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Abstract: We present in this review our recent theoretical studies on atomic processes subject to the
plasma environment including the α and β emissions and the ground state photoabsorption of the
one- and two-electron atoms and ions. By carefully examining the spatial and temporal criteria of
the Debye–Hückel (DH) approximation based on the classical Maxwell–Boltzmann statistics, we
were able to represent the plasma effect with a Debye–Hückel screening potential VDH in terms of
the Debye length D, which is linked to the ratio between the plasma density N and its temperature
kT. Our theoretical data generated with VDH from the detailed non-relativistic and relativistic
multiconfiguration atomic structure calculations compare well with the limited measured results
from the most recent experiments. Starting from the quasi-hydrogenic picture, we were able to
show qualitatively that the energy shifts of the emission lines could be expressed in terms of a
general expression as a function of a modified parameter, i.e., the reduced Debye length λ. The
close agreement between theory and experiment from our study may help to facilitate the plasma
diagnostics to determine the electron density and the temperature of the outside plasma.

Keywords: atomic processes in plasma; Debye–Hückel; α and β emissions; multiconfiguration
method

1. Introduction

Reliable data for many of the atomic processes subject to the outside charge-neutral
plasma are important for the numerical modeling of the evolution of many processes for the
energy-related controlled fusion program and also some of the astrophysical systems [1–4].
With the help of the high-speed large-scale computational facilities, currently, the theoretical
atomic structure calculations by including all the electron–electron interactions between
atomic electrons are capable of generating highly reliable atomic data in close agreement
with the experimental observations in the plasma-free environment. However, a detailed
theoretical understanding of the atomic process in the plasma environment would need to
include the practically unattainable efforts to cover the long-range interactions between the
atomic electrons and all the positively charged ions and the negatively charged electrons
in the plasma. Over the years, by including the interactions between the atomic electrons
and the outside plasma, attempts have been made with somewhat detailed theoretical
methods [5–13] to generate data that may understand the limited experimental measure-
ments. One such example is the application of the ion sphere (IS) approach [8–10]. Whereas
the calculated redshifts of the α emission of the He-like Al ion based on an analytical IS
model [8,9] are in agreement with the recent picosecond time-resolved measurement [14],
its estimated redshifts at a fixed temperature are substantially greater than the measured
data from a high-resolution satellite line-free measurement of the β line of the He-like
Cl ions (see Figure 4 of [15]). In addition, shortly after the He-like Cl ion measurement,
the estimated energy shift from an average atom ion sphere (AIS) model calculation was
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reported to be in good agreement [10]. However, the subsequent application of this AIS
model to the α emission of the He-like Al ion has led to redshifts substantially smaller than
the earlier experimentally observed data (see Figure 2 of [16]). The disagreement between
the IS theories and experiments likely results from the less-than-adequate representation of
the interaction between the outside plasma and the atomic electrons.

The main objective of this review is to summarize a series of recent studies based
on the Debye–Hückel (DH) model, proposed before the quantum mechanics was fully
developed [17], on the atomic processes in the plasma environment. The DH approxima-
tion, based on the classical Maxwell–Boltzmann statistics for an electron–ion collision-less
plasma, is best known to work for the gas-discharged plasma at relatively low density [18].
To apply the DH approximation to the atomic processes subject to plasma with higher
density, one needs to consider two important key criteria. First, temporally, the time scale
of the atomic process (e.g., lifetime) should be substantially different from its correlation
time tp, or the inverse of the plasma frequency ( fp = 8.977× 103 N1/2Hz) of the outside
plasma with density N. For a plasma with its density of the order of 1× 1022 cm−3, tp is
of the order of 10−15 s. This is substantially shorter than the lifetime T2p of the Lyman-α
emission line of the hydrogen atom from its 2p state, which is of the order of nanoseconds,
or more precisely, 1.6 ns. It is also known that T2p scales as the inverse of Z4, and it would
decrease to a similar order of magnitude of tp as Z for the H-like ion increases up to about
18. The values of T2p will again be substantially shorter than tp with Z greater than 50.
The other important time factor is the time for an electron moving around the nucleus.
Again, take the Lyman-α emission line of the hydrogen atom as an example: the time for
the 2p electron moving around the nucleus is about 10−15 s, which is similar for tp. Since
this revolving speed scales as Z2 and it would be an order of magnitude higher than tp
with Z > 5, as a result, the DH approximation works for the Lyman-α emission line of the
H-like ions only with Z between six and eighteen or greater than fifty. Second, spatially,
the atomic orbitals involved in the transition should only be affected marginally by the
outside plasma to retain most of their atomic characteristic. For example, for the transitions
involving the electron in its ground state with the radius of its electron orbital sufficiently
short in range, the contribution to the overlapping transition matrix between the lower and
upper atomic orbitals of the atomic processes is mostly from a critical interacting region
with the influence of the outside plasma included and the amplitude of the lower atomic
orbital mostly non-zero. In other words, the DH approximation should only be applied
to those transitions involving the ground state or the low-n states. Detailed discussions
about these two key criteria were also given elsewhere [19–23]. In essence, the complicated
many-body interaction between the atomic electrons and the outside charge-neutral plasma
is effectively represented by a simple potential VDH(r) depending on two key parameters.
The first one is the Debye length D, which can be expressed in the Bohr radius a0 in terms
of the ratio of the temperature kT and the electron density N (in units of eV and 1022 cm−3,
respectively) of the outside plasma as D = 1.4048 (kT/N)1/2 [17,18]. For the plasma-free
environment, the density N equals zero and D goes to infinity. Effectively, the Debye length
D, which appears in the form of e−r/D or a Debye screening, modifies the attractive nuclear
interaction −Z/r in the potential VDH due to the outside plasma. The second one is an
ad hoc parameter, i.e., the radius A of the Debye sphere, which separates the plasma-
induced Debye potential VDH outside the Debye sphere and the slightly modified close-in
region where the atomic characteristic dominates. More details on these two parameters,
as well as the original approach of the DH approximation leading to the effective potential
VDH are presented in Section 2. A brief summary of the multiconfiguration non-relativistic
and relativistic calculational procedures is also given in Section 2.

