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ASYMPTOTICS TOWARD THE PLANAR RAREFACTION WAVE
FOR VISCOUS CONSERVATION LAW
IN TWO SPACE DIMENSIONS

MASATAKA NISHIKAWA AND KENJI NISHIHARA

ABSTRACT. This paper is concerned with the asymptotic behavior of the so-
lution toward the planar rarefaction wave r(%) connecting u4 and u_ for the
scalar viscous conservation law in two space dimensions. We assume that the
initial data uo(z,y) tends to constant states u4+ as x — oo, respectively.
Then, the convergence rate to r(F) of the solution u(t,z,y) is investigated
without the smallness conditions of |u4+ —u—| and the initial disturbance. The
proof is given by elementary L2-energy method.

1. INTRODUCTION

We consider the Cauchy problem for the scalar viscous conservation law in two
space dimensions:

(1.1) ug + f(u)e + g(u)y = pAu,  (t,2,y) € Ry x R?,
(1.2) u(0,2,y) = uop(z,y),

where f and g are smooth functions, and p is a positive constant. We assume that
f is convex, i.e.,

(1.3) f"(u)>a>0 for ueR,
and that the initial data is asymptotically constant:
(1.4) uo(z,y) — ux as x — too for any fixed y € R,

where u4 are constants satisfying u_ < uy. The asymptotic behavior as t — oo of
the solution is closely related to that of the Riemann problem for the corresponding
hyperbolic conservation law in one space dimension:

(1.5) re+ f(r)z =0, (t,z) € (—1,00) X R,
U_ for x <0,

1.6 —1,2) =rlx) =
(1.6) r(=Le) =ro(x) uy  for x>0.
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1204 MASATAKA NISHIKAWA AND KENJI NISHIHARA

The entropy solution (¢, ) of (1.5), (1.6) is given by

U for x < f'(u)(t+1),
17 r(ta) = (f/)—l(t%) for fllu)(t+1) <z < flus)(t+1),
Ut for f'(us)(t+1) <.

The function (t,z,y) — r(t,z) is called the planar rarefaction wave. In a one
dimensional case, the asymptotic behaviors of solutions were originally investigated
by II'in and Oleinik [3]. Harabetian [1] obtained the convergence rate toward the
rarefaction wave. Hattori and Nishihara [2] showed more precise behaviors of the
solution for the Burgers equation, employing the Hopf-Cole transformation. See
also [5], [6], [7], [8], [10].

In a two dimensional case, Xin [9] has first investigated the stability of the planar
rarefaction wave. Tto [4] has recently shown the convergence rate toward the planar
rarefaction wave. In both papers, the smallness of initial disturbance is essentially
assumed. In [4], the rarefaction wave is also assumed to be weak.

Our main purpose in this paper is to show that the solution u(t,z,y) asymp-
totically behaves as 7(t,z) with the same rate as that in [4] without smallness
conditions, which improves their results.

Denote R2 = {(z,y) € R%z > 0}, R = {(z,y) € R} 2 <0} and D = (2, 6%)
Then, our main theorem is as follows.

Theorem 1. Suppose that uo(x,y) —uy € L?*(RL) N LY(R2) and D%ug(z,y) €
HY(R?), |a| = 1. Then the problem (1.1),(1.2) has a unique global solution u(t,x,y)
satisfying

(1.8) sup [[u(t, -, y) — 7(t, |22,y < C(1+1)" T log(2 + ),
YyeER

where C'is a positive constant depending on ug.

Our plan in this paper is as follows. In the next section, we construct a smooth
rarefaction wave, which is different from that in [4], and reformulate our problem. In
the last two sections, we give the proofs of theorems for the reformulated problems.

2. SMOOTH APPROXIMATION AND PRELIMINARIES

We first introduce the function w(¢, z) as a solution to the problem:
(2.1) Wy + WWy = plgy, (t,2) € (—1,00) X R,

(2.2) w(—1,2) =75 (z) = £ (rf (2)).

The Hopf-Cole transformation gives the information of the properties of w. Using
w(t, z), we define “the smooth rarefaction wave” w(t, z) as

(2.3) w(t,x) = (f)7H(@(t @)l
According to (1.3), w(t, z) satisfies

(2.4 wek fw)s = s 4 2 () € R xR
(2.5) w(0,2) = wo(x) = f'(w(0,)).

