whose proof is similar to that of (5.28]), to eliminate the zero-order terms on
the right-hand side, thus,

m+1

IDEH || oo oy S Y IDEYVH| 1212y,

=0
Finally, we apply Proposition 5.I1] to infer the desired control of the first
term in the statement of the lemma. The second term is bounded analo-
gously, by applying the same argument to i, D*VH in place of D*H. O

We are now well-prepared to prove Proposition [4.4]

Proofs of Proposition[{.7} As a consequence of Corollary and the con-
struction of ﬁ, we find for any xg € 02,0 < 7 <1 < T and any r > 0 small
enough that
19F hll oo ((r,7)x By o)) S IR0l 2, -

In particular, covering a small band along the domain boundary with a finite
number of balls, the latter extends to the band Q, = {z € Q : dist(z,9Q) <
r} for some small r > 0,

10F Bll s (1) %2,y S ol 2, -
As mentioned earlier, similar (but simpler, thanks to the strict parabolicity)
arguments in the interior of the domain €2 yield analogous estimates on
0\ Q,. Both together prove the statement of the proposition. O

6. PROOF OF SECOND DICHOTOMY

In this final section, we turn to the proof of Theorem [B.4] which states
optimal exponential convergence of the relative error under the assumption
that V' is an ordinary limit in the sense of Definition B3l Thanks to our
first dichotomy result — Theorem [B.J] — and Proposition [4.4] it is enough
to establish convergence at some exponential rate, which is the main result
of the present section.

Theorem 6.1 (Ordinary limits are approached exponentially fast). Under
the hypotheses of Theorem [31], if V' is an ordinary limit of the dynamics
(L2), the convergence takes place exponentially fast, i.e., there exists a rate
~v > 0 such that

R y—"
||h(t)||L§+1 =0(e) as t— oo.

The proof of exponential convergence relies on Choi and Sun’s refinement
— Lemma[£.3]— of the Merle-Zaag dynamical systems result recalled above.
It roughly says that if a solution is known to be small on a large time
interval, then, up to a possible error caused by the neutral modes, the stable
and unstable modes should be much smaller than an exponentially decaying
term in the middle of this time interval. (Note the unstable modes tend to
decay like the stable ones if time goes backward and this is why we need to
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go to the middle of time interval.) The main issue to take care of is thus
the control of the neutral modes.

The underlying idea for controlling the neutral modes is reducing the
amplitude of the neutral modes by changing the reference stationary solution
in the direction of the neutral modes. This can be effectively done if the limit
V' is ordinary. This strategy goes back to the work of Allard and Almgren
[AFAS1], who gave kernel integrability conditions guaranteeing that minimal
surfaces converge to their tangent cones sequentially and exponenentially
fast. See also Section 6 of Simon [Sim8&5], or the recent contributions of
Choi, Choi, Kim and Sun in various combinations [CS20] [CCK21].

In order to pursue this strategy, we have to prove that being an ordinary
limit is an open property among stationary solutions S. This crucial insight
requires some technical preparations.

Lemma 6.2 (Lower semicontinuity of kernel dimension at an ordinary limit).
Let V € S be an ordinary limit and & > 0 as in Definition[33. Let V € S be
sufficiently close that h = V/V — 1 satisfies ||h||L= < &, so that h = ®y (1))
for some 1 € ker Ly,. Then it holds that

|4
(6.1) ﬁ(dq)v)d}(ker Lv) C kerLf/.

Proof. Let 0 € U C ker Ly the neighbourhood provided by Definition [3.3]
We fix another element in the kernel, { € ker Ly, and choose sy small enough
such that ¢+ s¢ € U for any s € (—sp, s9). Then hg = @y (¢ + sC) defines a
family of stationary relative errors (B3.7)) with hg = h, or equivalently, V; =
V(hs+1) € S defines a stationary solution in terms of the original variables
with Vo = V. Changing the reference stationary solution hs = Vi JV —1
solves hg = 0 and

Lyhs = M(hy).
We may now rewrite
v
% (@v (¥ + s¢) — 2v (),
and thanks to the regularity properties of the diffeomorphism @y, differen-
tiation in the previous two identities yields

s —

|4 ~ -
Lf/ (?(dq)V)w<> = Lf/ 8s|g:0 hs = M/(O) 8s|5:() hs = 0,
since M(h) = O(h?) as h — 0 in (3.7). The latter verifies the inclusion
©.1). O

The next lemma guarantees that spectral gaps are preserved by nearby
stationary solutions.

