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AUTOMORPHISM GROUPS AND UNIQUENESS OF HOLOMORPHIC
VERTEX OPERATOR ALGEBRAS OF CENTRAL CHARGE 24

KOICHI BETSUMIYA, CHING HUNG LAM, AND HIROKI SHIMAKURA

ABSTRACT. We describe the automorphism groups of all holomorphic vertex operator
algebras of central charge 24 with non-trivial weight one Lie algebras by using their
constructions as simple current extensions. We also confirm a conjecture of G. Héhn on
the numbers of holomorphic vertex operator algebras of central charge 24 obtained as
inequivalent simple current extensions of certain vertex operator algebras, which gives
another proof of the uniqueness of holomorphic vertex operator algebras of central charge

24 with non-trivial weight one Lie algebras.

1. INTRODUCTION

The classification of (strongly regular) holomorphic vertex operator algebras (VOAs)
of central charge 24 has been completed except for the characterization of the moonshine

VOA; more precisely, the following are proved:

(a) The weight one Lie algebra of a holomorphic VOA of central charge 24 is 0, 24-
dimensional abelian or one of the 69 semisimple Lie algebras in [Sc93|; the list of
these 71 Lie algebras is called Schellekens’ list.

(b) For any Lie algebra g in Schellekens’ list, there exists a holomorphic VOA of central
charge 24 whose weight one Lie algebra is isomorphic to g.

(¢) The isomorphism class of a holomorphic VOA V' of central charge 24 with V; # 0 is

uniquely determined by the weight one Lie algebra structure on V.

Item (a) was proved in [Sc93), (see for another proof). Items (b)
and (c) were proved by using case by case analysis (see [LS19] and [LS20b, Introduction]);
several uniform approaches for (b) and (c) are also discussed in [H6l [MS22-+] [MS|
LM].

For our purpose, we first recall a uniform approach proposed by [H0| briefly. Let V be a
holomorphic VOA of central charge 24. Then V; is a reductive Lie algebra of rank at most
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24 ([DMO04b]); if rank V; = 24, then V' is isomorphic to a Niemeier lattice VOA ([DMO04h])
and that if rank V; = 0, equivalently, V; = 0, then it is conjectured in [FLMS8§| that V'
is isomorphic to the moonshine VOA. In this article, we assume that 0 < rank V; < 24.
Then V] is semisimple and the subVOA (V}) generated by V; has central charge 24, that
means (V1) is a full subVOA of V' ([DM04a]). Let h be a Cartan subalgebra of Vi. The

following item (d) was essentially proved in [Hd]; the necessary assumptions are confirmed

in [La20a)] (see also [ELMS21] for another proof):

(d) The commutant W = Comy (h) of h in V' is isomorphic to the fixed-point subVOA VAgg
of the lattice VOA V,, with respect to a (standard) lift g € Aut (V},) of an isometry
g, of Ay, where g is an isometry of the Leech lattice A in one of the following 10
conjugacy classes (as the notations in [ATTAS])

94,2C,3B,4C,5B,6F,6G, 7B, 8E and 10F,

and A, is the coinvariant lattice of ¢ (see Definition 21]). In addition, the conjugacy

class of g is uniquely determined by the Lie algebra structure of V.

The commutant Comy (W) of W in V is isomorphic to a lattice VOA V. In fact, the
lattice L = L, called the orbit lattice in [HO|, is also uniquely determined by the Lie
algebra structure of g = Vi. Note that some non-isomorphic Lie algebras in Schellekens’
list give isometric orbit lattices. Since both Vj, and W have group-like fusion ([Do93]
La20a]), V' is a simple current extension of V;, ® W. In order to prove (b), it suffices
to construct all holomorphic VOAs of central charge 24 as simple current extensions of
Vi @ W, which was discussed in [Hd, Theorem 4.4] under some assumptions (see also
[La20al). In order to prove (c), it suffices to classify all holomorphic VOAs of central
charge 24 as simple current extensions of V;, ® W up to isomorphism, which can be
proved by confirming the conjecture [H6l Conjecture 4.8] on the number of inequivalent
simple current extensions of V;, ® W that form holomorphic VOAs of central charge 24.

Another question is to determine the automorphism groups of holomorphic VOAs of
central charge 24. Our strategy is to describe the automorphism group of a VOA via its
weight one Lie algebra. Let T' be a VOA of CFT-type. Set

K(T):={g€ Aut(T) | g =1id on 11},

the subgroup of Aut (") which acts trivially on 7. Let Aut (T")7, denote the restriction
of Aut (T") to T}. Then

Aut (T) 7, 2 Aut (T)/K(T) C Aut (T3).

Recall that Aut (7") contains the inner automorphism group Inn (7"), the normal sub-

group generated by inner automorphisms {exp(a(y) | @ € T1}. Let Inn (7)1, denote the
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restriction of Inn (7°) to 77, that is,
Inn (7)), = Inn (T) /(K (T) NInn (T7)).
Clearly, Inn (T")|7, is isomorphic to the inner automorphism group Inn (77) of T7.
Define
Out (T") :== Aut (7)/Inn (7).
In Proposition B. 10, we will show that
K(T) C Inn(T)
when T is a holomorphic VOA of central charge 24 with T} # 0. For these cases,
Out (T') = Aut (T)/Inn (T') = Aut (1)1, /Inn (T) 7,

and Out (T') is a subgroup of the outer automorphism group Out (77) = Aut (7})/Inn (7})
of the weight one Lie algebra T;. Note that the inclusion K(7") C Inn (7") does not hold
in general; for example, the moonshine VOA V¥ satisfies K(V%) = Aut (V*#) # 1 and
Inn (V#) = 1. Therefore, for a holomorphic VOA T of central charge 24 with T} # 0, we
have
Aut (T) =2 K(T).(Inn (T') 7, .Out (T)),

where A.B means a group G that contains a normal subgroup A with G/A = B. Hence
Aut (T') is roughly described by the groups Inn (T")5,, K(7') and Out (7). Note that
Inn (7)1, (= Inn (T7)) is well-studied.

For a holomorphic lattice VOA Vy associated with a Niemeier lattice N, the groups
K(Vy) and Out (Vy) can be easily determined by the description of Aut (Vi) in [DN99
(see Remark [B.1]). For the 14 holomorphic VOAs Vﬁrb(e) obtained by applying the Zo-
orbifold construction to Vi and a lift 8 of the —I-isometry of N, the groups K (V™)
and Out (Vﬁrb(g)) are determined in [Sh20] by using the explicit constructions. For some
holomorphic VOAs V' of central charge 24, K (V') is determined in [LS20b] by using the
module structure of V over the simple affine VOA generated by V; and its fusion product.

In this article, we assume (a), (b) and (d) and describe the orbit lattice L for each
semisimple Lie algebra g in Schellekens’ list of rank less than 24; this shows that the
orbit lattice L = Lg is uniquely determined by g, up to isometry. Note that the orbit
lattices have been described in [HG] by using Niemeier lattices. In addition, we determine
the groups K(V') and Out (V) for all holomorphic VOAs V' of central charge 24 with
0 < rank V} < 24 by using O(L), Aut (W) and the constructions of V' as simple current
extensions of V, @ W. Note that the automorphism groups Aut (W) for all 10 VOAs W in
(d) have been determined in [Gr98|, [Sh04l [CLST8| [La20bl La22+] [BLS22+]. In particular,
we prove the following (see Remark B.1] Proposition and Tables [6], B, 10, 12], 3], 14,

16l 08, 22 20 and 24]):
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Theorem 1.1. Let V' be a strongly reqular holomorphic VOA of central charge 24 with
Vi #0. Then K(V) C Inn (V). Moreover, the group structures of K(V') and Out (V') are
given as in Table[D. Here the genus symbol A, B, ..., K in the table are used in [HO]

Table 1: K (V) and Out (V) for holomorphic VOAs V' of central
charge 24 with Vi #£ 0

‘ No. ‘ Genus ‘ Wi ‘ Out (V) ‘ K(V) H No. ‘ Genus ‘ Wi ‘ Out (V) ‘ K(V) ‘
1] A U(1) Coo c* 48] B C2,Bi, Z Zs
15 A4 Moy 73’ 50 Dg 2 A7 1 Ty Zg
24 AL, . Mys 78 | 52 Cs1F2, Zs 1
30 A3, 7o.AGLs(2) | 74 || 53 EroBsiFuy | 1 Zs
37 A9, 7.6 72| 56 Cho.1Be.s 1 Zs
42 D, 7.6 78 || 62 By By 1 Zs
13 A% Da, 2,6, |Z3x22| 6 | C AZ, Ss | Zs
16 AL, T s 7z | 17 AsaDysAd, | & | 73
49 A2,DZ, Zo72 | ZaxZs| 27 AssAZ, Zs 72
51 A}, 7565 | ZoxZs| 32 Eg3G2,” S 1
54 Dg 1 S, Zy 34 D7 3A31G2,1 1 Ly
55 A2, Dg, ZoZo | Z2x7Zs | 45 ErsAs, 1 Ze
58 B, 2.6, 72 5 | D AL Mo | Zs
59 A11,1D71E6.1 Zs L3 X Zy || 12 BS, S5 Zo
60 Aly s L. Lo Zq3 23 Bs, Ay Zs
61 Di Ss z3 29 Bi, S3 L
63 A151D9 1 Zy Zsg 41 B3, Zsy Zo
64 D101 E% Zs 73 57 Biao 1 Zo
65 Arr1Eqr Lo Zo X Zs || 13 D474A§72 2.64 Z%
66 D, Zs 2 | 22 C12A2, 74 Zs
67 Aoy Zio Zs 36 AgoFy 2 Zo Zs
68 B2, s 1 T B | AlLA, | 236s | I
69 D161E3,1 1 Zo 18 A774A‘;’_’1 Zo 73
70 Doy 1 Lo 19 D5 4C32A7 | Zo 73
5 | B AL, AGL.(2) 75 | 28 Eoads1Bsy | 1 Z
16 AL, AL W(Ds) | Z8xZ4 | 35 CraAs, 1 72
25 D2,C4, Zo % &4 7 9 | F A2, 72 1
2 A2,Cy1 A2, Dihs | Zs x Zg || 20 Dy 542, 1 72
31 D2, A2, Dihg 72 8 | G | AsoBasAio | Zs Z
33 AraC21 Az, 72 Zox Za || 21 CosGondin | 1 Zs
38 Ci, &, Zs 11 H Ag.7 1 1
39 Dg2Cy1 B2, Zs 72 0] 1 DssAr2 1 Za
40 Ag2A41B3,1 Zs Zyo 3 J Dy 12456 S3 1
44 E6.2C51A451 Lo Ze 14 FyAso 1 Zs3
47 D872B2,1 Zo Z% 4 K Ciy10 1 1
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Remark 1.2. The former assertion K (V) C Inn (V) of Theorem [Tl is proved in Propo-
sition by using the fact that for W in (d), Aut (W) acts faithfully on the set of

isomorphism classes of irreducible W-modules (see Theorem [3.4]).

Remark 1.3. We do not describe the embedding of Out (V') into Out (V;). However, in
Appendix A, we describe the subgroup Out ;(V) of Out (V') which preserves every simple
ideal of V7, and the quotient Out o(V') := Out (V') /Out 1(V'), which is a permutation group

on the set of simple ideals of V;.

By using O(L) and Aut (W), we also prove the following (see Propositions 3] 5.7
615 BI8 and [5.29). In particular, we confirm [Hd, Conjecture 4.8].

Theorem 1.4. Let g € O(A) in one of the 10 conjugacy classes in (d). Set W = VAQQ.
Let L be an even lattice such that there exists a simple current extension of Vi @ W
which forms a holomorphic VOA V' of central charge 24; in addition, Vi, = Comy (W)
and W = Comy (V5). Then, we have the following results.

(1) Assume that the conjugacy class of g is 2A,3B,4C,5B,6F,7B,8E or 10F. Then,
there exists a unique holomorphic VOA of central charge 24 obtained as an inequivalent
simple current extension of Vi, @ W, up to isomorphism, for each possible L.

(2) Assume that the conjugacy class of g is 2C. Then L = /2Dy or 2Es\/2D,. In
addition, there exist exactly 6 (resp. 3) semisimple Lie algebras in Schellekens’ list
such that the associated orbit lattices are isometric to \/2D1s (resp. \/§E8\/§D4),
and there ezist exactly 6 (resp. 3) holomorphic VOAs of central charge 24 obtained
as inequivalent simple current extensions of V. zp , @ W (resp. V. zEs/3p, ® W), up
to isomorphism.

(3) Assume that the conjugacy class of g is 6G. Then L = \/6D4\/2A,, and there exist
exactly 2 semisimple Lie algebras in Schellekens’ list such that the associated orbit
lattices are isometric to \/6D,/2As. In addition, there erist exactly 2 holomor-
phic VOAs of central charge 24 obtained as inequivalent simple current extensions

of V spavia, @ W, up to isomorphism.

Remark 1.5. The assumption on L and W in Theorem [[.4] is equivalent to the conditions
that (D(L), qr) = (Irr (W), —gw) as quadratic spaces and the sum of the rank of L and
the central charge of W is 24 (see Section B.I]).

It follows that a semisimple Lie algebra g in Schellekens’ list of rank less than 24
determines a unique equivalence class of a simple current extension of V;, ® W which
forms a holomorphic VOA V' of central charge 24 with V; = g. Hence Theorem [[.4] and
the characterization of Niemeier lattice VOAs in give another proof of (c) (see
[HS, Section 4.3]).



Let us explain the main ideas for determining the groups K (V') and Out (V') for holo-
morphic VOAs V' of central charge 24 with 0 < rankV; < 24. As we mentioned above,
V' is a simple current extension of V;, ® W. Recall from [Do93] (resp. [La20a]) that
all irreducible Vz-modules (resp. irreducible W-modules) are simple current modules.
Hence the set Irr (V) (resp. Irr (W)) of their isomorphism classes has group-like fusion,
that is, it forms an abelian group under the fusion product. In addition, the map gy,
(resp. qw) from Irr (Vy) (resp. Irr (W)) to Q/Z defined by conformal weights modulo
Z is a quadratic form ([EMS20]). It is well-known that (Irr (V7), gy, ) is isometric to the
quadratic space (D(L),qr) on the discriminant group D(L) = L*/L with the quadratic
form g (v + L) = (v|v)/2 + Z. Since V is holomorphic, there exists a bijection ¢ from
D(L) to Irr (W) such that for any A+ L € D(L), Viyr @ (A + L) appears as a V;, @ W-
submodule of V. Note that ¢ is an isometry from (D(L),qr) to (Irr (W), —qw). Then
Sy = {(Vasr, oA+ L)) | A+ L € D(L)} is a maximal totally isotropic subspace of
(Ier (V1) av) @ (1o (), quy).

