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The University of Chicago, Chicago, Illinois 60637 

and 

Department of Chemistry and Lawrence Berkeley Laboratory~ 
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ABSTRACT 

The elastic differential cross section for.He3-He4 was measured at 

a relative collision energy of 0. 799 x lo-14 erg, approximately five times 

the well depth. The data are fitted to a multiparameter potential form 

with e:/k = 10.57°K and r = 2. 97 Jt Comparisons with recent experimental 
rn 

and theoretical helium potentials are made. No evidence fOr a significant 

isotope effect in the He3-He4 and He4-He4 interatomic potentials is found 

in this work. 
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I. ·INTRO.DUCTION 

"~ng 1:the 1homonucl~a_r X.B:l'~ ~gas yairs, the interaction ·between .two 

~ttel:~:um "B:t9JilS ;.has ,ge~~r:c:rt:_e_~ 1~he m.~s_t l.e~el'imenta_l and theot:etica~ a_cti vi ty 

_:_jp .l".E;l£~I1:t :y_~ars.. ~IJ:lj.J_l:all~~-er.~ent~l ~ork on ,q>rrect_ions to :the helil.IJ!l 

.g'!S tthell!l_OJl!et_er :l_ed .to •l/"al_\.!.es ~~£ :tl1.e s_e_cond ,viri_~l ~oeffic~~nt at low 

tt~_eratures'1 ~wl:lifh \~'{_ere int_erp~ete.d us~g .model potentials. Jhe deBoer-

1Michels _po_tential2 of ·,:t;h_e ·J..ennard-:J9n_es \(12-~) ~onn ·r.esl!lt~d {~om s~c.h 

lcalculations_and :has .e~j~yed _considerable success in fitting tr~spor:t 

;and -.vir-i:al co~fficient data :b~low_ 1,0_0~~- More r~ecent bulk p~enoJJlena 

:measurements, 3"" 6 _pax::ticular~y _at ~~x_treme~y low and high tem,Perat_ures 

ihave 'led to ~te r.efined 1pot~nt_ials, ,mcell,lPlified ·ry the B~ck potential7 

:which ,has :been shown .to fit many -properties of gaseous helium over a 
~ :; . 

\:Wide ~ernpel'ature range. 
' . 

,B<:ginn~g with the high c~nergy Sql_ttering measureiJlents ._of An!dur et 

cai8 and the .com,Plementary calculations of Phillipson,:9 Gi~bert and Wahl, 10 

Matstunoto et al, 11 and other workers_, 12 the nature of the short range 

--r~pulsion ·has been developed and can .be characterized as fairly well 

•\Dlderstood. -Theoretical -work has also, provided a consistent pictl!re of 

tthe ilOJ!g range ~interac:ti()~, 13 leavil}g .the_ intennediate r.egion of ,the 

ta.ttJ:'ac:tiV,e well as cthe focal point .of:many rl'ecent ,_experimental ~d 

'itheoretic_al ~s_t_udies. ,Earl:ier. wo_rk .~l'O!Jltthis :laboratory14-'15 ~employillg 
' '-

lthe ·_C.l'Q~s_ed -mole_c.ular }b_~~ 1tecJmi~u.e _a_t ~v:.~o/ _l_ow e~e~_w -has .proy_ic!ed 

-·~QJJ!e ::info~tion .r.~ga,r<!i~ ,the _l()W_e_r tl'~P~lsj.v:e .:wa,n .of ,tP,e yo.t:e~ti~l ,~ 

~wel_l _,as ~t.he ~ctt_tl'B:Ctiv:,e J.Dii1~. '1The .w:ot:k of ~c_oles1-6 ._~~~y~g ,th~ _SJ!!!!.e 

ttedmi~ue rh~ ~y_i_e].d;ed consis_tent -l'~_s_u_l_ts Jor :th~ low ._energy _r_t:;p_ulsi9Jl:· 

·11'w,o yrecentrme~m:eJ1!el1tS ._of J~e '-to_tal ... ~last~c scatt.er:41g lcr.os_s ,s_ecti~~ ,!l.§ 
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a function of collision energy have also provided keen insight into this 

region of the interatomic potential. Feltgen et a117 have measured the 

velocity dependence of the He4-He4 total elastic scattering cross section 

and have resolved oscillatory structure arising from backwarcfglories. 

