
Supposeyoudriveonalongone-way
highway,whereeachcartravelsata

constantspeed.Assumethatthedistri-
butionofthespeedsisthesamethrough-
outthelengthofthehighway.

Youadjustyourspeedsothatduring
agiventimeunityouovertakethesame
numberofcarsasthenumberofcars
thatovertakeyou.Doesthismeanthat
yourspeedisthemedianofthespeeds
ofthecarsonthehighway?Surprisingly,
theanswerisno!(Clevenson,Schilling,
Watkins,&Watkins,2001).

Imaginefurtheraradardeviceatthe
side of the highway, measuring and
recordingthespeedsofallthecarsthat
passthispointwithinafixedtimeinter-
val.Again,contrarytolayexpectations,
thearithmeticmeanoftheserecordings
wouldgenerallynotreproducethearith-
meticmeanofthespeedsofallthecarsonthehighway(Stein
&Dattero,1985).

Theaboveexamplesillustratethatidentifyingthecorrect
averagemayhaveitsdifficulties(thecorrectanswersforboth
caseswillbedetailedlater).Averagespeed,ingeneral,isnot
allthatself-evidentaconcept.Theapparentlysimpleques-
tion“whatistheaveragespeedofthecarsthatdriveonthe
highway?”isequivocal.Asstudentsofintroductorystatistics
know,thetermaveragemaybeinterpretedinvariousways
andhencemayassumeseveraldifferentforms.Oneneeds
toknowinwhatsensetheaverageissupposedtorepresent
asetofobservations.

FourFacesoftheAverageSpeed

Weconsiderfour(mathematical)requirementsthatmaybe
imposedontheaveragespeed,eachofwhichhasitsown
answer,thusresultinginthedefinitionsofthemedian,the
harmonicmean,thearithmeticmean,andtheself-weighted
mean.Inparallel,thefouraveragesarepresentedfromthe
pointofviewofanobserveronthehighway,whetherina
staticposition,oronthemove.

Wedonotpurporttoofferpracticaltrafficapplications.
Ouraimistohighlightseveraldistinctionsthatareinstructive
inprincipleforstudentsofchance.Moreover,thisunderstand-
ingmayspareusallsomeintuitivelycompellingfallacies.
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Whatistheaveragespeedonahighway?Itdepends....
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Thebasicwell-knownrelationconnectingspeed,orveloc-
ity(denotedV),time(t),andthedistance(S)traveledduring
thattime(inaconstant-speedmotion)is

V
S
t

=

Speedisobtainedbydividingthedistancebythetimeit
tooktobetraversed.Assumethatallthecarsonaverylong
highwaydriveinthesamedirection,eachatsomeconstant
speed.

HalvingtheLine

Considerthecaseofncarsonthehighway,andthefollowing
requirement:

Acartravelingattheaveragespeedshouldhaveequal
numberofcarstravelingfasterandslowerthanitself.
Evidently,themedianspeed,Me,satisfiesthisrequire-
ment.

Someconventionshouldbeadoptedintheproblematiccase
oftiedvaluesatthelocationofthemedian(e.g.,Downie&
Heath,1970,p.36).However,accuratespeedmeasurements
arequiteunlikelytobeidentical.

Onthehighway:Supposethencarstravelforalong
timeuntiltheorderofthecarsstabilizes(i.e.nocar
passesanothercar,onlygapsbetweencarstravelingat
differentspeedsincreasewithtime).Ifyouadjustyour
speedsothat,whenachievingthatstability,thenumber
ofcarsdrivingaheadofyouequalsthenumberofcars

drivingbehindyou,thenyourspeedisthemedian,Me,
ofallthespeeds.

Thisdescription(whichdisregardstechnicaldetailssuch
astheparityofn)capturesthegistofthedefinitionofthe
median.

AccompanyingaRelayRace

LetncarstravelwithspeedsV1,V2,...,Vn(notallofwhich
arenecessarilydifferentfromeachother),sothattheytra-
verseafixeddistance,S,duringtimest1,t2,...,tn,respec-
tively.

Imaginearelayraceinwhichallncarsdriveconsecutively,
eachcoveringthesamedistanceSandstartingtomoveat
full speedwhen itspredecessorarrives.Altogether, the
carswillcrossadistancenS.Youstartmoving(inaparal-
lellane)withthefirstcar(seeFigure1).Ifyourconstant
speedissuchthatyoureachthefinalpointsynchronously
withthenthcar,thenyourspeedistheharmonicmean,
H,ofallthespeeds.