The properties of the smooth rarefaction wave w(t, x) are stated in the following
lemma. From now on, we denote several constants by C or ¢ without confusion.
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Lemma 1 (Hattori and Nishihara [2]). The smooth rarefaction wave w(t,x) given
by (2.3) satisfies the following properties:

(i) [w(t, ) — ux| < Cexp(—clz|?),
(i) wy(t,x) >0,

(i) [we(t, MLory < (L+) 717, lwza(t, )zory < (1467
(iv) [Jw(t, ) =t )rr < CA+)” 2.

Since there is a “forcing term” '7}/,///((:5)) w? in the equation (2.4), we further intro-

duce the smooth rarefaction wave U (t, z) approximate to w, which satisfies
(2.6) U+ f(U)g = Ugy, (t,z) € Ry X R,
(2.7) U(0,z) = Uy(z) = f(w(0,z)).

The monotonicity in = of U(t,x) was obtained by Xin [9], which is important in
the a priori estimates in §4.

Lemma 2 (Xin [9]). Suppose that Uy(x) is monotonically increasing:

d
(2.8) EUQ(I’) >0, =z€R.

Then, the solution U(t,xz) of (2.6),(2.7) satisfies

(2.9) diU(t’ z)>0, (t,x)€ Ry xR.
x

Thus, setting
u(t,z,y) —r(t,z) ={wlt,z) —rit, )} + {U{t, ) —w(t,z)} +{u(t,z,y) —U(t,z)}
={w(t,z) —r(t,x)} +v(t,x) + V(t,z,y),
we have reached two reformulated problems:

IO L ) W
(210) vt {f (w4 0) — F)ke = pvee — gl

(2.11) v(0,2) = Up(z) — w(0,2) = vo(x),

(t,ZII) S R+ X R,

and

(212) Vi +{f(U+V) = f(U)}o +g(U+V)y =puAV,  (t,z,y) € Ry x R,

(213) V(O,x,y) :Uo(fE,y) _UO(:E) EVO(xuy)
The perturbations v and V satisfy the following theorems, respectively.

Theorem 2 (Decay estimate). Suppose that vo € H*(R) N L'(R). Then the prob-
lem (2.10),(2.11) has a unique global solution v(t,x) satisfying

v € C%([0,00); H*(R)) N C°([0,00); L'(R)),

vy € L*(0,T; H*(R)),
and

(2.14) [u(t, Y La(ry < C(1+1)"% log(2+1).
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1206 MASATAKA NISHIKAWA AND KENJI NISHIHARA

Theorem 3 (Decay estimate). Suppose that Vo € H?*(R?) N LY(R?). Then, the
problem (2.12),(2.18) has a unique global solution V (t,z,y) satisfying

V € C%[0,00); H*(R)), VV € L*(0,00; H*(R)),
and

(2.15) sup |V (t, - y)llz2(r,) < C(1+1)71.
YyeER

Theorem 2, Theorem 3 and Lemma 1 (iv) yield the desired estimate (1.8). In
the next two sections, we devote ourselves to the proofs of Theorems 2 and 3,
respectively.

3. DECAY ESTIMATES FOR THE PERTURBATION v

We begin with the Cauchy problem

(B1) vt (Fwt o) — f)}e = jvas - u%w (1) € Ry x R,
(3.2) v(0,2) = U(0,2) — w(0, z) = vo(x).

We shall show that the problem (3.1),(3.2) has a unique global solution in the
solution space X (0, 00), where

Y € C°([0,T); H*(R)), 1. € L*(0,T; H*(R))
Xm0, T)=q%| and sup [[o(t, ) gz < M
[0,T7]

In what follows, we often abbreviate the domain R of H?(R), etc.

Proposition 1 (Local existence). Suppose that vo € H?*(R). For any M > 0,
there exists a positive constant Ty depending on M such that if ||vo|| gz < M, then
the problem (3.1), (3.2) has a unique solution v(t,x) € Xapr(0,Tp).

