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Avoiding Exponential Parameter Growth in Fuzzy Systems

Mustafa K. Gliven and Kevin M. Passino

Abstract—For standard fuzzy systems where the input mem- in parameters in fuzzy systems when the number of inputs or
bership functions are defined on a grid on the input space, and the number of rules are increased.

all possible combinations of rules are used, there is an exponen- To avoid this problem, in Section I, we introduce a new fuzzy

tial growth in the number of parameters of the fuzzy system . :
as the number of input dimensions increases. This “curse of system whose number of parameters grows linearly depending

dimensionality” effect leads to problems with design of fuzzy UPON the number of inputs. This fuzzy system is constructed by
controllers (e.g., how to tune all these parameters), training of using all possible combinations of the membership functions
fuzzy estimators (e.g., complexity of a gradient algorithm for and we prove that this new fuzzy system is in a certain sense
training, and problems with “over parameterization” that lead to equivalent to the standard fuzzy system. In Section I1l, we show

poor convergence properties), and with computational complexity R . - .
in the implementation for practical problems. In this paper, we that it still holds the Universal Approximator Property by using

introduce a hew fuzzy System whose number of parameters grows the Stone—Welierstrass theorem. In SeC“Oﬂ |V, we present the
linearly depending upon the number of inputs, even though it is simulation results of a fuzzy estimator for a transformer’s be-
constructed by using all possible combinations of the membership havior during “inrush” by using the fuzzy system.

functions in defining the rules. We prove that this new fuzzy

system is equivalent to the standard fuzzy system as long as its

parameters are specified in a certain way. Then, we show that !l- FUZZY SYSTEMS AND THE SIZE OF THEIR PARAMETERS

it still holds the Universal Approximator Property by using the
Stone—Weierstrass theorem. Finally, we illustrate the performance
of the new fuzzy system via an application.

One way to define a fuzzy system is to let

R
Index Terms—Curse of dimensionality, number of parameters, Z b; s (a:)
standard fuzzy systems, Universal Approximation Property. P
y=f(alt) = —F—— @
l. INTRODUCTION Z“i(x)
=1
HE NUMBER of parameters is one of the main concerns . _ _
for fuzzy systems, especially when it is desired to increa&é‘efex = [x1, @2, ..., zn] " is the inputy is the outputp;,
the number of inputs and rules, since for the standard fuzzy 1, 2, - .., R are the centers of the output membership func-

system the number of parameters increases exponentially wi8AS andu;(z) is the certainty of the premise of thith rule.
the number of inputs or rules are increased, and computatioht@re.¢ in (1) is anM g-dimensional vector{/; is the number of
complexity increases accordingly. For instance, for a fuzB8arameters in (1)) that holds the parameters of the fuzzy system
system that has five inputs and five membership functions Ore-, theb;, ¢}, ando’; defined later). Suppose we use singleton
each universe of discourse, the number of parameters in it vi#lgzification, product to represent the premises, and center-av-
be 34375 when it is assumed that all possible combinations&fige defuzzification. Furthermore, we will use input member-
the membership functions are used for defining rules. ship functions that are Gaussian and of the form

Different approaches have been proposed to solve the rule ex- )
plosion problem. In the earlier works, rule reduction in fuzzy i T — Cj
systems has been attempted via genetic algorithms, neural net- pi(w) = exp| — < o )
works, and a variety of clustering techniques [1]-[3], in an ef-
fort to select only those rules that contribute the most to the igg 4t
ference outcome. Another approach is presented in [4]. In this
paper, the authors attempt to eliminate the curse of dimension- L
ality by providing a disjunctive form of the conjunctive rule in pilz) = H wi(@) @
fuzzyIF-THENrules. Another approach to eliminate the rule ex- =t

plosion problem is to introduce the hierarchical fuzzy systedherec (03) is the center (relative width) of the membership

configuration in [5] and [6]. In this approach, instead of using &nction of theith rule for jth universe of discourse.
single fuzzy system with a high-dimensional input, a number of \y/,an, defining a fuzzy system, one can either use some of