Since the group K (V') acts trivially on the (fixed) Cartan subalgebra b, it preserves
Vi, ® W and S,. In addition, the restriction of K (V') to Vy is a subgroup of the inner
automorphisms associated with f and preserves every element in Irr (V7). Hence the
restriction of K (V) to W also preserves every element in Irr (W) via the isometry ¢;
since the action of Aut (W) on Irr (W) is faithful, the restriction of K (V') to W must be
the identity. Note that the subgroup which acts trivially on V;, @ W is the dual S7, of
S, which is contained in Inn (V). Hence K (V) is contained in Inn (V). In addition, we
describe K (V') in terms of L and the root lattice of Vi (Proposition B12]).

By the transitivity of Inn (V') on Cartan subalgebras of V;, Out (V') can be obtained as
the quotient of the stabilizer Staby (1)(h) of the (fixed) Cartan subalgebra b in Aut (V')
by the normal subgroup Stabm, v)(h) = Stabauvy(h) N Inn (V). Since Stabauvy(h)
preserves Vz, ® W and normalizes S, the restriction of Stabau wvy(h) to Vi @ W is
Stabaut (v, ew)(h) N Stabaue (v, ew)(S,). By using Aut (Vz) and S,, we see that it acts
on (D(L),qr) as O(L) N ¢*(Aut (W)), where py : O(L) — O(D(L),qr) (resp. puw :
Aut (W) — O(Irr (W), gw)) is the canonical group homomorphism, O(L) (resp. Aut (W))
is the image of yuf, (resp. pw) and ¢*(Aut (W)) = ¢ 'Aut (W)p. Then Stabyu ) (h)
acts on b as p7 ' (O(L) N*(Aut (W))). Clearly, Stabp, 1)(h) acts on b as the Weyl group
W (Vi) of Vi. Thus Out (V) = ;' (O(L) N ¢*(Aut (W)))/W (V1) (Proposition B.17). For
each g in Schellekens’ list with 0 < rank g < 24, we describe L = Ly and O(L) explicitly.
In addition, by using the structures of the groups O(L), ¢*(Aut (W))(= Aut (W)) and
O(D(L),qr1), we determine O(L) N o*(Aut (W)), which gives the shape of Out (V). In
our calculations, we use the fact that except for the case 2C', the index |O(Irr (W), qw ) :



Aut (W)] is at most 4, which implies that Out (V) has small index in O(L)/W (V}) (see
BI5) and Lemma BI§]).

Our strategy for the uniqueness has been discussed in [H3] (see Proposition A.2)); we
compute the number |p*(Aut (W))\ O(D(L), q1)/O(L)]| of double cosets for given W and
L, which gives the number of holomorphic VOAs obtained as inequivalent simple current
extensions of Vi, ® W. In fact, we verify that this number is 1 if the conjugacy class is
neither 2C nor 6G, and compute the numbers for 2C' and 6G by using the group structures
of O(L), Aut (W) and O(D(L), qr). Then we obtain Theorem [[.4]

The organization of the article is as follows. In Section 2, we review some basic notions
for integral lattices and vertex operator algebras. In Section 3], we view holomorphic VOAs
as simple current extensions of V;, ® W and study some stabilizers. We will also describe
the groups Out (V') and K (V). In Section @], we discuss the number of inequivalent simple
current extensions of V;, ® W that form holomorphic VOAs. In Section [ for each W
mentioned in (d) and the semisimple Lie algebra g in Schellekens’ list with 0 < rank g <
24, we describe the orbit lattice L = Ly and determine the groups K (V') and Out (V)
explicitly. In Appendix A, we describe the subgroup Out (V') of Out (V') and the quotient
Out o(V) := Out (V) /Out (V).

Some calculations on lattices and finite groups are done by MAGMA ([BCP97]).
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Notations.
23r+2" an extra special 2-group of order 2172”7 of plus type.
A.B a group G that contains a normal subgroup A with G/A =~ B.
Aut (T) the subgroup of O(Irr (T), g7) induced by Aut (T, i.e, Aut (T') = Im pr-.
Aut o(T) the subgroup of Aut (7") which acts trivially on Irr (7).
Comyp(X) the commutant of a subset X in a VOA T.
D(H) the discriminant group of an even lattice H, i.e., D(H) = H*/H.
Inn (7)) the inner automorphism group of a VOA T of CFT-type, i.e.,
the subgroup generated by {exp(a(y) | a € T1}.
Irr (7°) the set of the isomorphism classes of irreducible modules over a VOA T
K(T) the subgroup of Aut (7') which acts trivially on 7 for a VOA T of CFT-type.
HY the fixed-point sublattice of a lattice H by an isometry g.
H, the coinvariant lattice of g € O(H), i.e., Hy = {x € H | (x|H?) = 0}.
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HH

ur
O(H)
O(X,q)
Out (g)
Out (T)
O(H)
Oo(H)

qH
qr

Qg

R(H)
p(M)

Stabg(X)
U="U,

T0

W(R), W(g)
Xk

the orbit lattice associated with g, i.e., Vz, = Comy (Comy (h)), where V' is

a holomorphic VOA of ¢ = 24 with V; = g and § is a Cartan subalgebra of g.
the group homomorphism pg : O(H) — O(D(H), qi) for an even lattice H.
the group homomorphism pp : Aut (7)) — O(Irr (T'), gr) for certain VOA T.
the isometry group of a lattice H.

the isometry group of a quadratic space (X, q).

Out (g) = Aut (g)/Inn (g), the group of outer automorphisms of a Lie algebra g.
Out (T') := Aut (T')/Inn (T') for a VOA T of CFT-type.

the subgroup of O(D(H), qy) induced by O(H), i.e., O(H) = Im py

the subgroup of O(H) which acts trivially on D(H) for an even lattice H.

an elementary abelian p-group of order p™.

a p-group G that contains a normal subgroup p" with G/p™ = p™.

Py=®;_, \/%Qi cUy= \/ZL;, where g = @;_, g; is the direct sum of simple
ideals, k; is the level of g;, Q* is the root lattice of g; and £ is the level of L.
the quadratic form on D(H), qg(v+ H) = (v|v)/2 + Z.

the quadratic form on Irr (T") defined as conformal weights modulo Z.

Qs =P, \/k_,-Qfong C Ly, where g = @;_, g is the direct sum of simple ideals,
k; is the level of g; and @), g 18 the lattice spanned by long roots of g;.

the root system of a lattice H (see Section [2.1]).

the conformal weight of an irreducible module M over a VOA.

the symmetric group of degree n.

the stabilizer of X in a group G.

U= \/ZL*, where £ is the level of the orbit lattice L = L.

the set of fixed-points of an automorphism o of a VOA T.

the Weyl group of a root system R or a semisimple Lie algebra g.

(the type of) a simple Lie algebra whose type is X, and level is k.

2. PRELIMINARY

In this section, we review some basic terminology and notation for integral lattices and

vertex operator algebras.

2.1. Lattices. By a lattice, we mean a free abelian group of finite rank with a rational

valued, positive-definite symmetric bilinear form ( | ). A lattice H is integral if (H|H) C Z

and it is even if (z|x) € 27Z for any « € H. Note that an even lattice is integral. Let H*
denote the dual lattice of a lattice H, that is, H* = {v € Q®z H | (v|H) C Z}. If H is
integral, then H C H*; D(H) denotes the discriminant group H*/H.
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An isometry of a lattice H is a linear isomorphism g € GL(Q®z H ) such that g(H) = H
and (gz|gy) = (x|y) for all z,y € H. Let O(H) denote the group of all isometries of H,
which we call the isometry group of H. Note that O(H) = O(H™).

Let H be an even lattice. Let gy : D(H) — Q/Z denote the quadratic form on D(H)
defined by qy(v+ H) = (v|v) /2 + Z for v+ H € D(H), and let

pr 2 O(H) = O(D(H), qu)
denote the canonical group homomorphism, where
O(D(H),qu) = {9 € Aut (D(H)) | qu(9z) = qu(x) for all x € D(H)}.

The group O(H) denotes the subgroup of O(D(H),qy) induced by O(H), and Oy(H)
denotes the subgroup of O(H) which acts trivially on D(H), that is,

O(H) = Im g, Oo(H) = Ker uy.

Definition 2.1. Let H be a lattice and ¢ € O(H). Let HY denote the fixed-point
sublattice of g, that is, HY = {x € H | gr = z}. The coinvariant lattice of g is defined to
be

Hy={re H | (z|ly) =0 for all y € H'}.

Clearly, the restriction of g to H, is fixed-point free on H,.

Next we recall the definition of a root system from [Hum?72]. A subset ® of R" is called
a root system in R" if ® satisfies (R1)—(R4) below:

(R1) |®| < oo and ® spans R™;

(R2) If o € @, then Za N ® = {+a};

(R3) If a € &, then the reflection o, : § +—  — 2({B|a)/{a|a))a leaves & invariant;
(R4) If o, p € @, then (B|a)/(a|a) € Z.

The root lattice Lg of ® is the lattice spanned by roots. If ® is irreducible, of type A,,
D,, or E, and (a|a) = 2 for all a € @, then we often denote Lg just by .

Let L be a positive-definite rational lattice. An element o € L is primitive if L/Z«
has no torsion. A primitive element a € L is called a root of L if the reflection o, in the
ambient space of L is in O(L). The set R(L) of roots is an abstract root system in the
ambient space of the sublattice Lpz) of L spanned by R(L). Hence the general theory of
root system applies to R(L) and R(L) decomposes into irreducible components of type
A, B, Cy, D, or Go, Fy, Es, F7, Fg.

For ¢ € Z-( and a lattice H, we denote v/(H = {\/lz | x € H}. The level of an even
lattice H is defined to be the smallest positive integer ¢ such that v//H* is again even.
The following can be obtained from [Sch06l, Propositions 2.1 and 2.2].

Lemma 2.2. Let H be an even lattice of level £.
9



(1) Let a be a root of H with («|a) = 2k. Then k | £ and o € H N kH*.
(2) Assume that { is prime. Then

R(H)={ve H| (vjvy=2}U{velH"| (vjv) =20}

For a root system ®, the Weyl group W(®) is the subgroup of O(Lg) generated by

reflections associated with elements in ®. The following lemma is well-known:

Lemma 2.3. There are isomorphisms of the Weyl groups of root systems and the isometry

groups of the root lattices:

I

W (B,)
W(Fy)

W(Cy) =W (Dy).2, W(B,) =W(C,) =0(D,), (n=>2,n#4),
O(Dy4) 2 W(Dy4).63, W(Gy) =2 O(A,),

I

where Dy = A? and D3 = As.

2.2. Vertex operator algebras. Throughout this article, all VOAs are defined over the
field C of complex numbers.
A wertex operator algebra (VOA) (T,Y,1,w) is a Z-graded vector space T' = P, ., Trm

over the complex field C equipped with a linear map

= awz '€ (End (D)[[z,271], aeT,

1€Z
the vacuum vector 1 € Ty and the conformal vector w € T, satisfying certain axioms

([Bo86| [FLMSS]). Note that the operators L(m) = w(m+1), m € Z, satisfy the Virasoro

relation:

[L(m), L(n)] = (m —n)L(m +n) + 1—12

where ¢ € C is called the central charge of T', and L(0) acts by the multiplication of scalar

(m® — m)8pnoc idr,

mon 1,,.
A linear automorphism o of a VOA T is called a (VOA) automorphism of T if

ow=w and oY (v,z)=Y(ov,2)0 forallvel.

The group of all (VOA) automorphisms of 7" is denoted by Aut (7).

A wvertex operator subalgebra (or a subVOA) of a VOA T is a graded subspace of T
which has a structure of a VOA such that the operations and its grading agree with the
restriction of those of 7" and they share the vacuum vector. In addition, if they also share
the conformal vector, then the subVOA is said to be full. For an automorphism o of a
VOA T, let T? denote the fixed-point set of o, i.e.,

T°={veT|ov=uv},
10



which is a full subVOA of T'. For a subset X of a VOA T, the commutant Comp(X) of
X in T is the subalgebra of T which commutes with X ([EZ92]). Note that the double
commutant Comy(Comr (X)) contains X.

Let M = p,,.c My, be a module over a VOA T’ (see for the definition). If M
is irreducible, then there exists unique p(M) € C such that M = ,,;_ Myon)4+m and
M,y # 0. The number p(M) is called the conformal weight of M. Let Irr (1) denote
the set of isomorphism classes of irreducible T-modules. We often identify an irreducible
module with its isomorphism class without confusion.

A VOA is said to be rational if the admissible module category is semisimple. (See
[DLMO0] for the definition of admissible modules.) A rational VOA is said to be holo-
morphic if it itself is the only irreducible module up to isomorphism. A VOA T is of
CFT-type if Ty = C1 (note that T; = 0 for all i < 0 if Ty = C1), and is Cy-cofinite if
the co-dimension in 7" of the subspace spanned by {u( v | u,v € T} is finite. If T" is
rational and Cy-cofinite, then p(M) € Q for any M € Irr (T) ([DLMO00, Theorem 1.1]). A
module over a VOA is said to be self-contragredient if it is isomorphic to its contragredient
module (see [FHLI3]). A VOA is said to be strongly regular if it is rational, Cs-cofinite,
self-contragredient and of CFT-type. Note that a strongly regular VOA is simple. A
simple VOA T of CFT-type is said to satisfy the positivity condition if p(M) € R+q for
all M € Irr (T') with M 2T

Let T be a VOA and let M be a T-module. For ¢ € Aut(7T), let M o o denote
the o-conjugate module, i.e., M o 0 = M as a vector space and its vertex operator is
Yiroo(u, 2) = Yy (ou, z) for u € T. If M is irreducible, then so is M o o. Hence Aut (T)
acts on Irr (7) as follows: for o € Aut (T"), M — M o o. Note that p(M) = p(M o o) for
o€ Aut(T) and M € Irr (T).

