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ABSTRACT:

The shape of stiff chains in dilute solution was considered. An aver-

age axial ratio was defined to describe the shape of the stiff chains and calculated

using Tagami’s model for stiff chains.

It was found that the average axial ratio is

approximately proportional to AL in the stiff-chain region, where 127 is the persistence
length and L is the contour length of the chain. The limiting behavior agrees with

Kuhn’s result for a random chain.
KEY WORDS
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It is well known that parameters such as the
mean-square end-to-end distance (R*> and the
mean-square radius of gyration (§> can char-
acterize the average dimensions of a polymer
chain in dilute solution. The shape of a poly-
mer chain, however, is not expressed sufficiently
well by <R®> or (8% alone, since these param-
eters express the average size rather than the
shape. Therefore, we need other parameters to
express the shape of polymer chains. Kuhn'?
considered for Gaussian chains the average loci
of various points on the chain contour relative
to the end-to-end displacement axis. Hollings-
worth,”* in a study on the same subject, defined
the transverse boundary of pelymecr chains as
the average distance of the point which is far-
thest from the end-to-end displacement axis,

Recently, Solc and Stockmayer,” and Solc® con-
sidered the distribution function W{(L,, L., L,),
where L,, L,, and L, are the orthogonal com-
ponents of the radius of gyration along the
principal axes of inertia of the chain. They
also examined by Monte Carlo caleulations the
shape distribution of random chains on simple
cubic lattices. The results of these studies sug-
gest that polymer chains in dilute solution are
not spherically symmetric in shape.

In this paper, we shall confine ourselves to

Stiff Chains / Average Shape / Lateral Dimension /

stif polymer chains, and consider the average
shape of the chains. It is clear from intuition
that stiff chains are highly extended in the di-
rection of the end-to-end displacement axis. On
the other hand, in the direction transverse to
this axis, the distribution of segments is assumed
to be cylindrically symmetric. Therefore, there
may exist a considerable diffcrence between the
two relaxation times of rotational diffusion: the
rotation about the axis of the end-to-end dis~
placement and the rotation about the axis per-
pendicular to that axis. Such a difference,
which reflects the average shape of the chain,
may be observed experimentally by NMR, non-
Newtonian viscosity mecasurements, and other
methods. In addition, since the difference is
expected to be larger for the stiff chains than
for the random chains, the observation would
be easier in the former case.

As mentioned above, stiff chaing are extended
te the direction of the end vecior R. Conse-
quently, the appropriate parameter to express
the shape of the stiff chain is the average axial
ratio y(s), which is defined by the following
equation:

_<HYsp

2(8)=ST3 (1)
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Figure 1. Definitions of s, u, R, H{s), etc.

Here <H¥s)> is the lateral dimension defined
by Kuhn: the average square distance of the
point of contour length s on the chain from
the end-to-end displacement axis. It is clear
from Figure 1 that the lateral dimension (H*(s))
is given as follows:

(2)

3 N (P-R)2
CHA(sy=(r% < Rg>

where ¢---)> means the average by bivariate
distribution function of r and R. We may
define alternatively another parameter,

xszE@ﬁ> (3)

RE
where (.+->r is the average with R kept con-
stant and ¢-.-) is the average over R. Math-
ematically the quantity (1) can be calculated
much more easily than eq 3. Thus we shall
discuss exclusively the quantity defined by eq 1.

AVERAGE AXIAL RATIO OF STIFF
CHAINS

From the various models of stiff chains,™*

we choose to use Tagami’s model,'® since its
distribution function of end-to-end distances is
given by a closed form, Tn this model, the
Brownian motion of stiff chains is compared to
the O—U process (Ornstein—Uhlenbeck process)
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of one Brownian particle, The Wiener process
of cne Brownian particle is equivalent to a
random chain. On the other hand, in the O—
U process, due to the diffusion in the momen-
tum space, the direction of motion of the par-
ticle is no lenger random, which means in
polymer language that the chain becomes stiff
or semiflexible. The correspondence is as fol-
lows: Let the time s in the O—U process cor-
respond to the contour length s of the chain;
then the path of the particle corresponds to
the cenfiguration of the chain, and the momen-
tum of the particle at time s corresponds to
the derivative of the position vector of the
point s on the chain contour. An interpreta-
tion of this model in terms of the elasticity of
the chain will be given in thc appendix.

