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AVOIDING LOOK-AHEAD IN THE LANCZOS METHOD
AND PADE APPROXIMATION

Abstract. In the non-normal case, it is possible to use various look-ahead
strategies for computing the elements of a family of regular orthogonal poly-
nomials. These strategies consist in jumping over non-existing and singu-
lar orthogonal polynomials by solving triangular linear systems. We show
how to avoid them by using a new method called ALA (Avoiding Look-
Ahead), for which we give three principal implementations. The application
of ALA to Padé approximation, extrapolation methods and Lanczos method
for solving systems of linear equations is discussed.

1. Introduction. A Hankel system comes up implicitly in the Lanczos
method, in Padé approximation and in extrapolation methods. The princi-
pal submatrices of a Hankel matrix are Hankel matrices of linear systems
which are solved by using orthogonal polynomials. It is well known that
these orthogonal polynomials satisfy a three-term recurrence relation. When
some of them are singular, a breakdown (or a so-called true breakdown [8])
problem occurs in this recurrence relation. To avoid such a problem, Draux
[16] has shown how to compute regular orthogonal polynomials by using
look-ahead strategies. A look-ahead strategy consists in jumping over the
non-existing orthogonal polynomials. Draux and Van Ingelandt applied this
technique to Padé approximation in [17] where they give algorithms which
allow moving in the Padé table along a diagonal, a row, a staircase consisting
of two adjacent diagonals and a sawtooth consisting of two adjacent rows.
Gutknecht and Hochbruck used the Levinson—Schur type recurrences with
look-ahead strategies for computing Padé approximants [23, 22]. Brezinski,
Redivo Zaglia and Sadok have applied these look-ahead strategies to the
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Lanczos method [10, 12]. These strategies have also been applied to QMR
by Freund, Gutknecht and Nachtigal [18, 25].

In this paper, we will show how to substitute new intermediate polyno-
mials instead of look-ahead strategies. These intermediate polynomials are
biorthogonal and satisfy a simple three-term recurrence relation. In addi-
tion, they can be considered as an alternative for orthogonal polynomials
which are singular or non-existent.

For a given integer n € Z, we consider the linear functional C'™ defined
on the space C[X] of polynomials by C(™ (z*) = ¢,,;. By convention, we
set ¢; = 0 when ¢ < 0. We denote by H ,2” the following determinant:

€6,,(0)+n €, (0)+n+1 Co,,(0)+n+k—1
€0, (1)+n €9, (1)+n+1 €9, (1) +n+k—1
Hen —
k= . . .
Co,(k—1)+n €, (k—1)+n+1 Co, (k—1)+n+k—1

where 0, is a permutation of N recursively defined by associating with every
j € N the smallest integer 6,,(j) satisfying ngfh # 0. So, 0,,(0) = ig if 4 is
the smallest integer such that ¢; 4+, # 0, 6,(1) is the smallest integer such
that Hg” # 0, and so on.

2. Orthogonality. For a fixed integer n, let {Pi(n)}i be the family of
orthogonal polynomials such that, for all 4, Pi(n) has degree ¢ and
(1) (@ P (x)) =0 forj=0,1,...,i—1.
For every i and n, if the set of all solutions of (1) is a subspace of dimen-

sion 1, then Pi(n) is called regular. The explicit expression of each orthogonal

polynomial Pi(n) is given in [8]:

Cn Cn+1 Cn+41
Cn+1  Cn42 Cn+i+1
(n) _ (n)
P (x) = Jdi,
Cnti-1  Cnti Cn+2i-1
1 T "
where dgn) is the determinant
Cn Cn+1 Cn+i
Cn+1  Cn+42 Cn+i+l
Cn+ti—1 Cn+ig Cn+2i—1
n,t 7,1 n,?
Qg a; a;

Each choice of the coefficients {a?’i}jzg,”_,i corresponds to a different nor-
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malization of the orthogonal polynomial Pi(n). In the sequel, we will examine
three normalizations:

1. In Padé approximation, we choose af* = a}"* = ... = a”", = 0 and
a?’i = 1. Thus Pi(n) is a monic polynomial of degree 1.

2. For the Lanczos method, we set af"' = ay’ = ... = a** = 0 and
ag’i = 1, which is equivalent to the condition Pi(n) (0) = 1.

3. In extrapolation methods, we choose ay’* = a}* = ... = a"* =1,

which corresponds to P™ (1) = 1.

As we can see from the above explicit expression of Pi(n), the determinant

n

dg") can be zero. This depends on the values assigned to a;”,al”", ..., a;"

i
that is, on the normalization. When Pi(n) is singular, dgn) is zero. In this
situation, we say that there is a breakdown. The aim of this work is to
introduce new regular biorthogonal polynomials with some normalization
and to use them in the computation of regular orthogonal polynomials in
order to avoid breakdown problems.

Let {Pf” }n.i be a family of monic polynomials such that, for all 4, Pf”
has degree 7 and

(2) CW (0 piny =0, j=0,1,...,i—1.

The family {Pf” }n,i contains all the monic regular orthogonal polynomials
with respect to C™. The explicit expression of each polynomial Pf” is

€o,,(0)+n €6,,(0)+n+1 ceo Co(0)+nti
€o,,(1)+n €o,,(1)+n+1 cee Co (D) 4nti
7% _ . . . 72
Pi (1’) - : : . /H,L .
Con(i—1)4n  COn(i—1)+n+1 -+ COp(i—1)+n+i
1 T .. z*

This shows that Pf” is a regular orthogonal polynomial if and only if
0,({0,1,...,i—1}) ={0,1,...,i —1}.

In particular, when 6,, is the identity, we recover the explicit expressions
of adjacent orthogonal polynomials which are studied, in the normal case,
in [5]. When PZQ” is not orthogonal with respect to C™)| it is, in fact, a
biorthogonal polynomial, as defined in [2].

3. Recurrence relations. Assume that there exists a regular orthog-
onal polynomial P,f " such that

29
o™ (z* Py = 0.
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From the explicit expression of P/, we get C ™) (g0 (k)Pe ) = k+1/H9
% 0. In the followmg theorem, we see how to compute the biorthogonal

polynomials Pk P,f Tore- Pg k) of the family {Pf" }i, for a fixed inte-
ger n.

