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In this paper, we consider the consistency and asymptotic normality of the maximum likelihood

estimator for a possibly non-stationary hidden Markov model where the hidden state space is a

separable and compact space not necessarily ®nite, and both the transition kernel of the hidden chain

and the conditional distribution of the observations depend on a parameter è. For identi®able models,

consistency and asymptotic normality of the maximum likelihood estimator are shown to follow from

exponential memorylessness properties of the state prediction ®lter and geometric ergodicity of

suitably extended Markov chains.
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1. Introduction

Hidden Markov models (HMMs) form a wide class of discrete-time stochastic processes,

used in different areas such as speech recognition (Juang and Rabiner 1991), neurophysiology

(Fredkin and Rice 1987), biology (Churchill 1989), econometrics (Chib et al. 1998) and time-

series analysis (De Jong and Shephard 1995; Chan and Ledolter 1995; see also MacDonald

and Zucchini 1997 and the references therein).

Most work on maximum likelihood estimation in such models has focused on iterative

numerical methods, suitable for approximating the maximum likelihood estimator. For ®nite

hidden state-space models, the pioneering contribution is due to Baum et al. (1970) who

presented an early and non-trivial application of the expectation±maximization principle

(Dempster et al. 1977), known as the `forward±backward' procedure. The more challenging

issue of hidden Markov models with continuous state space was much studied throughout

the 1990s, mostly using simulation-based approaches made possible by recent advances in

Markov chain Monte Carlo methods (Chib et al. 1998; Durbin and Koopman 1997; De Jong

and Shephard 1995; Chan and Ledolter 1995).

By contrast, the statistical issues regarding the asymptotic properties of the maximum

likelihood estimator for hidden Markov models have until recently been largely ignored.
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Baum and Petrie (1966) showed the consistency and asymptotic normality of the maximum

likelihood estimator in the particular case where both the observed and the latent variables

take only ®nitely many values. These results were recently extended in a series of papers by

Leroux (1992), Bickel and Ritov (1996), Bickel et al. (1998) and Bakry et al. (1997).

Bickel et al. generalized the method followed by Baum and Petrie (1966) to the case where

the hidden Markov process X n takes a ®nite number of values, the observations belonging

to a general topological space. Around the same time, LeGland and Mevel (2000a; 2000b)

independently developed a different technique to prove the consistency and asymptotic

normality of the maximum likelihood estimator (Mevel 1997) for hidden Markov models

with ®nite hidden state space. The work of LeGland and Mevel (2000a; 2000b) is based on

the remark that the likelihood can be expressed as an additive function of an extended

Markov chain. The key to the proof of LeGland and Mevel (2000b) consists in showing

that, under appropriate conditions, this extended chain is geometrically ergodic, in a sense

given below. The proof applies even when the hidden Markov chain is non-stationary, that

is, the initial distribution of the chain does not correspond to its invariant distribution, while

Baum and Petrie (1966), Leroux (1992) and Bickel et al. (1998) assume stationarity (see,

however, Bakry et al. 1997, for an extension to the non-stationary case, based on a coupling

technique).

In this paper, we study maximum likelihood estimation when the hidden Markov chain

takes values in a topological space, assumed to be compact. The main result is the con-

sistency of the maximum likelihood estimator, under the usual condition of identi-

®ability of the parameters. We also identify the limit of the likelihood process as the

Kullback±Leibler divergence. In addition, we prove the asymptotic normality of the

maximum likelihood estimator in both the stationary and the non-stationary case. To the

best of our knowledge, the only contribution dealing with the maximum likelihood for

hidden Markov models taking values in a general topological space (for the de®nition of

Markov chains in such spaces, see Meyn and Tweedie 1993) is Jensen and Petersen (1999).

The authors show the asymptotic normality (but not the consistency) of the maximum

likelihood estimator when the hidden Markov chain is stationary, the technique being based

on an extension of Bickel et al. (1998). The technique used in our contribution to prove the

consistency and the asymptotic normality of the maximum likelihood estimator for general

hidden Markov models is completely different and is essentially based on the technique

developed by LeGland and Mevel (2000a; 2000b) in a ®nite state space. A distinctive

advantage of this technique is that it makes it possible to study in a common framework the

stationary and the non-stationary case. The main dif®culty encountered when trying to use

the `extended chain method' for hidden Markov models with a continuous state space is

that some components of the extended chain lie in an in®nite-dimensional functional space.

This is in sharp contrast to the case of a ®nite hidden state space in which the predictive

density can always be identi®ed with an element of RM , where M is the number of

different possible values for X n. Instead of the Riesz representation theorem (Mevel 1997),

we investigate another approach based on the asymptotic tightness of a sequence of

measures to prove the existence of an invariant measure for the extended chain (Sunyach

1975). It is then possible to extend the result of Leroux (1992) under the basic assumption

that the model is identi®able (in the sense that different parameter values lead to different
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distributions for the stationarized version of the observed process; see the de®nition below),

a point covered by neither Mevel (1997) nor Jensen and Petersen (1999). We stress that the

technique developed in Leroux (1992) to prove consistency, which is based on the Kingman

subadditive theorem, cannot be immediately adapted to continuous state space. For technical

reasons detailed below, we restrict our attention to cases where the hidden state space can

be assumed to be compact.

The rest of the paper is organized as follows. In section 2, we ®rst prove the geometric

ergodicity of the extended chain. As a corollary, pointwise convergence of the normalized

log-likelihood is obtained and its limit is identi®ed with the generalized Kullback±Leibler

divergence. The ®nal part of Section 2 deals with the consistency of the maximum like]-

lihood estimator. Section 3 is devoted to the asymptotic normality of the maximum

likelihood estimator, using the technique of Section 2 applied to a further extended Markov

chain, encompassing the gradient and the Hessian of the prediction ®lter.

2. Consistency of the maximum likelihood estimator

Let fXng1n�0 be a Markov chain on a compact set K � X , where X is a separable state

space, equipped with a metrizable topology, and B (K) is the associated Borel ó-®eld. We

denote by fQè(x, A ), x 2 K, A 2 B (K)g the Markov transition kernel (see Meyn and

Tweedie 1993) of the chain. We also let fYng1n�0 be a sequence of random variables taking

values in a space Y which is separable with respect to a topology that is metrizable by a

complete metric. Conditional on fX ng1n�0, the Yn are independent, with a conditional density

gè(yjX n) dependent on Xn only. Here the density is with respect to a ó-®nite measure í on

the Borel ó-®eld B (Y ). X and Y are usually subsets of Rs and R t respectively, but they

may also be higher-dimensional spaces. Moreover, both Qè and gè depend on a parameter è
in È, where È is a compact subset of R p. È is equipped with a norm denoted by k � k. The

true parameter value will be denoted è� and is assumed to be in the interior of È.

Assume that each transition kernel Qè has a density qè with respect to the same ó-®nite

dominating measure ã on X . For notational simplicity, it is assumed that the initial

distribution of fX kg under è� has a density with respect to ã denoted by ð�. We stress that

ð� is not necessarily the invariant distribution of the chain. Denote by P� the probability

distribution of fYngn>0 induced by the parameter (è�, ð�), and let E� be the associated

expectation. The convergence results that will be proved throughout this paper hold under

P�. In the following, for m < n, denote by Y m
n the family of random variables

(Yn, . . . , Ym). The L p(K, B (K), ã)-norm will be denoted k � k p, and C, C9, . . . will den-

ote unspeci®ed ®nite constants which may take different values upon each appearance.

Moreover, for any measurable function f on (K, B (K), ã), write ess sup( f ) � inffM > 0,

ã(fM , j f jg) � 0g and, if f is non-negative, ess inf( f ) � supfM > 0, ã(fM . f g) � 0g
(with obvious conventions if those sets are empty).

As outlined in Section 1, the central idea consists in writing the log-likelihood of the

observations as an additive function of a Markov chain, comprising the observations fYng,
the current state Xn of the initial Markov chain and the predictive density of the state, often

referred to as the ®lter in the HMM literature.
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We de®ne a family of probability density functions (pdfs) f f
æ
è,ngn>0 over (K, B (K), ã),

by the recurrence relations

f
æ
è,0(v) � æ(v),

f
æ
è,n�1(v)�n Ö1(Yn, f

æ
è,n; è)�n

�
u qè(u, v)gè(Ynju) f

æ
è,n(u)dã(u)�

u gè(Ynju) f
æ
è,n(u)dã(u)

, (1)

for all v 2 K, where æ is an initial pdf. Note that f
æ
è,n�1 is a deterministic function of

(Yn, f
æ
è,n). If æ � ð�, it is easily checked that f ð

�
è�,n

is the predictive density distribution, that

is, the density of the conditional distribution of Xn given Y 0
nÿ1. Otherwise, f

æ
è,n is usually

called the prediction ®lter.

We consider the following family of contrast functions:

l n(è, æ) �
Xnÿ1

m�0

log

�
K

gè(Ymjx) f
æ
è,m(x)dã(x)

� �
: (2)

When æ is ®xed and equal to ð�, then ln(è, ð�) is the log-likelihood function for the

parameter è. We show below that the choice of the initial predictive density function æ does

not affect the limiting value of (1=n)ln(è, æ). This parameter can thus be chosen by the user.

Moreover, the parameter è� is the only one that can be consistently estimated. As usual, for

ergodic non-stationary chains, the initial distribution cannot be consistently estimated. We

de®ne the state space E�n K 3 Y 3 S�
2

, where S� �n f f 2 L1(K, B (K), ã); f > 0,

k f k1 � 1g. In the following, S� is equipped with the topology induced by the L1-norm,

and B (S�) denotes the corresponding Borel ó-®eld. We denote by B (E) the Borel ó-®eld on

the space E itself, induced by the product topology. On the state space E, de®ne the extended

Markov chain Zn �n (Xn, Yn, Fn, F�n ) by an initial law ë, and the following transition kernel:

for all (x, y, f , f �) in E and AK 3 AY 3 AS 3 A�S in B (K) 3 B (Y ) 3 B (S�) 3
B (S�),

Ðè((x, y, f , f �); AK 3 AY 3 AS 3 A�S ) (3)

� P(X n�1 2AK , Yn�1 2AY , Fn�1 2AS , F�n�1 2A�S jX n � x,

Yn � y, Fn � f , F�n � f �)

�
�

AK 3AY

qè�(x, x9)gè�(y9jx9)dã(x9)dí(y9)1AS (Ö1(y, f ; è))1A�S (Ö1(y, f �; è�)),

where Ö1(y, f ; è) is de®ned in (1).

In what follows, we will often consider the particular initial distribution ë(æ) de®ned for

each pdf æ on (K, B (K), ã) by

ë(æ)(AK 3 AY 3 AS 3 A�S ) �
�

AK 3AY

ð�(x)gè�(yjx)dã(x)dí(y)1AS (æ)1A�S (ð�): (4)

This initial distribution generates a Markov chain fZng where the ®rst coordinate corresponds
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to the Markov chain fX ng, the second to the observations fYng, the third to the prediction

®lter f f
æ
è,ng and the fourth to the predictive density of Xn given Y 0

nÿ1, that is, f f ð
�

è�,n
g.

Finally, we denote by Pè,ë the probability distribution of the chain fZng induced by

the initial distribution ë and the transition kernel Ðè (Pè,ë is classically de®ned onW1
n�1 B (En), where (En)n>0 is a sequence of copies of E).

Using this de®nition, and assuming that fZng has the initial distribution ë(æ), the

normalized log-likelihood may be expressed as

1

n
ln(è, æ) � 1

n

Xnÿ1

m�0

hè(Zm) Pè,ë(æ) almost surely, (5)

where

hè(x, y, f , f �)�n log

�
u

gè(yju) f (u)dã(u)

� �
: (6)

Equation (5) shows that the normalized log-likelihood of the observations for the parameter è
can be written as an additive functional of Zn. Thus, following ideas of LeGland and Mevel

(2000a; 2000b), geometric ergodicity of the extended Markov chain will be the key in-

gredient in proving the consistency of the maximum likelihood estimator.

It is clear from (2) that the log-likelihood is indeed a function of the ®rst three

components of Zn, which themselves form a Markovian process. Extending the chain Zn so

as to include the prediction density corresponding to the actual value è� of the parameter

is, however, needed to obtain the consistency result of Section 2.4 below (for a closely

related idea, see Leroux 1992).

