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TOPICAL REVIEW

Atoms in ultra-intense laser fields
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Abstract. The interaction of an atom with an ultra-intense radiation field is characterized
by the involvement of many photons in absorptions and emissions. Of course the word
‘intense’ has to be compared with some atomic reference: if the induced transition coupling
between bound states exceeds inherent widths, then the dressed atom Rabi oscillations
which dominate the atomic evolution are typical intense field effects, even though laser
intensities may actually be quite modest. When laser intensities exceed 10'> Wem™, and
infrared frequencies are employed, then free electrons are dressed by interaction energies
which exceed the photon energies. Non-perturbative continuum processes such as above-
threshold ionization then ocour, combined with the emission of very high order harmonics
of the pump laser frequency. At higher laser intensities, the optical electric field can exceed
the Coulombic binding clectric field and allow over-the-barrier ionization, which defines
a new regime of high intensity physics. In this region {or at higher intensities) the atomic
electron charge cloud oscillates in the laser field with large amplitude excursions from the
nucleus, during which time it is unable to absorb further photons. This stabilization regime
is predicted to persist until the electron dressing energy approaches the rest-mass energy
when wholly unexplored regions remain to be investigated.

In this topical review, we examine theoretical models of atoms dressed by intense
fields. We review the breakdown of lowest-order perturbation theory and those ‘essential
states’ methods adepted to include Rabi Frequencies, Stark shifts, induced widths and
continuum dressing. Newer methods more suitable for super-strong fields are described,
such as Floquet and Volkov methods and the direct numerical integration of the Schrddinger
equation. Such methods are used to provide completely non-perturbative strong field
descriptions of atomic dynamics. We conctude with 2 brief examination of the relativistic
effects expected to be important when new high intensity ultrashort pulse lasers currently
under development are employed in stroag field physics.

1. Introduction

Prior to the production of intense coherent radiation from lasers, Einstein’s law for
the photoelectric effect adequately described the ionization of matter under the infiuence
of light. This law, justified formally by lowest order perturbation theory and Fermi’s
golden rule, is strictly concerned with the absorption of a single photon during a
transition from a discrete level to a continuum and was formulated before light sources
were available that were intense enough to produce multiphoton effects.
Multiphoton transitions were first predicted by Goppert-Mayer in 1931 [1] and
observed at radio frequencies by Hughes and Grabner in 1950 [2]. The study of
multiphoton absorption at optical frequencies only became possible when intense laser
sources were developed. Following this, in 1961, Kaiser and Garret observed two-
photon absorption in a crystal {3] and Abella observed such absorption in caesium
atoms in 1963 [4]. Multiphoton ionization (MPI) was first observed in the experiments
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of Hall, Robinson and Branscomb, in which a ruby laser was used to induce two-photon
detachment from negative halogen ions [5]. Later, mpi from rare gas atoms was observed
by Voronov and Delone [6] and Agostini et al [7].

Multiphoton free-free transitions were first observed in 1977 by Weingartshofer et
al who studied multiphoton absorption and emission in laser-stimulated electron
scattering [8]. Later experiments by Agostini et al measuring the energy of the photo-
electrons produced by the mp1 process revealed that free-free transitions can accompany
mPp1, when electrons absorbed additional photons, more than was required for ionization
[9]. This phenomenon has become known as above-threshold ionization (aTi) and
many experiments have been performed to study it, using wavelengths from 10 um to
250 nm, intensities up to 10'®* W cm™? and pulse lengths from hundreds of picoseconds
down to a fraction of a picosecond [10]. It was suggested by Shore and Knight in
1987 that the coherent excitation of highly energetic continvum states couid allow the
generation of extremely high harmonics of the laser field [11]. Such harmonic spectra
have been observed experimentally up to high order in high intensity lasers: the 53rd
harmonic of 1053 nm light in neon [2, 13], and the 45th harmonic of 527 nm light [14]
and the 41st harmonic of 616 nm light in helivm [15]. The two shortest wavelengths
yet produced are the 25th harmonic of 248 nm light in helium [16] and the 109th
harmonic of 806 nm light in neon [17]). These harmonics are of particular interest as
a possible source of coherent x-ray radiation.

With the experimentally obtainable intensities continually increasing because of
developments in short-pulse laser physics, recent interest has focused on the possibility
of atoms surviving in pulses of intensities of the order of 10%*° W cm?, with lifetimes
that increase with increasing intensity. Various possible mechanisms have been sug-
gested that could bring about this ionization suppression, and recently the first experi-
mental observations of ionization suppression have been reported, involving the forma-
tion of an extended wavepacket of bound states that has little overlap with the nucleus
and hence a low jonijzation rate.

Inferaction of ultrashori, high-intensity pulses with atoms
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Figure 1. Schematic diagram showing the various interaction regions of an atom with an
ultrashort high intensity laser pulse.
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In this article, these various aspects of multiphoton behaviour in ultra-intense fields
will be siudied: by ultra-intense, we mean fields where the laser—atom interaction is
too large for even many-order perturbation theory to be valid, which implies laser
intensities above approximately 10'* W em™2. To illustrate this, in figure 1 we give a
schematic representation of the various interaction regions of an atom with an intense
laser field.

2. Photoelectron specira

High energy photoelecirons produced by multiphoton ionization were first reported
by Mariin and Mandel [18], and Boreham and Luther-Davies [19]. One of the first
observations of a well resolved ATl spectrum was reported by Agostini ef al [9]. Using
the second harmonic of a Nd-glass laser with a wavelength of 532 nm, and a peak
intensity of § x 10'* W cm ™2, Agostini et al observed an extra peak in the photoelectron
spectrum. The peaks were separated by the photon energy, with the higher energy
peak having a height of approximately ten times less than the lower energy one. Since
this early experiment, aTI spectra consisting of many peaks have been observed in
many different atoms and molecules, using lasers of a wide variety of wavelengths,
from infrared to ultraviolet.

By the early 1980s, the sophistication of AT1 experiments had improved, with the
introduction of electron spectrometers with a wider acceptance angle and higher
resolution. The photoelectron spectra produced showed several aTi peaks at lower
intensities than previously used [20, 21]. These early experiments, of which that perfor-
med by Kruit ef al is a good example, produced a typical ATI spectrum consisting of
multiple peaks, separated by the photon energy (figure 2) [22]. The number of these
peaks was seen to increase with intensity and their positions in the photoelectron
energy spectrum were accurately given by the formula

E=E"+ nho (1)

where E g” is the field-free ground state energy and » is the number of photons absorbed.
It can be seen from figure 2 that the positions of the peaks in the energy spectrum
are independent of intensity, but that as the intensity increases, the lowest order peak
is reduced in magnitude and vanishes for the highest intensity shown. The reason for
this peak suppression, also reported in the experiments of Muller et al [23], lies in
the shifts of the atomric states induced by the laser field. When a free electron is in &
laser field, it possesses a kinetic energy due to its oscillation in the laser field. The
cycle-averaged kinetic energy, the so-called ponderomotive energy, E,, is given by the

expression
e’ &}

4m w*

(2)

P

where &, is the local peak electric field, o is the angular frequency of the laser and e
and m, are the electron’s charge and mass respectively. The total energy of a free
electron becomes the sum of the ponderomotive energy and the translational energy:

Etotai = -Ep + %me< I’): (3)

where {(») is the average velocity over one cycle. High intensity fields also have an
effect on the bound electrons and all the energy levels of the atom are shifted to some
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Figure 2. Photoelectron spectra from xenon using a 1064 am laser with intensities given
by the expression / = F x 10" W em ™%, where F is the photon energy (mJ) [22].

extent: this is the ac Stark shift. Because the binding energies of the Rydberg states
are small, their induced shifts are essentially given by the ponderomotive energy. One
can visualize this by considering that the nucleus only restrains the free oscillation of
the bound electron by a small amount. However, deeply bound states can only oscillate
slightly in the stronger nuclear field compared to the Rydberg and continuum states
and so their shifts are small. Typical values for free electron ponderomotive shifts in
a 10" Wem™?, 1064 nm Nd: vac laser are 1.06 eV, compared with a shift of 0.008 eV
for the ground state in hydrogen [10]. Therefore the Rydberg and continuum states
shift upwards, relative to the lower bound states, by approximately E, and produce
an increase in ionization threshold, given approximately by the ponderomotive shift
[24]. When this threshold shift is large enough so that

EQ+ nhw=0 (4)
bui
EP+nhw—-E, <0 (5)

then the channel for n-photon absorption is closed and the peak in the aT1 spectrum
is suppressed. OF course in a smoothly varying pulse, the channel may not be closed
for the whole duration of the pulse and so the peak will not be complietely absent.
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Channel closing has been studied in detail experimentally: Lompré et al have observed
the closing of up to three channels in helium at 4.42x 10> W cm ™2 using 532 nmn light
[25]. Recently, using longer wavelength light of 10.6 wm from a 10> W cm™ CO, laser,
Xiong et al have reported hundreds of missing peaks in xenon [26].

