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AUTOMORPHISM GROUPS OF FINITE SUBGROUPS
OF DIVISION RINGS

R. J. FAUDREE

If a finite group G can be embedded in the multiplicative
group of a division ring, then G can be embedded in a divi-
sion ring D generated by G such that any automorphism of
G can be uniquely extended to be an automorphism of D, It
seems natural then to investigate the relation between the
automorphism group of G and the automorphism group of D.

We will prove that the automorphism group of G determines the
automorphism group of D modulo the inner-automorphism group of
D (i.e. every automorphism of D can be written as a product of an
inner-automorphism of D and an automorphism of G). The automor-
phism group of G does not completely determine the automorphism
group of D for the rational quaternions contain an isomorphic copy
of @, the quaternion group of order 8. There are infinitely many
automorphisms of the rational quaternions but the automorphism
group of @, is finite.

Amitsur determined which finite groups can be embedded in a
division ring [2]. We will use his conditions, but first some definitions
will be given and certain algebraic structures will be discussed.

Let m and r be relatively prime integers, s = (r — 1, m) t = m/s
and 7 = minimal integer satisfying " = 1 (mod m).

Gn. = Gp(A, B| A = 1, BAB~' = A7, B* = A") .

T, 9, and & will denote the binary tetrahedral, binary octahedral and

binary icosahedral groups.
If ¢, is a primitive m™ root of unity and o, is the automorphism

of Q(¢,.) determined by the map ¢, — €I, then
WUn,r = (QEn), 0+, &7)

will denote the cyclic algebra determined by the field Q(s,), the auto-
morphism o, and the element ¢,. The map A—c¢, and B—o,
determines an isomorphic embedding of G, into the algebra U, ..
Under this identification we have

U, = (Q4), B, 4') .

The algebra 2, , is a division algebra if and only if G,.. can be
embedded in a division ring [2]. The following diagram gives some
subalgebras of 2A,,, which will be of importance in this paper. Here
Z,,. denotes the center of 2,,,..
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U,

Q(A)

For a discussion of the algebra %, . and a proof of the following
proposition see [2].

ProrosiTioN 1. A finite group G can be embedded in a division
ring if and only if G is isomorphic to one of the following:

(1) Cyeclic group

(2) @G,,, where m and » satisfy condition C.

(3) A direct product of £ and G,,,, where G,,,,, is cyclic of order
m or of the preceding type, (6,|G..|) =1, and 2 has odd order
(mod m).

(4) O and J.

Additional notation must be given before condition C can be stated.
Let p be a fixed prime dividing m. « = «, is the highest power of p
dividing m 7w, is the minimal integer satisfying #7» = 1 mod (mp—).
!, is the minimal integer satisfying »“» = p” mod (mp~") some integer

N4

#" Op = ﬂpap/y]z"

Condition C. Integers m and r satisfy condition C if either

(I) (n, ) =(s,8) =1
or (II) »n=2n,m=2"m',s =2¢ where o =2, m’,s’, and n’ are
odd integers; (n,t) = (s,t) = 2 and r = —1mod 27,
and either (III) » = s =2 and r = —1 mod m
or (IV) For every q|n there exists a prime p|m such that q/t7,
and that either

(1) p»++2 and (g, (p’>» — 1)/s) =1 or

(2) p=q=2, Il holds and »n/4 = ¢; = 1 (mod 2).

A group G has property E if G can be embedded in the multipli-
cative group of a division ring, property EE if G can be embedded
in some division ring D generated by G such that any automorphism
of G can be extended uniquely to D, and property EEE if the auto-
morphism group of G determines the automorphism group of D modulo
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the inner-automorphism group of D.
A relation between the above properties is given by

ProposiTiON 2. A finite group with property E has property
EE. For a proof see [3].
We will prove

THEOREM. A finite group with property E has property EEE.

In the remaining discussion G will denote a finite group with
property E, A(G) will denote the group of automorphisms of G, and
I(G) will denote the group of inner-automorphisms of G. If G has
property EE with respect to a division ring D, then I}(G) will denote
the subgroup of elements of A(G) which can be extended to an inner-
automorphism of D. A(D) and I(D) will denote the automorphism
group and inner-automorphism group of D respectively. Z(G) and
Z(D) will denote the center of G and D respectively.

A slightly stronger statement than Proposition 2 is true. A finite
group with property E has property E with respect to a division ring
D of characteristic 0 which is uniquely determined up to isomorphism
and G has property FE with respect to D, [2] and [3]. Thus A(G)
can be considered as a subgroup of A(D). Since D is uniquely
determined up to isomorphism, I}(G) does not depend upon D and
I;(G) can be replaced by I*(G). It is easily seen that A(G) determines
A(D) modulo I(D) if and only if [A(G): I(G)] = [A(D): I(D)].