The following de®nitions and assumptions are stated for future reference. For y in Y ,

de®ne

ä(y)�n sup
è2È

äè(y)�n sup
è2È

ess supx gè(yjx)

ess inf x gè(yjx)

� �
, (7)

E�n inf
è2È

Eè �n inf
è2È

ess inf x,x9 qè(x, x9)

ess supx,x9 qè(x, x9)
: (8)

Assumption 1. 0 , E, 1.

For s . 0, de®ne Äs �n ess supx

�
supè[äè(y)]s gè�(yjx)dí(y).

Assumption 2. Ä1 is ®nite.

For s . 0, de®ne Ãs �n ess supx

�
supè[kè(y)]s gè�(yjx)dí(y), where kè(y)�n ess supx

jlog gè(yjx)j.

Assumption 3. There exists some s . 1 such that Ãs is ®nite.

If Assumption 1 holds, then infè ess inf x,x9 qè(x, x9) . 0 (note that ess supx,x9

qè(x, x9) > ã(K)ÿ1). Doeblin's condition is then satis®ed for the Markov chain associated
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with Qè (see Meyn and Tweedie 1993, p. 391). Moreover, the kernel Qè is strongly

aperiodic (see Meyn and Tweedie 1993, p. 118). Thus, by Theorems 16.0.2 and 16.2.4 in

Meyn and Tweedie (1993, p. 384), there exists some real number 0 , r0 , 1 (uniform in è),

such that, for all è in È, there exists a probability measure on B (K), having density áè

with respect to ã, such that, for all x in K,

kQn
è(x, �)ÿ áè(�)dã(�)kTV < rn

0 , (9)

where k � kTV is the total variation norm, and Qn
è is the kernel Qè iterated n times. Then

áè(�)dã(�) is the unique invariant probability measure of the chain. Thus, for all è in È, the

Markov chain associated with the kernel Qè is uniformly ergodic.

Remark 1. Note that we may relax E 2 ]0, 1[ (Assumption 1) and derive the same results

under the following:

Assumption 19. There exists m in N� such that for all è in È, Qè is aperiodic and

0 , inf
è

ess inf x,x9 qm
è (x, x9)

ess supx,x9 qm
è (x, x9)

, 1,

where qm
è denotes the density of the kernel Qè iterated m times.

In that case, all the properties concerning the Markov chain associated with Qè are derived

from properties concerning the m-skeleton (see the de®nition in Meyn and Tweedie 1993,

p. 68).

2.1. Exponential memorylessness of the prediction ®lter

Ergodic properties for fYng are inherited from those of fXng (see, for instance, Leroux 1992;

Celeux et al. 1993). The point of this subsection is to obtain those of the extended chain

Zn � (Xn, Yn, Fn, F�n ) from the exponential memorylessness of the prediction ®lter. Iterating

the recurrence relation (1) nÿ m� 1 times backwards (m < n) yields f
æ
è,n�1 �

Önÿm�1(Y m
n , f

æ
è,m; è), where

Önÿm�1(Y m
n , f ; è)(v) �n

�
un

qè(un, v)gè(Ynjun) � � �
�

u m

qè(um, um�1)gè(Ymjum) f (um)dã(un) � � � dã(um)�
u n

gè(Ynjun) � � �
�

um

qè(um, um�1)gè(Ymjum) f (um)dã(un) � � � dã(um)

:

Using this expression, we may show the following exponential memorylessness inequality,

which is a non-trivial adaptation from Mevel (1997, Proposition 2.2, part A).

Proposition 1. Suppose that Assumption 1 holds. Then for all f, f 9 in S�,
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kÖnÿm�1(Y m
n , f ; è)ÿÖnÿm�1(Y m

n , f 9; è)k1 < 2Eÿ1
è äè(Ym)(1ÿ Eè)nÿm�1k f ÿ f 9k1: (10)

The proof is given in Appendix A. The upper-bound of the right-hand side only depends on

the initial conditions (Ym, f , f 9). Note that Assumption 1 implies that Eè is bounded from

below by a strictly positive E. Hence, 1ÿ Eè is bounded from above by 1ÿ E and the

geometrical rate of the right-hand side of (10) can be bounded uniformly for è in È, provided

that ä(Ym) is ®nite.

2.2. Geometric ergodicity of the extended Markov chain

In this section, it is shown that the exponential memorylessness of the prediction ®lter

implies the geometric ergodicity (in a sense to be de®ned) of the extended chain fZng.

De®nition 1. Lip(E) is the set of real-valued measurable functions h on (E, B (E)) such that,

for all (x, y) in K 3 Y , there exist lip(h, x, y) and k(h, x, y) such that, for all f 1, f �1 , f2,

f �2 in S�,

jh(x, y, f 1, f �1 )ÿ h(x, y, f 2, f �2 )j < lip(h, x, y)(k f 1 ÿ f 2k1 � k f �1 ÿ f �2 k1),

jh(x, y, f 1, f �1 )j < k(h, x, y)

and

lip(h)�n ess supx

�
lip(h, x, y)gè�(yjx)dí(y) ,1,

k(h)�n ess supx

�
k(h, x, y)gè�(yjx)dí(y) ,1:

These functions are of Lipschitz type with respect to the two last components and are

bounded independently of the two last components by a function which satis®es an

integrability condition. We will prove that, for all h in Lip(E) verifying some moment

condition (see (15)), a law of large numbers holds for fh(Zn)gn>0.

Proposition 2. Suppose that Assumptions 1 and 2 hold, and de®ne

r�n max(r1=2
0 , (1ÿ E)1=2), (11)

where E and r0 are as de®ned in (8) and (9). There exists a constant C . 0 such that, for all

è in È, for all h in Lip(E), for all z, z9 in E, and for all n > 1,

jÐn
è h(z)ÿÐn

è h(z9)j < C[lip(h)� k(h)]rn,

where Ðn
è denotes the nth iterate of Ðè and Ðn

è h(z) � �Ðn
è(z, dw)h(w).

The proof of this proposition is given in Appendix B. As a consequence, the extended
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Markov chain satis®es a geometric ergodicity property, stated in the following corollaries,

also proved in Appendix B.

Corollary 1. Suppose that Assumptions 1 and 2 hold. Then there exists a constant C . 0 such

that, for all è in È and for all h in Lip(E), there exists Ëè(h) ,1 such that, for all z in E

and for all n > 1,

jÐn
è h(z)ÿËè(h)j < C[lip(h)� k(h)]

rn

1ÿ r
: (12)

This inequality may be used in the following way: for any initial probability measure ë on

(E, B (E)), and for any function h in Lip(E),

Ëè(h) � lim
n!1Eè,ë(h(Zn)): (13)

In addition, for all h in Lip(E), there exists a unique solution V of the Poisson equation

[I ÿÐè]V (z) � h(z)ÿËè(h):

Corollary 2. Suppose that Assumption 1 and 2 hold. The kernel Ðè admits a unique

invariant probability measure ëè on (E, B (E)), and, for any function h in Lip(E),

Ëè(h) �
�

h(z)ëè(dz): (14)

The type of convergence in Corollary 1 does not coincide with the usual de®nition of

uniform geometric ergodicity (see Meyn and Tweedie 1993, Theorem 16.0.2, p. 384) since

our result applies here only to certain Lipschitz functions on E, whereas in the standard

literature about Markov chains the ergodicity is expressed in terms of exponential decrease

to zero of the total variation norm, implying that (12) applies to all measurable bounded

functions.

Note that it is easy to show that Ëè(h) is a linear form. Nevertheless, it is not straight-

forward to prove that there exists a measure ëè on E representing Ëè(h). This is because

the Riesz representation theorem does not apply. To prove the existence of an invariant

probability measure, we use a technique based on asymptotic tightness of an ap-

propriately de®ned sequence of probability measures, exploiting the basic ideas of Sunyach

(1975).

Remark 2. We will often make use of the following property. Let En be a sequence of copies

of the space E, let A belong to
W

n>0B (En) and let � a real-valued function on
Q

n>0 En,

measurable with respect to
W

n>0B (En). Note that, due to the initial distribution ë(æ),

(Fn, F�n ) is Pè,ë(æ) almost surely equal to ( f
æ
è,n, f ð

�
è� ,n

) for all n in N. This implies that

�[fZngn>0] � �[f(Xn, Yn, f
æ
è,n, f ð

�
è�,n

)gn>0] Pè,ë(æ)-a:s:

Thus,

Pè,ë(æ)(�(fZngn>0) 2A ) � P�[�(f(X n, Yn, f
æ
è,n, f ð

�
è�,n

)gn>0) 2A ]
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since the marginal distribution of Pè,ë(æ) on events only depending on f(Xn, Yn)gn>0 is equal

to P�.

Proposition 3. Suppose that Assumptions 1 and 2 hold. For any è in È, for any pdf æ on

(K, B (K), ã), and for any function h in Lip(E) such that there exists s . 1 satisfying

ess sup
x

�
ks(h, x, y)gè� (yjx)dí(y) ,1, (15)

the following convergence results hold:

(i) limn!1(1=n)
Pnÿ1

m�0 h(Zm) � Ëè(h) Pè,ë(æ)-a:s:;

(ii) limn!1(1=n)
Pnÿ1

m�0 h(Xm, Ym, f
æ
è,m, f ð

�
è�,m

) � Ëè(h) P�-a:s:

The proof of this proposition (see Appendix C) is based on the ergodicity of fZng and,

more precisely, on the existence of a solution to the Poisson equation stated in Corollary 1

using a classical martingale decomposition method (the proof is analogous to that of Meyn

and Tweedie 1993, Theorem 17.4.3). Note that the statement (ii) is a direct consequence of

(i) using Remark 2.

2.3. Pointwise convergence

The following proposition ensures that, under some regularity conditions, the normalized log-

likelihood of the observations converges almost everywhere to a ®nite function of è, and

identi®es the limit function. It is a straightforward application of Proposition 3.

Proposition 4. Suppose that Assumptions 1±3 hold. Then, for any è in È, there exists a ®nite

value l(è) such that, for any initial pdf æ on (K, B (K), ã),

lim
n!1

1

n
ln(è, æ) � l(è) P�-a:s:

Moreover,

l(è) �
�

log

�
gè(yju) f (u)dã(u)

� �
ëè(dx, dy, d f , d f �): (16)

Note that the limiting value l(è) does not depend on the initial distribution ë(æ). This

means that the limiting value of ln(è, æ)=n does not depend on the initial distribution of the

chain fX ng (which does not necessarily coincide with the stationary distribution of the

chain, in contrast with Bickel et al. 1998 and Jensen and Petersen 1999) or on the initial

value of the prediction ®lter æ, which may be chosen arbitrarily. The limiting value l(è) is

the integral of hè with respect to the invariant measure of fZng.
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2.4. Consistency of the maximum likelihood estimator

In order to prove the consistency of the maximum likelihood estimator, we need to check that

the limit of the normalized log-likelihood is maximized only at è�, the true value of the

parameter; that is, l(è) < l(è�) with equality if and only if è � è�. De®ne

gè,n�1(y0
njX 0)�n gè(y0jX 0)

�
qè(X 0, u1)gè(y1ju1) . . . qè(unÿ1, un)gè(ynjun)dã(u1) . . . dã(un),

(17)

the density under the parameter è of fY 0
ng conditionally on X0 with respect to the measure

í
(n�1).

We make the following assumption:

Assumption 4. The equality�
K3A03���3A p

gè, p�1(y0, . . . , ypju0)dáè(u0)dí(y0) . . . dí(yp)

�
�

K3A03���3A p

gè9, p�1(y0, . . . , ypju0)dáè9(u0)dí(y0) � � � dí(yp) (18)

holds for all non-negative p and all Borel sets Ai in B (Y ), 0 < i < p, if and only if

è � è9.

