AVERAGE DECAY OF THE FOURIER TRANSFORM OF
MEASURES WITH APPLICATIONS

RENATO LUCA AND KEITH M. ROGERS

ABSTRACT. We consider spherical averages of the Fourier transform of fractal
measures and improve the lower bound on the rate of decay by taking ad-
vantage of multilinear estimates. Maximal estimates with respect to fractal
measures are deduced for the Schrédinger and wave equations. This refines
the almost everywhere convergence of the solution to its initial datum as time
tends to zero. A consequence is that the solution to the wave equation cannot
diverge on a (d — 1)-dimensional manifold if the data belongs to the energy
space H!(RY) x L2(R%).

1. INTRODUCTION

Consider the Schrédinger equation, i0;u + Au = 0, on R = R**!| with initial
data u(-,0) = ugp in H?® defined by

HY=(1-A)"2L?:={G,*f : feL*R")}.

Here G, is the Bessel kernel defined as usual by Gy = (14 | - [2)~%/2, where ~ is
the Fourier transform. In [17], Carleson considered the problem of identifying the
exponents s > 0 for which

tlin(l)u(x,t) = ug(x), a.e. ze€R", Y uy € H?, (1.1)
-y

and proved that this property holds as long as s > 1/4 in the one-dimensional case.
Dahlberg and Kenig [20] then showed that (1.1) does not hold if s < 1/4.

The higher dimensional case has since been studied by many authors; see for
example [19, 14, 43, 50, 7, 38, 39, 48, 47, 25]. In two dimensions, Lee [33] used
bilinear techniques to prove that (1.1) holds if s > 3/8. In higher dimensions,
Bourgain took advantage of multilinear restriction estimates to prove that

>1 1
s> — —
2 4dn

is sufficient. Bourgain also improved the necessary condition of Dahlberg and Kenig
when n > 5, showing that s > 1/2 —1/n is necessary for (1.1) to hold. We improve
his condition in the following theorem.

Theorem 1.1. If (1.1) holds, then
1 1

§2> — — .
2 n+2

This also improves the necessary condition of Dahlberg and Kenig when n > 3.
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Altogether we see that (1.1) holds uniformly with respect to n if and only if
s > 1/2. A natural refinement of the problem is to bound the size of the divergence
sets

D(ug) := {x eR™ : limu(z,t) # ug(x) },
t—0
and in particular we consider

an(s) == sup dimgy (D(uo)),
uoEHS®
where dimy denotes the Hausdorff dimension. A completely satisfactory theory
has already been developed in the one-dimensional case; see [2], [6], or [15]. Indeed

an(s) < n—2s, if §<s< %,

and this bound is sharp in the sense that initial data in H® can be singular on
a-dimensional sets when o < n — 2s; see [53]. On the other hand, the solution is
continuous (and so a,(s) = 0) when s > n/2, and the example of Dahlberg and
Kenig tells us that a,,(s) = n when s < 1/4. Altogether, the whole range is covered
when n = 1, and we note that «; is discontinuous at s = 1/4. These results and a
more gentle introduction to the problem can also be found in [37, Chapter 17].

Here we improve the best known upper bounds for a,(s) in the remaining range
of interest, when s < n/4, in higher dimensions. In particular, we prove the fol-
lowing theorem that refines the almost everywhere convergence due to Bourgain.
At the same time, we improve the bound «a,,(s) < n+ 1 — 2s due to Sjogren and
Sjolin [42] and the bound a,(s) < Z—ﬁ(n — 25) due to Barceld, Bennett, Carbery
and the second author [2].

Theorem 1.2. Let n > 2. Then

e (24 pi)s bod<s<logty

2(n+1)°
an(s) < X ,
n

This will be a consequence of a maximal estimate (see Theorem 8.2) that holds
uniformly with respect to fractal measures in the following class. To avoid rep-
etition, we include positivity and a support condition inside the definition of ‘a-
dimensional’.

Definition 1.3. Let 0 < a < d. We say that p is (at least) a-dimensional if it is
a positive Borel measure, supported in the unit ball B(0, 1), and satisfies

p(Br)

cali) i= sup 122

zeR?

r>0

The Fourier transform of such a measure need not decay in every direction (for

example the Fourier transform of a piece of the surface measure on a hyperplane

does not decay in the normal direction), however it must decay on average. As the

class contains measures that are supported on a-dimensional sets, the uncertainty

principle suggests that there should be less decay for smaller values of a. Let S4(«)
denote the supremum of the numbers § for which?

AR ) 2ga-1) S calp) |l R (1.2)

LWe write A < B if A < CB for some constant C' > 0 that only depends on the dimension d
and/or a small parameter ¢, in this case ¢ = 84(a) — 8. If the constant depends on anything else,
say a power of N, we write A Sy B. We also write A~ Bif A< Band B S A.
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whenever R > 1 and p is a-dimensional. The problem of identifying the precise
value of B4(c) was proposed by Mattila; see for example [36, pp. 42] or [37, Chap-
ter 15]. In two dimensions, the sharp decay rates are now known;

a, a € (0,1/2],
(Mattila [35])
Ba(a) = 1/2, «a€][l/2,1],

a2, a€ll,?2], (Wolff [52]).
The work of Wolff, later simplified by Erdogan [21], improved upon a lower bound
due to Bourgain [8] who was the first to bring Fourier restriction theory to bear on
the problem. In higher dimensions, the best known lower bounds are
a, a € (0, %],
(Mattila [35])

Ba(a)

\%

a— 1422 o e

[V]|~H

4121 (Erdogan [22, 23])

9

a—1, o€ [H2 d],  (Sjolin [44]).

On the other hand, by considering limits of simple measures supported on small
sets; see for example [37, Chapter 15.2], it is easy to show that

Q, OéE(O,d—Q],
Bala) <
a—1+%52 aeld-2,d.

The second part, for a > d — 2, is given by what is sometimes known as the
‘Knapp example’. We see that the difference between this upper bound and the
best known lower bound is never more than one and the bounds coincide when
a < % or « = d. Worse counterexamples have been constructed for signed
measures by Iosevich and Rudnev [31], or when the averages are taken over a
piece of paraboloid rather than the sphere by Barceld, Bennett, Carbery, Ruiz and
Vilela [3]. Indeed, there is an extensive literature regarding averages over different
manifolds and other generalisations; see for example [12, 13, 27, 29, 28, 30, 45] and
the references therein.

The following upper bound, due to losevich and Rudnev, follows from their
conditional Theorem 3.1 in [32] after taking their convex body K to be the unit
ball, their v = 0, and combining with a number theoretic estimate that counts
the number of times the square of a large integer can be represented as a sum of
squares. The bound is not explicitly stated in [32], and has been overlooked in the
recent literature, so we present it here.

Theorem 1.4. [32] Let d > 5. Then
2(d — «)
-

Most of the article will be dedicated to proving the following lower bound, which
improves the estimate of Sjolin for all @ < d and the estimate of Erdogan for?
a>d/2+2/3+1/d.

Theorem 1.5. Let d > 3. Then

Bala) <a—1+

(d—a)?

fale) z =1+ a1y

2in fact in a very slightly larger range.
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This is not enough to improve the state-of-the-art for the Falconer distance
set conjecture (the argument of Mattila [35] combined with Theorem 1.5 implies
that distance sets associated to a-dimensional sets have positive Lebesgue measure
whenever a > d/2 + 5/12). On the other hand, the difference between the best
known upper and lower bounds is now strictly less than 5/6, from which we can
deduce new information regarding the pointwise convergence of solutions to the
wave equation.

Considering 0;;v = Av on R*! with v(-,0) = vy and d;v(-,0) = v1, we take
initial data in the homogeneous space H* x H*~!, where

H® = (-0)*PL? =L« f : feL*R")}.

Here I is the Riesz kernel defined by fs = |-|7*%. The almost everywhere convergence
question was first considered by Cowling [19], who proved

tlin(l)v(x,t) = vg(x), ae. x€RY Y (vo,v1) € H® x H*™!

-y

as long as s > 1/2. Walther [51] then proved that this is not true when s < 1/2,
and so the Lebesgue measure question is completely solved for the wave equation.
As before we write

D(vg,v1) = {m eR? . tli_r}(l)v(m,t) # vo(x) }7
and consider the refined problem of providing upper bounds for

~Ya(s) := sup dimg (D(vmvl)).
(vo,vl)EHSXHS_l
Sharp estimates were proven in the two-dimensional case in [2], using the following
proposition which forms the link with the decay estimate (1.2).

Proposition 1.6. Letd > 2 and 0 < s < d/2. Then Bq(c) > d—2s = ~q4(s) < a.

Estimates for the inhomogeneous spaces H*(R?) were proven in [2], which puts
unnecessary restrictions on the data vi, however we will see that the implication
also holds in this slightly more general context. Using Sj6lin’s bound S4(a) > a—1
they deduced that v4(s) < d + 1 — 2s, so a consequence of Theorem 1.5 is that
~v4(1) < d — 1, ruling out divergence on spheres if the initial data belongs to the
energy space H'(R?) x L?(R%).

The exponent S4(c) is also connected to dimension estimates for orthogonal
projections; see for example the recent work of Oberlin-Oberlin [41]. For a related
problem regarding Fourier convergence at the points where the function is zero, see
[16] or [18] and the references therein.

Although Theorem 1.5 yields new bounds for the Schrédinger equation, via an
appropriate version of Proposition 1.6, those presented in Theorem 1.2 follow by
a more direct use of the techniques developed to prove Theorem 1.5. Compared
to the cone, the paraboloid has an extra nonzero principal curvature, and so it is
not always efficient to use Proposition 1.6 in that case. For this reason we have
presented the results for the Schrédinger equation in R”*! and the results for the
wave equation in R?!, where d = n + 1, and this convention will be maintained
throughout.

It seems unlikely that our lower bound for 4(«) is best possible. Indeed, Iosevich
and Rudnev [32] proved that 84(a) > o — /d when restricting attention to a class
of well-distributed measures and conjectured that this should hold for the full class
of a-dimensional measures.