Due to its simplicity, the DH model has been applied extensively to study the atomic
processes subject to the outside plasma [24–35]. As we show in Section 2, the atomic
electrons are subject to an effective DH potential derived from the Gauss theorem by
assuming an infinitely heavy nuclear charge Z located at r = 0 with screening from the
fast free-moving plasma electrons of high mobility. In contrast, with the relatively low
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mobility of the plasma ions, one could not assume a substantial presence of the plasma
ions between the fast-moving atomic electrons. In other words, there is little theoretical
justification to apply the Debye screening to the two-body Coulomb interaction between
atomic electrons. By including the Debye screening, which effectively reduces the Coulomb
repulsive interaction between atomic electrons, a high-precision theoretical calculation has
indeed led to the spurious conclusion that the only known bound state of H− between
two loosely bound electrons would stay bound even in the presence of a strong outside
plasma [34,35].

We review in detail in Section 3 our recent applications of the DH approximation to
the α-emission lines of the H-like and He-like ions subject to the outside plasma [20–23].
Our calculated redshifts in transition energy are in agreement both with the experimentally
observed data [14,15,36], as well as the results from some of the more elaborate simulations
based on the quantum mechanical approaches [5–13]. Interestingly, our studies led to a
simple scaling feature for the redshifts of the transition energy and the oscillator strength as
functions of a related parameter, the reduced Debye length λ = Ze f f D, defined as the product
of the Debye length D and the effective nuclear charge Ze f f = Z− 1 of the atomic ion [22,23].
Specifically, the ratio between the shifts in the transition energy ∆ω and the plasma-free
transition energy ω0, i.e., Rω = ∆ω/ω0, could be expressed by a simple polynomial in
terms of this new parameter λ for all ions with applicable nuclear charge Z. Indeed, our
calculations with the non-relativistic and the relativistic multiconfiguration calculations
have confirmed such a general scaling feature (e.g., see Figure 5 of [21] and Figure 1 of [23]).
By introducing this new parameter λ, we were able to focus our application of this slightly
modified DH approximation for the general features of the atomic transition data that
could be extended to all applicable ions from a single theoretical calculation.

We focus our review on the atomic photoabsorption from the ground state of the
one- and two-electron atoms in Section 4. First, we should point out that we modified
the term photoionization from our originally published works to photoabsorption due
to the realization that the speed of the outgoing ionized electron after the absorption of
the incoming photon is generally less than the speed of the outside plasma electrons, and
experimentally, the resulting outgoing photoelectron could not be measured, such as the
one in a plasma-free photoionization experiment. The application of the DH approximation
would also be limited to the process involving mostly the ground state of the target atoms
to meet the spatial criterion when the transition rate is only affected by the overlap between
the initial and final state wavefunctions at small r when the plasma effect is well represented
by the VDH , as we discussed earlier.

Finally, we summarize briefly in Section 5 the implications of our studies and the fur-
ther interplays between the theoretical estimate of the atomic data based on the application
of the DH approximation and the more advanced experimental works. In particular, to fully
take advantage of the general feature in terms of the reduced Debye length for the transition
energy shifts as a plasma diagnostic possibility, further high-precision experiments are
necessary for a better determination of the range of the radius A of the Debye sphere.

2. Debye–Hückel Approximation and the Calculational Procedure

The theoretical methods were presented in detail in our recent works [21,23]. In this
section, we repeat some of the key equations to facilitate a self-contained discussion.

Based on the original Debye–Hückel model [17], the potential Vo(r) for an electron–ion
collision-less plasma at a distance r far from the atomic nucleus Z outside a Debye sphere
of radius A can be derived from Poisson’s equation based on the Gauss law:

52 Vo(r) = −
ρ(r)

ε
, r ≥ A, (1)

where ε is the dielectric constant of the electron–ion gas and ρ is its total charge density
at r. Starting from the Boltzmann distribution and assuming a charge density ρo and a
zero potential at r = ∞, the charge densities of the negative charge −q and the equal
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positive charge q at r could be expressed as ρ−(r) = ρoeqVo(r)/kT and ρ+(r) = ρoe−qVo(r)/kT ,
respectively, where k is the Boltzmann constant and T the absolute temperature. The total
charge density at r is then given by:

ρ(r) = ρo(e−
qVo(r)

kT − e
qVo(r)

kT ) = −2ρo sinh (
qVo(r)

kT
). (2)

Additionally , if qVo is relatively small compared to kT, Equation (2) for the potential
in the outer region of the Debye sphere could then be approximated by the linear Poisson–
Boltzmann equation, i.e.,