(Recall that áâ is the invariant measure for the kernel qâ:) This condition is equivalent to the

following:

Assumption 49. The equality�
qè(u, u1) � � � qè(u pÿ1, up)gè(y0ju) � � � gè(ypjup)dáè(u)dã(u1) � � � dã(up)

�
�

qè9(u, u1) � � � qè9(u pÿ1, up)gè9(y0ju) � � � gè9(ypjup)dáè9(u)dã(u1) � � � dã(up)

almost everywhere with respect to the measure í
( p�1), for all non-negative p, if and only if

è � è9.

Note that when the state space K is ®nite, Assumption 4 is implied by Condition 2 in

Leroux (1992). In fact, Assumption 4 is the minimal assumption guaranteeing identi®ability

for the model.

Remark 3. In many models of interest, the parameter itself is identi®able only up to a

permutation of states. It is most often possible to reparametrize the model to avoid this type

of degeneracy. When it is not possible, one should de®ne a slightly extended notion of

identi®ability, based on an equivalence relation, for example è � è9 if and only if è is equal
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to è9 up to a permutation of its components. The results presented below can be straight-

forwardly adapted in such a situation.

Theorem 1. Under Assumptions 1±4, l(è) < l(è�) and l(è) � l(è�) if and only if è � è�.

The key point in the proof is that the difference l(è�)ÿ l(è) can be written as the

expected difference between two functions under the same measure. This is possible since

the fourth coordinate of Zn is the prediction ®lter associated with the true value of the

parameter è�. This is the main motivation for extending (X n, Yn, Fn) to (X n, Yn, Fn, F�n ).

Proof. The ®rst part of the proof follows an idea from Leroux (1992, Lemma 6), but the

conclusion has to be adapted to cope with general state space. We ®rst express l(è) in a more

tractable way.

Using Corollary 1,

2l(è) � lim
n

Eè,ë(æ)(hè(Zn)� hè(Z n�1)):

By direct application of the recurrence relation between f
æ
è,n and f

æ
è,n�1, we have

hè(Zn)� hè(Z n�1) � log

�
gè,2(Yn, Yn�1ju) f

æ
è,n(u)dã(u)

� �
Pè,ë(æ)-a:s:

�n Hè(Yn, Yn�1, f
æ
è,n),

where gè,2 is de®ned by (17). Then, using Remark 2,

2l(è) � lim
n

E�(E�(Hè(Yn, Yn�1, f
æ
è,n)jY 0

nÿ1)): (19)

Let Gè(x, y, f , f �)�n � Hè(y0, y1, f )gè�,2(y0, y1ju) f �(u)dí(y0)dí(y1)dã(u). It is easy to

check that Gè is in Lip(E). Thus, by Corollary 1,

Ëè(Gè) � lim
n

Eè,ë(æ)(Gè(Zn)): (20)

Using the equality

E�[Hè(Yn, Yn�1, f
æ
è,n)jY 0

nÿ1] � E�(E�[Hè(Yn, Yn�1, f
æ
è,n)jXn, Y 0

nÿ1]jY 0
nÿ1)

� Gè(Xn, Yn, f
æ
è,n, f ð

�
è�,n

),

combined with (19) and (20), yields that

2l(è) � Ëè(Gè)

�
�

log

�
gè,2(y0, y1ju0) f (u0)dã(u0)

� �
3 gè�,2(y0, y1ju) f �(u)dí(y0)dí(y1)dã(u)ëè(K, Y , d f , d f �):
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De®ne the function h�(x, y, f , f �)�n log(
�

gè�(yju) f �(u)dã(u)). Replacing the function

hè by h�, it is easily checked in the same way that

2l(è�) �
�

log

�
gè� ,2(y0, y1ju0) f �(u0)dã(u0)

� �
3 gè� ,2(y0, y1ju) f �(u)dí(y0)dí(y1)dã(u)ëè(K, Y , S�, d f �):

Hence,

2(l(è�)ÿ l(è)) �
� �

gè� ,2(y0, y1ju) f �(u)dã(u)

� �

3 log

�
gè� ,2(y0, y1ju) f �(u)dã(u)�
gè,2(y0, y1ju) f (u)dã(u)

 !
dí(y0)dí(y1)ëè(K, Y , d f , d f �)

which is the integral of a Kullback±Leibler divergence and is thus non-negative. We now

show that the equality l(è) � l(è�) implies that è � è� under the assumption of identi-

®ability (Assumption 4). If l(è) � l(è�) the Kullback±Leibler divergence is null, and thus�
gè�,2(y0, y1ju) f �(u)dã(u) �

�
gè,2(y0, y1ju) f (u)dã(u) (21)

almost everywhere with respect to the measure dí(y0)dí(y1)ëè(K, Y , d f , d f �). This tech-

nique can easily be generalized by computing the quantities (m� 1)ln(è, æ) for each integer

m, such that l(è) � l(è�) implies almost everywhere with respect to the measure ëè(K, Y ,

d f , d f �), that, for all m > 1,�
gè�,m�1(y0, . . . , ymju) f �(u)dã(u) �

�
gè,m�1(y0, . . . , ymju) f (u)dã(u)

í(dy0) 
 � � � 
 í(dym)-a:e: (22)

Now, let us prove that Assumption 4 holds. Let ( f 0, f �0 ) be in S� 3 S� such that

property (22) is satis®ed. Let p < m and h be any bounded, continuous function on Y p�1.

Multiplying both sides of the equation by h(ymÿ p, . . . , ym), and then taking the integral

with respect to dí(y0) � � � dí(ym), yields�
Fè(umÿ p)q

mÿ p
è (u0, umÿ p) f0(u0)dã(u0)dã(umÿ p)

�
�

Fè�(umÿ p)q
mÿ p

è� (u0, umÿ p) f �0 (u0)dã(u0)dã(umÿ p), (23)

where, for any â,

Fâ(u)�n
�

h(ymÿ p, . . . , ym)gâ, p�1(ymÿ p, . . . , ymju)dí(ymÿ p) � � � dí(ym), (24)

which is continuous and bounded by ess supu2Y p�1 jh(u)j on K. Now, using (9), we have, for

any u in K,
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�����Fè(u9)qmÿ p
è (u, u9)dã(u9)ÿ

�
Fè(u9)dáè(u9)

���� < rmÿ p
0 3 ess sup

u2Y p�1

jh(u)j:

This implies, by dominated convergence,

lim
m!1

�
Fè(u9)qmÿ p

è (u, u9) f 0(u)dã(u)dã(u9) �
�

Fè(u9)dáè(u9):

This result also holds with the parameter è� instead of è. Now, combining with (23) yields�
Fè(u9)dáè(u9) �

�
Fè� (u9)dáè�(u9):

Replacing Fè and Fè� by their de®nition in (24) and knowing that h is any bounded

continuous function in Y p�1,�
gè, p�1(y0, . . . , ypju0)dáè(u0) �

�
gè9, p�1(y0, . . . , ypju0)dáè9(u0)

almost everywhere with respect to the measure dí(y0) � � � dí(yp), for any p in N. Thus

è � è� by Assumption 4. This completes the proof. h

Let è̂n(æ)�n arg maxè ln(è, æ) be the maximum likelihood estimator for a ®xed initial pdf

æ (the existence of which is guaranteed under assumptions stated below). It has been proved

in Proposition 4 and Theorem 1 that the normalized log-likelihood for a ®xed è converges

P�-a.s. to l(è), which is maximum at the point è�. Under additional assumptions on the

regularity of some functions with respect to è, uniformity (in a sense to be de®ned) in the

convergence of the normalized log-likelihood may be shown, and thus, consistency can be

stated, using Wald's (1949) consistency proof for the M-estimator.

De®ne for all y in Y and for ç. 0, the expression ù g(y, ç) �n
supkèÿè9k<ç ess supx jgè(yjx)ÿ gè9(yjx)j. Let ç. 0 and è, è9 2 È such that kèÿ è9k, ç.

Then, for all pdfs æ on (K, B (K), ã),

ln(è, æ)ÿ ln(è9, æ)

�
Xnÿ1

m�0

log 1�
�

[gè(Ymju) f
æ
è,m(u)ÿ gè9(Ymju) f

æ
è9,m(u)]dã(u)�

gè9(Ymju) f
æ
è9,m(u)dã(u)

0@ 1A

<
Xnÿ1

m�0

� jgè(Ymju)ÿ gè9(Ymju)j f æè,m(u)dã(u)�
gè9(Ymju) f

æ
è9,m(u)dã(u)

�
�

gè9(Ymju)j f æè9,m(u)ÿ f
æ
è,m(u)jdã(u)�

gè9(Ymju) f
æ
è9,m(u)dã(u)

0@ 1A,

jln(è, æ)ÿ ln(è9, æ)j < 2
Xnÿ1

m�0

ù g(Ym, ç)

infè ess inf x gè(Ymjx)
� ä(Ym)k f

æ
è,m ÿ f

æ
è9,mk1

� �
: (25)

De®ne for all y in Y , for all s, t in N and for all ç. 0,
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ä9(y, ç)�n ù g(y, ç)

infè ess inf x gè(yjx)

� �
, (26)

Ä9s(ç)�n ess sup
x

�
[ä9(y, ç)]s gè�(yjx)dí(y), (27)

(ÄÄ9)s, t(ç)�n ess sup
x

�
[ä(y)]s[ä9(y, ç)] t gè� (yjx)dí(y), (28)

ùq(ç)�n sup
kèÿè9k<ç

�
ess sup

u

jqè(u, v)ÿ qè9(u, v)jdã(v): (29)

Assumption 5. For all y in Y ,

lim
ç!0

ùq(ç) � 0,

lim
ç!0

ù g(y, ç) � 0:

Assumption 6. Ä2 is ®nite and, for some positive ç0, Ä91(ç0) and (ÄÄ9)1,1(ç0) are ®nite.

We prove in Appendix C the following lemma:

Lemma 1. Under Assumption 1,

sup
æ2S�
k f

æ
è,m ÿ f

æ
è9,mk1 < 2Eÿ1

Xmÿ1

k�0

ä(Yk�1)rmÿk[ùq(ç)� 2ä9(Yk , ç)]� [ùq(ç)� 2ä9(Ym, ç)]:

(30)

Combining (25) with this lemma, we prove under Assumption 5 that è 7! ln(è, æ) is con-

tinuous. The continuity of è 7! l(è) is then straightforward: the family of functions

(Ðn
è hè(z))n>0 converges uniformly in è to l(è) as we have

jÐn
è hè(z)ÿËè(hè)j < C[Ä1 � Ã1]

rn

1ÿ r
:

Moreover,

Ðn
è hè(z) �

�
log

�
gè(ynju) f

æ
è,n(u)dã(u)

� �
qè�(x, x1) � � � qè�(xnÿ1, xn)

3 gè�(y1jx1) � � � gè� (ynjxn)dã(x1) � � � dã(xn)dí(y1) � � � dí(yn)

The functions è 7! log(
�

gè(ynju) f
æ
è,n(u)dã(u)) are continuous (by the same argument as for

ln(è, æ)) and uniformly integrable as Ãs is ®nite for some s . 1. Then we obtain that

è 7! Ðn
è hè(z) is continuous, and so is è 7! l(è).
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Now write ù l
n(ç)�n supf(1=n)jln(è, æ)ÿ ln(è9, æ)j, kèÿ è9k, çg. Combining (25), (30)

and Assumptions 5 and 6, we obtain that

lim
k

lim sup
n

E� ù l
n

1

k

� �� �
� 0:

Thus, using that

P� ù l
n

1

k

� �
> Ek

� �
<

1

Ek

E� ù l
n

1

k

� �� �
, (31)

it is easy to choose Ek decreasing to 0 such that

lim
k

lim sup
n

P� ù l
n

1

k

� �
> Ek

� �
� 0:

Then a straightforward adaptation of Dacunha-Castelle and Du¯o (1986, Theorem 3.2.8,

p. 93), shows that the maximum likelihood estimator is consistent.

Theorem 2. Suppose that Assumptions 1±6 hold. Then for all initial pdf æ,

è̂n(æ) !
n!1 è� in P�- probability:

2.5. Examples

Let us give some illustrations.

Example 1 Markov chain in additive noise.

