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Automated Recovery of Compressedly Observed
Sparse Signals From Smooth Background
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Abstract—We propose a Bayesian based algorithm to recover
sparse signals from compressed noisy measurements in the pres-
ence of a smooth background component. This problem is closely
related to robust principal component analysis and compressive
sensing, and is found in a number of practical areas. The pro-
posed algorithm adopts a hierarchical Bayesian framework for
modeling, and employs approximate inference to estimate the
unknowns. Numerical examples demonstrate the effectiveness
of the proposed algorithm and its advantage over the current
state-of-the-art solutions.

Index Terms—Bayesian algorithm, compressive sensing, robust
principal component analysis.

I. INTRODUCTION

C ONSIDER the measurement system expressed as
Y=®X+B+N, (1)

where the signal of interest X € R™ *¥ undergoes a transfor-
mation @ € REZ*M and is corrupted by both noise N and a
smooth background B. The signal X is assumed to have sparse
columns, i.e., ||x.:|lo € M fori = 1,..., N, where x.; de-
notes the ¢th column of X and || - ||o is the £y-(pseudo)norm.
The smooth background B is a low-rank matrix. The transfor-
mation ® in general has the effect of compression, i.e., L < M.

The model in (1) is found in a number of applications. In net-
work anomaly detection [1], X consists of the temporal snap-
shots of flow anomalies, ® represents the network routing op-
eration, and B contains the smooth link measurements resulted
from the normal traffic flows, respectively. As another applica-
tion, in video surveillance from compressed measurements [2],
X denotes the moving objects in the foreground, ® is a known
measurement matrix, and B is the compressed version of the
background.
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The model in (1) is also closely related to Compressive
Sensing (CS) [3]-[5] and Robust Principal Component Anal-
ysis (RPCA) [6]. For CS, where B is not present, algorithms
generally employ regularized optimization (e.g., in [7]-[9]) or
Bayesian approaches (e.g., in [10]-[12]). For RPCA, where
® = 1, regularized optimization problems are solved with
proper convex relaxation to sparsity and rank [13]-[15]. Alter-
natively, Bayesian approaches model the sparse and low-rank
components with appropriate prior structures and employ
approximate inference techniques for estimation [16], [17].

Recently, the model in (1) has received much attention from
the signal processing community. [ 1] provides the conditions for
identifiability and recoverability. Algorithms based on convex
optimization have been proposed in [1], [18], [19]. The opti-
mization-based algorithms usually require proper selection of
user parameters. In contrast, [20] takes a Bayesian perspective
and automatically estimates all model parameters. A limitation
of [20], though, is the memory and computational requirement
incurred by the use of Hessian information.

In this letter, we incorporate the Laplace prior to model the
sparse signal. As explained in [21], this prior has been shown
to promote sparsity to a higher level than the Sparse Bayesian
Learning (SBL) prior used in [20]. In addition, in order to re-
duce memory consumption, we develop a constructive approach
based on the principles in [22] and [12] that essentially replaces
the demanding matrix inversion with a sequence of efficient
rank-one updates. The algorithm proposed herein is free of user
parameters, making it amenable to be deployed for automatic
operation.

This letter is organized as follows. In Section II we introduce
the hierarchical Bayesian model. The inference procedure with
the constructive algorithm is outlined in Section III. Numerical
examples demonstrating the effectiveness of the proposed algo-
rithm are provided in Section IV. Finally, we draw concluding
remarks in Section V.

II. HIERARCHICAL BAYESIAN MODEL

A. Modeling Additive Noise

N = {ni}iy in (1) contains uncorrelated noise. We
employ an independent and identically distributed (i.i.d.)
Gaussian distribution p(n;;|3) = N(ni;|0,371), with pre-
cision 3 modeled using the conjugate Gamma prior, i.c.,
p(Blao, bo) = G(B|ag, by), where the hyperparameters ag and
by are fixed at small values to approximate the non-informative
Jeffreys prior.