Lemma 6.3 (Continuity of spectral gap and nullity). Let V € S be an ordi-
nary limit and let the sequence {Vy}ien € S of stationary solutions converge
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to V' relatively-uniformly, meaning hy = Vy/V — 1 satisfies
|hellpee — 0 as £ — oo.

Let {¢o}een denote a sequence of normalized eigenfunctions, i.e.,

Ly = Mo, and / SV g — 1,

for some Ny € R. Suppose that the sequence of eigenvalues is bounded,
|Ae] < A for some A > 0. Then there exists a subsequence {¢y, }ren and a
function ¢ € L2(VPHdz) such that

||¢ek — ¢HL2(VP+1dx) —0 ask— oo.

The limiting function ¢ is a normalized eigenfunction, i.e,
Ly¢=\p, and /¢2VP+1 de =1,

for some A € R. Moreover, the following hold true:
(1) If \¢ =0 for all £ € N, then X\ = 0.
(2) If \¢ >0 for all £ € N, then X > 0.
(3) If \¢ <O for all £ € N, then X < 0.

The lemma entails, in particular, that if [Ay| > 0 for all £ € N, then
liminf |[As| > min{—Ay, A\s},
{—00

where A, is the largest negative and A, is the smallest positive eigenvalue of
Ly.

Proof. For the compactness assertion, we aim to bound sup, ||¢¢|| 1. Ap-
plying Proposition with h/t = ¢ = f/(At + 1) yields the unweighted
gradient bound

16l S G+ Dldellzg +llellzz,, € e +2)ldellzz,, < A+2.

p+1 ™

Now the local independence (in the relatively-uniform topology) of constants
in < on Vy, € S combines with Lemma to imply the sequence ¢y is
bounded in the Sobolev space H!(2). Via a Rellich compactness argument,
we conclude that {¢;}sen converges strongly subsequentially in L? (and
then also in L?(VP*ldz)) and weakly in H(V2dz) towards some function
¢. Moreover, thanks to the Bolzano—Weierstral theorem, we find that the
sequence of eigenvalues {\s}sen converges subsequentially to some A € R.

Considering a common subsequence (indexed by ¢;) and passing to the
limit in the weak formulation of the eigenvalue equation,

/v% VIV de = (A, +p—1) / o fVET da,

where we also use the uniform convergence of the relative error hy, we find
that ¢ is a normalized eigenfunction of Ly with eigenvalue .

It remains to derive the assertion on the sign of the limiting eigenvalues.
The first statement is trivial, while the proofs of two others are identical.
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Let’s thus focus on one of them, say the middle one. It is clear that the
limiting eigenvalue is nonnegative, A > 0 and we have to rule out that it
is in fact zero. For this purpose, we note that the eigenfunctions ¢, are
orthogonal to the kernel,

(6.2) /(bg(ngpH dr =0 for any (; € ker Ly,.

We pick ¢ € ker Ly and define ¢, € ker Ly, according to the inclusion (6.1])
derived in Lemma by

1

Cﬁ = m(d¢‘/)wzg7

where 1y € ker Ly is such that hy = @y (¢)y). It is straightforward to verify
that ¢, converges to ¢ strongly in L?(VP*ldz) as £ — oo. Indeed, because
of the imposed convergence of the relative error hy and since the diffeomor-
phism &y vanishes only at the origin, we must have that 1, — 0 strongly
in L2(VPT1). Furthermore, by the continuity of the derivative d®y, it holds
that (d®v ), — id. Using once again the uniform convergenve of the relative
error, we conclude that ¢, — ¢ in L?(VP*ldz).

We now pass to the limit in the orthogonality condition (6.2]) with our
particular construction of the (;’s, which was arbitrary in the choice of (,
and find

/gbCVpH dx =0 for any ( € ker Ly

Hence, ¢ is a (nontrivial) eigenfunction of Ly that is orthogonal to the
kernel. We conclude that A > 0 as desired. O

The preceeding analysis allows us to conlude quite easily that the dimen-
sion of the kernels of the linear operators remains constant if the reference
stationary solution is changed in a neighborhood of an ordinary limit V.

Lemma 6.4 (Invariance of the kernel dimension near ordinary limits). Let
V € S be an ordinary limit and § > 0 as in Definition [33. Let V € S
be a stationary solution close to V in the sense that h = f//V — 1 satisfies
|h||gee < 6, for some & € (0,8). Then & sufficiently small implies

dimker Ly = dimker Ly;.