De®ne Yt � h(X t)� Bt, where fBtg is a sequence of independent and identically distributed

centred Gaussian random variables with variance ó 2, and fX tg is a Markov chain on a

compact set in Rd , independent of fBtg, and with transition Qá. The parameter here is

è � (á, ó 2). Let ö t be the log-Laplace function of the marginal distributions of fYtg,
ö t(u) � log(E(euYt )) � log E(euh(X t))� log eu2ó 2=2

� �
,

so that

2

u2
ö t(u) � ó 2 � 2

u2
log(E(euh(X t))) !

u!1ó 2:

ó 2 is thus identi®able. If different parameters á lead to different stationary distributions for

the process fh(Xt)g, then Assumption 4 holds. Such models are used in the following

applications:

· Underwater acoustics (see Quinn 1995), where h(x) � A cos(2ðx), and A is a constant.

· Speech processing, count data analysis, and so on (see Pagano 1974), where h(x) � x

and fX tg is an autoregressive process of ®rst order, with bounded innovations, or more

generally an ARMA process. In this last case, just note that Theorems 1 and 2 may be
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generalized when Assumption 1 holds only for a power of the transition Qá ± that is,

when Assumption 19 holds.

Example 2 Markov chain in multiplicative noise.

De®ne Yt � Bt � h(X t), where fBtg is a process of independent and identically distributed,

centred Gaussian random variables with variance ó 2, fXtg is a Markov chain on a compact

subset of R, independent of fBtg, and h is any measurable function. Such models are used in

a number of different areas (see Chib et al. 1998).

3. Asymptotic normality of the maximum likelihood estimator

The asymptotic normality of the maximum likelihood estimator involves a second-order

Taylor expansion of the log-likelihood. We shall use similar arguments to those for the

extended chain Zn, but we will now consider Markov chains involving both the gradient and

the Hessian of the prediction ®lter. These chains have an exponential lack of memory of the

initial condition, and we prove that they are uniformly ergodic. Denote by @ k( ) the ®rst-order

partial derivative with respect to the component èk of è, and by =, =2 the Jacobian and

Hessian operators with respect to the parameter è. De®ne, for all y in Y ,

ä9(y)�n sup
è,è9

max
1<k< p

ess supxj@ k gè(yjx)j
ess inf x gè9(yjx)

� �
(32)

and, for all s, t in N,

Ä9s �n ess sup
x

�
[ä9(y)]s gè�(yjx)dí(y), (33)

(ÄÄ9)s, t �n ess sup
x

�
[ä(y)]s[ä9(y)] t gè�(yjx)dí(y): (34)

Assumption 7. (i) For any (x, x9, y) in K 3 K 3 Y , the functions è 7! gè(yjx) and è 7!
qè(x, x9) are differentiable.

(ii) supè ess supu,v qè(u, v) ,1, max1<k< p supè ess supu,vj@ k qè(u, v)j,1. For some

s . 1, Ä92s, Ä4, (ÄÄ9)4,1 and (ÄÄ9)3,2 are ®nite.

The ®rst step consists in differentiating the recurrence relation between f
æ
è,n and f

æ
è,n�1

(which is possible under Assumption 7). Then f= f
æ
è,ng appears as a functional auto-

regressive chain. For all 1 < k < p,

@ k f
æ
è,n�1(v) �

�
u

aè(Yn, f
æ
è,n)(u, v)@ k f

æ
è,n(u)dã(u)� Uè,k(Yn, f

æ
è,n)(v), (35)

where
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aè(y, f )(u, v)�n qè(u, v)ÿ
�

qè(s, v)gè(yjs) f (s)dã(s)�
gè(yjs) f (s)dã(s)

 !
gè(yju)�

gè(yjs) f (s)dã(s)

and

Uè,k(y, f )(v) �n
�
@ k qè(u, v)gè(yju) f (u)dã(u)�

gè(yju) f (u)dã(u)

�
�

qè(u, v)ÿ
�

qè(s, v)gè(yjs) f (s)dã(s)�
gè(yjs) f (s)dã(s)

 !
3

@ k gè(yju) f (u)�
gè(yjs) f (s)dã(s)

dã(u):

Denote by Uè the vector function (Uè,k)1<k< p.

We consider the space E9 � K 3 Y 3 S� 3 Ó, where

Ó�n ó � (ó k)1<k< p; ó k 2 L1(K, B (K), ã);

�
u

ó k(u)dã(u) � 0

� �
:

The space Ó is equipped with the topology induced by the L1-norm, and denote by B (E9) the

Borel ó-®eld induced by the product topology on E9. For all (y, f , ó ) in Y 3 S� 3 Ó, è in

È, and v in K, write

Ø1(y, f , ó ; è)(v)�n
�

aè(y, f )(u, v)ó (u)dã(u)� Uè(y, f )(v):

(Note that Ø1 � (Øk
1 )1<k< p is a vector in R p.)

We de®ne an extended Markov chain ~Z n � (X n, Yn, Fn, Gn) on (E9, B (E9)) by its initial

law ~ë, and the transition kernel ~Ðè given, for all (x, y, f , ó ) in E9 and AK 3 AY 3
AS 3 A� in B (K) 3 B (Y ) 3 B (S�) 3 B (Ó ), by

~Ðè((x, y, f , ó ); AK 3 AY 3 AS 3 A�)

� P(X n�1 2AK , Yn�1 2AY , Fn�1 2AS , Gn�1 2A�jX n � x, Yn � y, Fn � f , Gn � ó )

�
�

AK 3AY

qè�(x, x9)gè� (y9jx9)dã(x9)dí(y9)1AS (Ö1(y, f ; è))1A�(Ø1(y, f , ó ; è)):

In what follows, we will often consider the particular initial distribution ~ë(æ) de®ned for each

pdf æ on (K, B (K), ã) by

~ë(æ)(AK 3 AY 3 AS 3 A�) �
�

AK 3AY

ð�(x)gè�(yjx)dã(x)dí(y)1AS (æ)1A� (0): (36)

We denote by ~Pè,~ë(æ)
the law of f ~Z ng induced by ~ë(æ), and ~Ðè, and by ~Eè,~ë(æ)

the cor-

responding expectation. The exponential ergodicity of the extended chain f ~Z ng (similar to

the result obtained in Proposition 1) and convergence of normalized sums of some functions

of f ~Z ng, are stated in Appendix D.

These properties, combined with the results of Propositions 6 and 7, ensure the con-

vergence of the gradient of the normalized log-likelihood.
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Assumption 8. For any (x, x9, y) in K 3 K 3 Y , the functions è 7! gè(yjx) and è 7!
qè(x, x9) are twice differentiable. We also assume that

sup
è

max
1<k, l< p

ess sup
u,v
j@2

k, lqè(u, v)j,1:

De®ne for all y in Y , and for all s, t, r in N,

ä 0(y)�n sup
è,è9

max
1<k, l< p

ess supxj@2
k, l gè(yjx)j

ess inf x gè9(yjx)

" #
,

Ä 0s �n ess sup
x

�
[ä 0(y)]s gè�(yjx)dí(y),

(ÄÄ 0 )s, t �n ess sup
x

�
[ä(y)]s[ä 0(y)] t gè� (yjx)dí(y),

(ÄÄ9Ä 0 )s, t,r �n ess sup
x

�
[ä(y)]s[ä9(y)] t[ä 0(y)]r gè� (yjx)dí(y):

Assumption 9. There exists some s . 1 such that Ä 0s is ®nite. Moreover, the quantities Ä11,

(ÄÄ9)11,1, (ÄÄ9)10,2, (ÄÄ9)9,3, (ÄÄ9)8,4, (ÄÄ 0 )7,1, (ÄÄ9Ä 0 )7,1,1 and (ÄÄ9Ä 0 )6,2,1 are sup-

posed to be ®nite.

Proposition 5. Under Assumptions 1 and 7±9 and the assumption that the maximum likeli-

hood estimator is consistent (see Theorem 2), there exists a matrix Jè� such that

nÿ1=2=ln(è�, æ)! N (0, Jè�) weakly underP�:
Moreover, Jè� � limn!1(1=n)E�(=ln(è�, æ) t:=ln(è�, æ)).

This result extends Theorem 3.1 in Jensen and Petersen (1999) to the non-stationary case,

and its proof is given in Section D.1. The second-order Taylor expansion of the log-

likelihood also involves its Hessian matrix. Differentiating (35), we obtain f=2 f
æ
è,ng as a

functional autoregressive chain:

=2 f
æ
è,n�1 �

n
á1(Yn, f

æ
è,n, = f

æ
è,n, =2 f

æ
è,n; è):

As we have done with Zn and ~Z n, we now consider �Z n � (X n, Yn, Fn, Gn, Hn), an

extended Markov chain on a space E0 de®ned by E 0 � K 3 Y 3 S� 3 Ó 3 Ó2, where

Ó2 � fô � (ôk, l); ôk, l 2 L1(K, B (K), ã) and 8v 2 K, ô(v) is symmetric and non-negativeg:
(The matrix M � (M i, j)1<i, j<n is said to be non-negative if for all (ai)1<i<n in R, we haveP

1<i, j<n aiM i, jaj > 0, with equality if and only if ai � 0 for all 1 < i < n.) The space Ó2 is

equipped with the topology induced by the L1-norm and B (E 0 ) will denote the Borel ó-®eld

on E0 induced by the product topology. The Markov chain �Z n is de®ned by its initial law �ë
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and its transition kernel �Ðè: for all (x, y, f , ó , ô) in E0 and AK 3 AY 3 AS 3
A� 3 A�9 in B (K) 3 B (Y ) 3 B (S�) 3 B (Ó ) 3 B (Ó2),

�Ðè[(x, y, f , ó , ô); AK 3 AY 3 AS 3 A� 3 A�9]

� P[(X n�1, Yn�1, Fn�1, Gn�1, H n�1) 2AK 3 AY 3 AS 3 A� 3 A�9

j(X n, Yn, Fn, Gn, Hn) � (x, y, f , ó , ô)]

�
�

AK 3AY

qè�(x, x9)gè� (y9jx9)dã(x9)dí(y9)

3 1AS (Ö1(y, f ; è))1A�(Ø1(y, f , ó ; è))1A�9
(á1(y, f , ó , ô; è)):

We will consider the particular initial distribution �ë(æ) de®ned for each pdf æ on

(K, B (K), ã) by

�ë(æ)(AK 3 AY 3 AS 3 A� 3 A�9)

�
�

AK 3AY

ð�(x)gè�(yjx)dã(x)dí(y) 3 1AS (æ)1A�(0)1A�9
(0):

We denote by �Pè,�ë(æ) the law of f �Z ngn induced by �ë(æ) and �Ðè, and by �Eè,�ë(æ) the cor-

responding expectation. In Section D.3, we prove the exponential lack of memory of the

initial condition for this chain, its ergodicity, and the convergence of normalized sums of

some functions of this chain. Then we are able to prove the convergence of the Hessian of the

normalized log-likelihood.

Proposition 6. Under Assumptions 1 and 7±9, there exists a matrix Iè such that

1

n
=2 ln(è, æ)! ÿIè P�-a:s:

Moreover, Iè� is the Fisher information matrix, that is,

Iè� � ÿ lim
n!1

1

n
E�(=2 ln(è�, æ)) � lim

n!1
1

n
E�(=ln(è�, æ)T=ln(è�, æ)) � Jè� ,

where superscript T denotes matrix transposition.

Write, for all ç. 0 and y in Y ,
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ùq9(ç)�n sup
kèÿè�k, ç

max
1<k< p

�
ess sup

u

j@ k qè(u, v)ÿ @ k qè�(u, v)jdã(v),

ùq 0(ç)�n sup
kèÿè�k, ç

max
1<k, l< p

�
ess sup

u

j@2
k, lqè(u, v)ÿ @2

k, l qè�(u, v)jdã(v),

ù g 0(y, ç)�n sup
kèÿè�k, ç

max
1<k, l< p

ess sup
u

j@2
k, l gè(yju)ÿ @2

k, l gè�(yju)j,

Ä-(ç)�n
�

ù g 0(y, ç)

infè ess supx gè(yjx)
gè�(yjx)dí(y):

Assumption 10. limç!0 ùq9(ç) � limç!0 ùq 0(ç) � 0: Furthermore, there exists some ç0 . 0

such that Ä-(ç0) is ®nite.

We ®nally prove the following proposition.

