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ABSTRACT

The total potential energy of the atmosphere is the sum of its internal and gravitational energies. The

portion of this total energy available to be converted into kinetic energy is determined relative to an iso-

thermal, hydrostatic, equilibrium atmosphere that is convectively and dynamically ‘‘dead.’’ The temperature

of this equilibrium state is determined by minimization of a generalized Gibbs function defined between the

atmosphere and its equilibrium. Thus, this function represents the maximum amount of total energy that can

be converted into kinetic energy and, hence, the available energy of the atmosphere. This general approach

includes the effects of terrain, moisture, and hydrometeors. Applications are presented for both individual

soundings and idealized baroclinic zones. An algorithm partitions the available energy into available baro-

clinic and available convective energies. Estimates of the available energetics of the general circulation

suggest that atmospheric motions are primarily driven by moist and dry fluxes of exergy from the earth’s

surface with an efficiency of about two-thirds.

1. Introduction

Lorenz (1955), building on the work of Margules

(1910), formulated the concept of available potential

energy (APE) as that portion of the total potential en-

ergy, that is, the sum of the gravitational and internal

energy in hydrostatic balance, that is available for con-

version into kinetic energy. Since then the concept has

been a cornerstone of large-scale dynamic meteorology

and the theory of the general circulation (e.g., Lorenz

1967; Peixoto and Oort 1991). The Lorenz formulation

is a Lagrangian one that determines the APE for an is-

entropic rearrangement of air parcels. For an atmo-

sphere that is statically stable, the entropy increases

with height. Thus, an isentropic vertical rearrangement

of the parcels is excluded and the theory only assesses

the available energy associated with the leveling of is-

entropic layers toward geopotential surfaces. This fea-

ture is an ideal means to assess the energy available for

conversion to kinetic energy by baroclinic instability

processes. However, this feature precludes the theory

from evaluating the energy available for a purely vertical

(e.g., convective) rearrangement. The theory requires the

specification of a reference state. For example, if the

APE is defined on isobaric coordinates, a reference

(potential) temperature must be assigned. The specifi-

cation of the reference temperature remains an un-

solved problem in the theory (e.g., Dutton and Johnson

1967; Lorenz 1979; Pauluis 2007). [Randall and Wang

(1992) advance a numerical, parcel-moving algorithm

to find the temperature structure for their generalized

convective available potential energy (GCAPE) that is

applied to a single atmospheric sounding.]

Eulerian formulations of the available energy have

appeared in several formulations: entropic energy (Dutton

1973; Livezey and Dutton 1976), static exergy (Karlsson

1990), extended exergy (Kucharski 1997), and available

energy (Bannon 2005). These formulations differ slightly

in their base state and their treatment of water vapor

and hydrometeors. They all require the specification of a

reference temperature. Dutton (1973) uses a reference

temperature defined from the total potential energy.

Karlsson (1990) uses a reference temperature that min-

imizes the entropy difference between the atmosphere

and its reference atmosphere. Kucharski (1997) uses a

reference temperature profile based on the horizontally

averaged density field.

The present work reexamines and refines the formu-

lation of the Eulerian atmospheric available energy
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(AE) of Bannon (2005) that defines the available energy

as a generalizedGibbs function between the atmosphere

and an isothermal reference atmosphere at the tem-

perature Tr. The reference atmosphere is in thermal and

hydrostatic equilibrium (Fig. 1) and, hence, is dynami-

cally and convectively ‘‘dead.’’ It has the same mass per

unit area of dry air and water as the atmosphere. The

reference temperature is determined uniquely by mini-

mizing this function. Section 2 presents a thermody-

namic proof that the maximum kinetic energy that can

be extracted from the total energy is specified by the

minimum of the generalized Gibbs function. Minimiza-

tion is defined to occur at the isothermal reference

temperature T0. The outline of the proof follows but

generalizes that in Reif (1965, section 8.3). Indepen-

dently Karlsson (1990) suggested this minimization of

his exergy formulation but did not pursue it. Section 3

describes the construct of the equilibrium atmosphere

and the need for the careful treatment of the hydro-

meteors. Section 4 derives the governing equation for

the evolution of the available energetics of a flow. The

sources and sinks of AE are quantified as well as the

partitioning of the AE into available potential and avail-

able elastic components. The positive definite nature of

the AE is demonstrated along with its relation to the

exergy approach of engineering thermodynamics (Bejan

1997). Section 5 presents some applications of AE to the

standard atmosphere, idealized baroclinic zones, and

observed moist soundings. It is demonstrated that the

available energy shares properties with the Lorenz APE

as well as convective available potential energy (CAPE).

The available energy is partitioned into available baro-

clinic energy (ABE) and available convective energy

(ACE) components. Section 6 estimates the available

energetics of the general circulation.

2. Thermodynamic derivation of the atmospheric

available energy

We consider the universe to be composed of a mul-

ticomponent system A and a large multicomponent

reservoir, denoted with the subscripts A and res, re-

spectively. The system is the atmosphere in thermal,

mechanical, and diffusive contact with the reservoir that

is a motionless reference atmosphere (see Fig. 1). State

variables of the reference atmosphere are denoted for

brevity with a subscript r. By the second law of thermo-

dynamics, the entropy S of this universe tends to increase:

DS5DSA1DSres$ 0, (2.1)

where D denotes a finite change between a final and

initial state. For example, DS5 Sfinal 2 Sinitial. The spe-

cific entropy can be determined from the general ther-

modynamic differential relation

du5Tds2 pda1m
j
dx

j
, (2.2)

where u is the specific internal energy, T is the temper-

ature, s is the specific entropy, p is the pressure, and a

is the specific volume. Here mj is the specific chemical

potential of the jth component of mass mj and xj is the

concentration of the jth component (i.e., the mass of

the jth component per total mass). The summation

convention is assumed for repeated indices. A finite

temporal change in the internal energy of the whole

reservoir is

DUres 5T
r
DSres 2Wres2M , (2.3)

where Wres 5
Ð

pr dVr is the total quasi-static pressure

work done by the reservoir and M 5
Ð

mrj dmAj is the

total transfer of Gibbs free energy due to the exchange

of mass out of the reservoir into the system A. Here

dmAj is the elemental mass of the jth component trans-

ferred out of the reservoir into the system A. The first

law applied to the reference atmosphere is

DUres 52Q2Wres , (2.4)

FIG. 1. Schematic diagram depicting an atmosphereA in thermal,

mechanical, and diffusive contact with a hydrostatic, isothermal

reference atmosphere. The reference surface vapor pressure is that

for saturation at the temperature Tr for a reference atmosphere in

contact with a water reservoir. The reference atmosphere is a dy-

namically and convectively ‘‘dead’’ state.
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where Q is the thermal energy transferred out of the

reservoir into the system A, including that due to mass

exchange. The two relations (2.3) and (2.4) combine to

express the temporal entropy change of the reservoir as

T
r
DSres52Q1M . (2.5)

Then the total temporal entropy change is

DS5DSA2
Q

T
r

1
M

T
r

$ 0. (2.6)

Solving this relation for the thermal energy transfer Q

yields

Q5TrDSA 1M2TrDS . (2.7)

The first law applied to the system A is

DUA5Q2WA2W*, (2.8)

whereWA 5
Ð

pr dVA is the total pressure work done by

A on the reservoir with pressure pr and W* is any ad-

ditional work done by A. In particular the additional

work can represent the energy transfer into the kinetic

energy of A. Eliminating the thermal energy transfer Q

between (2.7) and (2.8) yields

DGA[DUA2TrDSA1WA2M52TrDS2W*,

(2.9)

where DGA is defined as a finite temporal change in the

generalized Gibbs function GA of the atmosphere A

at the reference temperature, pressure, and chemical

potential of the reservoir. Then the total entropy

change is

DS5

�

2DG
A
2W*

T
r

�

$ 0. (2.10)

This inequality implies that any additional work W*

done byA requires a decrease in its Gibbs function with

time:

DGA# 2W*. (2.11)

IfW*5 0, thenDGA# 0 and the equilibrium state of the

atmosphere in which no more work can be done satisfies

the condition that GA tends to a minimum with time.