Proposition 1 can be proved in a standard way. So we omit the proof. Next, we
show a priori estimates of v.

Proposition 2 (A priori estimate). Suppose that v is a solution of (3.1),(3.2) in
Xum(0,T) for positive constants T and M. Then there exists a positive constant Cy

such that
t t
63) o+ [ [ wertdsdr [ o) sdr < Collools + 1)
o JR 0
Proof. Multiplying (3.1) by v, we have
(3.4)
ld / 2 / 2 [ (w) o
—— [ vidx+ | v{flw+v)— flw mdx—i—u/vzdx:— v widz.
2 dt R R { ( ) ( )} R R f”(w)

The second term of (3.4) is estimated by the following;:

[ ot o) = fwado = [ wn{ftw+ o)~ fw)hds
s = [|-(/f " pay - f(w)v>m H(Fw ) = )~ [ )| ds

% /meUQdJ:.

Y
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The right hand side is estimated as follows:

"
vf//(w)widx‘ < C/ w?|v|dz < g/ wm|v|2d;v+C/ w?da.
r f"(w) R 4 Jr R

Integrating (3.4) over [0,t] and using Lemma 1 (iii), we get

t t
o) @+ [ [ watdsdr s [ ea@lPdr < ol + 1.
0o JR 0
Here and later, by ||- || we denote the L2-norm in R or R? without confusions. Next,
we derive the higher order estimates. Multiplying (3.1) by (—v..), we have
1d
—— vidx—/ Vga{ f(w + v) —f(w)}zdx—l—,u/ v2 dx
(37) "
/ [ (w) o
=L vm//—wzdx.
R [ (w)

The right-hand side is estimated as

fl/l(w)
/Rvm Flw) widx

The second term of (3.7) is estimated as

< B2 + c{|vw<t>||2 +f wwzﬂdx}.
R

Here, the maximum principle for a parabolic equation has been employed. Hence,
we have

1
< _”vw”2 + CHU’JEH%L

/ Vez{ f(w+v) — f(w)}da
R

(3.8) loa(®)]? + / ae (7)]12dr < CollvollZs +1).

Differentiating (3.1) twice in z, and multiplying it by v, we have

1d

5%”7&1(15)”2 + /R Uzz{f(w + U) - f(w)}zzzdz + ﬂHUrrr(t)”Q

_ [ (w) 2)
= N/Rvm <f”(w) W y dx,

t
(3.9) [vza(t)]1? +/0 [vaaa (7)[dT < Col[lvo|Z2 + 1)

which yields

Thus, the proof of Proposition 3 is complete. O

Combining Proposition 1 with Proposition 2, we obtain the global result.

Theorem 4 (Global existence). Suppose that vo(z) € H*(R). Then the problem
(3.1),(3.2) has a unique global solution v(t,x) satisfying

v € C([0,00); H*(R)), v, € L*(0, 00 H(R)),
and the estimate (3.3).

In order to obtain the decay order of v, we further assume that vg € L*(R).
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1208 MASATAKA NISHIKAWA AND KENJI NISHIHARA

Lemma 3. Suppose that vo € L'(R) N H*(R). Then the solution v(t,z) also sat-
isfies

(3.10) lo@®llzs < lloollz: + Ca log(1 + ),
where C1 is a constant depending on |uy — u_|.

Proof. The L'-estimate (3.10) of v can be proved by the same method as that in
[4]. So we omit the proof. |

Theorem 5 (Decay estimate). Suppose that vo € H*(R) N LY(R). Then, for any
0 <e < 3, the solution v(t,z) of (3.1),(3.2) satisfies

(1+ )" 549k (1) |2

t
(3.11) —|—/ (1 —i—7’)k+%+€ </ ww|3§v(7)|2da€ + ||(9§Uw(7')||2) dr
0 R
< CI(1+t)°pr(t), k=01,

(1 +t)**=[lo7o(t)]®

(3.12) + /t(l + 7)*te </ w,|02v(T)|*dx + ||35vz(r)||2> dr
< 0120(1 + 1) pa2(t), ’
where
I = (lvoll 2 + woll e +1)% k=0,1, po=log*(2+1), p1=1log""(2+1),
and

I = (|vollzr + [lvollz= +1)%, p2 =log®(2+1).
Remark. The estimate (3.11) with k = 0 shows (2.14) in Theorem 2.