52 Vo(r) = (
1

D2 )Vo(r), r ≥ A, (3)

where D > A is the Debye length in Bohr radius a0 defined in terms of the ratio of the
density N (∼qρo) in units of 1022 cm−3 and the temperature kT in units of eV of the outside
plasma given earlier, i.e.,

D = 1.4048(
kT
N

)1/2a0. (4)

The potential inside the Debye sphere is derived from the Gauss law, i.e.,

Vi(r < A) = −Ze2

r
+ Constant. (5)

By matching Vo and Vi and their first-order derivatives at r = A, one obtains [20,37,38]:

VDH(r) =


Vi(r) = −Ze2( 1

r −
1

D+A ), r ≤ A

Vo(r) = −Ze2( DeA/D

(D+A)
) e−r/D

r , r ≥ A.
(6)

In the limit when A → 0, Equation (6) reduces to the screened Coulomb potential
−(Z/r)e−r/D, similar to the Yukawa potential in nuclear physics. From Equation (6),
the DH model, or the DH potential VDH , depends on two important parameters, as we
discussed earlier in Section 1. The first one is the Debye length D, which goes to infinity
when the density N equals zero for the plasma-free environment. The second one is an
ad hoc parameter, i.e., the radius of the Debye sphere A, which separates the plasma-
induced Debye potential VDH outside the Debye sphere and the slightly modified close-in
region where the atomic characteristic dominates.

The consequence of the less-attractive Debye potential VDH is that all the atomic levels
will experience an up-lifting in energy. Qualitatively, the change in the transition energy
∆ω from its plasma-free transition energy ωo for an atomic transition subject to the outside
plasma depends on the decrease or increase of the difference in the relative energy shifts
of the initial and final state of the transition. For the intershell transitions, although the
percentage change of the orbital energy is larger for an electron with a larger principal
quantum number n due to the stronger outside plasma effect, its small plasma-free orbital
energy actually makes the net energy change smaller than the one for the electron with a
smaller n; thus, the transition energy is redshifted. On the other hand, for the intrashell
transitions, the involved electrons are from the orbitals with the same n; the change in
energy is greater for the one with larger orbital angular momentum. However, additional
factors such as the interplay between the electron–electron correlation and the relativistic
interactions may also affect the relative energies of the initial and final states. As a result,
dependent on the individual transition, the transition energy could either be blueshifted
or redshifted.
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Another interesting immediate consequence of the DH potential VDH is that the ratio
R = ∆ω/ωo for the α emission line for the H-like ion depends on a single parameter,
i.e., the reduced Debye length, defined as λ = ZD. Qualitatively, the energy shift of the
emission line subject to the outside plasma ∆ωα is given approximately by the difference
in the energy corrections between the initial and final H-like orbitals due to the difference
in the Coulomb potential and the screened Coulomb potential, i.e., ∆VD = Z

r (1− e−r/D).
This can be estimated by the difference of the expectation values of ∆1s =< 1s | ∆VD | 1s >
and ∆2p =< 2p | ∆VD | 2p >, or given analytically by [21]:

∆ωα(D) ≈ ∆1s(D)− ∆2p(D) = Z2[
3
4
− (1 +

1
2λ

)−2 +
1
4
(1 +

1
λ
)−4 ]. (7)

Since the plasma-free transition energy of the Lyman-α line ω0 is also proportional
to Z2, the ratio R = ∆ω/ω0 is a function of λ only, or more conveniently, R could be
expressed by a simple polynomial in terms of the reduced Debye length λ for all ions with
applicable nuclear charge Z. Effectively, we demonstrated a simple scaling feature for the
plasma-induced transition energy shifts in terms of the reduced Debye length λ.

The theoretical results presented in this review were carried out with the multiconfig-
uration approaches, both non-relativistically and relativistically. The non-relativistic results
were calculated with the B-spline-based configuration interaction (BSCI) approach with a
complete two-electron basis corresponding to both negative and positive energy atomic
orbitals. The individual one-electron atomic orbitals were generated from an effective
one-electron Hamiltonian ho(r, D), i.e.,

ho(r; D) =
p2

2m
+ VDH(r; D), (8)

where p is the momentum of the electron and VDH(r; D) is given by Equation (6). The N-
electron Hamiltonian for an atom in the plasma environment is expressed in terms of
ho(r; D) as:

H(ri, rj, · · · ; D) = ∑
i= 1,N

ho(ri; D) +
N

∑
i>j

e2

rij
, (9)

where rij =| ~ri−~rj | represents the separation between the atomic electrons i and j. The state
wave functions for the upper and lower states of the transition, φU and φL with energies
εU and εL, respectively, were calculated by diagonalizing the Hamiltonian matrix with the
basis set of the multiconfiguration two-electron orbitals discussed earlier and following the
numerical procedure detailed elsewhere [39–42]. The energy of the emission line under the
external plasma environment in terms of the Debye length D is given by the difference of
the energies between the upper (U) and the lower (L) state, i.e.,

ω(D) = εU(D)− εL(D). (10)

The energy of the emission line in the absence of the external plasma is given by
ωo = ω(D = ∞), and the transition energy shift ∆ω is thus given by:

∆ω(D) = ωo −ω(D). (11)

The details of the theoretical and calculational procedures leading to the oscillator
strength were given in Section 2.4 of [39].