Let T be a strongly regular VOA. Then the fusion products X are defined on irreducible
T-modules ([HL95]). Note that the action of Aut (T") on Irr (T') above also preserves the
fusion products. An irreducible T-module M* is called a simple current module if for any
irreducible T-module M?, the fusion product M! X M? is also an irreducible T-module.
If all irreducible T-modules are simple current modules, then Irr (7°) has an abelian group

structure under the fusion products; in this case, we say that T" has group-like fusion.

Theorem 2.4 ([EMS20, Theorem 3.4, Proposition 3.5]). Let T' be a strongly reqular VOA.

Assume that T has group-like fusion and satisfies the positivity condition. Let
gr :Irr (T) - Q/Z, M — p(M) mod Z.

Then qr is a quadratic form on the abelian group Irr (T') and the associated bilinear form

15 non-degenerate.

Remark 2.5. We call a finite abelian group with a quadratic form a quadratic space.
11



Let T be a strongly regular VOA satisfying the assumption of Theorem 2.4l Then, we

obtain the canonical group homomorphism
(2.1) pr 2 Aut (T) — O(Irr (1), qr),

where O(Irr (1), qr) = {f € Aut (Irr (7)) | gr(W) = qr(f(W)) for all W € Irr (T)} is
the orthogonal group of the quadratic space (Irr (T),qr). The group Aut(7) denotes
the subgroup of O(Irr (T), gr) induced by Aut (7), and Aut o(7") denotes the subgroup of
Aut (T') which acts trivially on Irr (T'), that is,

Aut (T) = Im prp, Auto(T) = Ker pr.

Let T° be a strongly regular VOA. Let {T“ | a € D} be a set of inequivalent irreducible
T°-modules indexed by a finite abelian group D. A simple VOA Tp = @, ., T is
called a simple current extension of TO if every T is a simple current module. Note that
TN TP =2 TP and that the simple VOA structure of T is uniquely determined by its
T°-module structure, up to isomorphism ([DM04b], Proposition 5.3]). Two simple current
extensions T and Ty of T are equivalent if there exists an isomorphism o : Tp — T
such that o(T°) = T, equivalently, there exists 7 € Aut (7°) such that Tp = T o T as
T -modules.

2.3. Automorphisms of lattice VOAs. Let H be an even lattice and let Vi be the
lattice VOA associated with H (see [FLMS8S]| for detail). It is well-known ([Do93]) that Vj
is strongly regular, has group-like fusion and satisfies the positivity condition. In addition,
Irr (V) ={Voyw | A+ H € D(H)} and (Irr (V), qv,,) = (D(H), qu) as quadratic spaces
(see [Do93]).

Let H = {#e® | a € H} be a central extension of H by {£1} satisfying e =
(—1)Pefex for a, 3 € H. Note that such a central extension is unique up to isomor-
phism. Let Aut (]3[ ) be the set of all automorphisms of H. For Y € H, we define the
element 1(p) € Aut (H) by @(e®) € {£e!@@) o e H. Set O(H) = {¢ € Aut(H) |
t(p) € O(H)}. Tt was proved in [FLMS8S8, Proposition 5.4.1] that there exists an exact

sequence:
(2.2) 1 — Hom(H,Zy) — O(H) & O(H) — 1.

We also identify O(H) as a subgroup of Aut (Vy) as in Section 2.4]. Note that
Hom(H, Zs) = {exp(2nv/—1a)) | @ € (H*/2)/H*} in Aut (V).

For g € O(H), an element 7 € O(H) with () = g is called a standard lift of g if T acts
trivially on the subVOA Vjys. Note that a standard lift of g always exists and standard
lifts of g are conjugate in Aut (Vy) (JEMS20, Proposition 7.1] or [LS20a, Proposition
4.6]); we often denote a standard lift of g by g. If g is fixed-point free on H, then we have

19| = |g| (JEMS20] Proposition 7.4]).
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Recall from Theorem 2.1] that
(2.3) Aut (Vi) = Inn (Vi)O(H).
Set h = Spanc{h(—1)1 | h € H}. Then b is a Cartan subalgebra of the reductive Lie
algebra (Vyr);. By [DN99, Lemmas 2.3 and 2.5], we have
(2.4) {o € Aut (Vi) | 0 = id on b} = {exp(ay) | a € b}
and
(2.5) Stabaut (v (h) = {o € Aut (Vi) | o(h) = b} = {exp(a()) | a € H}O(H).
It follows from (24), (2.5) and ker¢ C {exp(a()) | a € b} (cf. (2.2)) that
(2.6) Stabaus (vi) )1y = Stabaw (v,,)(h)/{exp(a)) | a € b} = O(H).

The explicit action of Aut (V) on Irr (V) via the conjugation in Section 2.2]is well-known

(cf. [LS20al, Lemma 2.11] and [Sh04, Proposition 2.9]):

Lemma 2.6. (1) For 0 € Inn(Vy) and M € Irr (Vy), we have M oo = M, that is,
Inn (Vi) C Auto(V).
(2) For o € O(H), we have Vy,p 0 0 = Vi) 1y+u for any A+ H € D(H).

By (22)), [23]) and Lemma 2.6l we have the following.
Lemma 2.7. Aut (V) = Inn (V)™ (Oo(H)) and Aut (Vi) =2 O(H)/Oy(H) = O(H).
3. HoLoMORPHIC VOAS OF CENTRAL CHARGE 24 AS SIMPLE CURRENT EXTENSIONS

Let V' be a (strongly regular) holomorphic VOA of central charge 24. By
[DMO04b], V' satisfies one of the following:
(i) Vi =0;
(ii) V is isomorphic to a Niemeier lattice VOA;

(iii) 1} is a semisimple Lie algebra whose Lie rank rank V; is less than 24.
Note that in (ii) and (iii), the subVOA generated by V; is a full subVOA ([DMO04al

Proposition 4.1]). In this section, we assume (iii), i.e., 0 < rank V; < 24, and explain how
to determine K (V') and Out (V).

Remark 3.1. 1t is conjectured that if (i) holds, then V' is isomorphic to the moonshine VOA
Ve ([FLMSS]). Note that K (V%)(= Aut (V%)) is the Monster simple group and Inn (V%) =
1, which shows K(V*) ¢ Inn (V¥) and Out (V?) = Aut (V*)/Inn (V*) = Aut (V).

If (ii) holds, then K (V') and Out (V') are easily determined by (2.3)); indeed, K(V)) =
C?* and Out (V) = O(A) for the Leech lattice A and K(Vy) = N/Q and Out (Vy) =
O(N)/W(Q) for a Niemeier lattice N with the root lattice @ # {0}. By 24), K (V)
Inn (Vi) for any Niemeier lattice N.

N
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3.1. Commutant of a Cartan subalgebra. Let V be a holomorphic VOA of central
charge 24 with 0 < rankV; < 24. Set g = V; and let h be a Cartan subalgebra of V.
Set W = Comy (). Then Wi = 0. Recall from Corollary 5.8] that the double
commutant of a Cartan subalgebra in a simple affine VOA at positive level is a lattice
VOA. Since the subVOA generated by Vi is a tensor product of simple affine VOAs at
positive level ([DM06a, Theorem 1.1]), the double commutant Comy (Comy (h)) contains
a lattice VOA as a full subVOA; there exists an even lattice L such that

Comy (Comy (b)) = V.

In fact, L is uniquely determined by the Lie algebra structure of g, which will be verified
by the explicit description of L in Section Bl (cf. [Hd, [ELMS21]); L = L, is called the orbit
lattice in [HO]. Hence V' contains V, ® W as a full subVOA, which shows

(3.1) rank L + ey = 24,

where ¢y is the central charge of W. Note that the injective map from V, @ W to V is
given by a ® b — a_1)b for a € Vi, and b € W. By [Mil5], [CM] and [CKLRI9, Section
4.3], W is also strongly regular. In addition, by Lemma 5.2], W satisfies the
positivity condition; indeed, W contains a full subVOA isomorphic to the tensor product
of parafermion VOAs ([DR17]), which satisfies the positivity condition.

It then follows from [Linl7, that W has group-like fusion and

(3.2) (Irr (Vi), qv, ) = (Irr (W), —qw)

as quadratic spaces. Note that O(Irr (W), gqw) = O(Irr (W), —gw) as groups. The VOA
W was essentially identified in [Hd, Theorem 4.7] (cf. [HM22+] Theorem 4.2]) as follows;

note that the necessary assumptions are confirmed in [La20a].

Theorem 3.2. The VOA W 1is isomorphic to the orbifold VOA VAgg for an isometry g of
the Leech lattice A, where g belongs to one of 10 conjugacy classes 2A,2C, 3B, 4C,5B,6F,
6G,7B,8E and 10F, and g is a (standard) lift of ga, € O(Ay). In addition, the conjugacy

class g is uniquely determined by the structure of V.

Remark 3.3. Theorem can also be proved by using the fact that any holomorphic
VOA of central charge 24 is constructed from the Leech lattice VOA by a cyclic orbifold
construction ([ELMS21], Theorem 6.3]).

Theorem 3.4. [Gr98, [Sh04 La20bl, La22+, BLS22+] Let g € O(A) whose conjugacy
class is one of 10 cases in Theorem[3.D. Then the automorphism group of W = Vfg has
the shape as in Table[3 (see [Wi09] for the notation of classical groups). In addition, the
group homomorphism py, in (1) is injective and the index of Aut (W)(= Aut (W)) in

O(Trr (W), qw) is given as in Table[3.
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Remark 3.5. The shapes of some groups in Table [ are recalculated by MAGMA; they
are more precise than the original shapes in the references. We adopt the genus symbol
B,C,...,K of (Irr (W), —qw) and quadratic space structures from [Hd, Table 4].

Table 3: VOAs W = Vfg for g € O(A)

Genus | Class | rankAg | (Irr (W), —qw ) Aut (W) (=2 Aut (W)) O(Trr (W), qw) index
B 24 8 210 GO, (2) GO (2) 1
C 3B 12 3-8 PQg (3).2 GOg (3) 2
D 20 12 2, 104,° 21720 (612 x &3) 21720 (GO, (2) x &3) 211.3.17
E e, 14 25246 221.G07(2) 222 GO7(2) 2
F 5B 16 56 2.PQf (5).2 GO{ (5) 2
G 6E 16 2{63-6 GOF(2) x GOF(3) GOF(2) x GOY (3) 1
H 7B 18 75 PQ5(7).2 GO5(7) 2
I 8E 18 2514 gt 21149 &4 21249 ¢ 2
J 6G 18 244,235 2478:(63) x PQ5(3).2. | 217%:(GOJ (2) x &3) x GO5(3) 4
K 10F 20 2,745+ | 21712 x &3) x GOY (5) 217%:(83 x 63) x GO (5) 3

The following properties of Aut (W)(= Aut (W)) will be used later.

Lemma 3.6. Assume that g € O(A) belongs to one of 10 conjugacy classes in Theorem

B2 Set W=V} .

(1) If the conjugacy class of g is neither 2C, 6G nor 10F, then Aut (W) is a normal
subgroup of O(Irr (W), qw).

(2) If the conjugacy class of g is 3B,4C,6G, 7B or 8E, then Aut (W) does not contain
the —1-isometry of the abelian group Irr (W).

Proof. (1) is obvious from the indexes in Table

Assume that Aut (W) contains the —1-isometry o; we view o as an element of Aut (W).
Then for any M € ITrr (W), M o o is the contragredient module M’ of M. Recall that
the fusion products in Irr (W) are determined in [La20a). In particular, Vi, , = V_yi4,
as W-modules for any A + A, € D(Ay). Then, V}, oo =V, , which shows that o can
be lifted to an automorphism of Vi, ([Sh04, Theorem 3.3]); we fix such an automorphism
of V}, and use the same symbol o. In addition, Viyx, 00 = V_x,,, as Vi, ,-modules for
any A+ A, € D(A,). By 22), (23) and Lemma 2.0, there exists f € O(A,) of order 2
such that o € Inn (Vy,)e™*(f) and f = —1 on D(A). By the fusion products in Irr (W),
the o-conjugate modules of irreducible §*-twisted V, -modules are irreducible §~'-twisted
Vi,-modules. Hence fgf™' = ¢g~'. Then —f is an element in Oy(A,) of order 2 and
(=f)g(=f)"t =g 1. Tt follows from A* = A that for any element A\ + A, € D(A,) there
exists £ + A9 € D(AY) such that (A + Ay, & + A9) appears in A/(A9 @ Ay). Since gjps act
trivially on D(AY) and g € O(A), we see that g preserves every element in A/(A9 & Ay).
Hence g € Oy(A,). Thus, Og(A,) contains the subgroup (f, g) isomorphic to the dihedral

group of order 2|g|.
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By using MAGMA, one can verify the following: if the conjugacy class of g is 3B, 4C'
or 6G, then Oy(A,) is the cyclic group (g); if the conjugacy class of ¢ is 7B, then Og(A,)
has order 21; if the conjugacy class of g is 8E, then Oy(A,) has order 16 but it is not the
dihedral group of order 16. Hence we obtain (2). O

Remark 3.7. If the conjugacy class of g is 5B, then Oy(A,) is a dihedral group of order
10 (JGL11]); in fact, Aut (W) contains the —1-isometry ([La20D]).

Lemma 3.8. Let g € O(A) whose conjugacy class is one of the 10 cases in Theorem[3.2.
Set 0 = 2|g| if the conjugacy class of g is 2C, 6G or 10F, and set { = |g| otherwise. Set
W = V/{?g. Let H be an even lattice satisfying (D(H),qg) = (Irr (W), —qw) as quadratic
spaces. Then H has level £. Moreover, if the conjugacy class of g is 2A, 3B, 5B, 6E or
7B and the rank of H 1is 24 — rank Ay, then VIH* also has level (.

Proof. By the classification of irreducible W-modules (see [La20al), one can see that
¢ is the minimal positive integer such that g (Irr (W)) C (1/€)Z>o. It then follows
from (D(H),qu) = (Irr (W), —gw) that ¢ is also the minimal positive integer satisfying
qu(D(H)) C (1/£)Z>¢. Hence ¢ is the minimal positive integer so that v//H* is even, and
H has level £.