Accordingtothisdescription,youcoveratotaldistance
nSduringatimeintervalthatequalsthesumofthedriving
timesofthencars.Therefore,yourspeedis:
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Ifwereplaceeverytiintherighthandof(1)byS/Vi
(fori=1,2,...,n),andthendividebothnumeratorand
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Figure1.Arelayrace:ncarsdriveconsecutively,eachcoveringadistanceS.Youstartmovingwiththefirstcar.



denominatorbyS–weobtain:
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Theright-handpartofequality(1)conveysanequivalent
(mathematical)definitionoftheharmonicmean:

LetallncarstraverseafixeddistanceS.Acarmoving
attheaveragespeedisrequiredtocoverthedistanceS
duringatimeintervalthatequalsthearithmeticmean
of the traveling timesof then cars.Thespeed that
satisfiesthisrequirementistheharmonicmean,H,
ofthenspeeds.

Averaging the speeds according to thisdefinition imparts
greaterweights to lower speeds, forwhichmore time is
neededtocrossthesamedistance.Itmakessense,therefore,
thattheharmonicmeanwillbesmallerthanM,thearithme-
ticmeanofthesamesetofspeeds.

Welearnfrom(1’)first,thattheharmonicmeanisthe
reciprocalofthearithmeticmeanofthereciprocalsofthe
averagedvalues.Thisis,infact,themostcommondefinition
oftheharmonicmeanintheliterature(e.g.,Downie&Heath,
1970,p.50;Hoehn&Niven,1985;Yule&Kendall,1953,
pp.120-121).Second,Hequals(seetheright-handexpres-
sion)theweightedmeanofthespeedsinwhicheachspeed
isweightedbyitsreciprocal.Thisconfirmstheconclusion
thatforagivensetofspeeds,theharmonicmean,H,isless
than(orequalto)thearithmeticmean,M,becauseinHthe
weightsoflowspeedsaregreaterthanthoseofhighspeeds,
whereasinMallthespeedsareweightedequally.

Apparently,theharmonicmeanishardlypeople’sprimary
intuitivechoice,evenwhenappropriate.Inatypicalword
problem,high-schoolandcollegestudentsaretoldthatacar
goesfromcityAtocityBat,say,30mph,andbackfromB
toAat50mph,andtheyareaskedaboutthecar’saverage
speedfortheroundtrip.Theprevalentpreferenceofstudents
istheanswerM=40mph,whereasthecorrectansweristhe
harmonicmeanofthetwospeeds,H=37.5mph.Averageis
toooftenidentifiedwiththearithmeticmean.

MonitoringOvertakings

Considernowncarspermile.Ineachmile,thecars’speeds
areV1,V2,...,Vnmph(notallthesespeedsarenecessarily
differentfromeachother).Therequirementfortheaverage
speedis:

Duringafixedtimeinterval,acartravelingattheaver-
agespeedshouldovertakethesamenumberofcarsas
thenumberofcarsbywhichitisovertaken.Thearith-
meticmean,M,ofthenspeeds,thatis,thefamiliar

meanobtainedbyaddingallthespeedsanddividingthe
sumbythenumberofspeeds,isthisaverage.

Theprocedure, from thepointof viewof adriveron the
highway,asanobserver,is:

Youhavetocounthowmanycarsyoupassandhow
manypassyou,during,say,anhour.Ifyouadjustyour
speedsothatthesetwonumbersareequal,yourspeed
isthearithmeticmean,M,ofallthespeeds.

Thisassertionisnottrivial.Uponfirstencounter,manywould
opt for themedianas theaverage that satisfies theabove
requirement.Themisleadingfirstimpressioncan,however,
becounteractedbycarefulanalysis.

SupposeyoudriveatspeedA=30mph.Letuslookatcars
thatdriveconstantlyatspeedVi=20mph(recallthatthere
isacarofspeedVipereverymile).Figure2presentsyour
startingposition,atmilestone0,andyourpositionafterone
hour,atmilestone30,aswellasthepositions(indicatedby
theblackrectangle),atthesamepointsoftime,ofallcars
travelingat20mphthat,atthebeginning,arelocatedwithin
30milesaheadofyou.