Proof. As a consequence of Lemma [6.2, and because (d®y ), is an isomor-
phism, it is clear that

(6.3) K = dimker Ly < dimker L.

We argue that both kernels have indeed the same dimension if 4§ is suffi-
ciently small. We give an indirect argument and derive a contradiction by
assuming that there exists a sequence hy = V/V — 1 satisfying ||hy|| < %
and dimker Ly, > K + 1. We pick K + 1 orthonormal (and thus linearly
independent) functions ¢ 1, ..., ¢ k41 in ker Ly,.
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By the virtue of Lemma [6.3] there exist subsequences (that we will not
relabel) and normalized functions ¢1,...,¢x+1 in ker Ly such that

bor — b in LA(VPT) as £ — oo,

In particular, using in addition that {hy}en is converging uniformly, we
find that ¢1,...,¢x 1 is orthonormal. Thus, the dimension of ker Ly is at
least K + 1, which contradicts (6.3]). O

Collecting these technical preparations, we are able to derive the aforemen-
tioned key feature: that ordinariness is a relatively-uniformly open property
in the set S of stationary limits.

Proposition 6.5 (OrdinNary limits form an open subset of S). Let V € §
be an ordinary limit. If V € S is a stationary solution sufficiently close to
V' in the relatively-uniform topology, then V is also an ordinary limit.

Proof. By combining the results from Lemmas and [6.4] we see that

v

V ker L\~/ = (d@v)w(ker Lv),

where 1) € ker Ly is such that h = ®y(1). It follows that the mapping ®;
defined by

Bp(0) = < [ov (04 (@80))  (F)) - v (w)]

for ¢ € ker Ly,isaC ! diffeomorphism from a neighborhood of 0 € ker Ly
into the set of stationary solutions Lf/iz =M (l~1) and satisfies all the prop-
erties listed in Definition B3] as can be readily verfied. Notice also that
we have see the construction of this diffeomorphism already in the proof of
Lemma If ¢ € ker Ly is sufficiently small so that he = Py (¢ + () is
well-defined, then V: = V(h¢ + 1) is a stationary solution and the relative

error l~1< with respect to V,

- Y v Vv 174
h - = — = = h - + 1 = = @ —|— — @ s
solves the stationary error equation relative to the reference point V. O

We will now derive a building block for the proof of Theorem which
exploits both the previous Proposition and the Choi-Sun refinement of
the Merle-Zaag Lemma 3] to yield a suitable reduction of the neutral
modes as announced at the beginning of this section. The actual proof of
exponential convergence will follow subsequently by iteration.

Proposition 6.6 (Improvement by changing reference stationary solutions).
Let V € S be an ordinary limit (I3]). There exist four constants €y, g € (0, 1)
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and 7,C € (1,00) with the following property: Let V(1 + h(t)) solve the
dynamics (IL2) and stay near V,

(6.4) sup [[2(t)[| = < do;
t>0

{V(1+4 gs)}s>0C S be a family of stationary solutions to (L3)) also close to
v,

(6.5) sup ||lgs|| L < do;
s>0
and suppose V(1 + h(t)) is e-close to V(1 + gs) ont € [s,s + 2],
6.6 sup ||A(t) —gsllz2 <€
(66) w0 =gl

for all s > 0 for some € < €.
Then there is another family of stationary solutions {V (1 + §s)}s>- so
that V(1 4 h(t)) is $-close to V(14 gs) ont € [s,5 + 2]

€
6.7 sup ||h(t) — gsll;2 < =
(6.7) o R0 = llig,, < 5

for all s > 7. Moreover, for each s > 0, gsir is close enough to gs that
(6'8) Hgs - gs+THL°° < Ce.

In the proof of Theorem below, the exponential convergence rate v =
10%2 is determined by the delay 7 provided by the preceding proposition.
Proof. To simplify the notation, we write

||f||f/ = HfHL2(f/p+1)

for any V stationary solution (L3]). We start by noting that for two sta-
tionary solutions V.= V(1 4+ g) and V = V(1 + g) to (L3) with ||g]|ze,
Il < do < 1, there holds

1+ 6 pTH
iy < ($252) © s

i.e., two norms are equivalent

V.

1flly S 111y

provided ¢y < 1/2. Throughout this proof, f < g denotes the inequality
f < Cg for some constant C' which may depend on n, m, and V but uniform
in small €, &g, and large 7.