Assume that the conjugacy class of g is 2A, 3B, 5B, 6F or 7B and the rank of H
is 24 — rank A,. Since V/(v/{H*)* = H, the latter assertion follows from the fact that
(1/4/n)H isnot even if n € Z~,. Indeed, if (1/4/n)H is even for n € Zsy, then (1/y/n)H C
VnH*, and hence n**# divides |H*/H| = |Irr (W)|. By Table Bl the only possibility is
n = 1. UJ

Remark 3.9. In Lemma B8 ¢ is equal to || for the (standard) lift § € O(A) of g (cf.
[EMS20), Proposition 7.4]).

3.2. The group K(V). Let V be a holomorphic VOA of central charge 24 with 0 <
rank V] < 24. Let h be a Cartan subalgebra of V. Set W = Comy(h) and V, =
Comy (W) as in Section Bl In this subsection, we describe the group K(V'), defined in
the introduction, in terms of V; and L.

Recall that V;, ® W has group-like fusion. Hence V is a simple current extension of
Vi, ®@W. Since V is holomorphic, for any irreducible V-module V), 1, there exists a unique
irreducible W-module X such that V)., ® X appears as an irreducible V; @ W-submodule
of V' with multiplicity one; let ¢ be the bijection from D(L) to Irr (W) defined by the

following decomposition of V' as a V;, ® W-module:

(3.3) V= @ Vier ® (A + L).
MLED(L)
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Then ¢ is a group isomorphism and p(Viir) + p(@(A + L)) € Z, which shows that ¢ is
an isometry of quadratic spaces from (D(L), qr) to (Irr (W), —qw ). Set

(3.4) Sy = {(Vasz, oA+ L)) | A+ L € D(L)} C Trr (V) x Trx (W),

Since V' is holomorphic, S, is a maximal totally isotropic subspace of (Irr (Vy),qv,) @
(Irr (W), qw). Here a vector is isotropic if the value of the form is zero and a totally
isotropic subspace is a subspace consisting of isotropic vectors. Note that S, = D(L)
as groups. We then view V as a simple current extension of Vi, ® W graded by S;
V' =@es, M. Here (Vasr, o(A+ L)) € S, is regarded as an irreducible V,, ® W-module
Viir ® @(A+ L). Hence the dual S7 = Hom(S,,C*) of S, acts faithfully on V' as an
automorphism group. More precisely, by ([B.4]), we have

(3.5) Sy, = {exp(2nv—1v()) | v+ L € D(L)}.
In addition, by [Sh04, Theorem 3.3], we obtain
(3.6) Sy, ={c€Aut(V)|o=1idon V@ W}.

Proposition 3.10. {0 € Aut (V) | 0 = id on b} = {exp(a() | a € b}. In particular,
K(V) CInn (V).

Proof. Clearly, {o € Aut (V) | 0 =id on b} D {exp(a() | a € b}.

Let 0 € Aut (V) such that ¢ = id on h. Then o preserves the commutant and the
double commutant of b, that is, o preserves both Vi and W. Since o}y, acts trivially
on h C (Vz)1, we have oy, € {exp(a() | @ € b} by (24). By Lemma 2@ (1), o}y, acts
trivially on Irr (V7,), and hence o(Vay,®@p(A 4+ L)) = Vij . @@(A + L) for all \A+-L € D(L).
Since ¢ is a bijection from D(L) to Irr (W), ojw € Aut (W) also acts trivially on Irr (W).
By Theorem 4] the action of Aut (1) on Irr (W) is faithful. Hence we have oy = id.
It follows from (B.6]) that o € S}{exp(a()) | @ € h}. By ([B.0), we have o = exp(u ) for

some u € b. O

Remark 3.11. If V' is isomorphic to a Niemeier lattice VOA, then K (V') C Inn (V) by
Remark B.Il Hence for any holomorphic VOA V of central charge 24 with V; # 0, we
have K (V') C Inn (V'), which proves the first assertion of Theorem [[11

Let Vi = g = @;_, g, where g; are simple ideals, and let k; be the level of g;. Note
that k; € Z~, ([DM0Ga]). The norm of roots in g is normalized so that (a|a) = 2 for any

long roots a.
Proposition 3.12. Let Q' be the root lattice of g; and set Q = @;_, \/—%QZ Then
K(V) ={exp(2nv—1v(p)) | v+ L € Q* /LY

and it is isomorphic to L*/Q as a group.
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Proof. By B3) and h C (V1)1, for z € b, exp(2m/—1xz(p)) = id on V if and only if z € L.
By Proposition B0, we have K(V) C {exp(2mv/—1v()) | v+ L € h/L}.

Recall from [DMOGa] that the subVOA generated by Vi is isomorphic to @Q);_, Lg; (k;, 0),
where Lg, (k;,0) is the simple affine VOA associated with g; at level k;. It was proved in
that Lg (k;, 0) is a simple current extension of Vikai,, @K (9s, ki) as follows:

(3.7) Lg (k;,0) = op Vaevigy,,, ® MO,
NeANVENQ VE QL
where Qfong is the sublattice of the root lattice Q° spanned by long roots, K (g;, k;) is the

parafermion VOA and M are certain irreducible K (g;, k;)-modules.

By (1), for v € b, exp(2my/—1vy) = id on V; if and only if v € Q*. Hence K (V) =
{exp(2mv—1v@)) |v+ L € Q*/L}. Clearly, this group is isomorphic to the dual L*/Q of
Q*/L. O

Remark 3.13. For a short root 8 in the root lattice Q° of g;, we have (3|38) = 2/r;, where

r; is the lacing number of g;. Hence (¢ is not necessarily even.

Later, we use the sublattice

(3.8) Q= P VEQL,,, < L.
i=1
Note that the ranks of both @)y and L are equal to dim b.

3.3. The group Out (V). Let V be a holomorphic VOA of central charge 24 with 0 <
rank V; < 24. Let h be a Cartan subalgebra of V;. Set W = Comy (h) and V;, = Comy, (W)
as in Section 3] In this subsection, we describe Out ('), defined in the introduction, in
terms of V; and L.

As discussed in the previous section, V' is a simple current extension V = @, . s, M.
Hence the fixed-point subVOA of 57 is

(3.9) V% ={veV]ov=0v foralloce S} =V, @W.
It follows that the normalizer of S7 in Aut (V) is given by
(3.10) Nawwy(S) ={o e Aut (V) |o(VL@ W) =V, @ W}
By Theorem 3.3], we obtain
(3.11)  Naw)(S3)/S, = Stabauw (vew) (Sp) = {0 € Aut (VL @ W) | S, 00 = S, }.
Recall that b is the fixed Cartan subalgebra of V. Set
Stabaut (v)(h) = {o € Aut (V) | o(h) = b}, Stabunv)(h) = Stabaus)(h) N Inn (V).

Lemma 3.14. (1) Aut (V) = Inn (V)Stabau (vy(h);
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(2) Out (V') = Stabay (V)(b)/Stablnn (V)(h);'
(3) Naut (v)(S%) = Inn (V)Stabaue v)(h).

Proof. Let 0 € Aut (V). Since all Cartan subalgebras of V] are conjugate under Inn (V;),
there exists 7 € Inn (V') such that 7o(h) = b. Hence 70 € Stabay (v)(h), which proves
(1). Clearly, the assertion (1), Lemma B.10 and the definition of Out (V') imply (2).

It follows from Comy (h) = W and Comy (W) = V7, that Stabay v)(h) preserves V,@W.
Hence by [B.I0), Stabau: (v)(h) C Naw ()(S;). In addition, by Lemma 2.6, Inn (V1) pre-
serves S,,. Hence by ([B.11)), we have Inn (VL) C Nayg (v)(S). Thus Inn (V7,)Stabau vy (h) C
Naw (v (55)-

Let 0 € Nauw (v)(S;). By BI0), o preserves Vi, @ W, and therefore also (V, @ W), =
(V)1 ® 1. Since b is a Cartan subalgebra of (V);, there exists 7 € Inn (V}) such that
To(h) = b. Hence o € Inn (Vy)Stabau vy (h). O

Lemma 3.15. Staba (V)(f))/S;; >~ Stabaut (VL®W)(S<p) N Stabaut (VL®W)(b)-

Proof. By Lemma B.14I (3), Stabays vy (h) € Naw 1) (S3). By GBI, Stabauvy(h)/S; C
Stabau (v, ew) (Sp). Hence Stabau ) (h)/S; C Stabaw v, ew)(S,) N Stabau v,ew)(h).

For o € Stabau (v,ew)(S,) N Stabaut (v,ew)(h), by [B.8) and (B.II)), there exists ¢ €
Naut (v)(S};) such that Gy, ew = o and 6(h) = h. Hence o € Stabausv)(h)/S}. O

It follows from (VL ® W), = (V1)1 ® 1 and Comy, gw ((V2)1 ® 1) = 1 @ W that
Aut (Vi @ W) = Aut (V) x Aut (W).
Hence we obtain the group homomorphism
(3.12) Aut (VL@W) = O(Irr (Vi) qv, ) x O(Ier (W), —qw ), o = (v, (01, ), paw (o1w))-
Here we view juy (o) € O(Iir (W), —g) via O(Ire (W), qi) = O(lrr (W), —qw). By
the injectivity of py (Theorem B4,
Aut (W) =1, Aut (W) = Aut (W);

we often identify Aut (W) with Aut (W). Hence the kernel of the homomorphism (B.12)
is Aut o(V7) x 1. By [B4) and (3I1), we have

Stabaut (v, ew)(Se) = (Aut o(Vr) x 1).{(k, ok~ ") | k € Aut (V1), okep™" € Aut (W)}.

We now identify (Irr (V1,), qv, ) with (D(L), qz). Note that Aut (V) = O(L) (see Lemma
7). Considering the restriction of Stabau (v, ew)(S,) to Vi, we have

(3.13) Stabaue (v, ew) (Sp) = Aut o(V).(O(L) N ¢* (Aut (W))),

where

" (Aut (W) = w_l(A—lig(W))so C O(D(L), qr).



By Lemma 27 (Z3) and BI3), we have
Stabaut (v, ew) (S) N Stabau (v, ew) (h)
={exp(aq)) | a € b} (Oo(L))-(O(L) N g™ (Aut (W))).
By 2.2) and 2.0,
(Stabaut (v, w) (Sp) N Stabau vew) (), = Oo(L).(O(L) N @* (Aut (W)))
= 17 (O(L) N " (Aut (W))).

Let W (V) denote the Weyl group of the semisimple Lie algebra V;.

(3.14)

Lemma 3.16. (1) Stabp, v)(h)/{exp(a(o)) |_a eh} = W'—(Vl)
(2) Stabau v)(h)/{exp(a)) | a € b} = g (O(L) Vg™ (Aut (W))).

Proof. Since V; is a semisimple Lie algebra, Stabp,, (vy(h) acts on b as W (V7). Hence (1)
follows from Proposition B10. Combining Proposition B.I0 and (3.14), we obtain (2). O

By Lemmas B4 (2) and 1G] we obtain the following:
Proposition 3.17. Out (V) = u; ' (O(L) N *(Aut (W))) /W (V4).

As a corollary, we obtain

|O(L)/W (V1) : Out (V)] =

|O(L) : uz (O(L) N ™ (Aut (W)))]
(3.15) ‘

O(L) : (O(L) N ™ (Aut (W)))].

Moreover, we obtain the following:

Lemma 3.18. Assume that the conjugacy class of g € O(A) is neither 2C, 6G nor 10F
and that O(L) and ¢*(Aut (W)) generate O(D(L), qr). Then

[O(L)/W (V1) : Out (V)| = [O(Irr (W), qw) = Aut (W)].

In particular,

(1) if the conjugacy class of g is 2A or 6E, then Out (V) = O(L)/W(V1);
(2) if the conjugacy class of g is 3B, 4C, 7B or 8E, then Out (V) = O(L)/(W(V1), —1).

Proof. By Lemma [B.6 (1), Aut (W) is normal in O(Irr (W), gw). The equation ([B.15) and

the group isomorphism theorem show
|O(L)/W (V1) : Out (V)] = [O(D(L), qr) = 9" (Aut (W))| = |O(Irr (W), qw) = Aut (W)].

The assertion (1) follows from O(Irr (W), qw) = Aut (W) in Table Bl The assertion (2)
follows from Lemma [B.6] (2), Table B and the fact that the —1-isometry in O(L) gives the

—1-isometry in O(L). O
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3.4. Weight one Lie algebra structures and orbit lattices. Let V be a strongly
regular holomorphic VOA of central charge 24 with 0 < rankV; < 24. Then g =V} is

semisimple. Let g = @]_, gi.x,, where g; 5, is a simple ideal with level k; € Z,.

Remark 3.19. The level k; of a simple ideal g; of V; is determined by the following formula

in [Sc93| [DM04al:
R dimV; — 24
(3.16) %W o4

where h; is the dual Coxeter number of g;.

Let b be a Cartan subalgebra of Vi. By Theorem B2 W = Comy (h) = Vfg for some
g € O(A) belonging to the 10 conjugacy classes. In addition, Comy (W) = V, for some
even lattice L. In this subsection, we describe some properties of L by using g = V.

Set £ = 2|g| if g € 2C,6G, 10F and ¢ = |g| otherwise (cf. Remark B.9]). By Lemma 3.8
L has level ¢, and v//L* is an even lattice.

Proposition 3.20. Let Q' be the root lattice of g;; here the norm of roots in g; is nor-
malized so that («|a) = 2 for any long roots « (c¢f. Remark[3I3). Then the even lattice
U = IL* contains

(3.17) P,= @ \/\/kEQ

and rank U = rank P,. Moreover, if the vector v =

\/\/k;iﬁ associated with a root 5 of g; s
primitive in U, then v is a root of U.
Proof. Recall that the ratio of the normalized killing form on g; and the bilinear form
(])on L Cbisk. Hence @ ,(1/Vk;)Q" is the set of weights for h of the subVOA
generated by V; with respect to the bilinear form ( | ) (see also (87)). By [B3), we have
(1/v/k;)Q" C L*, which shows the former assertion (cf. the proof of Proposition B.12).
Set r3 = 1 (resp. rg = ;) if B is long (resp. short), where r; is the lacing number
of g;. Then rgf belongs to the even lattice Qfong generated by long roots of (%, and
VEirgB € VEiQjpn, C L (see B)). In addition, (v|v)/2 = ¢/(ksrg). Hence

1 vy 1 (v[v)
U—kﬂ’g ; kirgB € 5 \/ZL_ 5 U*.