Therectangularblackareabetweentwomilestonemarks,
5milesapart,represents5carsofspeed20mph.Thecars
thatyoupassduringonehourareindicatedbytherectangu-
larblackareabetweenmilestones20and30.Henceyou
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Box1

OntheWayBack

Gardner’s(1982,p.142)youngskierisimpatientwith
theslowcablecarclimbinguptheslopeat5km/h.
Byskiingfasterdownhill,hewantstoraisehismean
speedfortheroundtripupanddowntheslopeto
10km/h.Howfastmustheskidown?Mostreaders’
firstattemptedanswer is15km/h,whereas infact
nospeedcouldaccomplishthisgoal.Inorderforthe
meanspeedforthewholetriptobedoublethespeed
uptheslope,theskiershouldmakethedistancesup
anddowninthesametimeittookhimtogoup.But
allthistimehasalreadybeenconsumedontheway
up.Formally,lettherespectivespeedsupanddown
beaandb.Themeanspeedfortheroundtripisthe
harmonicmeanofthesespeeds,
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Theskier’swishthatHa,bwouldequal2acannever
beachieved,becauseforpositiveaandbitisalways
truethatHa,b<2a.

Incontrast,givenavaluea>0,onecaneasilyfinda
valuebsothatthearithmeticmeanofaandbwould
equal2a.Thesolutionisb=3a.



overtake(30-20)=10=A-Visuchcarsinanhour.Bythe
sametoken,itiseasytoseethatifVi>A,thenthenumber
ofcarsofspeedVithatovertakeyou,inanhour,isVi-A.

Ifyourspeed,A,issuchthatthenumberofcarsthatyou
passisequaltothenumberofcarsthatpassyou,inonehour,
wehave

Σ Σ
V A i V A i

i i

V A A V
> <

− = −( ) ( ).

SolvingforA,weobtainA=M,whereMisthearithmetic
meanofallthespeeds.Thisestablishesthatyourspeedis
the arithmetic mean, M, of the speeds on the highway.
Indeed,Mcanbedefinedasthevaluefromwhichthesum
ofalldeviationsiszeroandwhichsatisfies.

Σ Σ
V M i V M i

i i
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− = −( ) ( ).

Thisequalitydoesnotgenerally implythatthenumberof
speedsgreaterthanMequalsthenumberofspeedsthatare
lessthanM,confirmingwhatiswellknown,thatthemedian,
Me,maybedifferentfromM.

ObservingFromtheSide

Consideragainncarspermiletravelinginthesamedirection
withspeedsV1,V2,...,Vn,asbefore.Thefollowingprocedure
for obtaining the average speed is described in termsof
observationstakenonthehighway.Atthesametime,this
methodentailsamathematicaldefinitionofthataverage:

Supposearadargun,hiddenatafixedarbitrarylocation
alongthehighway,measuresthespeedsofallthecars
thatpassthatpointduringafixedtimeinterval.The
arithmeticmeanofthesemeasurementsistheself-
weightedmean,SW,ofthespeedsofallthecarsthat
driveonthehighway.SWisaweightedmeaninwhich
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Figure2.Thepositionsofyourcar,andofallthecarsthatdrive20mphwithinarangeof30miles,attwopointsoftime,one
hourapart.
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theweightofeachspeedequals(orisproportionalto)
thespeeditself(Haight,1963,pp.114-116):

 SW
V V V

V V V
n

n

=
+ +

+ + +
1
2

2
2 2

1 2

(2)

Thisresultisrathercounterintuitive(tryyouruncultivated
tendencies).Itmightappearparadoxicalthatonecomputes
thearithmeticmeanofwhat,onthefaceofit,seemsarandom
(perfectlyrepresentative)sampleofobservationsofspeeds
onthehighwayandobtains(anestimateof)theself-weighted
meanofthepopulationofspeeds.However,thissampling
methodisbiasedinfavorofhighervalues.

Tojustifyformula(2),wemayletourstationarypointof
measurementplaytheroleofacartravelingatspeedA=0.
Welearnedfromtheanalysisoftheprevioussectionthatthe
numberofcarstravelingatVimphthatovertakeacarofspeed
A<Vi(duringanhour)isVi–A.Therefore,whenA=0,the
numberofcarsofspeedVithatpasstheradarpointisVi.
Eachspeedisthusweightedbyitsownmagnitude.

Ascaneasilybeseenfrom(2),weightingaspeedbyitself
impliesM≤SW(forthesamesetofspeeds),because,in
SW, higher values areweightedmoreheavily than lower
values.Notethatboth(1’)and(2)presentweightedmeans
of the speedsV1,V2, ...,Vn, butwith inverse respective
weights.