The distribution function of the O—U proccss
of one Brownian particle obeys the well known
Fokker—Planck equation

‘g’;f(rs u, S‘I"os uD) ’_:div‘ar- (‘}‘g"adu f)

+div, (3fw)—u-grad, f (4)

where
{Auy=—fuds

5
(Ju'y=6q4s ()

In order to be able to regard eq 4 as the equa-
tion of the distribution function of stiff chains,
we first notice that the elongation and the con-
traction of stiff chains are assumed to be small.
Therefore the requirement

Cu(sy-u(s)y=1 (6)
is natural. From eq 3, we have
1 A8 As 1 1 )
=t = L (T)
6qg {dut> O 2 24

where # is the angle between u(s) and #(s+ 4s),
and 122 is the so-called persisience Iength.
From eq 6, we sce that ¢/5:=1/3; consequently
8=24 (Notice that in the theory of Brownian
motion of one particle, we have g=35kT/m, ac-
cording to the equipartition law of energy).
Since it is conventional te usc 1 in the theory
of stiff chains, we use 1 instead of ¢ and 3.

The elementary solution of eq 4 is given by
Chandrasekhar' as follows:
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Fr, u, e, uy)

i exp| —L ale*u—ng)
Pl7 24 °

- €

=5
H
24

+2h(e* .- no}(r'—|— % —Fy—

2
Blpag. B _p M
+(r1 o 2}.{)}} (8)
where
a:i-. T b= 1 (e“s 1) H
3
(9)
k:—a(e”s 1y, d=ab—#

If necessary, we shall write afs), b(s), A(s), and

4(s) respectively to indicate the s dependence.
First we have to obtain the bivariatc distribu-

tion fanction F{e, s; R, L}. This is writlen as

Flr, s R, L)= SSSﬂR ag, L—sr, u)

Xf(rr i, S|09 Hﬂ)g(“i})d“l'-dudan

={ et 5 & Lyt (10)
where G(r, s; R, L|u,) is the conditional bivariate
distribution function of r and R with #, fixed,
and g{u,) is the distribution function of #,, which
is assumed to be of the form
1

g(uu)ZZ;ﬁ(lﬂol—l) (11}
The function Gir, 5; R, L|a,) is calculated from
eq 8 and 10 to obtain

R o =

follows, by making use of the elementary solu- viexp [~wr'+ Doyt (12
tion fir, u, s|rn u,) given above (see Figure 1): where g, v, @, D, and r are defined by
a(s) | ay(l—s)
2£(a)+ 24(L—5) (132)
:al(L_S) - aai(zL_S) (13b)
24 L—s5)  4ud(Ll—s)
w___v_l___ afL—sjay(s) 1° 1 [ ag{L—8as(L—5)  afl—3) :
- 4v{2,u.d(s)d(L— )} 41,{ 2ud(L—s) AHL—s) }‘
_a(l—Sa(s) [ as(l—sas(L—s)  af(Ll—s)) _ a(s)
pud(s)d( ms){ 2 L—s5) A(L---s)} fz._i‘ (5}
_afaifLl—3)  a(L—s) bls) | b(L—3) .
Sud()AL—s) Apd(L—s)  2As) ZdL—s) (13¢)
D:[— a3(S)aa(8))  as(L~-5) }2_ as(ay(s]  asiag(L—5)
2v {2,@(,?)3(15_3) 2d(s)  2ud($)A(L—s)
_ Sl —s) [afl—Sas(L—s) _all—5 | asls)
A () A(L—s ){ 2ud*(L—s) A(L—s)} (s)}
[ { ag(L—sas(L—s) a(L—s) 2'_ a(as(L—s) | ey (L‘—'S)_
[b{ 2udi(L—s) A(L—s)} 2pd()ML—35)  2ud{L—s)
tta( L — Sa,(s) { ay(L—Ses(L—5) a,(L-—35) }_ b(.-ﬁ—?v)_ (13d)
A A HL—s) | 2ud(L—s) ML—s) | HL—s)
r=— 1 a’s(*)a’s(L—S}} _ as’(8) 4 erof ) ut
L 4] 2pd()4(L—s) dpdisy | 24(8) )"
L[_1 { aa(L_s)af;(L—s)_m(L_s)}z ag’lL—s)  b(L—s) 2
L4l 2pdi(L—s) dL—5) 4,;_1“@_5) 24(L—5)
[ _as®afl—s) {afl—sayfl—s) adl—5))] . afHag(l—s) 7]
_4,um(s);:(rﬁs){ 24 (L—s) J(L—s)} 2;:4(3)4@_5)]”” R+6iL (139
Furthermore,
81
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a(s)=a(s)e™ | "‘—(fff—“ -2 (14a)
() =a(s)+ 1+ 2] (14)
ns)=a(oeris s HOET 4 KO | B (14)
a4(s):h(s)eﬁz*+%? (14d)