THEOREM 3.1. Fori € {k,...,0,(k) — 1}, we have
(i) P9 "= xPG" + azPe with
— o™ (xen(k)ﬂpi@n)/c(n) (gﬁn(k)pgn)’
(ii) C (@I Pr) =0 for j=0,...,0,(k) and j = 0,(k) + k — (i + 1),
(iii) 0,(i+1) =0,(k) +k— (i +1) and
C(n) (xen(i'i'l)Pz?l) — C(n) (xen(k)P]fn) 7& 0.
Proof. The proof is by induction on ¢ from ¢ = k. It consists in proving

that P/" 4+ «; P!" satisfies the orthogonality condition (2) for Pf_H "

1

This theorem shows that Pe(k) 41 Is aregular orthogonal polynomial and
that Pk" divides Pi mfori=kk+1,...,0,(k).

THEOREM 3.2. Let PG” be the regular orthogonal polynomial of the high-
est degree preceding P,f ", Then Pe (k)+1 Can be computed from the recurrence

relation
On (k)
O, On O, On On
By iy = Ty T E : i P+ ap Pt + g1 Py
i=k+1

with
a1 = —C™ (2% plm) /0™ (30 ko) phny o2
= —(CM (@ WHPPn ) + ag 1 O (@ P Py jC ) (2 P,
a; = CM (@O pinyjC) (ko) piny i = k41, 0(k).

Proof. Since P,f; is the regular orthogonal polynomial of the highest

degree preceding P/, we have 0,,(ko) = k — 1. For fixed n, the set {Pf” +i
is a basis of C[X], so we can write

O (k)

0, 0, 0

(3) Byl )41 = T8y + > aipm
=0

Multiplying (3) by %) and applying C'(™) gives the expressions for a; and
shows that (3) is equivalent to

0 (k)
(4) By )41 = ng(k) + > P! + ap P+ og Ppr. m

i=k+1
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By Theorems 3.1 and 3.2, there exists a polynomial Wy, (x)—p+1(x) of de-
gree 0,,(k)—k+1 such that Pg(”k)+1(x) = Wgn(k)_kJrl(a:)Pg" (x)—kak_lP,fg (x).

It is sufficient to remark that Py divides PP for i =k, ..., 6, (k). Different
proofs of this property were given by Draux [16], Gragg and Lindquist [19]
and Gutknecht [21]. Notice that our proof is shorter and simpler than that
of Gutknecht [21].

The polynomials Pq@” can be displayed in an array called the table P.
We suppose that this table P contains a square block of order 6,,(k) — k at
its kth column. This can be illustrated by the scheme

6 On_1
P Pl
9n+1 (7]
b, Py

Oni2 Ont1
Pk} Pk'+1

where P,f ™ isregular. From the preceding results, we obtain the two relations

Orm, O, O pm
P 1 P — ey Pem;l(k_l),
OWL _ m - em
ek == C(’m’) (,Ikplf )/C(’m'+1)(ﬂj‘k 1P9m++11(k*1))’

form=mn,...,n+0,(k) — k, and
Orm— O  Om—1 pOm—
{ PV =2 — gy 1P€m711(i)7

O i pOm U (z'Pim-
i+1 ! g C(Tn') (xzpf )/C(m 1)(331P9m711(71))’

fori=k,...,0,(k), m = n+k —i. These relations yield some properties of
blocks of the table P:

THEOREM 3.3 For every n € Z, if the table P contains a block at its kth
column as described above, then

P]fn+i — P]fn7 P]fizz — xiP]fn7 Z = 07 e 70n(k) — ka

with 0,_;(k+1) = 0,(k) and 0,,1(k) = 0, (k) —i fori=0,...,0,(k) — k.
This was proved by Draux in [16]. Here, we only made the connection

with the permutation 6,,, which simplifies the recurrence relations. We also
note that a simple proof of this theorem can be deduced from (5) and (6). m

The new biorthogonal polynomials defined above are displayed inside the
blocks of the table P.

THEOREM 3.4. For every n € Z, if the table P has a block at its kth
column as described above, then fori=k,...,0,(k) and m=0,...,0,(k)—1,
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we have

p?

7

n-rm 9”7777.
tm=pin Pl =amPn

i+m i
On—m(i+m) =0n(i),  Onym(i) = On(i) —m.

Proof. We use the properties of the permutation #,, given in Theorems
3.3 and 3.1. Indeed, from Theorem 3.1, 6,,_,, (i +m) = 0, (i + m —1)+1,
and from Theorem 3.3, 6,_,,(i + m —1) + 1 = 0_n+1(i + m — 1). Thus,
by applying Theorem 3.1 and then Theorem 3.3, m times, we deduce that
Orn—m (i +m) = 0,(7).

Theorem 3.3 shows that 6,4, (i) = 0,+m—1(i) — 1. By applying Theo-
rem 3.3, m times, we get 0,1, (i) = 0,,(i) — m.

These relations between the permutations 6; show that Pf" and mef"
have the properties of Pf"*m and Pf_:;lm respectively, so Pf"*m = PZQ” and
Plrom — gmpin. u

i+m 7

Theorem 3.4 is a generalization of Theorem 3.3.

By using the recurrence relations of Theorems 3.1 and 3.2, we can derive
an algorithm for computing the regular orthogonal polynomials with respect
to the functional C'"). Actually, this algorithm allows one to move along
a diagonal of the table P. It makes use of the intermediate biorthogonal
polynomials for computing the regular orthogonal ones. The procedure is
called ALA (Avoiding Look-Ahead strategy).

3.1. Implementation of ALA. Define a symmetric bilinear form ¢; on
CIX] by

For simplicity, we write C' and 6 instead of C™ and 6,, since n is fixed.

DEFINITION 3.1. Let D = {pg, p1,...} and @ = {qo,q1, ...} be two sets
of polynomials. If g;(p;,q;) = 0 for i # j, then we say that D and @ are
g1-biorthogonal.