The key ingredient in the proofs of Theorems 1.2 and 1.5 will be the multilinear
extension estimate due to Bennett, Carbery and Tao [5], which was first success-
fully employed to prove linear estimates by Bourgain and Guth [11]. We present
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the multilinear estimates in Section 4 and a decomposition due to Bourgain and
Guth in Section 5. In Section 6 we prove Theorem 1.5 and in Section 8 we prove
Theorem 1.2. In Section 7 we present the simple proof of Proposition 1.6, via polar
coordinates. In the following section we prove Theorem 1.1 and in the third sec-
tion we give a direct proof of Theorem 1.4. The principal novelties, if any, will be
described near the beginning of each section.

2. PROOF OF THEOREM 1.1

When the initial data ug is a Schwartz function, the solution u to the Schrodinger
equation can be written as
_ itA i iz-E—it[€]?

u(e,t) = s | (e (21)
where U denotes the Fourier transform of ug. By the Nikisin—Stein maximal prin-
ciple [40, 46], the almost everywhere convergence (1.1) implies a weak L?-estimate
for the maximal operator, which in turn implies the strong estimate (2.2) by in-
terpolation with a trivial bound (see for example [2, Proof of Lemma C.1]). Thus
Theorem 1.1 is a consequence of the following theorem.

uo(x) ::( L

Theorem 2.1. Let n > 3 and suppose that there is a constant Cs such that

sup |ez’tAf|

< Csll fllms @) (2.2)
0<t<1

L2(B(0,1))

whenever f is a Schwartz function. Then s > m

The counterexample of Dahlberg and Kenig can be interpreted as a concentrated
solution, or wave-packet, that travels over a large area, making the left-hand side of
(2.2) large. On the other hand, Bourgain considered a sum of data, with different
velocities, carefully chosen to create regions of constructive interference, recalling
Young’s double slit experiment. Again the regions of coherence travel over a large
area, making the left-hand side of the maximal inequality large.

In the light of Bourgain’s example, a physical interpretation of Carleson’s prob-
lem could be to identify the lowest frequency at which an initial state can generate
interference patterns, thus obscuring its original state. Inspired by this, we take a
variant of the data considered in [3] for which the corresponding solution interferes
with itself periodically in time. The difficulty of using their example directly in this
context is that the constructive interference reoccurs in the same relatively small
regions of space. In order to take advantage of the periodic coherence, we perturb
the initial state so that the whole solution travels in a single direction. We then use
an ergodicity argument to show that this direction can be taken so that the regions
of constructive interference never reappear in exactly the same places, forcing the
left-hand side of (2.2) to be large.

We first prove the ergodic lemma. We say that a set F is d—dense in F' if for
every point x € F there is a point y € E such that |x — y| < 6. The following
lemma is optimal in the sense that the statement fails for larger k. To see this,
we can place balls of radius e R~! at the points of the set Ey and assume that the
balls are disjoint. Then the volume of such a set would be of the order R'~("+2)%

a quantity that tends to zero as R tends to infinity when x > n%ﬂ

Lemma 2.2. Letn > 3 and 0 < k < —. Then, for all € > 0 and sufficiently

n+2°
large R > 1, there exists § € S*~! such that
Ep := U {x e R"'Z" : |z| <2} + 10

t€ R2—17N(0,1)
is eR~'-dense in B(0,1/2).
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Proof. By rescaling, the statement of the lemma is equivalent to showing that
U {zeZ": |z| <2R'""} +1t0
te RFZN(0,R1—*)

is eR~"—dense in B(0, R'7*/2) for a certain § € S"~!. That is to say, for any
x € B(0, R17%/2) there exists a y, € Z" N B(0,2R'"%) and ¢, € R*Z N (0, R1~*)
such that

|z — (yz +t0)] <eR™", (2.3)

for a certain fixed § € S"~!, independent of z. By taking the quotient R /Z" = T",
this would follow if for any [z] € T" there exists t, € R*Z N (0, R1=%) such that

|[2] = [ta0]| < eR7". (2.4)
To see this, assume (2.4) and cover B(0, R'=") with a family of disjoint copies of
axis-parallel T". Denote the copy that contains x by T7, and let 2z, be the point in
T? such that [z;] = [tz0]. Then y, := 2z, — t,0 € Z™ and by construction
|z = (yx + t20)] = [[2] = [t20]] <eR™". (2.5)
Note that we also automatically have that

lyo| < |z + |ts] +eR™" < IR'V" 4+ R'"" +eR" < 2R'F, (2.6)

and so we recover all of the required properties. It seems likely that ergodic results,
similar to (2.4), are well-known, however we prove this using Fourier series as in [9)].
We write = instead of [z] from now on.
Let ¢ : T" — [0, (2/£)") be smooth, supported in B(0,&/2), such that [¢ = 1,

and set

or(z) == ¢(R"z). (2.7
If we could show that there exists § € S*~! such that for all z € T" there is a
ty € (RZ+ [-5R",5R™"]) N (0, R'~*) satisfying

or(z —t:0) >0, (2.8)
then (2.4) would follow. Let ¢ : (—¢/2,¢/2) — [0,2/¢) be a one-dimensional
Schwartz function such that [ = 1, and define

ne(t) == R*™1 3" (Rt — R)).
JEZ
0<j<RI72r

Noting that ng is supported in R*Z + [-5R™", SR™"], we will show that there
exists § € S*~! such that, for all x € T™,

/ or(z —t0)ng(t)dt > 0, (2.9)
R
which implies (2.8). Expanding in Fourier series;
or(@ — t0) = op(0) + Y Gr(k)™*Fe ™k = G5 (0) + B(t,,0),
keZ™

k#£0

and noting that [, 7r ~ 1 and &(0) = fw ¢r ~ R™™" it would be sufficient to
find § € S™ such that

‘/@(t,x,@)nR(t)dt‘ <R, ~y>nk (2.10)
R

whenever x € T"™.
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For the proof of (2.10), we note that

| [ ataomena] < 3 [onw)| | / k1)

kezZ™

I
(]
)

:u
%
:0

Qb

=

AN

|
3
X

]

s

5)

=

=

, (2.11)

where the final inequality follows by integrating by parts in the formula for the
Fourier coefficients. Noting that the right-hand side of (2.11) no longer depends
on z, so in order to find a § € S"~! such that (2.10) holds for all z € T", it will
suffice to prove that the the right-hand side of (2.11) is similarly bounded after
averaging over the sphere. As

R nkKk R nkKk
Z —k n+1 5 / —k n+1 dk 5 1,
ez (L+ R75k|) » (1+ R"|k|)
k#0

by Fubini’s theorem, for this it would suffice to prove that

/Sn—l

Here we use that k < %ﬁ so that 1 — 2k > nk.
To see (2.12), we note that

= 3Kk— K Ko\
Ta(t) = R*71 3" y(RE(-—R) () (2.13)
JEZ
0<j<R'™2%
_ Ranl,lZ(ant) Z 672772’R"jt
jEZ
0<j<R'72®
2mi|[ R' 2% |R"t _ ,—2miR"t
o 2k—1 7 —K € €
= R¥ TR

(0 - k)‘d& < R* 1log R. (2.12)

Now since |{Z; | <1 this yields

v/S\n—l

where N = |R'72%| + 1. By the Funk-Hecke theorem (see for example [1, pp.
35-36]), we have that

sin(rNR"0 - k)

e,
sin(mR*0 - k) ‘

(- k)‘d& < RQ"’l/S .

sin(mtNR"0 - k) 9 / sin WNR”|k|t) gy n=3
T Dlde = s - ar
/Snﬂ sin(mR"%0 - k) ‘ | | “sin(mRE[k[t) ( )
|Sn=2| [IKIET gin(7Nt) ’ gt
~ |K[R® ke | sin(nt)

< logN < logR,

~

where the penultimate inequality is a well-known property of the Dirichlet kernel
(see for example [26, pp. 182]). This completes the proof of (2.12) which completes
the proof of the lemma. O
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Proof of Theorem 2.1. Writing ¢/(2mR) in place of ¢, the maximal estimate (2.2)
implies that

sup |eiﬁAf|
0<t<1

< RIf1 (2.14)
L2(B(0,1))

whenever supp f C B(0,2R) and R > 1. In fact this is equivalent to (2.2); see [33]
or [34], so we have not thrown anything away here. Thus it suffices to prove that

$ > 57,45y Is necessary for (2.14) to hold.

Let 0 <k < n#” and define
Q:={¢€2mR L ¢ €] < R} + B(0,p),

where p, to be chosen later, will be sufficiently small. Letting § € S*~!, we consider
initial data fy defined by

fg(ﬂ?) _ einG-zf(x)

with R large, where
1

ﬁXQ-
Note that |supp fo | = || =~ R™, and ||fg||]2 = 1. In [3], it was shown that
le'=m A f(z)| > /|0 forall (x,t) € A, (2.16)
where, taking ¢ sufficiently small, A is defined by
A={zeR'Z" : |z <2} +B(0,eR ") x {t e R*'Z : 0<t<1}.

f= (2.15)

In fact they proved that the time can be taken in small intervals, however this will
suffice for our needs. We provide the short proof of this for completeness. The idea
is that the phase in the integrand in (2.1) never strays too far from zero modulo 27,
and so the different pieces of the integral, corresponding to different pieces of €,
cannot cancel each other out.