We assume that the atmosphere A can obtain its

reference state and define its Gibbs function in that

state as GAr. Then the finite difference in the Gibbs

functions between that of the atmosphere and that of the

reference state may be defined as dGA [GA 2GAr . 0.

[The symbol d defines a finite difference between A and

its reference state. In contrast, DGA denotes the finite

change with time of the atmosphere’s Gibb function

and, by (2.11), is negative as the atmosphere tends to an

equilibrium.] Because the system A is not necessarily in

the equilibrium state, dGA . 0 in general but A will be

in equilibrium with W*5 0 when dGA is a minimum.

The novel feature here is that we seek to determine the

reference temperature Tr that minimizes dGA (typically

the reference quantities are specified a priori by, say, the

laboratory setting or the environment). Figure 2 pro-

vides an example. At the reference temperatureTr5T0,

the change in the Gibbs function is a minimum dGmin.

If we take the additional work W* to be the increase in

the kinetic energy KE* of the system A, then the in-

equality (2.10) becomes

KE*5 dGmin2TrdS# dGmin . (2.12)

The maximum possible increase in kinetic energy is that

for the reversible case (dS5 0)

KEmax
* 5 dGmin[AE. 0, (2.13)

where the available energy AE is the maximum energy

available to be converted into kinetic energy.

This procedure has enabled the available energy of

the atmosphere to be expressed in terms of a generalized

Gibbs function defined in terms of the temperature,

FIG. 2. The atmospheric Gibbs function dGA for a 25-km-deep

standard atmosphere as a function of the reference temperatureTr.

This function, denoted by the heavy solid curve, has a minimum at

the equilibrium temperature, denoted by the asterisk on the ab-

scissa, of T0 5 251.95 K. The solid and dashed curves denote the

potential and elastic contributions to this function, respectively,

defined in section 4b.
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pressure, and chemical potentials of its equilibrium

state. The specific available energy is, from (2.9) and

dropping the subscript A,

ae5 du2T0ds1 p0da2mo,jdxj . (2.14)

It proves convenient to rewrite this expression in

terms of the specific enthalpy h5u1 pa. Then du5

dh2 d(pa)5 dh2 pda2a0dp and the available energy is

AE5

ð

aedm , (2.15)

where ae5 dh2T0ds2adp2m0jdxj. Here a subscript

0 refers to the equilibrium temperature that minimizes

the function dGA of the system. Unsubscripted variables

are functions of position x 5 (x, y, z) and time t but the

equilibrium entropy, pressure, and chemical potentials

are only functions of height z. Again, the symbol d

defines a finite departure of the atmosphere from its

equilibrium state. For example, dh5 h(x, t)2 h0(z).

3. Specification of the equilibrium state

The atmosphere and its equilibrium are henceforth

taken to be of fixed volume. The equilibrium atmo-

sphere is isothermal and hydrostatic at the temperature

T0. Then, the dry air and vapor pressures are, in a Car-

tesian geometry,

p05 p* exp

�

2
z

Hs

�

, e05 e* exp

�

2
z

Hsy

�

, (3.1)

where the asterisks denote a surface (z 5 0) value and

the scale heights are Hs 5 RdT0/g and Hsy 5 RyT0/g

(details of the thermodynamic formulations and the

values of physical constants are summarized in appendix

A). In order that the equilibrium state has the samemass

per unit area of dry air Md and water vapor My as at-

mosphere A, the surface pressures are

p*5

"

gMd

12 exp(2ztop/Hs)

#

, e*5

"

gM
y

12 exp(2ztop/Hsv)

#

,

(3.2)

where the exponential factor accounts for the finite

height ztop of the atmosphere (Fig. 1). If topography is

present, (3.2) is modified in a straightforward manner

to conserve mass between A and its equilibrium atmo-

sphere. If the surface vapor pressure e* is greater than

the saturation vapor pressure at the temperature T0,

then e* is set to that of saturation and an amount P

of water per unit area has precipitated into the water

reservoir (Fig. 1),

e*5 esat(T0) and P5M
y
2M

y0 . (3.3)

Then the amount of water vapor in the equilibrium state

becomes

M
y05

esat(T0)

g
[12 exp(2ztop/Hsy

)] . (3.4)

It is instructive to examine the consequences of the

application of the available energy (2.14) for a fixed

volume of dry air only. Then (2.15) with (2.14) becomes

AE5

ð

V

rae dV , (3.5)

where ae5 du2T0ds 1 p0da. The last term vanishes

when integrated over the fixed volume because of mass

conservation:

ð

rp0dadV5R
d
T0

ð

rr0(a2a0) dV

5R
d
T0

ð

(r02 r) dV5 0. (3.6)

Then the available energy is the Helmholtz free

energy.

The expression for the available energy also requires

the equilibrium chemical potentials. We adopt the

convention that the subscripts j 5 1 and 2 refer to the

dry air and water vapor, respectively, and the sub-

scripts j 5 3 and 4 refer to liquid water and ice. For a

gas we have

m0j 5 h
j
2T0sj

5 cpj(T02Tc)2T0

�

cpj ln

�

T0

T
c

�

2Rj ln

�

p0
p
c

��

,

(3.7)

where the quantities with subscript c are arbitrary con-

stants that do not affect the computations. Because of

the exponential decay of the gas pressures with height

(3.1), the chemical potentials of dry air and water vapor

decrease linearly with height (mj 52gz1 const). In

contrast, the chemical potentials for liquid and solid

water contain no pressure terms and would be indepen-

dent of height.

This asymmetry is physically appropriate for the equi-

librium atmosphere. The criterion (Gibbs 1873, 1874,

p. 146) for equilibrium of a system in a gravitational field
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is that the total chemical potential (i.e., the sum of the

intrinsic chemical potential m and the geopotential gz)

is constant. The expression (3.7) for the dry air andwater

vapor satisfies this criterion. In contrast, the total po-

tentials for the hydrometeors are not constant and these

components are not in equilibrium. This disequilib-

rium is physically correct because all hydrometeors

have nonzero terminal fall speeds and will eventually

settle out.

In practice it has proven convenient a posteriori to

include a geopotential contribution to the chemical po-

tentials of the hydrometeors. Specifically the potentials

for liquid and solid water are adjusted to have the same

height dependence as the gases:

m0j 5 h
j
2T

o
s
j
2 gz5 c

j
(T02T

c
)2T0cj ln

�

T0

Tc

�

2 gz .

(3.8)

This adjustment ensures that a phase change at a height

z. 0 produces no superfluous accounting changes in the

entropy and potential energy budgets. The derivation of

the next section uses (3.8). Appendix B shows that the

consequences of omitting the geopotential in (3.8) lead

to an equivalent result.