For the relativistic calculation of an N-electron ion with nuclear charge Z subject to
the outside plasma, its N-electron Hamiltonian HDH can be expressed as:

HDH = HDC +
N

∑
i=1

Vd(ri, D), Vd(ri, D) =
Z
ri
+ VDH(ri), (12)



Atoms 2022, 10, 16 6 of 19

where HDC is the the well-known Dirac–Coulomb Hamiltonian in the absence of the plasma
environment, i.e.,

HDC =
N

∑
i=1

[ c~α · ~pi + (β− 1)mc2 − Z
ri

] +
N

∑
i>j

e2

rij
, (13)

where αk =

(
0 σk
σk 0

)
with k = (1, 2, 3), σk is the Pauli 2× 2 matrix, and β =

(
I 0
0 −I

)
with I the 2× 2 unit matrix.

The energies EΓ and the their corresponding state functions (ASFs) |ΓPJM〉 of the
upper and lower states of the atomic process are derived from:

HDH |ΓPJM〉 = EΓ|ΓPJM〉 (14)

with P the parity, J the total angular momentum, M its magnetic quantum number, and Γ
all other information to define the ASF uniquely. The ASFs are N-electron eigenstate wave
functions, which are the linear combinations of the configuration state functions (CSFs)
with the same P, J, and M, namely,

|ΓPJM〉 =
ne

∑
i=1

CΓ
i |γiPJM〉, (15)

where CΓ
i is the expansion coefficient and γi represents all other information to define

the CSF uniquely. The CSFs, |γiPJM〉, which form a basis set for an N-electron atomic
system, are linear combinations of the Slater determinants of the atomic orbital wave
functions (AOs) corresponding to the electron configurations included in the calculations.
The electron correlation effects were taken into account by diagonalizing the relativistic
HDH with a quasi-complete basis in a revised multiconfiguration Dirac–Fock (MCDF)
approach. The basis consists of the spectroscopic AOs (with n− l − 1 fixed nodes) and
pseudo AOs (without fixed nodes). Both AOs are specified by the principal quantum
number n, the orbital angular momentum l, and the total angular momentum j. The number
of spectroscopic orbitals depends on the requirement of specific physical problem, i.e., the
degrees of excitations of target ions, whereas the number of pseudo orbitals is determined
by the desired accuracies. The atomic orbitals (AOs) were optimized using the GRASP-
JT version based on the earlier GRASP2K codes [43,44]. The details of the calculational
schemes have been presented elsewhere [45–47]. With the ASFs calculated with and without
the outside plasma and under the dipole long-wavelength approximation, the oscillator
strength of transition between atomic states can be expressed as the product of the transition
energy ωαβ and the square of the transition matrix element in the length gauge as:

gα fαβ ∼ ωαβ · |∑
i,j

CΓα
i C

Γβ

j 〈γiPi Ji Mi|r̂|γjPj Jj Mj〉|2, (16)

where 〈γiPi Ji Mi|r̂|γjPj Jj Mj〉 are the dipole transition matrix elements.
For the relatively light He-like ions, the relativistic effect is small, and the results from

our non-relativistic and relativistic calculations are in close agreement with each other, as
shown previously [21]. As a result, the discussion in Section 3 was mostly based on our
non-relativistic calculation. We should also point out that the close agreement between
two very different calculation approaches (i.e., the non-relativistic BSCI approach with the
spin–orbit interaction included and the relativistic GRASP2K approach with the optimized
atomic orbitals in its quasi-complete basis) suggests that the electron–electron correlation
was fully included in our study.

For the atomic processes involving the continuum such as the atomic photoabsorption,
the detailed expressions for its cross-section σ in terms of the excitation energy and the
oscillator strength (either in the length or velocity gauge) were given in detail elsewhere [39,40].
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With the state wave functions generated following our discussion presented above, our
calculated plasma-free photoabsorption cross-sections σ with either the length or velocity
approximation for the He-like atomic systems are generally in agreement to within 1–2%.
The agreement at such a level suggests again that the electron–electron correlation between
atomic electrons was taken into account fully in our theoretical calculation.

3. Plasma Effects on H-like and He-like Ions

Our first attempt to apply the DH approximation to the shift of the transition energy
∆ω subject to the outside plasma started with the Lyman-α line of the one-electron H-like
ions. Our main objective was to find if the estimated ∆ω based on the DH model would
agree with the quantitatively measured redshift of 3.7± 0.7 eV for the H-like Al12+ ion from
the laser-generated plasma at temperature 300 eV with its density of (5–10)× 1023 cm−3 [36].
We chose in our calculation the Debye radius as the product of the radius of the 1 s orbit
ao/Z and a size parameter η, i.e., A = (η/Z)ao. For a H-like ion, we simply solved the
one-electron Hamiltonian Equation (8) with a given D corresponding to a pair of (kT, N)
and evaluated the resulting redshift. Figure 1 compares the experimental redshift to our
calculated results with four different size parameters at η = 0, 1, 1.5, and 2. With the
experimental density extended from 5–10 × 1023 cm−3, all our theoretically estimated
redshifts with different η compared well with the observed value of 3.7± 0.7 eV. It also
turned out that our estimated redshifts with η = 0 for the Lyman-α emission of H-like Ne9+

ion at 500 eV are in agreement with the theoretical result of an earlier QMIT (quantum
mechanical impact theory) study by Nguyen et al. [5,6], which included the effect of total
ion polarization and considered as the upper limit for the redshift. As pointed out by
Nguyen et al., their limiting result was about 20% greater than the result from an earlier
quantum mechanical treatment by Davis and Blaha [7] with only a partial account of the
ion charge density. Interestingly, the estimate by Davis and Blaha is in agreement with our
calculated redshift with η = 1.0. More discussion was presented earlier in detail in Figure 4
of [20].