Proposition 7. Under Assumptions 1, 5±6 and 9±10, we have, for any k, l in f1, . . . , pg,

lim
ç!0

E� sup
kèÿè�k<ç

1

n
j@2

k, l ln(è, æ)ÿ @2
k, l ln(è�, æ)j

 !
� 0:

Remark 4. This proposition ensures that =[limn!1(1=n)=ln(è, æ)]è�è� � ÿIè� and that

=[Ëè(hè)]è�è� � 0.

These properties are suf®cient to obtain the asymptotic normality of the maximum

likelihood estimator using the following assumption.

Assumption 11. Iè� is an invertible matrix.

Theorem 3. Under Assumptions 7±11 and the assumption that è̂n(æ) is consistent,

n1=2(è̂n ÿ è�)! N (0, Iÿ1
è� ) weakly under P�:

Remark 5. Combining Propositions 6 and 7 with Theorem 3, we obtain a con®dence interval

for è�. Moreover, we also have the local asymptotic normality conditions for our model, and

the maximum likelihood estimator is locally asymptotically minimax (see Bickel et al. 1993).

Appendix A. Exponential memorylessness of the prediction
®lter

Proof of Proposition 1. Only the main steps of the proof will be described here. It is adapted

from Mevel (1997) and uses results from Seneta (1981). The original idea comes from work
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by Arapostathis and Marcus (1990). Proofs which are not easily deduced from the ®nite state-

space case are described in full.

Step 1. Let p be a transition density function on (X , B (X ), ã). De®ne

ô1( p)�n 1
2

ess sup
x,x9

�
v

j p(x, v)ÿ p(x9, v)jdã(v)

and, for all u, v in K, for all f measurable and non-negative, write, for n > m,

Aè
n,m(u, v)�n

�
u n

qè(un, v)gè(Ynjun) � � �
�

um�1

qè(um�1, um�2)gè(Ym�1jum�1)

3 qè(u, um�1)gè(Ymju)dã(um�1) � � � dã(un),

N (Aè
n,m)(u)�n

�
v

Aè
n,m(u, v)dã(v),

N (Aè
n,m f )�n

�
u

N (Aè
n,m)(u) f (u)dã(u) �

�
u,v

Aè
n,m(u, v) f (u)dã(u)dã(v):

Lemma 2.

kÖnÿm�1(Y m
n , f ; è)ÿÖnÿm�1(Y m

n , f 9; è)k1

< ô1

Aè
n,m

N (Aè
n,m)

 ! N (Aè
n,m)

N (Aè
n,m f )

f ÿ N (Aè
n,m)

N (Aè
n,m f 9)

f 9


1

:

Proof. With the previous de®nitions, we may write

kÖnÿm�1(Y m
n , f ; è)ÿÖnÿm�1(Y m

n , f 9; è)k1

�
�

v

�����
u

Aè
n,m(u, v)

N (Aè
n,m)(u)

N (Aè
n,m)(u)

N (Aè
n,m f )

f (u)ÿ N (Aè
n,m)(u)

N (Aè
n,m f 9)

f 9(u)

" #
dã(u)

����dã(v):

We then use the following general result. Let Ø be a measurable function such that�
uØ(u)dã(u) � 0. Then we have

�
Ø� � � Øÿ � 1

2

� jØj, where Ø� � max(Ø, 0), Øÿ �
max(ÿØ, 0). We may also write

Ø(x) �
�

a(s, x)dã(s)ÿ
�

a(x, t)dã(t), where a(s, t) � Øÿ(s)Ø�(t)�
Ø�

:

Note that
� �

a(s, t)dã(s)dã(t) � 1
2

� jØ(x)jdã(x). Applying this result to the function

Ø(u) � N (Aè
n,m)(u)

N (Aè
n,m f )

f (u)ÿ N (Aè
n,m)(u)

N (Aè
n,m f 9)

f 9(u)

(with mean zero), we obtain
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�
v

�����
u

Aè
n,m(u, v)

N (Aè
n,m)(u)

Ø(u)dã(u)

����dã(v)

�
�

v

�����
u

Aè
n,m(u, v)

N (Aè
n,m)(u)

�
s

a(s, u)dã(s)ÿ
�

t

a(u, t)dã(t)

� �
dã(u)

����dã(v)

�
�

v

�����
x, y

Aè
n,m(x, v)a(y, x)

N (Aè
n,m)(x)

dã(x)dã(y)ÿ
�

x, y

Aè
n,m(y, v)a(y, x)

N (Aè
n,m)(y)

dã(x)dã(y)

���� dã(v)

<

�
v,x, y

���� Aè
n,m(x, v)

N (Aè
n,m)(x)

ÿ Aè
n,m(y, v)

N (Aè
n,m)(y)

����a(y, x)dã(x)dã(y)dã(v)

<
1

2
ess sup

x, y

�
v

���� Aè
n,m(x, v)

N (Aè
n,m)(x)

ÿ Aè
n,m(y, v)

N (Aè
n,m)(y)

���� dã(v)

 !

3

�
u

���� N (Aè
n,m)(u)

N (Aè
n,m f )

f (u)ÿ N (Aè
n,m)(u)

N (Aè
n,m f 9)

f 9(u)

���� dã(u)

� ô1

Aè
n,m

N (Aè
n,m)

 ! N (Aè
n,m)

N (Aè
n,m f )

f ÿ N (Aè
n,m)

N (Aè
n,m f 9)

f 9


1

,

which concludes the proof of Lemma 2. h

Step 2. This consists in bounding from above the last term of the right-hand side of the

previous inequality.

Lemma 3. N (Aè
n,m)

N (Aè
n,m f )

f ÿ N (Aè
n,m)

N (Aè
n,m f 9)

f 9


1

< 2ùèk f ÿ f 9k1, where ùè � sup
N (Aè

n,m f )

N (Aè
n,m g)

:

The supremum is taken over the set of measurable and non-negative functions f and g such

that
�

f dã � � g dã � 1.

Step 3. We prove the following result:

Lemma 4. ùè < Eÿ1
è äè(Ym).

The proofs of Lemmas 3 and 4 are straightforward adaptations from Mevel (1997,

Propositions A.1 and A.2), and are omitted here for brevity.

Then we conclude that
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kÖnÿm�1(Y m
n , f ; è)ÿÖnÿm�1(Y m

n , f 9; è)k1 < 2Eÿ1
è äè(Ym) 3 ô1

Aè
n,m

N (Aè
n,m)

 !
3 k f ÿ f 9k1:

Let us now examine the behaviour of ô1(Aè
n,m=N (Aè

n,m)). We wish to proceed by analogy

between Aè
n,m and a product of random matrices (which appears in ®nite state-space

models): this technique will bring out the term (1ÿ Eè)nÿm�1. We obtain an upper bound

for ô1 by using another coef®cient, denoted by ôB (Birkhoff's coef®cient), which does not

depend on the normalization N (Aè
n,m).

Step 4. All these results are generalizations of those obtained by Seneta (1981, Theorems

3.12 and 3.13, pp. 106±110) and the proofs will be omitted. Let us de®ne Birkhoff's

coef®cient by

ôB( p) � sup
d( p� f , p� g)

d( f , g)
,

where

d( f , g) � ess sup
x,x9

log
f (x)g(x9)

g(x) f (x9)

� �
,

p� f (v) �
�

u

p�(v, u) f (u)dã(u) �
�

u

p(u, v) f (u)dã(u):

The ®rst supremum is taken over the set of measurable and non-negative functions f and g

such that f 6� ëg (ë 2 R), and p� is the transpose density function associated with p (i.e.

p�(x, y) � p(y, x)). With this de®nition, ôB does not depend on the normalization, and is,

moreover, submultiplicative. We now give another expression for ôB, and then the upper

bound of ô1 by ôB.

Lemma 5.

ôB( p) � 1ÿ á( p)1=2

1� á( p)1=2
> ô1( p), where á( p) � ess inf

x, y,z, t

p(x, z) p(y, t)

p(x, t) p(y, z)
� á( p�):

We now apply these results with p � Aè
n,m=(N (Aè

n,m)). We have

ô1

Aè
n,m

N (Aè
n,m)

 !
< ôB

Aè
n,m

N (Aè
n,m)

 !
:

It follows from the de®nition that á(Aè
n,m=N (Aè

n,m)) � á(Aè
n,m), and then ôB(Aè

n,m=N (Aè
n,m))

� ôB(Aè
n,m) by application of Lemma 5. Since ôB is submultiplicative,

ôB(Aè
n,m) < Ðn

k�môB[qè(�, �)gè(Yk j�)]:
Finally, again using Lemma 5, ôB[qè(�, �)gè(Yk j�)] � ôB(qè), and, under Assumption 1,
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á(qè) � ess inf
x, y,z, t

qè(x, z)qè(y, t)

qè(x, t)qè(y, z)
> E2

è:

Thus ôB(qè) < 1ÿ Eè, which ®nally implies that ôB(Aè
n,m) < (1ÿ Eè)nÿm�1. h

Appendix B. Geometric ergodicity of the extended chain

Proof of Proposition 2. Let h be in Lip(E), and z � (x, y, f , f �), z9 � (x9, y9, f 9, ( f �)9) be

in E. In order to obtain an upper bound for jÐn
è h(z)ÿÐn

è h(z9)j, use the decomposition

Ðn
è h(z)ÿÐn

è h(z9) � [Ðn
è h(x, y, f , f �)ÿÐn

è h(x, y9, f 9, ( f �)9)]

� [Ðn
è h(x, y9, f 9, ( f �)9)ÿÐn

è h(x9, y9, f 9, ( f �)9)]:
Denote by A and B the ®rst and second terms on the right-hand side of this equation,

respectively. A and B will be treated separately.

For i < j, write yi
j � (yj, . . . , yi) and, with an abuse of notation, dã(xi

j) �n
dã(xi) . . . dã(xj) and dí(yi

j)�n dí(yi) . . . dã(yj). Write also fyi
j, yg �n (yj, . . . , yi, y). Then

A �
�

x1��� yn

[h(xn, yn, Ön(fy1
nÿ1, yg, f ; è), Ön(fy1

nÿ1, yg, f �; è�))

ÿ h(xn, yn, Ön(fy1
nÿ1, y9g, f 9; è), Ön(fy1

nÿ1, y9g, ( f �)9; è�))]

3 qè� (x, x1) � � � qè�(xnÿ1, xn)gè�(y1jx1) � � � gè�(ynjxn)dã(x1
n)dí(y1

n):

Then, using Lip(E) as in De®nition 1, and the fact that, for all è in È, Ön(y1
nÿ1, y,

f ; è) � Önÿ1(y1
nÿ1, Ö1(y, f ; è); è), we have

jAj <
�

x1��� yn

lip(h, xn, yn)[kÖnÿ1(y1
nÿ1, Ö1(y, f ; è); è)ÿÖnÿ1(y1

nÿ1, Ö1(y9, f 9; è); è)k1

� kÖnÿ1(y1
nÿ1, Ö1(y, f �; è�); è�)ÿÖnÿ1(y1

nÿ1, Ö1(y9, ( f �)9; è�); è�)k1]

3 qè�(x, x1) � � � qè�(xnÿ1, xn)gè�(y1jx1) � � � gè� (ynjxn)dã(x1
n)dí(y1

n):

Exponential lack of memory of the prediction ®lter yields

kÖnÿ1(y1
nÿ1, Ö1(y, f ; è); è)ÿÖnÿ1(y1

nÿ1, Ö1(y9, f 9; è); è)k1

< 2Eÿ1
è äè(y1)(1ÿ Eè)nÿ1kÖ1(y, f ; è)ÿÖ1(y9, f 9; è)k1

< 4Eÿ1
è äè(y1)(1ÿ Eè)nÿ1:

The same inequality holds at the point è�. Integrating the above expression and using

Assumption 1 yields
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jAj < 4lip(h)[Eÿ1
è Ä1(1ÿ Eè)nÿ1 � Eÿ1

è�Ä1(1ÿ Eè�)
nÿ1]

< 8lip(h)Eÿ1Ä1(1ÿ E)nÿ1: (37)

Remark 6. We may prove along the same lines that if h is in Lip(E) then, for any integer n,

Ðn
è h also belongs to Lip(E), with lip(Ðn

è h, x, y) < lip(h)äè(y) and k(Ðn
è h, x, y) < k(h).