4. Available energetics

This section uses a fluid dynamical approach to gen-

eralize the thermodynamic derivation of section 2 to

include diabatic and frictional processes for an open

atmosphere. It also quantifies the sources and sinks of the

available energy and resolves issues related to the asym-

metry in the chemical potentials discussed in section 3.

a. General derivation of the governing equation

This section presents a general derivation of the avail-

able energetics for a multicomponent, compressible fluid.

The specific available energy, ae, is

ae5 dh2T0ds2adp2m0,jdxj . (4.1)

Its rate of change following the three-dimensional, mass-

weighted, mean velocity v is

D

Dt
ae5

Dh

Dt
2T0

Ds

Dt
2
D(adp)

Dt
2

D

Dt
(m0,jdxj)2m0,j

D

Dt
x0,j

2

�

Dh0
Dt

2T0

Ds0
Dt

2a0

Dp0
Dt

2m0,j

D

Dt
x0,j

�

2a0

Dp0
Dt

, (4.2)

where the material derivative is

D

Dt
5

›

›t
1 v � $ ,

and v5 xjvj and xj 5mj/�jmj, where mj and vj are the

mass and velocity of the jth component. Then the con-

tinuity equation is

Dr

Dt
52r$ � v or

Da

Dt
5a$ � v , (4.3)

where r is the total density. For the hydrostatic equi-

librium state, the force balance is

052$p02 r0$F or a0$p052$F , (4.4)

where F is the geopotential. The Gibbs relation in the

form dh 5 Tds 1 adp 1 mjdxj for the equilibrium state

implies that the term in square brackets in (4.2) van-

ishes. Then, using (4.3) and (4.4), (4.2) becomes

Dae

Dt
5

�

Dh

Dt
2a

Dp

Dt

�

2

�

T0

Ds

Dt
1m0,j

D

Dt
xj

�

1

�

DF

Dt
1av � $p

�

2a$ � (dpv)2 dxj
D

Dt
m0,j .

(4.5)

The last term vanishes because the material derivatives

of the chemical potentials only contain a gravity con-

tribution and the sum of the differences in concentra-

tions vanish:

"

2dx
j
Dm0,j/Dt5 gw�

j

(x
j
2x0,j)5 gw(12 1)5 0

#

.

This result is a consequence of (3.8) that includes a

gravity component to the chemical potentials of the

hydrometeors. This assumption is addressed further in

appendix B. The specific kinetic energy, ke, and en-

thalpy equations are

Dke

Dt
52av � $p2 v � $F1av � ($ � t) , (4.6)

Dh

Dt
5a

Dp

Dt
1T

Ds

Dt
1m

j

Dx
j

Dt
, (4.7)

where t is the viscous stress tensor. Then (4.5), (4.6), and

(4.7) sum to give

D(ae1 ke)

Dt
5 dT

Ds

Dt
1 dmj

Dxj

Dt
1av � ($ � t)2a$ � (dpv) .

(4.8)
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The equation for the concentration rate of change is

r
Dxj

Dt
5 r _xj 52$ � (rjvj9)1 _rj , (4.9)

where rj is the density of the jth component, whose ve-

locity relative to the mass-weighted average velocity v is

vj9 and whose rate of production by chemical reactions

and/or phase changes is _rj. The entropy equation is

rT
Ds

Dt
5 rT _s5 r _q1 rf2 rm

j
_x
j
, (4.10)

where _q is the heating rate due to radiation, conduction,

and diffusion (i.e., the convergence of the enthalpy flux

of the components with enthalpy hj relative to the mean

velocity). Here f5 tijeij . 0 is the viscous dissipation

and eij is the rate of strain tensor. Then, the available

energetics equation becomes

r
D(ae1 ke)

Dt
52$ � (dpv)1$ � (v � t)1 rsae. (4.11)

The internal sources of available energy are given by the

last term in (4.11), where

sae5
dT

T
_q2

T0

T
f1T0

�

mj

T
2

m0,j

T0

�

_xj (4.12)

or, using the definition of the chemical potentials,

sae5
dT

T
_q2

T0

T
f2T0(sj 2 s0,j) _xj . (4.13)

For example, in the case of a phase change between

water vapor and liquid water, we have

saephase52T0(sj 2 s0,j) _rj52T0Ry
lnH _r2 , (4.14)

where H is the relative humidity. Thus, inclusion of the

geopotential term in the equilibrium chemical potential

for the hydrometeors (3.8) correctly handles entropy

production during phase changes.

It is of some interest to compare the available energy

defined here with the engineering concept of exergy

(e.g., Bejan 1997). Typically the exergy of the jth com-

ponent is exj 5 dhj 2T0dsj (plus Fj for the hydrome-

teors). Then the available energy may be written in

terms of the exergy as rae5 rjexj 2 dp or ae5 ex2adp

and the flux form of (4.11) is

›r(ae1 ke)

›t
52$ � [r(ke1 ex)v]1$ � (v � t)1 rsae,

(4.15)

where the rate of working by the pressure field has

dropped from the equation.

b. Partitioning and linearization of the available

energy

The available energy (4.1) can be partitioned into the

sum of the available energies of each component. Using

relations of the form dh5 h2 h0,h5 xjhj, andm5 h2Ts

yields rae5 rjaej. The available energy aej for each

component is now shown to be a positive definite quantity.

The available energy for dry air and water vapor (j 5

1, 2) may be partitioned (e.g., Bannon 2005) into avail-

able potential and available elastic contributions:

aej 5 dhj 2T0dsj 2ajdpj 5 apej 1 aeej , (4.16)

where

apej 5 hj(s, p0)2hj(s0,p0)2T0dsj

5 cpjT0[dûj2 ln(11 dûj)] ’
1

2
cpjT0(dûj)

2 , (4.17)

and

aeej 5 hj(s,p)2hj(s, p0)2ajdpj

5 c
pj
T

"

12

 

p0,j

pj

!k
j

2 k
j
dp̂

j

#

’
1

2
k
j
c
yj
T(dp̂

j
)2 .

(4.18)

The specific entropy is s5 cp lnu, where the potential

temperature is uj 5T(p00/pj)
kj with kj 5Rj/cpj and the

caret indicates a normalized departure. The equilibrium

potential temperature normalizes the potential tem-

perature departure dûj 5 duj/u0,j, while the pressure nor-

malizes the pressure departure dp̂j 5 dpj/pj.

The available energy for liquid or solid water (j 5 3

or 4) is

ae
j
5 dh

j
2T0dsj 1F

j

5 cjT0[dT̂2 ln(11 dT̂)]1Fj ’
1

2
cjT0(dT̂)

2
1Fj ,

(4.19)

where the geopotential Fj 5 gz arises from the defini-

tion (3.8). The equilibrium temperature normalizes

the temperature departure dT̂5 dT/T0. The expressions

for the gases correctly reduce to those for a solid or

liquid by taking k 5 0.

The preceding formulas emphasize the enthalpic na-

ture of the available energy. Their definitions in terms of

3750 JOURNAL OF THE ATMOSPHER IC SC IENCES VOLUME 69

Unauthenticated | Downloaded 08/24/22 06:24 PM UTC



normalized departures are computationally advanta-

geous to ensure positive definite calculations as well as

providing easy derivations of their quadratic nature.