B. Modeling Smooth Background

Consider the factorization of the smooth background B =
PQ",wherePand Qare I x K and N x K matrices, respec-
tively,and K isaloose upper bound forthe rank of B. Smoothness
of B is resulted when most of the K outer products in PQT are
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zeros. To achieve this, common sparsity promoting priors are
simultaneously assigned to the columns of P and Q, as in [20]

p(Ply) = H N(p.i|0,7 'T)
p(Qly) = H N(q.il0,7'D), @)

where the precisions {+;}; are assigned Gamma priors, i.e.,
p(vila1,b1) = G(vila1, b1). The hyperparameters a; and by are
fixed at small values to yield broad distributions.

C. Modeling Sparse Signal

In least squares fitting problems ¢; -norm is commonly used
for regularization so that sparse solutions are preferred. This is
equivalent to adopting a Laplace prior on the sparse signals

() = A2 2M % exp(—/AglIx5lh). G

The Laplace prior, though being sparsity promoting, is not con-
jugate to the Gaussian model. To overcome this limitation, a
hierarchical model is established as in [23], where

M
pxjlw.g) =[] N0, wij)
p(wij|/\j) = )\:,‘/2 X exp(—)\jwij/2). (4)
Finally, A; is modeled as p(A;laz, b2) = G(Aj|az,bz), where
a9 and by are fixed at small values.

D. Complete System Model

By combining the observation and prior models, the joint dis-
tribution is expressed as

P(YavaaQ7Q7)\7’77/3|fl()7b(),a1,b17(l2~,bz)
=p(YIX, P, Q,3)p(Blao, bo)p(P|v)p(QlY)

x p(v|a1, b1)p(X[2)p(2A)p(Alaz, b2),
A= [A,. AN

(&)

where 2 =
7= [’Yl ~-ﬂk]-

Wi, w.xl,

III. APPROXIMATE BAYESIAN INFERENCE

Bayesian approaches seek the posterior distributions of the
unknowns given the observations. Approximations are usually
employed since the exact posterior distributions are analytically
intractable. Common approximate approaches include (1) point
estimation, such as Maximum Likelihood (ML) and Maximum
A Posteriori (MAP) estimation, (2) sampling approaches, such
as Gibbs Sampler (GS), and (3) Variational Bayes (VB), etc.

In this letter, we employ VB to approximate the posterior dis-
tributions of P, Q and «y. For X, €2 and A, we introduce a con-
structive algorithm based on marginalization. Finally, the noise
precision /3 is estimated via VB.

A. Inference of Smooth Background

The inference of P, Q and = follows from the invocation of
the mean-field approximation and variational calculus. Omitting
the details that can be found in [20], the posterior means of P
and Q) are given by

P=73(Y-8X)QX",Q=73(Y - 3X) PX’, (6)
where 3 denotes the posterior mean of /3, and the covariance
matrices 37 and X7 are inter-related as

3 = (3Q"Q+ N3ZI+T) -

%= (BPTP+LFRP 4T
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The term I above is a diagonal matrix constructed from 4. Sim-
ilarly, the approximate posterior mean of «y; is found to be

L+ N+ 2a

¥, = = v , 7
T el QR+ Lok + Motz
where ¢¥; and o, are the ith elements on the diagonals of X7

and 37, respectively. In the iterations, the posterior means in (6)
and (7) are used as the estimates of the corresponding variables.

B. Inference of Sparse Signal

If we continued applying VB inference we would have
to find, within the iterative process, the distributions q(A),
q(£?), and q(X) minimizing the Kullback-Leibler divergence
KL(a(A)a()a(X) [p(G X, Ap(XIR)p(@INp(N)p(5),
where G =Y —PQ", p(G[X, ) = [[,; N(g ;|®x;, 67'T),
and q(A) and q(€2) are degenerate distributions. Then we
would have

N
aX) =p(X|G, f,w) =[] _ plxslg;:B.w5).  ®)
and with some algebra it follows that this conditional distribu-
tion is a multivariate Gaussian AV (x ;|x.;, £%) with
=z, = (B8 8+ 9;') ", 9
where Qj = diag([wlj, ey, w]y[j]).

Two observations follow from (9). First, 27 involves the in-
version of an M x M matrix, which is memory and compu-
tationally intensive. Second, if an w;; is zero, then the corre-
sponding x;; must be zero (see (4)), and then the i*" column
and row in Zf are eliminated by removing w, ! from the diag-

onal of {27 ! and the i*" column of ®. Therefore the dimension
of X7 is determmed by the number of nonzeros in w.;. Since
x.; is sparse, most of its entries are expected to be zero with
Zero variance.