We now turn our attention to B, given by

B �
�

x1��� yn

h(xn, yn, Ön(fy1
nÿ1, y9g, f 9; è), Ön(fy1

nÿ1, y9g, ( f �)9; è�))

3 [qè� (x, x1)ÿ qè� (x9, x1)]qè�(x1, x2) � � � qè�(xnÿ1, xn)

3 gè�(y1jx1) � � � gè�(ynjxn)dã(x1
n)dí(y1

n):

Let m � [n=2] and F, F� be ®xed functions in S�. Note that

h(xn, yn, Ön(fy1
nÿ1, y9g, f 9; è), Ön(fy1

nÿ1, y9g, ( f �)9; è�))

� h(xn, yn, Önÿm(ym
nÿ1, Öm(fy1

mÿ1, y9g, f 9; è); è),

Önÿm(ym
nÿ1, Öm(fy1

mÿ1, y9g, ( f �)9; è�); è�))

ÿ h(xn, yn, Önÿm(ym
nÿ1, F; è), Önÿm(ym

nÿ1, F�; è�))

� h(xn, yn, Önÿm(ym
nÿ1, F; è), Önÿm(ym

nÿ1, F�; è�)):
Insert this form into B and use the fact that h is in Lip(E) for the ®rst part and take the

integral with respect to y1
mÿ1 and x1

mÿ1 in the second; this yields

jBj <
�

x1��� yn

lip(h, xn, yn) 3 (kÖnÿm(ym
nÿ1, Öm(fy1

mÿ1, y9g, f 9; è); è)ÿÖnÿm(ym
nÿ1, F; è)k1

� kÖnÿm(ym
nÿ1, Öm(fy1

mÿ1, y9g, ( f �)9; è�); è�)ÿÖnÿm(ym
nÿ1, F�; è�)k1)

3 jqè�(x, x1)ÿ qè�(x9, x1)jqè�(x1, x2) � � � qè�(xnÿ1, xn)

3 gè�(y1jx1) � � � gè�(ynjxn)dã(x1
n)dí(y1

n)

�
�

xm���xn

�
ym��� yn

jh(xn, yn, Ön(ym
nÿ1, F; è), Ön(ym

nÿ1, F�; è�))j

3 jqm
è�(x, xm)ÿ qm

è�(x9, xm)jqè� (xm, xm�1) � � � qè� (xnÿ1, xn)

3 gè�(ymjxm) � � � gè�(ynjxn)dã(xm
n )dí(ym

n ):

Using Proposition 1 and inequality (9) yields
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jBj <
�

x1��� yn

lip(h, xn, yn) 3 2Eÿ1(1ÿ E)nÿm

3 (kÖm(fy1
mÿ1, y9g, f 9; è)ÿ Fk1äè(ym)� kÖm(fy1

mÿ1, y9g, ( f �)9; è�)ÿ F�k1äè�(ym))

3 (qè�(x, x1)� qè�(x9, x1))qè�(x1, x2) � � � qè�(xnÿ1, xn)gè�(y1jx1) � � �

gè�(ynjxn)dã(x1
n)dí(y1

n)

�
�

xm���xn

�
ym��� yn

k(h, xn, yn)rm
0 qè�(xm, xm�1) � � � qè� (xnÿ1, xn)

3 gè�(ymjxm) � � � gè�(ynjxn)dã(xm
n )dí(ym

n ),

that is,

jBj < 16 3 lip(h)Eÿ1Ä1(1ÿ E)nÿm � k(h)rm
0 : (38)

Inequalities (37) and (38) complete the proof. h

Proof of Corollaries 1 and 2. The existence of Ëè(h) follows from Proposition 2, using the

same ideas as in Sunyach (1975, Theorem 1). Then we can easily check that the function

de®ned on E by

V (z) �
X
n>0

[Ðn
è h(z)ÿËè(h)] (39)

is a solution to the Poisson equation. As the space E is not locally compact, we cannot use

the Riesz representation theorem to show that Ëè(h) is the expectation of h under a suitable

measure. Let us show that the family of probability measures (Ðn
è(z, �))n>0 is asymptotically

tight (for de®nition see, van der Vaart and Wellner 1996, p. 20), using the same basic ideas as

in Sunyach (1975, Theorem 1).

Let d(�, �) be a distance in E. For D a compact set of E and ä. 0, de®ne

jä,D(z)�n inf (1, (1=ä)d(z, D)). It is straightforward to show that jä,D(z) is in Lip(E), with

lip(jä,D) < äÿ1 and k(jä,D) < 1. Moreover, for any set A, write Aä �n fz 2 E;

d(z, A ) < äg for the ä-enlargement of A:
Let E, ä. 0 and z in E. There exists p suf®ciently large such that C[äÿ1 � 1]

3 r p(1ÿ r)ÿ1 , E=2 (where C is the constant appearing in (12)). Now, choose a compact

DE such that Ðn
è[z, (DE)c] , E=2 for k � 1, . . . , p, which is possible since any probability

measure in a separable and complete space is tight (the superscript c denotes the

complement in the space E). Note that we have 1((D E)ä)c < jä,D E < 1(D E)c , so we obtain, for

any n . p,
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Ðn
è[z, ((DE)ä)c] < Ðn

è(jä,D E)(z)

< Ð p
è (jä,D E)(z)� C

1

ä
� 1

� �
r p

1ÿ r

< Ð p
è [z, (DE)c]� E

2

< E: (40)

So (Ðn
è(z, �))n>0 is asymptotically tight. Hence, by Prohorov's theorem (van der Vaart and

Wellner 1996, p. 21), there exists a probability measure ëè and a subsequence (ni)i>0 such

that Ðni

è (z, �) converges weakly to ëè. This proves that for any continuous and bounded

function h in Lip(E), Ëè(h) � � h(z)dëè(z). Using the result of Corollary 1, we obtain that,

for any continuous and bounded function h in Lip(E),

ë(æ)Ðn
è h�n

�
Ðn

è h(z)ë(æ)(dz) � Eè,ë(æ)(h(Zn)) !
n!1

�
h(z)dëè(z) � Ëè(h): (41)

Then, using the fact that, for any h in Lip(E), Ðèh is still in Lip(E) (see Remark 6), ëè is the

unique invariant probability measure associated with the kernel Ðè.

Now let h be a function in Lip(E) (h is not necessarily continuous and bounded). De®ne

Gh(x, y, f , f �)�n
�

h(x0, y0, f , f �)gè� (y0jx0) f �(x0)dí(y0)dã(x0) (42)

It can be easily checked that Gh is a bounded and continuous function in Lip(E). Applying

the previous result to the function Gh, we obtain

lim
n
ë(æ)Ðn

èGh �
�

Gh(z)dëè(z)

�
�

h(x0, y0, f , f �)gè�(y0jx0) f �(x0)dí(y0)dã(x0)ëè(K, Y , d f , d f �): (43)

Using Remark 2,

ë(æ)Ðn
è h � Eè,ë(æ)(h(Zn))

� E�[E�(h(Xn, Yn, f
æ
è,n, f ð

�
è�,n

)jY 0
nÿ1)]

� E�(Gh(Xn, Yn, f
æ
è,n, f ð

�
è� ,n

))

� Eè,ë(æ)(Gh(Zn))

� ë(æ)Ðn
èGh: (44)

But we already know by (41) that

lim
n
ë(æ)Ðn

è h � Ëè(h): (45)
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Combining with (43), (44) and (45),

Ëè(h) �
�

h(x0, y0, f , f �)gè�(y0jx0) f �(x0)dí(y0)dã(x0)ëè(K, Y , d f , d f �):

But we have

gè�(y0jx0) f �(x0)dí(y0)dã(x0)ëè(K, Y , d f , d f �) � ëè(dx0, dy0, d f , d f �),
as these measures are entirely identi®ed by their integrals on Lipschitz and bounded functions

on E. Then we obtain, for all h in Lip(E),

Ëè(h) �
�

h(z)dëè(z):

h

Appendix C. Consistency of the maximum likelihood estimator

Proof of Proposition 3. (i) Denote by V by the solution of the Poisson equation associated to

the function h (see Corollary 1) and by F n the ó-algebra generated by fZ0, . . . , Zng. It is

easy to show, using inequality (12) for n > 1, that

jV (z)j < Cr
lip(h)� k(h)

(1ÿ r)2
� jËè(h)j � k(h, x, y), (46)

and thus there exist s . 1 (cf. Assumption 3) such that ÐèjV js is bounded, which implies that

Eè(jV (Z n�1)ÿÐèV (Zn)jsjF n) is bounded independently of n. The proof follows from the

classical identity (Meyn and Tweedie 1993, 17.4.3)

1

n

Xnÿ1

m�0

h(Zm)

� Ëè(h)� 1

n

Xn

m�1

[V (Zm)ÿÐèV (Z mÿ1)]� 1

n
[ÐèV (Z0)ÿÐèV (Zn)� h(Z0)ÿ h(Zn)]

by applying the corollary of Chow's theorem (Hall and Heyde 1980, p. 36).

(ii) This is a direct consequence of (i) by applying Remark 2. h

Proof of Proposition 4. It is easy to show that

jhè(x, y, f 1, f 2)ÿ hè(x, y, f 91, f 92)j �
�����log 1�

�
u gè(yju)( f 1 ÿ f 91)(u)dã(u)�

u gè(yju) f 91(u)dã(u)

 !�����
< äè(y)k f 1 ÿ f 91k1 (47)
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and

jhè(x, y, f 1, f 2)j < kè(y), (48)

which proves that h is in Lip(E) and veri®es equation (15), using Assumptions 2 and 3.

h

Proof of Lemma 1. Let ç. 0 and kèÿ è9k < ç. By Proposition 1,

kÖn�1(Y 0
n, æ; è)ÿÖn�1(Y 0

n, æ; è9)k1

� kÖn(Y 1
n, Ö1(Y0, æ; è); è)ÿÖn(Y 1

n, Ö1(Y0, æ, è9); è9)k1

< kÖn(Y 1
n, Ö1(Y0, æ; è); è)ÿÖn(Y 1

n, Ö1(Y0, æ, è9); è)k1

� kÖn(Y 1
n, Ö1(Y0, æ; è9); è)ÿÖn(Y 1

n, Ö1(Y0, æ; è9); è9)k1

< 2Eÿ1
è äè(Y1)rnkÖ1(Y0, æ; è)ÿÖ1(Y0, æ; è9)k1 � sup

f

kÖn(Y 1
n, f ; è)ÿÖn(Y 1

n, f ; è9)k1:

(49)

It is straightforward to show that

kÖ1(Y0, æ; è)ÿÖ1(Y0, æ; è9)k1

<

 � (qè(u, �)ÿ qè9(u, �))gè(Y0ju)æ(u)dã(u)�
gè(Y0ju)æ(u)dã(u)


1

�
 � qè9(u, �)gè(Y0ju)æ(u)dã(u)�

gè(Y0ju)æ(u)dã(u)
ÿ
�

qè9(u, �)gè9(Y0ju)æ(u)dã(u)�
gè9(Y0ju)æ(u)dã(u)


1

:

The ®rst term on the right-hand side of this expression is bounded from above by ùq(ç). The

second term on the right is bounded from above by 2ä9(Y0, ç), by breaking the difference into

two terms including
�

qè9(u, �)gè(Y0ju)æ(u)dã(u)=
�

gè9(Y0ju)æ(u)dã(u). Combining these two

bounds with (49),

sup
æ
kÖn�1(Y 0

n, æ; è)ÿÖn�1(Y 0
n, æ; è9)k1

< 2Eÿ1äè(Y1)(ùq(ç)� 2ä9(Y0, ç))rnkèÿ è9k � sup
æ
kÖn(Y 1

n, æ; è)ÿÖn(Y 1
n, æ; è9)k1:

A straightforward recurrence completes the proof. h
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Appendix D. Asymptotic normality of the maximum likelihood
estimator

D.1. Exponential memorylessness of the gradient of the prediction ®lter

and consequences

Iterating equation (35) at order m, m < n, yields, for all v in K,

= f
æ
è,n�1(v) � Ønÿm�1(Y m

n , f
æ
è,m, = f

æ
è,m; è)(v),

where Øn is the vector function (Øk
n)1<k< p de®ned by

Øk
nÿm�1(Y m

n , f , ó ; è)(v)

�
�

u n

aè(Yn, f n)(un, v) � � �
�

u m

aè(Ym, f )(um, um�1)ó k(um)dã(um) � � � dã(un)

�
Xnÿ1

l�m

�
u n

aè(Yn, f n)(un, v) � � �
�

u l�1

aè(Yl�1, f l�1)(ul�1, ul�2)

3 Uè,k(Yl, f l)(ul�1)dã(ul�1) � � � dã(un)� Uè,k(Yn, f n)(v),

where, for all l < m� 1, we use the notation f l �n Ö lÿm(Y m
lÿ1, f ; è).

