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ATOMIC AND MOLECULAR DECOMPOSITIONS
OF ANISOTROPIC TRIEBEL-LIZORKIN SPACES

MARCIN BOWNIK AND KWOK-PUN HO

ABSTRACT. Weighted anisotropic Triebel-Lizorkin spaces are introduced and
studied with the use of discrete wavelet transforms. This study extends the
isotropic methods of dyadic ¢-transforms of Frazier and Jawerth (1985, 1989)
to non-isotropic settings associated with general expansive matrix dilations
and A weights.

In close analogy with the isotropic theory, we show that weighted anisotropic
Triebel-Lizorkin spaces are characterized by the magnitude of the p-transforms
in appropriate sequence spaces. We also introduce non-isotropic analogues of
the class of almost diagonal operators and we obtain atomic and molecular
decompositions of these spaces, thus extending isotropic results of Frazier and
Jawerth.

1. INTRODUCTION AND STATEMENTS OF MAIN RESULTS

Many function spaces arising in harmonic analysis admit decompositions into
simpler building blocks, often called atoms or molecules, that have some additional
desirable properties. Perhaps the best known is the atomic decomposition of the
Hardy spaces HP(R™), 0 < p < 1, which was first shown by Coifman [I7] and was
later extended to many other directions by a number of authors [19] 24 (29 [38].

One of the possible directions, where decomposition techniques are very useful,
is the study of a large class of general Triebel-Lizorkin spaces F;“’q (homogeneous)
and F;? (inhomogeneous), a € R, 0 < p,q < oo, which includes many well-known
classical function spaces. In particular, LP ~ Fg,z ~ F)? when 1 < p < oo and

HP ~ F%Q when 0 < p < 1. The atomic and molecular decomposition results for
isotropic Triebel-Lizorkin spaces were first obtained by Frazier and Jawerth [27]
with the help of the p-transforms, which are now more often called discrete wavelet
transforms.

The other possible direction of extending classical function spaces arising in har-
monic analysis is the study of Euclidean spaces equipped with non-isotropic dilation
structures. One of the first studies of this sort was accomplished by Calderén and
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Torchinsky [I4] [I5] who introduced and studied parabolic Hardy spaces associ-
ated with certain one parameter groups of dilations on R™. Folland and Stein [24]
extended this study to Hardy spaces defined on a class of homogeneous groups,
which includes an important example of the Heisenberg group, where non-isotropic
characteristics come naturally due to non-commutativity of a group action.

The non-isotropic variants of Triebel-Lizorkin and Besov spaces have been stud-
ied by Besov, Il'in, and Nikol’skil [4] and Schmeisser and Triebel [39 [42]. These
studies were concerned mostly with Euclidean spaces associated with one-parameter
groups of diagonal dilations of the form

2000 -+ 0
0 2t 0
0 0 2fn
where t € R and a = (aq,...,ay) is a given anisotropy. More recently, Farkas [21]

obtained atomic decomposition for Besov and Triebel-Lizorkin spaces associated
with the above anisotropy. Furthermore, Berkolaiko and Novikov [2, 3] constructed
interesting Meyer-type wavelets adapted to any given anisotropy a = (a1,...,a,)
and showed that the constructed wavelets form unconditional bases for the corre-
sponding classes of Besov and Triebel-Lizorkin spaces.

Finally, there is also significant interest in the study of weighted function spaces
associated with general A,, weights. This direction of research was carried over by
Bui, Paluszynski, and Taibleson [8] 9} 111 [12] for Besov and Triebel-Lizorkin spaces.
The weighted Hardy spaces were studied by Stromberg and Torchinsky [40].

The goal of this work is to combine these developments into one coherent theory
of weighted anisotropic Triebel-Lizorkin spaces on Euclidean spaces with the use of
the discrete p-transforms of Frazier and Jawerth. The main novelty of our approach
is that we allow a fairly general discrete group of dilations, motivated by their role
in the multidimensional theory of wavelets. More precisely, we introduce and study
Triebel-Lizorkin spaces associated with an expansive dilation A, that is, an n x n
real matrix all of whose eigenvalues A satisfy |A| > 1. Our formulation includes the
previously-studied classes of Triebel-Lizorkin spaces that corresponded to diagonal
dilations. In what follows we summarize the results obtained in this work.

The starting point in the theory of discrete ¢-transforms of Frazier and Jawerth
is a basic representation formula for tempered distributions f = ZQ( foea)vao,
where the sum runs over all dyadic cubes ) in R", and ¢g and 1¢g are translates
and dilates of ¢ and v localized to a dyadic cube Q. Lemma 2.8 generalizes this
formula to a non-isotropic setting, where the dyadic cubes @) are replaced by a
collection of dilated cubes

Q={Q=AN0,1]"+k):j€Z, kecZ"}

adapted to the action of a dilation A. Naturally, the functions ¢ and 1 have to
satisfy support conditions ([Z.9) and the Calderén reproducing formula ZI0). In
particular, ¢ and zﬁ have to be smooth and compactly supported.

Following Frazier and Jawerth, we then define the ¢-transform, which maps the
distribution f to the sequence of its wavelet coefficients S, f = {(f, ¥q)}geo. For
any sequence s = {sg}gego of complex numbers, we formally define the inverse
¢-transform, which maps s to a distribution Tys = > 5 o sq¥q. To guarantee
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meaningfulness and boundedness of these transforms, we need to introduce quan-
titative assumptions on distributions f and sequences s. We will assume that f
belongs to anisotropic Triebel-Lizorkin space Fg"q and s belongs to its discrete
variant f"g"q .

Given o € R, 0 < p < 00, 0 < ¢ < o0, and a dilation A, we introduce the
anisotropic Triebel-Lizorkin space Fgﬂ as the collection of all tempered distribu-
tions f (modulo polynomials) such that

1/q
5 = | (Staet apis « 1)
JEL
where ¢ € S(R™) satisfies certain support conditions (3:2]) and B3), and ¢;(z) =
|det AJ¢(Az). In Corollary B.7] we show that this definition is independent of
the choice of ¢ in a more general weighted setting, where LP(R") is replaced by
LP(R™, wdx) with a weight w in the Muckenhoupt A, class.

In the standard dyadic case A = 2Id we have det A = 2™ and the factor | det A[7®
in the above definition would be 27%" instead of the usual 2. Thus, our conven-
tion amounts to rescaling the smoothness index «, which in the traditional case is
thought of as the number of derivatives.

The discrete Triebel-Lizorkin sequence space, fg"q, is defined as the collection of
all complex-valued sequences s = {sg}geg such that

1/q
Ilige = H( ) <|Q|-a|sQ|>zQ>q)

QeQ

/]

< o0,
Lp

< 00,
Lp

where xg = \Q|’1/ 2XQ is the L2-normalized characteristic function of the dilated
cube Q.

Our basic result, Theorem [3.5] is the following generalization of the fundamental
result of Frazier and Jawerth [27, Theorem 2.2].

Theorem 1.1. The @-transform S, : F;“’q — f;’q and the inverse @-transform
Ty : f;vq — Fg’q are bounded, and Ty, o S, is the identity on on)z,q'

Theorem [[.T] can then be exploited to obtain applications for the Fgﬂ spaces by
proving corresponding assertions for f‘;’"q as it was done in [27]. This is because

the f;,q norm is generally easier to work with, since it is discrete and depends only
on the magnitude of the sequence elements. Therefore, following the approach of
Frazier and Jawerth, we will study operators on F}»? by considering corresponding

operators on f;’q. One of the most useful sufficient conditions for the boundedness

of operators on f';’q is the almost diagonal condition studied in great detail in [27].
We extend this notion to a non-isotropic setting and we show that the expected
boundedness result, Theorem (1] holds for anisotropic Triebel-Lizorkin spaces.

In Section [l we introduce the notion of smooth molecules for anisotropic Triebel-
Lizorkin spaces extending familiar isotropic molecules introduced in [27]. A smooth
molecule supported near the dilated cube ) € Q must satisfy appropriate smooth-
ness, decay, and vanishing moments properties. In Theorem [(.5] we establish the es-
timate || 35 sQWqllpg.s < C|s[[zo.0, where {Wq}q are smooth synthesis molecules.
Likewise, in TheoremB.0l we show [[{(f, ®q)}qllgoa < C||fl[gg.q, where {®q}q are
smooth analysis molecules. Both of these results generalize the boundedness of the
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p-transform and the inverse yp-transform in Theorem [I.1] to situations when neither
{®g}q nor {¥g}g are necessarily obtained by translates and dilates of a particular
function in §. These results are then used to show the smooth atomic decomposi-
tion of the anisotropic Fg"q spaces. In Theorem [B.8] we show that every f € Fgﬂ
can be decomposed as f = > g sgaq with [{sq}qllzos < Cfllpg., where ag’s
are smooth atoms. That is, each ag is compactly supported near the dilated cube
() and satisfies appropriate smoothness and vanishing moments conditions. This
result is again an extension of [27] to the weighted anisotropic Triebel-Lizorkin
spaces.

Finally, we also study inhomogeneous anisotropic Triebel-Lizorkin spaces F;?
and we outline analogous decomposition results for these spaces. Section [f]includes
the proofs of some of more technical and longer auxiliary results needed in this
work.

2. SOME BACKGROUND TOOLS

We start by recalling basic definitions and properties of non-isotropic spaces
associated with general expansive dilations.

2.1. Basic facts about expansive dilations and A, weights. A real n xn ma-
trix A is an expansive matrir, sometimes called shortly a dilation, if minyc 4y [A[>1,
where o(A) is the set of all eigenvalues (the spectrum) of A. A basic notion in our
study is a quasi-norm p 4 associated with A, which induces a quasi-distance making
R™ a space of homogeneous type. For rudimentary facts about spaces of homoge-
neous type we refer the reader to [I8] [19] 29].

Definition 2.1. A quasi-norm associated with an expansive matrix A is a measur-
able mapping p4 : R™ — [0, 00) satisfying

pa(x) >0, for x # 0,
(2.1) pa(Az) = |det A|pa(x) for z € R,
pa(z+y) < H(pa(z) + pa(y)) for z,y € R",

where H > 1 is a constant.

In the standard dyadic case A = 2Id, a quasi-norm p 4 satisfies p4(2z) = 2"p4(x)
instead of the usual scalar homogeneity. In particular, p4(x) = |z|™ is an example
for a quasi-norm for A = 2Id, where | - | represent the Euclidean norm in R".

For a list of properties of quasi-norms associated with expansive dilations we refer
the reader to [0 B2]. Here, we only recall a few basic facts needed in this work.
One can show that all quasi-norms associated to a fixed dilation A are equivalent;
see [6l Lemma 2.4]. Moreover, there always exists a quasi-norm p4, which is C*
on R™ except the origin; see [33]. However, for our purposes it is enough to restrict
to a quasi-norm p4 given by

(2.2) pale)= Y |det A*xo,(2),
k=—o0
where O}, = A*(B(0,1)) \ UjZL, A7(B(0,1)), and B(0,1) = {z € R" : |z| < 1} is

the unit ball. Equivalently,
(2.3) pa(z) =|det AlF, where k = inf{j € Z: A9z € B(0,1)}
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for x #£ 0 and pa(x) =0 for x = 0. It is then clear that pa given by ([22)) satisfies
(1) with the constant H = |det A|’°, where jy is the smallest integer such that
Uj<o AJ(B(0,2)) C A¥(B(0,1)). Moreover, one can show that the above quasi-
norm satisfies

(2.4) {x e R":pa(x) <r}|=~r for any r > 0.

Since all quasi-norms associated to a fixed dilation A are equivalent, (2.4]) holds for
any quasi-norm p4 associated with A.

It should be remarked that the quasi-norm pa given by ([22) might produce
pa-balls {x € R™: pa(z) < r}, which are not convex. Despite this, it is possible to
modify the above construction to guarantee that pa-balls are convex. To achieve
this, one must replace the ball B(0,1) in (Z3]) by an appropriate ellipsoid A sat-
isfying A € rA C AA for some r > 1. For more details, we refer to [6, p. 5].
Therefore, we will simply assume that p4-balls are convex.

We also need the following basic facts about the quasi-norm p4; see [6l [33].

Proposition 2.1. For any expansive matrixz A, there exists a constant ¢ > 0 such
that |Oy| = c|det A|* for any k € Z. Consequently, for any ¢ > 0,

/ pa(z)tdr < 0o and / pa(z) 1 dr < cc.
B(0,1) R™\B(0,1)

Lemma 2.2. Suppose A is expansive matriz, and A_ and Ay are any positive real
numbers such that 1 < A_ < minye,(a) |A| and Ay > maxycoay |A|. Let

o InAy o InA
T T mfdeal
Then for any quasi-norm p4 there exists a constant C' such that
(2.5) C™palx)* < |z[ < Cpae)™ if pa(z)>1
and
(2.6) C™pa(a) <la| < Cpax)= if pa(e) <1.
Furthermore, if A is diagonalizable over C, then we may take A\ = minyec,(a) ||

and Ay = maxycy(4) ||

We will also need the following easy estimates
(2.7) (1/c)N.|z| < |ATz| < eN, |z for 7 >0,
(2.8) (1/6)/\i|a:| < |Az| < eX |z for j <0,

for some constant ¢ > 0, where A_ and A are the same as in Lemma 2.2} see [41],
p. 40]. Tt is also easy to verify that we have the following proposition.