If there is an intensity-dependent shift in the ionization threshold of the atom, the
question then remains as to why the a1y peak positions, as shown in figure 2, are not
intensity-dependent in long laser pulses. Bucksbaum et al address this question and
discuss how an electron gains an amount of energy equal to the ponderomotive energy
as it leaves the foous of the laser beam [27]. This increase in energy approximately
cancels out the decrease in the nascent energy of the electron due to the increase in
ionization threshold and so the electron detector does not measure any energy shift
from the aTr peak positions predicted by equation (1). Consider the kinetic energy of
the electron in the beam: if we write electron’s velocity in two parts, translational and
oscillatory, v, and v,, then we can write its kinetic energy as

Eyp= %me{vt)z + :‘.lme<7-’o>2' (6)

We can then consider the second term in this expression, which represents the pon-
deromotive energy of the electron, as defining a ponderomotive potential down which
the electron passes as it moves out of the edge of the laser beam. The ponderomotive
energy of the electron is then transferred to its translational energy and the energy
measured at the detector outside the laser beam is now correctly predicted by equation
{1). Bucksbaum et al describe this process as ‘surfing’. The electron is accelerated in
the direction of the steepest gradient of the ponderomotive potential, V E,,, and because
the ponderomotive energy can be large, the detected energy can be many times more
than the nascent energy of the photoelectron and the direction in which it is detected
can bear little resemblance to the direction of its original trajectory, which is peaked
in the direction of the electric field polarization [27, 28].

Typically an electron will take a few picoseconds to leave the focus of a laser in
a typical ATI experiment [10]. If the pulse length is significantly greater than this time,
then all the jonized electrons have sufficient time to pass out of the edge of the beam
and the detected photoelectrons have energies given by equation (1). If the pulse length
is decreased to around 50 ps, the ATt peaks begin to smear, because not all of the
electrons have enough time to travel down the penderomotive potential and out of
the edge of the beam before the pulse is passed and some of the electrons only acquire
part of the ponderomotive energy [29]. In very short pulses, less than a picosecond,
the pulse passes by the electron before it can travel any appreciable distance and be
accelerated by the ponderomotive potential. What is recorded at the detector therefore
is the nascent energy of the electrons that was acquired during the ionization process:
hence a short pulse brings about a red shift in the A1 peaks. In Petite ef al’s experiment,
it is noticeable that these red shifts are greater for the lower energy peaks, because,
having less energy, these electrons do not pass so far towards the edge of the beam
and so acquire a smaller proportion of the ponderomotive energy [29].

In order to examine the nascent energy spectrum in an ATI experiment, we must
therefore use very short pulses. Using a long pulse masks any resonance effects, because
no matter at what intensity in the pulse an electron is ionized, the decrease in its free
electron energy value due to the shifting ionization potential is compensated for by
the acceleration due to the ponderomotive potential. In short pulses however, the ATI
peaks split into series of fine peaks, which can be partly interpreted in terms of bound
state resonances [30, 31].
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Most of the early work on multiphoton ionization examined the number of ions
produced by an mp1 process, which was found to be proportional to I”, where n is
the number of photons absorbed and [ is the field intensity, in accordance with the
prediction of perturbation theory. However this intensity scaling breaks down at some
critical intensity, I, above which there was a marked change in the intensity depen-
dence. Lompré et al observed such a breakdown for xenon, helium and neon at around
10" Wem™ from a 5 ps, 1064 nm Nd: vaG laser pulse {25].

This phenomenon is explained in terms of population depletion. For any pulse of
long encugh pulse length and high enough intensity, there is 2 maximum value of the
intensity beyond which no more ionization will take place, because all the atoms in
the interaction volume, in this case the laser focus, are ionized. This intensity is known
as the saturation intensity, I, and the intensity in the ion production graphs at which
the gradient ceases to be a straight line. If the peak intensity of the pulse is above this
intensity, ionization only takes place at the beginning of the pulse.

Above this saturation intensity, expansion of the effective interaction volume occurs.
As the intensity is raised, the intensity in the region outside the focus becomes
sufficiently large to make a noticeable contribution to the ionization rate. If such an
expansion did not occur, then the graph of number of ions against intensity on a
logarithmic plot would become horizontal above the saturation ionization instead of
the slow increase that is observed, The rate of ionization is no longer governed by the
n-photon ionization process, but instead depends on the geometric properties of the
lens.

Studying the photoelectron spectra from atoms irradiated by an tntense laser field
is a useful means of obtaining information about the multiphoton processes taking
place. Such spectra can given an indication as to when the use of perturbation theory
is no longer valid, because at higher intensities, above approximately 10" Wem ™, the
shape of the envelope of the AT1 peaks changes. The lowest order AT1 peak is no longer
the largest peak, indicating that higher order multiphoton processes can dominate the
interaction, in direct contradiction to the basic assumptions of perturbation theory
[25,32].

Various characteristics of the photoelectron spectrum have been studied and are
reasonably well understood. In short pulses, bound state resonances can produce
identifiable peaks in the AT spectrum as the time varying pulse sweeps different states
into multiphoton rescnance by the action of the time-dependent Stark shift. The
time-varying pulse can also cause a ‘fringe’ pattern in the photoelectron spectrum as
the ionization from the rising and falling edge of the pulse interferes [33]. This quantum
interference has been identified in theoretical calculations, but will be harder to observe
experimentally because of the smearing of the pattern due to spatial extent of the laser
beam.

The origins of the substructure in the photoelectron spectrum at intensities lower
than around 10’* W ¢cm™? have been extensively studied, as outlined above. However,
at higher intensities, results show that the general shape of the AT1 spectrum can
considerably change, with the pattern of the ATt peaks no longer being discernible
[34]. This loss of regular structure can be interpreted qualitatively by considering the
ionization process that occurs at these high intensities. Although it is rather a quasistatic
picture, one can imagine that above a certain critical intensity, of the order of 1.4x
10'* W em™? in hydrogen, ionization can take place by the electron wavepacket passing
directly over the resultant potential barrier of the instantaneous incident electric field
and atomic potential: this has been termed as over-the-barrier (oTB) or barrier-
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suppression ionization [34, 35]. This fast ionization process destroys the regular pattern
that would otherwise occur in the photoelectron spectrum and the ionized wavepacket
is scattered by the nucleus as it moves away, resulting in the apparently random
structure that is observable. This is further discussed below and in [34].

Further complications in comparing theoretical and experimental photoelectron
spectra arise from the fact that most experimental targets are multielectron atoms and
therefore the observed spectra may be produced by electrons ejected from different
stages of ionization: typically Xe’™ can be produced ina 1 ps, 5x 10" W cm™?, 1064 nm
pulse [35,36]). As yet there are few reported experiments using atomic hydrogen as
the target, but recent experimental results using linearly polarized light at 608 nm and
at intensities of either 6 or 12x 10 Wcm™ have been compared with theoretical
Floquet-based results. There is good agreement for the relative subpeak heights and
spacings, but the relative aTi peak heights are not adequately represented. There are
experimental peaks not reproduced in the theory and there is considerably more
experimental background particularly at the higher intensity [37]. We will discuss this
further below.

3. Theoretical treatments of multiphoton interactions

3.1. The breakdown of perturbation theory

Multiphoton ionization at relatively low intensities (<10' W cm™2) can be described
by perturbation theory applied to a bound-free iransition. Many-order perturbation
theory may be necessary, because many photons may be absorbed during the ionization
process. Further absorption of photons in the continuum may also take piace, forming
the higher energy ATI peaks [38-401. Perturbation theory predicts that the ionization
rate for an n-photon ionization process has the following power law dependence on
intensity:

dP, .
Tt (7
where P, is the ionization probability, This relationship is difficuit to test accurately,
because of the pulsed focused laser beam that is used, which has varying intensity in
time and across the beam profile [10]. However, experiments have been performed
that find significant discrepancies from the perturbation theory power law [20-22, 41];
these discrepancies signal the breakdown in perturbation theory. The first sign of a
breakdown of lowest order perturbation theory which underlies equation 7 is that
energy levels can be Stark shifted by large amounts from their unperturbed positions
and broadened by the stimulated transition rates to other levels. This leads to intensity-
dependent corrections to the multiphoton absorption generalised cross sections. When
population can be resonantly excited out of initial bound states, the consequent
depletion clearly violates the basic assumption of perturbation theory. Indeed popula-
tion can be periodically transferred between resonant levels in multiphoton Rabi
oscillations and the whole concept of a time-dependent rate of ionization becomes
meaningless, These topics, of central concern to the field a decade or more ago, are
clearly reviewed in articles by Lambropoulos, and Georges and Lambropoulos [42].
At greater intensities, (>10 W cm™?), the whole idea of perturbation theory breaks
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down and an alternative non-perturbative procedure must be used. To illustrate this,
consider the expansion of the polarization, P, of an atom in an incident electric field
[43]:

P=£0X13+80X2€2+£0X3g3+'" (8)

where y, is the ith-order susceptibility. The ratio of successive terms may be estimated
as

EOX!'+1%;'+1:§ (9)
ey 8 A

where d is a typical dipole matrix transition element, (d ~ ea,~10"* Cm), and A is
the energy detuning of the incident laser from a resonance line of the atom (typically
0.5 eV). It can be seen that for intensities greater than approximately 10'* W cm™2, this
ratio is greater than one and the series is divergent.

Non-perturbative calculations are inherently difficult because no analytical solutions
of the Schrédinger equation of an atom in a time-varying electric field are known
except for the 8-function potential [44]. Various non-perturbative approaches have
been developed and we shall be giving a brief overview of them in the next section.
Such calculations are generally only concerned with single atoms in plane wave fields.
Ponderomotive effects that act on the electrons as they leave the beam focus are not
easily included and therefore these calculations are more commonly applied to mulii-
photon processes in the short pulse regime. When studying the resonance structure in
the spectra from short pulses, it is important to consider the temporal and spatial
intensity variations of the laser pulse, because 2 measured photoelectron spectrum
represents some average of the single atom spectra from the atoms exposed to different
intensities across the beam. Phase fluctuations in a pulse of large bandwidth can also
significantly smear the photoelectron spectrum. In general only rather crude characteris-
tics of the pulse in space and time can be obtained. This makes direct quantitative
comparisons with theory rather difficult {10]. However theoretical results can shed
light on the underlying physical processes and can provide indications of the directions
that experimental investigations should take and hence significantly enhance the
understanding of multiphoton ionization.