We start by showing that

- {E€WLH (55, ), (2.17)
provided that £ € Q and z € R*~1Z" N B(0,2) + B(0,eR~1). To see this, we write
£ =2rR"™" 0 + v, where (€ Z", |{| <R~ |v|<p

and
r=R"'m +u, where m € Z", |m|<2R*™", |u|<eRY,
so that
r-& = (R 'm+u)- 2rR™" 1 +0) (2.18)
= 2rm A+ R 'm v 20 R uFu v
= L+L+I1I3+1
Since I € 27Z™ and
|| < R "2R N p = 2p, || < 2mR'RA =2, L] < p

we see that (2.17) holds by taking p and e sufficiently small. On the other hand,
we also have that

toe2 11
5l €22+ (—15:16) » (2.19)
provided that t € R?*71Z N (0,1). To see this, we write
t = R* 1, where k€N, |k] < R7?%,
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so that
t

1
2R|§|2 = —RY"DE2n R+ o (2.20)
m

2w
1
= 2—R2(”_1)k(47r2R2(1_")|€|2 + [v? 4+ 47 R 0 - v)
i
= IIl+IIQ+I13,

where Iy € 277 while
1 1
Il < 7R2(K_1) k; 2 < 7R2(K_1)R1_2K 2 —
15| < 27 [l < 2 P 2rR’
and
[I15] < 2R?F=D|E|RY" |- v| < 2R*E||¢||v] < 2RFIR™2%R%p < 2p,

so that (2.19) is satisfied for sufficiently small p. Indeed altogether |pl, || < 55 is

sufficient for our purposes. Now (2.17) and (2.19) imply that the phase in
- 1 1 . b2
i=t_ A o - E—i5m ||
e (o) = o [ ereimniag,
@m)"2 \/19] Jo
is close enough to zero modulo 27 as long as (x,t) € A, yielding (2.16).
We now consider Iy ; C R™ defined by

Ty :={z € RF'Z" : |z| <2} + B(t0,eR™").
Noting that
€Ty and t€ R*7'ZN(0,1) = (x—1t6,t) €A,
by (2.16) we have that

sup }eiﬁAf(x —t0)| = /|| forall zely:= U Tys.
0<t<1 te R2:=121(0,1)

By Galilean invariance, or direct calculation using the formula (2.1), we have

sup ‘eiﬁAfg(mH: sup ‘eiﬁAf(x—tH)L
0<t<1 0<t<1

and we recall that || fgll2 = || f]l2 = 1. Thus, by taking fp in (2.14), we obtain

R Z /19[T].
Since Ty is nothing more that the e R~!'-neighbourhood of Ey from the second
section, we can use Lemma 2.2 to take § € S"~! so that |[y| > |B(0,1/2)| for R
sufficiently large. As || 2 R™, we obtain
nK

s2 5

and the proof is completed by letting x tend to %“1’2 as we may. U

3. PROOF OF THEOREM 1.4

The philosophy of this section will be somewhat similar to the previous one,
however we will be less explicit this time and we will have no need for the ergodicity
arguments. In fact, the argument follows more closely the philosophy of Iosevich
and Rudnev [32] who counted lattice points on general surfaces. Counting such
points is of course easier when the surface is the graph of a polynomial as in the
previous section. For the sphere we take advantage of a number theoretic result
that counts the number of ways the square of a large integer can be represented as
a sum of squares.

First we will require the following simple lemma.
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Lemma 3.1. Let0 < a<d and0<e,k<1. For all R > 1, define
A= (R“‘lZd + B(O,sR‘l)) N B(0,1)
and dp := xpdx, where dx is the Lebesque measure on R%. Then
co(p) < max (R_d’/”7 Ro‘_d). (3.1)

Proof. Notice that A is the union of approximately R¥1=*) balls of radius eR~!
whose centres are pairwise separated by R*~!. We consider different cases depend-
ing on the size of .

When 0 < r <eR™!, the ball B(z,r) overlaps with only one ball B; of A. Thus

ru(B(x,r)) < r7%B(xz,r) N B
< “min(r¢, R79)
< ’I“d_a < R(x—d.

On the other hand, if eR~! < < R~ then B(z,r) overlaps with at most N < 2¢
balls B;, with j =1,..., N, contained in A. Thus

u(Bla,r) <

.....

S OBy SRS RO

Finally, if R*~' < r, then B(x,r) overlaps with at most N < min(r9, 1)R41—%)
balls B;, with j =1,..., N, contained in A. In this case,

B(J?,T)ﬂ U B,
N

J=1ses
< r*NR™? < min(r?, 1) R™.

(Bl < e

Now as
o d —an [ rTotdRdr < RedRif <
rmin(r, R _{ PR < RS Gf p > 1
by collecting the three cases, the proof is complete. O

Let o denote the surface measure on S%~!, and write g = g1 — g2 + i(g3 — g4),
where each component g; is positive. Then by considering the positive measures
g1, an application of the triangle inequality combined with (1.2) tells us that

1G(R ) 3aga1) % callall R gl 1o ooy
Thus, by duality, we are looking for an upper bound for the 8 such that
1(Fdo)” (Rl S B eal@Talllf 2@, (3.2)
where
(o)) = s [ € @) doo)
We test this on the characteristic function associated to 2 defined by
Q= {wes? ! : dist(w,I') < pR~'},
where p > 0 is sufficiently small, to be chosen later, and I" is defined by
I'={wes¥! : Rwe 27Z%},
with 0 < k < 1. Considering f defined by

_Xa
f= Q)

we have that || f[| 2ga-1) = 1.
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Now it is well-known (see for example [24]) that for d > 4, there is a lower bound
#F > Rn(d72)’

as long as R is large enough and satisfies (%R"“)2 € N. Thus, for these values of R,
we have

o(9) 2 Rr4-D=(@-), (3.3)
We claim that

|(fdo)” (Rx)| =

/ eiw‘RIf(w)da(w)’ 2 \Vo(Q) V€A, (3.4)
Sd—l
where, taking e sufficiently small, A is defined by

A= (R“_lzd + B((LER_I)) N B(0,1).

Again, the idea is that the phase of the integrand in (3.4) never strays too far
from zero modulo 274, and so the different pieces of the integral, corresponding to
different pieces of §2, do not cancel each other out.

More precisely we prove that

w-Rx €2nZ+ (-4, 35), (3.5)

provided that w € 2 and z € A. To see this, we write
w=2rR""+ v, where (€ Z% [f|=R" |v]<pR™*
and
=R m+u, where m € Z%, |m|< R™", |ul <eR71,
so that
w-Rx = 2rR " +v) - (R"m+ Ru)
= 27l-m+v-R'm+2rR"™™ - u+v-Ru
= Il+12+13+f4.
Since I € 27Z and || < pR™IRFRY™F = p,
I3 < R*""R*sR'=¢ and |I4] <pR 'ReR™' = peR7 !,
we see that (3.5) holds by taking p and e sufficiently small. This implies that the
phase in (3.4) is close enough to zero modulo 27i as long as x € A, yielding the
bound.
Now, defining p by di = xadx, where dz is the Lebesgue measure in R?, and
taking k = d’To‘, by Lemma 3.1, we have
ca(p) S R4 = R, (3.6)
On the other hand,
pll = |A] = RTRIC=) = R=%, (3.7)
Now (3.2) combined with (3.4) tell us that

Vo @llull £ B2 ea(w)ell,
so that by plugging in (3.3), (3.6) and (3.7), we obtain
RA(RA-2)—(d-1)) < p-B/2.

Letting R tend to infinity, we see that

2(d — )
g
and so taking S sufficiently close to 34(«), the proof is complete. O

B<d—1-r(d—2)=a—1+ (3.8)
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4. MULTILINEAR EXTENSION ESTIMATES

Here we present the multilinear extension estimates due to Bennett, Carbery
and Tao [5]. As we saw in the previous section, the extension operator, defined
below, is also the adjoint of the operator that restricts the Fourier transform to a
surface, and so these dual estimates are also referred to as restriction estimates.
We consider the surfaces

S:={(&p(¢) e R : |¢] < 1/2}
with ¢(&) = —|¢? or ¢(&) = /1 —[¢[% For acap 7 = {(£,¢(£): £€Q} C S

associated to a cube @, we define the extension operator T, by
Trg(,t) = / g(&) e,
Q
Letting Y (¢) € S?! be the outward unit normal vector at a point (&, #(£)) € S,
we say that the caps 11, ..., 7, are m-transversal with constant 6 > 0 if
Y (&) A AY (&) > 6,

for all & € Q1, ... &m € Q. In the following theorem, and throughout, By will
denote a ball of radius R with arbitrary centre.

Theorem 4.1. [5] Let d > 2, ¢ > 0 and let 11,...,74 C S be d-transversal caps
with constant 8 > 0. Then, for all R > 1,

d
79
k=1

The exact dependence of ¢ on 6 is an interesting open question. The following
lower-dimensional and discretised version was proven in [11, pp. 1250]. This is the
version we will require in the following section.

2
d—1

d 2
L SdOR ] IelE,
Ld=1(Bgr) k=1

Proposition 4.2. [11] Let0 < e < ﬁ and let Ty, ..., Tm C T be m-transversal caps
with constant 0, where 2 < m < d—1. Let V,,, be an m-dimensional subspace of R4
and let Q;, C Qi be disjoint cubes of side length 1/K such that dist (Y (£),V,,) <
1/K for some & € Q. Then, for all K > 1,

1, |27
Kk=1" jk

Due to rescaling arguments we will require these estimates for a slightly more
general class of phases ¢. As we are only interested in the modulus of the extension
operator, we are free to add and subtract constants to the phase ¢ and so we work
instead with ¢(€) = /1 — [£]? — 1 in the spherical case so that it looks very similar
to the parabolic case. Then, for & € {¢ € R €] <1/2—-6/2} and 0 < 6 < 1,
we define the scaling map S¢, s by

Seo.50(6) = 672 (8(€0 +66) = 596(60) - € — 9(40) )

Note that the paraboloid is unchanged by this operation, and the sphere is altered
only very mildly. The estimates of this section hold uniformly for all the extension
operators defined with a phase obtained by applying the scaling map a finite number
of times to ¢.

Finally we present a globalised-in-space version of Theorem 4.1 that we will need
in the final sections. It follows by a standard localisation argument.

2 m

= c(e))KE(]{B 11 (Z!ngF)Z}")“

K k=1 Jk
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Proposition 4.3. Lete >0, p= dQ—fll and let T1,...,7q C S be d-transversal caps

with constant 0 > 0. Let {Q} be a partition of R~ into cubes of side length R.
Then, for all R > 1,

d d
kS 1
H|TTkg|d H‘T‘I’kg|d
k=1 k=1

Proof. Noting that the first inequality is nothing more than the inclusion £? C 7,
it remains to prove the second which we rewrite as

d
> | 1 s
Q k=1
For this we write go = ((9x.)"xo)" and goe = gxq@, — g, Where xq- is a

Schwartz function adapted to the cube Q*, with same centre as {2, but with side
length

2 2

< ()R ||gll3-
LP(Qx(—R,R))

5>

LP(RI-1x(~R,R) 0

2/d
N < (O g3
La-1(Qx(—R,R))

10 sup |1+ Vo(§)|R. (4.1)
l€1<1/2

Now that we have taken the support restriction inside the definition of the functions,
we will consider the operator T' defined by

To(ot)i= [ (€ale) eSO, (1.2

where v is a Schwartz function supported in the unit ball and equal to one on
|€] < 1/2. By applications of the triangle inequality it would then suffice to bound
the main term as
2/d

2 < (O [gl.
La-T(Qx(—R,R))

by

Q

d
11 790
1

k=

and prove other mixed inequalities, like for example

2/d
>

Q

d
]ngc T] 7o0 < 9l (4.3)

k=2

LTT (Qx(~R,R))

The main term is bounded directly using Theorem 4.1 and the finite overlapping
of the frequency supports. For the second estimate we first note that by Holder’s
inequality, followed by Bernstein’s inequality (or Young’s inequality given the com-
pact frequency support and the reproducing formula that it yields, see below) and
Plancherel’s identity in the z-variable, the left-hand side of (4.3) is bounded by

) 2/d
Taoe it (-) dle ) _
g(Hn gacllz@lgnc 137

Then by Holder’s inequality in the time integral, we see that this is bounded by

d—2 N\ 2/d
RT3 (T gor sy lglld )
Q

A final application of Holder’s inequality in the sum, and the finite overlapping of
the frequency supports, shows that this is bounded by

d—2
R*% |lgll2 (D 1T g0
Q

Thus in order to complete the proof of (4.3), we need only prove that

Z 1T 90 72(0x (—r,R)) S R™N|g|l3 (4.4)
Q

) >1/2
L2(Qx(—R,R)) .
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for large enough N € N.
For this we write the operator as a convolution,

Tgor(w,t) = | 9(€)gar(e) ™ Odg = | (TG O(9x@) (= — 2)da.