We consider two bases {vg, v1,...} and {wg,w1,...} of C[X] such that,
for every integer i, the polynomials v; and w; are of degree i. We assume
that (C[X], g1) is regular. A subspace L x L’ of C[X]x C[X] is called regular
if the right-orthogonal of L,

Ltn = {2 eClX]|Vy € L, gi(y,2) =0},
does not contain any element of L', and the left-orthogonal of L',
L'n*t ={y e C[X]|Vze L', gi(y,2) =0},

is such that L N L'sst = {0}.
As (C[X], g1) is regular, we can choose two permutations o and 6 of N
such that, for every integer i, the subspace V;% x W/ generated by {vo(0ys - -
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o Ve(i) b X {we(0), - -, We(iy} is regular. This choice enables us to build
two gi-biorthogonal bases D = {pg,p1,...} and Q = {qo,q1,...} of monic
polynomials such that, for every integer i, p; € V7\V,% ; and ¢; € W\W/_,.
For more details, see [2].

To each pair of bases {vg,v1,...} and {wg,w1,...}, there corresponds
another pair of bases which are g;-biorthogonal. We are interested in the
choice of {vg,vy,...} and {wp,wy,...} which yields all the regular orthog-
onal polynomials with respect to the functional C'. This means that the
corresponding gi-biorthogonal bases {po = P§,p1 = P{,...} and {q =
Qz(o), q1 = Qg(l ,...} satisfy QY = P? = P; for every monic regular orthog-
onal polynomiaf P; of degree 1.

We will introduce three interesting choices which give three different
ways for implementing the ALA method. These choices will be called C1,
C2 and C3.

We now give the recurrence relations connecting the polynomials of
{P¢ P ...} and {Qg(o),Qg(l),...}, in order to apply them to the Lan-
czos method. This is equivalent to substituting y for the variable = of the
polynomials QY, in order to have two biorthogonal bases with respect to the
bilinear form gs defined on C[X] x C[Y] by go(z*,y’) = C(x**7) for i,j € N.

e C1 is obtained by taking for ¢ the identity permutation and by choosing
recursively the polynomials of the bases {vg,v1,...} and {wg,ws, ...} with
v = a:Pj@_l and w; = 27 for j = 1,2,... This choice was already studied in
Section 2 and before this subsection.

e C2 consists in setting

w; =277*QY,  j=k+1,...,0(k)+1,
k=0,00)+1,060)+1)+1,...

The degrees of the polynomials v; and w; are equal to their indices. The
definitions of Pj@ and Q? yield the recurrence relations

(7 Ql=27"Q), j=k+1,...,0(k),

8) Qj1 = C($PJQ—1Q2(1€))/C(P1§Q3(;€))a
P! =xzPf! | — ;1P
Qo(k) = C(wpg(k)Qg(k))/C(P;ng(k)),
Boky = C(Pyy @)/ C(Pyy_1yQh—1):
9) Pee(k')—i-l = xpg(k) - ae(k)Pk? - 59(k)Pg(k—1)=

6(k)
Qb1 = Qo) — D @mQ7 — o @k — Bort Qo(r—1)-
\ i=k+1

’UJ :1‘P]9_17 j:1’27...

=k+1,...,0(k),
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For every i, if the polynomials QY and P{ are both orthogonal, then QY =

T
P?. Replacing Q¢ by P? if QY = P?, these three equations lead to an
implementation of the ALA method where only three vectors need to be
stored.

The coefficients ag(;) of the relation which gives Qz(k) 41 can also be
computed by using the polynomials of the set {P}? |, P}, ..., Pé?k’)’ Pe’?k)Jrl}
which is gi-biorthogonal to {ng(kng(k)?Qg(k)—l’"'7QZ7Qg(k—1)} with

P/ | = P!_|. The computation of the polynomials P/’ is via the following

relation which connects them to P?:

)\l:CP9$ 0 CPG 4 s
(10) (P Qa0))/ O (P Qo) i=kk+1,...,0(k)+1.
Pilezpz‘e_)‘ipifA?

Thanks to these polynomials, the expression for ag(;) is

ag(i) = —BakyC(Qh—1)Pilsy)/C(QI Pilyy)-
If we only need to compute PJQ, then we can use the simpler relation
aj = C(x?®B=F1pI i) JC (") =k P PY),
(11) ¢ Bj = C(P]P))/C(Py,_ 1 Pi_y), j=kk+1,...,00k),
Pge+1 = 'I‘Pje — ;P — ijg(kfl)’
for k =0,0(0) +1,0(0(0) + 1) + 1,... The initializations of this recurrence
relation are P¢ =1 and P?; = 0 with §(—1) = —1.
e C3 consists in taking

v;=2""Pl =k 1 k+2,... g,

Vjt1 :xPJQ, j=ng,nk+1,...,0(k),
wj:xjkaz, i=k+1,k+2,...,ng,
Wjt1 :ng, j=ng,ng+1,...,0(k),

for k =0,0(0) +1,0(0(0) +1)+1,..., with n, = [(0(k) + k+1)/2]. The
degrees of v; and w; are equal to their indices. For a complete study of this
choice, see [2].

For C2, we deduce from (11) the following theorem which generalizes the
classical recurrence relation for regular orthogonal polynomials.

THEOREM 3.5. Every regular orthogonal polynomial Pee(k)+1 satisfies a
recurrence relation of the form

Pg(k')—i-l = xpg(k) - Oée(k)sz - 69<k)Pé’(k_1),

where P,f is the regular orthogonal polynomial of the highest degree preceding
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Pg(k)Jrl. The degrees of Pg(k)Jrl, Pg(k), P,f and Pg(kq) are equal to their
lower indices.

In the following, we are most interested in the application of C2 because
of its particular characteristics which are detailed in [2].

4. Application to the Lanczos method. Let us begin by describing
the Lanczos method following [13, 14].

4.1. Description. We want to find the solution of the linear system
Ax = b, where A € C™*" is supposed to be non-singular, b € C" and
x e Cm

Let zy and y be arbitrary vectors in C™ and define two sequences (zy)x
and (7 ) of vectors by
(12) T — g € Kk(A,V”()),

(13) T =0b— Amk 1 KK(A*ayO)’
where Kj(A,r) = span(r, Ar,..., A¥"1r) and A* denotes the conjugate
transpose of the matrix A.

The Lanczos method is completely defined by (12) and (13). It con-
sists recursively in projecting the initial residual rg on the Krylov space
K (A, Arg), orthogonally to Kj(A*,yo) with respect to the Hermitian prod-
uct (-, ) of C™. Here (-, -) replaces the form g; introduced before. From (12),
we can write
(14) Tp — g = —a1Ty — QAT — ... — a AF g,

Multiplying (14) by A and subtracting b, we obtain

rE =710+ a1 Arg + ... + agAFrg.
(13) implies
(15) (ri, A¥yo) =0 fori=0,...,k— 1.