Thismethodofcollectingobservationsisknowninthe
literatureassize-biasedorlength-biasedsampling(Patil,Rao,
&Zelen,1988).Itmakessensethatfastcarsaremeasured
bythismethodmorefrequentlythanslowcars,evenwhen

thereareequalnumbersofcarspermileofbothkinds(see
Figure3).Thechancesthatacar’sspeedwillberecordedby
theradarareproportionaltothedistancetraveledbythatcar
inanhour,andthis,inturn,isproportionaltothecar’sspeed.
Hence,inthesetofmeasuredspeeds,thefrequencyofeach
speedisproportionaltoitsownsize,andthemeanofallthese
valuesis,accordingto(2),SWoftheoriginalsetofspeeds.

Box2

MeanVersusMedian

Thefollowingisamuchsimplifiedexampleforcom-
paringthenumberofcarsthatovertakeyouwiththe
numberthatyouovertake,inanhour,whenyoudrive
eitheratthemedianoratthemeanspeed(seealso
Clevenson,etal.,2001).

Letthreecarsofconstantspeeds15mph,20mph,
55mphdrive(inrespectiveparallellanes)ineachmile
alongthehighway.Ouraveragesofinterestare:

Me=20mph:M=30mph

If  youdrive at themedian speed, thenumber
ofcarsthatyouovertakeinanhour:20-15=5,dif-
fers from the number of cars that overtake you:
55-20=35.

Ifyoudriveatthemeanspeed,thenumberofcars
thatyouovertake inanhour: (30-15)+(30-20)=25,
equals thenumber of cars that overtake you:55-
30=25.■

Box3

InAbsenceofaTimetable

Thefollowingstoryisaboutwaitingtimes,notspeeds.
Butouraveragesareinvolved.

InacertainMiddle-Easterncountry,twotrainsper
hourwereregularlygoingfromcityAtocityB.Butthe
publicoftencomplainedaboutwaitingtoolonginthe
station.Inresponse,themanagementaddedathird
trainperhour.Forsecurityreasonsnotimetablewas
published.Passengerswereexpectedtocometothe
stationandwaitfortheforthcomingtrain.

Curiosly,thenumberofcomplaintsaboutexces-
sivewaitingroseaftertheintroductionofthethird
train.Apparently,themeanwaitingtimeincreased,
insteadofdecreasing,asaconsequenceofthataddi-
tion.Howdidthishappen?

This ostensible-paradox can easily be resolved
ifoneconsiders,notonlythenumberoftrainsper
hour,butalsothevariabilityamongthetimeintervals
betweensuccessivetrains(seeevanDijk,1997).To
illustrate,consideranextreme(admittedlycontribed)
example:

Supposethat initiallythetrainscameexactly
eachhalfhour.Apassenger,arrivingataran-
dommoment,wouldhavetowait15min,on
average.Suppose,further,thatafterintroducing
a third trainperhour, the intervalsbetween
trainswere,inturn,6min,50min,and4min.
Arrivingatarandompointoftimeduringanyof
theseintervals,apassengerwouldwait,onthe
average,forhalfitslength,butthechancesof
arrivingduringagivenintervalareproportional
toitslength.Therefore,althoughthearithmetic
meanofthehalf-intervals{3,25,2}is10min
(i.e.,lessthan15min),apassenger'smeanwait-
ingtime(inminutes)wouldbegreaterafterthe
additionofthethirdtrain:

3 3 25 25 2 2
3 25 2

21 27 15 00
× + × + ×

+ +
= >. .

Note that the mean waiting time is the self-
weightedmeanofthehalf-intervals.Themeanwait-
ingtimeincreased(afteraddingthethirdtrain)from
15mintoover21min,despitethedeclineofthemean
intervalfrom30minto20min.■



30VOL.17,NO.4,2004

Recklessdriversshouldthusbedoublycautionednotto
exceedthespeedlimit.Againstthefeelingthatbygoingfast
onemayevadethetrapaltogether,onecouldarguethat:If
there isaradarsomewhere,operatingduringanhour, the
fasteryougothegreateryourchancesofbeingcaughtbythis
methodofsampling.Youare“selfweighting”yourprobability
ofdetection.

Authors’Compromise

Perfectionistswouldprotest thatourbackgroundassump-
tions,onwhichthederivationoftheformulasoftheaverages
relied,arenotstrictenough.Theywouldberight.

Indeed,forthedefinitionofMtobetight,theequalities
thatshouldhold“duringafixedtimeinterval”or“duringan
hour”shouldholdforanyduration.Thesameistrueforthe
measurementsofspeeds“duringafixedtimeinterval”atan
arbitrarypointonthehighway,inthedefinitionofSW.Like-
wise, the “fixeddistance” thatall thecars traverse, in the
definitionofH,shouldideallybeasegmentofanylengthon
thehighway.