Proposition 2.3. (R",pa,]|-|) is a space of homogeneous type, where pa is a
quasi-norm associated with an expansive dilation A, and |- | is Lebesgue measure
on R™.

We also need some basic results about Muckenhoupt A, weights on spaces of
homogeneous type. The main tool needed in this work is the weighted vector-
valued Fefferman-Stein inequality for the Hardy-Littlewood maximal operator. For
basic facts about weighted norm inequalities, we refer to [29] [38].
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Definition 2.2. We say that a function w : R™ — (0, 00) belongs to the Mucken-
houpt class A, = A,(R™, pa), p > 1, if there is a constant C' > 0 such that

(ﬁ/}gw(y)dy) (ﬁ/}gw“’1“(y)dy)p_1 <C,

for any pa-ball B € B. Here, B = B(pa) is the collection of all p4-balls
By, (xz,7)={y € R": pa(y —z) <r} zeR" r>0.
For p =1, we say w € A if

(o)) <

for any pa-ball B € B. Finally, Ao =, 4p.

For any locally integrable function f on R™, we define the Hardy-Littlewood
maximal operator M,, to be

M, f(z) = sup ﬁ /B F()ldy,

reBeB

where B is the collection of all p4-balls B.
We will use the following two standard results on weighted norm inequalities.

Theorem 2.4. The Hardy-Littlewood mazimal operator M,, is of weak type (1,1)
on LY(w) if and only if w € Ay and M,, is bounded on LP(w) for 1 < p < oo if
and only if w € A,.

Theorem [2.4]is an immediate consequence of Proposition 2.3]and standard results
on weighted norm inequalities; see [29, Chapter IV] or [38, Chapter V]. In fact,
Theorem 2.4]is a special case of a more general Theorem 28] which is the Fefferman-
Stein vector-valued inequality [22] in the weighted setting.

Theorem 2.5. Suppose that 1 < p < 00, 1 < q < 00, and w € A,. Then there
exists a constant C' such that

1/q
()

holds for any (f;); C LP(w).

1/q
< CH(qu)
LP(w) i

Lr(w)

For a direct proof of this result for R™ with the usual isotropic distance metric
we refer to [1]; see also [29) Remark V.6.5]. By Proposition 23] and [30), Section
6.6], Theorem also holds for R™ in the anisotropic setting.

2.2. Discrete wavelet transforms. Suppose that o, are test functions in the
Schwartz class S(R™) such that

(2.9) supp ¢, supp ) C [—m,7]™ \ {0},
(2.10) D G((A)Y((A*)E) =1 forall £ € R\ {0},

JEL

where A* is the adjoint (transpose) of A. Here,
supp ¢ = {{ € R" : ¢(£) # 0},
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and the Fourier transform of f is

f&= A flx)e ") da.
For any j € Z and k € Z", let Q; 1 = A7I([0,1]™ + k) be the dilated cube, and
zqQ,, = A7k be its “lower-left corner”. Let
Q=04={Qr:J€L, kel"}

be the collection of all dilated cubes. For ¢ € S(R™), define

¢j(x) = |det AJ p(Alx) for j € Z,

vo(x) = |det A 2p(Alz — k) = |Q|Y?p;(z — xq) for @ =Qj 1 € Q.

It is not hard to show that the conditions (29)), (ZI0) imply that the wavelet

systems {¢qg : Q € Q} and {¢yg : Q € Q} form a pair of dual frames in L?(R"™).

This means that {¢g : Q € Q} and {¢g : Q € Q} are Bessel sequences, i.e., there
exists a constant C' > 0 such that

(2.11) Yol ea)l D) < CIfIIZ:  forall f e LAR™),

QEQ QeQ
and
(2.12) f=Y (feqbq  forall feL*R"),
QeQ

where the above series converges unconditionally in L2. Indeed, using (Z9) and a
standard periodization argument (see for example [5, Lemma 3.1]), it is not hard
to show that

S UL el =D IF©OPIR((ATYEPds  for all f e L*(R™),

QeQ JEZ
and the similar identity for ¢. This together with ([2X9) shows ([2I1)). Applying
analogous periodization arguments such as [5, Theorem 3.2 and Theorem 4.2] and
using (ZI0)) yields 2ZI2)). We remark that (2I2) also follows from more general
considerations in [16].

Since our interest lies beyond L? theory of wavelet decompositions, we will need
the following two lemmas providing basic reproducing identities (2I4) and (2:23)
used subsequently in the study of ¢ transform. Lemma shows that any distri-
bution f admits a kind of Littlewood-Paley decomposition adapted to an expansive
dilation A, whereas Lemma [2.§] provides the fundamental reproducing identity for
distributions by means of discrete wavelet transforms. Both of these results are
anisotropic modifications of their well-known dyadic analogues; see [25], [27] [28].

Lemma 2.6. Suppose that A is an expansive matriz and ¢ € S(R™) is such that
(2.13) D e((AY) =1 forall¢ e R™\ {0},

jez
and supp @ is compact and bounded away from the origin. Then for any f € §'(R™),
(2.14) F=Y ¢i*f

JEZ

where ;(z) = |det AP p(Alz), and the convergence is in S'/P, where P C &' is
the class of all polynomials in R™.
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More precisely, there exist a constant d depending only on the order of the dis-
tribution f, a sequence of polynomials {Py}3>, C P with deg P, < d, and P € P,
such that

(2.15) f= klggo< > e *f+Pk) + P,

j=—k
where the convergence is in S'.

To show Lemma we will need to use the following proposition, which is of
independent interest.

Proposition 2.7. Suppose {f;}ien is a sequence of distributions in S'(R™) and
d > 0 is an integer. Assume that for every multi-index v with |y| = d+ 1 the
sequence of partial derivatives {07 f;} converges in S’ as i — oo. Then there exists
a sequence of polynomials {P;};en with deg P; < d such that {f; + P;} converges to
some distribution f € 8’ as i — oo.

Proposition 277 is probably a folklore fact; see [36, p. 53]. Since we could not
find its proof in the literature, we include the proof of Proposition 2.7 in Section [l

Proof of Lemma 0. Take any f € S’ and suppose that f has order < m. This
means that there exists an integer [ > 0 and a constant C' such that

(2.16) \<f7¢>\scl sup  |[¢lla,s  forallg €S,

al<l, [B]<m

where ||¢]|a,g = sup,cpn [29]|0°¢(z)| denotes the usual semi-norm in S(R™) for
multi-indices o and (3. Suppose that ¢ € S satisfies the hypothesis of Lemma
In particular, there exists a constant ¢ > 0 such that
(2.17) suppp C {€ € R" : 1/c < [€] < c}.

We will first show that the series ) j>0j * [ converges in S’. Since the Fourier

transform is an isomorphism of &', this is equivalent to saying that }.., o, f
converges in §’. By (2.16)

(2.18) |<@f,¢>|:\<f,@¢>|§0‘ sup  |[9;0]a.p-

Since p;(§) = ¢((A*) 7€), by applying the chain rule we have
(2.19) sup [|0°%j |l < CII(A) 1 sup (|07 oc
18]=s |8|=s
Since the norms ||(A*) /|| are uniformly bounded for all j > 0 by the expansiveness
of A*, we have by (2Z.17)
(2.20)

sup  [[B50lls < C sup <<1+|s|>l sup 10°G5(6)] - sup |aﬁ¢<s>)
la|<I, |B]|<m EER™ |B]<m |1B]<m

<C  sup (L4 [E]) sup [979(¢)]
1/e<|(A%)-ig|<e 1Bl<m

<C  sup  [¢lap sup (1+[¢) 7
lo| SU+1, |B]<m 1/e<|(A*)79¢|<c
<C  sup  |gllag sup A+[(AYENTT<CAT sup  |[gllag,

lo|<I+1, [B]<m |€]>1/c la|<I+1, [B]<m
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where in the last step we used (Z71) with A_ being the same as in Lemma[22 Since
A* is expansive, we can choose A_ > 1. Combining (2.I8)) and ([220) shows that
250 @f converges in S’.

Next we will show that for sufficiently large d, the series }>; ;97 (p; * f) con-
verges in &’ for every multi-index |y| = d + 1. Again, this is equivalent to saying
that >=. E'Y@f converges in 8’ with |y| = d + 1.

Choose any integer d > [mlnAy/InA_], where Ay and A_ are the same as in
Lemma [Z2] Repeating the estimates as in (Z20) we have by ([2I9) for j <0

(2.21)
sup  [[€7%;lla,s

ol <L, |B]|<m

<C sup sup ((1+ EDHETTF sup [07%5(8)] - sup 3ﬁ¢(5)|>
0<k<d+1geRn 18| <m—k |81 <m—k

<C sup ||(A*) —I|mF sup , sup (1+ 1&g ="
0<k<d+ 18| <m—k 1/e<|(A%) =7 €| <c

<C sup  |[(A)7I|™F sup ||glo,s sup (1+ [(A*)TE])|(A%)TE4H1R
0<k<d+1 18]<m l€|<e

<C sup A/ J(m=k) yi(d+1=k) sup ||¢llo.s < CAL ]m)\J (d+1) sup l|ol]0,8,
0<k<d+1 1B|<m 1B1<

where in the last two steps we used ([2.8) and (A /A_)7 < 1 for j < 0, respectively.
To clarify ([221]), we note that 0 < k < d + 1 represents the number of derivatives
that fall on the term &Y when applying the Leibniz rule for 97 (£7@;¢). Therefore,

by (ZI6]) and (Z21)) for any |y| = d + 1 we have
(©F1:0)| = K €F50)] < OO A

which, by our choice of d, implies that 3_;_ @@f converges in §’, since )q_m)\‘frl
> 1. Since |y| = d+ 1 is arbitrary, Proposition 277 implies the existence of polyno-
mials { Py}, such that {Zj_:lfk @; * f + Py} converges in " as k — oo.
Combining the above yields that {Z;’;_ x ©j * [+ Pi} converges to some distri-
bution fo € 8’ as k — co. By (ZI3) it is clear that supp(f — fo) = {0} by testing
against ¢ € S with 0 & supp ¢. Therefore, there exists a polynomial P such that
f = fo + P, which completes the proof of Lemma O

Lemma 2.8. Suppose that A is an expansive matriz. If g € S (R™), h € S(R™)
and

supp d§, h C (A*)j[—w, 7| for some j € Z,

then
(2.22) (g*h)(z) =Y |det A|7g(Ak)h(z — A~k),
kezn
with convergence in S'. Consequently, if ¢,y € S'(R™) satisfy 29), ZI0), then
(2.23) f=3 (f.eqq,  forany feS /P,

QeQ
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where the convergence of the above series, as well as the equality, is in 8’ /P. More
precisely, there exists a sequence of polynomials { Py}, C P and P € P such that

f= lim < > (freQ)tq + Pk) + P,

QEQ, |det A|=F<|Q|<| det AlF
with convergence in S’.

Proof. The proof of Lemma[28is a straightforward adaptation of [28] Lemma 6.10],
which is included for completeness. Since g € §’'(R™) has compact support in the
Fourier domain, g is regular. More precisely, the distribution g is a slowly increasing
(at most polynomially fast) and infinitely differentiable function. Hence, g(A~7k) is
well defined for each k € Z, and the integral defining (g+h)(x) converges absolutely
since h € S(R™).

First, we suppose that g € S(R™) and expand § in the Fourier orthonormal basis

{ | det A| 7/ e—i(Ajk,g)}
(27-[-)11/2 kezn
of L2((A*) [—m,7|"),

. det A|7 N AT (A=
0= Y LGS ([ et gy ek,
kezn ( ﬂ-) (A*)? [—7,m]™
Since ¢ is supported in (A*)’[—m, 7]", we can replace (A*)’[—m, 7" by R™ in the
above integral so that we have
9€) = |det A Tg(A T k)e " ATRO for ¢ € (A% [~m, 7",
kezn
by the Fourier inversion formula. Since SuppiL - (A*)j [—7, m]™, we can replace §

by its periodic extension without altering the product gﬁ. Using g x h = (gﬂj, we
obtain

(g h) (@)=Y |det AT g(A~Tk)(e 47 RO h(e))(x)
kezn
= ) |det A|7g(A7k)h(z — Ak).
kezn
The case of a general ¢ € S’ is obtained from the result just proved by the

standard regularization argument. For § > 0, let gs(z) = v(0x)g(x), where v €
S(R™) satisfies v(0) = 1, and supp# is compact. Since gs(z) € S(R™), we have

(95 # h)(x) = D |det A| /g5 (A~ k)h(z — Ak).
kezn

Using the Lebesgue Dominated Convergence Theorem and taking the limit as 6 —
0, we obtain (Z22)). It is clear that the series (2.:22]) converges pointwise and in S’

Finally, to show ([223)), take any j € Z. Let g = f * ¢;, h = v, and §(z) =
p(—2). By @2, (f * &;)(A7k) = |det AP/*(f, ¢q,,), and ¢;(z — A7Vk) =
| det A[7/%4)q, ., we have

f* ‘ﬁj * ¢j = Z <fv @Qj,k>ij,k'

kezn
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Combining Lemma 26 ([Z9), ([ZI0), and summing the above over j € Z, yields
@223). O

3. TRIEBEL-LIZORKIN SPACES

In this section we define the weighted anisotropic Triebel-Lizorkin spaces us-
ing the Littlewood-Paley decomposition associated with general expansive dilation
matrices.