If we consider the polynomial Py(¢) = 1+ o€ + ... + ap¥, then rp =
Py(A)rg. Let us now define the linear functional C on C[X] by C(¢%) =
ci = (A'rg,y0), i = 0,1,..., and the functional C(V) by C1)(¢%) = C(¢&+),
1 =20,1,... The polynomial P satisfies

CEP(&)=0 fori=0,....k—1, P.(0)=1.
So, Py is a formal orthogonal polynomial with respect to the linear functional
C normalized by the condition Pj(0) = 1.
Let P,gl) be the monic polynomial of degree k satisfying

cOEPM(E) =0 fori=0,... k-1

(P,El))k and (Py)g are called adjacent families [29]. We can easily see that,
for each k €N*, P and P,El) exist and are unique if and only if the Hankel
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determinant
C1 (&) e CL
Co C3 N Clk+1
(1) _
Hk =
Ck Ck+1 --- C2k—1

is different from zero. In order to define uniquely the two sequences (P¢)
and (PY");, with only one permutation 6, (P?);, and (P*); will be normal-
ized by Pf(0) =1 and P{* monic of degree k.

Even if P! is not orthogonal, we set r, = P?(A)rg. The polynomial P?
satisfies

CEPDPiE) =0 fori=0,...,k—1, PZ0)=1.

Consequently, (15) becomes
(16) (ri, A¥Oye) =0 fori=0,...,k—1.

(16) is equivalent to the linear system

a1C9(0)+1 + Q2Cg(0)+2 t - - - + QkCo0)+k = —Ch(0)>
(S) Q1Cg(1)+1 + 2Cg(1)+2 + - - + Co1)+k = —Co(1);
Q1CH(k—1)+1 T Q2Cg(k—1)+2 T - - + QkCo(k—1)+k = —Co(k—1)-

According to the definition of 6, the determinant of (S) is HY' # 0. So, (S)
has a unique solution.
A survey of the various algorithms for implementing the Lanczos method

is given in [14]. Here, we only present the application of ALA to Lan-
czos/Orthodir which is described in [24, 31].

4.2. Lanczos/Orthodir. Several Lanczos/Orthodir type algorithms were
given, for example, in [14]. In particular, we cite the algorithm known as
Biodir [21].

According to C2, we apply ALA to Lanczos/Orthodir. This is also equiv-
alent to applying ALA to Biodir.

In order to compute Px.1, we use the formula

Pl =pPf— \¢Ph
17 i+1 i iS50 i=kk+1,...,0(k).
(17) {Ai = C(P{Qgt,)/CEP Qg "

Its proof is by induction from i = k to i = 6(k), it consists in proving that
P? — \£PP" satisfies the orthogonality condition (2) for P, ;. This formula
requires the knowledge of the polynomials Piel, Q?l. These polynomials are
obtained from (7)—(9) if we substitute C") for C' and @, for . Therefore,

to apply ALA to Lanczos/Orthodir according to C2, we use the formulas
(7)—(9) and (17).
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Now, we are able to give an algorithm which allows avoiding the look-
ahead strategy in Biodir. This algorithm consists of three steps:

e initialization,
e determination of the next existing regular orthogonal polynomial,
which is equivalent to determining o (k) at the iteration k,

e computation of the iterates zpy1, 211 and the residual vector ry4 1 at
the iteration k.

Set 2z, = P,fl(A)rg and yi = 21 (A*)yo for k =0,1,...
ALGORITHM 1

e STEP 1 (Initialization): Choose zy and yo arbitrary in C", set ro =
b— A.%'o, 20 = Ty, -1 = Y-1 = (0,0,...,O)t, h,1 = 1, (9(—1) = —1 and
k=0.

e STEP 2 (the determination of o(k)):

1:=0
2 e; = (Yk+ir Tk)
Yktriv:t = A" Yrys
Piri = (Yktit1, 2k)
if |hg+i| < tol for some tolerance tol, then
1=1+1, go to 2
end (if)
0(k) =k +1.

e STEP 3:

b = ho@)/hr—1
fori==Fk,...,0(k)

i = eg(r)—i/Po)

Tiy1 = Ti+ AiZi

Tig1 =T — )‘zAzz

Bi = (Yor)+1, Azi) [ ho(r)

Zip1 = Az — Bz

Yo(k)+1 < Yok)+1 — Biva(i)
end (for)
20(k)+1 < 20(k)+1 — Dk2o(k—1)
Yo(k)+1 < Yok)+1 — bkYo(k—1)
k=0(k)+1
gotol
end.
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It is important to notice that, for each iteration of this algorithm, we
have a product of A and A* by a vector and three inner products. The
coding of this algorithm needs the storage of 9 + m vectors, where m =
maxy(0(k) —k+1) < n.

4.3. Numerical results. First, let us mention that the computations were
performed on a computer working with 16 decimal digits in double precision
and our tests were run using FORTRAN 77.

Let ||| be the residual norm obtained, at iteration k, by Algorithm 1.
The algorithm is stopped at the kth iteration if ||rx|| < eps, where eps is a
given tolerance.

ExAMPLE 1. Consider the example of [12]:

0 00 ... 0 -1 1 —n
100 ... 0 O 2 1
0 1 0 0 O 3| = 2
0 00 ... 1 O n n—1

We take n = 1000 and choose yo = (1,0,0,...,0,0,1)!, 2o = (0,0,...,0)".
For tol = 1071,1072,...,10716, eps = 10712, we get

0(0)=0, O(k)=999—k fork=1,...,998,  6(999) = 999.

There is stagnation from k& = 1 until iteration k& = 998. At the end of this
stagnation, we obtain ||rggg|| = 1.58 - 10* and ||r1000|| = 9.55 - 107C.