Recalling the definitions (4.1) and (4.2), we have that |z| > 2|V$(€)t| when (z,t) €
Q x (=R, R), so by repeated integration by parts we see that

T[](2, )] S On(1+|2)) V77,
so that, for (z,t) € Q x (=R, R), we have

Tgac(x,t)] S BTV / (L4 121~ gx@.)" (= — 2)|d=.

Rd—1

Plugging this into (4.4), and integrating in time, we see that

2
S IToae i rmny SB[ | [0 +1207ax0)" : ~ a)lds] da
Q

< R™Vgll3,

d—1

where the final inequality is by Young’s inequality and the Plancherel identity. This
completes the proof of (4.4) and thus (4.3), and the other mixed terms are bounded
in an analogous manner. O

5. THE BOURGAIN-GUTH DECOMPOSITION

In order to take advantage of the multilinear estimates, we must first decompose
the operator in such a way that transversality presents itself. In order to take
advantage of bilinear estimates, this can be done by employing something like
a Whitney decomposition. A triumph of the work of Bourgain and Guth [11]
was to achieve something similar in the multilinear setting. In fact they used the
lower dimensional multilinear estimates of Proposition 4.2 in order to create the
‘decomposition’ (really it is an inequality) and in the coming sections we will need
pointwise control of this. Indeed we will make essential use of the fact that the
right-hand side of the inequality is almost constant at certain scales. As they point
out, this only holds after mollifications, and the final decomposition is obtained
by an iteration. In this section, we keep track of some of the details that they
omitted so as to check that these approximations, as well as the lack of control of
the constant ¢ from the previous section, do not feedback in an uncontrolled way.

Let Q C {¢€ € RI7L: |¢] < 1/2} be a box of side length § and let 7 denote the
associated cap. Take 0 < € < fld and R > 1 and introduce d different scales

R/¢(e) ~ Ky<- - < Kgy1 < R°

that satisfy KSm¢(K,,™) < K&, ., where ¢(¢) > 1/£2? dominates the constant from
the previous section. As long as it does not blow up at zero in a very unexpectedly
fast way, it would suffice to take K, ~ R
have RT@Km < Kt

Take a partition {Q2 ¢} of @ made of pairwise disjoint cubes of side length §/K>
and centered in &. Then, for all m = 3,...,d, define recursively a sub-partition
{@m,;} made by pairwise disjoint cubes of side length 6/K,, and centered at ¢;
in such a way that for every @, ; there exists an (},,—1, that contains it. For
this we need to suppose that R > 2¢() in order to have room to choose the scales
appropriately, and so this is assumed from now on.

. One can calculate that we also
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We say that the caps 7,, ; associated to @, ; are at scale ¢ /K. Recalling that

TTNL,jg(x? t) = / g(f) 67Tf+7t¢(§)d§7

m,j

for each m = 2,...,d, we have
Trg= ZTTM,JQ-

We will also need a restricted version of 17, ..
space of R? and define

ij . Z T,g,

vCTm,j
vEVm, -

where Vi, - = {Tiy1,0 C 7 ¢ dist(Y(£),V,,) < /K1 for some € € Quruyie }-
The following pointwise estimate [11, pp. 1256] will be a key ingredient:

Let V,, be an m-dimensional sub-

d
1
o) < K3, max ] Tusto o) (5.1)

d
+ Z K2™ max H TV g(, 1)) + > max [Ty, g(x,t)].

T C7 k=1 =T
Here the caps 71,..., Ty, in the first two maxima are m-transversal at scale /Ky,
and the final maximum is over caps 7, at scale §/K,,. This is proved by iterating
the following dichotomy: either the operator is bounded by a product of m + 1
operators associated to transversal caps, or it is not, in which case, given m caps
where the operator is large and the hyperplane V,,, that their normals generate, the
operators associated to the caps with normal lying outside of V,,, must be small.

The uncertainty principle tells us that the terms should be essentially constant
at different scales §/K. This can be formalised by replacing them with suitable
majorant functions. Indeed, define the dual set 7’ to be the d-dimensional cuboid
with dimensions 6 7' x...x§ "' x6~2 centred at the origin, and with long side normal
to T (pointing in the direction of the normal Y to the centre of a cap 7). The scaled
version K'7" denotes the similar set but with dimensions K6~ x...x K6~ x K§~2,
Let ¥ = 1, * 1, be a smooth radially symmetric cut-off function, supported on
B(0,d) ¢ R? and equal to one on B(0,v/d) C R? and let 1, denote the scaled
version of 1 adapted to K7'. By this we mean that

Kd K™ K

where A, € SO(d) and A;(Y;) = (0,...,0,1). By the modulated reproducing
formula,

d+1 241
Vi (z,t) := 5—1/} <§x M) , (' t) = Ar(z, 1), (5.2)

Trg| < |Trg| * [
and one can also calculate (see Lemma 8.6 of the appendix) that

m
Tegl S (Tl 5 | 7)

for any m > 1. This yields
a El (©)
I Togl™ S \Trgl7 # Gy Clast) i= (T [ o [17) ™

and as (,+ is essentially constant on translates of 7/, which is a property that is
preserved under convolution, we have majorised by an essentially constant function.
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By elementary trigonometry one sees that %Kmr’ C v’ whenever v C 7 is at scale
d/Kpm, so that the dual of the latter is contained in the former and so

1 1
TS gl ST gl * Creprr

Using these observations, (5.1) can be rewritten as
d

1
Trgl < K3 max [[1Tngl7 %y (5.3)
sl

d—1 m d—1
2 Vi |2
+ E Kmm max H |T7'k g|m™ * (Kmq—' -+ E max |T~,—m+1g| * C‘r/ s
V’m v Trm41 v m—+1
m=2

T1yeeesTm k=1 m=1

where as before 7y,...,7,, C 7 are m-transversal caps at scale §/K,, and the
maximum in the last term is taken over caps of size 6/ K, 41.

Remark 5.1. The maximum over 71, ..., Tm, ¥y, depends on the value of (z,t), but
we can now choose the same 71, ..., 7, V,, for all (x,t) in a translate of K,,7’. In
fact, given the dichotomy with which the initial decomposition is obtained, V,,, can
be chosen to be the same in any translate of K., 17’. This is because we only need
to consider this lower dimensional case in the absence of m + 1 transversal caps for
which the operator is large. These caps are at scale K,,,+1 and so the definition of
the subspace V,,, can be taken uniformly at that scale.

Definition 5.1. Set ®,v, -, =1 and, for m =2,...,d — 1, define
Ko MaXr .., rmCT H;n:1 |T-Xm9|% * Cheprr + | Trp i gl % CT,'n+1
1/2 :
2 _
(Zuevm,u{rm_,_l} (ITwg] * Cor) ) + R~V gl 2

With this function, the decomposition (5.3) can be rewritten as

TV, Tm+1 *

d
1
ool S KF', ma 11Tl + (5.4

d-1 1/2
+ Z max Prv, -, ( Z (|Twg| * Cv,)2> +R:(9),

V T 1
m=1 """t VEVm +U{Tms1}

where the remainder term R, (g) is defined by
d—1
RT(g) = R_l/s Z Vmax (PT)Vﬂlmi+1 ||g||L2'

m>Tm+1
m=1

Although ®,v, - ., looks complicated, we will no longer care about its explicit
form, and focus instead on its properties. These properties, one of which we prove
now using the multilinear extension estimate, hold uniformly for all hyperplanes
Vi and caps 7,41 at scale 6/ K, y1.

Lemma 5.2. Let 0 < ¢ < ﬁ and 0 < 6§ < 1. Let 11,...,Tm be m-transversal

caps at scale §/ K, and let T be a cap at scale § that contains them. Then, for all
V,, CR? and a € Rd,

m m—1
Vi |~
][ LT 175 gl # Gy
at+Km417’

k=1

mot 2m
S oK™ fn-}-l( Z (\Tvg| * Cu’)z(a)> n (Ril/SHQHB) =

vEVm, +
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Proof. Denoting ¢ := =™ by the trivial bound [T, glr= < Kmrfr/12||g||L2, and
the definition of the K,,, this would follow from the slightly stronger estimate

m
Vin
/ [[ 7
a+ K171’ k=1

. 2\ K \© g
c(Kmm>K;H< > (1mgl+¢) <a>> +((g2) Kl max [Tl

K
VEVm, mt1

q
" cKmT/> < (5.5)

By scaling as in the proof of the forthcoming Lemma 6.3, it will be enough to prove
this with 0 = 1, so we can replace a 4 K, 117" by Bk,,., centred at a. By Holder’s
inequality and Fubini’s theorem, we see that

