http://www.gsd.uab.cat

(4 850

This is a preprint of: “Averaging theory at any order for computing periodic orbits”, Jaume Giné,
Maite Grau, Jaume Llibre, Phys. D, vol. 250, 58-65, 2013.
DOI: [10.1016/j.physd.2013.01.015]

AVERAGING THEORY AT ANY ORDER FOR
COMPUTING PERIODIC ORBITS

JAUME GINE', MAITE GRAU' AND JAUME LLIBRE?

ABSTRACT. We provide an explicit expression for the solutions of the
perturbed first order differential equations. Using it we give an averaging
theory at any order in € for the following two kinds of analytic differential
equations

d d
d—z = E eF FrL(0,z), aTz = E e Fr(0, ).
k>1 £>0

We apply these results for studying the limit cycles of planar polynomial
differential systems after passing them to polar coordinates.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In this work first we deal with the analytic differential equation

dx k
(1) @ = Zg Fk(evx)7
k>1

where z € R, § € S! and ¢ € (—¢, e9) with g a small positive real value, and
the functions Fy (6, x) are 2r—periodic in the variable 6. So, this differential
equation is defined in the cylinder S' x R. We are interested in the limit
cycles of the differential equation (1), i.e. in the isolated periodic orbits
respect to the set of all periodic orbits of equation (1).

We denote by x.(6, z) the solution of equation (1) with initial condition
ze(0, z) = z. Due to the analyticity of the differential equation (1) and the
fact that when e = 0 we have the trivial equation dz/df = 0, the solution
can be written as
(2) ve(0,2) = 2+ > _x;(0,2)¢,

j=1
where (0, z) are real analytic functions such that x;(0,z) = 0.

We remark that if the solution z.(f, z) is defined for all # € S!, then we
can consider the Poincaré displacement map associated to the differential
equation (1) given by P.(z) = z-(2m,z) — z. We observe that a limit cycle
of equation (1) corresponds to an isolated zero of the Poincaré map. We
are interested in the limit cycles which bifurcate from the periodic orbits of
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the unperturbed equation, that is from equation (1) with ¢ = 0. We say
that a limit cycle bifurcates from the periodic orbit at level z* € R if there
exists an analytic function ((¢) defined in a neighborhood of € = 0 such that
P.({(e)) = 0 for all € in this neighborhood, this zero is isolated for each
fixed value of € # 0, and ((0) =

A limit cycle is said to be of multiplicity m, with m > 1 an integer, if this
is the multiplicity of ((¢) as a zero of P.(z) in a punctured neighborhood
of e = 0. We note that the expansion of the Poincaré map in powers of
eis Pe(2) = X z;(2m, 2)e’. We consider s > 1 the lowest index such
that z4(2m, z) is not identically zero. If there exists a limit cycle of equation
(1) bifurcating from z*, then xs(2m,2*) = 0. Indeed, if there are m limit
cycles bifurcating from z* counted with their multiplicity, then z* is an
isolated zero of xs(27, z) of multiplicity at least m. On the other hand, for
each simple (that is, of multiplicity one) zero z* of x4(2m, 2z), there exists a
unique limit cycle of equation (1) bifurcating from z*. For the details about
the previous statement, see for instance [§].

The following result provides the explicit expression of the function x,, (0, 2)
for any value of n.

Theorem 1. The solution (2) of equation (1) satisfies

0
11(6,2) = / Fi(p,2) do,
0

n—1

0 ‘1 0F,
xnw?z):/(](F )42 5 e (9

=1 11=1

Z zj, (9, 2)2j, (0, 2) - - 5, (9, 2) | dep,
ittt =t

for n > 2, where j,, > 1 is an integer form=1,2,..., 1.

This result is proved in section 2.

Now we shall apply Theorem 1 for obtaining the averaging theory of
arbitrarily high order for the differential equations (1), and we develop this
theory explicitly until order four. The averaging theory of first order for
studying periodic orbits of the differential equations (1) in arbitrary finite
dimension is very classical (see for instance [9, 10]), until third order was
developed in [1]. More precisely, these authors studied the averaging theory
for the differential equations (1) in R™ up to order 3 in . Note that here
we are studying the averaging theory for differential equations (1) in R but
at arbitrary order in e. We are aware that the formula of fourth order was
already known by Xiang Zhang, see [11].