Thus the reflection o, preserves U, and v is a root of U. 0
Remark 3.21. The lattice P, is equal to \/Z@, where @ is defined in Proposition [3.12]

By the classification of irreducible W-modules (cf. [La20a]), we obtain the following

lemma:
21



Lemma 3.22. (cf. [La20a]) Assume that the conjugacy class of g is 2A,3B,5B or 7B.
Let M be an irreducible W-module. If M is not isomorphic to W, then p(M) > ({ —1)/¢
and p(M) € (1/0)Z. Moreover, if p(M) € ({ —1)/0+ Z, then p(M) = (¢ —1)/¢.

Proposition 3.23. Assume that the conjugacy class of g is 2A, 3B, 5B or 7TB. Then
U = VIL* is a level ¢ lattice. Moreover, the root system of U and the root system of

the semisimple Lie algebra Vi = g have the same type. In particular, the sublattice Py in
BIT) of U is generated by roots of U.

Proof. By Lemma 3.8 U has level ¢. Since W; = 0 and ¢ is prime, by (B3] and Lemma
B.22, we have
(3.18) Vi=(Vph @1d @ Vi)t ® oA+ L)1-1ye,
min(A\+L)=2/¢

where min(A + L) = min{(z|z) | x € A+ L}. Then the roots of V; with respect to h are
given by

{a e L|{ala)=2}U{aec L"| {ala) =2/(}.
We can rewrite it as follows:

{aetUr CcU| (alay =20} U{a € U | (a|a) = 2}.

By Lemma 22 this set is R(U). Since £ is prime, for any root 3 € @, the vector
(vV0/\/k;)$ is primitive in U = v/¢L*. Hence by Proposition B.20, the root systems of V;
and R(U) have the same type. The last assertion also follows from Proposition 3200 [J

3.5. Schellekens’ list and isometries of the Leech lattice. Let V' be a holomorphic
VOA of central charge 24 such that 0 < rankV; < 24. Set g = V4. Then g is one of
46 semisimple Lie algebras in Schellekens’ list ([Sc93]). Let b be a Cartan subalgebra
of g. By Theorem B2l W = Comy (h) = Vfg for some g € O(A) belonging to the 10
conjugacy classes. In addition, the conjugacy class of ¢ is uniquely determined by g,
which is summarized in Table [ (see also [Hd, Tables 6-15] and [ELMS21], Table 2]). Here
the symbol X, denotes (the type of) a simple Lie algebra whose type is X,, and level is
k.

Table 4: Weight one Lie algebras of holomorphic VOAs of
central charge 24 associated with Vig for g € O(A)

Genus | Class | # of L | # of 1} Weight one Lie algebra structures

9
D92 Az71, Cs1Fiy, Er2Bs1Fy1, Cr01Bs1, Bs1Es2

16 4 4 2 4 2 2 2 2 2
B 2A 17 17 A1727 A372A1’17 D472B271, A5’2C2’1A2’1, D5720271A2717 A772C371A371,
4 2 2 2
0471, D672C4713371, A972A4713371, E6720571A571, D872.B471, 06,134,17
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C 3B 6 6 AS 3, As3Dy3AY |, Ag3A3 |, Eg3G3,, Dr3As1Gay, ErsAs
D 2C 2 9 A%,%l’ BSQ, B§72, 3272, Bg72, 31272, D474A%72, 04721442172, A872F472
E 4C 5 5 A3 A1, D5 uCs0A3 |, A74AY |, EgaAs1Bs 1, CraAs)

F 5B 2 2 A% 5, DesAf )

G 6L 2 2 As6B2,3A1,2, C53G22411

H | 1B | 1 1 At

I | sE | 1 1 Dss A

J 6G 1 2 Dy12A26, FieAzo

K | 10F]| 1 1 Ci10

Remark 3.24. Tt would be possible to classify orbit lattices by the rank and the quadratic
space structure on the discriminant group; in fact, the number of isometric classes of orbit
lattices is given in [Hd, Table 4] (see Table d]). We will explicitly describe the orbit lattice
Ly corresponding to g in Section Bl Note that the orbit lattices have been described in
[HG] by using Niemeier lattices.

Remark 3.25. By Table dl we observe
! = lcm({rlkl, 7"2]{?2, e ,Ts]fs}),

where r; is the lacing number of g; and ¢ = 2|g| if g € 2C,6G, 10F and ¢ = |g| otherwise
(See also Remark [39)).

4. INEQUIVALENT SIMPLE CURRENT EXTENSIONS

Let W be one of the 10 VOAs in Theorem and let L be an even lattice satisfying
BI) and (32). In this subsection, we determine the number of holomorphic VOAs of
central charge 24 obtained as inequivalent simple current extensions of V;, ® W based on
the arguments in [Hd|.

Let O be the set of all isometries from (D(L), qr) to (Irr (W), —qw ). For ¢ € O,

Vy = @ Vier @ YA+ L)
A+LeD(L)

has a holomorphic VOA structure of central charge 24 as a simple current extension of
Ve @ W ([EMS20, Theorem 4.2]). Define Sy, = {(Vagr, (A + L)) | A+ L € D(L)} as in
B4).

Let f € Aut(W), h € O(L) and ¢ € O. Then f o o h also belongs to O and
Stopon © (hy, f71) = Sy,. Hence (h, f~1) induces an isomorphism between the holomorphic
VOAs Vy, and Vioyon. Conversely, we assume that ¢,v" € O satisfy V,, = V,, as simple
current extensions of V;, ® W, that is, there exists an isomorphism ¢ : V,, — Vi such that

EVL@W) =V, ®W. Then S, and Sy are conjugate by the restriction of £ to Vi, ® W.
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Note that Aut (V, @ W) = Aut (V) x Aut (W) and Aut (V) is identified with O(L)
(see Lemma 2.7)). Therefore, the number of holomorphic VOAs obtained by inequivalent
simple current extensions {V,, | ¢ € O} of V, ® W is equal to the number of double cosets

mn

Rut (W)\O/O(L).

Remark 4.1. In general, inequivalent simple current extensions may become isomorphic
VOAs. Fortunately, in our cases, this does not happen; see Propositions 3], 5.7, (.15
018 B.24] and [£.29

Now fix an isometry i € O. Then i*(h) = i ' ohoi € O(D(L),qy) for any h €
O(Irr (W), —qw ). We consider the double cosets in i*(Aut (W))\O(D(L), q;) /O(L). Note
that io f € O for any f € O(D(L),qz). Conversely, i~' o) € O(D(L), qr) for any ¢ € O.
Therefore, 7 induces a bijective map between O and O(D(L), qr), which gives the following:

Proposition 4.2. [Hd, Theorem 2.7] Let ©,¢)' € O. Then v and ¢’ are in the same
double coset of Aut (W)\O/O(L) if and only if i—* o1p and i~* o1}’ are in the same double
coset of i*(Aut (W))\O(D(L), q1)/O(L). In particular, the number of inequivalent simple
current extensions in {V,, | ¢ € O} is equal to |i*(Aut (W))\O(D(L), qr)/O(L)|.

The following proposition proves the conjecture [Hd, Conjecture 4.8] for six conjugacy

classes. The other four cases will be discussed in Section Bl Some cases were discussed in
[H3, Remark 4.9].

Proposition 4.3. Let g € O(A) such that W = V[{}g. Assume that the conjugacy class of
g is2A, 3B, 4C, 6E, 7B or 8E. Then, for each L satisfying (B1)) and [B.2]), there exists
exactly one holomorphic VOA of central charge 24 obtained as a simple current extension

of Vi, @ W, up to isomorphism.

Proof. By Proposition 2] it suffices to show that [i*(Aut (W))\O(D(L),qr)/O(L)| = 1,
that is, *(Aut (W))O(L) = O(D(L), q1.).

If the conjugacy class of g is 24 or 6, then the assertion is obvious since i*(Aut (W))
Aut (W) = O(D(L), qr,) by Table Bl

If the conjugacy class of g is 3B, 4C, 7B or 8F, then |O(D(L), qz) : i*(Aut (W))| = 2
by Table[3l In addition, the —1-isometry of D(L) belongs to O(L) but it does not belong
to i*(Aut (W)) by Proposition B.6] (2). Hence we obtain the desired result. O

~

The following lemma, which will be used to determine the number of double cosets, is

probably well-known.

Lemma 4.4. Let G be a finite group and let G, Gy be subgroups of G. Suppose Ng(G3) =
Gy. Then a,a’ are in the same double coset of Go\G /Gy if and only if bta  Geab =

a'~tGya’ for some b € G.
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Proof. Suppose a’ € GoaGGy. Then d’ = asaa; for some a; € G and ay € G5. Then
a " Gyd' = ayta " ay 'Ghazaar = a;t (a7 Gha)ay.

Conversely, we suppose @'~ 'Gya’ = a;'a 'Gyaa, for some a; € G;. Then Gy =
d'a;ta " Gyaara’t. Since Ng(Gy) = Gy, we have aaya’™' = ay € Gy and a' = a; 'aa; as

desired. O

Remark 4.5. Under the same assumptions as in Lemma [£.4], the number of double cosets
of Go\G/G is equal to the number of Gi-orbits on the set {a™'Gaa | a € G} of all
subgroups of G' conjugate to G2 by conjugation.

5. AUTOMORPHISM GROUPS OF HOLOMORPHIC VOAS OF CENTRAL CHARGE 24

Let V be a (strongly regular) holomorphic VOA of central charge 24 with 0 < rank V} <
24. Fix a Cartan subalgebra b of V;. By Theorem B2 W = Comy (h) = VAgg for some
g € O(A) belonging to the 10 conjugacy classes. Note that Comy (W) is a lattice VOA
V, and the conjugacy class of ¢ is uniquely determined by the Lie algebra structure of V;
(see Table d)). In addition, V' is a simple current extension of Vi, @ W.

In this section, by using the Lie algebra structure of g = V; in Schellekens’ list, we
describe the orbit lattice L explicitly, which implies that L = L is uniquely determined
by g, up to isometry. For each g, we also determine the group structures of K (V') and
Out (V) based on the case-by-case analysis on W and L,. For the conjugacy classes
of g that we have not dealt with in Proposition 3] we also determine the number of

holomorphic VOAs obtained as inequivalent simple current extensions of V;, @ W.

Remark 5.1. Based on a similar method, some partial results for the conjugacy classes
2A,3B,5B and 7B and 2C were obtained in [LS17] and [HS14], respectively.

Remark 5.2. In the tables of this section, &,,, 2,, and Dih,, denote the symmetric group of

degree n, the alternating group of degree n and the dihedral group of order n, respectively.

5.1. Conjugacy class 2A (Genus B). Assume that g belongs to the conjugacy class 2A
of O(A). Then O(Irr (W), qw) = GO, (2) = Qf,(2).2. By Table B, Aut (W)(=2 Aut (W))
has the shape GOY;(2), which is the full orthogonal group O(Trr (W), qw ).

Since the central charge of W is 8, L is an even lattice of rank 16 such that (D(L), qr) =
(Irr (W), —qw). Then D(L) = Zi°. Set U = /2L*. Then D(U) = Z$, and by Proposition
23 U is a level 2 lattice. Such lattices U were classified in [SVO1]. Furthermore that can
now be verified easily using MAGMA. More precisely, it was proved in [SV01, Theorem 2]
(see also [HS14, Remark 3.12]) that there exist exactly 17 level 2 lattices of rank 16 with
determinant 2° up to isometry and they are uniquely determined by their root system (see

Table [). Their isometry groups are determined by MAGMA as in Table Bl Hence there
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are 17 possible lattices for L = +/2U*; indeed, they satisfy (D(L),qr) = (Irr (W), —qw ).
Note that O(L) = O(U).

Table 5: Level 2 lattices of rank 16 for the case 2A

R(Uy) Uy/ Py | O(Uy)/ W (E(Uy)) O(U,)
AlS Z5 AGL4(2) W(A1) VAGL4(2)
AS(V2ANY | Z3 x 7, W(D,) (W (A3)* x W(A)Y.W(Dy)
D30y 73 2 x &y (W(Dy)? x W(Cy)").(2 x &)
A2(V245)%Cy | Z3 X Zg Dihg (W (A5)? x W(A3)? x W(Cy)).Dihg
A7(V2A3)C2 | Zy x 7y 72 (W (A7) x W(A3z) x W(C3)?).Z2
D2(v/2A3)? A Dihg (W (D5)? x W (As3)?).Dihg
Cy Lo Sy W(Cy) 164
DgC,B? 73 Zy (W(Dg) x W(Cy) x W(B3)?).Zy
Ag(vV2A4)Bs | 7y Zs (W (Ag) x W (Ay) x W(B3)).Zs
Es(v/245)Cs Zg Zs (W(Es) x W(As) x W(Cs)).Z,
Dy B? 73 Zy W (Dg) x W(By) 1 Zy
C2B, Zy Zy W(Cs) 12 x W(By)
Dy(v/2457) Zg Zs (W(Dg) x W(Az)).Z,
CsF? 1 Zy W(Cg) x W(Fy) 1 Zs
E;BsF, Zo 1 W(E;) x W(B5) x W(Fy)
C10Bs Zy 1 W(Cho) x W(Bg)
EsBg Zy 1 W (Bg) x W (E)

Let g be one of the 17 Lie algebras in Table [] corresponding to 2A. By Proposition
B23, the root system R(U) of U = v/2L* is uniquely determined by g as in Table 6l As
we mentioned, U is also uniquely determined by g; we set Ly = L and Uy = U. Let P, be
the sublattice of U, generated by R(U,) as in (B.17) (see also Proposition [3.23)).