5. Applications

The available energy formalism is applied to several

atmospheres to determine their equilibrium tempera-

ture T0 and associated available energy.

a. Standard atmosphere

The case of the standard atmosphere in Fig. 2 is an

example of the minimization of the atmospheric Gibbs

function dGA. This hydrostatic atmosphere extends to

a height of 25 km with a surface temperature and pres-

sure of 288.15 K and 1013.25 hPa. The lapse rates are

6.5, 0, 21.0, and 22.8 K km21 for z , 11, 20, 32, and

50 km, respectively. The potential and elastic contri-

butions are defined by (4.17) and (4.18). The temper-

ature profile is plotted in Fig. 3a, where it is compared

to its equilibrium temperature T0 5 251.95 K. The

total energy (TE) is slightly greater than that of its

equilibrium atmosphere for both the 25- and 50-km-deep

cases (Table 1). The internal energy (IE5U) differences

between the atmosphere and its equilibrium are small

and change sign between the two cases. For both, the

potential energy (PE) is less for the equilibrium atmo-

sphere. This reduction in PE is consistent with a lower

center of gravity associatedwith the lower temperature of

the equilibrium atmosphere in the lower troposphere

(Fig. 3a). Because of the finite vertical extent of each at-

mosphere, the ratio of the potential to internal energy is

FIG. 3. (a) Temperature and (b) available energy as a function of height z for a 25-km-deep standard atmosphere.

In (a) the thick solid and solid curves are the soundings for the atmosphere and its equilibrium atmosphere, re-

spectively, with T0 5 251.95 K. In (b) the solid, dashed, and thick solid curves denote the potential, elastic, and total

contributions. The dotted vertical line is the zero line.

TABLE 1. Traditional energetics of two standard atmospheres of

different depths. Values for the equilibrium atmosphere are in

parentheses. The total energy is the sum of the internal and po-

tential energies (TE5 IE1PE).

Depth (km) TE (GJ m22) IE (GJ m22) PE (GJ m22)

25 2.4733 1.8111 0.6622

(2.4619) (1.8195) (0.6423)

50 2.5896 1.8521 0.7375

(2.5772) (1.8443) (0.7329)
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less than that of R/cya 5 40%. Thus, the total energy is

only approximately the enthalpy (cf. Lorenz 1955).

The available energy (AE) for both atmospheres re-

sides primarily (Table 2) in the available potential en-

ergy (APE) with about 10% in the available elastic

energy (AEE). For the 25 km deep atmosphere, the

available energy of 11.45 MJ m22 is much less than

its total energy (Table 1) of 2.4733 GJ m22. Thus, only

0.46% is available for conversion into kinetic energy;

0.48% for the 50 km deep atmosphere. In contrast the

available energy agrees well with the difference in total

energy dTE between the atmosphere and its equilibrium

state. This important feature indicates that, in achieving

its equilibrium state, the atmosphere’s total energy is

reduced by an amount AE that can, in principle, be re-

alized as kinetic energy. In this subsection and the next,

the equilibrium temperature is determined to within an

accuracy of 0.01 K so as to confirm the agreement be-

tween the change in total energy and the available en-

ergy. Elsewhere an accuracy of 0.1 K is used.

The vertical distribution of the available energy

(Fig. 3b) is bimodal with a maximum at the surface,

a secondary maximum at the tropopause, and a mid-

tropospheric minimum near where the equilibrium

temperature and the sounding (Fig. 3a) intersect. The

secondary peak lies at the height of the change in the

lapse rate. The elastic energy is significant in the strato-

sphere and its contribution dominates that of the po-

tential energy above 20 km. This behavior holds for all

of the cases analyzed and reflects that the elastic energy

(4.18) is inversely proportional to the square of the

pressure field.

b. Idealized baroclinic zones

The idealized baroclinic zones are based on a gener-

alized compressible Eady base state (appendix C). The

available energetics is summarized in Table 3 as a func-

tion of the total meridional temperature gradient DTy.

The results display a clear monotonic trend in all vari-

ables. As the amplitude of the baroclinity (DTy) in-

creases, the available energies AE, APE, and AEE

increase, while the equilibrium temperature (T0) de-

creases slightly. For each case, the difference in total

energy between the atmosphere and its equilibrium

state is the available energy.

The spatial variation of the available energy (Fig. 4a)

exhibits a bimodal variation with larger values where the

difference between the temperature and the equilibrium

temperature is larger. The dominance of the tempera-

ture variation, rather than pressure variation, reflects

the dominance of the available potential energy contri-

bution (4.17) to the total available energy. The efficiency

factorN[ (T2T0)/T also reflects this distribution (Fig.

4b). The abrupt transition at 11 km reflects the change

to a zero lapse rate in the lower stratosphere.

The effect of a surface pressure gradient associated

with a mean geostrophic wind is small (Table 4) with

a slight increase in available energy as the wind transi-

tions from westerly to easterly. Henceforth, the surface

wind is set to zero.

The effect of sloping topography on the available

energy is readily included in this Eulerian formulation.

Table 5 provides a comparison for topography sloping

linearly upward toward the pole (henceforth poleward)

or toward the equator (henceforth equatorward) to

reach a maximum height of 3 km (appendix C). The

poleward case contains more available energy. This re-

sult is consistent with the linear Eady model analysis of

Mechoso (1980) that indicates greater growth rates for

unstable baroclinic waves for terrain sloping with the

isentropes.

The effect of the inclusion of a moist boundary layer

(appendix C) on the available energy is summarized

in Table 6. The vapor pressure has a surface relative

humidity of 70% and decays vertically with a scale

height of 3 km. Inclusion of moisture has increased the

equilibrium temperature by ;5 K to 265.12 K and

increased all available energy components of the dry

air. The vapor contributes to the available energy

primarily through its elastic component. The distri-

bution of the available energy and the efficiency factor

(not shown) is similar to that of Fig. 4 for the dry case.

The major effect of the moisture is through the in-

creased equilibrium temperature that moves the zero

efficiency isopleth downward. Figure 5 illustrates the

TABLE 2. Available energetics of the two standard atmospheres.

dTE is the difference of the total energies of the atmosphere and its

equilibrium atmosphere.

Depth

(km) T0 (K)

dTE

(MJ m22)

AE

(MJ m22)

APE

(MJ m22)

AEE

(MJ m22)

25 251.95 11.40 11.45 10.29 1.16

50 249.25 12.38 12.55 10.74 1.81

TABLE 3. Available energetics of the idealized baroclinic zone as

a function of horizontal temperature gradient DTy with no surface

winds.

DTy (K) T0 (K)

dTE

(MJ m22)

AE

(MJ m22)

APE

(MJ m22)

AEE

(MJ m22)

60 259.11 10.91 10.88 10.24 0.64

40 259.73 8.74 8.73 8.38 0.35

20 260.10 7.45 7.45 7.27 0.18

0 260.22 7.04 7.02 6.90 0.12
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effects of water vapor on the minimization of the Gibbs

function. For reference temperatures below about

270 K, the reference atmosphere contains an ice res-

ervoir of tens of kilograms per square meter of water.