Let us now find the nonzero components of w. ;. We fix ¢(X)
to (8), where £2, A, and [ are estimated from

PG 25 = p(0) [, ples.ws i)
6)HFIN(g-HU,Cj)p(w-jp\j)p()\j)-,
(10

where C; = 81+ ®Q®T,
To determme the optimal w. ;, we take the logarlthm of (10),
drop the terms independent of w.; and maximize

M

Llw;) = log |C;| — —gTC lg . - 2L sz, (11)
Focusing on a single entry w;; of w.;, it follows that
C;=p"T+ Zk# WPk, + wijPid
=7 Cj wididl, (12)
where ~C; denotes the portion of C; with the contribution

from w;; excluded. Utilizing properties of determinant, we have
-1

¢.i)
(13)

log |C;| = log |77:Cj| +log(1 + wij@3(T'Cy)
= log |—ij| + log(l + wijmj).,
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where we define r;; = pI(iC ;) L¢.; for notational clarity.
Invoking matrix inversion lemma, we have

. L (TPC; i T(—iC,
C;lz (—Lcj)—l _ w/J( J) ¢ ¢z( J) (14)
L+ wigri
and
#1C) es)
w; : g.»
Te-lg  — oT(—ic.\ L 7( ‘7)
g,C; g;=g;("Cj) g;— T wnry
2
T/—ign 1 WijSij
=g, ("'C; G 15
g-]( i) 8 1+ wiyri; (15)
where s;; = ¢~ (7'C;) 'g.; is defined for notational clarity.

Substituting (13) and (15) into (11), and retaining only terms
dependent on w;;, it follows that

1 1
Hwis) = = [Ic
s 2[0g1+wia‘m+

It is clear that the w;; maximizing (16) also maximizes (11).
Note in (16) both r;; and s;; are independent of w;;. The
univariate function /(w;;) can be maximized by examining its
derivative and taking into account the domain of {{w,;). With
some algebra, the optimal w;; is found to be

—(rig+20) /7], +4N 87
. :
wLJ = 205755 ’
0,

As discussed above, a zero-valued w;; indicates that the corre-
sponding row and column in X7 are all zeros. Therefore, (17)
provides a guideline as how the model should be adjusted. In
the iterative procedure, depending on the previous estimate of

wijs

Y Xjwii| - (16
14+ wijry; s (16

97] — Ty > )\j
otherwise

(17

. < .
w;; and the condition s7; — r;;>A;, there are three possible ad-
justments to the model, namely

Add wy;, if previously excluded and s7; — ry; > A;

Remove wij,  if previously included and s7; — 7;; < A;

Update w;j, if previously included and s7; — ry; > A;
(18)

Note that, for a fixed 7, all these updates only involve efficient
rank-one modifications to 37 and X ;, rather than requiring ma-
trix inversions (see [22] for details). Also note that the effec-
tive dimension of 37 and X ; is much smaller than M, as only
a small subset of {w[ ;}i are included at any time in the iter-
ative process. In this way the constructive approach alleviates
the memory and computational requirement. The selection of
an w;; for update can be done either randomly, or such that the
largest increase in the log-likelihood is obtained.

For a fixed j, whenever the model is adjusted, {r.t-j}i and
{si;}: need to be updated efficiently. Invocation of matrix in-
version lemma yields

C;'=p1-3@5jd", (19)
which is now used.
For r;;, using (14), it follows
2 w2,
where
=¢iC; b = polb. — PP NPy (21)
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from (19). Since the effective dimension of %7 in (21) is much
smaller than M, F;; can be efficiently updated. Solving (20) for
r;ij, we have

iy = Rij /(1

The introduction of the auxiliary variables {I?;;}; eliminates
M — 1 matrix inversions for the update of {r;; };. Similarly, by
introducing

—winij),i:L...,M. (22)

Sij=03C; g, = polg; - FPeTeTIBTg,,  (23)
the update of s;; can be performed via
Sij :quj/(lfa)in”) L—l....,M. (24)

Finally, the update of A; is done by maximizing the logarithm
of (10) with respect to A; to obtain

N= (M1 a)/(Swi/2+b). (25)
The updates in (18) and (21) to (25) are iterated until conver-
gence. In each iteration an w;; is selected for update. One cri-
terion for convergence is that the relative change in log-likeli-
hood (11) falls below a pre-defined threshold. In practice, we
find that a small number of iterations (e.g., 20) is usually suffi-
cient for good performance. When the iterations converge, the
approximate posterior mean X.; is used as an estimate of x_;.