Proposition 5.3. Assume that the conjugacy class of g is 2A.
(1) K(V)=Uy/Fy.
(2) Out (V) = O(Uy) /W (R(Uy)).-

Proof. By Proposition B.12, we have K (V) = L;/ Q. Tt follows from the definition of P,
that Py, = v/2Q (cf. Remark B2I)), which proves (1). By Proposition B23] we obtain
W (Vi) = W(R(Uy)). Hence (2) follows from Lemma B.I8 (1). O

By the proposition above and Table [ we obtain the group structures of K (V) and
Out (V) for all 17 cases, which are summarized in Table [Gl
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Table 6: K (V') and Out (V) for the case 24

Genus | No. g=W R(Uy) Out (V1) Out (V) | K(V)
B 5 AT AjS S AGL4(2) 75
16 A3, AT Ad(V2A)4 (Z216,) x &4 W(D,) |Z3x 7,
25 | Di,C5, D2Cy (G316,) x &, Zo x &, 73
26 | A2,C51A43, | ARCo(V2A2)? | (Zo1 &) X (Z216s) | Dihg | Zs x Zg
31| D2,A2, | D2(v245)? | (Z216s) x (Z215) | Dihg 72
33 | A72C3, A3, | A7C3(V2As) Zy x Gy X 7 72 Zo X Ly
38 ct, ! &, &, Zs
39 | Ds2Ci1B2, | DsCyB2 Zo x Gy Z 72
40 | AgpAs1Bsy | Ag(vV2A4)Bs Lo X Ly La Zo
44 | Eg2C51 A5, EGCS(\/§A5) Ly X Ty Lo L
47 | Ds»B2, DyB? Zo x Gy Z 72
48 | C2,By, C2B, &, Z Z
50 Dy s A7, Dy(V/247) Ly X Ty Lo Zg
52 | CsiF2, CyF? Z, Z, 1
53 | Er2Bs51Fy E:Bs5F) Ly 1 Ly
56 C101Bs1 C10Bs 1 1 Ly
62 | Bs1Fss BsF 1 1 Z,

Remark 5.4. The groups K (V') and Out (V') have been determined in [Sh20] if
g€ {A%, A3, A, D} ,B;,, D3, AS,,Cly Do 2 B3 1Cay, Ds 2 B 1, Do2 Az}
by using the explicit construction of V.

5.2. Conjugacy class 3B (Genus (). Assume that g belongs to the conjugacy class
3B of O(A). Then O(Irr (W), qw) = GOg (3) = 2 x PQg(3).2. By Table Bl Aut (W)(=
Aut (W)) has the shape PQg (3).2, which is an index 2 subgroup of O(Irr (W), qw).

Since the central charge of W is 12, L is an even lattice of rank 12 such that (D(L), q) =
(Irr (W), —qw). Then D(L) = Z§. Set U = +/3L*. Then D(U) = Z4, and by Proposition
B.23 U is a level 3 lattice. Such lattices U were classified in [SV01]. Furthermore that can
now be verified easily using MAGMA. More precisely, it was proved in [SV01, Theorem 3|
that there exist exactly 6 level 3 lattices of rank 12 with determinant 3* up to isometry,
and they are uniquely determined by their root system (see Table [7]). Since O(U) is
a subgroup of the automorphism group of the root system R(U), its shape is easily
determined as in Table [l Hence there are 6 possible lattices for L = v/3U*; indeed, they
satisfy (D(L),qr) = (Irr (W), —qw). Note that O(L) = O(U).
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Table 7: Level 3 lattices of rank 12 for the case 3B

R(U,) Ug/ By | O(Uy) /W (R(Uy)) O(Uy)
AS Zs Zo % G (W(A2)186).Zs
AsDy(V3A)? | 73 Dihys (W (As) x W(D,) x W(A;)?).Dihy
Ag(v/345)? 72 72 (W (Ag) x W(Ay)?).Z3
E¢G3 1 Zo X Gy (W(Eg) x W(G2) 1 63).Z,
D;(V/3A3)Gy | Zy Zo (W (D7) x W(A3) x W(G5)).Zs
E7(V/345) Zs Zo (W(E7) x W(As)).Zs

Let g be one of the 6 Lie algebras in Table Ml corresponding to 3B. By Proposition
323 the root system of U = +/3L* is uniquely determined by g as in Table As we
mentioned, U is also uniquely determined by g; we set Ly = L and Uy, = U. Let P, be
the sublattice of U, generated by R(U,) as in (B.17) (see also Proposition [3.23)).

Proposition 5.5. Assume that the conjugacy class of g is 3B.
(1) K(V)=Uy/Fy.
(2) Out (V) = O(Uy)/ (W (R(Uy)), —1).

Proof. By Proposition B.12, we have K (V) = L;/ Q. Tt follows from the definition of P,
that P, = V3Q (cf. Remark B21]), which proves (1). By Proposition B:23, we obtain
W (Vi) = W(R(Uy)). Hence (2) follows from Proposition B.I7 and Lemma B.18 (2). O

The group structures of K (V) and Out (V') are summarized in Table

Table 8: K(V') and Out (V') for the case 3B

Genus | No. g=W R(Uy) Out (V1) Out (V) | K(V)
C 6 AS AS 751 &g S Zs

17 | As3DysA3 | AsDy(V3A1)? | Zy x G5 x &3 | G 73

27 | Ag3Al, As(V3A)? |2y x (Z218y) | Zy 72

32 E673G2713 EGG% ZQ X 63 63 1
34 D773A371G2’1 D7(\/§A3)G2 Z2 X Z2 1 Z4
45 Fr 345, E(V/3A45) Ly 1 L

5.3. Conjugacy class 5B (Genus F'). Assume that g belongs to the conjugacy class
5B of O(A). Then O(Irr (W), gw) = GOZ(5) = 2.PQ(5).22. By Table Bl Aut (1W)(=
Aut (W)) has the shape 2.PQZ (5).2, which is an index 2 subgroup of O(Irr (W), qw) not

isomorphic to SO{ (5).
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Since the central charge of W is 16, L is an even lattice of rank 8 such that (D(L), qr) =
(Irr (W), —qw). Then D(L) =2 Z8. Set U = +/5L*. Then D(U) =2 Z2, and by Proposition
B.23, U is a level 5 lattice. Note that O(L) = O(U).

By Table H the Lie algebra structure of g = V; is A7 ; or DgsA7,. By Proposition
B23, the root lattice P, of U is isometric to A2 or Dg(v/5A?2), respectively. It is easy to
see that U is uniquely determined as an overlattice of F,; we set Uy = U and Ly = L.
Since O(U) is a subgroup of the automorphism group of the root system R(U), its shape

is easily determined as in Table [0

Table 9: Level 5 lattices of rank & for the case 5B

g=W R(Uy) Uy/ Py | O(Uy) /W (R(Uy)) O(Uy)
Ai5 AZ 1 Dihg (2 x W(Ay)) 16,
D675A%1 D6(\/§A%) Z% 62 (W(DG) X W(A1)2)2

Lemma 5.6. The subgroups O(L,) and ¢*(Aut (W)) generate O(D(Ly), qr,)-

Proof. Let ¢ be the isometry from (D(Ly), qr,) to (Irr (W), —qw) satistying (3.3]). Recall
that ¢*(Aut (W)) is an index 2 subgroup of O(Irr (W), qw) = GO (5) not isomorphic
to SO¢ (5) and that O(Irr (W), qw) = O(Irr (W), —qw ). If the root system R(U,) is A%
or Dg(v/5A41)2%, then O(Ly) =2 (2 x W(A4)) 165 = GO3(5)1 6, or Z5:66 =2 GO, (5) 1 &,
respectively. In both cases, O(L,) is a maximal subgroup of O(D(Ly),qr,) (cf. [Wi09]
Theorem 3.12]), and hence O(Ly) and ¢*(Aut (W)) generate O(D(Ly), qr, ). O

By Proposition and Lemma [5.6], we obtain the following:

Proposition 5.7. Assume that the conjugacy class of g s 5B. Then, for each L, there
exists exactly one holomorphic VOA of central charge 24 obtained as a simple current

extension of Vo @ W, up to isomorphism.

Proposition 5.8. Assume that the conjugacy class of g is 5B.
(1) K(V) = Uy/Fy.
(2) Out (V') have the shapes in Table[I0.

Proof. By Proposition B.12, we have K(V) = L/ Q. Tt follows from the definition of P,
that P, 2 v/5Q (cf. Remark B2T)), which proves (1).

Next, we determine Out (V). By Proposition B.23] we obtain W (V;) = W(R(U,
Proposition B.I7 and Lemmas and 0.6, we have |O(Ly)/W (R(U,)) : Out (V)
Hence |Out (V)| =4 or 1 if R(U,) = A2 or Dg(\/5A;)?, respectively.

Assume that R(U,) = A3. Note that O(L,) = O(L,) and that O(Lgy) N ¢*(Aut (W))

contains W(R(U,)) = &5 x G5 as a subgroup. Checking possible index 2 subgroups of
29
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O(Lg) obtained as O(Lg) N @*(Aut (W)), one can verify that O(Lg) N ¢*(Aut (W)) has
the shape 2 x (6516,) by using MAGMA. Hence Out (V') = Z32 by Proposition B.I71 [

The group structures of K (V) and Out (V') are summarized in Table [I0L

Table 10: K(V) and Out (V') for the case 5B

Genus | No. | g=V; R(Uy) | Out (V)| Out (V)| K(V)
F 9 A A2 Lol Gy 72 1
20 D675A%71 Dﬁ(\/gA%) ZQ X 62 1 Z%

Remark 5.9. The even lattice U is a level 5 lattice of rank 8 (see Proposition [B.23)
and (D(U), qu) is a 2-dimensional quadratic space over Zs of plus type. By using these
properties, one could prove that the root system of U is A2 or Dg(v/5A2).

5.4. Conjugacy class 7B (Genus H). Assume that g belongs to the conjugacy class
7B of O(A). Then O(Irr (W), qw) = GO5(7) = 2 x PQ5(7).2. By Table B Aut (W)(=
Aut (W)) has the shape PQ5(7).2, which is an index 2 subgroup of O(Irr (W), qw).

By Table [l the Lie algebra structure of g = V; is Ag7. Since the central charge of
W is 18, L is an even lattice of rank 6 such that (D(L),qr) = (Irr (W), —qw). Then
D(L) = 73. Set U = \/TL*. Then D(U) = Z; and by Proposition B.23, U is a level 7
lattice. In addition, the root system R(U) of U is Ag. Hence U = Uy = P, = Ag, and
L = L, = /TA;. The isometry group of U, is summarized in Table [Tl

Table 11: Level 7 lattice of rank 6 for the case 7B

g="Vi| R(Uy) | Uy/ Py | O(Uy) /W (R(Uy)) O(Uy)
A677 A6 1 ZQ Zg X W(AG)

Proposition 5.10. Assume that the conjugacy class of g is TB.
(1) K(V) = Uy/Fy.
(2) Out (V) =1

Proof. By Proposition B.12] we have K(V) = L/ Q. Tt follows from the definition of
P, that P, = V7Q (cf. Remark B2T)), which proves (1). By Proposition 323, we have
W (Vi) = W(R(U,)). Hence (2) follows from Proposition BI7 and Lemma (2). O

The group structures of K (V') and Out (V') are summarized in Table [[2]

Table 12: K(V') and Out (V') for the case 7B

Genus | No. | g = Vi | R(Uy) | Out (V1) | Out (V) | K(V)
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H | 11| Asr | 4 Zs 1 1

Remark 5.11. The lattice U is an even lattice of rank 6 with D(U) = Z;. By using this
property, one could prove that U =2 Ag.

5.5. Conjugacy class 2C' (Genus D). Assume that g belongs to the conjugacy class 2C'
of O(A). Then O(Irr (W), gw) = 2172°.(GO1,(2) x &3). By TableB], Aut (W)(= Aut (W))
has the shape 2172°.(&, x &3). Since &1 is a maximal subgroup of GOy,(2) ([ATLAY]),

Aut (W) is also a maximal subgroup of O(Irr (W), g ) and it is self-normalizing.

Remark 5.12. Set Q@ = {1,2,...,12} and X = {A C Q| |[A| =0 (mod 2)}/{0,Q}. Then
X is a 10-dimensional vector space over Fy by the symmetric difference. In addition,
X has the quadratic form of minus type defined by A — |A|/2 (mod 2) (cf. [ATLAS,

page 147]). Since G5 naturally acts on X' and it preserves the quadratic form, we obtain

G C GOl_O(Q)

It was proved in Theorem 2.8] that (Irr (W), qw) = (D(V2D12), q3p,,)- Since
the central charge of W is 12, the rank of L is 12. Note that (Irr (W), —gw) = (Irt (W), qw)
and that (D(L), qr) = (Irr (W), —qw ).

Lemma 5.13. Let H be an even lattice of rank 12 such that (D(H), qu) = (D(v2D12),4.5p,,)
as quadratic spaces. Then H =2 \/2D1y or /2Eg\/2D,.

Proof. Tt follows from D(H) = Z1° x Z2 and rank H = 12 that (1/2)H C H*. In addition,
it also follows from q sy, . ((1/2)(V2D12)) C Z that gy ((1/2)H) C Z. Hence (1/vV2)H is
even. Since D((1/v/2)H) = Z2 and the rank of (1/v/2)H is 12, there exists an odd uni-
modular lattice of rank 12 whose even sublattice is (1/4/2)H. Since any odd unimodular
lattice of rank 12 is isometric to Z'? or FEsZ* (cf. [CS99]), we have (1/v/2)H = D, or
EgDy 0J

By this lemma, we have L = /2D, or L = /2E3\/2D,. We will discuss each case in

the following subsections.

5.5.1. Case L = \/2Dy,. In this case, yuy, is injective, that is, O(L) = O(L) = 2'2.81,.
Recall that O(D(L),qr) = O(Irr (W), qw) = 21720 (GO,(2) x G3). Note that O(L) N
O9(O(D(L), q1)) = 2!, where Oy(O(D(L), q1)) = 217 is the maximal normal 2-subgroup
of O(D(L),qr). Fix an isometry ¢ : (D(L),qr) — (Irr (W), —qw). By Lemma 4] and
Remark .5 the number of double cosets of

i*(Aut (W)\O(D(L), 1)/ O(L)

is equal to the number of 2'2.&,-orbits on the set of all O(Irr (W), g1 )-conjugates of the

subgroup 27 (&15 x &3). Since 217*.&3 is a normal subgroup of O(Irr (W), gw) and
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the quotient of O(Irr (W), qw) by this normal subgroup is GO{,(2), this number is also
equal to the number of &9-orbits on its conjugates in GO;(2). By Remark 5.12] there is
a natural embedding &2 C GOy,(2), and by [ATLAS| page 147] (cf. [HS14, Remark 2.9]),
there exist six Gi9-orbits on its conjugates in GO;y(2). Hence we obtain the following
lemma.