We consider the differential system

(3) (jTZ = el (0,2) + 2 Fy(0,x) + 3 F5(0,7) + e Fy(0,x) + e°R(0, 2, ¢),
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where F;(6,x), i =1,2,3,4, are the functions defined in (1) and

R(0,z,6) = Y " P Fi(6,x).
k>5

We define the real functions Fjp(z) of real variable z

27
Fio(z) = / Fi(p, z) dp,
0

Ih(z) = /027r <F2(<P72) + %(% z) z1(¢p, z)> dep,

0z
o OF. OF
Fyo(2) = / (F3<go,z>+8;<so,z>w1<so,z>+8;«0,2)@(@,@

+§W(% z) 71(p, 2) > dp,

2
Fu) = [ (Pt + G2 001002 + 20 ) aalo,

1 82F2 2 8F1
+§W(%z) z1(p, 2) +¥(%2) 23(p, 2)

0*F 10°F 3
+W(cp,z):c1(go,z)x2(<p,z) t 59,3 (¢, 2) 21(p, 2) ) de.

Corollary 2 (Averaging theory for periodic orbits up to fourth order for a
differential equation (3)). The following statements hold.

(a) If Fio(z) is not identically zero, then for each simple zero z* of
Fio(2) = 0 there exists a periodic solution x(0,z) of equation (3)
such that x¢(0, z) = z* when ¢ — 0.

(b) If Fio(z) is identically zero and Fao(z) is not identically zero, then
for each simple zero z* of Fao(z) = 0 there exists a periodic solution
xe(0, z) of equation (3) such that x.(0,z) — z* when ¢ — 0.

(¢) If Fio(2) and Fyy(2) are identically zero and F3o(z) is not identically
zero, then for each simple zero z* of F3y(z) = 0 there exists a periodic
solution x.(0, z) of equation (3) such that x.(0, z) — z* when e — 0.

(d) If Fio(z), Fao(z) and Fs0(2) are identically zero and Fyo(z) is not
identically zero, then for each simple zero z* of Fyo(z) = 0 there
exists a periodic solution x.(0, z) of equation (3) such that z-(0,z) —
2" when € — 0.

This corollary of Theorem 1 is proved in section 2.

Remark 3. Assume that Fio(z) is not identically zero. If z* is a zero
of Fio(z) with multiplicity larger that 1, then considering the zeros of the
function Fio(z) + eF(z), we can study how many periodic orbits bifurcate
from z*. This observation for statement (a) of Corollary 2 extends in a
natural way to the other statements of that corollary.
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We also deal with the following, more general, analytic differential equa-
tion

(4) W Go02) + Y Cul0,),

k>1

where z € R, § € S! and € € (—¢&p,e0) with g9 a small positive real value,
and the functions G (6,x) are 2r—periodic in the variable §. We consider
a particular solution zy(0, z) of the unperturbed system, i.e. equation (4)
with € = 0, satisfying that x((0, z) = 2. As before, we denote by z.(6, z) the
solution of equation (4) with initial condition z when 6§ = 0, which writes as

(5) ze(0,2) = 2o(0, 2) +Z$j(97z)5]
jz1
where x;(0, z) are real analytic functions with x;(0, z) = 0, for j > 1.

We consider the unperturbed equation (4) with ¢ = 0 and we assume that
its solution (6, z), such that z((0,z) = z, is 2n—periodic for z € T with
7 a real open interval. We are interested in the limit cycles of equation (4)
which bifurcate from the periodic orbits of the unperturbed equation with
initial condition z € Z. We define the Poincaré map in an analogous way as
we have done for the differential equation (1).

Let u = u(f, z) be the solution of the variational equation

© O 200 g g(t.2)) .

satisfying u(0, z) = 1. For each ¢ > 1, we define the functions u;(6, z) as
zi(0,2) = u(0,2) u;(0, 2).

The following result provides explicit expressions of the function x, (0, 2)
for any value of n.

Theorem 4. The solution (5) of equation (4) satisfies x,(0,2) = u(0,z2)
un (0, 2) with

ul(e’z) _ /09 Gl((/?, 1'0(90, Z)) dg&,

u(p, 2)
O [ G(p,x0(p,2) nznleGg
y LO\ ¥ n ’L
un(0,2) = /O <+ZZ (0, zo(ep, 2))
=0 i=1
u(@? Z)iil Z Ujy (907 Z)Uj2 (907 Z) Crr Uy (907 Z) de,

Jitdateti = O
forn > 2, where jp,, > 1 is an integer form =1,2,... 1.