][ (H/| yk)|’" KmT (yk)CK 1/q(yk) dyk> dxdt

Km+1

/ ( f o g (2, 1) — )| 7T dwdt>w<y> dy,
By

m+1 k 1
where []}%, Ck,,r (yk) dy1 - . . dym =: w(y)dy. Then by Proposition 4.2 (with K =
K,,41 and 0 = K,™), Holder’s inequality and Fubini, this is bounded by a constant
multiple of

o(Kp™) m+1/ <][ H( ITug((%t)—yk)IQ) zfcdt) w(y) dy

Brpia k=1
UEVTYLT

q

< oK +][ / H( |Tug<<z,t>—yk>|2> w(y) dydzdt.
vCTk

K41
vEVim -

By Holder’s inequality again and the reproducing formula, we can bound this as

q

9 2m
< Kfn+1][ H( (|Tvg|*g,,) *CKmT/(x,t)> dxdt
Km+41 k=1 vCTg
vEVim, -
) qa/2
< C(K;Lm)K;L+1f ( Z (|Tvg\*<0/) *CKmT/(as,t)> dzdt.
BKm+1 VEVm,

Finally we can apply Lemma 8.7 of the appendix, with K = K,;,+1 and K’ = K,,,,
to conclude that this is bounded by a constant multiple of

e > N K \© ‘
(K, >Km+1< > (mgl ) <a>> () mltimax gl )

vEVim,

The chain of inequalities yields (5.5) and hence the result. O

Property 5.1. It is clear that CIJTV is essentially constant on translates of

'nLmi+1

K,,7'. Given that by definition Km =T o(K,™) < K: .y, Lemma 5.2 yields

2m 2
m—1 €
+K , (PT)meTm+1 ~ Km+1’
a m+1T

where m = 2,...,d — 1. By Holder’s inequality this also implies that

2(d—1) 5
d—2 €
f (PT Vo, Tim1 SJ Km+17
a+Kmp17’
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uniformly over all a € R%, V,,, € R? and 7,,,41 C 7 at scale § /K, ;1.

We could have convolved both sides of (5.3) with (.-, before introducing the func-
tion ®;v,, 7., In order to then replace the double convolutions on the right-hand
side by single convolutions we again use Lemma 8.7 of the appendix. Introducing
® v, 7., after this process, we can also write

d

[Trg| * ¢ S Kgdnmaﬁd H T, gl * Cry (5.6)
=1

d—1 o\ /2
+ Z max ¢T,Vm,‘rm+1 ( Z (|Tvg‘ * Cv’) > + R

Vin s Tim+1
m—g mTm UeVm,)TU{Tn7/+1}

As the terms on the right-hand side have the same form as the left-hand side at a
different scale, we can iterate this inequality to obtain the following theorem. From
now on we write 7 ~ §/K if 7 is a cap at scale §/K.

Definition 5.3. Define ¥, recursively by

v, =1 v~
U, =V, maxv,, .11 ¢77Vm17m+1 vCT, U~ 5/Km+1’ T~ 4.

We keep track of the maximal number of caps in the following sets Es as this
information is used when proving linear restriction estimates. However the cardi-
nality will have no consequence in this article - it will only be important that the
caps of these sets are disjoint.

Proposition 5.4. Let 0 < & < 75 and let S = {(&,6(¢)) : |£] < 1/2}. Then, for

all N € N,

d
2d 2 1
Tygl Snv K31 H};;X( yow? (Th{r}gfg]}_[l T, 9] CT,;>

Ky N<o<1 TCE;

1/2
+ > max (Z W2 (|T,g] CT/)2>

Ky VK <<k N TEEs

2

1/2
+ ) n;;;x(Z \Pi) R™Y%|lg]) 12, (5.7)

KyNK; <6< TEE;

provided suppg C {&€ € RI™! . |¢] < 1/2). Here § is restricted to taking values of
the form K37 - ...- K ;' with y,...,7a € NU{0} and 71, ..., 7q are d-transversal
caps at scale 6/ K. The sets Es consist of at most 4§24 disjoint caps at scale §.

Proof. When N = 1, there is only one term in the sum over K, < § < 1 and the
inequality follows from (5.4) at scale one. So we proceed by induction on N.

Suppose the inequality is true for N. Note that if it were not for the upper
bound on ¢ in the second sum on the right-hand side, the inequality with N + 1
would immediately follow from the Nth version. Thus it remains to bound the part
of the sum that appears in the Nth version that does not appear in the version
with NV + 1;

1/2
Z max <Z o2 (|TTg|*§T/)2> .

K;(N+1)<5SK2—N r€Es
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Applying (5.6) to the summands, this is bounded by a constant multiple of

d ) 2\ 1/2
2 (Z\PQ (K Tl,r?,%chl}_TllTrkgld*cT,;> )

K;<N+1><5§K;N TEE;s

_ 1/2
S SREET 6 3505 SIS s VIR

V? Tm+1
K;<N+1)<6§K;N TEES nonm VEV +U{Tm+1}

1/2
212
+ Z max (Z \IITRT(g)> .
K;(N+1)<6§K2—N TeE;s

Here 7,...,7q are d-transversal caps of size 6/K; and V,,, ; is the set of all the
caps v C 7 of size §/K,+1 and such that dist(Y(€),V;,) < §/Kn41 for some &
in the orthogonal projection of v. The first term is clearly acceptable and, by the
definitions of ¥, and R, we can bound the other two as

1/2
Z max( Z Z Z 12;(|Tvg|*§v’)2>

K;(N+1)<6§K2—N TEEs m=2v€V,, ;U{Tm+1}
1/2
+ Z nmax< Z W2 R2/%| g|12, > .
K;<N+1)<§§K;N T€EEs:vCT
Using the induction hypothesis again, there are at most
ANGFTUL(5 (8 ) K )2 = AN TS/ K )2

terms in the product Es x Vi, U {711}, so we shift the scale and bound this by
a constant multiple of

1/2
Z H}%X< Z \IJ% (Tv9|*cv’)2>

K;(N+1)K;1<5SK;(N+1) veEs

+ > (Z q;) " RY4|lg]) .

K;<N+1>K;1<5§K;(N+” vEE;

This is also acceptable and so the proof is complete. O

Definition 5.5. If 7 is a cap at scale K, " - -- K ;7 we write [(7) := 2?12 ¥j-

The functions ¥, also have good essentially constant properties, that we record
in the following proposition.

Proposition 5.6. Let 0 <e < 4—1d. Then the functions V.. are essentially constant
at scale one. Moreover, for all a € RY,

2(d—1)
][ U, (x,t) drdt Sy |7)F
a+T1’

Proof. The essentially constant property is an immediate consequence of the def-
inition and the corresponding property for ®, with v C 7, so it remains to prove
the averaged property.

If 7 ~ 1, then ¥, := 1 and the estimate is trivially satisfied. If v ~ 1/K;, 41,

then ¥, := maxy,, -.,, ®rv,, 7.,, Wwhere v C 7 ~ 1 and we can cover a + v" with
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a family of translates of K, 17" which are essentially balls B; of diameter K, 1.
We can of course do this in such a way that

U B; Ca+ 4.

J

Then we have

IN

v
a+v’

q
Z L V_"{I}Tamx_*_l (I)T,Vm,‘rm+1
E q
5 |B | f max (DT Vi sTm+1

m17m+1

Recalling Remark 5.1, in fact we have the same V,, for all (z,t) € B;. Similarly
as @,y is essentially constant on B; we can suppose that the maximum is

msTm+1

attained on the same 7,41 for a given B;. Thus, taking ¢ = 2(d 1) , by Property
5.1 we obtain
[ s DB S A <

as claimed.

We have proved the proposition for 7 such that I(7) = 0 or 1. Thus we can
proceed by induction on this quantity. Supposing that we have the estimate for 7
such that I(7) = N, it will suffice to prove the estimate for v such that I(v) = N+1.
That is we suppose that

f owsir aert (5.8)
a+T1’

and attempt to prove the same for v at scale §/K,, 1 such that v C 7 at scale 4.
We cover a+ v’ with a family {T}} of pairwise disjoint translates of 7/ with centres
at (x¢,t¢). We can do this in such a way that

UTg Ca+20.
¢

As @2, - is essentially constant on Ty, we have

q E q q
\Ilv S \IJ max (bT Vin sTm+1
atv’ 7 JT T Vo, Tmt1

- anql"%ji—l(I)T Vins Tm“(w’u”Td T

A

Then, by the induction hypothesis (5.8), we see that

/+ vEo< |TF Z max (bTVm7TnL+1('T€7te)|T‘€|
,L)/

maTm+1
< /e q
~ |T| max q)'er,Tm+1'
UeTy

Vim sTm+1

We are now in a similar position as in the case I(7) = 1. We cover |J,T; with a
family {7} of disjoint translates of K,,417’. As the angle between Y,, and Y; is
bounded by §, elementary trigonometry tells us that we can do this so that

UTj Ca+4v.
J
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Thus, by Remark 5.1 and Property 5.1,

vd T’EZ T;| max ][fl)q
/(;Jrv/ v = | | - |J|V s T Vi, Tm+1

A

mTm

m

S K YO IT S I PG ) < o]
i

where in the final inequality we used that |[v'|'T¢ = |7/ |€K£fill )E|v and so the

proof is complete. O

’
)

Returning to the decomposition (5.7), we stop the iteration at the biggest value
of N such that K K; < R*, where A\ > 0, so that

d
2 1
Tl < B Y H};;X<Zq” <Tl,.f¥1%§c7,€Hl'T”g'd*<T‘f>

R—*<6<1 TEE;

2

1/2
S SR O X ACYIESY

R-A<§<R—Me TEE;s

1/2
+ > rr;;;X(Z W?) R™Y4|g]l 2 (5.9)

R-*<6<1 TEESs

This is what we call the Bourgain—Guth decomposition [11, pp. 1259]. Note that
as |7'| < RUTDA we have

(d—1)
][ xllj;iz < RUFDA 4 e RY, (5.10)
a+T1’

Later we will dispose of the sets Es and take the inner sums in 7 over the full
partition of S. The outer sum (over the scales at which the partition is taken) has
less than Ac(e) terms in it, where ¢ is the constant from the Bennett—Carbery—Tao
extension estimate. The inequality recalls the way in which the Whitney decompo-
sition can be used to take advantage of bilinear estimates, stopping at a scale for
which easy estimates are available. The big difference between this and the Whit-
ney decomposition are the functions V.., which have reasonably nice properties, but
will prove to be something of a hindrance. Indeed, the easy estimates for the linear
terms are no longer so good that we can ignore them completely.