a5(8) = h(s) 4+ b(s) (14¢)

The conditional distribution fanction of ¢, Fy(r, s|R), with R fixed, is calculated by making use
of the relation

Fir, s; R, L)

F, R)= 15
O(ra S| ) fu(R) ( )
where fy(R) is the distribution function of R:
1um={{ 1R, ws, Lio, mgtuansau,. (16)
The explicit expression of eq 16 is given from eq 8 and 11,
6 372 3{4}{2R9—|—(I—-e_3&)2}
JolR): _{;(4,3[,--3-}-46_8“'—8_“{')} exp |:'_ 2(42}5_3_],_4é--2;L_e—uL)jl
4AL—3+de e 62(L—e "R
¢ ~ A e 17
X e R M R g e a7

From eq 15—17, the lateral dimension with R fixed (H%(s))5, i.e., the mean-square of H(s) with
R fixed, can be calculated to be

<H2(S>R"_—'S H? (5)Fylr, s|Rdr=—— 1 ( 1 )2{ e )}3!2 1

[R\B ) | mod)dL—s)] Rwy—&E)
chp|: w“—m-i-( i; 7 )R2+62L:l|:2 sinh R (.20!?;23;?1.?”)-—-1- R('Zmzmil%_g:ﬁ
N {Cosh RQop—&d) 2o oo ROwp—58&) H a8)
2 R2wna—£,82) 2w
where Z,, &5, 71, 5, and x, ate defined by
D==2tu,—2,R (19a)
t=— gt 1R+ ptte- R+61L (19b)

On the other hand, the lateral dimension (H?(s)) is obtained by averaging H*(s) over r and R
making use of eq 10; thus

<Hz(s)>=§5 H(5)F(r, 5; R, LydrdR

{1 x° 5/ 1 — 167" \*
~(e )t e Eaad [ )
8z oA L—s5)) 2en—E&& Ao, +&,°

»exp 1:'_ (2'5!—'?};;—6152)2 :H _ A —25:5: o a3 }

- -2 z -
dao(dan;-1-4;) dop,+&, ey —&8,
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lﬁxagzw%‘lg 20n;—&18,

o

T
ettdt
¢

T Qen—tE)

where
O(x)= S

In deriving eq 20, we have made use of the
approximation
Zeng—iify
{—4(-;(4w?;'2+E32311-"r2 e_:zdr:[)
[

(22)

which is correct in both rod and random coil
limit, since
2am,— 518, i
{_4‘9(4“’7724‘522)}1;2
holds in both limits. The average axial ratio
7{s) is readily obtained from eq 1 and 20:

_ )
(R%
where (R®) is the well known mean-square end-
to-end distance, and is given by
2iL—14¢ L

22

— 0

x(s) (23)

(Rfy= (24)
The quantities (H*($)>, (H(5)), and y(s) thus
obtained in eq 18, 20, and 23 are general ex-
pressions which hold at any point on the chain
contour. In particular, the values of these pa-
rameters at the mid-point on the chain contour
are practically useful. In Figures 2 and 3,
(H(L{2)> and (HY(L{2)>n, and y(Lf2) are shown
as function of iL.