The enthalpy change associated with this phase trans-

formation increases the Gibbs function curve at those

temperatures and moves the temperature minimum

toward warmer temperatures. The equilibrium atmo-

sphere is saturated with an ice reservoir that is 1.29 cm

thick due to precipitation (3.3). The ice contributes the

major amount of the difference in total energy between

the atmosphere and its equilibrium by its enthalpy

of deposition (Table 6). The vertical distributions of

the available energies (not shown) are similar to those

presented in section 5d, which analyzes observed moist

atmospheric soundings.

c. Comparison with the available potential energy of

Lorenz

The evaluation of the available potential energy

(LAPE) of Lorenz (1955) uses the approximate formula

[Lorenz 1955, (10)]

LAPE’
1

2

ð1000hPa

p
top

T

(Gd2G)

" 

T9

T
2

!2#

dp , (5.1)

where an overbar denotes a horizontal average and

a prime the deviation from that average. The LAPE is

identically zero in the preceding horizontally homoge-

neous situations of section 5a. No adjustment is made

here in the calculation of LAPE for isentropes inter-

secting the surface.

FIG. 4. Cross section of the (a) specific available energy and (b) the efficiency factor N 5

(T2 T0)/T for the idealized baroclinic zone with DTy 5 30 K. In each panel, the thick solid line

is the zero efficiency isopleth.

TABLE 4. Available energetics of the idealized baroclinic zone

with DTy5 30K and a surface pressure gradient Dpy associated

with a uniform geostrophic wind with a speed of 10 m s21.

Surface

wind T0 (K)

dTE

(MJ m22)

AE

(MJ m22)

APE

(MJ m22)

AEE

(MJ m22)

Westerly 260.13 7.96 7.93 7.41 0.53

Calm 259.95 7.96 7.98 7.74 0.25

Easterly 259.71 8.34 8.32 8.15 0.17

TABLE 5. Available energetics of the idealized baroclinic zones

over topography sloping upward toward the pole or toward the

equator. The horizontal temperature gradient is DTy5 30K. The

total change in topography is 3 km.

Mountain T0 (K)

dTE

(MJ m22)

AE

(MJ m22)

APE

(MJ m22)

AEE

(MJ m22)

Poleward 254.75 6.24 6.23 6.03 0.20

Equatorward 252.52 4.81 4.82 4.63 0.19
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Exact specification of the counterpart to the Lorenz

APE in the present approach is thwarted by its non-

linear structure. For definiteness, the available energy

of a single atmospheric sounding is defined as available

convective energy (ACE). In contrast, the available

baroclinic energy (ABE) is defined as the amount of

available energy in excess of that needed to bring the

system to the lowest equilibrium temperature Tmin of

the individual soundings in the ensemble of soundings.

Then,

ABE5 dGA(Tmin)2 dGA(T0) , (5.2)

where AE5 dGA(T0). Conceptually this approach views

the determination of the ABE as a two-step process in

which the atmosphere collectively adjusts vertically to its

state of lowest total energy. A subsequent adjustment of

the system then occurs laterally among the columns to

the equilibrium temperature T0. Alternatively, the at-

mosphere could first adjust to the temperature of the

sounding with the warmest ACE temperature Tmax.

Graphically (Fig. 5) the minimum and maximum tem-

peratures straddle T0. The difference in the values of

the ABE estimated by the two approaches reflects the

asymmetry of the parabolic shape of the atmospheric

Gibbs function about T0. The results (Table 7) indicate

qualitative agreement between the ABE and LAPE

values. The available baroclinic energy increases with

the inclusion of moisture and with topography sloping

against the slope of the isotherms. In all cases, the LAPE

is less than the AE. This inequality indicates that the

Lorenz formulation underestimates the amount of avail-

able energy.

d. Individual moist soundings

A real data case is afforded by the sounding from

the Second Verification of the Origins of Rotation in

Tornadoes Experiment [VORTEX2; 2155 UTC 5 June

2009, National Severe Storms Laboratory (NSSL1)]

presented in Fig. 6. The sounding exhibits a large

potential for deep convection for parcels ascending

above about 700 hPa along the 708C saturated adiabat.

The convective available potential energy (CAPE) eval-

uated from 700 to 170 hPa is 2370 J kg21. Assuming

hydrostatic balance, the available energy may be ana-

lyzed in pressure coordinates. The minimization of the

atmospheric Gibbs function (not shown) is similar to that

depicted in Fig. 5. Table 8 and Fig. 7 present the results of

an AE analysis of the profile. The dry air AE (Fig. 7a)

TABLE 6. Available energetics of the moist idealized baroclinic

zone with DTy5 30K. The equilibrium temperature is T0 5

265.12 K with a saturated surface vapor pressure of e*5 3.09 hPa.

The ice reservoir is 1.29 cm thick and contributes 30.18 MJ m22 to

the total energy difference.

Component

dTE

(MJ m22)

AE

(MJ m22)

APE

(MJ m22)

AEE

(MJ m22)

Dry air 225.22 8.31 7.85 0.46

Water vapor 5.26 1.85 0.39 1.46

Total 10.21 10.17 8.25 1.92

FIG. 5. (a) The atmospheric Gibbs function dGA for the moist

baroclinic zone as a function of the reference temperature Tr. The

thick solid, solid, and dashed curves denote the total, dry air, and

water vapor contributions. (b) The thick solid curve denotes the

mass of water vapor Myr in the reference atmosphere as a func-

tion of Tr. The horizontal dashed line is the mass of water vapor

My in the atmosphere. Their difference, My 2 Myr, denotes the

amount of water in the atmosphere precipitated into the water

reservoir in the reference state. The reference surface vapor

pressure e*, denoted by the thin solid curve, increases with Tr

following the Clausius–Clapeyron relation until the reference

atmosphere is sufficiently warm to contain all the atmosphere’s

water in a subsaturated state. The asterisks on the abscissas de-

note the equilibrium temperature T0 5 265.12 K; the crosses

denote the minimum and maximum equilibrium temperature of

individual soundings in the ensemble.
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exhibits a bimodal distribution with the potential

dominating the elastic contribution. In contrast, the

water vapor AE (Table 8) is dominated by the elastic

contribution. This result implies that the vapor pres-

sure perturbations dominate the potential tempera-

ture perturbations (section 4b). The water vapor AE

(Fig. 7b) is also bimodal but with a thick 200-hPa layer

of near-zero AE. This minimum reflects the impact

of the low dewpoints between 700 and 500 hPa in the

sounding (Fig. 6). The AE may be compared to the

convective available potential energy by dividing by

the total mass of the soundingM05 6.8453 104 kg m22,

yielding a CAPE of 1541 J kg21.

A second case is phase III of the Global Atmo-

spheric Research Program Atlantic Tropical Experi-

ment (GATE) sounding analyzed by Randall andWang

(1992; see their Table 1 for the ‘‘given sounding’’). This

tropical sounding (Fig. 8) is relatively moist with the

temperature profile close to the saturated adiabat of

708C. This structure suggests a small value of CAPE. In

contrast, the AE analysis of Table 9 and Fig. 9 indicates

that the sounding is a potentially large source of kinetic

energy. The general features of the AE profiles are

consistent with those for the extratropical VORTEX2

sounding. These include a bimodal vertical distribution,

a dominant potential contribution by the dry air, and a

dominant elastic contribution by the water vapor.With a

total mass ofM0 5 9.1353 104 kg m22, the bulk CAPE

is 2212 J kg21. In contrast, Randall and Wang estimate

their GCAPE to be 11 J kg21.