6. PROOF OF THEOREM 1.5

After the usual duality argument, we will use the Bourgain—Guth decomposition
of the previous section in order to bound the extension operator. The first term on
the right-hand side of (5.9) will of course be estimated using the Bennett—Carbery—
Tao multilinear estimate from Section 4. The second term on the right-hand side
of (5.9) will be estimated using a variant of Sjolin’s argument [44], first taking
advantage of the fact that the restricted extension operator is essentially constant
on tubes of width R* and length R?>*. The first estimate worsens as A increases
whereas the second estimate improves. The argument is completed by optimising
in A so that the two bounds are the same.

Indeed, recalling that by duality the desired estimate (1.2) is equivalent to

1(fdo)Y (R )|zt (an) S B2V ealmlplllf | p2a-r),

by Hélder’s inequality, it will suffice to prove
1(fdo)" (R ez S B2V ealp)l| fll L2 sa1 (6.1)
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for all § satisfying
(d—a)?
(d-—1)2d—a—-1)"

f<a—1+

Defining the measure pug by

[ o dunta) = [ o) Braute/R) = B [ (o) duto
it is clear that co(tr) = ca(p), so that (6.1) is equivalent to
a=g
I(fdo)* Iz (aun) S B2 Vea()l fllzz@i-).- (6.2)

By a finite splitting, the triangle inequality and the rotational invariance of
the inequality (which holds uniformly for all a-dimensional measures pr) we can

suppose that o is supported on .S = {(&, ¢(£)) : |€] < 1/2}, where ¢(§) = /1 — [¢]%.
Defining

L f(§9))
GO 1= |eP

(fdo)" (z,1) = / g(€) it g,

1€1<1/2

9(§) =

we can write

so we see that (6.2) is equivalent to

a—pB
1759/l L2(dur) S B2 VealW)llgllpzga-1)- (6.3)
For this we will use the Bourgain—Guth decomposition with A = ﬁ;
d 9 1/2
1
IR Y O | VIR
R—2<6<1 \7~4 k=1

1/2
+ Z <Z (‘Ij‘r|T‘rg| * C‘r’)2> (64)

R-A<S<R-AMe \7~8

1/2
+ Z (Z‘Iﬁ) RA/EHQHL?(W%),

R-2<6<1 \7~6

which follows from estimate (5.9) by summing in 7 over the full partition of S at
scale 0 instead of over the restricted subsets Fs.

Recalling that there are less that Ac(e) < ¢(e) terms in each of the d-sums, by the
triangle inequality, we need only prove estimates which are uniform in §. Writing
gr ‘= gX+, if we could prove

w7291 ¢ S Veal@) RE5T 55T g, (65)
L?(dpr)

uniformly for 7 at scale § with R~ < § < R~ *¢, then using orthogonality, we

could bound the middle term on the right-hand side of (6.4). Similarly, replacing

the max,, . r,c- with an £?-norm, and using the fact that there are no more than

R? choices in such a sum, in order to treat the first term it will suffice to prove

a_ a— (d—o
S Ve RETSTTHET g, (6.6)

d
\Ij'r T‘r %* T/
H kl;[l\ LR

uniformly for 7 at scale § with R <§<1land uniformly for choices of transversal
caps T, ...,7q C 7. In fact we will only prove this for @ > 1 however we can safely
ignore the other cases as Mattila already proved the sharp bound for §; for low
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dimensions [35]. Finally, in order to deal with the remainder term, by taking e
sufficiently small, it will suffice to prove that

H\IITHLz(d,uR) 5 V ca(:u)Rd/2+)\7 (67>

uniformly for 7 at scale § with R~ < § < 1. Taking for granted the proofs of (6.5),
(6.6) and (6.7), which we will present in the forthcoming lemmas, starting with the
easier (6.7), this completes the proof of Theorem 1.5.

Lemma 6.1. Let 0 <e < 4—1d. Then, for all caps T ~ 6 with R~ <6 < 1,

1 22 iy S Vea(W R

Proof. Writing q = 2?:21), we prepare to use the property (5.10). First of all, as

¥, is essentially constant at scale one, we know that

| 1) ()

Bj

IN

pr(Bj) sup |Wr(x)]?
r€B;

IN

ea(r) sup [Tr (D)1 S caliin) /B V. ()| 9dz,

r€DB; 7

whenever Bj is a ball of diameter less than one. Thus, we can bound

1 1

1Vellr2(apn S #rR(BR)Z™ 4 1¥r|lLa(dun)
1_1 1_1 1
S calpr)? T R 2T eq (ur) 7|V | Lo(sp)
a(l_1
Vea(W R0, | o p)-

Covering Bg with a family {7} of translates of 7" with disjoint interiors, cuboids
of dimension 671 x -+ x 671 x §72, we can then bound this as

a(l_1
19l S VealmR D (1%,
J

1/q

11 S\ /e
S VeawRGTE (Z\TjIIT’|>
J
S Vea(uRsT T

where the second inequality is by Proposition 5.6. For the range of 4 under consid-
eration, this is easily enough to give the stated bound. U

Lemma 6.2. Let 0 <e < 4—1d. Then, for all caps T ~ & with R™* < § < R™Ae,

1_A(d—a) d
L2 (dpn) SV Ca(p)RET 2D T g ]l (6.8)

Proof. Again we cover Bgr by a family {7} of translations of 7/ with disjoint
interiors. Setting G, := |T,g| * (;/, and denoting the measure dup restricted to Tj

H\IIT‘TTg‘ *CT'

by dul,, we can write

1/2
198Gl = (196l ) (69)
j ,

As in the previous lemma, we use that U is essentially constant at scale one, so
11
H\I’r”m(d#g) S ur(T))? @ ||‘I'T||Lq(d,4%)
11 1
MR(TJ') 27 aco(pR) T HWTHLq(Tj)

1 1 d+1

1 11 _dt1_ 1
ca(p) e pr(Ty)? e R2a °[T}|s,

N N
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where the final inequality is by the property (5.10). Using this and the fact that
G is essentially constant on 7},

1 1_1_ d+1. 1
||\I/.,-GTHL2(dHJ}'¥) 5 ca(u)q R(Tj)2 a R 24q ‘T|q||G HLoo(T.)

TERTTE T G .

Plugging this into (8.5), we obtain

S

1/2
_1 da+1 1 _1
SRS Ty 2(Z||GT||%2(T,.>)
d+1 d 1 1 /2
< e RS s (-4 (DG |L2<T>)
S Vel R 555 |G| 12 (51 (6.10)

where in the second inequality we use pgr(Tj) < co(p)d~ @+ which follows by
covering the 7} by 6! balls of radius 6!
On the other hand, by Minkowski’s integral inequality, we can bound

192Gl z2iun) S calp)Tn(T)

G lL2BR) = I Trgl * (o llL2(BR) < /||ng(' —Yllr2r) G (y) dy
< [ s s

9y(€) = g(€) X (e TWI =IO -y =y — ().

Here 7 is the orthogonal projection onto R?~!. Then by Plancherel’s theorem, the
fact that ||gy|l2 = [|g-||2, and the fact that the integral of ¢/ is bounded, we obtain

C‘r’ (y) dya

L2([t|<R)

where

1G22y S B ?llgrl2-

Plugging this into (6.10), we see that

1ydi2_  d-a
||\I’T|T79| * G (dur) S Vea(p)RET 205670 g o, (6.11)
which, with R~* < § < R™*¢, yields the desired uniform estimate. O

Lemma 6.3. Let0 < e < ﬁ and a > 1 and A = 572
with R~ <6 < 1 and all d-transversal caps T1,...Tq ~ d/Kg contained in T,

1 Ald—a)
) S V coz(:u)RE_ 2= +d8||g'r||2' (6'12)
R

Then, for all caps T ~ §

d
1
H\I}T,]:[l |T‘I’kg|d *C-r,’€ 12(d

Proof. Setting G, := HZ:1 |TTkg|% * Gry, we will prove that

o _d-a __d-1
1+ Grll 2 (dpur) S VCa(p)RFRZ§7ED T2 g, |5, (6.13)
which on can calculate gives the required bound for § > R~ TaT By Holder’s
inequality with p = , we first note that
190Gl S ca<u>ﬂRa<m>\|xIJTGT||Lp<dMR> (6.14)

wb—A
] \H

= Ca

. 1/p
w(ZII\P 6ol )
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where du% denotes the measure dur a member of the cover of Br by translates
of 7/. Using that W is essentially constant at scale one,

(L PRI (e k) L 28 PO
1_1
S wTy)r e ()qH\IJTHL'I(Tj)
S M) e () 8Ty R
5.10

where the final inequality is by the property (5
that G is essentially constant on 7}, so that

0). As 7/ C 7/, we still have that

1

192Gl sy S #(T3) 7 T eal()t|T15 RF )Gy | oy
1_1 1 d+1 1_1
< Ty qc<> e e
< <>% e <%*%>HGT||LPT>
1
= Calp)P R SSHET |Gy | 1oy

Plugging this into (6.14), we obtain

d+l_ o . _d-a
[9-GrllL2(pn) S Vea(p)R T R2252@ED |Gy Lo(By)-

In order to bound ||G+|[z»(B,), We write

d 1
Gowt) = [[ / Tl (@2 1) — )Gt ()
k=1

d
11 / T 9| (2 Gy () i,
k=1

where this time

Gy 1= g X TR ETIROE), tr = yr — 7(Yx)-

Then, by Minkowski’s integral inequality, it will suffice to bound

d d
1
T ,H‘ || () dyy ... d
/H;J;[l kgyk| Lo (Br) k:1<k<yk) Y1 Yd

Again || gy, ||2 = ||gr, ||2, and so it remains to prove the multilinear extension estimate

d

1

| TT 1ot
k=1

We recall that 74, are transversal caps at scale §/K,4 and so a direct application of
Theorem 4.1 would give us the inequality with the constant ¢(§9K d d). We do not
know how large this is, however we have chosen the scales so that at least we know
that c(Kd_d) < R, Thus, using the fact the caps 7, are contained in 7 at scale 6,
we can modulate and scale in order to get back into this situation.