These data provide information on the energy dependence of the s-wave 

phase shift and thus can be inverted to yield a portion of the interatomic 

potential,18 the low energy repulsion up to 0.14 eV. Bennewitz et al19 , 20 

have reported two experiments which complement the results obtained by 

other workers. A He
4-He4 total cross section measurement extending to 

lower energies than that of Feltgen et al yields a potential, the low 

energy repulsive wall of which is in excellent agreement with that of the 

latter work and with recent accurate ab initio calculations by Liu and 

MCLean. 21 Additionally, these measurements yield a value of the attractive 

well depth of £/k = 10.3°K, a few percent shallower than the ll.0°K value 

reported in an earlier communication from this laboratory. 15 The second 

experiment of Bennewi tz et al was performed on He 3-He 3 and the well depth 
4 4 for this system was found to be 3.4% larger than for the He -He case. 

Such a conclusion suggests that the Born-Oppenheimer (B.O.) separation of elec-

tronic and nuclear motion usually performed in calculations may not be valid 

when the strength of the interaction is a very small fraction of the total elec

tronic energy of the system. Calculations in which adiabatic corrections are 

made to the B.O. approximation have been performed, 22 but a more complete treat

ment may be necessary. Mditionally, the inclusion of intra-atomic correlation . 

effects in ab initio calculations has been shown to be important in the 
23 24 well region but difficult to carry out correctly. ' Nevertheless, 

the recent more extensive and more accurate calculation by Liu and McLean
21 
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has brought the calculated attractive well of helium potential in closer 

agreement with experimental results. 

Thus, while experimental and theoretical results seem to be converging 

toward a valid picture of the He.,-He interaction in the region of the 

attractive minimum, significant further progress is hampered from the 

theoretical front by the difficulty of complete treatment of the intra

atomic correlation energy contribution and possible breakdown of the Born 

Oppenheimer separation of nuclear and electronic coordinates. Experi-

mentally, cross sections measured at the requisite low collision energies 

have little structure because of the small number of partial waves 

contributing to the scattering amplitude. In our earlier work, we have 

indicated that. at a collision energy of • 799 x lo-14 erg, only five partial 

waves have phase shifts > 0.05 rad, thereby limiting the information which 

can be extracted fran the data. Since the He4 nucleus is a spinless Boson, 

only even-t waves contribute to the scattering amplitude; in the He3-He3 

case, all t's contribute with even- and odd-t terms weighted differently 

in accordance with Fermi statistics appropriate to the He3 nucleus. In 

the present work, we have measured the elastic differ~ntial cross section 

of He3 scattered from He 4 at a collision energy of • 799 x 10 -l4 erg with a 

twofold goal: 1) I~ this nonsymmetric case, the occurrence of both even

and odd-1 partial waves should effectively double the .information content 

of the experiment and yield more structure and hence a less ambiguous 

potential fonn. .2) To attempt to discern an isotope effect between the 

He3
-He

4 and l24-~4 potentials. 
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I I . EXPERIMENTAL 

The crossed molecular beam teclmique described in the previous 

communications from this laboratory14 ,15 was also employed here and hence 

no further discussion of the general experimental arrangement is found 

here. The low energy helium beams were formed by the usual isentropic 

expansion from a liquid-hydrogen cooled beam source, yielding a collision 
-14 3 energy of . 799><10- erg. The He scattered intensity was recorded; because 

of the scarcity of the He3 gas, the experiment was performed by counting 

the He3 signal for 10 sec and periodically returning to an arbitrarily 

selected reference angle. Several angular scans were made; in spite of 

the very short counting time the low mass 3 background in the mass 

spectrometer made the statistics of such data points quite acceptable, 

with a ~tandard deviation at the reference angle of 10° from the He3 

beam of ± 1%. 