3.2. Non-perturbative theoretical calculations

Perhaps the most straightforward method of non-perturbative calculation is the direct
time integration of the Schrédinger equation. With the aid of an infinitely fast computer,
it would be possible to calculate accurately the behaviour of a many-electron atom in
an intense laser field. However, at present it is beyond the means of computers to
calculate the photoelectron spectrum even of hydrogen in a realistic length pulse of 1
picosecond. The reason for this lies in the continuum-continuum transitions that occur
when the higher above-threshold (AT1) peaks of the photoelectron spectrum are formed.
These continuum-continuum transitions produce high energy electrons that rapidly
move away from the atomic core. Because of the large distances that such electrons
travel in a realistic length pulse, the grid on which the calculation is performed must
be large, so that the high energy electron wavepackets never reach the edge of the grid.
Such large grids require impossibly large amounts of computer time. To illustrate this,
consider a circularly polarized laser pulse of wavelength 532 nm and pulse length 1 ps.
Suppose that the 4th aT1 peak is visible, then this peak will have an energy of order
four times the photon energy (4x0.086=0.344 au), corresponding to a velocity of
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0.829 au. In 1ps (41322 au), this wavepacket can travel 0.829x41 322=34 256 au
towards the edge of the grid. Making a conservative estimate of 0.2 au for the spacing
between the grid points this would mean a three-dimensional grid would need (34 256 x
2/0.2P = 10" points! This is prohibitively large. This has restricted direct three-
dimensional integrations to pulse lengths of approximately 50 fs and intensities below
around 5x 10'° W em ™, although such calculations are still very considerable computa-
tional achievements.

To avoid the need for excessive amounts of computer time, several other theoretical
approaches have been developed. Various approximations have been applied to direct
time-integration methods and alternative theoretical treatments have been used, We
will next consider some of these in detail.

3.3. Essential states methods

Various non-perturbative calculations have been carried out which specifically include
continuum-continuum transitions, which redistribute the population in the continuum
[45-48]. The most straightforward of these modelled the atom by a single bound state
and various continua, each corresponding to a particular angular momentum [48, 49].
Non-resonant MeI takes place into a continuum and further photon absorption transfers
population into the other continua. The wavefunction at any time is written in terms
of the single bound and various continuum wavefunciions and the various states are
connected by (usually dipole interaction) matrix elements, The actual calculation
invelves the solution of the set of coupled equations to obtain the populations of the
various states. Such a method has successfully demonstrated the importance of con-
tinuum-continuum transitions and has predicted the onset of peak saturation, where
the higher energy ATI peaks have a greater magnitude than the lower ones, i.e. ‘peak
switching' [48, 49]. However, all these calculations face the same restriction that the
theories are unable to make quantitative predictions for the specira to compare with
experiments, parily because the transition matrix eiements for the complex atoms used
in the experiments are not known. Also many states, including the various angular
momentum states in the continuum may have to be considered to allow for all possible
transitions, One further difficulty lies in the fact that multiphoton coupling between
continuum states must be included as well as single photon coupling and in fact these
couplings can often be singular [50, 51].

This type of calculation uses what is known as the essential states method. Originally
the essential states which were employed were those of the unperturbed atom, but as
the laser intensity increased, the number of states which are necessary for converged
solutions grows too large for this method to be practical. Other calculations following
the same principles, but including very many states are those of the type performed
by Tang et al [52] and other authors [53, 54]. In these calculations, the hydrogenic
wavefunctions are expanded in terms of selected states from some complete set of
wavefunctions, e.g. Sturmian basis set or B-spline functions, which have the effect of
discretizing the continuum in one form of the other. The Schridinger equation then
reduces to a set of differential equations relating the coefficients of these functions,
which are solved numerically.

When continuum-continuum transition amplitudes are small (i.e. for high frequen-
cies and not too high intensities), the conventional essential states method can be
employed profitably to study bound state excitation, Rydberg state wavepacket forma-
tion, dynamic Stark-induced resonances and the like. For example, Piraux and Knight
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[35] use an essential states method to study the role of the counter-rotating terms in
photoionization. Essential states methods, involving very many bound states, have also
been used by Fedorov and Movsesian and others {56], Parker and Stroud [57] and
Piraux et al {58] to study ionization suppression and population trapping in Rydberg
atoms. In the paper of Piraux et af an essential states method was employed to describe
one- and two-photon ionization of atomic hydrogen by an ultra-short hyperbolic secant
laser pulse. The method used a Coulomb Green function to include all atomic state
contributions (in the rotating-wave approximation) to Stark and Raman coupling terms,
and care was taken to include sufficient bound states to ensure convergence. They
considered two frequency regimes. For photon energies close to the ionization potential,
they showed that the excitation of atomic hydrogen, initially in its ground state leads,
at low and moderate laser intensities, to an np state population distribution, which is
strongly shifted down to low lying Rydberg states for ultra-short pulses. At very high
intensities in this frequency regime, they showed that the time evolution of the Rydberg
state population follows adiabatically the pulse shape and does not lead to population
trapping in the Rydberg states. They also demonstrated for two-photon ionization that
there is significant inhibition of tonization at high field intensities. The stabilization is
caused by the creation of a spatially extended wavepacket, produced by the Raman
mixing of intermediate Rydberg states; we will discuss this further in section 5.1,

3.4. Volkov final state theories

The Schrodinger equation for a free electron in 2 plane wave electric field, but outside
the range of the atomic potential is exactly solvable. The solutions, known as Volkov
states, are plane waves with an oscillating phase, which depends on the vector potential.
When the dipole approximation is valid, these solutions may be written as

i

5 [P—eA(f)]'r-%j’z—lr;[p—eA(T)]zdf)- (10)

Q

pfr )= eXP(

Here p is the electron’s momentum [59].

Calculations can be performed by assuming that an jomnizing electron makes a
transition between two well defined states: the initial bound Coulombic wavefunction
and the final free-electron Volkov solution. Keldysh used this approach to examine
tunnelling ionization [59] and following on from this work a wide range of similar
non-perturbative calculations have been performed, led predominantly by Faisal [60]
and Reiss [61-63]: these are collectively known as the xrr models. Following Keldysh,
the kRF models use Volkov states as approximations to the final state of the electron,
field-free eigenstates as initial wavefunctions and connect the states by some interaction.
The system wavefunction is written in terms of the bound states of the atom and Volkoy
functions, and the evolution of the system is described in terms of a set of coupled,
first-order differential equations, whose solution is the time-dependent expansion
coefficients of the bound and Volkov states. However, such calculations implicitly
neglect the laser-induced level shifts and the effect of the ion on the electron as it
ionizes and passes out of the region of the atomic potential. Also this approximation
is really only valid if the system s not appreciably ionized. Furthermore, there is an
upper limit to the intensity for which this approach is valid because when the pon-
deromotive energy of the electron is larger than the binding energy of the atom, then
the initial state of the atom can no longer be taken as an unperturbed eigenstate.
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There has been extensive work performed using Keldysh theory as a basis, examining
such agpects as the role of the Volkov states on the aTI spectra obtained [64, 65] and
the role of the ponderomotive shift on the AT1 peak positions {66, 67]. Further extensions
to the theory have included the use of an effective multiphoton matrix element that
lifts the electron into the continuum with the minimum number of photons and then
considers transitions between Volkov states, forming the higher a1 peaks [64, 65] and
the role of the Coulomb interaction on the final states [68].

However even without these refinements, Keldysh theory has produced results that
show quite good agreement with the photoelectron spectra from xenon, krypton and
helium, illuminated with circularly polarized light for long pulses for which it is
expected that the effect of bound state resonances will be minimal [62,69]. The
agreement of KRF theory with experiment for linearly polarized light is much poorer.
This has been attributed to the fact that lower angular momentum electrons are
produced which penetrate the atomic potential more and so the Volkov approximation
is less valid [70]. Further calculations to predict the angular distribution of the ejected
electrons from atoros illuminated by elliptically polarized light show fair agreement
[68,71]. However there are limitations to this type of approach and the theory will
not be valid when the pulse length is short enough for the intermediate resonances to
become important [$0], or the depletion from the imitial state becomes significant.

3.5, Floquet theory

Recently there has been much effort focused on the Floquet method of finding solutions
to the Schrodinger equation of an atom in an intense laser field. One of the first
applications of Floquet theory to atomic systems was made by Shirley [72]. He used
the technique to replace the semiclassical Hamiltonian of a quantum system in an
oscillating field with a time-independent Hamiltonian represented by an inifinite matrix.
The formulation of Floquet theory starts with the Schrodinger equation

280 gy an)
with the Hamiltonian H(t) written in the form
2
H{n)= (;—m+ V(r)) + H(t) (12)

where V(r} is the atomic potential and H,(¢} is the laser interaction term, which can
be written as

H(t)=H. e+ H_¢e“" (13)

When the Hamiltonian of a system is periodie, such that H(t++)= H(t), then the
Floquet theorem can be used to write the wavefunction in the form

lp(t)y =T =M F(1)). (14)

The Floquet theorem asserts that the Floquet vector {F(2)) is also periodic with the
same period as the laser field in #; it can therefore be expressed in the form

|F(t)y = % ™| F,). (15)
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We can consider this as indicating that the snth harmonic component represents an
electron which has absorbed n photons. Inserting the Floquet vector |F(t)) into the
Schridinger equation produces an infinite set of coupled algebraic equations

[E+ nhow — Ha]an> = V+]-Fn—l>+ V—IFn+1>- (16)

This system of coupled equations is manifestly time independent and has solutions
with complex quasi-energies that represent decaying states. The compiex Floquet
quasi-energy that is obtained from the solution of these equations can be written as

E=Ey+A-il'/2 (17}

where E, is the unperturbed energy of the state, A is the Stark shift and I is the width
of the state and represents the ionization rate [73].