6. Global available energy and the general

circulation

The general energy equation (4.15) is readily de-

composed into components for the available and kinetic

energies. Integration of the kinetic energy equation (4.6)

globally over the volume of the atmosphere yields, using

the divergence theorem where n is the unit outward

normal,

›KE

›t
5 _CAE/KE2 _D , (6.1)

where the rate of conversion of available energy into

kinetic is

_CAE/KE 5

ð

V
atm

(2v � $p2 rv � $F) dV , (6.2)

and the integral is over the volume of the atmosphere.

This conversion term indicates that flows down the

pressure and geopotential gradients are kinetic energy

producing. The rate of dissipation of kinetic energy is

_D5

ð

V
atm

rf dV1

ð

A
e

(v � t1 rkev) � n dA (6.3)

and includes both interior and surface contributions.

HereAe is the surface area of the earth. In a steady state,

the conversion to KE balances the dissipation of KE.

TABLE 7. Available baroclinic energetics of the idealized baro-

clinic zones with horizontal temperature gradient DTy 5 30K. The

total change in the topography cases is 3 km.

Case

T0

(K)

Tmin

(K)

Tmax

(K)

AE

(MJ m22)

ABE

min/max

(MJ m22)

LAPE

(MJ m22)

Poleward 254.8 231.9 274.7 6.23 5.37/3.84 2.64

No mountain 259.9 245.7 274.7 7.98 2.56/2.63 3.56

Equatorward 252.5 245.7 261.2 4.82 0.47/0.75 2.70

Moist, no

mountain

265.1 248.4 278.8 10.17 5.15/3.62 —

FIG. 6. Skew T–logp diagram for the VORTEX2 sounding with

the thick solid and dashed–dotted curves denoting the temperature

and dewpoint temperature, respectively.

TABLE 8. Available energetics of the VORTEX2 sounding. The

equilibrium temperature isT05 262.1 K, and a surface vapor pressure

e*5 2.4 hPa. The ice reservoir is 6.353 1025 m thick. The totalAE

divided by the mass of the sounding yields a CAPE of 1541 J kg21.

Component AE (MJ m22) APE (MJ m22) AEE (MJ m22)

Dry air 8.98 8.75 0.23

Water vapor 1.80 0.31 1.49

Total 10.79 9.06 1.72
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The global available energy equation is then

›

›t
AE5 _G2 _CAE/KE 2T0

_Sirr , (6.4)

where the generation rate of available energy is

_G5

ð

V
atm

�

T2T0

T

�

r( _q1f) dV2

ð

A
e

rexv � n dA .

(6.5)

In a steady state, the generation by interior diabatic

processes and the surface exergy flux balances the

sum of the conversion to kinetic energy and the loss

T0
_Sirr . 0 associated with irreversible entropy pro-

duction. It is noted that the energy equations (6.1)–(6.5)

may be readily divided into zonally symmetric and

asymmetric components. Estimates of the various pro-

cesses are presented to quantify the available energy

cycle for the atmosphere.

Quantification requires the determination of the

equilibrium temperature T0 for the atmosphere. Anal-

ysis of the 25-km-deep standard atmosphere with a 70%

surface relative humidity and 3 km water vapor scale

height yields an equilibrium temperature of 256 K

with an available energy of 14 MJ m22. A more de-

finitive determination requires analysis of a global

FIG. 7. Available energy for the (a) dry air and (b) water vapor as a function of pressure for the VORTEX2

sounding. The total, potential, and elastic contributions are denoted by the thick solid, solid, and dashed curves,

respectively, for each component.

FIG. 8. As in fig. 6, but for the GATE III sounding.
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dataset. Such a calculation is beyond the scope of the

current investigation. For definiteness in the following

discussion, we take T0 5 255 K, the planetary/effective

temperature.

a. Dissipation of kinetic energy

The dissipation term (6.3) includes three distinct

processes: viscous dissipation of kinetic energy within

the atmosphere and the surface flux of kinetic energy out

of the atmosphere by the surface wind stresses and by

the precipitation of hydrometeors.

1) INTERNAL DISSIPATION

The loss due to friction can be decomposed into one

due to the clear air and one due to hydrometeor drag:

_Dviscous 5

ð

V
atm

rfair dV, _D
h
5

ð

V
atm

rf
h
dV . (6.6)

Peixoto and Oort (1991) estimate the large-scale dissi-

pation to be about 2 W m22 globally. For the tropics

Pauluis et al. (2000) estimate the turbulent cascade by

convection to be 1 W m22 and the hydrometeor dissi-

pation to be 2–4 W m22. Using satellite data, Pauluis

and Dias (2012) estimate the dissipation to be 1.8 W m22.

In the extratropics there is a reduction in precipitation

and a lowering of the mean height of hydrometeor for-

mation. Globally we take the hydrometeor dissipation

to be 1–3 W m22.

2) KINETIC ENERGY LOSS DUE TO PRECIPITATION

Falling hydrometeors will carry their kinetic energy

out of the atmosphere at the rate

_Dprecip 5

ð

A
e

(r
h
ke

h
v
h
) � n dA ’ r

h
P ke

h
A

e
, (6.7)

where P is the precipitation rate, Ae 5 5:13 1014 m2 is

the surface area of the earth, and the subscript h denotes

a hydrometeor. The overbar denotes a representative

mean. For a fall speed of 1 m s21 and a precipitation

TABLE 9. Available energetics of the GATE Phase III sounding.

The equilibrium temperature is T0 5 271.4 K with e* 5 5.3 hPa.

The ice reservoir is 14.473 1025 m thick. The total AE divided by

the mass of the sounding yields a CAPE of 2212 J kg21.

Component AE (MJ m22) APE (MJ m22) AEE (MJ m22)

Dry air 16.32 15.92 0.40

Water vapor 4.40 0.68 3.73

Total 20.72 16.59 4.13

FIG. 9. As in fig. 7, but for the GATE III sounding.
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rate of 1 m yr21 (rhP5 3:173 1025 kgm22 s21), (6.7)

yields _Dprecip ’ 1:593 1025 Wm22Ae.

3) KINETIC ENERGY LOSS DUE TO WIND STRESS

With surface wind speeds exceeding that of the un-

derlying surface, there is a downward transport of ki-

netic energy out of the atmosphere given by _Dstress5
Ð

Asurface
v � t � n dA. For a surface wind of 10 m s21 and

bulk aerodynamic drag formulations with a drag co-

efficient of 1023, the downward transport is _Dstress ’

y rCDy2Ae 5 1Wm22Ae.

Thus, the total dissipation rate is about 5–7 W m22.

Table 10 summarizes the discussion.

b. Generation of available energy

The generation rate (6.5) includes surface fluxes of

exergy into the atmosphere and interior diabatic pro-

cesses. The interior terms are weighted by the efficiency

factor N[ (T2T0)/T that modulates the impact of a

particular process in enhancing the available energy

relative to the equilibrium isothermal atmosphere (Fig.

1) at the temperature T0. A contour plot (not shown) of

the efficiency factor would have a zero contour along the

T0 5 255 K isotherm that runs from the middle tropical

troposphere downward toward the poles (with addi-

tional zero isopleths in the upper stratosphere and

lower mesosphere). For the samemagnitude temperature

difference (jT2Toj), the efficiency would be greater

above the zero isotherm than below. For example, at the

surface of the tropics N’ (3002 255)/300 5 15%, while

at the polar tropopause the efficiency is N’ (2002 255)/

200 5228%. Endothermic processes below the zero

contour where the efficiency is positive would increase

the available energy; exothermic processes above would

also increase it.