III. RESULTS 

The experimental angular distribution is shown in Fig. 1. The data 

for the He4-He4 experiment from paper III are also shown for comparison. 

The noticeably improved signal to noise ratio for the present data is 

apparent, a reflection of the low mass 3 background in the detector. (prior 

to this experiment). The effect of nuclear· synnnetry arising from cancella

tion of the odd-R. terms in the He 4 -He 4 spinless Boson scattering amplitude is 

absent in the present data, as evidenced by the lack of a deep minimum in the 

cross section at e = 3:f . 

The data were fitted in the usual way by assuming a multiparameter 

potential form and calculating center of mass ,(c.m.) differential cross 

sections at a set of energies to simulate the finite energy dispersion of 



0 0 u 4 J 0 l 6 8 6 

-5-

the beams. These c.m. cross sections are then transformed to the labora-

tory system in the standard manner and the finite angular acceptance of 

the detection system is accounted for by folding in the apparatus "resolution 

function". The radial Schrodinger equation is integrated via the Numerov 

algorithm to yield phase shifts as a function of angular momentum £; for 

large i phase shifts with n1 < .OS, the Born approximation generates these 

numbers to a limit of 0.001 rad. The calculated phase shifts then yield 

the cross section via the Rayleigh-Faxen-Holtsmark partial wave expansion 

as follows: 

dcr 
de = 

f(e) = (2ik)- 1
}: (2i+l)[exp(2in1 -l)]P

1
(cose) 

i ' . 

where k = fl -I v' 2lJE and P 1 (cos a) is the usual Legendre polynomial. 

The parametric potential form chosen is the Exponential-Spline-Morse

Morse Spine-van der Waals (E~ piecewise function suggested in earlier 

work, 14 with the following form: 

x = r/l)n 

f(x) = V(r)/E 

f(x) = Ae -a(x - l) 

= e -2S(x- 1) _ Ze -a(x ;,· 1) 

= e-2S'(x-l) _ ze-S'(x-1) 
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The parameters which provide a best fit to the scattering data are listed 

here: 

£/k = 10.57°K a4 = -362.002 

r m = 2.97 .$.. bl = -0.65000 

B = 6.475 b2 = 1.4516 

B' = 5.964 b3 = -4.02889 

A = 0.343 b4 = 4.51927 

a = 15.058 xl = 0.70000 

al = 3.4469 x2 = 0. 84477 

a2 = -19.0218 x3 = 1.15016 

a3 = -28.0670 x4 = 1.50000 

The long range force constants are given as follows: 

c6 = 1.40 x 10-12 erg .$..6 (ref. 13) 

c8 = 3. 78 x 10 -l2 erg Jt8 (ref. 28) 

<io = 13.7 x 10-12 erg Jt10 (ref. 26) 

The short range exponential repulsion tenns A and a differ from 

those used in our previous work. These values were chosen for the present 

work to constrain our potential to fit the repulsive potential derived 
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by Pauly from backward glory scattering data. 17 This portion of the 

potential is in agreement with that proposed by Bennewitz et a1, 19 

fCLaughlin and Schaefer, 12 and Liu and »=Lean. 21 

The scattering data were fitted by varying four parameters and 

comparing calculated cross sections with the data. The parameters varied 

were e:, rm ~ 8, and 8' . The different values .for 8 and 8 'were 

necessary in order to join the repulsion smoothly to the exponential 

tenns ; the larger value of 8 was ·necessary to do this while maintaining 

a reasonable value of cr. A smaller value of 8' was chosen to maintain 

the strength of the outer wall attraction as evidenced by the small angle 

scattering. 

In order to provide a comparison among the recently proposed helium 

potentials, we have compared the potential derived in this work with ab 

initio calculations of Liu and .M=Lean21 (LM) and with the experimentally 

determined potential of Bennewitz et a1,19 denoted mLJ-D. For purposes 

of calculation we have fitted the 1M potential to an analytic form which 

reproduces the calculated points to $ 1%. The depth and range parameters 

for this potential are given by e:/k = 10.76°K, rm = 2.963 ~ . 
.. 