Using such a construction, multiphoton ionization rates and threshold shifts have
been obtained {74] and recently important calculations have been performed by
Shakeshaft and co-workers to examine the role of resonances on the jonization rate
and photoelectron spectra of atomic hydrogen [75]. In these calculations, values for
the ionization rates, angular distributions and Stark shifts of the hydrogen atom in
monochromatic laser fields were obtained. The technique relies on using the Floquet
expansion to obtain an infinite series of coupled equations, connecting the harmonic
components of the Floquet expansion of the wavefunction. The harmonic components
are composed of a discrete complex Sturmian basis set. Particularly interesting results
from this work have been the observation of multiphoton resonance enhancement in
mPt and the interpretation of the photoelectron peaks due to these resonances. Potvliege
and Shakeshaft have been able to compare their predictions for the positions of the
resonance peaks in the photoelectron spectrnm from atomic hydrogen with data
obtained from experiments on hydrogen performed at the University of Bielefeld [76]
by Feldmann and co-workers. The Floquet calculations show good agreement with
the lowest energy peak in the spectrum in many respects, although there is some
structure that is unexplained, as mentioned above. However, what is not fully accounted
for in these calculations is the full time dependence of the incident laser pulse, because
the calculations only contain a purely monochromatic electric field. The effects of
pulsed flelds are therefore constructed from a sequence of constant envelope calcula-
tions and some features of the dynamics in a real pulse are therefore not represented.
Also these calculations cannot easily describe the high energy photoelectron peaks,
nor calculate peaks at high intensities significantly above 10" W cm™ because of the
size of calculation involved. (The size of the calculation increases rapidly with the
number of channels in the Floquet expansion.)

Another major application of Fioquet theory exploits the R-matrix technique of
electronic collisions combined with the Floquet method for the applied laser field.
This approach, when fully implemented computationally, will be a powerful tool for
examining a wide range of systems in laser fields [77].

3.6. Direct integration of the Schrédinger equation

The final approach that has been extensively used to study mp1 is that of the direct
numerical integration of the time-dependent Schridinger equation. As was reported
above, the complete solution of the three-dimensional Schrodinger equation in a
realistic time-dependent laser pulse is not at present computationally possible so such
numerical studies use various different approaches to reduce the computation time
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required. Perhaps the most straightforward method of reducing the amount of computa-
tion needed to perform these calculations is only to consider one dimension. This
approach has been taken by several workers [33, 78-82] and such calculations have
produced many results that have contributed much to the understanding of multiphoton
processes. Such one-dimensional calculations represent an extreme simplification of
actual experimental conditions: the beam has no transverse structure, the magnetic
field is neglected [83] and the Coulomb potential must be replaced by some model
potential [33, 78-80, 82, 84-89].

The advantages of the one-dimensional calculations are many. They are relatively
fast, allowing many calculations to be performed to study the effect of varying para-
meters on the multiphoton ionization process: for example, ATI spectra can be studied
as a function of angular frequency, intensity or pulse length. The photoelectron and
harmonic spectra from realistic length pulses can be calculated, which is impossible
in three dimensions because of the excessively long calculation time that this would
take. Fine detail in the plots of ionization as a function of time can be produced, which
can shed much light on the physical processes: this is not possible in three dimensions.
Because of the ease of computation, one-dimensional calculations have also been used
to test other calculational approaches, Javanainen and Eberly [90] compared various
Keldysh calculations with one-dimensional calculations, and Pindzola and Dérr [91],
and Bardsley et al [80] have compared Floguet calculations with ab initio numerical
calculations for smooth pulses.

Three-dimensional calculations are, of course, more realistic, but represent a far
more formidable computing task. To reduce the size of the calculation, only linearly
polarized light is usually considered, so that the system has axial symmetry in the
dipole approximation and the dimensions considered can be reduced by ane. Such
three-dimensional calculations have been performed by Kulander and co-workers and
they have been used to study, for example, the effect of bound state resonances on
harmonic spectra {92, 931

Various calculations have also been performed in three dimensions for multielectron
atoms [92-95]. For example, Kulander used a time-dependent Hartree- Fock model,
or frozen core model, to calculate ionization rates and wavefunctions of helium and
neon for approximately ten cycles of the laser field. Such calculations are extremely
difficult because the electrons experience interelectron forces, and the number of points
on the grid of the calculation must be large. Single-atom harmonic spectra from xenon
have also been studied, for pulses up to twenty cycles long. Such spectra have been
compared to those obtained experimentally and whilst the pulse lengths in the three-
dimensional calculation are of course considerably smaller than those obtained experi-
mentally, the spectra do exhibit resonances and plateaux, which are qualitatively
comparable with experiments [96, 97].

Another approach to three-dimensional calculations has been adopted by LaGatutta
[98], Sanpera and Roso-Franco [99], DeVries [100] and Krause ef al [101]. The
wavefunction is expanded in spherical harmonics, resulting in 2 series of coupled
equations relating the coefficients of the various angular momentum states. In the
length gauge for a linearly polarized field, the coupled equations relating the coefficients
of these harmonics only contain coupling terms between the coefficients of states whose
angular momentum differs by one: thus the equations become relatively easy to solve.
In spite of this, such a calculation is still at least of the order of L times slower than
one-dimensional calculations, where L is the total number of angular momentum states
considered, of the order of 10. So oniy very short pulses have been studied, of a few
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laser cycles in length. For example, Krause et al have calculated the harmonic spectra
from 20 cycle laser pulses.

Finally, classical calculations have been performed to study mpI, usually relying
on Monte Carlo techniques to follow the electron trajectory. The technique follows
the time evolution of an initial three-dimensional microcanonical distribution, associ-
ated with ground-state hydrogen atoms. This method, sometimes known as the phase
space averaging method [102-104], begins by obtaining the initial conditions of very
many electronic trajectories by simulating the statistical distribution characteristics of
the initial wavefunction. Each trajectory is then calculated using classical dynamics
and then the properties of the summation of these trajectories are examined. Many
such calculations have been performed, examining photoelectron spectra [105, 106],
electron trajectories [106, 1071, harmonic generation [108] and atomic stabilization
[109] from both ground state and Rydberg atoms. Classical calculations have been
performed, investigating the ionization of highly excited atoms in microwave fields.
These calculations have observed certain classes of trajectories that do not ionize.
These trajectories have been linked with the appearance of anomalously stable states
in the microwave ionization experiments of Sauer et al [110], and are associated with
the production of ‘scars’ in classically chaotic systems [111].

To conclude this section we should note that the multiphoton ionization process
is very complex and no one type of calculation models all the relevant aspects. So
although all the above calculational technigues that directly integrate the Schrodinger
equation rely on some approximation to make finding the solution easier, they can all
provide important insight into the multiphoton ionization process.

4. The generation of harmonic spectra

In 1987, Shore and Knight pointed out that high-order odd-harmonic generation could
take place by the emission of a high energy photon from a transition between a high
energy continuum state and a low lying bound state [11]. Previous to this, relatively
low-order harmonic generation had been reported due to predominantly bound state
multiphoton transitions {although Miles and Harris and others exploited autoionizing
continuum resonances to enhance the production of harmonics). When aT1 populates
high energy continuum states, very high-order harmonic processes can occur [112].

One of the first experiments in which these high order harmonics were observed
was performed by McPherson et al using a KrF laser at 248 nm, producing pulses of
approximately 300 fs with intensities in the region of 10"® W em™*[113]. They observed
up to the 17th harmonic in neon, which corresponds to 12 photons above threshold.
Using a longer wavelength, 1064 nm. Ferray et al reported the abservation of harmonics
from argon, krypton and xenon. They produced spectra that exhibited what have now
been recognized as typical characteristics for harmonic spectra [96]. Such a spectrum
is shown in figure 3 and the main observable characteristics are: a rapid decrease in
harmonic intensity from third to seventh order; a plateau region that extends out to
27th order, with the harmonics having similar intensities; and a rapid drop in harmonic
strength beyond the 27th order. These features have been observed in the spectra of
many atoms, although of course the precise details vary [96, 97, 114, 115].

Initially it was unknown whether these characteristics were caused by single atom
effects or by propagation effects due to the passage of the radiation through the
collection of atoms and ionized electrons in the atomic beam. However many theoretical
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Figure 3. Harmonic spectrum from argon at a laser intensity of approximately 3x
10" Wem™2 at 1064 nm, from [96].

single atom calculations have reproduced many of these characteristics, suggesting
that they are predominantly single atom effects [88, 92, 95, 100, 116-119]. Indeed even
a simple system such as two bound states, or one bound state and a continuum in a
monochromatic field will reproduce these characteristics, implying that they are generic
to a strongly driven non-linear system [119, 120].