Lemma 5.14. There exist exactly 6 double cosets in i*(Aut (W))\O(D(L), q1)/O(L).

By Proposition and the lemma above, we obtain 6 holomorphic VOAs of central
charge 24 as inequivalent simple current extensions. In fact, their weight one Lie algebras
are non-isomorphic, which is discussed in [HS14, Remark 2.12] and [Hd, Table 8] (see
Table [[3] for the Lie algebra structures). Hence we obtain the following:

Proposition 5.15. Assume that the conjugacy class of g is 2C and that L = /2D1s.
Then there exist exactly 6 holomorphic VOAs of central charge 24 obtained as inequivalent

simple current extensions of Vi, @ W, up to isomorphism.

In [ATLAS| Page 147], the shapes of the 6 subgroups of GOjy(2) obtained as the
intersection of two maximal subgroups isomorphic to &5 are described. These groups
appear as the quotient of O(L) N ¢*(Aut (W)) by O5(O(L)) = 2'2 for isometries ¢ from
(D(L),qr) to (Irr (W), —qw ). By Proposition BT, we obtain Out (V') as in Table I3 For
any weight one Lie algebra structure in Table[I3] we have Q = (1/v/2)Z'2. By Proposition
and L* = (1/v/2)D5,, we have K(V) = Z,.

Table 13: K (V) and Out (V) for the case 2C and L =
V2D1,

Genus | No. | Vi | O(L)ne*(Aut (W)) | W(V;) | Out(V;) | Out (V) | K(V) ‘
D 2 A%’24 212 M W(A;)"2 GIPS Mo Lo
12 Bg,z 22.(Z3 : &5) W(B,)° Ss Ss Lo
23 B§‘72 212 (&3512,) W (B3)* G A, Zs
29 32,2 212.(64163) W(B,)? S; S, Zs
A1 | B, 2"2.(6622) W(Bg)? S, Ly Lo
57 | Bias 212.G,, W(Bw) | 1 1 Zs

Remark 5.16. For the cases in Table [[3] the groups K (V) and Out (V') have been deter-
mined in [Sh20] by using the explicit construction of V.

5.5.2. Case L = \/2E4\/2D,. In this case, O(L) = O(Dy) x O(Eg) =2 ((2'71.63):63) x

2.GOZ(2). In addition, Oy(L) is generated by the —1-isometry of v/2Eg and O(L)
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O(Dy)x(O(Eg)/{—1)) = ((2'71.63):63) x GOZ (2). We can rewrite as O(L) = 2+ ((&S3x
GO{ (2)) x &3), which corresponds to the shape of O(Irr (W), gw) =2 21720 (GO (2) x S3).

Fix an isometry i : (D(L),qr) — (Irr (W), —qw ). By LemmaZ4] the number of double
cosets is equal to the number of 2'7.((&3 x GOZ (2)) x &3)-orbits on the set of conjugates
of 2172 (&), x &3). It follows from Oy(O(Trr (W), gy )) = 247 that the number is also
equal to the number of (&3 x GOy (2))-orbits on the set of conjugates of the subgroup
G2 C GO,(2).

Lemma 5.17. There exist exactly 3 double cosets in i*(Aut (W))\O(D(L), qz)/O(L).

Proof. Recall from Remark the construction of a 10-dimensional quadratic space X
over Fy of minus type with natural embedding &5 C GOy(2). It is well-known (cf.
[ATLAS| [Wi09]) that the stabilizer in GO1,(2) of a non-singular 2-space of minus-type is
a maximal subgroup of the shape &3 x GOgZ (2). By the definition of the quadratic form
in Remark [5.12, non-singular vectors of X are 2-sets or 6-sets modulo {0, 2}. Then there
exist exactly three orbits Q; (i = 1,2, 3) of non-singular 2-spaces of minus type in X under
the action of G15. Here the non-zero vectors of Q1, Q,, Q3 are three 2-sets, three 6-sets,
or one 2-set and two 6-sets, respectively. One can then deduce that there exist exactly 3
(&3 x GOZ (2))-orbits on the set of conjugates of the subgroup G5 C GO,(2). O

By Proposition and this lemma, we obtain 3 holomorphic VOAs of central charge
24 as inequivalent simple current extensions. In fact, their weight one Lie algebras are
non-isomorphic, which is discussed in [HS14, Remark 2.12] and [Hd, Table 8] (see Table

[[4] for the Lie algebra structures.) Hence we obtain the following:

Proposition 5.18. Assume that the conjugacy class of g is 2C and that L = /2Eg\/2D,.
Then there exist exactly 3 holomorphic VOAs of central charge 24 obtained as inequivalent

simple current extensions of Vi, @ W, up to isomorphism.

Table 14: K (V) and Out (V) for case 2C' and L 2 v/2Eg\/2Dy

| Genus [ No. | vi | 5z (O(L) ng* (Aut (W) | W (V1) | out(v)) [ou(v) | KWV |
D 13 | DaaA3, | 2.(W(Da) x W(A2)*).64) | W(Da) x W(A2)* | 63 X Z2164 | 2.64 72
22 | CupA?, W(Cy) x 2.(W(A4)?).2 W (Cy) x W(Ay)? 72163 Za Zs
36 | Asalu> 2.(W(Ag) x W(Fy)) W (Ag) x W(Fy) Ly Ly Z3

Let Q; (1 = 1,2,3) be non-singular 2-spaces of minus type in X given in the proof of
Lemma 5. 17 Then the stabilizers of Q;, Qs and Q3 in &5 are G353 X &y, 6316, and &, X
G511 6., respectively. Let ¢; be an isometry from (D(L), qr) to (Irr (W), —qw ) associated
with @;. Then O(L) Ny} (Aut (IW)) has the shapes 21+4.(S3 x &¢).G3, 2174.(6316,).63

and 2. (G, x G516,).63, respectively. By the shapes of these groups, the corresponding
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Lie algebra structures of V; are AgoFy o, D474A§,2 and C’472Ai2, respectively. Note that the
Weyl groups of the simple ideals of type Fy 2, Dy4 and Cyo act as the diagram automor-
phism group &3 on /2D, C L, respectively. The group p;*(O(L)Ng: (Aut (W))) is a cen-
tral extension of O(L)Nep}(Aut (W)) by Og(L) =2 Zy. Since u; ' (O(L)Np;(Aut (W))) con-
tains W (V}), we can rewrite the shapes of ;' (O(L)Ng; (Aut (W))) as 2.(W (Ag) x W (Fy)),
2.(W(Dy) x W(A)Y).64 and 2.(W(Cy) x (W(A4)?).2), respectively. Note that for the
case Cy2A7,, the subgroup 2.(W(A4)?).2 is the stabilizer in O(Es) of the sublattice A}
of Fg, and its quotient by W (A,)? is isomorphic to Zs. Hence we obtain the shape of
Out (V) as in Table [[4] by Proposition B.I7

Recall that L* = (1/+/2)D;(1/v/2)Es. If the Lie algebra structure of Vi is AgoFyo,
CupA3, or DyyA},, then Q) is isometric to (1/v/2)As(1/v/2)Dj, (1/2)D4(1/v/2)A? and
(1/2)D4(1/+/2) A4, respectively. Note that (1/v/2)D} = (1/2)D,. By Proposition B.12,
we obtain K (V) 2 L*/Q as in Table [

Proposition 5.19. Assume that g belongs to the conjugacy class 2C. The shapes of the
groups K(V') and Out (V') are given as in Tables[13 and[T].

5.6. Conjugacy class 4C (Genus F). Assume that g belongs to the conjugacy class
4C of O(A). Then O(Irr (W), qw) = 222.GO4(2). By Table B, Aut (W))(=2 Aut (W)) has
the shape 22'.GO7(2), which is an index 2 subgroup of O(Irr (W), gw). Note also that the
Lie algebra structure of g = V; is given as in Table [4]

Since the central charge of W is 14, the rank of L is 10. By (B.8]) and Proposition
B20, we have Q, C L C v4P;. It follows from Table B and D(L) = Irr (W) that
D(L) = Z3 x Z§. For ecach g, its Lic algebra structure gives the lattices @, and 4P}
as in Table Then one can easily see that there exists a unique even lattice L up to
isometry satisfying D(L) = Z3 x Z§ and Q, C L C V4P;; see Table [ for the explicit
description. We set Ly = L. The isometry groups of L, are also summarized in Table

Remark 5.20. Let us explain the meaning of “Glue” in the tables. Let Qy = @._, ¢;R;,
where ¢; € R and R; are irreducible root lattices. In our cases, L4 is a sublattice of
D;_, ¢;R}; we associate Ly/Q to a subgroup of @;_,(R}/R;) via the inclusion Ly/Q, C
(D_, R/ (B_,ciRi) = D;_,(R:/R;). In the tables, based on the isomorphisms
A A = Ly Diyyy/Domyr = Zy, D3, /Doy = 235 = (b,c) and Ef/Es = Zs, the
generators of Ly/Qq is described as a subgroup of @;_,(R!/R;) in “Glue”. Here b, ¢ are

chosen so that they are permuted by the diagram automorphism of order 2.

By Proposition BITand Lemma BI8 (2), we have Out (V') = O(L,) /(W (V1), —1). The
group K (V') is determined by Proposition B.J2l These structures are summarized in Table

16l
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Proposition 5.21. Assume that g belongs to the conjugacy class 4C'. Then the shapes of
the groups K(V) and Out (V) are given as in Table [10.

Table 15: Even lattices of rank 10 for the case 4C.

g=vi | Qs | var; | Ly/Qs | Glue | O(Lg) |
A3 JA1 2 (243)3V2A1 | (2A%)3V247 z3 (100; 1), (010; 1) O(A3) 163 x W(A1)
(0015 1)

A7aAd 2A7A3 2A%(A})3 Zs (1;100) O(A7) x W (A1) x W(A1)1 62

D5,4C32A3 | | 2D5V2A3A7 | 2D32A5(AT)? | Za X Z2 (1;111; 00) O(Ds5) x O(As) x W(A1) 162
(0;111;11)

FEs,4A21B2,1 2E5 A2 A2 2E; A5 A2 Zs (151; 00) (W (Eg) x W(A1)).2 x W(Bz2)

Cr.2A3,1 V2ATAs 2D A3 Zo (17;2) O(D7) x O(A3)

Table 16: K (V') and Out (V') for the case 4C

INo.| g=W | W (V1) | Out (Vi) [ Out (V) | K(V) |
7 A3 A W (As3)? x W (A1) 7163 | 73 :63 | Zo
18 A7 4A% W (A7) x W(Ap)? Ly x &3 Ly 73
19 | D54C32A% ;1 | W(Ds) x W(C3) x W(A1)? | Za x &3 Ly 73
28 | Eg4A21B1 | W(Es) x W(A2) x W(Ba) | Zg x Zs 1 Zg
35 | Cr243, W(C7) x W(A3) Zs 1 72

5.7. Conjugacy class 6 (Genus (). Assume that g belongs to the conjugacy class 6 £
of O(A). Then O(Irr (W), qw) = GOZ (2) x GOZ (3). By Table B, Aut (W)(=2 Aut (W))
is isomorphic to the full orthogonal group O(Irr (W), gw). Note also that the Lie algebra
structure of g = V] is given as in Table [l

Since the central charge of W is 16, the rank of L is 8. By (B.8]) and Proposition B2, we
have Qg C L C v/6P;. It follows from Table Bland D(L) = Irr (W) that D(L) = Z§ x Z§.
For each g, its Lie algebra structure gives the lattices ()y and \/éPg* as in Table 7 Then
one can easily see that there exists a unique even lattice L up to isometry satisfying
D(L) = 7§ x Z§ and Q, C L C V/6F;; see Table [T for the explicit description. Set
Ly = L. The isometry groups of L, are also summarized in Table [I7]

The group Out (V') is determined by LemmaB.I8|(1), and the group K (V) is determined
by Proposition These structures are summarized in Table [I8

Proposition 5.22. Assume that g belongs to the conjugacy class 6E. Then the shapes of
the groups K(V') and Out (V') are given as in Tables[I8.

Table 17: Even lattices of rank 8 for the case 6 F

a=vi | Qg | V6P; [ Ly/Qq | Glue O(Ly)
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A5,6B2,3A1,2 \/6/45\/3/4%\/5/41 \/gAg(\/gAT)z\/iAI Zﬁ X Zz (1;00; 1) O(A5) X O(A%) X W(Al)
(0;11;1)
05,3G2,2A1,1 \/§A‘%\/§A2A1 \/EDE\/EA;AI Zz (15;0; 1) O(A5) X O(A%) X O(Al)

Table 18: K (V') and Out (V) for the case 6E

INo.| g=w | W (V7) | Out (V1) | Out (V) | K(V) |
8 A57GBQ73A172 W(A5) X W(Bg) X W(Al) Zg Zg ZQ
21 05,3G272A1,1 W(C5) X W(Gg) X W(Al) 1 1 Zg

5.8. Conjugacy class 6G (Genus J). Assume that g belongs to the conjugacy class
6G of O(A). Then O(Irr (W), qw) = 217%:(GOF (2) x &3) x GO5(3). Here GOJ (2) =
G301 Zy and GO5(3) =2 2 x PQ5(3).2. By Table B, Aut (W)(=2 Aut (WW)) has the shape
2178:(&; x &3 x G3) x PQ5(3).2, which is an index 4 subgroup of O(Irr (W), qw).

Remark 5.23. Let Oo(Trr (W)) be the Sylow 2-subgroup of Irr (1) of shape 2%.4%. Then
O(Oy(Trr (W), gw) N Aut (W) =2 21%8:(3 x &3 x &3), which is computed by MAGMA.
Hence we can rewrite Aut (W) = (217%:(3 x &3 x &3) x PQ5(3).2).2 with respect to the
shape of O(Irr (W), gw). In fact, Aut (W) is not normal in O(Irr (W), gw) by MAGMA.