This result is proved in section 3.
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We consider the differential equation

(7) Z—g = Go(0,z) +G1(0,z) + 2Ga(0, ) + 3G3(0, z) + *R(0, x, ¢),

where G;(0,x), i =0,1,2,3, are the functions defined in (4) and
R(0,z,¢) = Y " Gr(0,2).

k>4

Now we shall apply Theorem 4 for providing the averaging theory at arbi-
trarily high order for the differential equation (4), and we develop this theory
explicitly until order three. The averaging theory of first order for studying
periodic orbits of a differential equation (4) in R™ is very classical, see for
instance Malkin [6], Roseau [7], Buica, Francoise and Llibre [2] where the
authors studied the first order averaging theory of equations (7), and Buica,
Giné and Llibre [3] where is studied the second order averaging theory of
equations (7) in R™. Here we shall provide the explicit averaging theory of
third order with x € R.

We define the real functions Gjo(z) of real variable z

2m
GlO(Z) _ /O G1(<p,xg(g0, Z)) dQD,

u(p, )
2
Gule) = [ (LD 4 T g o (e )
18°Gy

3 T ol Nl (9,22 )

27
Gule) = [ (BB T o e

10°G4
552 (P20l 2))ule, 2)uile, 2)*

103Gy
+2 53 (9 0(e, 2))ule, )" (0, 2)

oG
o (s mo(p, )z, 2)

2
+ 83520 (o, z0(p, 2))ulp, z)ui (@, z)uz(p, z)> dop.

3

Corollary 5 (Averaging theory for periodic orbits up to third order for a
differential equation (7)). Assume that the solution xo(0,z) of the unper-
turbed equation (7) such that x¢(0, z) = z is 2w —periodic for z € T with T a
real open interval.

(a) If G1o(2) is not identically zero in I, then for each simple zero z* € T
of G1o(z) = 0 there exists a periodic solution x-(0, z) of equation (7)
such that xc(0,z) — z* when ¢ — 0.
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(b) If Gio(z) is identically zero in T and Gao(2) is not identically zero
in I, then for each simple zero z* € T of Gao(z) = 0 there exists
a periodic solution x-(0,z) of equation (7) such that x.(0,z) — z*
when € — 0.

(¢) If Gio(z) and Gao(z) are identically zero in I and Gso(z) is not
identically zero in L, then for each simple zero z* € T of Gso(z) =0
there exists a periodic solution x-(0,z) of equation (7) such that
2e(0,2) = 2" when ¢ — 0.

This corollary is proved in section 3.
We consider arbitrary polynomial perturbations
Jj=1

j>1

(8)

of the harmonic oscillator, where ¢ is a small parameter. In this differential
equation, the polynomials f; and g; are of degree n in the variables x and
y and the system is analytic in the variables x, y and €. We consider the
change to polar coordinates © = rcos#, y = rsinf. In coordinates (r,6) the
differential system (8) becomes

dr s e'pi(0,r)

pi(8,7) = cosé fi(cos@,sinf) + sinf g;(cosf,sin ),
1

qi(0,r) = = (cosfg;i(cosf,sinf) — sinf f;(cosf,sinf)),
T

and r € [0, R] with R > 0 is arbitrary. We observe that equation (9) is a
particular case of equation (1).

We denote by 7:(6,z) the solution of the differential equation (9) with
initial condition 7.(0,z) = z. Due to the analyticity of this equation in €,
we write

(10) re(6,2) = 2+ _r;(60,2)’,
Jj=1
where 7;(0, z) are real functions such that 7;(0,z) = 0.
In what follows we state the next result due to Iliev [5] and we shall prove

it in section 2 in a different way using Theorem 1.

Theorem 6. Assume that rs(2m, z) is the first function in (10) which is not
identically zero. Then, r4(2m,z) is a polynomial and it has no more than
[s(n — 1)/2] positive roots counting their multiplicities.
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Here, [a] denotes the integer part function of a. We note that Theorem 6
was stated by Iliev using Melnikov functions and that in dimension two the
zeroes of the s-th Melnikov functions coincide with the zeroes of r4(27, 2),
for more details see [4].

Additional applications of Theorem 1 are the following two propositions.

We consider the ordinary analytic differential equation

(1) ;LZ = a(0) + 3 Fi(0,0),

k>1

where z € R, § € S! and € € (—¢ep,e0) with g9 a small positive real value,
the function a(6) is 2r—periodic and the functions Fj (6, x) are 2w—periodic

in the variable . We define A(f) := fog a(p)dy and the solution z.(6, z) of
equation (11) with initial condition z.(0, z) = z, writes as

(12) ze(0,2) = 2+ A(0) + Y _w;(0,2)e’.