Theoretical calculations of both ATt and harmonic spectra have provided indications
of the physical basis of these characteristics [116]. The plateau begins to appear when
the multiphoton transition required to produce the barmonic occurs from a continuum
state and not a bound state. The abrupt cut-off of the plateaun at high energy corresponds
to where the magnitude of the At peaks decreases. In the plateau region, the aTi
peaks are of a similar magnitude and so correspondingly are the harmonics [117]. Of
course we should remember that the observed signal is a bulk many-atom response.
The high frequency radiation could well break the necessary phase matching and
terminate the plateau of harmonics.

In this review, we shall limit ourselves to considering an area of great interest at
present because of the recent reports of very high order harmonic generation, and only
consider the generation of harmonics in electric fields that are close to the critical
value for oTe ionization to occur [34].

4.1, High order harmonic generation

Before we begin to discuss any theoretical calculations of harmanic specira, we must
first deal with the exact method by which these spectra are obtained, The usual method
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for calculating a power spectrum is to simply take the modulus squared of the Fourier
transform of the dipole expectation value (in atomic units),

|D{w)ec

L (Wln Ol )™ dif (18)

where d(¢) is the atomic dipole moment. This is relatively straightforward to calculate.
However the power, V, radiated by a dipole moment into all directions is given by

[119, 121]
2 (3—">. (19)
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The difference between taking the expectation value of the dipole moment and the
expectation value of the acceleration is normally accounted for by simply multiplying
the spectrum of radiated light calculated from equation (18) by w* [119] (although
some authors ignore it altogether [92, 95, 116, 117]}. Unfortunately this is strictly not
correct, because the dipole moment and its velocity do not vanish at large times,
particularly when significant amounts of ionization are produced during the laser pulse,
when large final dipole moments are produced. Therefore it is more satisfactory to use
the acceleration directly using Ehrenfest’s theorem (in atomic units):

d(t)= 4 <r>=<—£"> (20)
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where H is the interaction part of the Hamiltonian of the system (atomic and laser
field interactions). This way of obtaining the acceleration of the atom is extremely
useful computationally as it depends mainly on the part of the wavefunction where
the electron experiences the greatest force. Any wavefunction far from the core and
any asymptotic value of the dipole moment is irrelevant.

it must also be pointed out that calculating the harmonic spectrum by Fourier
analysing the expectation value of the time-dependent electronic acceleration is only
an approximation. In actual fact a more precise procedure is to use the autocorrelation
function of the acceleration. The spectral density of the emitied radiation is then the
Fourier transform of this. This has been discussed by many authors [119, 122] and
used directly by LaGattuta [123] in the calculation of single atom high harmonic
spectra. However it should be remembered that the observed radiation results from
many spatially separated atoms. The individual quantum dipoles can be thought of as
the sum of a mean atomic dipole and a random fluctuation. The mean dipoles have
the phase of the exciting radiation imprinted upon them and in the forward direction
they can sum coherently to a cooperative output which varies quadratically with the
atomic density. The fluctuation terms have no such phase imprint and sum incoherently
as spontaneous near-isotropic noise varying linearly with density.

At low intensities, the dominant method of ionization is multiphoton excitation to
real or virtual bound levels and thence out into the continuum. For long pulses, the
photoelectron spectrum consists of well defined aTi peaks separated by the photon
energy. For short pulses, these aT1 peaks split up into several subpeaks, many of which
can be accounted for in terms of multiphoton resonances between ac Stark-shifted
bound states [118, 124].

Similarly, when the harmonic spectra produced by these pulses are examined, they
consist of peaks at odd multiples of the photon energy, again modified by the occurrence
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of bound state resonances [92, 97, 125, 126]. If such resonances do occur, then the
particular harmonic that corresponds to the order of the multiphoton resonance can
be dramatically enhanced: however, such enhancement can only affect a single har-
monic. To increase the magnitude of all the harmonics, one can instead increase the
incident laser intensity.

Recent experiments have shown that high intensity lasers are capabie of producing
both high-order and relatively high strength harmonics [17]. However there is a limit
to the increase that one can make to the intensity and still generate an observable
single atom harmonic spectrum. To examine the effect of intensity on the harmonic
spectrum we can roughly divide the ionization process into two regimes. In the first
regime, applicable at low intensities, ionization occurs by the electron passing through
a series of virtual levels in the atom, (real levels if a resonance exists), and out into
the continuum, where it can continee to absorb photons and form the higher aTi peaks.
Harmonics are generated by transitions between these bound ievels, or from the
continuum to these bound levels [127].

In the second regime, ionization occurs by an alternative mechanism. At low
intensities, in static fields, we can think of the atomic potential as being distorted by
the incident electric field, so that the bound electron ‘sees’ a potential barrier in the
direction of the electric field polarization. However above a certain critical incident
electric field, defined by static field theory, the potential barrier is low enough that the
electron can pass directly over it (see figure 4). This is a rapid process. For an oscillating
electric field, a similar process can occur at optical frequencies provided that the
incident electric field is greater than the critical field for some portion of its cycle. In
a typical laser pulse, ionization can occur within half of a laser field cycle, once the
critical field is reached.

Of course, the division of ionization into these two regimes is arbitrary. The pictures
represent two extreme views of the ionization process and for intermediate intensities
one can view the ionization process as having some contribution from the electron

Figure 4. Schematic diagram of over-the-barrier ionization. The broken line represents the
incident electric field, the dotted line represents the zero-field bound state energy and the
full curve represents the resultant potential of the electric and atomic fields.
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tunnelling through the barrier presented by the resultant potential [128], or alternatively
ionization can occur when the electron is excited to higher levels and then passes
directly over the barrier. However, considering over-the-barrier (oTs) ionization and
multiphoton absorption ionization as two distinct processes can be useful, because
one can then attempt to interpret the relatively abrupt changes in the photoelectron
and harmonic spectra that do occur as the intensity increases.

This picture of over-the-barrier ionization has been used previously with success
by Augst et al [129]. By using a simple classical time-independent picture of oTs
ionization, they have shown that there is good agreement between the intensities at
which ove ionization is predicted and the experimentally measured appearance
intensities.

To illustrate how the ionization processes affect the photoelectron and harmonic
spectra, we can use the results of a direct numerical integration calculation using a
one-dimensional model potential, V(x)=—1/(}+x%)"2, This type of caiculation has
been used to produce many of the results in this review. Figures 5 and 6 show harmonic
and photoelectron spectra for two intensities: the lower intensity, 2.0 10" Wem™, is
below the critical intensity and the other, 3.2x 10" Wcm™2, is above. The critical
intensity for the model potential is approximately 5x10'* W em™, All the plots are
for an incident pulse of wavelength 300 nm and pulse length of 50 fs. Figures 5{a) and
6(a) show the effect that increasing the peak intensity has on the harmonic spectrum:
there has been a slight decrease in harmonic generation at the higher intensity and the
background has increased by orders of magnitude. Examining the photoelectron spectra
for these two intensities (figures 5(&) and 6(b))}, one can see that the AT peaks cease
to be distinguishable at the higher intensity, showing a close correlation between the
photoelectron and harmonic spectra.

One can explain the slight decrease in harmonic strength at higher intensities in
terms of the lonization mechanism. When an atom ionizes by multiphoton absorption,
the ionizing electron passes through a series of virtual bound levels of the atom (some
of these levels may be real if any multiphoton resonances occur). This process is
periodic and relatively slow, because the matrix element of the multiphoton transition
is small. Also the electron remains close to the nucleus and so it can absorb further
photons, or alternatively emit harmonics. In addition, when the electron is promoted
into the continuum, it is still close to the nucleus and hence capable of emitting high-order
harmonics.

In contrast, ionization by the oTe mechanism is a very rapid process once the
critical electric field is reached, as can be seen from figure 6. Once over the potential
barrier, the electron accelerates down the potential and away from the nucleus. It is
the rapidity and aperiodic nature of this process that prevents further harmonic gener-
ation. The wavepacket quickly moves away from the core and there is very little time
for harmonics to be generated.

The response of the electron to the incident electric field during the remaining part
of the pulse becomes that of a free electron and the electron can scatter from the
nucleus as it moves away. Such scattering events modify the harmonic spectrum by
increasing the background. This is significant experimentally because this background
can be large enough to wash out any harmonics produced on the rising edge of the
pulse before the critical field is reached, because the contrast between the peaks and
the background is small. This background grows dramatically with increasing peak
intensity. It is this scattering background that destroys any regular structure in the
photoelectron spectrum.
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Figure 5. Figures showing the computed (@) harmonic spectrum and (b} photoelectron
spectrum from a 50fs (30 cycles) pulse of wavelength 300 nm and peak intensity 2 x
10 Wem™.

It is interesting to notice that the peaks at the higher intensity are only one order
of magnitude greater than the background. Thus such intense pulses could possibly
be used to create a flash of high energy, broad band radiation in a time comparable
to the incident laser pulse. This could be an important source of soft x-ray radiation.

It is interesting to compare these observations with those obtained by considering
classical atoms. Chu and Yin [130] have used the technique developed by Leopold
and Percival [131] to examine classical atoms exposed to electric fields greater than
the critical field at optical frequencies. Amongst other mechanisms, they identify a
direct ionization mechanism that can be considered to be the classical analogue of
over-the-barrier ionization. Once initiated, such ionization proceeds within a fraction
of a cycle, as is noticed in our quantum mechanical calculation. Bandarage, Maquet
and Cooper have also identified this direct ionization process [132]. Furthermore, they
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Figure 6. Same as figure 5 but with a peak intensity of 3.2x 10" Wom™2,

have reported that once ionized, the electron in the laser field generates a background
to the harmonic spectrum, which is consistent with the quantum mechanical results.