3.1. Homogeneous Triebel-Lizorkin spaces. Motivated by the classical defi-
nition of Triebel-Lizorkin spaces by Triebel [42] [43], Frazier, Jawerth and Weiss
[27, 28], and their weighted counterparts by Bui [8, [I0], we define anisotropic
Triebel-Lizorkin spaces as follows.

Definition 3.1. For € R, 0 < p < 00, 0 < ¢ < 00, and w € A, we define
the weighted anisotropic Triebel-Lizorkin space Fp? = Fg"q(R”,A,wdx) as the
collection of all f € S’ /P such that

_ 1/q
(31) Il = | (S det apels «os) <o,
JEZ Lr(wdx)
where ¢ € S(R"™) satisfies (3:2) and (B3],
(32) supp ¢ := {{ € R™ : (&) # 0} C [, 7"\ {0},
(3.3) sup |@((A*)7€) >0  forall £ € R™\ {0}.
JEZL

To emphasize the dependence on ¢ we will use the notation Fg’q(R", A, wdz)(p)
for (B1]). Later we will show that this definition is independent of .

The sequence space fzj"q = fz‘f"q (A, wdz) is the collection of all complex-valued
sequences s = {sg }geo such that

1/q
Iligo = H( 3 <|Q-a|sg|>zQ>Q)

QeQ

< 00,
Lr(wdzx)

where Yo = \Q|’1/ 2XQ is the L2-normalized characteristic function of the dilated
cube Q.

For the basic properties of S'/P, we refer to [42] Section 5.1]. Here, we only
recall that §’/P can be identified with the space of all continuous functionals on
the closed subspace So(R™) of the Schwartz class S(R™) given by

So(R") ={peS: /(b(z:)mo‘dx =0 for all multi-indices a}.

Equivalently, Sp(R™) is defined as a collection of ¢ € S such that semi-norms

(34)  [[¢lln = sup sup [9°G(O)[(1E1M +1¢|"M) < oo for any M €N,
|B1<M €R™

Moreover, semi-norms || - ||ar generate a topology of a locally convex space on

So(R™).

We will make an extensive use of the following technical lemma. The proof of
Lemma [3.1] can be found in Section
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Lemma 3.1. Suppose K is a compact subset of R", 0 < p < o0, and w € Ax.
Then there exist C; N > 0 such that

(3.5) sup @l <

ern (L+[z)N CllfllLrewy  for all f €S with supp f C K.

_ As one of the consequences of Lemma B3I we can conclude the completeness of
F9(R", A, wdz) spaces.

Proposition 3.2. The inclusion map Fgﬂ = Fg7q(R”, A,wdx) — S8'/P is contin-
uous. Moreover, Fg’q equipped with || - ||Fg,q s a quasi-Banach space, i.e., F;’,"q 18
a complete quasi-normed space.

Proof. The continuity of the inclusion map is shown most easily for ¢ satisfying
2I3) in addition to B2). It is a consequence of Lemma [B] applied for compact
sets K; = (A*)?supp @, j € Z, together with the observation that the constants
C = C(K;) in 31) are uniformly bounded for j < 0 and they grow at most as
O(|det AJ7/51) as j — oo for some s; > 0. Therefore, there exists N > 0 such that
for any ¢ € S,

(7 %03 8)] < CUIIS * @illogun |1+ e} ¥ o)l
36) < C(K)| det AT |l g all (1 + )V 6(a) |

< Cldet AP/ HoD | fl[paa sup [[@]]gn-
[B]<n+1,|v|<N

Using techniques similar to the proof of Lemma 26 it is then not very difficult to
show that there exists M > 0 and sy > 0 such that

(3.7) (F * 25, 0) < CllS llgg.al det A7 ] ar,

where ||@||ar is given by ([B4]). Indeed, the idea behind showing ([B.7) is as follows.
Choose h € S(R™) such that h(¢) = 1 for all € € supp@ and supph C {€ : 1/r <
|¢ < r} for some r > 0. Then using (f * ¢;,¢) = (f * ¢;, h; * ¢) one can replace
the semi-norms ||¢||g,,, where 3] <n+1 and || < N, by |[h((A*)77)6()||5,5 in
(BE). Then techniques from the proof of Lemma can be used to show ([B.7)

For more details about deriving ([B.7]), we refer the reader to [7, Proposition 3.3].
Thus, (37) and Lemma 2.6 yield

(£ < D IF 05, 0 < C D NI Fllggal det A7P1216]1ar < ClIfllgg.all6]|a,
JEL JEZ
which shows that i : Fgﬂ — &'/P is continuous. Omnce the continuity of the

inclusion map 1 is established, the completeness of Fg"q(R", A, wdx) is immediate
by Fatou’s Lemma and Lemma
In the case when ¢ satisfies only (3.2]) and (3.3)), one must use a variant of Lemma

2.6l where ([2I4) is replaced by
f= Zf * ;% P;, convergence in S’ /P,

jEz

where ¢ is as in Lemma and (z) = ¢(—x). This completes the proof of
Proposition O
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3.2. Wavelet transforms for ngq(R",A,wdx). Suppose that ¢, € S(R™) are
such that supp ¢, supp 1/3 are compact and bounded away from the origin.

Definition 3.2. The ¢-transform S, often called the analysis transform, is the
map taking each f € S (R")/P to the sequence Sef = {(Sef)o}qeo defined by
(Sef)o = (f,¢q). This is well defined, since [ 27¢q(z)dz = 0 for any multi-index
~. Here, we follow the pairing convention which is consistent with the usual scalar
product in L?(R"), ie., (f,¢) = f(@) for f € &' and ¢ € S. The inverse ¢-
transform, T}, often called the synthesis transform, is the map taking the sequence
s = {sqQlqea to Tys = 3 5cg 5Q1q. We will show later that Tys is well defined

fo,q
for s € fp .

Given a sequence s = {sg}lg, 0 < r < oo, and A > 0, define the sequence
S;A = {(S:A)Q}Q by

1/r
<s::,A>Q( > |sp|’“/<1+|leA<xpr>>A) |

PeQ, |P|=|Q|

Clearly, we always have |sq| < (s; \)q for any Q € Q.
In order to prove the boundedness of S, and Ty, we need the following two
lemmas.

Lemma 3.3. Supposea € R, 0 <p < o0, 0<qg<o0, andw € Ay, . Then for any
r >0 and A > max(1,r/q,rpo/p), there is a constant C > 0 such that

HSHf";,’"q(A,wdx) < HS:,)\”f“{f’q(A,wdx) < CHSHf",‘,"'q(A,wdx) fO’f' all s = {SQ}Q'

Lemma 3.4 (Anisotropic Peetre’s inequality). Let K be a compact subset of R™
and r > 0. Then there exist constants C1,Cy > 0 such that for any g € S,(R”)
with supp g C K, we have
Vg(x — 2)| lg(z — 2)|
(3.8) sern (L+pa(2)Vm = 7 Lern (L4 pa(2)V/r
< Cg[(MpA|g|r)(x)]1/r for all x € R™.

The proofs of the above results can be found in Section The next result is
a generalization of the fundamental result of Frazier and Jawerth saying that the
following diagram is commutative for ¢ and ¢ satisfying (29) and 2I0):

£
v\

na, Id na,

R S )X
Theorem 3.5. Suppose @ € R, 0 < p <00, 0<qg< o0 we Ay, and
v, € S(R™) are such that supp @, supp ¢ are compact and boynded away from
the origin. Then the operators S, : Fyd(R", A wdz)(p) — £9(A,wdx) and
Ty : f;vq(A, wdzx) — Fg’q(R", A, wdx)(p) are bounded, p(x) = p(—x). In addition,
if v, satisfy 29), ZI0) then Ty o S, is the identity on Fg"q(R",A,wdx)(w) =
Fg"q(R”,A,wdw)(cﬁ).
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Proof. We will only prove the case of ¢ < oo and leave details of the easier case
q = 0o to the reader. )
To prove the boundedness of T, take any s = {sq}q € f5"9. We will show

that f = Tys = ZQ 5Q%¢q converges in F;’,"q and consequently in 8’/P. Assume
momentarily that s = {sg} is finitely supported. Since the supports of ¢ and ’(/AJ
are bounded an§ bounded away from the origin, there is an integer M such that
supp @; Nsupp ¢; = () for i — j| > M. Therefore,
i=j+M
(pj* Hlx) = Y. selyyrie)(@).
i=j—M |P|=|det A|~¢
Since the functions ¢;x, | = =M, —M+1, ..., M all belong to S(R™), the functions
¢ * ¢p are uniformly localized on the dilated cubes P € Q, |P| = |det A|~%, with
li — 7| < M, by the identity
0jxPp = (pj_i*xy)p  forany P € Q, |P| = |det A|™".
In particular, for any A > 1, there is a constant C'= C'(A) > 0 such that
(@) *vp)(@)] < CIPI7V2(1 4 pa(Al(x — zp))

for P € Q, |P| = |det A7}, and |i — j| < M. Given x € R" and i € Z, let
Q' = Q'(z) € Q be the unique cube such that z € Q' and |Q?| = |det A| 7.
Therefore,

| i=j+M s lsp|
o * f(x)| < C Y |det Al ( > (1+pA(Ai($99P))))\)

i=j—M |P|=]| det A|~i
5y el
<o > ey e )
=M picge (1 1Q 1 palze —zp))
i=j+M Py
=C Z (ST,A)QUZQL'(I’) =C Z Z (51 Voo ().
=M i=j—M |Q|=| det A|~i

By choosing A > max(1,1/q,po/p), Lemma B3 yields

1/
=\\(Z<|detA|jaf*¢j>q) '
z jez

1Ty 8]l gpgn = H > sqig
Q

Fp L7 (w)
M ) 1/q
<c| > (Z > (|d€tA|JO‘|(ST,A)Q>ZQ)q>
I=-M NGEZ |QI=| det A3+ Lo (w)
M 1/q
—c| 3 jacear (00l aalto))
l=—M QeQ Lr(wdx)

< Cllsiallgea < Cllsllgga-

To show that the same estimate holds for arbitrary s € f"g"q , we apply the above
argument for some special ¢ additionally satisfying (2.13) and (3:2). Then, by the
above estimate and Proposition B2, Tys = ZQ sQtq is a well-defined element of

S’ /P, since sequences with finite support are dense in fz‘f"q for p,q < co. Hence,
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by a limiting argument, the above estimate must also hold for arbitrary s € f";,q’
which shows the boundedness of T,.

To prove the boundedness of S, suppose that f € Fg"q(R", A, wdz)(p). Then,
for any x € R", j € Z, and r > 0, we have a pointwise estimate

Yo QIS NelRe@) = [det AP T |(35 % f)(zq)Ixe(@)
|Q|=|det A|~ |Q|=] det A|—3

<[detAP* Y sup (@5 S)(Y)xe(@)
|QI=] det A|-3 Y€

< C|det AP® sup (&5 * f)(lf — 2
- 2eQ-@ (L4 pa(Aiz))t/r’

where ¢(z) = ¢(—x), since z € Q — Q C B,,(0,2H|det A|77). Therefore,
Y QIS NelRe(@)

|QI=I det A~

(3% e —2) g(Alz — 2)]
SO Ut pa(Air & B T a7
< C(M, g (A" = C(M, |35 * FI" () /",

where g(z) = (¢; * f)(A™7z). We used here the dilation invariance of M,,,,
My, (g)(ij) =M,, (g(AJ))(x), z €R", jELZ,

and Lemma [34] (Peetre’s inequality), since supp ¢ is compact and it is (indepen-
dently of j € Z) contained in supp ¢.

By the Fefferman-Stein vector-valued inequality with 0 < r < min(p/po, q), we
have

_ 1/q
10y < € ( SSaet a1, « 17)7)

=

—c| (S0 aerapiz, fr))q/r)r/q

jez

. r/q
(Z( det AP |3, + fr)q/r)

JEZ

‘ 1/q
_ GH (Zu det A, + fl)q>

jez

Lp(w)
1/r

Ly/r(w)
1/r
<C

Ly/r(w)

= Cllflpgamn, 4 ,0d2)(3)
Ly (w)

which shows boundedness of S,.

Finally, if we assume additionally that ¢ and ¢ satisfy (29) and (2I0), then by
Lemma 28 Ty 05, is the identity on Fg"q. More precisely, ngq(R", A, wdx) () —
Fg’q(R", A, wdx)(p) is a bounded inclusion. Hence, by reversing the roles of ¢ and
@ we have

FOUR™, A, wdz) (@) = FOUR™, A, wdz)(p),

which completes the proof of Theorem O



1484 MARCIN BOWNIK AND KWOK-PUN HO

Lemma 3.6. Suppose ¢ € S satisfies B2) and B3). Then there exists p € S
such that 29) and [ZI0) are satisfied.