Jj=1
Proposition 7. Assume that the functions Fy(0,z) in (11) are polynomials
in x of degree at most n and that A(2m) = 0. Assume that x5(27,z) is

the first function in (12) which is not identically zero. Then xs(2m,2) is a
polynomial of degree at most s(n — 1) + 1.

This proposition is proved in section 2.
We consider the ordinary analytic differential equation

W )+ 3 (6, 2),

(13) -
k=1

where z € R, § € S! and € € (—¢&p,e0) with g9 a small positive real value,
the function b(0) is 2n—periodic and the functions Fj (6, x) are 2r—periodic

in the variable 6. We define B(6) := f00 b(p)dy and the solution x. (8, z) of
equation (13) with initial condition z.(0, z) = z, can be written as

(14) 2:(0,2) = zeP® 4 ij(e,z)sj.
Jj=1

Proposition 8. Assume that the functions Fy,(6,x) in (13) are polynomials
in x of degree at most n and that B(2rw) = 0. Assume that xs(2m,z) is
the first function in (14) which is not identically zero. Then xs(2m,z) is a
polynomial of degree at most s(n — 1) + 1.

This proposition is proved in section 2.

2. PROOF OF THEOREM 1 AND APPLICATIONS

Proof of Theorem 1. By definition we have that the function z.(6, z) defined
in (2) is the solution of equation (1), for any sufficiently small value of |¢],
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that is,

61‘88(272) = ZSka (Q,IEE(&, Z)) .

k>1

(15)

Since this equality is verified for all sufficiently small value of |g|, we can
equate the coeflicients of the same powers of ¢ in both members of the
equality. Taking into account (2), the expansion in powers of € in the left-
hand side of (15) is

0z (0, z Oxn(0,2)
16) a(m -y a(e e

n>1

The expansion in powers of ¢ in the right-hand side of (15) involves more
calculations. First we fix a value of k£, £ > 1, and we note that

Fe(0,2:(0,2) = Fp|0,24+)> z(0,2)

Jj=1

1 0'F, ,
= Fp(0,z) + 2 i (0, 2) ij(e,z)gj ,
i>1 i>1

where we have used the expression of the Taylor expansion of Fj(6,x)
in a neighborhood of a point z = 2. We observe that, the expression

N\ ? .
(ijl a:j(ﬁ,z)aj) is divisible by &' and that given an integer ¢ > i, the

N
coefficient of ¢ in the expression (Z i>1 x;(0, z)sj) corresponds to all the

possible ways of obtaining ¢ by adding ¢ indices ji, ji, ..., ji (with repeti-
tion). That is

Z zi(0,2)e! | = Zag Z xj,(0,2)x;,(0,2) - 25,0, 2).

j>1 >0 gitjot+ji=4L
In order to simplify notation, we define
1 0'F,
(17) Qgei(0,2) = EW(G’ z) Z 2, (0,2)j,(0,2) - - - 25,(0, 2).
' J1tiattji =4
We can write
F, (eaxa(eaz)) = Fk(evz) + Zzgegk,f,i(evz)'

i>1 0>i

By changing the order of the summation indices we have that

y4
Fr(0,2:(0,2) = Fi(0,2) + > "> Q6. 2).

>1 i=1
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Hence, the expansion in powers of ¢ in the right-hand side of (15) is

(18) > kR (0,2.(0,2)) = > eFFi(0,2) +ZZEWZQM@Z

k>1 k>1 k>16>1

We see that the second term of the former expression is divisible by e2. Thus,
the coefficient of ! in this expression is F} (6, z). Equating the coefficient of
el in (16) we deduce that

dz1(6, 2)
B

We have, by definition, that x.(0,z) = z for any sufficiently small value of
le|. This fact and (2) imply that

= F1<9, Z)

(19) z;(0,z) = 0, for all j > 1.

Hence,

0
x1(0,2) :/0 Fi(p, z)de.