lower-dimensional fuzzy systems are linked in an hierarchicgle jnn,t membership functions or all possible combinations of
manner. While these methods are able to significantly redugg, jn,ut membership functions to construct the rule base. For
the number of rules, they do not address the exponential growti ¢ormer case, the number of parameters may not increase

exponentially by increasing the number of inputs or the number
Manuscript received October 29, 1999; revised May 19, 2000. of rules. However, for latter case, the number of paramétbrs
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For (1), the number of parameters which can be tuned is wherej =1, 2, ---, n, and
— 2
M;=_2n+1R 3) o w; — ¢

wheren is the number of inputsi is the number of rulesy B 7;

of My are thec;,, nR of M are thes’, andR of M are theb,, ‘

wherei = 1,2, ..., Randj = 1, 2, ..., n. Assume that the Here, 7z is the ith membership function on thgth universe
jth universe of discourse ha$; membership functions, whereof discourse. The parameteirjs will be used later to specify
Jj=1,2,..., n,andthe rules result from all possible combinathe output membership function centégs which are defined

tions of these membership functions. This is usual case in fuzkbe same as the output membership function centers in standard
control applications [7]. In this case the number of rules can lgzzy systems. Note that with this approach output membership
represented as function centers will be able to be specified after the identifi-
" cation process through tH}; as in (6). Obviously, the conse-
R— H N; guent part of the fuzzy—THEN rules cannot be defined before
i the identification process, and this might make the use of this
structure limited in the sense of standard fuzzy controller de-
so that using (3), the total number becomes sign.
" Next, we will provide conditions under which (1) and (4) are
Mp=(2n+1) H N;. equivalent.
J=1 Theorem 1:Assume thaty; is the number of mem-

_ bership functions on theth universe of discourse where
Clearly, for either large: or N;, My can be very large andj = 1,2,...,n and for f(z|6) rules are constructed by

there is an exponential increase in the number of parametersa{grpossime combinations of membership functions on the
additional inputs leading to the “curse of dimensionality.” Hergniverses of discourses. In this case

we will focus on how to reduce the number of parameters needed
to define a fuzzy system. f(z|0) = [ (]0)

First, note that in many practical applications (e.g., most con-
trol applications [7]) wedirst define the membership functionsif we specifyﬁj andZ} properly.
on the input and the output universes of discourse and then Proof: We will first show that if f(x|6) is given, an equiv-
define the rules based on these membership functions. Defilent f(z|¢) can be defined, and second, fifz|6) is given,
¢; to be the center of théth input membership function on f(x|#) can be defined. Assume that we have

the jth universe of discourse where = 1,2, ..., n,¢ =

1,2, ..., N;. Note that this notation is not to be confused with n (N

the ¢; above. In particular, fot}, i = 1, 2, ..., N; there are H Zb}ﬁ}

N; centers on thgth universe of discourse, but fef, there T(2/0) = g=1 \7=1

is a center on thegth universe of discourse faachrule,i = n [ N;

1,2, ..., R. Similarly, we define’ to be the spread of thith H Zﬁ; ()

membership function on thgh universe of discourse, where j=1 \i=1

i1=1,2,...,N;,j=1,2, ..., n. Using these definitions we . .

introduce a function (fuzzy system) Note that as shown in the equation at the bottom of the next

page. Assume that; is the certainty of the premise dh rule
for f(z|#), so

11> wme

n
—_, j=1 \i=1 ;
Falf) = ——/7+ 4 wi= 1w
I j=1
II (X7 | N
=1 \i=1 andb; is the center of output membership function of ttie
rule. Since we assume that the rules are constructed such that
where the rule base contains all possible combinations of the member-
-1 T I % 2 _ _ ship functions in the universes of discourse, we can define the
=1, b2y oy by 1 B, s T, T2 T certainty of the premise of the rules as
such that 1 1
H1 = 1 .- Hy
_ . N R
bj: |:b117b1277b13:| N?IN}uiflurQL
s N M =Ty -+ Tl T
cj = [cj, €y ooy cj]}
and

R P —N; _N _Nn_1-—N,
a]—[aj,aj,...,aj :| NR:ﬁbl]"'anl Nnn (5)
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and
by =00}
by =bl... b5 _ b2
by = D', B2 D
e AR A (6)
where
R=T] N,

So with these definitiong becomes

f($|9): 141 2402
pL

+briR
+ UR

R

Hence,

= f(z|9).