Proof. Let h(§) =",y |@((A*)€)|%. By B2) and the fact that A* is expansive,
for any &y # 0, there is a neighborhood U of £j, such that for £ € U, only a finite
number of terms in the sum defining h(€) are non-zero. Therefore, k(&) is C*> on
R™\ {0}. Moreover, by a compactness argument and ([3:3)), there are constants c;,
¢ such that
0<er <h(§)<cr <o for all £ € R™\ {0}.

Define v, by 1(£) = @(€)/h(£). An instant verification shows that the Calderén
condition (2I0) holds and ¢ € S, since ’(/AJ is C*° on R™ and suppz/AJ = suppyp C
[—m, 7™\ {0}. O

Corollary 3.7. Suppose that « € R, 0 < p < o0, 0 < ¢ < 00, and w € A
Then the space F*? is well defined in the sense that, for any o' and ©? satisfying
B2) and B3), their associated quasi-norms in Fg’q(R”,A, wdx)(?), i =1,2, are
equivalent, i.e., there exist constants C1,Cy > 0 such that

(39) 01||f||ch R A wdx) (91) = Hf”FO‘ (R, Awdx) (p2) < C'QHfHF‘x (R, A,wdz) (1)

Proof. Suppose ¢! and ¢? each satisfy ([3.2) and ([3.3)). Then by Lemma [B.6] it is
possible to find ! and 1?2 so that ([23) and (ZI0) are satisfied for each pair ¢,
¥?, i = 1,2. Then by Lemma 28

Hf||ng‘I(Rn,A,wdx)(¢1) = H(T1;2 °© Stﬁz)fHF‘;’q(R",A,wdz)(cpl) < C||S<,52f||f'§’q(,4,wdx)
< C||f||Fg’q(R",A,wdx)(cp2)’

by the boundedness of Sz2 and Ty, since the pair @2, 2 satisfies (29) and (2I0).
Reversing the roles of ¢! and ¢? y1e1ds 3. O

Remark 3.1. Suppose that ¢ € S is such that supp ¢ is compact and bounded away
from the origin. Hence, ¢ may not necessarily satisty (3:2)) or (83) and consequently
Fg"q(R”, A, wdx) () may not be a complete quasi-normed space. Nevertheless, from
the proof of Corollary [3.7] it follows that we still have a constant C' > 0 depending
on ¢ such that

1 llgea@n awdnye) < Cllfllgga  forall feF.

We will also need the following very useful fact, which resolves all sorts of issues
caused by the fact that the elements of Fg"q are equivalence classes of tempered
distributions &’ modulo polynomials P. This result guarantees the existence of
canonical representatives of elements in Fg’q modulo polynomials of degree < L =
la/¢—|. Proposition B8is a generalization of [27, Remark B.4] and [306], pp. 52-56]
in the unweighted case and [I0, Proposition 1.1] in the weighted case.

Proposition 3.8. Suppose that a« € R, 0 < p < 00, 0 < ¢ < 00, w € Ao,
and f € Faq(R” A wdx). For any ¢* € S(R™) such that supp gol s compact

and bounded away from the origin, and 2I3) holds, there exists a sequence of
polynomials { P} | with deg Pt < L = |a/(_] such that

(3.10) g':= lim <Z (gol)j*f+Pkl>

k—o0 i
Jj=—k
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exists in S’. Moreover, if g% is the corresponding limit in [BI0Q) for some other
©? € S(R™) such that supp p? is compact and bounded away from the origin, and
@I3) holds, then

(3.11) gt —g>cP and deg(g* —g*) < L.

Proof. Note that Lemma already guarantees the existence of polynomials
{Pl}2e, with deg P} < d for some d > 0 such that [BI0) holds. However, it

is not clear why d could be chosen to be < L = |a/¢_] and why B.II) holds.
Nevertheless, by Lemma, we know that Z;’io(cpl) j * f converges in §'.

Let N >0 be the constant guaranteed by LemmaBJlfor K = Uj<0(A*)j (supp g/o\l)
Then, for any j < 0 and a multi-index 3, by Remark Bl and Lemma [B.1]

ap 12+ D @)
st (1 [a)¥

< 0% (")) * Pllzew) = CIIO%(©Y);) * FlLo(w)
<C > aylII(070"); * fllLew)

[vI=18]
(3.12) | y
< O(A_)1Pl| det A| 79 Z L f g9 @n 4,y (0701
[vI=18]
< Cdet AP A== Z 1 f 11522 @n A wde) @71
[~v]=18]

< Ol det AP flon.

Here, we used that for any ¢ € S and a multi-index 3, there exists a constant C' > 0
such that for all 5 > 0, we have

(3.13) Poj(x)= > ay;(@¢)(x),  where |a, ;| < C(A)N

IvI=I8l
This follows from the chain rule and the estimate ||47[|"l < C(A_)?1! for j < 0;
see also [0, the proof of Lemma 5.2].

Therefore, by B12), >-; P ((¢Y); * f) converges in S’ for any |3| > L, since
|8l¢- — a > 0. Consequently, Proposition 27 yields polynomials {P}}?2, with
deg P! < L and g' € 8’ such that (310) holds.

To show (B.I0), let »? be another function satisfying hypotheses of Propo-
sition B.8, and let g2 € &’ be the corresponding limit of (BI0) for some se-
quence of polynomials {P,?},;“;l with deg P,f < L. Since ¢g' and g¢? represent
the same equivalence class in §'/P of f € F3?, g' — g* is a polynomial. Let
K = Uj<O(A*)j(supp @t Usupp ¢?). Then, by a simple support argument and

)

oo

S (0N f — (o) 5 f)> C(A)FE  forany ke .

(3.14) supp (
j=—k

Let ¢ € S be given by

(3.15) B(&) =D o1 (A)78) — P((A7) 6,

j=0
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To check that ¢ € S, note that for every £ € R™, only a finite number of terms in
BI3) are non-zero and hence ¢ is C*°. The support of ¢ is bounded and bounded
away from the origin, since $(§) = 0 for all £ ¢ K, by (2I3). Equivalently, ¢ can
be defined as

oo
p(r) = (")) = (¥*);(z)  forz #0,
j=0
where the series converges pointwise for all z € R™\ {0}. However, the above series
does not converge for z = 0 (unless p!(0) = »?(0)) and [B.I5) is needed to show
that ¢ € S.
We claim that

o0

(3.16) D@ f = (@D * f) = on* f,

j=—k
where the series converges in §’. Indeed, by (B.I5)

( 3 w)j—(w)j) © = 3 FHA") 6~ R((A) 7€) = $((A)E) = 5T(0).

j=—k

Hence, by 3I12)) and BI0), for any ¢ € S and |3| > L,

(0°(g" - 9°), )] \ lim < 2 ol *f+Pzi—(s02)j*f—sz)7¢>‘

j=—k

- | 2 e+~ ) £0).0)| = Jim [0"(p-sx ).9)

|3’8(30 k*f |/ N
< lim sup ———~—~+ 1+ x o(x)|dx

k(\ﬁ\(——a) . —
ScklgngetA' [ fllgga =0.
This shows (BI1]) and completes the proof of Proposition B.8 O

As an immediate corollary of Lemma 2.8 and Proposition [3.8] we have

Corollary 3.9. Suppose that « € R, 0 < p < 00, 0 < ¢ < 00, w € A, and
f e FYUR™, A, wdzx). Given ', ¢! € S satisfying Z9) and @I0), there exists a
sequence of polynomials { P}, with deg P} < L = |a/(_ | such that

(317 ¢'= lim ( 3 (. <¢1>Q><w1>Q+P;)

k—o0

QEQ, |det A|=F<|Q|< | det Al*

exists in S’. Moreover, if g> is the corresponding limit in BIT) for some other
02 % € S satisfying B3) and @I0), then B.II) holds.

3.3. Inhomogeneous Triebel-Lizorkin spaces. In this subsection we define in-
homogeneous counterparts F» of homogeneous Triebel-Lizorkin spaces Fg"q and
we briefly describe some of their basic properties. In general, it is much easier to
prove results for inhomogeneous than homogeneous spaces, since all technical issues
involving convergence in 8’/P, which preoccupied much of our attention, are non-
existent in the inhomogeneous case. Moreover, all results for inhomogeneous spaces
considered here are generally straightforward modifications of the corresponding
homogeneous results and therefore we will only outline required changes.
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Definition 3.3. Fora e R, 0 < p < 00, 0 < ¢ < 00, and w € A, we define the
weighted inhomogeneous anisotropic Triebel-Lizorkin space F? = F;’Q(R”, A, wdx)

as the collection of all f € S’ such that

/]

< o0,
Lr(w)

00 ) 1/q
e =1 5 @l + | ( S (1derapeis o))
j=1
where ® € S(R™) and ¢ € S(R") satisfy (3.2)), (13), and B.19),
(3.18) supp ® C [—7, 7",
(3.19) sup{[((A) 7O [@()} >0 forall ¢ € R™.
iz
As in the homogeneous case, we will see that this definition is independent of ®
and ¢ as above.
Let Qo = {Q € Q : |Q[ < 1}. The sequence space, {7 = f9(A, wdx), is the
collection of all complex-valued sequences s = {sg}geg, such that

1/q
Isllgzn = H( T <|@|a|sQ|>~<Q>Q)

lQI<1

< 00,
Lr(w)

where xg = \Q|’1/ 2XQ is the L2-normalized characteristic function of the dilated
cube Q.

Since £ is trivially isometrically imbedded in fg"q, virtually all results for f;’q
have immediate analogues for f;?. In particular, it is immediate that Lemma [3.3]
holds for £39.

We can also define ¢-transform S, and the inverse ¢-transform 7', corresponding
to the inhomogeneous setting.

Definition 3.4. Suppose that ®, ¥ € S(R"), ¢,9 € S(R") satisfy (3.2), (33)), and

(3I9). Define the inhomogeneous p-transform S, = S, to be the map taking
cach f € §'(R") to the sequence S, f = {(S,f)o}geco, defined by

(Sefe=(f,2q) it Q=1 (Sef)e={f,pq) if |Q<1.
The inhomogeneous inverse -transform Ty, = Ty, is the map taking the sequence
s ={sq@}qeq, to Tys = Z|Q|:1 sQVq + Z|Q|<1 5QUQ-
Given a pair @, ¢ € S satisfying (3.2), (8.18), and (819) one can show that there
exists another pair W, € S satisfying the same properties such that

00
=1

(3.20) DT+ A((A)TP((A") 7€) =1 forall £ € R™.

j
Indeed, to show (3.20)), notice that BI8) and (BI9) imply that ¢ satisfies (B.3]).

By Lemmal[3:6] there exists 1) € S such that (2Z9) and (ZI0) hold and (&) (€) > 0
for all £ € R™. Hence, by a compactness argument and (B.19)), it is easy to find a
required ¥ € S such that ([320) holds. Moreover, as in Lemma [Z8 we have the

representation formula

(3.21) F=Y (£®¥q+ > (f.va)te,
Q=1 lQl<1

for any f € 8’(R™) with convergence in §'.
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Finally, one can show that Theorem also holds in the inhomogeneous setting.
That is, S, is a bounded operator from F»? to £*? and T}, is a bounded operator
from £+ to F?. Moreover, if ®, ¥ € S(R") and ¢,¢ € S(R") satisfy (3.2), (3.13),
and (3.19), then Ty o S, is the identity operator on F{?. Indeed, it is not hard to
verify that the proof of the boundedness of S, and T}, is a direct adaption of the
proof of Theorem It is then clear that the analogue of Corollary [3.7 also holds
for F1.

4. ALMOST DIAGONAL OPERATORS

In this section we study the class of almost diagonal operators on f.'po"q(A7 wdzx),
which was introduced in the dyadic case by Frazier and Jawerth [27]. The interest
of these operators on fz?’q arises from their close connection to operators on function
spaces.

For a quasi-Banach space X, let £(X) be the algebra of bounded linear operators
on X with the operator norm. Define the bounded operators S7, : E(F;‘;’q) —

L(£39) and T} : L(£29) — LFL) by

S;Z(T) = SSD oT o Tw fOr T c E(Fg&,q),
Tj(A)=Tyo0AoS,  for Ae L)

Repeating verbatim the arguments in [27, Section 3] and using Theorem we
have the following commutative diagram:

L(f9)

e &

L(Fo) i

L(F29)

Moreover, if g# oo, then any A€ E(fz‘f’q) is represented by a matrix {agp}q reco,
where agp = (Ael’)q. Here, ef’, P € Q denotes the standard unit vector in f;’q
defined by (ef)g = dpg. If ¢ = oo, then despite the fact that not every A € L(f';”>q)
can be represented by a matrix, we claim that for any B € E(Fg’q), an operator
SiB € L(f;7) has a matrix representation. Indeed, for any s € £,

((S5)())o = (S,BTys)q = <stwp,so@> =S p(Bue co).
P P

by Proposition and Theorem We are now ready to introduce the class of
almost diagonal operators on 9.