We fix an integer n > 1, and the coefficient of ™ in (18) is F,, (0, z) plus all
the terms of the second term such that k > 1, £ > 1 and £k +/¢ = n. We
see that these terms correspond to substituting k£ by n — ¢ and adding from
¢ =1to ¢ =n—1. Hence, the coefficient of €” in (18) is

n—1 ¢

Fn(ﬁ, Z) + Z Z Qn—f,ﬁ,i(a Z)‘

(=1 i=1

By equating the same coefficients of € in (16) and using (19), we get that

0 n—1 ¢
SL’n(Q, Z) = / Fn(@az) + ZZQn—Z,K,i(Soaz) dSD
0 (=1 i=1

If we substitute the definition of the function Q,,_,,(6, 2) as defined in (17),
we are done. 0

Proof of Corollary 2. The perturbed differential equation (3) for a suffi-
ciently small value of |¢| defines a Poincaré map P.(z) for any initial con-
dition z € R. Since the solution of this differential equation is (2), we note
that the Poincaré map reads for P.(z) = z.(2m,2) —2 = 3,5, z;(2m, 2)el.
As usual, the zeroes of the Poincaré map P.(z) correspond to periodic orbits
of the differential equation (3).

Given an index k with k € {1,2, 3,4}, we note that the expression of the
function Fyo(z) correspond to zx(2m, z) as a direct consequence of Theorem
1. Assume that k is the lowest index such that F(z) is not identically zero.
We want to show that if z* is a simple zero of Fio(z), then there exists a
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periodic solution of equation (3) whose initial condition at # = 0 tends to
z* when € — 0. We define the auxiliary function

b(e,2) = ze(2m,2) — 2 _ Pg(z)'

ck ck

We remark that this function is analytic for 2 € R and for ¢ in a neigh-
borhood of ¢ = 0. Indeed, its Taylor expansion around the point € = 0 is
¢(e,2) = Fro(z) + (e, z), with 9(e,z) an analytic function for z € R
and for ¢ in a neighborhood of ¢ = 0. We observe that the function ¢(e, 2)
satisfies the hypothesis of the Implicit Function Theorem in a neighborhood
of the point (g,2) = (0, 2%), that is

99(¢, z)
82 (072*)

#(0,2") = Fio(2*) =0 and = Fjy(z*) # 0.
Therefore, there exists a unique analytic function ((¢) defined in a neigh-
borhood of € = 0 such that

(e, ¢(e))

We remark that this function also verifies that P.({(¢)) = 0. Therefore, the
solution z(6,((¢)), with initial condition z = ((e), is a periodic solution
of the perturbed differential equation (3), such that xz.(6,((¢)) — 2z* when
e — 0. (]

0 and ¢(0) = 2",

The proofs of Propositions 7 and 8 will use the following result.

Lemma 9. Assume that the functions Fy(0,z) in (1) are polynomials in x
of degree at most n. Assume that xs(2m, z) is the first function in (2) which
is not identically zero. Then, the function x4(2m, z) is a polynomial in z of
degree at most s(n — 1) + 1.

Proof. We remark that the functions x (6, z) in (2) verify the integral ex-
pressions given in Theorem 1. We will show by induction on k that the
function zx (0, z) is a polynomial in z of degree at most k(n — 1) + 1.

Case k = 1. Since Fi(0,z) is a polynomial in z of degree at most n
and x1(0,2) = foe Fi(p, z)dp, we have that z1(0, z) is a polynomial in z of
degree at most n = 1(n —1) + 1.

We assume, by induction hypothesis, that z;(6,z) is a polynomial in z
of degree at most j(n — 1) + 1, for 1 < j < k, and we want to show that
xp+1(0, 2) is a polynomial in z of degree at most (k + 1)(n — 1) + 1. In the
integral expression of xxy1(6, z) given in Theorem 1, there only appear the
previous functions (6, z), for 1 < j < k. Hence, given ¢ with 1 < ¢ < k
and given ¢ with 1 <14 < £, the expression

o w(e 2Ty (0, 2) o w (e, 2)

Ji+je+-+ii =4



AVERAGING THEORY AT ANY ORDER 11

is a polynomial in z of degree at most
Gin—=1D+1)+ (Geln =)+ +...+(Ji(n—1)+1) =
= (itdiet-Fj)n—1) +i=~Ln-1) +i.

On the other hand, the function (9°Fjy1_/07%)(¢p, 2) is a polynomial in z
of degree at most n — 7. Hence, the expression

10'Fyi1_y
JT;“O?Z) Z fﬂjl(% Z)$j2(90a Z) "'xji(Soa 2)7

ot =t
is a polynomial in z of degree at most
n—1)+i+n—i=~4¢n-1)+n.