We will break the proof of the Theorem into 9 lemmas.

LemmA 1. All finite cyclic groups G have property EEE.

Proof. Assume G has order m. Let ¢, be a primitive m" root
of unity. FEach automorphism of the field Q(¢c,) is determined by the
map ¢, — &, where (r, m) = 1. Each of these maps also determines
an automorphism of the cyclic group (e,.).

LEMMA 2. The groups © and & have property EEE.

Proof. O can be embedded in 2, _, [2, Th. 6b]. |A(D)]| = 48,
and | I(Q)| = 24 and there is an automorphism of £ which can be
extended to 2;_, and which does not leave Z((, _,) elements-wise fixed
[3, Lemma 3]. Therefore [A(D): I*(0)] = 2. But [A(;,_): I(%,,_)] =
[Z(As,_)): 4] where 4 is the fixed field of A(,_) [5, p. 163].
[Z(Us,_): Q] = 2, thus

[AQL,—): I, )] = 2 = [A(D): I*(D)] ,
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X can be embedded in 2, _, [2, Th. 6¢]. Since | A(Y) | =120, | ([(J) | =
60 and there is an automorphism of & which is not an inner-automor-
phism of 2, _,, [3, Lemma 4], [A(): I*(X)]=2. Since [Z(A,,_)): Q]=2,
[AQRw0,-): LWy, )] = 2 = [A(): T*(J)].

LEMMA 3. Let H be the subgroup of the automorphism group
of Q(A) determined by the integers {L|(l, m) = 1,1 = 1 (modn)}. Let
4, be the subfield of Q(A) left fixed by the group H. If G, has
property E, then 4y contains the fixed field of the subgroup of
Gp(AG), IN,,.,.) of AN,..). In particular, Q(A') contains the fixed
field of Gp(A(G), I(U,..)).

Proof. If (I, m) =1 and I = 1 mod %, then the map A — A' and
B — A-bi"B determines an automorphism of G. Thus by Proposition
2, the map of Q(A) determined by A— A' be extended to be an
automorphism in Gp(A(G), I(%,.,,)). Hence 4, contains the fixed field
of Gp(A(G), I(U,,,,)).

For (I, m) = 1, the map of Q(A) determined by A — A' leaves A*
fixed if and only if A" = A® or [ =1(mods). But if [ = 1 (mods),
then I = 1 (mod ) and Q(A*) 2 4.

LEMMA 4. A group G, . with m and r satisfying (1) of Condition
C has property EEE.

Proof. Let o be an automorphism of 2, , and A’ = ¢(4) and
B’ = 0(B). Then ¢7*(4') = A™ with (w, m) = 1.

The map A’ — A’ determines an automorphism 7 of Q(A’) onto
Q(4) if (I, m) =1. There is an integer ! such that [ = 1 (mod ¢),
wl = 1(mod s) and (I, m) = 1. Therefore by Lemma 3 and [5, p. 162,
Th. 1], = can be extended to an automorphism of %A, , in Gp(A(G),
I(%,..). We will denote this extension also by z.

Thus 7o(A) = A' and 7o(B) =B”. If | =1(modn) then by
Lemma 3 and [5, p. 162, Th. 1] 7o is in Gp(A(G), I(X,.,.)). And hence
o is in GpA@), IX,,,,)). Assume [ %= 1(modn). B'=«a, + aB +
«eo +a, B for a; in Q(A). Since B”A = A"B",

-

S aAB = S wA'B
Thus a; = 0 for 1+ 1, and B” = aB for a in Q(4). (aB)" = (4Y)*
and therefore af(@) --- 6" () = A"'"" where 6 is the automorphism
of Q(A) induced by B. Since ! = 1 (mod n), this contradicts the fact
that %, , is a division algebra [1, p. 75, Th. 12 and 14, p. 149, Th. 32].

LEMMA 5. Let G be a finite group with property EE with respect
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to the division ring D. Let H be a characteristic subgroup of G
such that D', the subdivision ring of D generated by H, contains
Z(D). Let p be the map A(G) — A(H). Let R be the subgroup of
HMA(G)) which t©— t/H leaves Z(D) element-wise fized. Then

[#(A(@): B] = [A(G): I*(G)] .

Proof. If r is in A(G), then 7 is in I(D) and hence in I*(G) if
and only if = leaves Z(D) element-wise fixed, [5, p. 162]. Since
Z(Dyc D', 7 is in I*(G) if and only if p(7) leaves Z(D) element-wise
fixed. Therefore p(I*(G)) = R and the lemma follows from an elemen-
tary theorem of group theory.