Definition 4.1. Suppose € R, 0 < p < 00, 0 < ¢ < 00, w € Ay, and 179 =
inf{r : w € A.}. Let J = max(1,r9/p,1/q). We say that an operator A, with
an associated matrix {agp}q peo, where agp = (Ae®)q, is an almost diagonal
operator on fg’q(A, wdzx), if there exists an € > 0 such that

(4.1) sup |agpl|/kqp(€) < oo,
Q,PcQ
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where
- () (- 5m) " m[()7(5)7)

Theorem 4.1. Suppose « € R, 0 < p <00, 0 < g <00, and w € A An almost
diagonal operator A is bounded as a linear operator on £39(A, wdz).

Proof. Suppose first that Theorem [£1]is true in the case a = 0. Let A be an almost
diagonal operator on f;*? with matrix {agr}q,p. Let B be a linear operator on

fg’q with matrix {bgp}g, p defined by

bor = (IPI/IQ)"agp.
It is easy to see that B satisfies the almost diagonal condition (&1I) with o = 0.

Let {sp}p € fz?’q and define {tp}p € f'gﬂ by tp = |P| ®sp. By the result for
a = 0, we have

[ Searsr}

Ao, g
£ P Qlliye P Q

< Cl{triprlgge = Cl{sp}rliga

£0,q
fp

which reduces the theorem to the case o = 0.

First, we consider the case r = min(p/ro,q) > 1, which implies that J = 1 in
Definition 41l Let A be an almost diagonal operator on fg’q with matrix {agpr}o.pr
satisfying condition (@I]). We write A = Ao + A;, with

(Ags)g = Z agpsp and (Ais)g = Z aQpsp

PeQ, |P|2|Q Peg, |PI<|Q|

for s={sp}tp € fg’q. For Q € Q, |Q| = |det A|77, and = € Q, we have

[(Aos)ol <C Y ror(e)lspl

[P|=]Q

(1+€)/2
C Z (QI) |sp|
1P| (14 [P~ palzp — 2q)) '+

[P1=[Q|

<cy X <|Q_|>(1+6)/2 |sp|
- |P| (1+ [P~ palep — xq))t+e

i<j |P|=]| det A|~

ch|detA|<H><1¥">MpA< > ISPXP|>(:E)

1<j |P|=|det A|~

IN

using Lemma [6.2l Hence, we have

< > |(AOS)Q>~CQ|q)SO<ZdetA|(i_j)(§)MpA< > SP>2p|)>q.

|Q|=|det A| 7 i<j |P|=| det A|~i
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Therefore,
e q\ 1/q
||A0$||f3,q SCH(Z <Z|detA|(z—J)(2)MpA< Z |5P)ZP>> >
JEL "<y |P|=| det A|—? LP(w)
a\ /4
< CH ( <MPA ( Z |SP>2P|>> > ,
i€Z |P|=| det A]—¢ LP(w)

by Minkowski’s inequality. By the Fefferman-Stein vector-valued inequality we
conclude that

= Clls]lz0.4,
L (w)

1/q
oslige < €| (S lorier)
P

since w € A, by p > r¢. To show the corresponding estimate for A;, we apply the
same argument as for 4y using the condition

rart120((g

Therefore, both Ay and A; are bounded on fg’q and, hence, A is also bounded.

The case r = min(p/rg,q) < 1is a simple consequence of the case r > 1. Indeed,
we remark that A = {agp}q,p being almost diagonal on 34, i.e., (@) holds for
some € > 0, is equivalent to

A" ={agpto.r = {lagr"(1Q/|P)/**}o.p

being almost diagonal on f'}?ﬂﬁ, i.e., (@) holds for {agp}o.p and € = re. Hence,

we can pick an 7 < r so close to r that the almost diagonal condition (A1) still
holds with r = min(p/ro, q) replaced by 7. This means that p/(ro7) > 1, ¢/7 > 1,
and that the matrix

. /10) 1/2—7/2
A={agr}q.r= {|GQPT<W> }Q N

,q/r

) 1410 palen — 5g))

satisfies the almost diagonal condition (I]) on f for a smaller value of € than

¢ = re, since J = max(1,ro7/p,7/q) = 1. Indeed, we have
—7/r—7re 1/247€¢/2 r/r—1/2471€/2

R ) [
- max(|Q|, [P]) 1P| "\1Q|
Given s € fz?’q, define t = {tg}q by to = |Q[*/>77/?|sq|". Then

Vi } } N\ P/a) /7

T —7 T T
145 = | ( S @r=21sol za
QeQ

= [Isllzoa-
LP/7 (w) !

By the 7-inequality, we have

o \WT } N
(As)ol < (Z |an|"8p|’“) - <|Q’"/2-1/2>1/’“(Z anHtP)
P P

Hence,

17

1 1
[ Asllg0.0 < [A{Itp I} P)all; 52/7 < ClJt; 52/7 = Cllsllio«
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since A is bounded on f}?}‘f:/ 7Z(A,wdx), by Theorem 1] in the already shown case
p/r0,q > 1. This completes the proof of Theorem 1] O

5. ATOMIC AND MOLECULAR DECOMPOSITIONS

5.1. Smooth molecules. We are ready to introduce the notions of smooth mole-
cules adapted to anisotropic setting of expansive dilation matrices considered in
this work. Our definition is motivated by smooth molecules associated with the
usual dyadic dilations and studied in [27, Section 3]. However, for the sake of
clarity, we have decided to use a slightly simplified version of smooth molecules,
where the condition on differences of partial derivatives of the highest orders is
incorporated into the corresponding decay conditions on partial derivatives of one
higher order. This enables us to reduce the number of conditions defining smooth
molecules in [27] from 4 to 3. Moreover, this reduction is further justified by the
observation that in the non-isotropic setting one generally needs to assume the
appropriate decay and smoothness conditions of higher orders than in the isotropic
setting. Indeed, in the usual dyadic situation (— = (4 = 1/n and Definition BT
is equivalent (modulo the above-mentioned reduction) to the Frazier and Jawerth
notion of smooth molecules. However, if a dilation matrix A is non-isotropic, then
0< (- <1/n<{s <1 and we have different growth rates of a quasi-norm p4(z)
in different directions. To compensate for this we ought to require more smoothness
and decay conditions to have meaningful notion of smooth molecules. These are

reflected in conditions (G.I)—(5.0]).

Definition 5.1. Suppose a € R, 0 < p < 00, 0 < g < 00, w € Ay, and 1y =
inf{r: w e A,}. Let J = max(1,r9/p,1/q) and N = max(|(J —a—1)/¢_],-1).

We say that ¥ (x) is a smooth synthesis molecule for Fg"q(R”, A, wdx) supported
near Q € Q with |Q| = |det A|~7 and j € Z, if there exist M > J such that

. i | det A|7/2
51) 10U @) < T

| det AJ7/2
5.2 ) < -
( ) | Q(l‘) = (1 + pA(AJ(:E _ xQ)))max(M,(]M—a)CJr/Cf)’

for [4] < [a/¢-] +1,

(5.3) /xW\I/Q(x)dx =0 for |y < N.

We say that a collection {¥q}oeg is a family of smooth synthesis molecules, if
each W is a smooth synthesis molecule supported near Q.

We say that ®¢(z) is a smooth analysis molecule for Fg"q(R”, A, wdx) supported
near Q € Q with |Q| = |det A|77 and j € Z, if there exists M > J such that

. det Al7/2
64 RN < g3 pL(jf_ o frhl<N L
| det A|7/2
(55) |(I)Q($)| < (1 n pA(Aj (l’ — xQ)))maX(M71+aC+/C—+M*J) )
(5.6) /xWI)Q(x)dx =0 for |y| < |a/C—].

We say that {®g}oeo is a family of smooth analysis molecules if each ®g is a
smooth analysis molecule supported near .
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The following comments may clarify the above definitions.

Remark 5.1. Whenever we talk about smooth molecules or atoms, ®o and Vg
should be understood as some function indexed by @ = A=7([0,1]" +k) € Q, which
is not necessarily equal to the usual convention Wg(z) = |det A|7/2W(Az — k) used
throughout Section Bl Conditions (&) and (54 should be understood as follows.
Let D4 be the dilation operator given by D4 f(x) = f(Ax). Then the left-hand
side of (B.1]) is simply |07(Da-5¥q)(z)| and similarly for (.4). Moreover, to avoid
any ambiguity, (51) and (5.4) require that Ug and ®¢ have continuous partial
derivatives of order |a/¢_|+ 1 and N + 1, respectively.

Remark 5.2. If o < 0, then the smoothness condition (BI)) is void. If @ > 0 is
sufficiently large, say o > M (1—¢_ /¢4 ), then (52) follows from (5.1). Additionally,
if « > J—1, then N = —1 and the vanishing moment condition (B3]) is void.
Furthermore, if & = 0, then N = [(J —1)/¢_|. Ifalso 0 < p < 1 and ¢ > p/ro,
then N = [(1/p—1)/(_], and (53) coincides with the vanishing moment condition
for atoms in the anisotropic Hardy space HY (R™); see [0 Section 4]. On the other
hand, if @« = 0 and min(p/ro,q) > 1, then the conditions for smooth synthesis
molecules reduce to (1)) for || < 1, @2), and (&3) for v = 0. Similar comments
are applicable for smooth analysis molecules.

The main motivation behind somewhat non-obvious orders of decay and smooth-
ness imposed on smooth molecules is revealed in the following lemma, which is a
non-isotropic variant of [27, Corollary B.3].

Lemma 5.1. Suppose {®g}q and {Vq}g are families of smooth analysis and
synthesis molecules for ¥4, respectively. Then the matriz {agpr}, given by agp =
(Tp,Rq), is almost diagonal. More precisely, there exist C > 0 and € > 0, such
that

[(Tp,g)| < Crgp(e) for all Q,P € Q.

The elementary, but tedious proof of Lemma [5.] can be found in Section [6l As
an immediate consequence we obtain the following two corollaries.

Corollary 5.2. Suppose {¥q}q is a family of smooth synthesis molecules for Fgﬂ
and ¢ € S(R™) with 0 & supp ¢. Then the matriz {agp}, given by agp = (¥ p, ¢q),
is almost diagonal.

Corollary 5.3. Suppose {®g}q is a family of smooth analysis molecules for Fg“q

and ¢ € S(R™) with 0 € supptp. Then the matriz {agpr}, given by agp = (Yp, Po),
is almost diagonal.

We will also need the following elementary result, which provides an approxima-
tion of smooth molecules by elements of the Schwartz class S.

Lemma 5.4. Suppose that ® is a smooth analysis (or synthesis) molecule supported
near Q € Q. Then there exists a sequence {¢r}7>, C S and ¢ > 0 such that coy,
is a smooth analysis (or synthesis) molecule supported near Q for every k, and
or(x) = @(x) uniformly on R"™ as k — oco.

Proof. Using translations and dilations, we may assume that @ = [0,1]™. Indeed,
if @ is a smooth molecule supported near @ = A=7([0,1]" + k), then it is not hard
to check that |det A|=7/2T_,D,—;® is a smooth molecule supported near [0,1]™.
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We will present the argument for a smooth analysis molecule ®; the other case is
identical.

First, we will show that ® can be approximated by a sequence {¢x}3>, C C™.
Let h be a C* function such that h(z) > 0 for all z € R", supph C B(0,1), and
J h=1. Suppose that ® is a smooth analysis molecule for some @ € Q; the other
case is analogous. Then, we claim that ¢;, = ® *hy, where hy(z) = 2"%h(2%x), does
the job. Indeed, using 07¢y = (07 ®) * hy, supp hy, C A"¥B(0,1), and [ hy =1, it
is not hard to check that cgy, satisfies (54) and (B3] for sufficiently small ¢ > 0. It
is also obvious that ¢, € C* satisfies (5.6) and ¢y () — ®(z) uniformly as k — oo.

Therefore, by the diagonal argument, we can assume that ® € C°°. Let g be a
C* function such that g(x) = 1 for x € B(0,1), and suppg C B(0,2). For every
multi-index 3, let ¢° € S be such that [27¢?(z)dz = &5,. For example, take

@(f) = (—i)lf1¢Pg(€). Then, we claim that

o = Pg_p — Z cgqbﬁ, where ci = /xﬂq)(:c)g_k(:c)dm,
IBI<L
L = |a/¢_] and g_i(z) = 27 g(27%z) does the job. Indeed, it is clear that
ci — 0 as k — oo. Since each ¢? € S, then by the product and chain rules cgy,
satisfies (5.4) and (5.3) for sufficiently small ¢ > 0. Moreover, by our choice, ¢, has

vanishing moments up to order L, ¢, € S, and ¢y (x) — ®(x) uniformly as k — oo.
This completes the proof of Lemma 5.4 O

5.2. Smooth molecular decompositions. We are now ready to show generaliza-
tions of Theorem in the situation when the usual wavelet families of translates
and dilates {¢g}oeo and {¥g}geco are replaced by families of smooth analysis
{®o}geo and synthesis molecules {¥g}oeo.