C. Inference of noise power

Via mean-field approximation, the approximate posterior dis-
tribution of the noise precision /3 is found to be Gamma, with
mean
_ LN + ag

(Y — 2X - PQT||§) + bo’

&

(26)

where

(Y~ ®X -~ PQT3) = |Y - #X - PQT|?
+ N x trace(PTPEq) + L x trace(QTsz)

N
+ LN x trace(SPE9) + trace(®27@7). (27)
=

The iterative procedure described above continues until conver-
gence is reached. One criterion for convergence is that the rela-
tive change in the variables, e.g., X or B, falls below a pre-de-
fined threshold.

IV. NUMERICAL RESULTS

A. Simulation

1) Recovery Accuracy: We first demonstrate the performance
of the proposed algorithm on simulated data. The data genera-
tion is described as follows. We consider problems of varying
scales M € {100,200, 400,600}. For each scale, L = M/2
and N = M. The ground truth sparsity is fixed at || X]|lo =
5%M N, and nonzeros of X are independently drawn from uni-
form 2/(—10, 10) distribution. The ground truth rank of B is
fixed at » = 0.05L. The smooth component B is generated as
the product of an L x r matrix and an » x N matrix, whose ele-
ments are drawn from i.i.d. A'(0, 100/ L) and A"(0, 100/} dis-
tributions, respectively. Additive noise with standard deviation
o, = 0.05 is added to the measurement. The transformation ®
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TABLE 1
COMPARISON OF PERFORMANCE FOR VARYING PROBLEM SCALES
Ground truth Froposed VEBSE ADMM
M B X [ A8 X [ £ Time | +(B] | [[X[s & Time | #(B) [ X [ < [ Time
103 3 00 k] 500 | 8.2e-3 104 3 500 THe-3 227 34 2163 | 232 | 47
200 5 2000} 5 000 | 871 | 804 5 2000 BAed 1712 [ S48 | D2 | 156
4003 (U] 000 10 2000 | B4e-d | G046 10 G000 BOe-3  LODET | 145 [ 3TROE [ Zle-2 [ 707
GO L5 LE00D 15 18000 | 822-3 | 21145 5] 13000 B0e-3 43106 | 220 | BG7SD | 2le-2 | 211G

is generated similarly to that in [1], which consists of random
orthonormal rows.

The proposed algorithm is applied to recover the sparse
signal and smooth background, with estimates denoted as X
and B, respectively. All hyperparameters in the model are
set to a small value (e.g., 10~°), making the algorithm fully
automated. As a comparison, we show the performance on
the same test data of two alternative algorithms, namely the
Variational Bayes Sparse Estimator (VBSE) proposed in [20],
and the state-of-the-art Alternating Directions Method of Mul-
tipliers (ADMM) proposed in [1]. For the problem considered
herein, VBSE is the only available Bayesian approach to our
knowledge and ADMM is reported to have high recovery
accuracy in the literature.

In Table I four metrics are used to evaluate the performance:
rank of B, number of nonzeros in X, reconstruction error
€ = | X — X]|p/|IX]||r and runnig time (Intel Core i5-3210M
CPU@2.50 GHz, 4 GB RAM, MATLAB R2012b). Both the
proposed algorithm and VBSE are free of user parameters. For
ADMM we manually tune the two user parameters to yield
empirically smallest ¢”. For tuning the parameters in ADMM,
scanning is performed over a 2-D logarithmic grid followed
by a 2-D linear grid. As the table shows, both Bayesian based
approaches correctly estimate the rank and sparsity, as well as
yield significantly lower recovery error than ADMM. Despite
being manually tuned, ADMM suffers substantial performance
degradation with the presence of even moderate level of noise.

Regarding computational cost, the following observations
are in line. First of all, we see that the proposed algorithm
reduces running time by about 50% compared with VBSE. In
addition, note that the proposed algorithm, thanks to its con-
structive nature, has lower memory requirement than VBSE,
making it scale better with problem dimensions. Last but not
least, although the numbers seem to imply that ADMM is close
to an order of magnitude more efficient than the proposed al-
gorithm, we would like to point out that the numbers shown
here do not include the overhead of parameter tuning. Param-
eter tuning may take significantly longer than the running time
shown in the table.