The mLJ- D form is a piecewise potential constructed by joining the 

Mbrse function repulsion of Bruch and MCGee's MDD~2 potential27 to the 

theoretical long range terms of Davison, 28 using Lennard-Jones (N,6) 

potentials to describe the well region: 

V(r) = MDD- 2 

= W(8.8,6) 

= W(l4.5,6) 
6 -8 = -c6 r- - c8 r 

r < 2.15 A 

2.15 ~ ~r ~ o 

o ·< r ~ 6.3 ~ 

r > 6.3 ~ 
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e:/k = 10.30°K 

r = 2.979 A m 

a = 2.685 A 

These potentials are plotted in Fig. 2 along with the ESMSV- I I potential 

of our earlier work. The similarities among the LM, mLJ- D, and present 

potentials are apparent,with the well depth of the latter intermediate 

between LM and mW-D. 

In Fig. 3 we show calculated cross sections for the He3-He4 system 

performed with these potentials. Because of the small number of partial 

waves involved in the scattering_, the cross sections do not show rainbow 

structure but rather only diffractive quantum oscillations. The primary 

differences among the cross sections computed with these potentials 

appear at small angles where the experimental points are determined with 

greatest precision. In order to show more clearly the features of the 

small angle scattering we have plotted the calculated laboratory angular 

distributions and data for 0~ 15° on a linear scale as shown in Fig. 4. 

The ESMMSV'potential cross section falls essentially on the mLJ-D 

calculation for the smallest angles while ESMSV- I I provides a cross 

section which consistently lies above the experimental data. Even larger 

discrepancies occur for the LM potential where the smallest angles for 

which experimental data are available are in error by 5%. Figure 5 portrays 

the differences among the potentials most clearly by plotting the deviation 

between the calculated curves and experimental points as a function of 

laboratory angle. 

In order to demonstrate the precision with which we can determine 

... 
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the well depth, E, for this weakly attractive system, we have taken our 

ESMMSV potential and have perfonned two additional calculations by taking 

£/k = 9.5°K and ll.5°K, representing 10% variations from our best fit value. 

The small angle scattering for our best fit potenti-al plus these two 

calculations is plotted on a linear scale with the experimental data in 

Fig. 6. The difference between experiment and calculation for these 

extremum potentials is clearly outside of experimental error for 8 ~ 8°. 

It should be noted that this calculation demonstrates the sensitivity of 

our data fitting to a particular model for the interatomic potential. 

~ickes and Bernstein29 have recently proposed that the Simons-Parr

Finlim modification30 _ of the well known Dunham e:x;ansion of the inter

atomic potentia131 provides a unified representation of multiparameter 

potential functions used to interpret elastic scattering data at thermal 

energies. This model expresses the reduced potential function as a power 

series expansion as follows: 

f(A.) = 

where A. = (r- rrn)/r = 1 - x-1, with x defined, as usual, as r/rrn. 

Bickes and Bernstein have demonstrated that·multiparameter potentials 

recently proposed to fit scattering data can be fitted with a rather small 

set of coefficients {bi}. Accordingly, we have fitted the reduced 

potential of our proposed He3-He4 potential to this modification of the 

Dunham expansion. We found that an adequate representation of the reduced 

potential for this system can be achieved with a root-mean-square standard 

deviation of ± 2% using eight coefficients, i.e., N = 7. As these authors 
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noted, the spacing of points in the exponential spline region must be 

increased to achieve a reasonable fit and accordingly, a spacing of 0.04 

reduced units was employed in this region. The coefficients providing a 

best fit to the potential are listed here: ~ 

bo = 35.9433 b4 = -79.0467 

bl = -5.17194 b5 = 194.977 

b2 = 16.6325 b6 = 181.106 

b3 = -20.3142 b7 = -515.087 

The potential was fitted to the Dtmham expansion over the range 0.68~x~ 1.80. 