Theorem 5.5 (Smooth molecular synthesis). Suppose A is an expansive matriz
and w € A. There exists a constant C > 0, such that if f =3 o 35QVq, where

{Tq}o is a family of smooth synthesis molecules for Fg’q(R”,A, wdx), then

Iflesa < Cll{s@Yollzen  for all {sQ}q € ;7.

Proof. By Lemma 2.8, we can write ¥p = > (¥p, pg)Yq with the convergence
in §’'/P. By Theorem 1] and Corollary 52, A given by the matrix {agp}o pr =
{{¥p,9q)}q,p is a bounded operator on f9(A, wdx). Since

TyAs =) Y agrspvo =Y spy (Vp.po)lg =) sp¥p=f,
Q P P Q P

then by Theorem [3.5],

Hf”F;,"’q(R",A,wdz) = HTd"AS”Fg’q(R",A,wdz) < CHASHf"Z‘,"'q(A,wdx) < C”SHf"ﬁ“‘q(A,wd;c)'
O
Theorem 5.6 (Smooth molecular analysis). Suppose A is an expansive matriz and

w € As. There exists a constant C > 0, such that if {®q}g is a family of smooth
analysis molecules, then

(/. 2a)}allzgs < Cllfllgga  for all f € Fp4(R", A, wdz).
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The main technical difficulty in the proof of the above theorem is to justify the
meaningfulness of the pairing (f, ®g). Indeed, f € Fg’q is an equivalence class in
S’ /P, and &g may not even belong to S, and consequently, it may not be clear how
to understand (f, ®g). More than that, even when ®¢g happens to be in S, then
(f, ®g) may still not be well defined, since it is necessary to choose an appropriate
representative of f in &’ in its equivalence class in &’ /P for (f, @) to be understood
as the usual pairing of a tempered distribution f € &’ with a test function ®g € S.
Therefore, we need a precise pairing procedure provided by Lemma 5.7

Lemma 5.7. Suppose f € F;"q(R", A, wdz) and ®g is a smooth analysis molecule
for Fg"q(R", A, wdzx) supported near @ € Q. Then for any ¢,y € S(R™) satisfying
@9) and 2IQ), the series

(5.7) (f.®Q) =D (@t * [,0q) = Y (f.0r)(tp, Bg)

JEZ PcQ

converges absolutely and its value is independent of the choice of ¢ and v satisfying
(Z3) ond (@I0).

Proof. First, note that for any f € F;"q, there exists a matrix {bgp}g peco such
that bgp > 0 and

(5.8) [(foep)|(p, 0)| < bop and ) bop < oo,

P
whenever ¢ is a smooth analysis molecule supported near @. Indeed, by Corollary
B3] there exist C' > 0 and € > 0 such that |[(¢¥p, )| < Crgp(e), and hence bgp =
C|{f,ep)|kgp(€) does the job. Moreover, by Theorem B {{f,pp)}pr € fz?’q, and
hence by Theorem EIl )", bgp < co. This shows the absolute convergence of the
series in (B1).

To show independence of the choice of ¢ and 9, let {¢;}7°; C S be the sequence of
(constant multiples of ) smooth analysis molecules supported near @ and converging
uniformly to ®¢ guaranteed by Lemma[5.4l By Proposition B.8 and Corollary B.9]
there exists a sequence of polynomials {P}72, with deg P, < L = |a/¢_] such
that Z;’i_k ©; * j * f + Py converges in 8" as k — oo. Therefore, for each [, we
can define

(f.00) = <klijgo 3 birvy *f+Pk,¢z> = Jim 3 (s 00
J== J==

= lim Yo (ferMue.d) =Y (fer)ie. ),

k—oo
PEQ,|P|>|det A|~F Peg

since the above series converges absolutely by (&.8). Moreover, by ([BI1]) in Propo-
sition B8 and (E), this definition does not depend on the choice of ¢ and 4. Since
(Yp,d1) — (Yp,®q) as | — oo, by (G.7) and the Lebesgue Dominated Convergence
Theorem,

Z (frop)(¥p, d1) — Z (f,op)(bp, ®g)  asl— oo

PeQ PeQ

By the above reasoning, this limit is independent of ¢ and 4 satisfying (2:9) and
(ZI0)). This shows that (f, @) is well defined by (517) and completes the proof of
Lemma (.7 O
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Proof of Theorem [0.6l After hard work in Lemma [5.7] the proof is now completely
trivial. Recall that by Lemma [5.7]

(f,®q) = > _(f0p) (0P, Bq)-
P

By Theorem . T]and Corollary [5.2] the operator A given by the matrix {agp}g.p =

{{¥p,20)}o,p is bounded on fg’q(A,wdx). Since (f, ®q) = > p(f,¢r)agp, by
Theorem [B.5] we have

H{<f7 (I)Q>}Hf,‘f"q(A,wdw) = ||AS<Ff||f,‘f"q(A,wdm) S C”f”FS’Q(R",A,wdQ:)'
Il

5.3. Smooth atomic decompositions. In this subsection we show that the ele-
ments of F{»?(R", A, wdz) admit smooth atomic decompositions.

Definition 5.2. A function ag(x) is said to be a smooth atom supported near a
cube Q = Q;x = A77([0,1]" + k) € Q if it satisfies

(5.9) suppag C A7 ([~dg, 1+ do]™ + k),
where dy > 0 is some fixed constant, and

(5.10) 07 [ag(A™7)(z)| < |QI7Y*  for |4 < K,
(5.11) / zVag(x)dr =0 for |[y| < N,

where N > N is the same as in Definition BIland K > max(|a/¢_| +1,0). Recall
that

N=max(|(J—a—1)/¢_],—1) where J=max(1,79/p,1/q), ro=inf{r :w € A,}.

When more emphasis is needed, we say that ag is a (K, N)-smooth atom.
We say that {ag}loeg is a family of smooth atoms, if each function aqg is a
smooth atom supported near Q.

Remark 5.3. We remark that every smooth atom a¢ is always some fixed constant
multiple of a smooth synthesis molecule supported near ). Moreover, this constant
multiple depends only on dg > 0, which controls the relative size of the support of
ag. Indeed, it is clear that the support condition (5.9) together with (E.I0) imply
the decay condition (5.2) of ag and its partial derivatives (B.I)) for any value of
M > J.

Theorem 5.8 (Smooth atomic decomposition). Suppose A is an expansive matriz,
a€R, 0<p<oo,0<q< oo, andw € Ax. For any f € Fy? there exists a

amily of smooth atoms {ag} and a sequence of coefficients s = {sg} € fo"q, such
Q Q P
that

(5.12) F=2 seaq  and |lsllgga < C|f[lgga,
QeQ

where the above series converges unconditionally in Fg’q. Conversely, for any family
of smooth atoms {ag},

(5.13) H % 5QaQ

< Cllsllgn

‘ o,
Fp
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Proof. The converse direction (BI3) follows immediately from Theorem and
Remark 53l Let 8 € S be such that supp 8 C B(0, dp), and

(5.14) /x”@(x)dm =0 forall [y| <N,

(5.15) (&) >¢c>0  forall (2JA|)"L < el <1

It is easy to construct such 6; see |25, Theorem 2.6]. Indeed, let © € S be a radial
function satisfying supp © C B(0,1) and ©(0) = 1. Then for sufficiently small 0 <
§ < 80, 0= (—A)N(57O(-/8)) satisfies (5.14) and (GI), since 0(¢) = |£2VO(5¢).
Let n € S be such that §(§) # 0 <= (2||]A]|)~ < [¢] < 1. In addition, by
(I8) we can modify the phase of 7(€) such that 7(£)6(¢) > 0 for all £ € R™.
Let h(€) = 3,05 A((A*)IE)6((A*)E). Finally, let @ be given by 3(€) = 7(€)/h(¢).
Then, as in the proof of Lemma [B:6, one can show that ¢ € S satisfies (32)), (B3),

and
S G(ATVOI(A)YE =1 forall € € R\ {0},
JEL
Therefore, by Lemma we can expand f € F;’q as
F=) bixeixf,
jez

where the equality and convergence is in 8’/P. Then, we can decompose the first
convolution to obtain the expansion of f

G f@= X [ he-ne s N
JEZ QeEQ, |Q|=|det A3 V¥

At this moment, it may not be obvious that the above series converges in S’/P.
However, if it does, then clearly this series must converge to f in §’/P. Next, for
Q € Q with |Q| = |det A|7?, we define

sq = QI sup |(¢; * £)(y)l.
yeQ

It follows from the proof of the boundedness of S, in TheoremB.Hlthat s = {sg}¢ €
£ and |[s]|go.a < C[f|lgg.a. We also define

ag(z) = 53" /Q 0,(c — )y * Ny, if 50 #0,

and ag = 0 if sqg = 0. Therefore, we can rewrite (5.16) as f = > SQaq-

To guarantee that this series converges in Fg’q, by Theorem [B.5 and Remark [5.3]
it suffices to verify that each aq is a smooth atom. It is immediate that a¢ satisfies
(59) and (G.I0)). Finally, to check (5.10Q), for any multi-index v and |Q| = | det A| 77,
we have

(4N < 55 det AP [ 10000 = Hp)lte, » Hwldy
< |det Alisg! sup |t W)l [ 1070(0 — Ay
yeQ Q

<1QI / @0(y)|dy < C|Q V.
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Finally, by re-normalizing {ag} and {sg} by the constant factor sup, <z Cy, {ag}
is the required family of smooth atoms. This completes the proof of Theorem
0.3 O

5.4. Atomic and molecular decompositions of Fj;-7. After some necessary
modifications, all results about smooth atomic and molecular decompositions for
the homogeneous case can be generalized to the inhomogeneous case. For the sake
of completeness, we present the inhomogeneous versions of Theorem 5.5 Theorem

[(.6] and Theorem 5.8

Definition 5.3. Suppose a € R, 0 < p < 00,0 < g < 00, w € As, and 1y =
inf{r:we A.}. Let Q9 ={Q € Q:|Q| < 1}.

We say that Wq(z) is an inhomogeneous smooth synthesis molecule for Fy?
supported near @ € Qy if it satisfies (BI)-(E3) if |Q| < 1, and (BI)) only if |Q| = 1.
Hence, we do not assume that ¥ has any vanishing moments if |Q] = 1. A
collection {¥qg}oco, is a family of inhomogeneous smooth synthesis molecules if
each ¥ is a smooth synthesis molecule supported near Q).

We say that ®@q(z) is an inhomogeneous smooth analysis molecule for Fy? sup-
ported near @ € Qy if it satisfies (LA)—(E.06) if |Q| < 1, and (&) only if |Q| = 1.
A collection {®g}geo, is a family of inhomogeneous smooth analysis molecules if
each ®¢ is a smooth analysis molecule supported near .

A matrix {apg}p e, is an inhomogeneous almost diagonal matriz for £+ if
there exists an € > 0 such that
(5.17) suep lagp|/rgp(e) < .

s 0
It is clear that an operator A on £ given by an almost diagonal matrix is bounded
on fi¢. This follows immediately from Theorem [L.I] and the observation that
e — f';’q is an isometric embedding.

Suppose {Uq} and {®g} are families of inhomogeneous smooth synthesis and
analysis molecules, respectively. Then the inhomogeneous analogue of Lemma (.11
holds, i.e., the matrix {apq}pr,@ = {(¥Vp, Pg)}pq is almost diagonal on f?. The
proof of this fact is a slight modification of the homogeneous case. Indeed, the
vanishing conditions for g and the additional decay in the case o < 0 are only
used in cases III and IV of Lemma [5.1] i.e., when applying Lemma [6.3 for h = ¥p
and |P| < |Q]. This never happens in the inhomogeneous case if |[P| = 1. Similar
observation holds for ®¢ if |@| = 1. The remaining estimate for (Up, &¢) for
|P| = |Q| =1 is a consequence of Lemma [6:4] Hence, the inhomogeneous analogue
of Lemma [B1]is true.

As a consequence, we have the following analogues for the corresponding results
for the homogeneous case.

Theorem 5.9 (Inhomogeneous smooth molecular synthesis). Suppose A is an
expansive matriz and w € As. There exists a constant C > 0, such that if
[ =20co, 5Q¥q; where {¥q}q is a family of inhomogeneous smooth synthe-
sis molecules for Fyyd(R™, A, wdz), then

[fllpge < Cli{setellgge  forall {sq}q € 7.

Theorem 5.10 (Inhomogeneous smooth molecular analysis). Suppose A is an ex-
pansive matriz and w € As,. There exists a constant C > 0, such that if {®g}q is
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a family of inhomogeneous smooth analysis molecules, then

{(f, ®a) e, lleggs < Clifllege  for all f € F9(R™, A, wdz).

For the analogue of smooth atomic decomposition we need the following defini-
tion.

Definition 5.4. A function ag(x) is said to be an inhomogeneous smooth atom
supported near a cube Q € Qy if it satisfies (5.9), (510), and (BII) if |Q| < 1 and

(E9) and (GI0) only if |Q] = 1. We say that {ag }geo, is a family of inhomogeneous
smooth atoms if each function ag is a smooth atom supported near Q.