Figure 1. Comparison between the experimentally measured Lyman-α redshift of the H-like Al
ion [36] with the theoretical estimations with the radius of the Debye sphere A in terms the size
parameters η = 0, 1, 1.5, and 2.

Encouraged by the agreement between our theoretical results on the Lyman-α emission
of the H-like ions and the experimental observation, as well as other more detailed theoreti-
cal calculations, we moved on to study the α and β emissions of the He-like ions. With the
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electron–electron correlations between the atomic electrons taken into account fully based
on the non-relativistic and relativistic multiconfiguration atomic structure calculations
outlined in Section 2, we carried out calculations for the He-like Ne, Al, and Ar ions with
the radius of the Debye sphere given by A = η < r >g, where < r >g = 〈1s2 1S|r|1s2 1S〉 is
the average radius of the ground state of He-like ions and η is a size parameter. Our calcu-
lations led to (i) the plasma-free transition energies ω0 for all three He-like Ne, Al, and Ar
ions, in close agreement with the NIST values [48], and (ii) the ratio R shown in Figure 2
between the energy shift ∆ω and the plasma-free ωo, which follows a nearly universal
curve for each size parameter η as a function of the reduced Debye length λ for all He-like
ions with Z meeting the spatial and temporal criteria of the DH approximation. This is
qualitatively consistent with what we already pointed out earlier in Section 2, following the
quasi-hydrogenic picture based on Equation (7). For the He-like ions with relatively low Z,
the relativistic interactions are small, and indeed, this was confirmed by the nearly identical
values R for the He-like O6+ ion between the non-relativistic and relativistic results shown
previously in Figure 5 of [21]. For the intermediate Z, the DH approximation did not work
due to the spatial and temporal criteria, as we pointed out earlier. As Z increases further,
the DH model should apply again, and the effect of the relativistic interaction was clearly
shown for the heavier He-like Yb and Au ions as the values of R deviated substantially
from the ones for He-like O ion, shown also in Figure 5 of [21]. Our discussion below for
the plasma effects on ions with relatively low Z was mostly based on the data from our
non-relativistic calculations.

Figure 2. The universal behavior of the calculated R as functions of the reduced Debye length λ for
three He-like ions and their comparison to the fit ratio R given by Equation (17) with the coefficients
given in Table 1.

The nearly universal dependence of the calculated R on λ for different He-like ions
shown in Figure 2 could be expressed more conveniently with a simple polynomial in
terms of three numerically fit coefficients a, b, and c as:

R(λ; a, b, c) = a + b/λ + c/λ2, (17)

To estimate the ratio R for other He-like ions, we first took the average of the fit
coefficients aZ, bZ, and cZ from the calculated R of the three ions with individual Z
shown in Figure 2. Corresponding to each size parameter η, the coefficients listed in
Table 1 are the average over the individually fit coefficients for the three He-like ions, i.e.,
aη = (aNe8+ + aAl11+ + aAr16+)/3 for the α and β emission lines of the He-like ions. As ex-
pected, the R values generated with the coefficients listed in Table 1 and Equation (17) agree
well with the calculated R, as shown by the two plots of Figure 2.

Theoretically, the ratio R should go to zero as the energy shift approaches zero when λ
or the Debye length D goes to infinity. With the two coefficients c and b several orders of
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magnitude larger than the small, but non-zero coefficient a, one could identify the coefficient
a as the numerical uncertainty of the theoretically estimated ratio R. Based on Equation (17)
and the fit coefficients listed in Table 1, it is straightforward to estimate the transition energy
shifts ∆ω following three simple steps for the α and β emission lines for any He-like ions
with Z between six and eighteen. First, one starts from a specific reduced Debye length
λ = (Z− 1)D with D determined from Equation (4) for a pair of plasma density N and
temperature kT. Second, we proceeded to calculate the ratio R from Equation (17) for each
λ with the coefficients listed in Table 1. In the third step, the estimated energy shift ∆ω
corresponding to this specific pair of N and kT is given by ∆ω(N, kT) = R(λ)ω0 with ω0
the plasma-free transition energy. Following this simple procedure, the estimated redshifts
∆ω(eV) for the α and β emission lines of the He-like Cl ion at 600 eV and 800 eV as functions
of N in unit of 1023 cm−3 with three size parameters η = 0, 0.5, and 1 are presented in
Table 2. The top plot of Figure 3 shows good agreement between our estimated redshifts
listed in Table 2 for the β emission line of the He-like Cl ion and the experimental data from
the recent high-resolution satellite line-free measurement [15]. Similar good agreement
is also shown in the bottom plot of Figure 3 between our calculated redshifts of the α
emission line of the He-like Al ion and the results of the recent picosecond time-resolved
measurement [14]. It is interesting to note that the fit coefficients c listed in Table 1 are about
three orders of magnitude greater than the coefficient b and seven orders greater than the
coefficient a. Therefore, the estimated energy shifts should be dominated by the term c/λ2,
or proportional to the ratio N/kT. This is consistent with what is shown in Figure 3: the
nearly linear dependence of the redshift ∆ω as a function of the plasma density N at a fixed
temperature kT. We should point out that this linear dependence is also consistent with
the analytical expression derived by Li and Rosmej in their IS model [8,9]. On the other
hand, the same reasoning based on the DH approximation that the energy shift should
vary as N/kT suggests that at a constant density N, ∆ω should vary linearly as the inverse
of the temperature, i.e., 1/kT, such as the ones shown in the bottom plot of Figure 4. This is
different from the analytical expression from the IS model of Li and Rosmej [8,9], which
suggests a temperature dependence of (1/kT)1/2.