To show that giverf(z|#) we can defingf(z|6), we simply use
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combinations of the membership functions as rules. CIeM#y,
and M, satisfy

fn=1

My=M;
if n>1.

M?<Mf

Also, it is clear thatM? will only grow by 3N; with each unit
increase im.

Ill. M EETING THE UNIVERSAL APPROXIMATION PROPERTY
WITH FEWER PARAMETERS

The question is, however, whether by reducing the number
of parameters we have reduced the representational capability
of f(z|) to be less tharf(z|#). We will answer this question
by investigating whetherf has the universal approxima-
tion property usingUniversal Approximation TheorenDne
proof of Universal Approximation Theorem is based on the
Stone—Weierstrass Theorem.

Theorem 2: The fuzzy systeny satisfies the Stone—Weier-
strass theorem and hence it possesses the universal approxima-
tion property (as doeg).

Proof: In [8], it is shown that the fuzzy systefhsatisfies
the “universal approximation property”; hence it can approxi-
mate any continuous function on a compact set with an arbitrary
degree of accuracy (if we allow for an arbitrary number of pa-
rameters irg). Next, we show thaf(z|6) also satisfies the uni-
versal approximation property so we then know that even though
f(x]0) is described with fewer parameters, it has the same basic
representation capabilities.

Let U be a compact set, artdd be the set of all fuzzy systems
in the form of f. We now show thaY” is an algebray” separates
points onl/, andY” vanishes at no point df .

Let f,, f, € Y so that we can write them as

(5) and (6) in a similar manner. This process is actually involves n [ N1
finding the equivalent polynomial in the form of multiplications H Z HZIHZI
of summations for the one in the summations of multiplications. _ 2 \az
Since the standard fuzzy system is in the form of the latter, the fi= T /NL
transition from the standard fuzzy system back to the new one H zf e
merely involves some algebra and taking into the consideration S\ J
the new definitions for the input membership function centers ! !
¢, and spreads’. ] n (N2
Note that the number of parameters, introduced by the new H Z E}Z 22
fuzzy system/f, is — =1 \ug=tl
n f2 n N2;
7=a3 I1( %
J=1 j=1 \igz=1

since the number of eadl, ¢}, and

— n
oy arey i, N

5» €ven wheren is the number of inputsy1; andV2; are the number

though f is formed from a fuzzy system that uses all possiblef membership functions for each universes of discourse, where

gy e W) (B ) o o+ B
T =
(ﬁ}+---+ﬁf“)...(ﬁ%+...+ﬁgn)
BB 4B BB R BB

() + (b T o+ (i

_N;

=Ny
)
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=12, ..., n, b}, 27, uI*, andu2? are the parametersForc € ®,
of the new fuzzy system which are defined IKeandz in (4).

Note that as shown in the equation at the bottom of the page. n (N
Since Z b 115
L i = =1 \i=1
DI I3 2 + 027 pIit 2 = (b1 + 027) (pIjf p2;?) TN,
BT 4727 =T 11> m@
j=1 \i=1
and !
plyp2y = Sincect; can be represented in the formiéf cf € Y. Hence,
Y is an algebra.
we have

We now show thal” separates points di by constructing a
required fuzzy systenfi(x|6). Letz?, z§ € U be two arbitrary