ExaMPLE 2. We consider a matrix obtained from discretization of the
elliptic partial differential equation

Lu=f on]0,1] x[0,1],
where

Lu=—Au+ s@,
ox

with Dirichlet boundary conditions u = 0, using a five-point centered finite
difference scheme on a uniform 20 x 20 grid with mesh size h = 1/21.
This yields a sparse non-symmetric matrix of order n = 400 with 1920
non-zero elements. We choose s = 10*. By applying Algorithm 1 to this
matrix with tol = 107,1072,...,10716 eps = 1078, yo = (0,0,...,0,0,1)¢,
xo = (0,0,...,0)%, b= (1,0,0,...,0)", we get
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figure 1, example 2, n=400
0 T T

log10 of residual norm

-9 I I I I I I
0 10 20 30 40 50 60 70

Iterations

As for the first example, there is stagnation at the beginning. Afterwards,
we obtain a good convergence to the exact solution. We also remark that the
convergence curve presents some peaks. It is well known that these peaks
are characteristic of Lanczos type methods.

ExaMPLE 3. We consider a matrix arising from discretization of the
3-dimensional partial differential equation

Lu=f on]0,1] x[0,1] x [0,1],

where
ou ou

ou
Lu=—-A by 42— —
U u+x3x+y5)y+zaz U,

with Dirichlet boundary conditions v = 0. The operator was discretized
using a seven-point centered finite difference scheme on a uniform 5 x 5 x 5
grid with mesh size h equal to 1/6. This yields a sparse non-symmetric
matrix of order n = 125, with 725 non-zero elements. By using Algorithm 1
with tol = 1071,1072,...,10716 eps = 1071 yo = (0,0,...,0,0,1)¢,
xo = (0,0,...,0)%, b= (1,0,0,...,0)", we obtain the following convergence
curve:
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figure 2, example 3, n=125
0 T

log10 of residual norm
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Iterations

For the values of the permutation 6, we get

12—k fork=0,1,...,12,
H(k)_{k: for k =13,14,...

At the beginning, we have stagnation from k& = 0 until k = 12. After this
stagnation, the residual norm converges quickly to zero. At iteration k = 28,
we obtain |reg| = 7.52- 10715,

Let us indicate that we have compared our estimation of the residual
norm given by Algorithm 1 with the actual one. This comparison shows
that both our estimation and the actual residual norm coincide.

4.4. Application to the non-hermitian Lanczos process. Define the sym-
metric bilinear form g; by g1(u,w) = w'u for all u,w € C". According to
C2, we get the following process.

ProcEss 1. Choose v1,v9 € C™ and set \ip1 = v1, p1q1 = v2, po = 0,
k=1 (A and p; are chosen such that ||p1|| = ||q1]] = 1).

Compute

1:=0

2 dx. = 91 (k> Qrvi)



Avoiding look-ahead 47

if |di| < tol (for some tolerance tol), then
1=1+1
PktiQk+i = A" Qrri—1 (Hr+i is chosen such that [|gr4 = 1)
go to 2
end (if)
Ok+j)=k+i—j, 7=0,1,...,1
dock)+1 = A" qor)
for j=k,k+1,...,0(k):
a; = g1(Apj, qo(k))/ 91 (Pk> Qo (k)
pj+1 = Apj — a;pg
Bi = g1(q0)+1,P5)/91(q05) Py)
q6(k)+1 < do(k)+1 — Bjqe()
if 7 = 6(k), then
o = g1(Apj, @k-1)/ 91 (Po(k—1)s Gk—1)
Dj+1 < Djt+1 — XjPo(k—1)
B = 91(q0(k)+1>Pr-1)/91(q0(k—1)> Pk—1)
Ho(k)+190(k)+1 < Qo(k)+1 — Brdo(k—1)
(Mo(k)+1 is chosen such that [|goky11]l = 1)
end (if)
Aj+1Pj+1 < Pj+1 (Aj41 is chosen such that ||pj41] =1)
end (for)
k=6(k)+1,gotol
end.

For solving a linear system, we use a process which allows us to triangu-
larize, tridiagonalize or transform the matrix of the system to another one
for which we have to find its inverse, as for example the Hessenberg matrix.
Here, for each iteration k of Process 1, we get the following factorization:

dlt
A(pk Pk+1 - p@(k)) = (pe(kfl) Pk Pk+1 --- Do(k) pe(k)Jrl) (_?Ik/ >
k
where djf = sy (0,0,...,0,1) € COF)=k+1 and the matrix f[;c with 6(k) —
k+ 2 rows and 0(k) — k + 1 columns is
Qg Ok+1 .- Qg (k)

Ak+1
Ak+2

Ao (k) +1
Let us discuss the stopping criterion for this process. We consider two
Krylov subspaces Wy = K,(A,v;) = span(vi, Avy, A%v;...) and W3 =
K, (A%, vy) = span(ve, A*vg, A*?vy,...). There are two cases to consider:
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e The first one corresponds to not having a breakdown at iteration k
if £ < min{l,!'} with [ = dim W5 and I’ = dim W3. This means that the
subspace (Wy x W3, g1) is regular.

e The second case is the situation where there is a serious incurable
breakdown. It corresponds to a breakdown occurring at iteration k& with
k < min{l,!’} and it means that (W5 x W3, g1) is not regular. Consequently,
Process 1 cannot be used and the solution is to make another choice of the
vectors v1 and vy in C”.

REMARK 4.1. This process needs the storage of m + 5 vectors of C™,
where m = max;{6(k) — k + 1}. m + 5 is smaller than the number 2m + 4
of vectors used in look-ahead strategies. In the regular case, the classical
Lanczos process only needs 6 vectors. This number coincides with m + 5,
since in the regular case, 6(k) = k, which implies that m = 1 for all k.

We note that the factorization of Process 1 has also been used by Ziegler
in [32, 33], where he talks about a special look-ahead strategy.

REMARK 4.2. We have shown how to apply C2 to the Lanczos method.
We can do the same for the CGM-type (Conjugate Gradient Multiplied)
methods which have been simultaneously introduced by Brezinski [7] and
Gutknecht [20], and which are also known under the name of “product-type
methods”. The CGM class contains CGS (Conjugate Gradient Squared)
due to Sonneveld [27] and Bi-CGSTAB due to Van Der Vorst [28].

5. Application to Padé approximation. Orthogonal polynomials
and their associates implicitly come up in the computation of Padé approx-
imants. Blocks of a non-normal Padé table are due to the non-existence
and singularity of some orthogonal polynomials. In this section, we give
relations between orthogonal, reciprocal, associated and intermediate poly-
nomials introduced in [1], and we show how to apply them to the recursive
computation of Padé approximants.