Denoting by & the center of (1) = Q we let ék be the scaled versions of Qy
which are first translated by —&y. Indeed, introducing new variables,

(«/,t') = (62,8%t), €& =o€,

< R2557 || g, ||o. 6.15
g 19+ l2 (6.15)

and writing

F(€) = 87 g(& + 8¢"),

so that || f]l2 = |lgl|2, it is trivial to calculate that

[ Trg(@, )] = 8% | T, f(2' + 57 V(&) . t)],
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where
Touf(o) o= [ cmemsass@ i) ag (6.16)
k
and the scaled phase is given by

Seo.s0(€) = 072 (0(60 +0¢) — V(&) - €' — 6(&0))-

The d-transversal caps Ty satisfying (7) = @k are now at scale 1/K,. Writing

H\Tngw(xt ) =87 H|T;kf| @'+ 67 V(&) 1),
k=1

we see that the left-hand side of (6.15) is bounded by
d;l d+1
([ H T f13 (0" + 67 Voleo)t, 1) d
[t/|<52R J|a’|<6R

H T 51|

Here, we change variables x = 2’ +571V¢ (&)’ and use that =1V ¢(&)t’ is bounded
above by 0 R so that the oblique tube can be covered by the fatter cylinder. Now,
by Proposition 4.3,

d ~
| T 17113
k=1

using the original choice of scales and so altogether we get (6.15), which completes
the proof. 0

dz' dt’ ) v

< 6"

LP([—82R,62R]x Bas)

S «(BEZNO R fll2 < B f2,

Lp(RI-1x[—62R,52R])

The conjectured m-linear extension estimates [4, Conjecture 4], with m < d—1,
combined with the arguments of this section, would yield
(d—a)(d+m —2a) 20 }
o —
2(m —1)(d+m—a—1)’ d+m

Ba(@) > min {a 1+ (6.17)
whenever 3 < m < d — 1. Comparing the second term in the minimum with the
bound of Theorem 1.5, it is clear that this is not an improvement for larger a.
However, by taking m = d/2 + 1 (assuming that d is even), this would improve
our bound and Erdogan’s in a neighbourhood of @ = d/2 + 2/3. It would not be
sufficient to improve the state-of-the-art for Falconer’s conjecture however.

Given that m-linear estimates necessarily have worse integrability properties
than the d-linear estimates of Section 4, it is not obvious that anything can be
gained by lowering the degree of multinearity. The reason that such estimates can
be effective is that the decomposition of Bourgain and Guth improves if we take
the initial dichotomy at a lower level of multilinearity. The improvement manifests
itself in the fact that the functions ¥.. have better integrability properties and so
we pay less when we remove them. This kind of thing was first observed by Temur
in the context of the linear restriction problem [49]. Here, the reduced integrability
in the estimates leads to the estimate (6.13) having a worse dependency on R (this
produces the second term in the minimum), however the improved properties of ¥
lead to both (6.13) and (6.11) having a better dependency on §, and together they
would yield (6.17) after choosing the limiting scale A in an optimal fashion.
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7. PROOF OF PROPOSITION 1.6

In order to avoid repetition in the following section, we consider m > 1, however
it will suffice to consider m = 1 here. If vy and v; are in the Schwartz class then
the solution v to the wave equation with this initial data can be written as

sin(tv/—A
v(-, 1) = cos(tv—A)vg + sin(tv—4)
vV=A

Here f, = %(vo —ily xvy) and f_ = %(fuo + ily xv1), where I; is the Riesz kernel,
and )
it(—a)m/2 L n iz-E4it|g|™
€ f(.f) T (27T)d/2 Rd f(g) € dg

For data in H® x H*~!, both f+ and f_ belong to Hs, however this integral does
not necessarily exist in the sense of Lebesgue for s < n/2. Instead we define v(x,t)
to be the pointwise limit

o(a,t) = Jim S fy (x) + ST (@), (7.1)

whenever the limit exists, where

sy |

R

€1 7 gia-eitle™
st 1T i d
RICILCE :
and @ is a positive Schwartz function that equals (27r)_d/ 2 at the origin. This
coincides almost everywhere with the classical solution defined via the L2-limit.
Writing || s * f|| g := [|f|l2, we know that f,, f_ and the limit (7.1) are well-
defined with respect to fractal measures provided that a > d — 2s due to the

inequalities
Mo Fllzcan) S VeaG@TAT 1]l
R Ve m I

N>1
see for example [2], [6] or [37, Chapter 17]. Then by standard arguments (see
for example Appendix B of [6]) and an application of Frostman’s lemma (see for
example [37, Theorem 2.7]), the implication

6(1(04) >d—2s = ’yd(s) <«
can be deduced from from the following lemma.

Lemma 7.1. Letm>1,d>2 and 0 < s < d/2. Then
: S Veaw el fll2

d—Ba(a)
I

H sup sup \Si\”mIS * f|
teR N>1

L (dp
whenever f € L2(RY), u is an a-dimensional measure and s >

Proof. First of all we remark that the maximal function is Borel measurable by
comparing with the maximum function with time restricted to the rationals; see
[37, Lemma 17.7]. Then, using polar coordinates we write

SYmL @) = | [ e e Rl et ag

/ w(N—lR) Rd—l—seitRm
0

%)
/ Rd—l—s
0

F(Rw) e do(w) dR‘

gd—1

A

F(Rw) eiRw“"dU(w)‘ dR,
Sdfl



28 RENATO LUCA AND KEITH M. ROGERS

so that, by Fubini’s theorem,

)5/0Rd_l_sH(f(R-)da)v(R-)||L1(dde. (7.2)

Noting that, even when R is small, we have

H teR N>1

AR )7 2a-1y S Null* S calw)lliell,
the inequality (1.2) implies by duality that
~ v B -~
|(FCR Vo) (R 42y S Vel (1 4+ BY P21 F(R Yoo,

for all 8 < B4(ax), so that (7.2) is bounded by
] Rd 1-s

SVeallil | gl T e R

Finally, by an application of the Cauchy—Schwarz inequality, we can continue to
estimate as

0o pd—1-2s 1/2 oo . 1/2
< 71 . pP\A : 22 d—1 -1
Vel ([ fggedr) ([ IRy )
< VG e

where in the final inequality we choose 3 so that S4(a) > 8 > d—2s as we may. O

8. PROOF OF THEOREM 1.2

As in the previous section, for data in H*® we define the solution to the Schrodinger
equation to be

u(z,t) = A}gnoo SN2 (z) (8.1)

whenever the limit exists. This coincides almost everywhere with the classical
solution defined via the L2-limit. Then, by standard arguments, an upper bound
for a,(s) can be obtained from appropriate maximal inequalities with respect to
fractal measures. We summarise this in the following lemma.

Lemma 8.1. [2] Let a > oy > n — 2s and suppose that
) S Vealmlluiollre @)

whenever ug 1s in the Schwartz class and p is an a-dimensional. Then ay,(s) < ap.

ztAu

H sup |e
0<t<1

Proof. First we use the argument at the beginning of the proof of Proposition 3.2
in [2] to conclude that (8.1) implies the maximal estimate

| sup sup 155Puol| |, < Vealul Tl ol ese ey

0<t<1N>1
whenever uy € H* for all ¢ > 0. Then we use the density argument that invokes
Frostman’s lemma in the Appendix B of [6] or [37, Chapter 17] to conclude. O

Thus it remains to prove a priori maximal estimates that hold uniformly with
respect to compactly supported fractal measures. Indeed it remains to prove the
following theorem.

Theorem 8.2. Letn >1 and

by, 0<a<n—l+gd

s >
m—a+1)(3-2) if n—1+-%4<a<n
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Then

sup [e’*2 |
0<t<1

S Veal)f[ms )
L2(dp)
whenever f is Schwartz and u is a-dimensional.

Proof. Set s, = max{"5% + 5=, (n —a+1)(3 — 45 )}. After noting that

2(n+1)>
sup "2 | < Vea(w) || sup |e"2 ]
0<t<1 L2 (du) 0<t<1 L>(B)
< Ve Boco V2| £,
S Veawlfl:

provided suppf C {€ e R™ : |¢] < 2°®)}, by a dyadic decomposition in frequency,
the inequality (8.2) would follow from

sup |eitAf|
o<1

< Vea(w) R fll2,

L2(dp)
provided suppf C {R/8 < |¢| < R/2} for all R > 2¢(). For this we make use of
temporal localisation lemma due to Lee [33, Lemma 2.3]. In fact we use a version
that holds with respect to fractal measures and where the e-loss in derivatives was
avoided (see [34, Lemma 2.1]), so that it will suffice to prove

S Vea(p) RTE|f |2

Writing fR = R"]?(R -) and scaling, we see that

sup [e'2 |
0<t<1/R

L(dp)

sup ‘6itAf|
0<t<1/R

1/2
_ RW( [ s |e“AfR|2<x>Radu<x/R>)
L2(dp) 0<t<R

so that, by writing dug(z) := R*du(z/R), this is equivalent to
| s e S Vel R e

0<t<R
provided supp f C {€ : 1/8 < |€| < 1/2}. It is easy to check that co(1Rr) = ca(p).
Now by taking A = 1/2 in (5.9) we have the pointwise bound

ntl 1/2
Af S RY (Z(q’r e 1 ) |"1“*<Ta)2>

T1yeesTn+1CT
R*1/2§6§1 I s T4

S (Z (w17 7 c;/)2> -

R-1/2<§<R—-1/24+e \7~6

L2 (d/LR

1/2
Py (zwa) R

R-1/2<6<1 \1~0

Recalling that there are a finite number, independent of R, of terms in each of the
d-sums, by the triangle inequality, we need only prove estimates which are uniform
in §. Writing g, := fx., if we could prove

= Vea()R7Z 507 g g, (8.2)

uniformly for 7 at scale § with R~1/2 < § < R~/2*¢_ then using orthogonality, we
could bound the middle term on the right-hand side of (8.2). Similarly, replacing

sup VU |T,g|* ¢
HO<t<R r|Trgl* L2(dpr
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the max,, . -, ,,cr with a #?-norm, and using the fact that there are no more than
RE choices in such a sum, in order to treat the first term it will suffice to prove

n+1
1 a—n_
| s v [ Tngl ™ Gy, S Vel BT g s, (8.3)
0<t<R [ L2(dur)

uniformly for 7 at scale § with R=1/2 < § < 1 and uniformly for choices of transver-

sal caps 71,...,Tp+1 C 7. Finally, in order to deal with the remainder term, by
taking e sufficiently small, it will suffice to prove that
[ S Vel 22 (aun) S Vea(p) R, (8.4)
<t<

uniformly for 7 at scale § with R='/2 < § < 1. Taking for granted the proofs
of (8.2), (8.3) and (8.4), which we will present in the forthcoming lemmas, this
completes the proof of Theorem 8.2. O

From now on, for nested norms, we write || f||xy := H||nyHX

Lemma 8.3. Let 0 <e < ﬁ. Then, for all caps T ~ § with R~Y/2 < § <1,

||\I]T||L2(d,uR)L°°(O,R) 5 V Ca(u)Rn+1'

Proof. Writing ¢ = 2%, we prepare to apply Proposition 5.6. First of all, as ¥, is

n—1’
essentially constant at scale one, we can bound

S 1Yelle2(aun)Lao,r)

S Vea)IVrllz2(BryLa(o,R)
n(i_1
S Vea) R | U Lo (0,R))-

Noting that n(3 — %) = 1, and covering Bg x (0, R) with a family {7}} of translates
of 7/ with disjoint interiors, we can bound this as

1 1/q
”\IITHLZ(duR)L‘I(O,R) S v Ca(N)R§ (Z H\I/TH%(,(TJ_))
J
1 1/q
VeaR} (3 13117°)
J
S VeaWRSRT S,

where the second inequality is by Proposition 5.6. For the range of § under consid-
eration, this is more than enough to give the desired bound. O

197 1| 2 (dpr) Lo (0, R)

A

Lemma 8.4. Let0 <e < ﬁ. Then, for all caps T ~ 6 with R~/? < § < R/,

1 1

L2y p 0,1) S V Ca(W)R2 T35 g .