Table 1. Fit average coefficients a, b, and c in A(e) = A× 10e for the α and β emission lines of the
He-like ions with the size parameters η = 0, 0.5, and 1 (corresponding to the R in percentage).

The α Emission Line of the He-like Ions The β Emission Line of the He-like Ions

η a b c a b c

0.0 −9.08030 (−5) 2.96178 (−1) 4.37256 (2) −4.19761 (−4) 1.45386 (0) 1.07289 (3)
0.5 −8.89317 (−5) 2.90274 (−1) 3.92346 (2) −4.17651 (−4) 1.44754 (0) 1.02662 (3)
1.0 −8.01969 (−5) 2.63109 (−1) 3.02430 (2) −4.08090 (−4) 1.41677 (0) 9.26831 (2)

Table 2. The redshifts ∆ω(eV) of the β emission line for the He-like Cl ion derived from the fit
coefficients listed in Table 1 at 600 eV and 800 eV as functions of the plasma density N in (1023 cm−3)
with the size parameters η = 0, 0.5, and 1.

kT = 600 eV kT = 800 eV
N(1023 cm−3) ∆ω (eV) ∆ω (eV)

η = 0 η = 0.5 η = 1 η = 0 η = 0.5 η = 1

1.5 2.058 1.982 1.813 1.579 1.521 1.394
2.5 3.313 3.186 2.908 2.532 2.436 2.227
3.5 4.550 4.373 3.986 3.469 3.336 3.044
4.5 5.777 5.549 5.053 4.396 4.226 3.852
5.5 6.996 6.718 6.113 5.318 5.109 4.654
6.5 8.210 7.882 7.168 6.235 5.989 5.451
7.5 9.419 9.041 8.218 7.148 6.864 6.245
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Figure 3. The comparison between the redshifts ∆ω for the β and α emissions of the He-like ions
estimated based on the DH approximation with the recent dense plasma experiments for the He-like
Cl ion between 600 eV and 650 eV [15] and the Al ion between 250 eV and 375 eV [14], respectively.

As we already pointed out earlier in Section 1, both IS models were able to generate
the estimated redshifts that are in agreement with only one of the recent experimental
measurements [14,15], but not the other. One possibility could be due to their application
of the Fermi–Dirac statistics for the outside plasma. For many other theoretical approaches,
the temperature dependence would also be implicitly determined by the free electron
density expressed in terms of the Fermi–Dirac distributions. In contrast, for the DH model,
the electrons and ions in the outside charge- neutral plasma are treated as charged particles
with no quantum mechanical interaction (such as those involving the spin of the individual
particles in the solid system or inside the nucleus), and thus, the Maxwell–Boltzmann
statistics is applied. This is very different from the Fermi–Dirac distribution applied in
the AIS model. It is interesting to note that a statistical electron screening model was
proposed very recently [13] to describe the atomic processes in warm/hot dense plasmas
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with a wide range of temperatures and densities. This model includes corrections for the
Fermi–Dirac distribution by considering the non-equilibrium feature of the plasma electron
distribution around the atomic ion caused by the three-body recombination process, which
effectively broadened the phase space of the plasma electron and made the plasma electron
distribution more close to the Boltzmann distribution under high temperatures. In fact,
for the conditions relevant to the two recent experiments [14,15], such a sophisticated
statistical model results in a plasma electron distribution almost identical to the DH model
and can result in a similar conclusion as we presented earlier. Although there is no definitive
quantitative measurement on the redshifts with different plasma temperatures at a fixed
plasma density, the two recent experiments were carried out with a range of estimated
temperatures that appeared to suggest a temperature dependence of energy shifts ∆ω more
pronounced than the fairly small variations at different temperatures obtained from the
two versions of the IS model.

Figure 4. The theoretically estimated redshifts ∆ω as functions of kT and 1/kT derived from
Equation (17) at a number of plasma densities.
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It is important to point out that the failure of the application of the DH model to an
atomic process without taking into account appropriately the critical physical aspects of
the spatial and temporal criteria should not invalidate the DH approximation as a viable
phenomenological approach. For example, the DH approximation should not be applied
at all to transitions involving atomic states close to the ionization threshold such as the
“dip” shown near the series limit in Figure 2 of [49]. The other such example is due to the
definition of the Debye length D. As we already pointed out earlier [20], some applications
of the DH approximation have included an extra (Z + 1) factor to the plasma density in
defining the Debye length. This would lead to a smaller Debye length and consequently a
much stronger plasma effect. One such example is shown by the large difference between
the DH calculation and the results from other calculations shown in Figure 2 of the recent
work by Gu and Beiersdorfer [50] due to the fact that their Debye length was over an
order of magnitude smaller than what it should be at a given temperature. Once again, we
would like to emphasize that the inability of generating reliable data based on questionable
applications should not be viewed as the shortcoming of the DH model.