2) Robustness to Noise: To examine robustness of the pro-
posed algorithm to noise, we fix L = 100, M = N = 200,
r(B) = 5, || X]||o = 2000, and vary o,, from 0.01 to 1. Three pa-
rameter settings for ADMM are considered, namely ADMM-1
that yields the lowest €*, ADMM-2 that gives correct r(B), and
ADMMS-3 that gives almost correct || B|lo.

It is clear from Fig. 1 that the proposed algorithm is robust to
additive noise, thanks to its automatic estimation of noise level.
In particular, it accurately recovers the nonzeros in X and tracks
the rank of B even at very low Signal-to-Noise-Ratio (SNR)
conditions (e.g., SNRR < 10 for o, = 1). The ADMM algorithm
is most sensitive to noise due to its inherent modeling assump-
tion. Moreover, it requires careful tuning of user parameters to
achieve reasonable results.

3) Ability to Identify Nonzero Signal Elements: To investigate
the ability of the proposed algorithm in detecting nonzeros of X
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Rank (B)/5
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Fig. 1. Recovery performance with respect to noise level. (Note: in the middle
figure, the proposed, VBSE and ADMMS-2 all correctly estimate the rank, hence
their curves overlap with each other).
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Fig. 2. Comparison of abilities to detect nonzeros in X (+(B) = 5, 10, and 15
from left to right).
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Fig. 3. Detection of network anomalies in Internet2 data.

under different conditions, we consider || X||g from 1% to 11%
andr(B) € {5,10,15}. 0, is fixed at 0.01. The data generation
is similar to that above.

Fig. 2 shows the F-scores at various conditions. The F-score,
defined as the harmonic mean of precision and recall, is a bal-
anced indicator of detection performance. From the figure it
is seen the proposed algorithm gives reliable detections over a
wider range of operational conditions than its alternatives.

B. Network Anomaly Detection Example

To further validate its effectiveness, the proposed algorithm
is applied to the real life Internet2 flow traffic data [24]. In the
data there are M = 121 origin-destination flows carried by L =
41 links. The routing matrix @ is given in the data set. Fig. 3
shows the proposed algorithm detects the anomalous flows from
the data and moreover, accurately estimates their magnitudes.
Moreover, the proposed algorithm is amenable for automated
deployment since it requires no parameter tuning.

V. CONCLUSIONS

In this letter we proposed a Bayesian based approach for re-
covery of sparse signals from compressed measurements when
additive noise and a smooth background are present. A memory
and computationally efficient constructive algorithm is devel-
oped under the framework of Bayesian inference. Advantages
over the current state-of-the-art alternative solutions are demon-
strated in numerical examples.



1016

REFERENCES

[1] M. Mardani, G. Mateos, and G. B. Giannakis, “Recovery of low-rank
plus compressed sparse matrices with application to unveiling traffic
anomalies,” [EEE Trans. Inf. Theory, vol. 59, no. 8, pp. 5186-5205,
2013.

[2] V. Cevher, A. C. Sankaranarayanan, M. Duarteand, D. Reddy,
R. G. Baraniuk, and R. Chellappa, “Compressive sensing for back-
ground subtraction,” in Eur. Conf. Computer Vision, 2008, pp.
155-168.

[3] E. J. Candgs, J. Romberg, and T. Tao, “Robust uncertainty principles:
Exact signal reconstruction from highly incomplete frequency infor-
mation,” /[EEE Trans. Inf. Theory, vol. 52, no. 2, pp. 489-509, 2006.

[4] D. L. Donoho, “Compressed sensing,” IEEE Trans. Inf. Theory, vol.
52, no. 4, pp. 1289-1306, 2006.

[5] R. G. Baraniuk, “Compressive sensing [lecture notes],” IEEE Signal
Process. Mag., vol. 24, no. 4, pp. 118-121, 2007.

[6] E. Candés, X. Li, Y. Ma, and J. Wright, “Robust principal component
analysis?,” J. ACM, vol. 58, no. 3, May 2011.