Inorderforouranalysistobeindependentofchoiceof
unitsoftimeand/ordistance,thatmaygetassmallasone
pleases,thereseemstobenowayoutofassumingthatall

travelingcars–whatevertheirdistributionofspeedspermile
(orperanyunitofdistance)–arespreadcontinuouslyalong
thehighway.Thismeans that fractions of carsmightbe
countedifnecessary.

Assumptionsofthiskindwouldhavecreatedconceptual
andtechnicaldifficulties.Theybringuptheage-olddilemma
ofcrossingtheunbridgeablegapbetweenthediscreteand
thecontinuous.Carsontheroadaredefinitelydiscreteenti-
ties,hencetheirbehaviormightonlyapproximateacontinu-
ousmodel.Thedenserthetrafficonthehighway,thecloser
itwouldbetoanassumedcontinuousmodel(Haight,1963,
pp.125-126).Butpresumingcontinuitywouldhaveconsid-
erably interferedwith the fluency, readability, andaccept-
abilityoftheexposition.

Topromoteunderstandingandeasethereading,wehad
to skip somemathematical rigor and tocompromiseover
“elegance”aswell.Forinstance,weconsideredatotalofn
carswhenintroducingthemedianandtheharmonicmean,
whereasfor thesakeofpresentingthearithmeticandthe
self-weightedmeanswelookedatncarspermileallthrough
thehighway.

Anideal,flawlessderivationofthearithmeticmeanand
the self-weighted mean should have presupposed an
unboundedlinearhighway(or,asinHaight,1963,p.114,a

Figure3.Aradargunmeasuresthespeedsoffastandslowcarsthatpassitslocationduringanhour.Thenumberofrecorded
(circled)carsisproportionaltotheirspeed.
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circularhighway).Toberealistic,wehadagaintocompromise
overalonghighway.

Quasi-RealisticRepresentation

Trains,madeupofcontiguouswagons,maybetter fit the
imageof a continuumof vehicles along a line.Although
nonexistentinreality,suchtrainsareimaginable.Envisionn
immenselylongtrainscomposedofmanyadjoiningwagons
ofthesamelength.The(continuous)wagonsnowtakethe
placeofcarsonthehighwayinthepreviouspresentations.
Thetrainstravelonparallelrailsinthesamedirection,each
atitsownconstantspeed.Letthespeedsofthentrainsbe
V1,V2,...,Vn.Thesetrainssatisfythecontinuityassumption.
Thenumberofwagonsinanyrailsegment,and/oranytime
interval,maybe easilydetermined, counting fractions of
wagonsifnecessary.Moreover,allthetrainsaresolong,that
viewedfromourobservationpoint(s),noproblemofreaching
theendsduringtheobservationperiodarises.

This representationmayaid in visualizing the real-life
interpretationsofM(versusMe)andSW:

Youtravelataconstantspeedinatrainononeofthese
rails,andyouobservealltheotherparallelrails.Your
speedisthearithmeticmean,M,ofthespeedsofall
thetrains,ifthenumberofwagonsthatpassyouequals
thenumberofwagonsthatyoupass,duringsometime
interval.Notethatwhenmovingataconstantspeed,
it feelsafterawhileas ifyouare immobile. In that
case,yourspeedisthemedianofthespeedsofallthe
trainswhenyouseeequalnumbersoftrainsthatmove
forwardandbackward.

Supposeyouarestationedatafixedarbitrarypointon
thesideoftheparallelrails.Yourecordthespeedsof
allthewagonsthatgobythatpointduringsometime
interval.Thearithmeticmeanofthesemeasurements
istheself-weightedmean,SW,ofthespeedsofall
thetrainsthattravelontherails.

Evidently,morewagonsoffasttrainspassyourstationthan
wagonsofslowtrains.Inthesetofmeasurements,thefre-
quencyofwagonsofagivenspeed isproportional to that
speed,whichisthespeedofthetraintowhichthewagons
belong.

InConclusion

Averaging speeds (or anyother values) requires a careful
approachtosortoutwhichmeandoesonemean.Assump-
tionsshouldbeexplicitlyspelledout.Extracareshouldbe
takentoclarifywhatisthemethodofcollectingobservations
andwhatconsequencesithasfortheweightsofthevalues
thatshouldbeaveraged.Itturnsoutthatthegoodadvice
“drivecarefully”appliesnotonlytomovingontheroadsbut
alsotomanipulatingthissituationmathematically.
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