Theorem 5.11 (Inhomogeneous smooth atomic decomposition). Suppose A is an
expansive matriz and w € As. For any f € Fp»? there exists a family of inhomo-
geneous smooth atoms {aq} and a sequence of coefficients s = {sq} € £59, such
that

f=72 squqg and |slgge < Clflege.
QEQo
where the above series converges unconditionally in Fi9. Conversely, for any family
of inhomogeneous smooth atoms {aq},

Y soug

QEQo

The proof of Theorem B.11]is a direct modification of Theorem 5.8 Indeed, let
0,0 € S be such that supp 8, supp © C B(0,d), |©(£)] > ¢ > 0 for || < 1, and 6
satisfies (514) and (GI5). Then, one can show that there exists a pair ®,p € S

satisfying (32), 3I8), (B19) and

(5.18) d Z@ ADTIEH((A*)TIE) =1 forall £ € R”,

< Cllsllgga-

p‘

Using the representation formula

(5.19) F=0x®xf+> 0ixp;xf,

Jj=1

the rest of the proof of Theorem [5.11]is analogous to that of Theorem .8

6. PROOFS OF AUXILIARY RESULTS

6.1. Proof of Proposition 2.7l To show Proposition 2.7 we will need the follow-
ing lemma.

Lemma 6.1. Given an integer d > 0, define
Si(R™) ={p € S(R") : 0%¢(0) =0 for |o| < d}.

Then there exists a collection {T% }|y|=a+1 of continuous linear maps T, : Sg(R"™) —
S(R™) such that any ¢ € Sq(R™) can be decomposed as

(6.1) o(x) = Z 27T, ¢(x) for all x € R™.

[y|=d+1
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Sketch of the proof. Lemma [6.] is trivial in one dimension, since Tyy1 : Sa(R) —
S(R) given by

¢(z)
) x # 0’
62) Tabla) - {;@mn(o)
@y =0,

is a continuous linear map. Indeed, this is a consequence of the Taylor remainder
theorem.

To show Lemma [6.T]in higher dimensions we will proceed by induction. Assume
it is true in all dimension < n for all d > 0.

Pick any ¢ € S4(R™). For any (z32,...,2z,) € R™ we expand ¢ in the Taylor

polynomial of order d at the point (0, z2,...,zy,), but only in x; variable
d .
0l ¢(0,x9,...,2y .
(63) ¢($1,...,xn) = L ( 5 )(,]Zl)j —|—R¢(3}1,$2,...,[En),
7=0 J
where the remainder satisfies Ry (71,22, . .., 7,) = O(|z1|4"?) as |21 — 0. Let g be

a fixed C*° function on R such that g(z) = 1 forall z € [—1,1] and supp g C (—2,2).
We define the map T, : Sq(R™) — S(R™), where o = (d + 1,0, ...,0), by

g(ﬁfl)Rda(ﬂUl»-A-Jn()x-‘tl'gizlg(xl))05(3017---,3771)7 z1 £ 0,

(64) T70¢(x1’ RS LI}n) = ajflqs(o,m,...@n)
oot z1 =0.
(d+1)! ’ 1

It is clear that T,,¢ is C*° on {(z1,...,2,) : 1 # 0} with all its partial derivatives
decaying polynomially fast at oco.

Moreover, since T, (21, . .., 2,) = Rg(x1, ..., 2,)/(21)?*! in the neighborhood
U = {(x1,...,2,) : =1 < @1 < 1} of the hyperplane z; = 0, by the Taylor
remainder theorem it follows that T’, ¢ is also C'°* in U with all its partial derivatives
decaying polynomially fast as |(z2,...,2,)| — oco. Furthermore, it is not hard to
see that the map T’ is continuous. Therefore, by (6.3]) and (G.4)
(6.5)

d
G(x1,. .y wn) = (21) T b1, wn) + gla1) Y

Jj=0

agqu(O,xg, cey X))
3!

(z1)7.

Applying the induction hypothesis, for every 0 < j < d we can decompose the
function 97 ¢(0, xs, ..., 2y) as in (@.I). Combining these decompositions into (.5
in the obvious manner we can define the operators T, with |y = d + 1 and
v # v fulfilling (6I). Since the trace operator T : S(R") — S(R"™!) given
by Té(za,...,x,) = ¢(0,xa,...,x,) is continuous and since the differential opera-
tors 97 : S(R™) — S(R") are also continuous, the operators T, are continuous as
well. This completes the proof of Lemma [6.T] O

Proof of Proposition 27l Recall that the Fourier transform F isomorphically maps
S'(R™) into itself. Moreover, F maps polynomials into linear combinations of
derivatives of the point mass § at 0, i.e., F(z®) = (—i)~1*l9*§. Therefore, Propo-
sition 27 is equivalent to the following statement:

Assume that for every multi-index v with |y| = d+ 1 the sequence {z" f;} con-
verges in 8" as i — oo. Then there exists a sequence {G;a }ien,|a|<a Such that the
sequence of distributions { f; — Z|a|§d a; o 0%6} converges in S’ as i — oo.
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Suppose then that 27 f; — f, in " as i — co. Let g be a fixed function in S(R™)
such that g(x) =1 for all |x| < 1. For any ¢ € S, consider the function

o) = o) —gla) 3 L0 e

lal<d

Since ¢ € S4(R™), it admits the decomposition (G.1I). Therefore,

o= X @)= X WRTH - 3 (T i

[y|=d+1 [y|=d+1 [y|=d+1

On the other hand,

(fix0) = (fi® . g(X)z®y = (fi, ) — Z Ww’aa@)
ol=d jal<d
= <fi - Z ai,a5a5,<p> where a; o, = (_1)|a‘<fi;g(x)xo‘>.
la|<d al

Since ¢ € S is arbitrary and the operators T, |y| = d+1, are continuous by Lemma
6.1 the modified sequence {f; — >, <4 @i,a0%6} converges in " as i — oo. O

6.2. Proof of Lemma [3.11

Proof of Lemma Bl Lemma B holds under a weaker hypothesis than w € A,
We only need to require that there is Ny > 0 and sg > 0 such that

w0 (x)

It is not hard to see that w € A, implies ([68). Indeed, since w € A, we
can find 1 < py < oo such that w € Ay, and by duality, w ~Po/Po ¢ Ay, where
1/py + 1/po = 1. Hence, if we let sg = pj/po, then w™% is in Ay and thus it
satisfies the doubling condition with respect to p4. That is, there is a constant
D > 0 such that for all z € R™ and r > 0

(6.7) / W (y)dy < D / W (y)dy.
By, (z,| det Alr) By, (z,7)

Choose Ny > 0 such that D|det A|~™o¢= < 1. Then, by (Z.5) and (6.7)

/]R" (14 [a])MNo = (1+pA(x))Nocfd

-o[f +§/ |t
B,,(01) 2o BPA(O,|dctA\J+1)\BpA(O,|dctA\J) (1 + pa(x))Not-

< C’/ x)dx - (1 + ) < 00,
BPA(O,l |detA|JN°C

which shows (6.6]).

dx
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Suppose that K C R™ is compact, 0 < p < oo and w satisfies (61). Let n € S
be such that #(§) = 1 for all £ € K. Initially, we will show that ([B.3) holds for all

feS with supp f C K. For any N; >0 and 0 < s1 <1, by f= f*n, we have

f@I= [ wline—nldy
[f ()l

IR PAC) 51 Ni(1-s1) —
< sup B [ W L ) Ot — )y
e . W[ @
< IO+ sup e = )i+ )™ [ e
<l s+ [ T,

since 7 is in S. Therefore,

(6.8) sup @I < C(/R |ﬂy)Sldy) 1/81.

zern (14 [z)M n (L Jy[) s

If 0 < s1 < p, then by Holder’s inequality,

(6.9) /( ()] wsl/”(y)dy

L4 [y)Nesr ws/p(y)
p—s

s( / If(y)l”w(y)dy> ( / (1:”;)&:%3351)@) ’

Therefore, if we choose 0 < $; < p small enough so that s1/(p — 1) < so and
Nj > 0 large enough so that Nips1/(p — s1) > Ny, where Ny and sg are the same
as in ([6.6]), then combining ([6.6]), (6.8), and ([6.9) yields BA) with N = Nj.
Finally, to remove the assumption that f € S, we use the standard regularization
technique as in Lemma 341 Let h € S satisfy supph C B(0,1), ﬁ(ﬁ) > 0, and
h(0) = 1. By the Fourier Inversion Formula, |h(z)| < 1 for all x € R™. Given
an arbitrary f € S8’ with supp f C K, we let fs(x) = f(x)h(ox) for 0 < § < 1.
Then supp fs C K + B(0,1), fs € S, |fs(x)| < |f(x)| for all , and f5(x) — f(x)
uniformly on compact sets as 6 — 0. Applying (B35 to fs and letting 6 — 0, we
obtain (33) for a general f € &' with supp f C K. This completes the proof of
Lemma [3.11 O

1

s
p

Finally, we remark that an alternative proof of Lemma [B.I], which also works for
doubling measures with respect to pa (hence, a larger class than A, weights), can
be found in [7].

6.3. Proof of Lemma [3.3l We need an auxiliary lemma to show Lemma

Lemma 6.2. Suppose 0 < a < r < oo, A > r/a, and i,j5 € Z. Then for any
sequence s = {sp}p and for each cube Q € Q with |Q| = |det A|™7 and each
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r € Q, we have

|P|=] det A|~i
o 1/a
< C|det A|i=D+/a (MpA < > ISPI“XP) (l’)) :

|P|=| det A|—i
where the constant C' depends only on A — r/a. In particular, if i = j, then
a\ 1/a
(6.11) > iaete=C(Mu( Y lselia) )
|QI=| det A|~ |QI=| det A|~
with the same constant C.
Proof. We may assume zg = 0. Consider first the case when ¢ < j. For £ > 1, let

Ag={P € Q:|P|=|detA|™" and pa(zp)/|P| <1},
A, ={Pc Q:|P|=|det A" and |detA|*"' < pa(zp)/|P| < |det A|*}.

Then

sp|"
2 (L+pa(zp)/|P|)*

PecAyg

r/a
< C|det A|~™ Z lsp|” §C|detA_k)‘< Z |5p|“>

PEA, PEA,

' r/a
gC|detA|“|detA|”/“< > 5P|aXP> )

B PecAyg

since ([ xp)"/® = | det A|7""/* and Upea, P C B :=B,,(0,2H| det A|*~"). Hence,
by the definition of the maximal operator, we have

lsp|”
2 (14 pa(zp)/|P)>

PecAy
_ . 1 r/a
< clder A aee i ([ 5 sele)
1Bl /B pcA,
r/a
< Claet a0 (ag (5 fseite ) 0)
|P|=|det A|—*

for any 2 € Q C B. Summing over k > 0, yields (.10).
In the second case i > j, we redefine for k > 1,

Ag={Pe€ Q:|P|=|detA]™" and pa(zp)/|Q| <1},
A, ={Pc Q:|P|=|detA|”" and |det A" < pas(zp)/|Q| < |det A*}.
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Then as before

|SP‘T i _ </ >r/a
< Cldet A det A|"/@ spl|®
2 Wt patapyyiqp = Clact AT ldet Ao [0 lsrlxe

PeAy PeAy

r/a
gC|detA|<"‘j)’“/“"““"“/a)(MPA( > ISPIaXP>($)>

|P|=| det A]~¢

for any € Q C B := B,,(0,2H| det A|*~7). Summing over k > 0, yields (6I0).
To see (G.I1)), multiply both sides of (G10) by X, and sum over all Q € Q with
Q| = | det A|~7,

S Geiese ¥ (X i) ) e

|Q|=|det A]~7 |Q|=| det A~ |P|=|det A=
a\ 1/a
= C<MPA ( > |SP|>ZP> > ,
|P|=| det A|—3
since {Q € Q: |Q| = |det A|77} is a partition of R™. O

Proof of Lemma B3l Suppose r>0 and A>max(1,7/q,rpo/p). If r<min(q,p/po),
then set a = r. Otherwise, if » > min(q, p/po), then take a such that /A < a <
min(r, g, p/po). It is possible to choose such an a, since A > max(1,7/q,7po/p)
implies 7/A < min(r, q¢,p/po). In both cases we have that

0<a<r<oo, A>rfa, q/a>1, p/a>po.

Therefore, Lemma [6.2 yields (G.I1]), and consequently we can estimate f;’q (A, wdz)
quasi-norm of sy \ by

a\ q/a\ a/q
stalizrinar <€ (S (1 3 1@ lselia) ) )

JEL |Q|=|det A|~

1/a

LP/“(w).

Since ¢/a > 1 and p/a > pg, by the Stein-Fefferman vector-valued maximal in-
equality we can remove M,, from the above estimate (by increasing a constant C')
to obtain

lszalliga(awae) < Cllsllzaawae-

6.4. Proof of Lemma [3.4l

Proof of Lemma B4l Since g € 8'(R™) has compact support in the Fourier domain,
g is regular. More precisely, the distribution g is a slowly increasing (at most
polynomially fast) and infinitely differentiable function. Let v € S(R™) be such
that 4(§) =1 for all £ € K. By g =~ g, we have for i =1,2,...,n,

10ig(x — y)| = [(Diy * 9)(x —y)| < /R 10iv(2 — y)llg(x — 2)|d=

lg(x — 2|

Ss 07(z = I+ palz —y)V (1 + pA(y))l/"Wdz,

since

L+pa(z) S H1+palz —y) +pa(y)) < H(L+palz —y))(1+ pa(y)).