In this subsection, the exponential memorylessness for Ø of the initial conditions is

proved. It is straightforward to show that, for any k in f1, . . . , pg, Uè,k veri®es a Lipschitz

condition. For all y in Y , for all f, f 9 in S�,

kUè,k(y, f )ÿ Uè,k(y, f 9)k1 < lip(Uè,k , y)k f ÿ f 9k1,

kUè,k(y, f )k1 < k(Uè,k , y),

where

lip(Uè,k , y) � äè(y)(1� äè(y)) max
1<k< p

�
x9

ess sup
x

j@ k qè(x, x9)jdã(x9)

� �
� ä9è(y)(1� äè(y))

� 2äè(y)ä9è(y)(1� äè(y)2),

k(Uè,k , y) � äè(y) max
1<k< p

�
x9

ess sup
x

j@ k qè(x, x9)jdã(x9)

� �
� ä9è(y)(1� äè(y)):

Note that lip(Uè,k)�n ess supx

�
y lip(Uè,k , y)gè�(yjx)dí(y) ,1 provided that Ä2 and (ÄÄ9)3,1

are ®nite, and k(Uè,k)�n ess supx

�
y k(Uè,k , y)gè�(yjx)dí(( )y) ,1 provided that Ä1 and

(ÄÄ9)11 are ®nite.

Proposition 8. Under Assumptions 1 and 7, and for all f, f 9 in S�, ó, ó9 in Ó, è in È, and

all 1 < k < p,
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kØk
nÿm�1(Y m

n , f , ó ; è)ÿØk
nÿm�1(Y m

n , f 9, ó 9; è)k1

< 6äè(Ym)3Eÿ1
è (1ÿ Eè)nÿm�1[kó k ÿ ó 9kk1 � k f ÿ f 9k1(1� kó kk1 � kó 9kk1)]

� 10äè(Ym)Eÿ1
è (1ÿ Eè)nÿm�1k f ÿ f 9k1

lip(Uè,k , Yn)�
Xnÿ1

l�m

lip(Uè,k , Yl)äè(Yl�1)2 �
Xnÿ1

l�m

äè(Yl�1)3k(Uè,k , Yl)

" #
:

The proof is a straightforward adaptation from Mevel (1997, Part I, Proposition 4.4) and

is omitted here.

Now de®ne a class of Lipschitz functions on E9:

De®nition 2. Lip(E9) is the set of vector-valued functions h � (hk)1<k< p such that each hk is

a real-valued measurable function on E9; and for all (x, y) in K 3 Y , there exist

lip9(hk , x, y) and k9(hk , x, y) such that, for all f, f 9 in S�, for all ó, ó 9 in Ó,

jhk(x, y, f , ó )ÿ hk(x, y, f 9, ó 9)j
< lip9(hk , x, y)[kó k ÿ ó 9kk1 � k f ÿ f 9k1 3 (1� kó kk1 � kó 9kk1)],

jhk(x, y, f , ó ) < k9(hk , x, y)(1� kó kk1)

and

lip9(hk) � ess sup
x

�
lip9(hk , x, y)gè�(yjx)dí(y) ,1,

k9(hk) � ess sup
x

�
k9(hk , x, y)gè�(yjx)dí(y) ,1:

The following analogue of Proposition 2 can be proved.

Proposition 9. Under Assumptions 1 and 7, there exist constants C . 0 and ~r 2 ]r, 1[ such

that, for all z, z9 in E9, for all h in Lip(E9), for all n > 1, and for all 1 < k < p, we have

j ~Ðn
è hk(z)ÿ ~Ðn

è hk(z9)j <
C(k9(hk)� lip9(hk)) ~rn(1� kó kk1 � kó 9kk1)(äè(y)2 � äè(y9)2 � k(Uè,k , y)� k(Uè,k , y9)):

Corollary 3. Under Assumptions 1 and 7, there exist constants C . 0 and ~r 2 ]r, 1[, such

that, for all h in Lip(E9), there exists a family of constants ( ~Ëè(hk))1<k< p, such that for all z

in E9, for all n > 1, and for all 1 < k < p,

j ~Ðn
è hk(z)ÿ ~Ëè(hk)j < C(lip9(hk)� k9(hk)) ~rn(1� kó kk1)(äè(y)2 � k(Uè,k , y)):

For any initial probability measure ~ë on (E9, B (E9)), and for any function h in Lip(E9),
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~Ëè(h) � lim
n!1

~Eè,~ë(h( ~Z n)), (50)

and, for all 1 < k < p, there exists a solution in E9 to the Poisson equation (I ÿ ~Ðè)V (�)
� hk(�)ÿ ~Ëè(hk).

The proofs are similar to the proofs of Proposition 2 and its corollary, and are omitted

here (note that they assume that Ä3 is ®nite).

We can now prove the convergence of the gradient of the normalized log-likelihood.

D.2. Proof of Proposition 5

Differentiating the expression for the log-likelihood, we obtain, for all k in f1, . . . , pg,

1

n
@ k ln(è, æ) � 1

n

Xnÿ1

m�0

�
@ k gè(Ymju) f

æ
è,m(u)dã(u)� � gè(Ymju)@ k f

æ
è,m(u)dã(u)�

gè(Ymju) f
æ
è,m(u)dã(u)

P�-a:s:

� 1

n

Xnÿ1

m�0

jè,k( ~Z m) Pè,ë(æ)-a:s:,

where

jè,k(x, y, f , ó )�n
�
@ k gè(yju) f (u)dã(u)� � gè(yju)ó k(u)dã(u)�

gè(yju) f (u)dã(u)
:

We check (using simple calculus) that jè is in Lip(E9), assuming that Ä2 and (ÄÄ9)1,1 are

®nite. (In fact, lip9( jè, x, y) � ä9è(y)(1� äè(y))� äè(y)2 and k9( jè, x, y) � äè(y)� ä9è(y)).

Assuming, moreover, that, for some s . 1, Äs and Ä9s are ®nite (in order to obtain a condition

like (15)), we prove, just as in Proposition 4, that, for all k in f1, . . . , pg,

1

n
@ k ln(è, æ)! ~Ëè( jè,k) P�-a:s:

But the score function ~Ëè( jè) vanishes at è�: Propositions 6 and 7 show that the convergence

of (1=n)=2 ln(è, æ) happens P�-a.s. and uniformly for è in a neighbourhood of è�, for some

subsequence; and then for the whole family, as it is still P�-a.s. convergent. Thus,

(1=n)=ln(è, æ) is uniformly convergent, vanishes at è̂n(æ), and è̂n(æ) converges to è�, which

proves the result.

Let V�k denote the solution to the Poisson equation (I ÿ ~Ðè�)V � jè� ,k ÿ ~Ëè� ( jè�,k)

(which exists by Corollary 3). We have, ~Pè�,~ë(æ)
-a.s.
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1

n1=2
@ k ln(è�, æ) � 1

n1=2

Xnÿ1

m�0

jè�,k( ~Z m)ÿ ~Ëè�( jè� ,k)

� 1

n1=2

Xn

m�1

V�k ( ~Z m)ÿ ~Ðè�V
�
k ( ~Z mÿ1)

� 1

n1=2
( ~Ðè�V�k ( ~Z0)ÿ ~Ðè�V�k ( ~Z n)� jè�,k( ~Z0)ÿ jè�,k( ~Z n)):

The second term converges to zero as the quantities ~Ðè�V�k (�) and jè� ,k are bounded. (Recall

that an inequality like (46) still holds. In fact, V�k (z) < C(äè(y)� k(Uè,k , y)) �
k( jè� ,k , x, y).) Thus, for all 1 < k < p,

lim
n!1

1

n1=2
@ k ln(è�, æ)ÿ 1

n1=2

Xn

m�1

(V�k ( ~Z m)ÿ ~Ðè�V�k ( ~Z mÿ1))

" #
� 0 ~Pè�,~ë(æ)

-a:s:

Now, since ( ~Ðè�V�k ( ~Z n))n is bounded, the convergence holds in L2( ~Pè�,~ë(æ)
):

~Eè� ,~ë(æ)

1

n1=2
@ k ln(è�, æ)ÿ 1

n1=2

Xn

m�1

V�k ( ~Z m)ÿ ~Ðè�V�k ( ~Z mÿ1)

" #2

!
n!1 0: (51)

Let u be a ®xed vector of R p;
Pn

m�1uT Bm �n
Pn

m�1uT(V�( ~Z m)ÿ ~Ðè�V�( ~Z mÿ1)) is a real-

valued martingale adapted to the Borel ó-®eld f ~Zn � ó (( ~Z k)k<n)gn>0. We shall use

Theorem 3.2 in Hall and Heyde (1980). We study

ó 2
n �

n
Xn

m�1

~Eè� ,~ë(æ)
(uT:Bm)2

�
X

1<k, l< p

ukul

Xn

m�1

~Eè�,~ë(æ)
~Eè�,~ë(æ)

[(V�k ( ~Z m)ÿ ~Ðè�V�k ( ~Z mÿ1))(V�l ( ~Z m)ÿ ~Ðè�V
�
l ( ~Z mÿ1))j ~Zmÿ1]

�
X

1<k, l< p

ukul

Xn

m�1

~Eè�,~ë(æ)
[(V�k V�l )( ~Z m)ÿ ~Ðè�V�k ( ~Z mÿ1) ~Ðè�V

�
l ( ~Z mÿ1)]:

Consider the function de®ned by

z! (V�k V�l )(z)�n V k, l(z):

We check that this function is in Lip(E9) and veri®es condition (15). First,

jV k, l(z)j < C(äè�(y)� ä9è�(y))2

(where C depends on Ä2 and Ä92), with Ä2s and Ä92s ®nite for some s . 1, by assumption. The

Lipschitz criterion is veri®ed by studying the quantity V k, l(x, y, f , ó )ÿ V k, l(x, y, f 9, ó 9),
where z � (x, y, f , ó ) and z9 � (x, y, f 9, ó 9) are elements of the space E9. We have
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jV�k V�l (z)ÿ V�k V�l (z9)j < jV�k (z)j3 jV�l (z)ÿ V�l (z9)j � jV�l (z)j3 jV�k (z)ÿ V�k (z9)j

< C(äè�(y)� ä9è�(y)) max
1< l< p

jV�l (z)ÿ V�l (z9)j,

and, by de®nition,

V�l (z) �
X
n>0

( ~Ðn
è� jè�, l(z)ÿ ~Ëè� ( jè� , l)) �

X
n>0

~Ðn
è� jè�, l(z):

But jè� , l is in Lip(E9) and, for n > 1, the function ~Ðn
è� jè� , l also belongs to Lip(E9), with

lip9(Ðn
è� jè�, l, x, y) < C(äè(y)3 � lip(Uè,k , y)� k(Uè,k , y)) ~rn (the same argument as in

Remark 6 can be used to see this result). Then, assuming that Ä4, (ÄÄ9)4,1 and (ÄÄ9)3,2

are ®nite, we obtain that V k, l belongs to Lip(E9).
The same argument shows that z! ~Ðè�V�k (z) ~Ðè�V

�
l (z) belongs to Lip(E9), and then

1

n

Xn

m�1

(V�k V�l )( ~Z m)ÿ ( ~Ðè�V�k ~Ðè�V�l )( ~Z mÿ1) !
n!1

~Ëè� (V
�
k V�l )(z)ÿ ~Ëè�( ~Ðè�V

�
k 3 ~Ðè�V�l ) ~Pè�,~ë(æ)