Proof. The proof is similar to one in Ito [4]. However, the smooth rarefaction wave
w(t,z) in [4] is different from ours and its estimates are done for the linearized
equation around w(t, z). Hence, we give the outline of the proof.

First, we show (3.11) with £ = 0. From (3.4) and Lemma 1 (iii), we have

d
(3.13) E||v(t)||2 +/ wyvide 4 |Jv, (1) || < C(1 +1)72.
R

Multiplying (3.13) by (1 + )2+, we have

d 1 1
S+ o)} + (1 + )3 </ wyv*de + Ilvz<t>|l2>
(3.14) dt R
<C{1+t) "2t w@)|? + (1 +t)~2+).
By the Gagliardo-Nirenberg inequality

(3.15) @12 < Clo@) e les I
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we obtain
GO+ 0oy + (1405 ([ watar+ o)1?)
< C{L+ )=o) |5 o ()13 + (1 + )7 37%)

L+ 3o O + {1+ 07 (@) |3 + (1 +1)757)

IN

IN
N =N =

(L4 57 o ()7 + CL+ 57 (ol 71 + Crlog® (14 1)) + (1 +1) 727}

that is,

d lie 2 lye wovlde + o 9
iy OEOROF 003 ([ )

< C{(L+ )7 (|Jvol|21 + C1log?(1 + t)) + (1 + )~ 2T}

Integrating (3.16) over [0,t] in ¢, we obtain (3.11) with k& = 0.
Next, we derive (3.11) with £ = 1. From (3.7), we have

1d

17) 5 aloaOIF = [ oSl +0) = fw))uds + llosa O < CO+ 1)

Here

~ [ el +0) = )

=5 7w s vaide s [ [§3 —vea{ (W +0) - fl(w)}ww} da.
Hence, due to (1.3), we have

d
Gl +a [ wokde t foea(o)?
R

(318)  <C {/ g [0 |dz +/ oo Pz + (1 + t)_3}
R R
1
< §||vm(t)||2 +C {/ w2v?dr + ||ve (8)||3s 4+ (1 + t)_3} .
R

Multiplying (3.18) by (1 4 t)2+¢, we have

d

A+ o @I} + a1 + t)%+€/ wpv2da + (14 1) vz (1)

R

(3.19) <C{(1+t)%+5||vw(t)||2+(1+t)%+5/windx
R

U+ D)3 + (L + 7 He

Noting that
(1+t)%+€/ wvlds < (1+t)%+5||wm(t)||po/ wyv?ds
R R

<C(1 —|—t)%+5/ wypvide,
R
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and making use of (3.11) with £ = 0 and the Gagliardo-Nirenberg inequality

7 5
(3.20) ||Uw(t)||%3(R) < CHwa(t)”fz(R) ||U(t)||22(R)v

we obtain

t
4o+ [(aenie (a IR |vm<f>||2) dr
0 R
t
<C’{Io(1+t)spo+/ (1+T)%+s||U(T)||1L%(R) dT}
0

¢
<C {Io(l +1)°po +/ (1+7)54(I(1 + T)_%pO)SdT} :
0

which yields (3.11) with k& = 1. Finally, multiply (3.9) by (1+%)?>"¢ and use (3.11).
After several calculations, we can obtain the desired estimate (3.12). Though the
details are omitted, we cannot multiply (3.9) by (1-+¢)3*< in our method. Because
we have the decay order ||wg(t)||2 = O(t~2), not O(t~%) (cf. Ito [4]).

Thus the proof is complete. O

4. DECAY ESTIMATES FOR THE PERTURBATION V'

In this section, we consider the Cauchy problem in two space dimension:

(4.1) Vit {fU+V) = f(U)}e +9(U+ V), = AV,

(4.2) V(0,z,y) = Vo(z,y) = uo(x,y) — Uo(x).