It suffices to show how g, is chosen so to satisfy (6.7) and (G.8]). For
other gy 1., s > 0, we may shift the time of original problem by s’, consider
V(1 + h(s+1t)) and V(1 + gg1s) in place of V(1 + h(t)) and V(1 + gs),
respectively, and re-apply the previous assertion. We now notice that by
the triangle inequality and the hypothesis in ([6.6]), we have that

||gs+2 - gsHV < ||gs+2 - hs+1||V + ||h8+1 - QSHV < 2e,
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for any s > 0, and thus by iteration,

(6.9) g2k — gollv < ke,

for any k € Ny. By another application of the triangle inequality on (6.6])
and (6.9), it holds that, for 7 > 1,

(6.10) sup |[|h(t) — gollv < Te.
te€[0,27]
Let us denote V := V(1 + go), a new stationary solution. If we write

the solution V(1 4 h(t)) to (L2) in terms of V and its relative quantity by
V(1 + h(t)) = V(1 + h(t)), then h(t) := h(l_)F . Note that h(t) solves the
evolution equation for relative error

(6.11) Oth + Liyh = Ny (h),

equation (2.I)) with new refenence stationary solution V.
In view of (6.4]), (6.3, (6.10), and the equivalence between |||y and |- ||y,
observe that

2 -
% and sup |h(t)|ly S Te.

(6.12) sup (1)1 < 7 S
t>0 — 00 t€[0,27]

If we choose g sufficiently small, then the smoothing estimate in Proposition
[4.4] applies to h(t), a solution to (G.I1]), and we have

(6.13) sup ||h(t)||zee + [|Och(t)|| Lo < e
te[1,27]

(In fact, the constants € and C' in Proposition [£.4] depend on V, not V. Since
V =V(1+go) and ||go||lz < do, by assuming dy is small, we may assume e
and C do not depend on the choice of gy.)

In the next step, we aim at applying a Merle-Zaag-type lemma to the
unstable, center, and stable modes of A. For this purpose, we introduce the
L2(Vp+1da:) orthogonal projections P,, P, and P, onto the unstable, center,
and stable eigenspaces generated by Ly, and write hy = Pyh, he = P.h and
hs = P h. Arguing similarly to the proof of Theorem [B.Il we derive the
system of ordinary differential equations

d - . - - -
il + Aullhully = =Cer (Irully + Irelly + Al )

< Cer (Iully + lhelly + IRslly )

d -

il
d - - _ _ _
2l + ullialy < Cer (Wially + Wil + Tl

for all ¢ € [1,27], for some constant C' > 0, where Ay is the largest negative
and A the smallest positive eigenvalue of Ly;. Note that ¢g > 0 and 7 > 0
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are not fixed yet. Let us denote o := Cer. Suppose we choose ¢y and T so
that

then the system implies

d - . - -
Ry = Al = o (Irelly + sl

< (Ihully + lhelly + sl )

d - - _ -
Sl + Mhally < o (Ially + Felly)

for any t € [1,27]. By the virtue of Lemma 3] and the bound in (6.12)),
there exits a constant oy dependent only on A such that if we further assume
Ceor < 0y, it holds that

6.14)  [hu(®)llg + 1hs@) 5 S erllhe(®)|y + ere™ 53 < (er)? + ere™ 537,

3Tt 5T

for any ¢ € [, 2F]. Here, we applied the lemma on the interval ¢t € [$ 37]

1 202 I
We remark that as a direct consequence of Lemma [6.3] A can be bounded
away from zero uniformly in V', more precisely, we can suppose that

~ 1
(6.15) A > 3 min{—M\,, As}

if &g is chosen sufficiently small.

We still have to bound the center modes. For this, we make use of the fact
that, by the virtue of Proposition and our hypothesis in (6.5, the limit
V= V(gs + 1) is ordinary. We denote by @y, the diffeomorphism between
suitable subsets of ker L, and the set of stationary solutions relative to 1%
described in Definition 3.3l Thanks to the bound in (6.12]) that HiLC(T)HV <
||l~1(7')\|‘~, < er, for any small 0, if €7 is chosen sufficiently small, there exists
a function g, = @V(EC(T)) with ||gr ||z~ < & solving Ly (g-) = M(gr) (ie.,
V(1 + §,) solves (I3).) Moreover, since ®(0) = 0 and (d®y)o = id, we
have that

137 = he(T) g = @5 (he(7)) = 3:(0) — (447 )o(he(T)) 7
= o(|lhe(7) ) = ofer).