-a:s:

that is,

1

n

X
1<k, l< p

Xn

m�1

ukul[(V
�
k V�l )( ~Z m)ÿ ( ~Ðè�V�k ~Ðè�V�l )( ~Z mÿ1)]

!
n!1

~Ëè�(V
�
k V�l )ÿ ~Ëè�( ~Ðè�V

�
k 3 ~Ðè�V�l ) ~Pè�,~ë(æ)

-a:s:

As this family is uniformly integrable under Assumption 7, the convergence also happens for

its ®rst moment, so that

1

ó 2
n

Xn

m�1

~Eè�,~ë(æ)
[(uT:Bm)2j ~Zmÿ1] !

n!1 1 in ~Pè�,~ë(æ)
-probability:

We prove now that, for any positive E,

1

n

Xn

m�1

~Eè�,~ë(æ)
((uT:Bm)2:1juT:Bmj>ó nEj ~Zmÿ1) !

n!1 0 in ~Pè�,~ë(æ)
-probability:

For á. 0,

~Pè�,~ë(æ)

1

n

Xn

m�1

~Eè�,~ë(æ)
[(uT:Bm)21juT:Bmj>ó nEj ~Zmÿ1] > á

 !
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� ~Eè�,~ë(æ)
1Ón

m�1
~Eè� ,~ë(æ)

((uT:Bm)21juT :Bm j>ó nE
j ~Z mÿ1)>ná

� �
<

1

ná

Xn

m�1

~Eè�,~ë(æ)
~Eè� ,~ë(æ)

[(uT:Bm)21juT:Bmj>ó nEj ~Zmÿ1]

<
1

á
max

1<m<n

~Eè� ,~ë(æ)
[(uT:Bm)21juT:Bmj2sÿ2>(ó nE)2sÿ2 ]

<
1

á(Eón)2sÿ2
max

1<m<n

~Eè�,~ë(æ)
(juT:Bmj2s);

as (~Eè� ,~ë(æ)
(juT:Bmj2s))m is bounded and 1=ó n tends to zero, we obtain the result. We

conclude that

1

ó n

Xn

m�1

uT:Bm ! N (0, 1) weakly under ~Pè�,~ë(æ)
,

which means that

1

n1=2

Xn

m�1

uT:Bm ! N (0, uT:Jè� :u) weakly under ~Pè� ,~ë(æ)
,

where (Jè�)k, l � ~Ëè�(V
�
k V�l )ÿËè� ( ~Ðè�V�k 3 ~Ðè�V�l ). Moreover,

1

n

Xn

m�1

~Eè� ,~ë(æ)
(BT

m:Bm) !
n!1 Jè� :

Then, equation (51) shows that

nÿ1=2=ln(è�, æ)! N (0, J�è ) weakly under P�

and lim
n!1

1

n
E�(=ln(è�, æ)T:=ln(è�, æ)) � Jè� :

h

D.3. Exponential memorylessness of the Hessian of the prediction ®lter

and consequences

The chain f �Z ng lies in the space E 0 � K 3 Y 3 S� 3 Ó 3 Ó2 (where Ó2 � fô � (ôk, l)=ôk, l:

K! R and for all v in K, ô(v) is symmetric and positiveg). We ®rst need to ®nd a

recurrence relation between =2 f
æ
è,n�1 and =2 f

æ
è,n. Using recurrence relation (35) between

= f
æ
è,n�1 and = f

æ
è,n, we obtain that f=2 f

æ
è,ng is a functional autoregressive process

@2
k, l f

æ
è,n�1(v) �

�
u

aè(Yn, f
æ
è,n)(u, v)@2

k, l f
æ
è,n(u)dã(u)� Tè,k, l(Yn, f

æ
è,n, = f

æ
è,n)(v), (52)

where
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Tè,k, l(y, f , ó )(v) �
�
@2

k, lqè(u, v)gè(yju) f (u)dã(u)�
gè(yjw) f (w)dã(w)

�
�
@ l gè(yju) f (u)� gè(yju)ó l(u)�

gè(yju) f (u)dã(u)
3 @ k qè(u, v)ÿ

�
@ k qè(w, v)gè(yjw) f (w)dã(w)�

gè(yjw) f (w)dã(w)

 !
dã(u)

�
�
@ k gè(yju) f (u)� gè(yju)ó k(u)�

gè(yjw) f (w)dã(w)
3 @ l qè(u, v)ÿ

�
@ lqè(w, v)gè(yjw) f (w)dã(w)�

gè(yjw) f (w)dã(w)

 !
dã(u)

�
�
@ k gè(yju)ó l(u)� @ l gè(yju)ó k(u)�

gè(yjw) f (w)dã(w)

"

ÿ
�
@ l gè(yjw) f (w)dã(w)� � gè(yjw)ó l(w)dã(w)�

gè(yjw) f (w)dã(w)

 !
3

gè(yju)ó k(u)� @ k gè(yju) f (u)�
gè(yjw) f (w)dã(w)

 !

ÿ
�
@ k gè(yjw) f (w)dã(w)� � gè(yjw)ó k(w)dã(w)�

gè(yjw) f (w)dã(w)

 !
3

gè(yju)ó l(u)� @ l gè(yju) f (u)�
gè(yjw) f (w)dã(w)

 !#

3 qè(u, v)ÿ
�

qè(w, v)gè(yjw) f (w)dã(w)�
gè(yjw) f (w)dã(w)

" #
dã(u)

�
�

@2
k, l gè(yju) f (u)�

gè(yjw) f (w)dã(w)
qè(u, v)ÿ

�
qè(w, v)gè(yjw) f (w)dã(w)�

gè(yjw) f (w)dã(w)

" #
dã(u):

Relation (52) can be iterated to obtain =2 f
æ
è,n�1 � ánÿm�1(Y m

n , f
æ
è,m, = f

æ
è,m, =2 f

æ
è,m; è). Just

as in the preceding sections, we prove an exponential lack of memory of the initial conditions

for ánÿm(�; è).

Proposition 10. Under Assumptions 1 and 9, there exists C . 0 such that

sup
xm,:::,xn

�
kák, l

nÿm�1(ym
n , f , ó , ô; è)ÿ ák, l

nÿm�1(ym
n , f 9, ó 9, ô9; è)k1

gè�(ymjxm) . . . gè�(ynjxn)dí(ym) . . . dí(yn)

< C(nÿ m)2(1ÿ E)nÿm�1[kôk, l ÿ ô9k, lk1 � [kó k ÿ ó 9kk1 � kó l ÿ ó 9lk1]

3 (1� kó kk1 � kó lk1 � kó 9kk1 � kó 9lk1)

� k f ÿ f 9k1[kôk, lk1 � kô9k, lk1 � (1� kó kk1 � kó lk1 � kó 9kk1 � kó 9lk1)2]]:

Then we de®ne a set of Lipschitz functions on E 0.
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De®nition 3. Lip(E 0 ) is the set of vector-valued functions h � (hk, l)1<k, l< p, with each hk, l

being a measurable function on E 0 such that, for all k, l in f1 . . . pg, for all (x, y) in

K 3 Y , there exist lip 0(h, x, y) and k 0(h, x, y) such that, for any f, f 9 in S�, ó, ó 9 in Ó,

and ô, ô9 in Ó2,

jhk, l(x, y, f , ó , ô)ÿ hk, l(x, y, f 9, ó 9, ô9)j
< lip 0(h, x, y)[kôk, l ÿ ô9k, lk1 � (kó k ÿ ó 9kk1 � kó l ÿ ó 9lk1)

3 (1� kó kk1 � kó 9kk1 � kó lk1 � kó 9lk1)

� k f ÿ f 9k1[kôk, lk1 � kô9k, lk1 � (1� kó kk1 � kó 9kk1 � kó lk1 � kó 9lk1)2]],

jhk, l(x, y, f , ó , ô)j < k 0(h, x, y)[kôk, lk1 � (1� kó kk1 � kó lk1)2]

and

lip 0(h) � ess sup
x

�
lip 0(h, x, y)gè� (yjx)dí(y) ,1,

k 0(h) � ess sup
x

�
k 0(h, x, y)gè� (yjx)dí(y) ,1:

The transition kernel �Ð satis®es a contraction condition for these functions; as a result,

we can prove that the chain is ergodic.

Proposition 11. Under Assumptions 1 and 9, there exist ®nite constants �r 2 ]r, 1[ and

C . 0, and for all z, z9 in E0, h in Lip(E 0) and n > 1,

j �Ðn
è hk, l(z)ÿ �Ðn

è hk, l(z9)j < C(k 0(h)� lip 0(h)) �rn[kák, l
1 (y, f , ó , ô; è)k1

� kák, l
1 (y9, f 9, ó 9, ô9; è)k1 � [1� kØk

1 (y, f , ó ; è)k1 � kØ l
1(y, f , ó ; è)k1

� kØk
1 (y9, f 9, ó 9; è)k1 � kØ l

1(y9, f 9, ó 9; è)k1]2]:

Corollary 4. Under Assumptions 1 and 9, the Markov chain �Z n is geometrically ergodic.

There exist ®nite constants �r 2 ]r, 1[ and C . 0 such that, for all h in Lip(E 0), there exists a

®nite constant �Ëè(h), such that, for all z in E 0 and for all n > 1,

j �Ðn
è hk, l(z)ÿ �Ëè(h)j < C 3 (lip 0(h)� k 0(h)) �rn

[kák, l
1 (y, f , ó , ô; è)k1 � (1� kØk

1 (y, f , ó ; è)k1 � kØ l
1(y, f , ó ; è)k1)2]: (53)

For any initial probability measure �ë on (E 0, B (E 0 )) and for any function h in Lip(E 0 ),

�Ëè(h) � lim
n!1

�Eè,�ë(h( �Z n)), (54)

and there exists a solution in E 0 to the Poisson equation

(I ÿ �Ðè)V � hÿ �Ëè(h):
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Proofs of Proposition 11 and Corollary 4 follow the same lines as for Proposition 9 and

Corollary 3.

Proof of Proposition 6. Differentiating the expression for the gradient of the log-likelihood,

we obtain, for all k, l in f1, . . . , pg,

1

n
@2

k, l ln(è, æ) � 1

n

Xnÿ1

m�0

iè,kl( �Z m) ~Pè,�ë(æ)-a:s:, (55)

where

iè,kl(x, y, f , ó , ô) �n
�

gè(yju)ôkl(u)dã(u)�
gè(yju) f (u)dã(u)

�
�
@2

kl gè(yju) f (u)dã(u)�
gè(yju) f (u)dã(u)

�
�
@ k gè(yju)ó l(u)dã(u)�

gè(yju) f (u)dã(u)
�
�
@ l gè(yju)ó k(u)dã(u)�

gè(yju) f (u)dã(u)

ÿ
�
@ l gè(yju) f (u)dã(u)�

gè(yju) f (u)dã(u)
�
�

gè(yju)ó l(u)dã(u)�
gè(yju) f (u)dã(u)

 !

3

�
@ k gè(yju) f (u)dã(u)�

gè(yju) f (u)dã(u)
�
�

gè(yju)ó k(u)dã(u)�
gè(yju) f (u)dã(u)

 !
:

By a long but simple exercise in calculus, we can check that iè,kl is in Lip(E 0 ) and verify

(15), assuming that Ä2s, Ä92 t, Ä 0r(ÄÄ 0 )1,1 and (ÄÄ9)2,2 are ®nite for some r, s, t . 1. Using

similar arguments as for Proposition 3, we obtain

1

n
=2 ln(è�, æ)! �Ëè� (iè�)�

n ÿIè� :

Then

Iè� � ÿ lim
n!1E� 1

n
=2 ln(è�, æ)

� �
:

As permutation between differentiation and integration is valid in our case,

Jè� � lim
n!1E� 1

n
=ln(è�, æ)T:=ln(è�, æ)

� �
� ÿ lim

n!1E� 1

n
=2 ln(è�, æ)

� �
� Iè� :

h

Proof of Proposition 7. This proof is the same as for the quantity ln(è, æ)ÿ ln(è9, æ),

generalizing Lemma 1 to the gradient and the Hessian of the prediction ®lter. h
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