The solution space is
i ¥ e C([0, T H*(R?)), V4 € L*(0,T; H*(R?))
Xar(0.T) =1 ¥] and sup [t )= < M :

with 7" > 0. Then we have

Proposition 3 (Local existence). Suppose that Vo € H?(R?). For any M > 0,
there exists a positive constant Ty depending on M such that if |Vo|lgz < M, then
the problem (4.1), (4.2) has a unique solution V (t,x,y) € Xan(0,Tp).

Proposition 3 can be proved in a standard way. So we omit the proof. Next, we
show a priori estimates of V.

Proposition 4 (A priori estimate). Suppose that V' is a solution of (4.1),(4.2) in
Xum(0,T) for positive constants T and M. Then there ezists a positive constant Cq
depending on Vy such that

t t
@) WO+ [ [ vdedyir s [NVl < GVl
o JR? 0

Proof. Multiplying (4.1) by V and integrating the resultant equation over R?, we
have

1d 9

sIVOIT+ | VU +V) = f(U)}adzdy
(4.4) 2dt R2

+ [ Vg(U+V)ydody + p||VV(t)]|* = 0.
R2

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ASYMPTOTICS TOWARD THE PLANAR RAREFACTION WAVES 1211

The second and third terms are, respectively, estimated as follows:

V(U + V)~ F(U)}addy = / Vo{F(U +V) — F(U)}dady
R2 R2

- [ ( [ f(y)dy—f(U)V>

U
(4.5) +{fU+V) = fU) - f U)WV},

dxdy

zg/ U, V3dady.
2 Jp2

Since U is independent of y,

/ Vg(U+V)ydxdy = —/ Vyg(U + V)dzdy
R2 R2

U+v
(4.6) =- /R2 Oy (/U g(ﬁ)dﬁ) dxdy = 0.

Using (4.5) and (4.6), we have the basic estimate

t t
(4.7) V()] +/0 /R U, V?dxdydr +/0 |VV(7)|%dr < C||Vol?.

The estimates of the derivatives in x,y of V can be obtained similarly to those in
Proposition 2. We omit the details. O

The combination of Propositions 3 and 4 gives the global result.

Theorem 6 (Global existence). Suppose that Vo(z) € H?(R?). Then the problem
(4.1),(4.2) has a unique global solution V (t,x,y) satisfying

V € C°([0,00); H?(R)), VV € L?(0,00; H*(R)).
and the estimate (4.3).

We now show the decay estimates on V. As in Lemma 3, the following L'-
estimate plays an important roll.

Lemma 4 (Ito [4]). Suppose further, in Theorem 6, that Vo € L*(R?). Then the
solution V (t,x,y) also satisfies

(4.8) IVOllr(rz) < IVollL(re)-
Applying Lemma 4, we have the following theorem.

Theorem 7 (Decay estimate). Suppose that Vo(z,y) € H*(R?) N LY(R?) and let
V(t,x,y) be the solution of (4.1),(4.2). Then, for any e > 0, there exists a constant
C > 0 such that the following decay estimates hold:

L+t =Vl

(4.9) +/O (1+7)*e </R UI|V(T)|2da:dy+||VV(T)||2> dr
< CA+ O (IVoller + 1Vol)?,
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(1+0) 5 Vo (o)l
(4.10) + /Ot(l +7)Ete (/R Uy |V (1) |2 daxdy + ||vvw(7)||2) dr
<O+t log" 2+ 1)(|[Voll + Vollan)?,
(1+ )2V, ()]

(4.11) + /Ot(1 Tyt (/R UalVi () 2dady + ||vvy(7)||2) dr

< CA+ ) (IVoller + [IVollz)?,

(1+ )87 Vou (1)

t
(4.12) +/ (1+47)T6te (/ U1|Vm(r)|2da:dy+||VVm(7')||2) dr
0 R2

< C(L+1)1og* 2+ ) (IVollzr + Vol 2)?,

23
(L+8) 5| Vay (1)1

t
(4.13) +/ (147)%te (/ Uz|sz(T)|2da:dy+||VVIy(7')||2) dr
0 R2

< C(1+1)7log™ (2 + 1)(IVollor + Vllr2)?,

(14> Vyy (D)2
t
(419 + [enm ([ v mPdedy + 19V, 01 ) ar
0 R?
<CO+ O (Vollr + 1Volla=)*.
Remark. From (4.9) and (4.11), the estimate (2.15) in Theorem 3 is obtained as