The long range force constant, A6, in the notation of Bickes and Bernstein, 

is equal to 1.543. 

As a final check and point of comparison among these potentials we 

have calculated the second virial coefficient as a function of temperature 

at the lowest temperatures for which experimental data are available. The 

virial coefficient data are only available for isotopically pure He samples 

so no conclusion regarding isotope effects in the interatomic potential 

can be inferred directly. The deviation plots, B(T)calc- B(T)exp vs. T, 

are shown in Fig. 7. The ESMMSV and mLJ- D potentials provide good 

overall fits to the data while the ESMSV- I I and 1M potentials demonstrate ? 

negative deviations at the lowest temperatures, indicative of slightly deep 

wells coupled with outer walls with slightly too much attraction. We have 

only used B(T) as a diagnostic check on our fit to the scattering data as 

opposed to varying parameters to optimize the fit to B(T). 

Implicit in the above discussion is the fact that no isotope effect 

is discernable in either the B(T) data or the differential cross section. 
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The ESMMSV potential derived from He3-He4 scattering fits He4-He4 B(T) 

data as well as the mLJ-D potential, extracted from He4-He4 scattering data. 

Furthermore, the ESMMSV potential also provides a good fit to the He4-He4 

scattering data of ref. 15. Thus, the present data do not appear to support 

the statement that the He3-He4 and He4-He4 potentials are measureably 

different. 

The present experimental data provide a more accurate representation 

of the interaction between two helium atoms and indicate that our knowledge 

of this system in the region of the attractive mininrum has been enhanced 

over the past three years. It thus appears that the well depth for this 

system is in the range 10.3- 10. 7°K with rm between 2.96 and 2.98 .$.. The 

present experimental data provide a more precise value of £ than our 

earlier work primarily because of the greater precision of the data from 

improved signal-to-noise considerations as opposed ot increased information 

content from more partial waves in the cross section. 

Finally, it is interesting to note that the ESMMSV potential does not 

support a bound state for He4-He4, is in contrast to ESMSV-II which 

accommodates a bound state for He4-He4. Bennewitz et al. have noted that 

rnLJ-D has a bound state, but potentials within their error limits do not. 

One cannot conclude, at present, that the He-He_potential has a bound state. 
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FIGURE CAPTIONS 

Fig. 1. (a) He3-He4 lab angular distribution. Calculated curve from 

ESMMSV potential discussed in this work. Error bars on data 

points of He3 denote one standard deviation. 

(b) He4-He4 lab angular distribution (ref. 15) with ESMMSV 

calculation(---) and ESMSV-II calculation(----) of ref. 15. 

Fig. 2. He-He potential functions. 

Fig. 3. He3-He4 laboratory elastic scattering cross sections calculated 

with four potentials: ESMMSV (this work), MLJ-D (ref. 19), 1}1 

(ref. 21), and ESMSV-II (ref. 15). 

Fig. 4. Small angle scattering for four potentials of Fig. 3. Note 

linear scale. 

Fig. 5. [I(e)calc- I(0)exp]/I(0)exp vs. 0 for four potentials of Fig. 3. 

Error bars denote one standard deviation of data points. 

Fig. 6. Small angle scattering for 10% variations in £ about the best 

fit value for ESMMSV. Experimental data shown for comparison. 

Fig. 7. Second virial coefficient deviation plot, B(T)calc- B(T)exp vs. T 

for He4-He4 data. Calculations for four model potentials as 

shown in the text. Data: (O), ref. 32; (1), ref. 33; 

(~), ref. 34, and C•), ref. 1. . .. 
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r------------------LEGAL NOTICE--------------------~ 

This report was prepared as an account of work sponsored by the 
United States Government. Neither the United States nor the United 
States Energy Research and Development Administration, nor any of 
their employees, nor any of their contractors, subcontractors, or 
their employees, makes any warranty, express or implied, or assumes 
any legal liability or responsibility for the accuracy, completeness 
or usefulness of any information, apparatus, product or process 
disclosed, or represents that its use would not infringe privately 
owned rights. 
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