We should also comment briefly on the size factor η. There is no good a priori theoreti-
cal prescription to determine its value other than to assume the maximum plasma effect
to the atomic electron when η = 0 and the calculated ∆ω could be identified as the upper
bound for the energy shifts. Based on the spatial criterion of the DH model of keeping
as much of the atomic characteristic of the transition, together with the good agreement
between our estimated ∆ω with the measured data shown in Figure 3, a reasonable com-
promise would be for η to be close to 0.5, but less than one. Certainly, more high-precision
experiments will help refine the choice of the size parameter η.

For the effect of the outside plasma on the oscillator strength f for the α and β emissions
of the H-like and He-like ions, we focus our discussion similarly to those presented above
in terms of its variation as a function of the reduced Debye length λ. Specifically, we
examined the ratio fr between the change in f and its plasma-free value f (λ = ∞), i.e.,

fr(λ) =
f (λ = ∞)− f (λ)

f (λ = ∞)
. (18)

It is interesting to note from Figure 5 that our calculated percentage variation of the
ratio fr as a function of λ for the Heα line exhibits a similar qualitative feature as the ratio
for the energy shift R discussed earlier. In other words, this general feature could also be
expressed in terms of a polynomial, i.e.,

fr(λ; a f , b f , c f ) = a f + b f /λ + c f /λ2. (19)

We also note from Figure 5 that fr is generally a few times larger than the value of R
as a function of λ, or at the same temperature kT and density N. Even with R at a fraction
of 1%, the energy resolution of the current experiments such as those we referred to earlier
is sufficient to measure the energy shifts with reasonable accuracy. However, it may still be
difficult to experimentally measure the change in the oscillator strength even at a level of a
few percent change in fr, as shown in Figure 5.
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Figure 5. The percentage change of the redshifts R and the corresponding fr of the oscillator strengths
for the 1s21S→ 1s2p1P transition of the He-like ions as a function of λ.

4. Photoabsorption

Our theoretical study on the atomic processes subject to the outside plasma actually
started with the atomic photoionization from the ground states of the one- and two-electron
atoms [19]. Experimentally, most of the photoionization measurements in the plasma-free
environment are focused on the angular distribution of the outgoing photoelectrons, which
offers more information to understand the detailed dynamics of the process either with the
polarized or unpolarized incident light. In the presence of the outside plasma, the outgoing
atomic electron resulting from the absorption of the incoming photon by the atom will lose
its identity due to its interaction with the plasma electrons and accordingly could not be
collected as the ones in the plasma-free environment. As a result, the experimental study
of such a process would likely be limited to the measurement of the attenuation of the
incident photon. In this section, we present our discussion of the qualitative feature of the
photoabsorption process from the ground state of the one-electron atom, which meets the
spatial criterion of the DH approximation.

For the hydrogen atom, the oscillator strength and its corresponding photoabsorption
cross-section are proportional to the square of the dipole matrix element < χ1s|r|χkp >,
where χ are the solutions of the one-electron Hamiltonian ho given by Equation (8) and
k2 = ε is the energy of the ionized p electron in Rydberg units with momentum k. Qualita-
tively, the larger the overlap between χ1s and χkp, the greater the cross-section is. The radial
parts of the wave function of the outgoing kp electron with slightly different energies near
the ionization threshold for a plasma-free photoabsorption from the hydrogen atom are
essentially the same as shown by the top plot of Figure 6 for a number of momenta k. They
all reach their first local maxima and the subsequent zeros at about the same distance r
and only differ from each other until they are sufficiently away from the nucleus at large r.
Since the photoabsorption spectrum is dictated by the overlaps of the χkp with the 1s orbit
up to a distance before the 1s orbit reaches zero (see, e.g., the bottom plot of Figure 6), only
the close-in part of χkp at the relatively small r needs to be taken into account for the slowly
varying dipole matrix element < χ1s|r|χkp > as the energy changes. This is consistent with
the plasma-free hydrogen photoabsorption spectrum, which is known to vary smoothly
near the ionization threshold [51]. We should point out that this short-range nature of the
photoabsorption from the hydrogen ground state is necessary to meet the spatial criterion
required in the application of the DH approximation in the presence of the outside plasma.
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Figure 6. The radial functions χkp of the outgoing ionized p electron from the plasma-free hydrogen
at a number of momenta. The bottom plot compares χkp to χ1s (reduced by a factor of 10) at small r.