Since this degree increases with ¢ and the maximum value of ¢ is k, we have
that this expression is a polynomial in z of degree at most k(n — 1) +n =
(k4 1)(n — 1)+ 1. Since k > 1, this degree is greater than or equal to n
and, therefore, we have that the integrand of the expression of xy11(6, z) in
Theorem 1 is a polynomial in z of degree at most (k+ 1)(n — 1) + 1 and,
thus, z44+1(6, 2) is a polynomial in z of degree at most (k+ 1)(n — 1) + 1.
We have proved that zs(2m,z) is a polynomial in z of degree at most
s(n—1)+ 1. O

Proof of Proposition 7. We consider the change of the dependent variable x
by y in the differential equation (11) given by x = y + A(6). We observe
that with this change, the differential equation (11) becomes

dy

(20) o

= Zska(G,y + A(G))v

k>1

where the functions Fy(6,y + A(6)) are polynomial in y of degree at most
n. We remark that, since A(f) is 2m-periodic in 6, the number of limit
cycles of the differential equation (11) coincides with the number of limit
cycles of equation (20), counted with multiplicities, by the change x =
y + A(). On the other hand, the solution z.(f, z) given in (12) verifies the
equality z.(0,2) = A(0)+y-(0, z), where y. (6, z) is the solution of the above
differential equation (20) with initial condition y.(0,z) = z. Therefore, if
we write
ye(0,2) = z + Zyj(ﬁ,z)sj,

Jjz1

we have that the function x;(6,2) coincides with the function y;(¢, z) for
any value of (,2) € S' xR and for any j > 1. Hence, assume that x,(27, 2)
is the first function in (12) which is not identically zero, then ys(2m, z) is
the first function in the former expansion which is not identically zero and
we are under the hypothesis of Lemma 9. O
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Proof of Proposition 8. We consider the change of the dependent variable x
by y in the differential equation (13) given by z = yeB(®). We observe that
with this change, the differential equation is

dy k B(6)

where the functions Fk(G,yeB(e)) are polynomial in y of degree at most
n. We remark that, since B(6) is 2m-periodic in 6, the number of limit
cycles of the differential equation (13) coincides with the number of limit
cycles of equation (21), counted with multiplicities, by the change x =
yeP® . On the other hand, the solution z.(, z) given in (14) verifies the
equality z.(0,z) = B y_(0, z), where y.(6, z) is the solution of the above
differential equation (21) with initial condition y.(0,z) = z. Therefore, if
we write
ye(0,2) = z + Zyj(Q,z)sj,
Jj=1

we have that the function z;(0,2) = €5 (0, 2) for any value of (0, 2) €
S' x R and for any j > 1. Hence, assume that z4(27, z) is the first function
in (14) which is not identically zero, then y,(2w, z) is the first function in
the former expansion which is not identically zero and we are under the
hypothesis of Lemma 9. U

3. PROOF OF THEOREM 4 AND APPLICATIONS

Lemma 10. Assume that the solution xy(0, z) of the unperturbed differential
equation (4) such that xo(0,z) = z is 2n—periodic for z € T with T a real
open interval. Then the function u(0,z) defined in (6) is 2w —periodic in 0
when z € T.

Proof. We claim that u = 0z/0z. Indeed, since (6, z) satisfies

ox
5 = Go(0:.20(0,2)),
derivating the equality with respect to z we get that
821'0 0Gy O0xo
6082’ - 81’ (9,%0(6,2))5,
or equivalently
8u 8G0
% = W(97 xo(e, Z)) u,

which is (6). From zo(0, z) = z, it follows that u(0, z) = 1. So the claim is
proved.

Due to the fact that the solution z((, z) of the unperturbed equation (4)
is 2—periodic for z € Z, that is xo(27, z) = z, it follows (0z0/02)(27, z) = 1.
Hence, u(2m,z) =1 when z € Z. O
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Proof of Theorem 4. We have defined the function x.(0, z) given in (5) as
the solution of equation (4). Thus, for any sufficiently small value of |¢|, the
following equality holds

(22) MEEE,Z’Z) =Y G (0,2:(0,2)) .

k>0
As we have argued in the proof of Theorem 1, we can equate the coefficients

of the same powers of € in both members of this equality. Taking into
account (5), the expansion in powers of ¢ in the left-hand side of (22) is

00:(0,2) _ 5~ 0m0.2)