Let f be a formal power series f(t) = co + c1t! + cot? + ... with ¢; € C
for i« € N. We look for a rational fraction
Q(t) ap+ait+...+ayt?

P(t)  bo+bit+ ...+ byt

whose power series expansion in ascending powers of ¢ agrees with f as far
as possible, which means that f(t) — R(t) = O(tPT9*t1) (¢t — 0). Such a
rational fraction is called a Padé approrimant of f and it is denoted by
[p/q]f(t). Usually these approximants are displayed in a two-dimensional
array called the Padé table. Identical Padé approximants can only occur in
square blocks in the Padé table. If there is no block, we say that the Padé
table is mormal. Otherwise, it is called non-normal.

R(t) =
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For every n € Z, define the linear functional C") on the space of complex
polynomials by C™ (2%) = ¢,4; with the convention that ¢; = 0 for i < 0.
C(") is associated with the formal power series

fn(t) =Cp + Cpp1t + cn+2t2 + ...

5.1. The associated polynomials. For every P(f”, we consider the associ-
ated polynomial

o (PE) ~ B
@ = oo ()

where C(™ acts on z.

LEMMA 5.1. If an is associated with the polynomial P,f” of degree k,
then -
Qi (t) =Y ' Cr (P ()
i=0
where C=1=1) acts on x and m =n+k —1—0,(0). Q" (t) has degree m
if m > 0, otherwise Q4" (t) = 0.

Proof. QZ” (t) is equal to C'(™) [(P,f” (z) — P{"(t))/(x —t)]. By using the
equality

Y@—t)=a"") (a7,
=0

we prove that
n+k—1
Q1) = ¢ ([Pl (@) = Pl (]2~ Y @7')").
i=0
Finally, since ¢; = 0 for ¢ < #(0), we obtain the result of the lemma. m

5.2. The reciprocal orthogonal polynomials. We consider the reciprocal
series g of t79O) f defined by t=9) f(t)g(t) = 1. We set g(t) = o2, d;t*
and we define a functional D™ on C[X] by D™ (z%) = d,,; for i € N. D™
is called the reciprocal functional of C™. By convention, we set d; = ¢; = 0
if i < 0. Let 1, be the permutation associated with the functional D™); it
is called the reciprocal permutation of 6,,. We remark that the definition of
DO = D implies n(0) = 19(0) = 0. We will find later a relation which gives
us the permutation 7, from 6,. The complex numbers d; are obtained from
the equations

Cg(g)do =1, Cg(o)dj + Cg(g)+1dj_1 +...+ 69(0)+jd0 =0 forj=1,2,...

An orthogonal polynomial with respect to D™ is called reciprocal. We
denote by {R]™}; the family of all these reciprocal orthogonal polynomials.
They are useful for the recursive computation of numerators of Padé ap-
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proximants. In the following theorem, we study the connection between the
polynomials of the two families {P/"};,, and {R" }; .

THEOREM 5.1. If one of the polynomials P:e(o”"“ and R 7 is regular

and orthogonal, then so is the other. The same holds for Pgi(,?*”“

0 n fo(0)—n
RIHIf BT and PEQ T are regular and orthogonal, then

and

Nnt1 _ 06(0)+n+1 Oo(0)—n+1 __ Nnt1 _
Sn+k = do P, B Qn+k ! —CG(O)Rk ) n=12...,

n
N—n+1 __ 96(0)+n+1 n—1i 96(0)+n+1
co) ity = by > o+t + Q) ;

=0 n=0,1,...

dopgi(l:)fr%l — RZn+1 idzxnfz 4 Sgn+1,
i=0

Proof. It is sufficient to remark that fg(o) is the reciprocal series of g
(this means that C(?(9) is the reciprocal functional of D) and then use the
results of [5, 16]. When 6(0) = 0, the proof given in [5, 4] of the equalities
of this theorem is long. It consists in transforming the determinants of
the explicit expressions of the orthogonal polynomials. A simple proof is

obtained by using only Lemma 5.1 (see the proof of Theorem 5.2). m

Rn—n+1 Snfnjq

From this theorem, it is clear that, for a fixed integer n, R, ", S, )",

(7 [% . . . .
Pke(OH”+1 and Q,;”OH”+1 satisfy the same recurrence relations with differ-

ent initializations. The same holds for Pzi(,?*"“, foﬁ;”“, R"*' and
St If we set, for every n,k € N, N = ce(O)RZ’" and N, " =
ooy R, then the Padé approximant [p/q]; can be written as [p/q]; =
Pqeg(o)ﬂaqutl

ﬁgpfﬁl/ﬁgg(o”p*”l whenever is regular (see [5]).

We deduce from the preceding results that whether or not there are
blocks in the Padé table, the numerator of each Padé approximant can
be computed recursively by using the recurrence relations satisfied by the
denominators.

COROLLARY b5.1. The permutations n, are connected to 0, by the follow-
ing relations:
N-nt1(i) = 99(0)+n+1(i —n)+n,
O60)—n+1(1) = Mny1(i —n)+n  forizn, n>1,
O9(0)—n+1(%) =N-ny1(i) =n—-1—4i fori=0,1,...,n—1
Proof. The knowledge of the degrees of all the regular orthogonal
polynomials implies that of 7, and 6,,, see Theorems 3.1 and 3.2. So, from

the definition of the permutations 6,,, 7, and by using Theorem 5.1, we get
the assertion. m
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The quantities Qigﬁg%“ and P:O(OH"H S 69(0)+ix"’i + QZMH”“
intervene in the recursive computation of the numerators of the Padé ap-
proximants These quantities do not satisfy the equalities of Theorem 5.1
when P, fo@+n+1 4nd P:i(,? "*! are not orthogonal. For this reason, we give
some propertles of them below. For every n € Z and k € N, we consider the

monic polynomials R;cn" defined by
(18) DR " DY + vy (5 (k) = 05 G =0, k=1,

where o, ;, is a constant such that the solution R;C " of (18) is monic. The
role of these polynomials is to replace the polynomials R]™ in the equalities
of Theorem 5.1. By substituting R;C " for R}, the results of Theorem 5.1 are

true even if P, fo@+n+1 and Pgi(,? "+ are not orthogonal. Clearly, the family
{R,"},,.x is built in such a way that it contains all the regular orthogonal
polynomials with respect to the functional D™ . From the definition of
R;"", we can easily see that the condition for their existence and unicity
is the same as for the polynomials R}". Therefore, for every k and n, the

polynomial R;?” exists, is unique and has degree k.
THEOREM 5.2. We have

Oo(0)—n+1 _ Mn+1 M—n+1 96.(0)+n+1 _
Qn+k —CQ(O)Rk 5 Sn+k —dP s n—1,2,...,

0 ; 7]
—n4+1 __ 0(0)+n+1 n—i 0(0)+n+1
CB(O)RTL+I€ = b E Coo)+iT" "+ Qy, ,
=0
n=0,1,...
n ) M
99(0) n+l _ p/Mnt1 n—1 IMn+41
do Py " = R Y dga T 4 S
1=0