4.2, Phase matching effects

Harmonic generation occurs because the induced dipole of an atom has prominent
frequency components at multiples of the driving frequency. In a single atom calcula-
tion, only the response of an individual atom is calculated, but experimentally this
radiation is affected by its passage through the medium, ie. a gas jet. There is
considerable interest at present in the effect of the propagation through the medium
on the single atom spectrum: for long pulses (>1 ps) the theoretical models agree so
well with the experimental spectra, that propagation effects appear to be unexpectedly
small [95, 133].
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propagate through a medium at different speeds and therefore become out of phase
with the driving field. Thus the harmonics produced by each individual atom have a
different phase and these produce a decrease in the total harmonic strength measured,
Furthermore, the focusing of the pulse introduces a geometric phase slip across the
focus that is different for each harmonic. These mismatches increase dramatically with
increasing harmonic order.

Recent experimental work by the Saclay group has established the relative import-
ance of these phenomena [133].

5. Suppression of ionization

The majority of multiphoton ionization experiments are carried out on multielectron
atoms, for example, neon, Xxenon or helium. If an ulira-intense laser field irradiates
such an atom, then the ionization rate can be significant and even with picosecond
pulses, all the atoms can be ionized well before the peak of the pulse. The ions formed
can also have rapid ionization rates and it will only be highly ionized species that are
actually exposed to the peak of the pulse [134]. However if some mechanism exists
by which ionization is suppressed, then it may be possible to expose neutral atoms to
high intensity laser fields. Various mechanisms have been suggested that could bring
about icnization suppression. We can broadly divide these into two types. The first
type we term as quantum interference suppression, because the mechanisms of this
type are generally interpreted in terms of destructive interference between the ionization
from closely spaced bound states. The second general type is a subject of great topical
interest at present and can be labelled as super-intense field ionization suppression:
such suppression typically occurs in fields of 10" Wem™ or greater and has to do
with the production of electronic wavepackets which oscillate in the laser field with
large amplitudes far from the nucleus with diminished ability to absorb photons.

So far little experimental work has been performed to study ionization suppression.
Particularly for super-intense field ionization suppression, the experimental laser para-
meters that must be achieved lie beyond the capabilities of today’s technology: we will
discuss these parameters below. However, experiments have been performed to examine
what we have labelled as quantum interference suppression. We will return to these
experiments below.

3.1. Quantum interference ionization suppression

Two similar processes have been suggested that would bring about ionization sup-
pression by the quantum interference of the ionization amplitudes from a coherent
wavepacket of states close to the initial state [56, 135]. Cardimona et al have pointed
out that quantum interference can be thought of in terms of dipole moments [136]. In
a simple example, if an atom consists of two upper states and a lower state, then an
incident laser field will generate a coherent oscillating dipole moment for each transi-
tion. The phase relation between the two dipoles will depend on the laser detuening.
There will be a particular detuning at which the two dipoles will have a phase difference
of 7 and equal amplitudes. If the polarizations of the dipoles are the same, then the
total dipole moment will vanish and the atom will be decoupled from the field, hence
there will be no fluorescence. Cardimona et al extend this picture to the case of
multiphoton ionization: the condition for zero population transfer into the continuum
is simply that the net Rabi frequency from the bound states to the continuum states
is zero.
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One of the above-mentioned population trapping mechanisms was studied by Parker
and Stroud, through a series of numerical models {135]. They have shown that if there
are other bound states of the same parity as the initial state separated from the initial
state by less than the bandwidth of the laser, then the jonization from these states can
interfere and reduce the ionization rate to less than that predicted by Fermi's golden
rule. Population moves out of the initial states and into the other states by Raman
coupling transitions through the contimuum [137]. Thus the field produces not just
ionization, but also stimulated recombination. It is this recombination that results in
the coherent superposition of the bound states, which inhibits further ionization. Parker
and Stroud identify this effect using a simple model of three bound states, equally
spaced in energy and with the same parity and angular momentum quantum number.
The continuum is modelled by a quasicontinuum of equally spaced levels, each level
having the same dipole moment coupling to the bound states, and an angular momentum
quantum number one greater than the bound states. Population trapping is identified
for a large variety of pulse shapes, dipole moments and energy level spacings. The
parameters used for this study were chosen so that Fermi's golden rule predicted that
90% of the population would be ionized in the pulse, so a pulse of intensity 2x
10"* W em™?, wavelength 364 nm and a full width half maximum of three optical cycles
was used. The population was initially in the I =2, n =3 state.

We must point out that the wavepackets formed by the above process are differant
from the so-called depletion wavepackets studied by Zoller and others [138]. Here we
are concerned with what can be termed as Fourier wavepackets which are formed by
short pulses. The pulse lengths are less than the classical orbit time for the Rydberg
states being accessed and the wavepacket is formed by the short pulse promoting some
smali part of the ground state population directly into the Rydberg states. The evolution
of the wavepacket then occurs in zero field. Depletion wavepackets, however, are
formed by long laser pulses and the pulse lengths used are longer than the classical
orbit time of the Rydberg states accessed. During the pulse, the ground state is
completely depleted and the wavepacket formed, which moves away from the nucleus,
until it is radially localized at too great a distance to interact with the laser field further,
Whilst the pulse is still present, the wavepacket then travels back towards the nucleus
and again interacts with the laser field, and population then transfers either back into
the ground state or out into the continvum. For long enough pulses, this can happen
several times.

Fedorov and Movsesian have identified a mechanism that leads to the stabilization
of a Rydberg atom [56]. States adjacent to the initial Rydberg-state are coherently
populated by Raman coupling transitions via the continuum and other bound states.
It is the transitions from this group of Rydberg states to the continuum that interfere
with each other and cancel so as to inhibit the ionization. There is very little similarity
between the Rydberg wavepacket produced by this Raman coupling mechanism and
a ‘classical’ Rydberg wavepacket [139, 140]. A ‘classical’ wavepacket is produced by
an ultrashort pulse and consists of a cluster of closely-spaced energy levels. The intent
is to produce a wavepacket with a motion that closely approximates a classical Kepler
orbit. By contrast, the wavepacket produced by purely guantum mechanical interference
effects is not localized in space. This is in contrast with the ‘classical’ Rydberg
wavepacket, where the number of states involved can be large and the wavepacket is
localized. Fedorov and Movsesian suggest that microwave ionization may be used to
examine this population trapping mechanism experimentally. Possible experimental
parameters for the observation of this type of lonization suppression would be A=
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300 um, at intensities of the order of 10° W ¢cm™?
in length {56].

Finally, quantum interference plays a part in interpreting what occurs when a
Rydberg wavepacket is formed by the indirect population of a number of highly excited
energy levels. When a Rydberg wavepacket is created by direcr excitation, a compact
wavepacket is formed, centred on the nucleus, which easily ionizes in a high intensity
laser field. In this case, the laser is tuned to a highly excited level and because of the
close spacing of the adjacent levels, several levels are populated by the finite bandwidth
of the laser. If instead the laser is tuned close to a lower excited level, e.g. the n=35
level, then the bandwidih of the laser is not sufficient to directly excite the adjacent
levels, but instead other levels can only be accessed by a two-photon Raman coupling
process through the continuum and other bound levels of the atom. As the pulse
progresses, the higher Rydberg levels become populated by repeated Raman coupling
transitions and the population from the n =35 state moves into the higher states. This
has been studied by Burnett et al [141] and Piraux et al [58].

The population from the initial state does not move into the high-lying Rydberg
states directly, but rather through a three-photon process: from the initial state into
the n =35 state and then through a two-photon Raman process into the Rydberg state.
So the wavepacket formed from the higher Rydberg levels is driven away from the
nucleus. Of course, when the electron is not localized near the nucleus it is quasifree
and cannot absorb further photons to ionize, so the interaction of the spatially extended
wavepacket with the field is weak and the ionization is inhibited.

As more higher-lying Rydberg states are accessed the wavepacket becomes localized
further from the nucleus. It is this spreading that prevents the overlap of the wavepacket
with the nucleus being large at any time, because most of the wavepacket is localized
far enough away from the nucleus so that even the oscillation of the wavepacket in
the external laser field (of the order of one atomic unit) does not bring it close enough
to the nucleus to result in a substantial ionization.

Recently, important experiments have been performed to study this type of ioniz-
ation suppression. These are the first to report the observation of stabilization and the
mechanism used to interpret the results is that of Burnett et al, involving the formation
of a wavepacket of bound states that is localized some distance from the nucleus and
hence with a low ionization rate. Jones and Bucksbaum performed such an experiment
using barium exposed to a laser of intensity 10" W ecm™ [142]. It was found that the
single photon ionization of the outer electron in a barium 6snk Stark-state can be
suppressed relative to the three-photon ionization of a tightly bound 6s core electron.
They identify the formation of an extended wavepacket by Raman coupling as the
suppression mechanism, following the work of Burnett et al described above [141]. A
recent experiment by Noordam et al [143] observed the redistribution of population
amongst Rydberg levels by Raman coupling, and the results were also interpreted in
the same terms.