(23) 0 09

n>0
The expansion in powers of ¢ in the right-hand side of (22) is more involved.
We fix an index k, with k& > 0, and by analogous reasonings as the ones
given in the proof of Theorem 1, we have that

l
Gr(0.2:(0,2)) = Gul(0,20(0,2) + > "> Opuilf,20(0,2),2),

>1 =1
where

Oei(0,20(0,2),2) =

fT(ev"L‘O(eaz)) Z l’jl(e,z)l'j2(0,z) e -ZUjZ.(Q,Z).
' Jrtiatetii =4
We consider the function u(f,z) defined in (6), which is 2m-periodic in 6
as it has been proved in Lemma 10. For each ¢ > 1, we consider the de-
fined functions u;(#, z) such that z;(6,z) = w(0,z)u;(0, z). Therefore, the
function Oy, ¢,(0,20(0, ), z) becomes
1 0'Gy,
Gk,ﬂ,i(e, 330(9, Z)v Z) = ﬁ%(ev 1‘0(0, Z)) :
u(@,z)i Z uj, (0, 2)ujy (0, 2) - - - uj, (6, 2).
Jitjot+gi =4

(24)

So, the expansion in powers of € of the right-hand side of equality (22) is

l
(25) D G, 20(0,2) + D) D Op (8, 20(6, 2), 2).
1

k>0 k>0 ¢>1 =

From equality (22) we can equate the coefficients of the same powers of ¢ of
expressions (23) and (25).
The coefficient of €° in (25) is Go(6, z0(0, z)) and equating with the cor-
responding one in (23) we get that
0xo(6, 2)

T = Go(e, .2170(9, Z))



14 J. GINE/]7 M. GRAU AND J. LLIBRE

This is the definition of the function z((f, z) as a particular solution of the
unperturbed equation, that is, equation (4) with ¢ = 0.

The coefficient of ¢! in (23) is Ox1/00, where we have avoided to write
the dependence in (6, z) in order to simplify the notation. Since 1 = wuq,

we have that

Oy _ Ou - Our
a0 a0 T Yo

The definition (6) of u gives
0x1(0,2) <6G0

00 ox
The coefficient of ! in (25) is
G1(6,20(0,2)) + ©01.1(0,20(0,2),2) =

(0,200, 2))ui(0,2) + W) u(b, z).

oG
= G (67 1'0(0, Z)) + 871170(67 1'0(07 Z)) U(G, Z) ul(ev Z)
If we equate the two corresponding coefficients, we get that
(26) 2102 1(0,2) = (60,2006, 2)).

We remark that, given i > 1, since z;(0,2z) = 0 and u(0,z) = 1 (see (5)
and (6)), we have that

(27) u;(0,z) =0 for all 4 > 1.
From (26) and condition (27) with ¢ = 1, we deduce that

_ ’ Gl(gpwxo(gpwz))
u1(, 2) _/0 ulon) dep.

Given an integer n > 2 and following similar arguments, we have that the
coefficient of €™ in (23) is

axna(g’z) = (%C;O(O,$0(0,Z))’Um(0,z) + auna(g’z)> u(e’ Z).

On the other hand, the coefficient of €™ in (25) is

(28)

n /£
Gn(0,70(0,2)) + > On_rei(0,20(0,2), 2),

(=1 i=1

where we have written £ = n — ¢ and we have considered that & > 0 and
£ > 1. We change the order of summation in the indices £ and 7 and we do
the change £ by s with s = £ —i. We get that the previous expression is

n—1ln—s

(29) Gn(0,20(0,2)) + DY Onsisrii(0,20(0,2),2).

s=0 i=1
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We will write separately the term corresponding to s = n — 1 (and, thus,
i = 1) which is
0G,
O0n1(020(0.2),2) = 5
where we have used the definition (24). Hence, equating (28) with (29) we
obtain

(0,20(0,2))u(b, z) up(0, 2),

aun(a’ Z) n—2n—s
Tu(eaz) = Gn(gvx()(g) Z)) + ;;QHSi,eri,i(eaxO(eaZ)aZ)'

From condition (27) and the definition (24) we directly get the integral
expression written in the statement of Theorem 4. [l

Proof of Corollary 5. This proof is a verbatim expression of the proof of
Corollary 2 with the obvious changes of notation. O

Proof of Theorem 6. We recall that given any real value |z| < 1, the follow-

ing expansion holds
1 .
= —1)727.
= 2

320

Thus, equation (9) can be written
J

%: Zaipi(e,r) 1+Z(—1)j Zaiqi(ﬁ,r)

i>1 i1 i>1

X J
Given ¢ > j, we join together the coefficient of e’ in (2121 e'q; (0, r)) which

corresponds to summing up to £ with j indices i1,72,...,4; > 1, that is
J
Z Eql,r)| = Z et Z Qi (0,7)qi, (0,7) -+ - gi; (0,7)
i>1 £>j i1+io+...+i;=C
Hence,
J