LEmMMA 6. Let G,,,. be a group with property E in which (A)
18 a characteristic subgroup. Let 4, be the fized field of AU.,,.)
and 4, the fized field of Gp(A(G,,,), I(N.,)), then

4o 40[AG,): TG, )] = [A@,): Q)] -

Proof. In the notation of the previous lemma let G =G, ,, H =
(A) and D =%,,. Then D' =Q(A) and Z(D) = Z,,.. If o is the
automorphism of 2, . induced by B, R = p((¢)). Therefore by Lemma
5, [AG...): I*(Ga,.)] = [MAG....): #((0))]. 4 is the subfield of Q(A4)
left fixed by p#(A(G.,)), thus by Galois theory [¢(A(G,..): t((o)] =
[Zn,r: 4c].

Hence

[A,.,): [, )] = [Za: 4,] by [5, p. 163]
= [Z,: 45][4s: 44]
= [A(Gn,): TG, )] [4s: 44] ©

LEemmA 7. A group G,,, where m and r satisfy (II) and (III)
of Condition C has property EEE.

Proof. Let u and v be integers with 0 < u, v < m and (u, m) = 1.
The map of G,,,, determined by A — A* and B — A°B is an automor-
phism of G,... Therefore any automorphism of (A) can be extended
to an automorphism of G,,.. Hence @ is the fixed field of Gp(A(G,.,,),
I(A,.,,) and of A(A,...).

A'B has order 4 for any integer I. Thus if m >4, (A) is a
characteristic subgroup of G, ,. Therefore by Lemma 6,

[A(Gn,): I*(G )] = [A,): I, )]

If m = 4, then G, , is isomorphic to @, the quaternions. Since the
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center of 9, _, is @, all automorphisms of 2, _, are inner-automorphisms
[5, p. 162]. Thus Q, trivially has property EEE.

LEMMA 8. If m and r satisfy (II) and (IV) of Condition C, then
G, 18 1somorphic to Qs X G, . where G,. , s cyclic of order m’ or
satisfies Condition C, (6,|G,. ., |) =1 and 2 has odd order (modm’).

Proof. By (IV), » has even order (mod (m/p®)) for any prime
p|m and p+#2. Therefore r has odd order (mod m/2%), m/4 = 1 (mod 2),
and a = 2.

By the above remarks » and hence #* has order n/2 (mod m/4).
Therefore Gp(A*, B*) is isomorphic to G,. . where m’ = m/4 and ' =
. Also Gp(A™*, B"!) is isomorphic to Q.

Direct calculation verifies that appropriate elements commute and
hence G,,, = Gp(A*, BY) x Gp(A™", B*!") = G, .po X Qe (6, |G ]) =1
and 2 having odd order (mod m’) follows from [4, Corollary, Th. 2].

LEMMA 9. A group G satisfying (3) of Proposition 1 or (II) and
(IV) of Condition C has property EEE.

Proof. By Lemma 8, G is isomorphic to H x G,,,, where H is
Qs or . < contains an isomorphic copy of Q.. In either case G can
be embedded in 2,,, where r, = r(modm) and 7, = —1mod4. [2,
Th. 6a]. 2,,,,, is isomorphic to 2, _, @A, . Therefore by proper
identification, there is no loss of generality in assuming that H<2(, _,,
Gn,,<U,,. Since Z(A,_,) =, and Z(,, .) = Z(N,..,) = Z,.,,

S‘)/[4m,o-1 = (?{4,—11 Zm,'r) ®Zm,r g‘)/[m,r ’

where (%, _,, Z,,,) is a normal division algebra of order 4 over Z,, .
and 2, is a normal division algebra of order =’ over Z, .

Let 6 be an automorphism of 2,,,. Since (4, n") = 1 there is an
automorphism ¢ of 2, , over Z, , (i.e. the elements of Z, , are left
point-wise fixed) such that z0(%,,) =U,, and z0(2, _, Z,,,) =
Q. Z,,,) [1, p. 77]. 7 is in I(U,,,) |5, p. 162]; and 70 restricted
to 2, . is in AR, ,). Thus the fixed field of A, .) is equal to the
fixed field of A(,,,.). Therefore

[AQL,,.): I, )] = [Zn,.: 4] = [AQL,,): IQL,)]
where 4 is the fixed field of A(%,..), [5, p. 113].
AG) = A(H) x AG,,,), and since Z(,,_) =@,

all automorphisms of 2, _, are inner-automorphisms and I*(H) = A(H).
If 0 is in A(G) but not in I*(H) x I*(G,.,,), then § moves an element
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of Z, . Consequently I*(G) = I*(H) x I*(G,,,) and [A(G): [*(G)] =
[AG....): I*(G,,,)]. Since (|G,,.],6) =1, m and r satisfy (I) of condi-
tion C. Thus by Lemma 4, [A(G, ,): I*(G,. )] = [A,..); I(X,...)] and
[AQL,,,.): IQL, NAG): I*(@)]-

The theorem is a consequences of Lemmas 1, 2, 4, 7 and 9.
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