We limit our detailed discussion on the application of the DH approximation to the
photoabsorption of the hydrogen ground state subject to the plasma environment and
examine first with the Debye lengths D substantially greater than the radius of the 1s
orbital to keep the plasma effect on the the orbital wavefunction χ1s small. Qualitatively,
one of the most outstanding features of the DH approximation is the upwards migration of
the bound excited state as the Debye length D decreases. Corresponding to each bound
excited state, there is a critical value of D such that the state is pushed into the continuum.
In particular, we focus our discussion on the plasma-induced resonant structures in the
photoabsorption spectrum from the hydrogen ground state between 989 Åand 992 Å, which
are associated with the plasma-free 1s to 4p Lyman-γ line at 972.5 Å. Following the earlier
plasma-free example, but with the Debye length at a critical length of 24.5 ao given in [19]
due to the outside plasma, the top plot of Figure 7 compares the radial orbital function
χ1s to three χkp orbitals representing the outgoing electron near the ionization threshold at
three momenta k = 0.030301, 0.034244, and 0.037739, respectively. It is interesting to note
that although the locations of their first local maxima and the subsequent zeros for the first
loop from r = 0 for all three χkp are similar to the plasma-free ones shown in Figure 6, their
magnitudes are very different as k varies. At k = 0.030301 and 0.037739, the magnitudes of
their first loop are relatively small, indicating a minimal presence of the outgoing electron
at the inner region of the atom, similar to those shown in Figure 6 for the plasma-free
photoabsorption. At a slightly different energy with k = 0.034244, the magnitude of χkp
is noticeably higher at small r, but relatively small at larger r compared to that of the two
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other momenta, indicating the presence of a quasi-bound radial wavefunction. As a result,
its corresponding photoabsorption cross-section σ proportional to the square of the dipole
matrix | < χ1s|r|χkp > |2 is substantially larger than those at the nearby k, leading to a
resonant structure in the photoabsorption spectrum such as the one shown in the top plot
of Figure 8 with D = 24.5ao at kT = 600 eV and N = 1.973× 1022 cm−3. Two additional
narrow resonant structures due to slightly larger critical Debye lengths are also shown. It is
interesting to note that the relative locations of the peak cross-sections of these three narrow
resonant structures are expected under the DH approximation. This is due to the fact that
the ionization threshold corresponding to a smaller Debye length is smaller than the one
with a larger Debye length, and it requires less photon energy (or a longer wavelength) to
“push” the 1s to 4p transition into the continuum. A similar feature due to the hydrogen 1s
to 3p transition was also discussed in detail in [52]. With the electron–electron correlation
between atomic electrons taken into account fully for the He atom, our study [19] also
led to a similar general feature of the narrow resonance-like structure slightly above the
changing ionization threshold in the photoabsorption spectrum. In spite of our theoretical
understanding of the general feature of the plasma driving narrow resonances due to
the migration of the excited np levels into the continuum in the photoabsorption process,
unfortunately, the widths of such resonances are approximately 10,000-times smaller than
the photon energy and likely not observed in the laboratory.

Figure 7. The top plot compares the radial functions χkp of the outgoing ionized p electron to χ1s for
hydrogen ground state photoabsorption subject to the outside plasma with D = 24.5ao. The bottom
figure shows an enlarged plot of χkp with an expanded scale up to r = 240ao.



Atoms 2022, 10, 16 16 of 19

Figure 8. Hydrogen photoabsorption spectra from its ground state in terms of the cross-section σ (in
units of Mb) corresponding to the 1s→ 4p transition as D varies around 24.5ao with A = 0.

5. Conclusions

We presented in this paper a review of a series of our recent studies on the application
of the Debye–Hückel approximation for atomic processes subject to the outside plasma
environment. We focused our studies primarily on the processes that meet the all important
spatial and temporal criteria for the DH model. In spite of the simplicity of the DH
approximation, our theoretical results compared well with the limited data from the
available experimental measurements. In addition, we identified a general scaling feature
for the ratio R between the redshift ∆ω and the plasma-free transition energy ω0 of the
α and β emission lines of the He-like ions with the nuclear charge Z between six and
eighteen. More specifically, the ratio R could be expressed in terms of a simple polynomial
Equation (17) of the reduced Debye length λ. Following the simple three-step procedure
presented in Section 3, one could estimate the redshifts of the α or β emission lines for
other He-like ions with no need for additional theoretical calculations. In fact, one such
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example led to good agreement between the estimated redshifts of the β emission line for
the He-like Cl ion and the experimental data shown in Figure 3.

In addition to our studies on the H- and He-like ions, we were also interested in
finding out if the simple scaling feature presented in Section 3 also works for ions with
more electrons. Our first such study was for the 3C and 3D lines of the Ne-like ions [53]. It
turned out that for the dipole-allowed 3C line, the redshifts of the transition energy and
the oscillator strength follow a similar scaling feature. However, for the dipole-forbidden
3D line, due to the interplay between the relativistic spin–orbit interaction and the plasma
screening effects, the simple scaling feature failed to follow [53]. Following our study for
the transitions for the Ne-like ions, we extended our study to two strong dipole transitions
for the C-like ions, i.e., (1) the intershell 2s22p3d 3D1 → 2s22p2 3P0 transition and (2) the
intrashell 2s2p3 3D1 → 2s22p2 3P0 transition. For the intrashell transition, the ratio of the
energy shifts to its plasma-free transition energy and the increase of the oscillator strength
follows a similar general scaling property. However, due to the change of the electron
correlation with respect to the relativistic spin–orbit interaction as Z varies, the decrease
in the oscillator strength for the intershell transition failed to follow the scaling feature
discussed earlier [54].

Finally, we should comment again on the size factor η. As we stated earlier that
there is no good a priori theoretical prescription to determine its value, therefore, the most
appropriate η for the theoretical calculation would depend on the good agreement between
the theoretically calculated ∆ω and the measured data such as those shown in Figure 3.
The interplay between the theory and experiment could refine the value of η and offer a
more reliable and accurate determination of the energy shifts of the emission lines at a
given combination of plasma temperature and density. In addition, as we indicated earlier
that although the temperature variation of ∆ω at a fixed plasma density based on the
limited experimental date appears to support the use of the classical Maxwell–Boltzmann
statistics over the Fermi–Dirac distributions for the outside plasma, more experimental
measurements are needed for such a conclusion.
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