sup [V (¢, )lI> < CIV(E, - ) Vi (¢,
Yy

MY

<Cl+t)y = l=Ccl+t)%. O
Proof. From (4.4)—(4.6), we get

1 1
(4.15) Ld v + —a/ ULV 2dady + p||VV (0|2 < 0.
R2

2 dt 2
Multiplying (4.15) by 2(1 + )¢ we have

d . ]
(416) df A+ )V} + @+ 1) <a/R U1V2dxdy+2||VV(t)||2>

SA+e) A+ V).
By the Gagliardo-Nirenberg inequality

VL2 g2y < CUV L2 () [VV ()l 22(R2),
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we obtain
L=V + (e <a/ UzVQda:dy+2||VV(t)||2>
R2
14+e e—1
(4.17) SCA+)=(VVOIE+6) = [Vl s
<SA+H)TEIVVOIR+ CA+ )TV s2)

< @A+H)TEIVVOI 4+ O+ )7 Vol T 2

Integrating (4.17) over [0,¢] in ¢, we obtain (4.9). Next, we estimate V,, and V.
First, multiplying 6%(4.1) by V,,, we have

1d
S=IV@IP+ | Vi {f(U+V) = f(U)}aydady
(4.18) 2 dt /R

+ [ VgtV V)yudady-+ W V01 =0

The integration by parts gives:

The second and third terms of (4.18)

1 1
=3/, (U + VUV, dudy + 3 /Rz{f”(U +V)VaVy + ¢" (U + V)V, Ydady.

Hence,

ld 2, @ 2 2

§E||Vy(t)|| t3 UV, dxdy + pl|[VV, ()]
(4.19) R

<C [ (VP +1ValIV,)dody.
R2

Since

C/ \ANAREE
R2
Sq/wm%@%MM%@%N@mwm
RYER
1 1
< C/R||Vw(t7w7')”22(1%)Hwa(t1'7')”22(Ry)||V;/(t7w7')HQLZ(Ry)d‘r
< BV )12y + C | Va2, ) s Vi, ) gy
= Wy OlLz(r2) o 0 L2y ) 1Yy 5 T L2y
I
< ZHwa(t)H%?(R%

2 a a
=+ O/R |Ve(t, z, ')||z2(Ry)||V(tvxv ')||22(Ry)||vyy(tvxv -)||22(Ry)d$

IN

I
jW%@ﬁmm+0Aﬂ%w%N@mMWWaNmmwh

m
ZHVVy(t)H%z(Rz) +C sup IV (2, M 72 (ry) Ve (Ol 2 (g2

IN

IN

I
ZHVVy(t)”Qm(Rz) + CHV(t)”%ﬂ(Ry)”Vw(t)”%ﬂ(R?)
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and

C/R2 Vy[Pdady < %vay(t)”%?(R?) + CIIV (I Z72(r2) Ve (D172 () Ve (D)1 722
we have
1d
(4.20) 2dt
< CIVIOIL2 gy Ve O 22y IV (Ol 2(roy + IV (0 F2 (2 )-
Noting that [[V(t)[|72z) < C(1 + )71, we multiply (4.20) by (1 +¢)*** and

integrating it over [0, ] to obtain (4.11). Second, multiplying 8%(4.1) by V... Then,
after similar calculations to the above, we have

V02 + 5 [ UVidedy + 519V 0
2 R2 2

1d 2 @ 2 K 2
sV O +5 [ UV Pdsay+ 519v.(o)
(4.21) S CIVONT2 ey Ve O Z2r2) (Ve O 72(m2) + Vo172 (r2))

+ OUL(8) ] / U,V2dady.
R2

Since |Uz(t)l|(r) < llwe(®)llzoe(r) + [lve (@)l e(r) < C(1+t)~%log"(2 + t) by
virtue of Theorem 5, we can multiply (4.21) by (1-+¢)% ¢, not (14¢)2*¢, to obtain
(4.10). The estimates (4.12)—(4.14) for the second derivatives of V' are obtained
by more complicated calculations than those for the first derivatives. We omit the
details.

Thus the proof of Theorem 7 is complete. O
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