Z(—l)j Zé‘i%’ ZZEE(—l)j Z Qi Qi *** Qi

i>1 i>1 J>16>j inig+...Aij=C
l
_ 1) . .
- € (_ ) i1 Qio "'QZj 5
>1 j=1 i1+ig+...Fij=C

where we have avoided the dependence on (6, r) for simplifying the notation,
and where we have changed the order of summation in the indices. In order
to simplify notation, we define the auxiliary function

l
(30) Ae(0,r) =D (=17 > i (0,7)qin(0,7) -+ i, (6,7).

j=1 ’L'1+i2+.“+ij:f
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Substituting it in the differential equation we have

% = Zaipi(é?, )| |1+ Z e A(6,7)

i>1 >1

We write the product of the two summation signs joining together the terms
whose coefficient is ¥ and we have

k—1
% = Zé‘ipi(e,’l”) -+ Z (Zpk—f(evr)/\f(evr)> gk

i>1 E>2 \¢=1

k-1
= pi(0,r)e + Z (pk(H,r) + Zpkg(ﬁ,r)Ag(H,r)> o

k>2 =1
Hence, if we define the functions Fi(0,7) := p1(0,r) and

k-1

Fk(evr) = pk(e,’l“) + Zpk—€(0>r)A€(9>r)a
=1

for k > 2, we have that equation (9) becomes

d'f' k
(31) 5= > Fu(6,r) ",
k>1

By assumption, the polynomials f;j(x,y) and g;(x,y) of system (8) are of
degree at most n in x and y, which implies that the functions p;(6,r) and
qi(6,r) are polynomials in r of degrees at most n and n — 1, respectively.
From the definition (30) of the function Ay(#,r), we have that it is a poly-
nomial in r of degree at most ¢(n — 1). We see that Fy(6,r) is a polynomial
in r of degree at most n and Fj(6,r) is a polynomial in r of degree at most
(k—=1)(n—1)4n = k(n—1)+ 1. In summary, the functions Fy(0,r) in
equation (31) are polynomials in r of degree at most k(n—1)+ 1, for k > 1.

We note that equation (31) is a particular case of equation (1) and, thus,
the functions 7;(6,2) defined in (10) verify the integral expressions given
in Theorem 1. We are going to show, by induction in j, that the function
(0, 2) is a polynomial in z of degree at most j(n — 1) + 1.

Case j = 1. Since Fi(0,7) is a polynomial in r of degree at most n, we
have by Theorem 1 that r1(6, z) is a polynomial in z of degree at most n.

We assume, by induction hypothesis, that r;(6, z) is a polynomial in z of
degree at most i(n — 1) + 1, for 1 <4 < j. In the expression of r;1(0, 2)
given in Theorem 1, there only appear the previous functions r;(0, z), for
1 <4 < j. We have that, given an integer ¢ with 1 < ¢ < j and an integer ¢
with 1 <17 < £, the summation function

o e 2)ri(e2) i (0, 2)

Ji+ge+-+ii=4
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is a polynomial in z of degree at most
i =D +1)+ (Geln =)+ +...+(Ji(n—1)+1) =
= (itiet-Fj)n—1) +i=~Ln-1) +i

On the other hand, the function (8'Fj;1-¢/02%)(¢p, 2) is a polynomial in 2
of degree at most (j +1 —¢)(n — 1) + 1 — 4. Hence, the expression
10'Fji1_y
5%(@7 Z) Z T (¢>Z)Tj2(901 Z) "'Tji(()paz)a
1ttt =1
is a polynomial in z of degree at most
n—D+i+ (G+1-0On—-1)+1—i=jn+n—j = (G+1)(n-1)+1.

Since j > 1, this degree is greater than or equal to n and, therefore, we
have that the integrand of the expression of rj;1(f,2) in Theorem 1 is a
polynomial in z of degree at most (j + 1)(n — 1) 4+ 1 and, thus, 7;41(6, 2) is
a polynomial in z of degree at most (j +1)(n — 1) + 1.

We recall that since the differential equation (9) is the transformation to
polar coordinates of the planar differential system (8), we have that its flow
re(0, z) satisfies that r-(0 + 7w, 2) = —r-(0, —z) for any real value of 6 and
z, see for instance [12]. This symmetry implies that rs(27, z) has z = 0 as
zero and that if z* is one of its zeroes, then —z* is also a zero.

We have proved that r4(27, 2) is a polynomial in z of degree s(n — 1) + 1.
And we conclude that it can have at most [s(n — 1)/2] positive zeroes. [
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