, in a microwave cavity about 0.1 m

5.2. Super-intense field ionization suppression

In contrast to the ionization suppression processes outlined above which typically
ocour at intensities below 10" Wem™, a second suppression mechanism involves
super-intense fields. In such intense fields, instead of the atom ionizing swiftly by
over-the-barrier ionization, it appears that at suitably high frequencies, the ionization
rate can be severely reduced so that it is negligible on the time scale of a laser pulse.
In the 1970s, several researchers inciuding Mittleman, Gavrila and others began to
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realize that atoms in super-intense high-frequency fields can become stabilized with
increasing intensity; Gavrila and co-workers then made an extensive analytical and
numerical study of the properties of adiabatic states at constant intense field amplitudes
and their ability to withstand ionization [144]. The first prediction of stabilization in
a pulsed field was made by Su et al using their 1p potential model [82]. Pont et al
[144] initially performed calculations for atoms in the limit of an infinitely high
frequency laser field, and concluded that in such fields, the atom is stable to ionization.
This was a dramatic conclusion, but of course the infinite frequency is physically
unrealistic. However, further calculations indicated that provided the incident
frequency is high enough, the ionization rate from an atom in a super-intense field
will actually decrease with increasing intensity, once some critical intensity is passed
(see figure 7) [145].

Lifetime (fs)

Intensity (a.u.}

Figure 7. Plot of lifetime atom against intensity for various values of angular frequency.
The numbers adjacent to the points give the corresponding values of ag [145].

These calculations [144, 145] and subsequently those of other workers [146-149]
were carried out in the Kramers-Henneberger frame. This frame has also proved
invaluable in interpreting the suppression mechanism as we will demonstrate below,
The Kramers-Henneberger (KH) [150, 151] frame is the frame of motion of a free
electron in the incident laser field. In this frame the effect of the time-dependent
incident electric field is transformed to the time dependence of the atomic potential.
Hence the minimal coupling Schrédinger equation

2 : 2
ih‘:—‘f(n t)= ——2%-; Vi, r)—mfA V(e z)+;—m Alg(r, )+ V{eg(r, t) (21)
is then transformed to
iﬁa—‘h—“ﬁ(r t)=-—£ Vien(r, )+ Vir+ a()eulr ) 22)
at 2m ’ ?

under the xH transformation. The transformation is explicitly given by

exp[zi:m LA%) dfr} exp[—i(Lu A(7) df) -v} (23)
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where

?
a(t)=—£J A(r) . (24)
mJo
This is the displacement of a free eleciron in the incident laser field. For steady field
conditions, i.e. &(t) =&, sin o, and we can write a(f) = aysin of; (a,= e&y/ Mo’
which equals the amplitude of oscillation of a free electron in the field). To illustrate
how the kH frame is useful in interpreting super-intense field ionization, let us follow
the work of Gavrila ef af [152], and consider a pulse where the electric field amplitude
is steady. Under these conditions, we can write our KH frame wavefunction in atomic
units in Floquet form:

Uln ) =e7 B T gien(r) e (25)
n=3x
where Egy is the Floquet quasi-energy. (From now on we will adopt the convention
of atomic units.) The kH frame potential can be Fourier decomposed thus

Virta()= § Va(aor)e™™ (26)

me= =0

where the coefficients can be written in the form

e
V,.{ay; r)=LJ Vi(r+aou) T, (u)(1—u?)""? du (27)
T Ja
where T,(u) are Chebyshev polynomials.
Inserting equations (23) and (26) into the kH frame Schrédinger equation (equation
{22)) yields a set of coupled differential equations for the components of (r):

("‘%Vz'l' Vo(a’o;f)“(EKH+”ﬁ’))lfffK”(’)=— § Vn—m'\bE‘lKH(r)(m#nJ' (28)

m=—00

If the coupling terms on the right-hand side could be neglected, then we could replace
the time-dependent KH frame potential V{r+«(f)) by Vo(ay; r), which is simply the
time-averaged KH frame potential. The Schréodinger equation would then be written as

—3Vo(r, 1)+ Vil ero; F)iro(r, 1) = Excratho(r, 1). (29)
This is now a time-independent Schrodinger equation and we can describe our system
in terms of a set of eigenstates of the atom and laser field. There are no transitions
between these eigenstates and hence our atom is stable to ionization.
Gavrila and Kaminski [152] pointed out that the condition for which the V,, {(n# ()
are zero is that the incident laser frequency is infinitely large. More importantly, Pont
and Gavrila [145] showed that when the conditions

w » [ Exyl (30)
and

ale>1 (31)
are fulfilled, where Eyy is the binding energy of the binding energy of the kH frame
eigenstate, then we can consider equation {29) as a good lowest arder approximation
to our system. These are the conditions stated above that the frequency and intensity
of the applied laser field are both large. The V, (n #0) can then be considered as

perturbations to the lowest order eigenstates of equation 29 and hence one can find
the effective ionization rates from these states. Pont and Gavrila [145] carried out such
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calculations and produced a plot of the lifetime of the ground state against intensity
for various angular frequencies (figure 7). The graph showed distinct minima in the
lifetimes at critical intensities that varied with the angular frequency. Beyond these
critical intensities, the lifetime of the state increased with increasing intensity: we can
consider that the ionization from the atom is suppressed.

As one might expect the atom is severely distorted by these super-intense laser
fields. If we can describe our atom as comprising one or more eigenstates of the lowest
order kH frame potential, then studying the shape of these states can be instructive.
The Vo{ag; ») potential for a,> 1 has a distinctive dichotomous (two-peaked) shape,
with the two lobes being separated by an distance approximately equal to 2a,. Hence
the lowest energy eigenstates are dichotomous (see figure 8, which shows the kH
eigenstates for our one-dimensional calculations), with the n = 1, 2 states being degener-
ate at large a, [144, 146, 153-155]. For smaller @, (a < 1), this splitting is only partial,
but for large @y {@g>1) the potential is extremely shallow at the centre and the
dichotomous splitting is almost complete. The time-averaged potential is considerably
shallower than the zero-field potential and this represents a decrease in the binding
energy in super-intense fields {in contrast to the case in lower intensity fields). Pont
et al report that for a hydrogen atom, the binding energy of the ground state is reduced
by a factor of @3> as compared to the ground state energy. In figure 8 we show the
shapes of the lowest few x# bound eigenstates for laser parameters that result in a
value for @, of 18.49. For this value, the lowest two states are in effect degenerate and
the wavefunction is highly dichotomous. The ngy =3 state is the lowest state with
significant probability at the nucleus.

Ho) )
- |
£ -o.a00F
QO
o
(e) 1 [{d)
:E B
= —0.100
)
z
a‘ - E
-0.2001 ! ) R 17 , ) L
~20 20 -20 20
Distance from the nucleus

Figure 8. Modulus-squared of the kH bound eigenfunctions for ay=18.49. In (a) the
ngy =1 eigenfunction is plotted (the modulus-squared of nyy =2 is almost identical). In
(b)-(d), the ng,,=3,4 and 5 eigenstates respectively are shown.

However as Pont and Gavrila pointed out, an atom does not suddenly appear in
a super-intense laser field, but instead it is exposed to sub-critical fields during the
ramp of the pulse. By examining Pont and Gavrila’s plot of lifetime against intensity,
(figure 7), we can see that if an atom in a ground state is exposed to a ramped pulse,
then it must pass through what has become known as a ‘*death valley’, where it is
exposed to an intensity where the lifetime of the atom is a minimum and is too short
to survive the pulse without being ionized.

However, Pont and Gavrila only discussed the adiabatic case where a single atomic
state is occupied. More realistically, we can consider an atom that is exposed to a



Topical review 587

time-dependent laser pulse, with the atom no longer being restricted to only the ground
state of the time-averaged ki frame potential. To examine what effect a pulse turn-on
has on the KH frame eigenstate populations, various calculations have been performed
[78, 84, 89, 146, 147, 156]. The calculations have varied substantiaily in their different
approaches; some are straightforward numerical integrations of the Schridinger
equation in one or three dimensions [78, 89, 147, 156], some use the Kramers-
Henneberger frame directly [144-146, 153, 155] and others use classical techniques
[109, 157}

The particular calculation that has been carried out to produce the remaining figures
in this article consists of a Crank-Nicholson time integration routine that solves the
one-dimensional time-dependent Schrodinger equation for an atom in a laser field.
We have used the model potential V(x)=1/(1+x%)"2, which has a Rydberg series of
bound eigenstates. Details of the method of calculation can be found in [33]. We are
justified in using the non-relativistic Schrodinger equation for these super-intense laser
fields because the frequencies used are so large. This means that the velocity of the
electron’s oscillatory motion is still small compared with the speed of light. We refer
the reader to the review of multiphoton ionization by Mainfray and Manus for a
discussion of laser-atom physics in the relativistic regime [158].

In figures 9{a}-(b), we show the ionization probability as a function of time for
two different pulse turn-ons (a), the pulse turn-on is .25 cycles: this extremely short
pulse, as well as being experimentally unrealistic, has such a large bandwidth that
most of the population is promoted directly into the continuum and there is no bound
population left to be stabilized in the super-intense field. In (b) the turn-on time is
3.25 cycles: this is an ideal length because the bandwidth does not give too large an
overlap with the continuum, but the atom passes rapidly encugh through the lower
intensity fields so that not too much of it is ionized. A delicate balance must be struck
between turning on the pulse too quickly or too slowly: too quickly and the large
bandwidth of the pulse means that a large proportion of the population is promoted
straight into the continuum; too slowly and the atom will be ionized before the lifetime
of the atom begins to increase. It can be concluded from the work of several authors
that up to approximately 80% of the population of the atom can be expected to survive
the turn-on of a relatively swift, but smooth, pulse.