1504 MARCIN BOWNIK AND KWOK-PUN HO

Hence,
10ig(x — y)|
lg(z — 2)| 1/ / 1
< Hsup ———L_(1+ r oiy(z —y)|(1 + —y)"dz.
S H swp e LWl 100 (z = y)[( 4 palz —y)) Tdz
Since 9;y € S, there exists C7 > 0 such that

Vg(z —y)l lg(x — 2)|
6.12 sup ———-— < C] sUup —————
G12) e G a7 = O IR Tt pa )
To show the second inequality in ([B.8]), take 6 such that 0 < § < 1. By the
Mean-Value Theorem we have

for all z € R".

lg(z —y)l < min |g(2)| +diam(B,,(z —y,0))  sup  [Vg(Z)],
2€B, , (z—y,0) 2€B, , (x—y,9)

1/r
o5 | g(IPds) £ OO s ()
B/JA(I_%é)

Z€B, , (z—y,6)

by Lemmal[22] where (_ is the same as in (Z6)). Here, we also used that B, , (z—y, )
is convex, since by remarks preceding Proposition 2.]] it is possible to find a quasi-
norm p 4, which produces convex p4-balls. Since

By, (x=y,0) C By, (x, H(6 + pa(y))),

we have

/ l9(2)[dz < / 9(2)[7dz < O+ paw)) My, (19" (@),
By, (2-1.) By (2, H (5404 (1))

sup  [Vg(2)| < sup IVg(z — 2)|
Z€B, , (z—y,0) 2€B, 4 (@, H(6+pa(y)))

Vo(z - 2)|
<H1/T1+5+ i/r su |—
< H PAW) U

Combining the above estimates we have

96 = )] < CQL pal) |57 (0 (") @) 40 sup V02|

Therefore,

lg(z — 2)| [ ny 1/ Vg(z — 2)|

sup ———— < C'[6 /" (M, (@)Y 465 sup —— 22|
ZeRn (1+pA(Z))1/T ( PA(‘g| )( )) ZeRr (1+pA(Z))1/T

Assume for the moment that g € S, and choose § sufficiently small in order to have

C1C8% < 1/2. Combining the above with (BI2) and sup,cgn % < 00,

we obtain

(6.13) sup m < Co(M,, (Ig") (@)™ for all 2 € R™.

To remove the assumption that ¢ € S, we apply the standard regularization
argument; see, e.g. [42l p. 22] or [27, Lemma A.4]. Let h € S satisfy supph C
B(0,1), h(€) > 0, and h(0) = 1. By the Fourier Inversion Formula, |h(z)| < 1 for
all z € R™. For 0 < § < 1, let gs(z) = g(x)h(dz). Then suppgs C K + B(0,1),

g5 €S, |gs(x)| < |g(z)| for all =, and gs(x) — g(x) uniformly on compact sets as
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0 — 0. Applying (GI3)) to gs and letting 6 — 0, we obtain (GI3]) for a general
g € §’. This completes the proof of Lemma 3.4 O

6.5. Proof of Lemma [5.91 To prove Lemma [B.1] we need to show Lemma [(.3]
which is a generalization of the corresponding dyadic result; see [27, Lemma B.1].

Lemma 6.3. Suppose A is an expansive matriz, L € Z, L. >0, R> 1,5 > 1+L(y,
i,j €7Z,1>j, and xo € R™. Suppose that g € CLYL(R™) and h € L*(R"™) satisfy

(6.14) |07 19(A)](@)] < [det AP2(1+ pa2))™™  for |y| < L+1,
(6.15) Ih(@)] < | det AF/2(1+ pa(Ai(x — ag)))~=<R5),
(6.16) / 2h(z)dx =0 for |v| < L.

Then for any 0 < 0 <1 satisfying
(6.17) (L+6)_-+1<S,

there exists a constant C > 0, which is independent of g, h, i, j, and xq, such that
(6.18)
[(g*h)(z)] < C|det A|~C=DEANCHYD (1 4y (A (z—0))) "7 for all z € R™,

Proof. Using translation and dilation, we may assume that j = 0 and zy = 0.
Indeed, suppose that g and h satisfy (@I4)—(EI6) for some ig > jo € Z and
Fo € R™. Then |det A|770/2D 4, g(z) and | det A|770/2D 4, T_z,h(x) satisty the
corresponding conditions for ¢ = ig — jg, 7 = 0, and ¢ = 0. Thus, assuming Lemma
holds for j = 0 and x,

[det A[79°(D 41094 D41 T5,h)(@)| < C| det A|~Go=i) (40412 (14 p ()~ R.
This shows the general case of Lemma [6.3] since
| det A[77°(Dg—so g % Da-so T-z,h)(x) = (g % T—z,h) (A™90x) = (g % h)(A™°z + Fo).
Given z € R™ we decompose R"™ into 3 domains,
Dy ={y eR": pa(y — ) <1},
Dy ={y €R" :paly —2) 21 and pa(y) < pa(x)/2H},
Dy={y eR":paly—x)>1 and pa(y) > pa(x)/2H},

where H is the constant of the quasi-subadditivity inequality.
Then by the vanishing moment condition (6.10) we have

I(g*h)(ﬂf)lé/ gy) = Y a’%!(g:)(yx)'("lh(ﬂfy)ldy—/Dl+/D2+/D$.

n
R 181<L

Case 1: Estimation of D;. For y € D, applying the Taylor Remainder
Theorem and (GI4) with |y| = L + 1, we have

Pglx
o) - X T o <ol s s (0%(e)
|ﬁ|§L : ZE[:L’,y] ‘B‘ZLJ"I

< Clz —y[F*! iy ](1 +pa(2)) R < Cpalw —y)FT (14 pala)
ze|x,y
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where [z, y] is the line segment joining = and y. Here, we used that for y € Dy and
z € [z,y],

pa(z) > (1/H)pa(z) — pa(z — z) > (1/H)pa(x) — pa(z —y) > (1/H)pa(x) — 1,

where pa(x —y) > pa(z — z) for z € [x,y] is a consequence of convexity of p-
balls. Suppose that 0 < 6 < 1 satisfies ([6.I7). Such 6 can always be chosen, since
L(_ +1<L{+ +1<S. Hence, by the change of variables we have

/ < C|det AP'2(1 + pa(z))~F / pae — ) FHO5 (14 pa(Ai(z — y)))~Sdy
Dy Dy

< Cldet A|"*(1+ pa(x)) " /n pa(y) O (14 pa(A'y))~dy
< Cldet A[2(1 + pa(x))~F| det A|7HE+N+D

< [ pa O (L pate)Sdy
< O|det A|7HEFNCH2 (1 4y (2)) 7R,

since the last integral is finite by (6.17).
Case 2: Estimation of D,. For y € Dy, we have

pa(z —y) =2 pa(x)/H — paly) = pa(x)/H — pa(z)/(2H) = pa(x)/(2H).
On the other hand,

pa(z —y) < H(pa(z) + pa(y)) < Hpa(x) + pa(x)/2 = (H +1/2)pa().
Thus, we have

14+ pa(A(z —y)) > |det Al'pa(z —y) > |det A|*(1 + pa(x))/(4H)

and
|z —y|* < Cpalz —y)™+ < Cpalz)™er.
Consequently,
< C/ { L+ paly) ™"+ , dy
/D2 Dy IB%:L 1+ /)A (1 + pA(Al(aj - y)))maX(Rvs)
o | det A|—i(5-1/2)
= C0+ pa@)m
1 pal@)™ [ }
X dy + dy
UR (Ltpa)® " (Lt pa@)® Josy<paterzn
< C|det Al7i5-1/2) [ palz)Fertt }
T (L pa(x)® (1+pa(x))®

< O det A|7"EYD (1 4 pa(a))F,

since S > L4 + 1. This is exactly what is needed, since S —1/2 > (L+6)(_ +1/2
by (6.17).
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Case 3: Estimation of Dj3. For y € D3, we have pa(y) > pa(x)/2H and,
hence,

\:c—y||ﬁ| ] | det A|*/?
<c 1+ paly) %+ , dy
L3 D3 |:( |B|z<:L 1 + pA (1 + pA(AZ(I - y)))max(R,S)
| det A["/? / pa(z — y)LC+
L+ pa(@)? Sy s @yyz1 pa(Al(z —y))?
A|-i(5-1/2) A|—i(5-1/2)
< | det A - / pA(z)LC+‘Sdz§C|det | -
(I +pa@)® Jouc> (1+ pa(z))
since S > L{; + 1. Again, this is what is needed by (G.17]).

Combining the above estimates yields (G.I8]) and completes the proof of Lemma
0.9 O

dy

As a special case of Lemma [6.3] formally corresponding to L = —1, where no
vanishing moments on h are assumed, we obtain

Lemma 6.4. Suppose A is an expansive matriz, R > 1, i,j € Z, i > j, and
xo € R™. Suppose g,h € L'(R™) satisfy

(6.19) l9(x)| < |det AP/*(1 + pa(Alz)) "

and

(6.20) [A(a)] < | det AI"2(1+ pa(Al(z — 20)) "

Then

(6.21) (g h)(2)] < Cldet A|”UD2(1 4 pa(A (2 — 20))) "

for some constant C > 0.

Finally, we are ready to show Lemma [5.1]

Proof of Lemma Bl We will split our estimates into 4 cases.

Case 1. Suppose |Q| < |P| and o > 0. Let i,j € Z be such that |Q| =
|det A|~%* < |det A|™7 = |P|. Then it is not hard to check that g(z) = ¥p(zp — )
and h(z) = ®g(x) satisty the hypotheses of Lemma 63 with R = M, L = |«/(_],

S=1+al+/(—+M—J and zg = xg. More precisely, (&), (&), and (E.6)
imply (©I4), €I5), and [@I6]), respectively. Indeed, to show the least obvious
implication (B.I) = ([6.I4) it suffices to observe that

0" (Dp-ig)(x) = 0" (Da-iTep D-1a¥p)(x) = 0" (Thizp D-1aDa-iVp) ()
= 0(D_1aDa-5Vp)(x — Axp) = (1) (D ¥p)(Azp — ).
Therefore, by Lemmal6.3 with = min(1, a/¢_ — |a/¢— |+ (M —J)/(2¢_)) we have
(Wp, @) = [(g*h)(zp)|
< C|det A|7O=DELANCHLD (4 4 | det A pa(zg — 2p)) ™™
< C|det A|70=D(@+e/241/2) (1 1| det AP pa(zg — xp)) "7,
where €/2 = (L4 0)(_ —a > 0.
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Case 2. Suppose |Q| < |P| and o < 0. Let i,j € Z be such that |Q| =
|det A|7* < |det A|7/ = |P|. By Lemma [6.4l with R = M for the same choice of g
and h as in Case 1, we have

(@, B)| < C|det A~ C—D/2(1 4 |det AP pa (g — op)) ™M
< C|det A|70=D(@+e/241/2) (1 1| det AP pa(g — xp)) "7,
where €/2 = min(—a, (M — J)/2) > 0.

Case 3. Suppose |Q| > |P| and N > 0. Let 4,5 € Z be such that |Q| =
|det A|77 > |det A|=% = |P|. Again, it is not hard to check that hypotheses of
Lemmal63lwith R=M,L=N,S=(M—-a){4+/¢_, x0 = xp, g(x) = Pg(zg — x),
and h(z) = Up(z) are satisfied. More precisely, (£2), (53), and (&4)) imply (GI5),
(619), and (6I4), respectively. Therefore, by Lemma [6.3] with

6 = min(1, (J —a— 1)/¢_ — [(J —a—1)/¢_| + (M = J)/(2¢)

we have
[(Tp, 2o)| = |(g % h)(2q)|
< Oldet A|~0-NNFNCHD (1 4 [det A pa(wq — xp)) M
< O det A==t 2712 (1 1 | det A pa(aq — xp)) 7,

where ¢/2=(N+6)(_ —(J—a—1)>0.

Case 4. Finally, suppose |Q| > |P| and N = —1. Let 4,j € Z be such that
|Q| = |det A|77 > |det A|~* = |P|. By Lemma .4l with R = M for the same choice
of g and h as in Case 3, we have

[(Up, q)| < C|det A|~C=D/2(1 | det A pa(zq — p)) ™™
< C|det A|_(i_j)(J_a+E/2_l/2)(l + | det A‘ij(QJQ — xp))_J_E,
where €¢/2 = min(—(J —a —1),(M — J)/2) > 0.
Combining Cases 1-4, we conclude that
paleq—ap)) s [(IQUIPD* 92 Q)< P,
max(| P|, |Qf) (1QI/|Pa=T+(=92 Q| > | P,
= OHQP(G)a

[(Wp, @o)| < C(1 +

which completes the proof of Lemma 5.1l O
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