By Table @, the Lie algebra structure of g = Vi is FygAss or Dy124s6 . By (B8) and
Proposition [3.20, we have )y C L C \/EP; . It follows from Table B and D(L) = Irr (W)
that D(L) = Z4 x Z? x Z3. In both cases, we have L = /6D,\/2A4; = \/12D}1/6A43 and
O(L) 22 O(D,) x O(Ay) (see Tabled). Note that O(L) = O(L).

Let i : (D(L),qr) — (Irr (W), —qw) be an isometry. By the possible Lie algebra struc-
tures of g, there exist at least two non-isomorphic holomorphic VOAs obtained as inequiv-
alent extensions of V;, ® W. Since Aut (W) is an index 4 subgroup of O(Irr (W), qw ), we
have

2 < |i* (Rt (W) \ O(D(L), 41)/O(L)] < 4
by Proposition By Lemma [B.6 (2), the —1-isometry is not in i*(Aut (W)). Clearly it
is in O(L). Hence,
(AW (W) \ O(D(L), 41)/O(L)| = 2.
By Proposition 4.2 we obtain the following:

Proposition 5.24. Assume that the conjugacy class of g is 6G. Then there exist ex-
actly two holomorphic VOAs of central charge 24 obtained as inequivalent simple current

extensions of Vi, @ W, up to isomorphism.

By the argument above, i*(Aut
i*(Aut (W)) and O(L). Thus O

(W)) is an index 2 subgroup of the group generated by

u
(L) Ni*(Aut (W)) is an index 2 subgroup of O(L), and by
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Lemmal3.6] (2), O(L)Ni*(Aut (W)) = O(L)/(—1). By PropositionB.I7and O(L) = O(L),
we have Out (V) = O(L)/(W(V1),—1). The group K(V) is determined by Proposition
BI2l These group structures are summarized in Table

Proposition 5.25. Assume that g belongs to the conjugacy class 6G. Then the shapes of
the groups K(V') and Out (V') are given as in Table[20.

Table 19: Even lattice of rank 6 for the case 6G

s=vi | o [ vor 0o | Guwe | o |
D4712A276 \/ﬁD4\/€A2 \/EDZ\/EAE Z% X Zg (b; O), (C; O), (0; 1) O(D4) X O(Ag)
F476A2,2 \/6D4\/§A2 \/ﬁDZ\/iAE 1 1 O(D4) X O(AQ)

Table 20: K (V') and Out (V') for the case 6G

INo.| g=W | W (V1) | Out (V1) | Out (V) | K(V) |
3 D4712A276 W(D4) X W(AQ) 63 X Z2 63 1
14 F476A272 W(F4) X W(Ag) ZQ 1 Zg

5.9. Conjugacy class 8F (Genus I). Assume that g belongs to the conjugacy class
8E of O(A). Then O(Irr (W), qw) = 212+9.64. By Table B, Aut (W)(=2 Aut (W)) has the
shape 2119 &g, which is an index 2 subgroup of O(Irr (W), qw). Note also that the Lie
algebra structure of g = V; is D5 5A; 2 by Table [l

Since the central charge of W is 18, the rank of L is 6. By (B.8) and Proposition
we have Q C L C V8P;. It follows from Table B and D(L) = Irr (W) that
D(L) Ty x Ty X 7. Hence, we haveL = L =2 /8D:\/2A; and O(L,) = O(Ds) x W (A;)
(see Table 21]).

By Proposition BI7and Lemma BI8 (2), we have Out (V') = O(L,) /(W (V1), —1). The
group K (V) is determined by Proposition B.I2l See Table 22 for the structures.

Proposition 5.26. Assume that g belongs to the conjugacy class 8E. Then the shapes of
the groups K(V) and Out (V) are given as in Table [22.

Table 21: Even lattice of rank 6 for the case 8E

[ Vi=a| @ | VBR [Ly/Qy[Gle| Oy |
‘ D5 gAi 2 ‘ V8D5\/24, ‘ VBDIV2AT | 7y ‘ (1;0) ‘ O(Ds5) x W (A1) ‘
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Table 22: K (V') and Out (V) for the case 8E

INo.| g=V1 | W(V4) | Out (V1) [ Out (V) | K(V) |
‘ 10 ‘ D578A172 ‘ W(A5) X W(Al) ‘ ZQ ‘ 1 ‘ Zg ‘

5.10. Conjugacy class 10F (Genus K). Assume that g belongs to the conjugacy
class 10F of O(A). Then O(Irr (W), qw) =2 21t%:(&3 x &3) x GOJ(5). By Table B
Aut (W) (2 Aut (W)) has the shape 217:(2 x &3) x GOJ (5), which is an index 3 sub-
group of O(Irr (W), gw). By Table ] the Lie algebra structure of g = V; is Cj 1.

Since the central charge of W is 20, the rank of L is 4. By (B8) and Proposition
B20, we have Q; C L C V20P;. It follows from Table B and D(L) = Irr (W) that
D(L) = 72 x 72 x Z&. Then we have L, = L = /10D, and O(L,) = O(D,) (see Table
23).

Remark 5.27. For U = /20L*, we have D(U) = Z2 and rank(U) = 4. It is easy to show
that U = D, and thus L = /20U* & \/%DZ ~ /10D,.

Since Vi = Cjy 19, we have Out (V}) = 1, and Out (V) = 1. The group K (V) is trivial
by Proposition B.12 These group structures are summarized in Table

Proposition 5.28. Assume that g belongs to the conjugacy class 10F. Then the shapes
of the groups K (V') and Out (V') are given as in Table[2].

Table 23: Even lattice of rank 4 for the case 10F

ls=Vi| @ |v20r;
‘ Ca10 ‘\/EA% ‘ V20D;

Ly/Qq | Glue | O(Ly) |
Zy | (1111) [ O(Dy) ]|

Table 24: K(V') and Out (V') for the case 10F

INo.| vi [wy) |Out(Vy)]Out(v) ] K(V)]
L4 [Co[Wen] 1 [ 1 | 1]

It is easy to see that pj is injective, that is, O(L) = O(L). Let ¢ be an isome-
try from (D(L),qr) to (Irr (W), —qw). By Proposition B17 and Out (V) = 1, we have
O(L) N *(Aut (W)) = W(V4). Since W (V;)(= W(Cy)) is an index 3 subgroup of O(L)
(see Lemma 23)), so is O(L) N ¢*(Aut (W)). Hence ¢*(Aut (W)) and O(L) generate
O(D(L),qr). By Proposition 4.2 we obtain the following:
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Proposition 5.29. Assume that the conjugacy class of g is 10F. Then, there exists
exactly one holomorphic VOA of central charge 24 obtained as inequivalent simple current

extensions of Vi, @ W, up to isomorphism.

As a consequence of our calculations, we have proved Theorem [[.4] and confirmed
[HS, Conjecture 4.8]. Combining with the characterization of Niemeier lattice VOAs in
[DMO04b], it provides another proof for the uniqueness of holomorphic vertex operator

algebras of central charge 24 with non-trivial weight one Lie algebras.

APPENDIX A. ACTIONS OF AUTOMORPHISM GROUPS ON THE WEIGHT ONE SPACES

In this appendix, for holomorphic VOAs V' of central charge 24 whose weight one Lie
algebras are semisimple, we describe the subgroup Out (V') of Out (V') which preserves
every simple ideal of V; and the quotient group Out o(V') = Out (V')/Out (V).

A.1l. Simple current modules over L;(k,0). Let g be a simple Lie algebra and let k
be a positive integer. Let L;i(k,0) be the simple affine VOA associated with g at level k.
Let Sy be the set of isomorphism classes of simple current Ly(k, 0)-modules. Then S; has
an abelian group structure under the fusion product. The structures of S; are well-known
(see [Li01, Remark 2.21] and reference therein), which are summarized in Table Here
I'(g) is the diagram automorphism group of g and [A] is the irreducible Ly(k, 0)-module
Li(k,A). Note that the notations [i](= i[1]), [s] and [¢] are used in [Sc93].

Table 25: Simple current Lg(k, 0)-modules

Type level Sq I'(g) generators of S

Ay k Zs 1 1] = [kA4]
Ap (n>2 k L1 Ly [1] = [kA4]
B, (n>2 k Zs 1 1] = [kA4]
C, (n>2 k Zs 1 1] = [kA,]

Dy ko |ZyxZsy| Ss |[s] = [kAn-1],[c] = [kA,]
Dy, (n > 3) ko |ZoxZs| Zy |[s] = [kN. 1], [c] = [kA,]

Dypii (n>2)] k Zy Zo [s] = [kA,_1]

FEs k Zs Zs [1] = [kA4]

Eq k Lo 1 [1] = [kAq]

Fg 2 Zo 1 [1] = [A4]

By k42 1 1

Fy k 1 1

Gs k 1 1
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A.2. Glue codes of holomorphic VOAs of central charge 24. Let V be a holomor-
phic VOA of central charge 24 with 0 < rankV; < 24. Let Out (V') be the subgroup of
Out (V') which preserves every simple ideal of V; and set Outo(V') = Out (V') /Out (V).
Then Out o(V) is the permutation group on the set of simple ideals of V; induced from
Out (V).

Let Vi = @;_, g; be the direct sum of simple ideals. Let S;(= S;,) be the set of (the
isomorphism classes of) simple current Ly, (k;, 0)-modules, where k; is the level of g; in V.
Then S; has an abelian group structure under the fusion product.

Let S, = [];_, S; be the direct product of the groups S;. We often view a simple
current (Vj)-module as an element of S, via the map @;_, M — (M"' ..., M*). Let
{1,2,...,5} = Upep Lo be the partition such that g; = g; if and only if 7, j € I, for some
b € B, where B is an index set. The automorphism group Aut (S;) of Sy is defined to be
(I T(0:) : (I ©j1)), where the symmetric group &), acts naturally on [ ], Si.

Let Gy be the subgroup of S, consisting of all (isomorphism classes of) simple current
(Vi)-submodules of V| which we call the Glue code of V. The automorphism group
Aut (Gy) of Gy is defined to be the subgroup of Aut (S;) stabilizing Gy. Let Aut(Gy) =
(ITZ; T(gi)) N Aut (Gy) and Auto(Gy) = Aut (Gy)/Aut 1(Gy). Then Aut(Gy) is the
subgroup of Aut (Gy ) stabilizing every S;, and Aut o(Gy) acts faithfully on {S; |1 <1i <
s}, or {g; | 1 <1 < s}, as a permutation group. Clearly Aut (V') preserves S,;. Hence
Out;(V) C Aut,;(Gy) fori=1,2.

By using the generators of the glue codes Gy in [Sc93], we can easily determine
Aut 1(Gy) and Auto(Gy) explicitly. We also determine the shapes of Out (V) and
Out 5(V); see Tables

Table 26: Aut ;(Gy) and Out (V)

No. | Genus g=WV Aut 1(Gy) | Out (V) | Aut2(Gy) | Outo(V)
5] A A 1 1 My, My,
24 AR, Z Zs Mg Mg
30 A3, Z Z, | AGLy(2) | AGLy(2)
37 A8, Z s &s s
42 Ds, Zs Zs &g s
43 A4\ Dy, Z Zs &, &,

46 Aé‘,l Lo Lo 2y Ay
19 A2,D2, Z Z 72 72
51 A3, Z Zs &, &,
54 Dy, 1 1 S, G
55 A2, Dg, Z Zs Z Z
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58 Eg,1 Ly Loy G S,
99 A1 D71 Eg Ly Ly 1 1

60 A%m Ly Ly Zo Zs

61 D3, 1 1 S; S,
63 A5 Agi Zs Zs 1 1

64 Dy B2, 1 1 Z Z
65 Avg1 Bry 1 1 1 1

66 D%m 1 1 Zin Zo,
67 Aga Lo Ly 1 1

68 B3, 1 1 S; S,
69 Dis,1 Es1 1 1 1 1

70 Doy 1 1 1 1

5 ALY 1 1 AGL4(2) | AGL4(2)
16 A§72A‘1{1 Ly Lo Zy - G3 VARNGE
25 D35C34 1 1 G, x 6, |6,x6,
26 A§,2C271A§,1 Lo Ly Gy X 6y | Gy X 6y
31 D3,A3, Ly Zo Sy x Gy | Gy x Sy
33 A7,2C§,1A3,1 Ly Zs S, S,
38 Cil 1 1 S, S,
39 De2Cii B2, 1 1 &, &,
40 AgoAi:Bsy | Z Z 1 1

44 BosCsidsy | Zy Z 1 1

47 Ds2B2, 1 1 S, &,
48 C2, By, 1 1 S, &,
50 DoaAr Z Zs 1 1

52 ConF2, 1 1 & &
53 Er2Bs.1 Fys 1 1 1 1

56 Cho.1Box 1 1 1 1

62 Bs.1 Fs » 1 1 1 1

6 AS s Ly 1 Se Ss
17 As 3Dy 3AY Lo 1 S; Ss
27 As 343 Ly 1 S, S,
32 Es3Go,” Lo 1 S; S;
34 Dir3AsiGar | Zs 1 1 1

45 Er3As, Z 1 1 1

2 A& 1 1 G2 M,
12 B3, 1 1 S S
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23 B, 1 1 S, A
29 B, 1 1 S; Ss
41 B2, 1 1 S, S,
57 Bias 1 1 1 1
13 DisAL, | S3xZs Zs S, S,
22 CunA2, Zs Z S, S,
36 AssFys Z, Zs 1 1
7| E A3 Ay 73 72 S; Sy
18 A7 A3, Z, 1 Zs Z,
19 Ds.4Cs2A2 Zs 1 Z Zs
28 Eg4A21Bs, Zs 1 1 1
35 CraAs, Z, 1 1 1
9 | F A% 72 Zs S, S,
20 Des A2, 1 1 S, 1
8 | G | AsgBasAis Z, Zs 1 1
21 C55G22411 1 1 1 1
11| H Ag.r Z, 1 1 1
0] I DssA1 s Zs 1 1 1
3| J DinAsg | S5 x Zy S; 1 1
14 FgAss Zs 1 1 1
1| K Ch10 1 1 1 1
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