[7] S.S.Chen,D.L. Donoho, and M. A. Saunders, “Atomic decomposition
by basis pursuit,” SIAM Rev., vol. 43, no. 1, pp. 129-159, 2001.

[8] M. A. T. Figueiredo, R. D. Nowak, and S. J. Wright, “Gradient projec-

tion for sparse reconstruction: Application to compressed sensing and
other inverse problems,” IEEE J. Sel. Topics Signal Process., vol. 1,
no. 4, pp. 586597, 2007.
A. Beck and M. Teboulle, “A fast iterative shrinkage-thresholding al-
gorithm for linear inverse problems,” SIAM J. Imag. Sci., vol. 2, no. 1,
pp. 183-202, 2009.
[10] S. Ji, Y. Xue, and L. Carin, “Bayesian compressive sensing,” IEEE
Trans. Signal Process., vol. 56, no. 6, pp. 2346-2356, 2008.

[11] D. Baron, S. Sarvotham, and R. G. Baraniuk, “Bayesian compressive
sensing via belief propagation,” IEEE Trans. Signal Process., vol. 58,
no. 1, pp. 269-280, 2010.

[12] S.D.Babacan, R. Molina, and A. K. Katsaggelos, “Bayesian compres-
sive sensing using Laplace priors,” IEEE Trans. Image Process., vol.
19, no. 1, pp. 53-63, 2010.

[9

—

IEEE SIGNAL PROCESSING LETTERS, VOL. 21, NO. 8, AUGUST 2014

[13] J. Cai, E. Candes, and Z. Shen, “A singular value thresholding al-
gorithm for matrix completion,” SIAM J. Optim., vol. 20, no. 4, pp.
1956-1982, Jan. 2010.

[14] Z.Lin, A. Ganesh, J. Wright, L. Wu, M. Chen, and Y. Ma, “Fast convex
optimization algorithms for exact recovery of a corrupted low-rank ma-
trix,” in Int. Workshop on Computational Advances in Multi-Sensor
Adaptive Processing, Dec. 2009.

[15] Z. Lin, M. Chen, and Y. Ma, The augmented Lagrange multiplier
method for exact recovery of corrupted low-rank matrices Univ. Illinois
at Urbana-Champaign, , Tech. Rep. UILU-ENG-09-2215,2009.

[16] X. Ding, L. He, and L. Carin, “Bayesian robust principal component
analysis,” IEEE Trans. Image Process., vol. 20, no. 12, pp. 3419-3430,
2011.

[17] S. Babacan, M. Luessi, R. Molina, and A. Katsaggelos, “Sparse
Bayesian methods for low-rank matrix estimation,” [EEE Trans.
Signal Process., vol. 60, no. 8, pp. 3964-3977, Aug. 2012.

[18] M. Mardani, G. Mateos, and G. B. Giannakis, “Decentralized sparsity-
regularized rank minimization: Algorithms and applications,” IEEE
Trans. Signal Process. (to appear), vol. 61, no. 11, 2013.

[19] M. Mardani, G. Mateos, and G. B. Giannakis, “Dynamic anomalog-
raphy: Tracking network anmalies via sparsity and low rank,” /EEE J.
Sel. Topics Signal Process., vol. 7, no. 1, pp. 50-66, 2013.

[20] Z. Chen, R. Molina, and A. K. Katsaggelos, “A variational approach
for sparse component estimation and low-rank matrix recovery,” J.
Commun., vol. 8, no. 9, pp. 600-611, 2013.

[21] M. W. Seeger and H. Nickisch, “Compressed sensing and Bayesian
experimental design,” in Proc. the 25th Int. Conf. Machine Learning,
2008, pp. 912-919.

[22] M. Tipping and A. Faul, “Fast marginal likelihood maximisation for
sparse Bayesian models,” in Proc. 9th Int. Workshop on Artificial In-
telligence and Statistics, C. M. Bishop and B. J. Frey, Eds., 2003.

[23] M. A. T. Figueiredo, “Adaptive sparseness for supervised learning,”
IEEE Trans. Patt. Anal. Mach. Intell., vol. 25, no. 9, pp. 1150-1159,
2003.

[24] 2014, Internet2 datasets [Online]. Available: http://internet2.edu/obser-
vatory/archive/data-collections.html