Let us now examine in greater detail the ionization of an atom exiposed to a pulse
with a fast (5.25 cycle) ramped turn-on to illustrate what determines the percentage
survival. In figure 10(a)-{c) we see graphs of the ionisation as a function of time for
different laser parameiers. In figure 10{a) the laser field is large enough to allow for
rapid ionization by the wavepacket passing directly over the resultant potential barrier
of incident laser field and atomic potentials. Therefore the ionization of the atom is
fast and the atom is certainly not stabilized. In figure 10(b), the incident laser intensity
and frequency are high enough to cause ionization suppression and we can see that
the ionization rate is significantly less than that in figure 10{a). Finally in figure 10(c},
we see an extreme case of ionization suppression. The very high frequency and intensity
cause the atom to be effectively stabilized in the field: there is no detectable ionization
rate on the time scale of the pulse, once initial transients die out.

Let us consider an atom exposed to a pulse of the same parameters as used to
produce figure 10(¢). The fast turn-on prevents all the atomic population moving
adiabatically from the ground state of the atom in zero laser field into the lowest bound
KH state. Instead the large bandwidth spreads population across all the xH bound
states and promotes some directly into the continuum. Precisely how much population
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Figure 9. Computed ionization probability as a function of time for 2 ramped pulse with

wavelength 22.8 nm and peak intensity 1.9 % 10° Wem™2, for (a) a 0.25 cycle and (b) a
5.25 cycle turn-on.

goes into each individual K1 bound state depends very much on the relative overlap
of the evolving wavefunction with the Ku eigenstates. After the fast turn-on of 5.25
cycles of a high frequency laser field, the atomic wavepacket is still compact, very little
changed from its initia] form. The xH bound states, however, have a very extended
shape, with the ground and first excited states having only a very small overlap with
this compact wavepacket. We therefore find that the population moves predominantly
into the nxy =3 and 5 states, with a small amount of population in the other states.
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Figure 10. Computed ionization probability as a function of time for ramped pulses with
a 5.25 cycle turn-on and various intensities and angular frequencies. The wavelength used
is 87.6 nm and the peak intensities are (a) 8.78 % 10" Wem™2, (b) 1.40x 10" Wem™ and
in (¢), the wavelength is 22.8 nm and the intensity is 1.9x 10* Wem™2

Ignoring the contribution from the continuum states, we can then see that the
wavepacket of bound states which make up the wavepacket beat together and the
various states move in and out of phase. Furthermore, for finite ratios of w/|Exul,
there are transitions between the bound states separated by less than the laser band-
width. In figure 11 we can see the variations of the populations of the xu bound states
as the pulse progresses. We can see that the KH populations vary slowly on the timescale
of the laser frequency and that population moves into the states initially unpopulated.
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Figure 10. (continued)

In figure 12 the wavepacket of KH eigenstates is shown at different times in the puise.
One can see the 2o, size of the wavepacket, although of course as the various states
beat together there can be times when the wavepacket is less than this: this beating
goes some way to explain the apparent problem of whether the wavepacket size is aq
or 2a, which has been discussed previously in the literature.

Of course a 5.25 cycle turn-on is still unrealistically short, but we can however
conclude that provided the ramp of any pulse is fast enough so that the atom is only
briefly exposed to subcritical fields, ionization suppression may be experimentally
observable. To illustrate how little ionization can occur in more realistically smooth
pulses, let us examine the predictions of a one-dimensional calculation of the effect
on a hydrogenic atom of a smooth pulse of wavelength 22.8 nm, intensity 1.9 x
10*° W cm ™2 and duration 7.6 fs (figure 13) [155]. At the end of the pulse only approxi-
mately 20% of the atom is ionized. (Three-dimensional calculations have been per-
formed by various workers, e.g. [89, 147], and produce results that are similar to the
one-dimensional ones.) For this smooth pulse, we still observe a low ionization rate
and one can see that the population is still concentrated in the same states that were
populated in the pulse turn-on when the distribution of the bound state populations
at the end of the pulse is examined (figure 14).

The majority of the calculations that have been performed are concerned with the
stabilization of an atom starting in the ground state. The calculations indicate that a
high density and high frequency laser field is required for stabilization. By examining
the expansion of the k1 frame potential V(r+«(t)) one can appreciate where the
high intensity and frequency conditions arise. The time-dependent potential can be
Fourier decomposed as follows

1
(2ar)
(=]

1 o inwt 7 _ =inwt
+”(5§¥)“3'I &’k e V(k)J,(k+ @)[e"™ +(=1)" e7"'], (32)

V(r+a(n))=

'{.d3k e*TV(k)Jo(k- @)
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Figure 11. Computed population of the KH bound states as a function of time in a 5.25
cycle ramped pulse of wavelength 22.8 nm and peak intensity 1.9%10*° Wem™2, The
populations of the nyy = 1-5 states are shown in (a)-{e) respectively.

Here the lowest order term corresponds to the time-averaged potential, where k is the
momentum vector and V(k) is the atomic poiential in momentum space. Hence the
magnitude of the interaction terms in the k1 frame Schrédinger equation are determined
by the value of k- e If it is large, then the Bessel functions will be small: Jy(k+ @)
being small implies that the system is weakly bound; the J, (n #0) being small implies
that the perturbations to the system are small and the ionization rate is low, For
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Figure 12. Modulus squared of the wavefunction for the same pulse as figure 11 after
(@) 30, (b) 50, {c) 76, (4} 96 and (e) 158 cycles of the laser field.

electrons being ionized along the direction of the incident electric field, k- @ has a
value of ka and so the ionization suppression is at 2 maximum. Moving away from
the direction of the electric field, k- @ becomes smaller and hence the degree of
ionization suppression becomes less. This is in contrast to what occurs at lower
(non-suppressing) intensities, where the electrons are preferentially ejected in the
direction of the electric field polarization.
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The condition on k-a can then be interpreted more meaningfully when the
condition w »|Ey | is satisfied. Exy is the binding energy of the atom in the electric
field and when this is considerably less than o, then an ionized electron has an outgoing
wavevector that can be written as k =~+/2w, because the binding energy can be neglected.
Examining the condition for ionization suppression parallel to the electric field, we
can then write

ka»1 V2iwa»] alw >} (33)
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which is comparable to Gavrila and Kaminski’s condition for ionization suppression
[152]. So k- e » 1 is a sufficient condition for ionization suppression along the axis
of electric field polarization, but if @ » | Egy| is satisfied, then Gavrila and Kaminski’s
original condijtions are obtained.

What are the physical requirements for ionization suppression to occur? Perhaps
the easiest to eavisage is that the bound electron must predominantly ‘see’ the
time-averaged potential, so that Vy(a,;r) must be a good approximation to the
actual xH frame potential. We could perhaps express this by saying that the speed of
oscillation of the potential must be larger than the speed of the bound electrons’
motion.

Other workers have also tried to define conditions for suppression to occur. Law
et al have expressed the stabilization criteria in equations (30) and (31) in terms of
other physical requirements [ 149]: ionization suppression is observable if the atom-field
potential is distorted enough so that one-photon ionization can occur and the lowest
two KH bound eigenstates are degenerate. Also a, must be greater than the width of
the ficld-free atomic potential. They identify the onset of such suppression at a
wavelength of 158 nm and intensities around 10" W em ™, but at these wavelengths,
the intensities that are presently available fall well short of those required.

Various workers have also tried to recast equations (30) and (31) in terms of more
familiar physical quantities [159, 160]. Pont et al suggests that suppression can occur
when the ponderomotive {oscillatory) energy of the electron is larger than the photon
energy. This is put forward as a general condition for stabilization not limited to the
high frequency regime. Similarly in a recent paper, Vos and Gavrila have examined
which atomic states could be stabilized using lasers that are readily available today
(e.g. lasers parameters of 1064 nm and 10'* W em™?) [161]. They identify stabilization
with such lasers for atoms in high magnetic number states (and therefore high n and
! states}. This brings the possibility of experimentally observing super-intense stabiliz-
ation much more closely. However determining the stabilization conditions becomes
more complicated when an excited atom is considered. Pont and Shakeshaft have
studied such cases and identify the principal quantum numbers and the orbital and
magnetic quantum numbers as important in determining when ionization suppression
occurs [159, 160]. The situation is complicated by centrifugal barriers and the coupling
between highly excited states because of the laser bandwidth.

Other studies of stabilization have used classical techniques and have produced
results that can reconfirm the conclusions from the quantum mechanical calculations
[162, 163]. As yet most of the work on super-intense field ionization suppression has
been theoretical, because the intensities and frrequencies we are concerned with are
as yet unobtainable experimentally. To examine ground state ionization suppression,
the ideal laser would have a peak intensity of at least 10'° W cm™, a wavelength of
10 nm and pulses of only a few femtoseconds. There are at present several possible
sources of such soft x-rays that could be developed, for example the action of a strong
laser field on a2 medium could produce very high order harmonics as mentioned above,
but all the intensities yet available fall well short of what is required.

In conclusion, super-intense field ionization suppression is a phenomenon of great
interest to a theorist as a testing ground for techniques not dependent on perturbation
theory. Stabilization has stimulated a great deal of interest presumably because it is
counter-intuitive to our concepts of strong laser fields producing rapid evolutions.

There is now general agreement that under the right conditions, jonization sup-
pression certainly takes place, although the exact criteria are as yet unresolved and
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the opportunities for further theoretical examination of Rydberg state stabilization are
many. Furthermore, with rapidly increasing technology, the day is approaching when
the first super-intense field ionization experiments can be performed.
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Note added in proof. High harmonics have now been observed to orders well in excess of 100 [164]). The
cut-off in the harmonic order correspends closely to that predicted by Krause et af [165], i.e. an xuv
harmonic energy of around three times the ponderomotive shift plus the atomic ionization potential.
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