1) RADIATION

The radiative generation of available energy is

_Gradiatve5

ð

V
atm

�

T2T0

T

�

r _qrad dV

5

ð

V
atm

�

T2T0

T

�

rc
y
_Tradiative dz dA , (6.8)

where the heating rate is expressed in terms of a warm-

ing rate _Tradiative’ 21Kday21. The sum of the clear-sky

shortwave and longwave warming is relatively constant

with height. Then

_Gradiative ’ r0cy
_TradiativeHsNAe , (6.9)

where the scale height is Hs 5 8 km and N is a non-

dimensional integrated efficiency factor weighted by the

exponential decay of density with height:

N5
1

Hs

ðz
trop

0

�

T*2Gz2T0

T*2Gz

�

e2z/H
s dz , (6.10)

whereT* is the surface temperature and the lapse rate is

G 5 6.5 K km21. This mean efficiency varies from N 5

2.1% for the tropics (T* 5 300 K and ztrop 5 16 km) to

0.5% for midlatitudes (T* 5 288 K and ztrop 5 12 km)

to21.2% for the polar regions (T*5 273 K and ztrop 5

8 km). Then, for a mean N 5 1%, the radiative pro-

cesses contribute _Gradiative ’ 20:66Wm22Ae.

The effect of clouds on the radiative generation could

be significant. Low-level cloud bases, where the effi-

ciency is positive generally, absorb longwave radiation

emitted from the surface, leading to a positive AE

generation. Emission of longwave radiation to space

from high-level cloud tops, where the efficiency is neg-

ative, will also generate positive AE.

2) DISSIPATION

There is a feedback of the viscous dissipation (in

which kinetic energy is converted into thermal energy)

to act as an available energy generation process. As-

suming that all of the conversion occurs close to the

surface in the boundary layer, then the feedback is

positive with a maximum positive efficiency. One finds

_Gviscous 5

ð

V
atm

�

T2T0

T

�

r(fair1fh) dV#

�

T*2T0

T*

�
ð

V
atm

r(fair 1fh) dV5

�

T*2T0

T*

�

(5Wm22)Ae

5
33

288
(5Wm22)Ae 5 0:57Wm22Ae . (6.11)

TABLE 10. Dissipation of kinetic energy. In a steady state the

total dissipation rate equals the rate of conversion of available

energy to kinetic energy.

Process Rate (W m22)

Large-scale dissipation 2

Mesoscale dissipation 1

Hydrometeor dissipation 1–3

Wind stress 1

Precipitation 1025

Total 5–7
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3) PRECIPITATION EXERGY FLUX

The generation of exergy by precipitation is

_Gprecipitation52

ð

A
e

r
h
Pex

h
dA52r

h
ex

h
PA

e
, (6.12)

where again rhP5 3:173 1025 kgm22 s21. The exergy

for liquid or solid water (j 5 3 or 4) is

exj 5 dhj2T0dsj1Fj5 cjT0[dT̂2 ln(11 dT̂)]1Fj .

(6.13)

Because exergy is a positive definite quantity, pre-

cipitation always carries exergy out of the atmosphere

and thus acts as a sink of AE. Taking dT
_

’ (2882 255)/

2555 0:13, the liquid water exergy is 8:283 103 J kg21.

The geopotential contribution in (6.13) arises from the

definition (3.8). The mean continental elevation is

about 1 km but land covers only 30% of the earth’s

surface, so gz ’ 3:003 103 J kg21 globally. Then, the

precipitation flux is ’20:36Wm22. We note that the

exergy of ice is about half that of liquid precipitation

and that the geopotential contribution can be signifi-

cant locally.

4) EVAPORATION EXERGY FLUX

The evaporation exergy generation (e.g., Pauluis

2007) is

_Gevaporation5

ð

A
e

r
y
Eex

y
dA _GE

’ r
h
P

�

ex
l
1

T2T0

T
l
y
(T)

1R
y
T0 ln

�

H

H0

��

Ae , (6.14)

where the net evaporation is taken to equal the net

precipitation andH is the relative humidity. This input is

composed of three contributions. The first cancels the

precipitation sink (to first order) but without the geo-

potential term:

_Gevaporation ’ r
y
EclT0[dT̂2 ln(11 dT̂)]Ae

5 0:263Wm22Ae . (6.15)

The second is due to the enthalpy of evaporation:

_Gevaporation ’ r
y
E

�

T2T0

T

�

l
y
(T)A

e
5 9:08Wm22A

e
.

(6.16)

The third is

_Gevaporation ’ r
y
ER

y
T0 ln

�

H

H0

�

Ae 522:59Wm22Ae ,

(6.17)

for H 5 50% and H0 5 100%. Then the total evapora-

tive generation is 6:75Wm22Ae.

5) DRY AIR EXERGY FLUX

The turbulent transport of exergy from the surface

may be estimated in a manner analogous to that for the

enthalpy. The bulk aerodynamic formula for the surface

enthalpy flux is Fh5 raCH jujcpaT]
s
a, where the right-

hand bracket on the temperature denotes a difference

across the interface between the air and the underly-

ing surface. For a mean enthalpy flux of 24 W m22

(Trenberth et al. 2009), the mean air – surface temper-

ature difference is T]sa 5Fh/(raCH jujcpa)5 2:4K using

CH 5 1023. By analogy, the exergy flux is defined by

Fex5 raCexjujexa]
s
a, where the exergy for dry air is

exa5 dha 2T0dsa5 cpa(T2T0)2 cpaT0 ln

�

u

u0

�

’ cpaT0[dT̂2 ln(11 dû)] ’
1

2
cpaT0(dT̂)

2 . (6.18)

Near the surface dû ’ dT̂ because the dry air pressures

of the atmosphere and its equilibrium atmosphere are,

to a very good approximation, equal to each other.

Then, using the mean air – surface temperature dif-

ference estimated above, one finds, using Cex 5 1023,

(dT̂)2]
s

a 5 (35:42 2 332)/2552 5 2:52 3 1023 and _Gex5

FexAe 5 3:23Wm22Ae.

c. Irreversible entropy production

The last term in (6.4) represents irreversible entropy

production processes (e.g., the subcloud evaporation of

raindrops). It is positive definite and hence is a sink of

available energy. The term T0
_Sirr . 0 is called lost work

in exergy theory (e.g., Bejan 1997). Pauluis and Held

(2002) estimate an irreversible entropy production of

8 W m22 that includes a surface contribution due to ir-

reversible evaporation. The latter process is contained

here in the third contribution of the surface evaporation

(6.17). Thus, we take T0
_Sirr ’ 5:41Wm22.

Table 11 summarizes the discussion on the available

energy generation budget.

7. Conclusions

Minimization of an atmospheric Gibbs function has

been utilized to determine the temperature T0 of an
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isothermal equilibrium atmosphere that contains the

least total energy (i.e., the sum of the internal and po-

tential energies) of a given atmosphere obtainable by

reversible processes. The difference in the total energy of

the atmosphere and this equilibrium atmosphere is the

maximum energy that can be converted into kinetic en-

ergy. That maximum is defined as the available energy of

the atmosphere. The approach has been demonstrated

for a variety of cases including moist processes and to-

pography. In general, the available energy increases

monotonically; the equilibrium temperatureT0 decreases

as the depth, baroclinity, and strength of the surface

easterlies increase. The inclusion of moisture and terrain

sloping with the isentropes increases both the available

energy and the equilibrium temperature. The available

energyAE is shown to be positive definite and the sum of

available potential (APE) and elastic (AEE) contribu-

tions. The available energy can also be approximately

partitioned into available baroclinic energy (ABE) and

available convective energy (ACE). The formalism of

section 2 is completely general. It readily adapts itself to

the oceanic case of a two-component geophysical fluid

with an isothermal, isohaline reference ocean in hy-

drostatic balance. The approach may, in principle, also

be applied to the earth system as a whole.