Proof. We want to prove Qn‘g_ﬁ(z nH = ce(O)RZ"“. First assume that

6(0) = 0. In this case, thanks to Lemma 5.1, we have, for j =0,1,..., k—1,

k
D(n+1)[Q9*”k+1(t)t%ﬂ(]) D(n+1)[ztz+nn+1(a)c( n=i)(p G;ZH(:C))
=0
n+k

- Z ap Z dz+nn+1(])+n+1c—n i+l

where D1 acts on ¢, C-""%) acts on z and Pn+’,;+1( x) = Zl 0wl
Since 6(0) is zero, Corollary 5.1 implies 6_,,+1(j +n) = nn41(j) +n, and we

conclude that
n+k —

9771
D(n+1)[Qn+k+1( t%ﬂ(]) Z a Z dz+97n+1(J+n)+1c n—i+l
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n+k O_ny1(j+n)

= - Z aj Z de,n+1(j+n)—1;0—n+1+l—i

=0 =0
O_ny1(j+n) .
- Z d97n+1(J'+n)—ic(_n+1)(xzpn;z+l(x))
1=0

-n —nt1(k+n) pf-nt1
= _d€7n+1(j+n)_€—n+l(k+n)c( +1)($€ it )PnJrk+ (.%'))

_ 0_.,
= _dnn+1(j)—nn+1(k)c( n+1)(x97n+l(k+n)Pn+k+l(x))-

Consequently, we obtain Qi;n’;rl = ¢o R;;?nJrl.
If 0(0) # 0, then fy( is the reciprocal series of g. So, we can use

. Bocor :
the same reasoning as above and conclude that Qn‘)ﬁ; o CG(O)RZ] +1
o 09(0)4n
Similarly, we prove that S:Z;,:“ =dy pk9<0>+ +1
The remaining two equalities are deduced from those just proved. In-

deed, from the two preceding equalities, for fixed n, the polynomials RZ];,: A

0 0 . .
P20 and Q71" satisfy the same recurrence relations. The same
holds for Psi(,:)f"“, R* and S,"**. So, the last two equalities are valid
if they are initially. That is indeed the case since

Mot _ A9y 4nt1 _ 00(0)+n+1 _ plMnt1 _
So =Q, =0, P, =R, =1

and
n n
RZI*ﬂJfl _ Zdixn—i, P£9(0)7n+1 _ ZCG(O)—Hxn_i' .
i=0 1=0
This theorem generalizes the result of Brezinski [4, 5] concerning the
normal case. Brezinski used properties of determinants, which makes the
proof longer.
If we set, for every n,k € N, N,/j"“ = CQ(O)RQ’" and N,;"’"“

. M =0 _
co(o) R, then we conclude from this theorem that N, lo-att jpo@Fe-att

is a Padé approximant denoted by [p/ q]?. If [p/ q]?c is inside a block, then it
is equal to the Padé approximant which is located either on the west side
or the north side of this block and on the diagonal of [p/ q]?c.

We can compute the coefficients of the numerator of a Padé approximant
in two ways:

1. The first one uses the recurrence relations satisfied by the polynomials

0 . .
P, @77 which are located on the same diagonal of the table P, because,
from Theorem 5.2, these recurrence relations can also be applied to the

polynomials N, =+,
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For C1, C2 and C3, the computation of the coefficients of the numera-
tor of [p/q]ff requires at most 2p — 1 multiplications and 2p — 1 additions.
This supposes the knowledge of the two non-identical Padé approximants
preceding [p/ q]ff and located on the same diagonal.

2. The second way uses the equations

ag = cobo,

ar = c1bo + cob,
(19)

ap = cpby + cp—1b1 + ... 4+ cp_gby,
which directly give the coefficients a; of the numerator of

0 ap + ait + ...+ apt?
) =
lp/al; (%) bo + byt + ... + byt

from those of the denominator.

In that case, the algorithmic cost is about (¢+1)(¢+2)/2+ (p—q)(g+1)
multiplications, ¢(¢ + 1)/2 + (p — ¢)q additions if p > ¢, and (p + 1)(p +
2)/24 (¢ —p)(p+ 1) multiplications, p(p+1)/2+ (¢ — p)p additions if p < q.

By comparing the two algorithmic costs, we see that it is better to use
the second method if we want to compute only one approximant. But, when
we need to compute more Padé approximants, the first method is better.

5.3. Numerical results. We use C2 to compute the coefficients of the
denominator P(t) = bo+bit+...+b,t? and numerator Q(t) = ap+ait+...+
aptP of the Padé approximant R(t) = [p/ q]?c which is arbitrarily chosen. The
resulting algorithm follows a particular diagonal of the Padé table. Given the
degrees p and g and the moments ¢;, © = 0,1,...,p+ g, this algorithm gives
the coefficients of the numerator and denominator of [p/ q]?. The algorithm
follows the diagonal which contains [p/ q]?c.

We mention that, in the following examples, the coefficients of P and Q)
are computed from the same recurrence relation with two different initial-
izations.