The limiting behavior of these parameters in
the case of AL — oo, ie., in the random coil

limit, is
() -4h e
pm (r(4)) =t E e
O
These results agree with Kuhn’s result. Omn the

other hand, in the limit AL—0Q, fe., in the
rigid rod limit, all of these parameters approach
zero.
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DISCUSSION

As shown in Figure 2, (H%L/2))"*/L has a
maximum in the region iL~1, or in the stiff
chain region. This is understood as follows: in
the region 1L«1, i.e., in the rigid rod region,
we have evidently (HY(L/2)>*/L«1; as 2L in-
creases, the bending of the chain becomes larger
and therefore (H*(L/2)>Y%/L increases; in the
region AL» 1, ie., in the random coil region,
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not only the mid-point but any point on the
chain contour can be far from the end-to-end
displacement axis, thus we expect that (H(L/
2)>'3(1. decreases and tends to (1/64L)'"* in the
limit AL — eo, as shown in eq 25b.

In Figure 2 the quantity CHAL2) 5L is also
shown. We can see that in the region AL<«1,
CHALRDYE /L coincides with (HY(L/2)>'%/L,
because in this region the contribution of the
highly extended state to the quantity (HA(L{2)S
is large. As 2L increases, the difference between
CHYL/2)y and (H(L/2)>5_y, becomes larger, but
when /L increases further (1L 1), the difference
becomes smaller and the three functions, (H*(L}
D5prs {HL2Yper, and (HY(L/2)> coincide
with one another, in accordance with eq 25a
and 25b.

We see in Figure 3 that the function y(L/2)
increases with increasing AL, and tends to 1/0
for the random coil limit, which implies that
x(s) is an appropriate parameter to describe the
shape of stiff chains. It should be noted that
in the stiff chain region (107" <2L<1), x(L/2) is
approximately proportional to iL,
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APPENDIX

The distribution function of the O—U process
of one Brownian particle can be written in the
form of a path integral™ as

f oz, soluy, SJ_)ZS exp [_ZC%' SRELdS]Du
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(A-1}
where { is the friction constant, The Lag-
rangian L is given by

L= (4 Cu)? (A-2)

The distribution function of Tagami’s modet
can also be wrilten in the path integral form:

1 &
fluy, 55|y, SL)ZS exp[—ﬁ S ELdS]Du

(A-3)

where the Lagrangian L is given by

B4

172
L= L{(“‘_T) i+ (KT

2\ 4
—= 3;?‘_;"&2+%TT@M+”_@+ 3)‘;‘(1" (A4

We can easily obtain from eq A-3 and A-4 the
Fokker-Planck equation of Tagami’s model by
the method described in ref 12. Comparing eq
A-3 with the path integral representation for
Kratky—Porod model of stiff chains,” we see
that the term of &' in the Lagrangian is the
bending elastic energy, but its coefficient is dif-
ferent from that of the Kratky—Porod model
by the factor 3/2. The remaining terms are
regarded as the potential which charactcrizes
Tagami’s model, The contribution of the second
term of the right hand side of eq A4 to the
path integral is
S"”(é-aJra-:&)ds:zf(sg)—uz(sl) (A-5)
a1
This term can be intcrpreted as the coupling
energy between bending and streiching. The
third term of the right hand side of eq A-4 is
regarded as the stretching elastic energy of
Tagami’s model. This term can be rewritten as

W =((u|— 1) 42| —1 (A-B)

where the first terma gives rise to the stretching
elastic energy in Hookian approximation, and
the remaining terms are some sort of non-
Hookian terms. Contrary to the usual mecha-
nical model,” however, the stretching elastic
coefficient is temperature-dependent as in the
rubber elasticity provided that 2 is temperature-
independent. It seems at first sight that the
chain can be elongated to infinity in the limit
AL — 0, and the clongation of the chain is zero
in the limit AL — oo, since the coefficient of #°
is proportional to 2. However, it can be easily

shown that
=1 (A-7)
and
. 5 for AL-soc
@h={ (A-8)
I for AL—-0

In other words the fluctuation of the chain
elongation is Gaussian in the random coil limit

Polymer J., Vol, 7, No. 1, 1975
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(AL —» co0), but is absent in the rigid rod limit
(AL —0). The latter fact can be understood
from the form of the Lagrangian (A-4). In the
limit 2 — 0, the coefficient 3ik7/2 of the last
term (stretching elastic constant) is zero, and
therefore the chain seems to be stretched easily,
but by virtue of the large coefficient 347782 of
the first term, & should be nearly zero (i~0).
In other words, since ¢#*»=1, the chain is rod-
like.
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