Proof. We cover Bg x (0, R) by a family {75} of translations of 7/ with disjoint
interiors. Denote by I; the projection orthogonal to time of T}, onto R™. Recall
that the sets T} have dimensions 6~ x -+ x §~ x 672 and, as our functions are
frequency supported in the the unit annulus, the sets 7/ make an angle greater than
7/8 with the time axis. Thus the projections I; also have a long side of length a
constant multiple of § 2.

||\IIT|TTg| *CT’
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Set G, := |Trg| * {;». Denoting by d,u% the measure dug restricted to I;, by
Holder’s inequality

1/2
1¥rGrlle2aumyr=o,m) = (E:WTGTH%Z(WQL%(O,R))
;

1/2
1_1
il OO

IN

Denoting T3} = {(y,?) € Tjx : y =z}, on the other hand we have

1/p
sup |U,.G,|(x,t) U G| o pe ,
(508, 105G:0) < ( 320Gl )

for all x € I, so that

19-GrllL2(dpm) L= (0, R) (8.5)

2/p\ 1/2
(Z (19l i) )
k

J

=

1_
< pur(l;)?

As in the previous lemma, we use that W, is essentially constant at scale one, so
that

1rllrroe (T dprdty S 1Yrllora(ry, dppde)
< RV Loty sy
S nrly)» vea(w) s 9ol Loy avan
S Calp)ipn(l) RS S| Ty 7,

where the final inequality is by (5.10). Using this and the fact that G is essentially
constant on T}y,

1 _nt2 1
”\I/TGTHLPLOC(T,-mduRdt) 1R €|T'k|q ”G ||L°°L°°(T'k)
; J

IANRZA

1 1_1 _ nt2 n+1
Ca(10) T R (1) 2T R™ S| Ty 0675 0% |G|l 2o (-
Plugging this into (8.5), we obtain

[9-GrllL2 ()L (0.R)

1 1_ 1 n+
S calp)apr(l)* "R T[T,

1/2

2 1 1 1 1 1 2/p
S Vea(m) R e5 (@HNG =) g DG+ - (Z <Z||G Vo, )) )
P k ’

where in the second inequality we use pr(l;) < ca(p)d~ @+ which follows by

covering the I; by 6~! balls of radius 6~!. Finally, using that G, is essentially

constant on Tj;, and + — L = ;L we can sum up to obtain
J 2 q 2n?

n+2 77;
19, G- ez~ 0.0) S Vea W RFTF45 3G 2 ppmmony  (86)
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In fact we have only performed this argument for general p to facilitate the proof
of the following lemma. Here we set p = 2 and so it remains to bound

I Teg] % Corll e Bryeom) < / 1790 — 9)lle0.m 22 o (4) dy

IA

/||grHLZ(O,R)Lz(Rn)CT'(y) dy

<

||97'||L2(0,R)L2(R") = R1/2||9T||L2(R")7

by Fubini, Minkowski’s integral inequality and Plancherel. Plugging this into the
previous estimate, we see that

H\IJT‘T’Tg| *C‘r’

n+2 n—a

1 L
L2(dpr)L>(0,R) N mR2+ ERCETT llg-l2,

which, with RYV2<§< R_1/2+5, yields the desired uniform estimate. O

Lemma 8.5. Let 0 < ¢ < 8%, Then, for all caps T ~ 6 with R~Y/? < § <1 and
all (n + 1)-transversal caps 71,...Tp41 ~ 0/Kp41 contained in T,

n+1

|- T] 17
k=1

1
1k,
Grt

L2(dur)L>(0,R)
S Vealp) R max (RY- 35 "5%, R7050 ) g, |
Proof. As before we set G, := HZill T, g|n%r1 * G77, and this time we will prove

n n—o ;1 1
1VrGrll L2 pryLo=0,m) S Vea(p) RO TG T 2w g, o,

which yields the desired estimate uniform in the range R~/2 < § < 1. Covering

Br x (0, R) by translations of 7/, as 7/ C 7;, we still have that G, is essentially
2(n+1)
n

)

constant at this scale. Repeating the previous argument, this time with p :=
by (8.6) we have

n+2

n42_ m-a 1 1
197Gl L2 (dpry=(0.8) S VCa(p)R T 672 T34 |Gr |l 2(Br) e (0.R)

and so it remains to bound ||G+| r2(B)Lr(0,r)- By Minkowski’s integral inequality,
it will suffice to treat

n+1 n+1
1
IITQ e ”C’yk dyr ... dyn+1,
/Hk_l Tk ykl L2(Br)L?(0,R) P ‘rk( ) n-+

where

(yk)'§+tk‘§‘2,

Gy =g Xr€ " te =y — T(Y)-
1

Noting that & — ¢ = 5 — ﬁ and [|gy, l2 = [|gr: |2, it Temains to prove

n+1

| TT 1ol
k=1

By scaling as in the proof of Lemma 6.3 (see (6.16) for the definition), this would
follow from

< REEID e 2D || g,
B0 llgll2

n+1
To £z — 25— Lot #) |7 < RTGFD TS 2wA D | £l
| T1 Gt N[ L e S 1711

By a rotation we can suppose that & is parallel to x,, so by an application of
Holder’s inequality, and making the change of variables x = z’ — 26~ 1&yt/, it would



AVERAGE DECAY OF THE FOURIER TRANSFORM OF MEASURES 33

suffice to prove

n+1

| TI e p17
k=1

Now partitioning R”~! into cubes € of side length 6?R, and applying Holder’s
inequality, the left-hand side is bounded by

n+1
e (115
Q k=1

Noting that

-t o3 1 1
S R2ZnAD T p ™ 27 2(n+D) Hf||2
L2(BJR)L§nYt(—26R,26R)><(0,62R)

_1_
n+1

1/2
LP(Q)L(;M(2aR,zaR)x(o,52R)> '

1 1 -1 1 1
2(n—1)(7—7):"7:§_,_7’
2 p n+l p 2 2n+1)
the proof is completed by an application of Proposition 4.3. O
APPENDIX

The following lemma is well-known; see for example [49, pp. 1024].

Lemma 8.6. Let 12}\ = zZO * 120 be a smooth radially symmetric cut-off function
supported in B(0,d) C R? and equal to one on B(0,v/d) and consider the scaled
version ¢, adapted to /. Then, for allm > 1,

F(@,0 S (1FI% « w7 (2,0)) (8.7)
provided suppﬁ c 7 CR

Proof. As usual we set m’' :=m/(m — 1). Letting

0w, ) 1= P (0, et o HHIOE), (88)
where (&, ¢(&,)) is the centre of 7, we note that
1 2 1
% = (| (39)

By the self reproducing formula F' = F x5

Fa.t)] < / F () — y)n(y)] dy (8.10)

1
S I
S T m

" dy,

F((a.t) =l [ 1F((@.t) - )

where in the last inequality we have used Bernstein’s inequality. Hence by dividing
1
by [|F((x,t) — ')UHZE’, we see that

(/ |F<<x,t>—y>n<y>|dy)i‘ S W ([ 1RG0 -l a)
= ([ 1Ft) -l @) )

where in the final identity we have used (8.9). Then (8.7) follows using (8.10). O



34 RENATO LUCA AND KEITH M. ROGERS

Lemma 8.7. Let 0 < § < 1 and let K > (K')?> > 1. Let Ay,Ay € SO(d) be
such that A1A271 is a rotation by an angle less than 6. Then if F : RY — R is
essentially constant on translates of A7 (T) where
K K K K K K
R R B S A R

5T B AR Rl 2k
and
§d+1 sz 2 1822\ Y
C(x,t)ﬁ(K/)d(l—&- i Va ) ,
or

d+1
Cat) S 2 (1+ o

2 52t 2\
(K/)d-',-l K’ +‘(K/)2’ ) )

N N
F#C(Aa()) (w1, 11) Sp Flwa,ts) + ||Fl| o (f{)

for some N > d, then

whenever (x1,t1) — (x2,t2) € ATHT).

Proof. If ¢ takes the second form, then by a change of variables,
/ C(x, 1) dxdtg/ |(x, )| 72N dadt
R /T

RE/[-K/K! K/K/]9= X [ K/ (K')?, K/ (K')?]

%) N\ 2N—d
S/ p PNt dp <y (K) ,
K/K/ K

and the same is true if ¢ takes the first form. Then note that

/ F((e1,t1) — )C(Aa(y)) dy = / F((e,t1) — A3 9)C(y) dy

= /TF((wl,tl)—A51y)C(y) dy+/Rd/TF((x17t1)—Agly)C(y) dy = I +11I.

By trigonometry and the essentially constant assumption, we have

F((z1,t) — AL ‘ < Flag, ts),
((z1,t1) 2 Y) yeATIT ™ (w2, t2)

whenever (z1,t1) — (x2,t2) € A7*T so that I < F(xy,t5). On the other hand, we
have that
K\ 2N —d
meifles [ cwarsiele ()
R/T

from before, and so the desired estimate follows by adding the two bounds. O
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