In order to observe that this estimate is stable under-order-one variations in
time, we recall that the center modes solve the (finite dimensional) system

(6.16)

dhe = PCNV(ﬁ). An integration over some interval [7,t] and the quadratic
estimate (€3) on the nonlinearity give

Ihe®) = helly < [ INpRlg dt S [ (Willoe + 106h ) [l .
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We apply the bound in (6.12]) and (6I3]) to conclude

sup [lhe(t) — he(7)lly < (e7)?,

te|r,7+2]
and thus, (6.I6]) can be generalized to
(6.17) sup |G- — he(t)[ly = oleT).
te[r,7+2]

Later when we show (6.8]), it will be necessary to quantify the rela-
tion between § and er. For this purpose, we notice that since g, solves
Lygr = M(gr), it satisfies the estimate ||g-|/z~ < | g-|/;, and the inequality
is uniform in V and depends only on the bound in (6.5). Indeed, this esti-
mate can be derived parallel to the smoothing estimates in Proposition 4.4l
Therefore, using the properties of the diffeomorphism ®y; again, we observe
that

(6.18) 1g-llz2 < 1+l = 1@ (he(T)) I < eT.

Let us summarize what we have obtained so far. We showed there is small
do > 0 and ¢g > 0 such that if eg7 < ¢g and € < €q, then there is a stationary

solution V(1 + §,) with the estimates (6.14)), (6.16), (617), and (GIS). We

shall now transform g, into the solution g, of (8.7)) that we are looking for.
We thus set

(619) gT = (90 + 1)§T + 9o-

Recalling that h(t) and h(t) are related by the same transformation, h(t) =

(9o + 1)h(t) + go, and using the estimates (6.5]), we have that

11(t) = g llv = ll(gs + 1)(R(t) = G)lIv < IA(E) = Gelly-

It remains to use the estimates in (6.14]) and (6.17]) together with the triangle
inequality to deduce

-
sup ||h(t) — g-llv < (e1)? 4 ere” 5 4 o(er).
te[r,7+2]

First choose 7 large (independently from V thanks to (BI5)) and then e
sufficiently small to satisfy ep7 < ¢o and (6.7])

R 1
sup (1) ~ gy < e
te|r,7+2]

for any € < €.
Finally, (6.8) is an immediate consequence of (6.I8]) and the definition of
gr in (619). O

We now have all the tools at hand to proceed to the proof of the expo-
nential convergence result.
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Proof of Theorem [61]. The idea is to iterate Proposition By a transla-
tion in time, we may assume

sup [[A(t)[[L~ < @
>0

for some €; < min(dp, €9). Moreover, we choose €1 small so that 2Ce; < dy
holds, where C' < oo is the constant in Proposition

To start with, we consider the trivial solution family gos := 0 for s >
0, which trivially satisfies the hypothesis of Proposition with € = €.
Therefore there exists a family of stationary errors {go s }s>- satisfying

sup [|go,s|lz~ < Cey
s>

and e
sup [|h(t) = gosllz2 <+

te(s,s+2] s 2
for all s > 7. Hence, the translated family {g1}s>0 where gi1s = o s4r
satisfies again the hypothesis of Proposition [6.6, this time with ¢ = ¢;/2
and h(t) replaced by h(t + 7). We perform a series of iterations, leading to

families {gj s}s>0 for any k € N satisfying

€1
(6.20) sup [|A(t+k7) — grsllpz < o
t€ls,s+2] Wyt = 0k
and
Cer
(621) Hgk‘—l,s - gk,sHLO" < W

for all s > 0. Notice that the latter and the fact that we started with the
trivial solution gg s = 0 entails that
k k
|\ gk.sll Lo < Z | Gk—t+1,s — Gr—t,s]| Lo < 2Ce; ZQ_k < 2C¢ < do,
=1 =1
by our choice of €1, which guarantees that condition (6.5]) holds true in every
iteration step.
Moreover, the estimate (6.2I)) also implies that, for any fixed s, the se-
quence g s converges geometrically in L to some goo s ,
C €1
2k
for any £k € N and s > 0. We conclude via the triangle inequality and
estimate (6.20) that

I(t +k7) = goosllzz,, < C127"

l9k,s — Goo,sllLe <

for some new constant C7, any s > 0 and any ¢ € [s,s+2]. Picking s =t =0,
we deduce exponential convergence with rate v = (log2)/7 towards gec.o,
which must actually vanish, goo 0 = 0, because h(t) is decaying to zero by
the virtue of the Bonforte-Grillo-Vézquez theorem [BGV12|, cf. (LT). This
finishes the proof of the second dichotomy. O
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