fi+feY.
fitlz€ points,z§ # z5. We then choose the parametersf@ﬂe) as
Next. we show that follows: N; = 1 andN; = 1 wherej = 2,3, ..., n, b2
andb; = 1 wherej = 2,3,...,n,¢ = a:‘l’, 2 = x5 and
n N1 N2, ¢ = z%wherej =2,3,...,nandi = 1,2, ..., N;, and
117701 Tot2 T ot J. L . J
H Zbl pl; Zb% W2, o, =1wherej =1,2,...,nandi=1,2, ..., N;.
5 7 _j:l i1=1 ip=1 Forf(xl)
fi-fa= T TNL N2,
[1|Y 3 i) o o2
j=1 [i1=1l4is=1 ﬁ}(xi) — exp <_ <-’171 I-Tl> ) -1
n [N1; N2;
H Z Z (Hi'lﬁi'zmi}ﬁi?) 29— x5\’
J J J J —
=1 |i1=1is=1 N%(xcl)) = €xXp _< ! 1 2)
o n [ N1; N2, ' '
I1 (22 > (etj2y) l(25) =1
=1 |i1=1lis=1
Since 617527 can be represented in the form &f, and wherej = 2,3, ..., n. SO
1Zl 212 can be represented in the formﬁif
— 1
(o]
- xT = .
fiFs €Y. T = T o —t — 257
n N1; n
YT > iy
j=1 \i;=1 j=1 \is=1
fitfa= W /NL + -
S| (Y
j=1 \i1= j=1 \is=1
n N1; N2; N2; N1;
ID | o ommty | | om2y |+ | Yo w2rm2y | | o o)
j=1 1= 12=1 12=1 11=1
o n N1, N2,
() (>
j=1 i =1 =1
n N1; N2;

Z Z (DL pT 2% + b2 I pn2?)

=1 [i1=11i9=1

n N1; N2;

[|> > )

j=1 [é1=112=1
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Fig. 1.

For f(x3),

and

fx3) =
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Obviously, f(«2) # f(z3). HenceY separates points di.

Finally, to show thal” vanishes at no point df, we simply
observe that any fuzzy systefifz|f) with all b > 0 has the
property thatf(z|f) > 0,Vz € U. HenceY vanishes at no
point onl/.

IV. SAMPLE SIMULATION : IDENTIFICATION OF THE TRANSIENT

MODEL OF A TRANSFORMER

(1 + exp(—n(x§—27)?)) exp(—(n — 1) (23 —27)?)

exp(—n(z§ — 29)*)

0.1 0.12 0.14 0.16 0.18 0.2

Time (sec)

Fuzzy system output;(predicted), the test dafa (:; actual) and the approximation error are plotted.

Since the new fuzzy system is not linear in parameters, gradient
method will be used for training. The update formulas of the
gradient method for the new fuzzy system can be found easily
by following the procedure for the standard fuzzy system [7]
and therefore the tedious algebra is omitted here.

In this simulation, a 2-input—1-output fuzzy model of the in-
rush behavior of a transformer is produced by using the new
fuzzy system. The inputs are chosen as the current primary and
secondary currents, (k), i»(k) and the output is chosen as the
next value of the primary current, (k + 1). The transient be-
havior of the transformer is represented by a data set, a portion
of which is used for training, which will be calle@, and the
remaining portion is used for testing, which will be callEd
Note that the training and testing data sets contains different data
points and the number of data [Fi| is greater than the one in
|G|

For each input universe of discourse 3 membership functions
are used and the centefsand relative widthg are defined as

max(G) — min(G)

& = min(Q) + (i — 1) 5

7

7 = (max(@) — min(@))/3

T

fori = 1, 2, 3, whered is the training data set, max and min
are maximum and minimum values 6f, so that the member-

In this section, an inrush model of a transformer will behip functions are distributed uniformly on each universe of dis-
produced by using the new fuzzy system as defined earlieaurse.
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The simulation results are given in Fig. 1. In this figure, firs¢4) is not local in the same sense as the standard fuzzy system
the predicted primary currerﬁi(k + 1) is plotted. Second, the (1). When one of thi_aj in (4) changes, then the centers of each
actual primary current (k + 1), which is given in the test data membership in the output universe of discourse will change,
setl, is plotted, and last the approximation errefk + 1) is  which is obvious from (6). This new fuzzy system has been ap-
plotted. As can be seen, a model for the transient behavior gbleed to the modeling of transformers for inrush behavior. In the
transformer can be produced by the new fuzzy system. It shoplicess, a gradient method has been used and satisfactory re-
be noted that it may be possible to have a better approxinsaits have been produced.
tion by using different initial parameters, step sizes or training
method (e.g., Levenberg—Marquardt). Also, noted that the pur- ACKNOWLEDGMENT

pose of the given application is to show that introduced fuzzy . . .
system can be trained. The purpose of this example is not toThe authors would like to thank the reviewers for their useful

compare the performance of the two types of fuzzy systems. marks.
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