The analysis of the available energy cycle of the gen-

eral circulation in section 6 is summarized in Fig. 10 and

quantified in Table 12. A measure of the efficiency h

of the cycle is the ratio of the conversion rate to the

generation rate. One finds h5 _CA/K/ _G; 63%. In com-

parison, Karlsson (1990) estimated an efficiency of 41%

for a 5-day global European Centre for Medium-Range

Weather Forecasts (ECMWF) forecast. More definitive

quantification of these processes is clearly needed.
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APPENDIX A

Thermodynamics

The thermodynamic formulations are standard (e.g.,

Bohren andAlbrecht 1998). The dry air and water vapor

are treated as ideal gases with constant specific heats.

The ice and liquid water are taken to be incom-

pressible with constant specific heats. The enthalpies

of phase change vary linearly with temperature follow-

ing Kirchhoff’s law. This dependence is included in the

Clausius–Clapeyron equations for the equilibrium vapor

pressures. Table A1 summarizes the notation and values

of various constants.

TABLE 11. Generation of available energy. In a steady state, the

total rate of generation of available energy less the lost work equals

the rate of conversion of available energy to kinetic energy.

Process Rate (W m22)

Evaporation exergy flux 6.8

Dry exergy flux 3.2

Dissipation ,0.6

Radiation 20.7

Precipitation 20.4

Subtotal 9.5

Lost work 3.5

Total 6

FIG. 10. Schematic diagram of the available energy cycle of the

global atmosphere.

TABLE 12. Estimates of the available energy cycle of the global

atmosphere.

AE

(MJ m22)

KE

(MJ m22)

_G

(W m22)

T0
_Sirr

(W m22)

_CA/K

(W m22)

_D

(W m22)

;15 ;1–2 9.5 3.5 6 6

TABLE A1. Physical constants.

Parameter Value

Acceleration due to gravity g 5 9.81 m s22

Gas constant of dry air R 5 287 J kg21 K21

Gas constant of vapor Ry 5 461.5 J kg21 K21

Specific heat of dry air at constant

pressure

cp 5 1004 J kg21 K21

Specific heat of vapor at constant

pressure

cpy 5 1885 J kg21 K21

Specific heat of liquid water cl 5 4218 J kg21 K21

Specific heat of ice ci 5 2106 J kg21 K21

Enthalpy of vaporization at 08C l0 5 2.5003 3 106 J kg21

Enthalpy of fusion at 08C lf 5 0.334 3 106 J kg21

Reference pressure p00 5 1000 hPa

Triple-point temperature Ttp 5 273.16 K

Triple-point pressure etp 5 6.11 hPa
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APPENDIX B

Asymmetric Chemical Potentials

This appendix assesses the impact of using equilib-

rium chemical potentials for the liquid and solid water

without the geopotential term –gz in (3.8). Then (4.8)

retains the last term in (4.5) to become

D(ae1 ke)

Dt
5 dT

Ds

Dt
1 dm

j

Dx
j

Dt
1av � ($ � s)

2a$ � (dpv)2 dx
j

Dm0,j

Dt
. (B.1)

The last term in (B.1) arises from the asymmetry in the

potentials. It is

2dxj

Dm0,j

Dt
52 �

4

j51

dxj

Dm0,j

Dt
52 �

2

j51

dxj
D(2gz)

Dt
52

D(2gz)

Dt
�
2

j51

xj 1
D(2gz)

Dt
�
2

j51

x0,j52
D(2gz)

Dt
(12 x32 x4)

1
D(2gz)

Dt
5 (x31 x4)

D(2gz)

Dt
5

D(2gz)(x31 x4)

Dt
2 (2gz)

D(x31 x4)

Dt
, (B.2)

where the chemical potentials for liquid and solid water

(j 5 3, 4) are now constants, while those for dry air and

water vapor (j 5 1, 2) are each a constant 2gz. In ad-

dition the concentrations for the atmosphere and for the

equilibrium atmosphere independently sum to unity

with x0,3or4 5 0 above the surface water reservoir. Then,

the two terms on the rhs of (B.2) can be subsumed into

(B.1) bymodifying the potentials for liquid water and ice

to include contributions due to gravity. Then, one may

write (B.1) as

D(ae91ke)

Dt
5dT

Ds

Dt
1dmj9

Dxj

Dt
1av � ($ �s)2a$ � (dpv) ,

(B.3)

where ae95 dh2T0ds2adp2m
0,j
9 dxj , with m

0,j
9 5m0,j 2

gzdjk$3. The expression (B.3) is isomorphic with (4.8)

and justifies the a priori use of (3.8). Then the remainder

of the derivation of (4.11) holds with the source term

(4.12) becoming

sae5
dT

T
_q2

T0

T
f1T0

 

mj

T
2

m0.j9

T0

!

_xj (B.4)

or, using the modified potentials,

sae5
dT

T
_q2

T0

T
f2T0(sj 2 s0,j9 ) _xj , (B.5)

where s0,j9 5 s0,j 1 (gz/T0)djk$3. For example, in the case

of a phase change between water vapor and liquid water

we have

saephase52T0(sj 2 s0,j 2 gzdjk$3) _rj 52T0Ry
lnH _r2 ,

(B.6)

where H is the relative humidity. Thus, inclusion of the

geopotential term in the equilibrium chemical potentials

(3.8) handles entropy production during phase changes

appropriately.

APPENDIX C

Idealized Baroclinic Zones

Idealized dry baroclinic zones are constructed with

inspiration from the model of Eady (1949) but for a

compressible atmosphere. The geometry is Cartesian

with (y, z) indicating meridional and vertical coor-

dinates. The central sounding is that for the standard

atmosphere as are the lapse rates. The surface temper-

ature varies linearly over the domain with a total vari-

ation of DTy. The surface pressure is either isobaric at

1013.25 hPa or includes a horizontal gradient corre-

sponding to a mean geostrophic zonal wind U0 with

constant Coriolis parameter of 1024 s21. The pressure

and density are determined from the hydrostatic re-

lation and the ideal gas law. This construction is ap-

plied over a 6 3 103 km 3 12 km grid [2y0 # y # y0,

zb(y)# z# ztop]. Here y0 5 3 3 103 km and ztop 5

12 km. The resolution is 100 m in the vertical and

100 km in the horizontal direction.

The topography is zb(y)5 (z0/2)(y/y0 6 1) and varies

linearly by z0 over the 2y0 domain. The plus sign in-

dicates topography that is a maximum at the high lati-

tude y 5 y0 (henceforth, the poleward case) and the

minus sign one that is maximum at the low latitude y 5

2y0 (henceforth, the equatorward case).

The effects of moisture on the baroclinic isolated jet

are assessed by including a water vapor field that has a

relative humidity of 70% at the surface with a scale height

of 3 km. Then, the warmer lower latitudes will have

greater moisture content than those at higher latitudes.
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