ExaMPLE 1. We take the power series expansion
f@)=1+t2 492+t /4 + 17 /8 421 /16 + ...

of the rational function (1 —t*/24t%)/(1—1t*/2) for t € ]—v/2, v/2[. For the
threshold of the detection of blocks, we set tol = 10712, According to C2,
the Padé table has several blocks. We obtain

p/dl% =1[0/0]9 =1 for p,q €{0,1,2,3,4},
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[p/4)} = [4i +1/0]}

1—1
:1+t52t4j/2j for 4i +1>p<4i+4, ¢e{0,1,2,3}, i >1,
j=0

p/al% =10/5]5 =1/(1 —°) for p€{0,1,2,3}, q € {5,6,7,8},
p/ds = B5/4% = (1—t*/2+1°)/(1—t*/2) forp>5, ¢>4.

The approximants [0/ O]?, [5/ 0]?, [0/ 5]? and [5/ 4]? are at the corners of a
block of order 4.

For a power series which converges to a rational function, as is the case
here, [p/ q]? = f when p and ¢ are respectively greater than (or equal to)
the degrees of the numerator and denominator of this function.

Let us now give, according to C2, the numerators and denominators
which we obtain for two approximants located inside the same block.

p/al} = P/Q  [2/6]] 13/7%

2 P=1+2 P=1+2t+ 4
Q=1+2t—t° -2t Q=1+2t+4>—1>—2° -7

We note that the numerator and denominator of [2/ 6]? are different from
those of [3/7]%, even if [2/6]% = [3/7]5.
EXAMPLE 2. Consider the power series studied in [11],
f)=14at+at®>+.. . +at™ " 4 at™ ™ £ at™2 4
+at® P 4 et 4L

This is the expansion of (1+at+at?+...+at™ 1) /(1 —t™) for t € ]—1,1].
By setting a = 0.001, tol = 107!°, and m = 7, the application of C2 gives
us the following values of the numerator and denominator of [4/ 4]? which
is inside a block of order 4.

a;, bz C2

ag 0.1000000000000000D+-01
al 0.9009000000000003D+00
as 0.8116200000000002D+-00
as 0.7311870000000003D+-00
a4 —0.2621775600000001D+-01
bo 0.1000000000000000D+-01
by 0.9000000000000002D+00
bo 0.8100000000000001D+00
b3 0.7290000000000001D+-00

b —0.2624400000000001D+-01
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ExAMPLE 3. Consider the power series f(t) = > oo cit’ =3 —5/2 +
t?/3 — ... which converges to In(1 + ¢3) if t € |]—1,1].

We apply C2 to f to compute the elements of the main diagonal of
the Padé table. The execution of the corresponding algorithm with tol =
10~!2, in order to obtain [10/10]?, meets four blocks and shows that the
approximant [10/10]% is inside the 4th block which is of order 2. [9/9]% is
on the north side of this block. For [10/10]‘;7 we get

a;, bz C2

as 0.1000000000000000D+01
ag 0.9999999999999951D+00
ag 0.1833333333333311D+00
bo 0.1000000000000000D+-01
b3 0.1499999999999995D+-01
be 0.5999999999999954D+00
by 0.4999999999999934D—01

The other coefficients are zero.

The exact value of In(2) is 0.6931471805599453 ... Set now ¢t = 1 and
look for an approximation of the value of In(2) by using the Padé approxim-
ants [k + 1/k]? obtained by C2.

ko Soppr =Yk 2

3 0.5000 0.66

6  0.5833 0.6923

9 0.6166 0.693121

12 0.6345 0.6931464

15 0.6456 0.693147158

18 0.6532 0.693147179

21 0.6587 0.693147180540
24 0.6628 0.69314718055935
27 0.6628 0.693147180559927
30 0.6687 0.6931471805599447
32 0.7163 0.6931471805599454

From these results, we remark that the sequence ([k + 1/ k]?) x of Padé ap-
proximants converges faster than (Sox41)k.

Consider now the power series h(t) = > oo cit! =t —t2/24+¢3/3 — ...
which converges to In(1+t) if t € ]—1,1]. We have f(t) = h(¢3). This proves
that [p/q]% (t3) is the Padé approximant [3p/3q]‘}9c(t) of f for every p,q € N.
The application of C2 to h with ¢ = 1 shows that

[k+1/k)5(1) = [8k +3/3k + 2%(1)  for k=1,2,...
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For example, we get

[2/1)5.(1) = [6/5)%(1) = 0.7,
[6/5]% (1) = [18/17]%(1) = 0.6931471849621315.

The application of ALA to f meets several blocks, but it is not the case for
h. This allows us to say that ALA gives good results both in the normal
and in the non-normal case.

6. Application to the s-algorithm. The e-algorithm due to Wynn
[30] is defined by the relation

n n+1 n+1 n)\ —
(20) aéﬁlzsé_t)—i—(sl(ch)—aé )) L

n

If aé") =>" ¢t and a(fl) = 0, then we get the equality ag,? = [n+k/k];(t),
which characterizes the e-algorithm and which enables it to accelerate the
convergence of certain sequences. The intermediate quantities €, ; have
no special significance. The e-algorithm suffers from a numerical instability.
Indeed, an important cancellation error due to the difference €§€n+1) — e,(cn)
can affect the algorithm. This numerical instability can be avoided by using

either the following progressive form:

n+1 n n n+1)\—
El(c+1 ) = 51(c+)1 + (52432 - El(c )) h

or the particular rules due to Wynn and given by Brezinski in [6]. For more
details about the numerical stability of extrapolation methods, see [9, 15].
In this section, we are concerned with the computation of the iterates
z’:“g;) with even indices. These iterates can be computed by the extension
of the bordering method given by Pinar and Ramirez in [26], which is an
extension of the method described in [3]. We can also use the extensions
of the bordering method obtained by the application of the ALA method.
Here, we will use ALA according to C2 for extending the bordering method,

in order to give a simple algorithm for computing the quantities Eg?).

For every n € Z and j € N, we set Eg?) = [n+ j/j1%(t). This implies

n—1

n—1 i nr.- .
(21) el =D et + [ = 1/415, (1)
i=0
with [j = 17313, (1) = Q) (/PP (1), Qrte) = #71Q ), PP =
j pOn (4—1

P/ (") and

fn(t) =Cp + Cpp1t + cn+2t2 + ...
The polynomials of the family {PJQ” }; are obtained by C2. For every poly-

nomial Pf”, we impose the normalization condition Pjen(l) = 1 instead of
being monic of degree j. This family contains all the regular orthogonal
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polynomials P; = Pf" with respect to the functional C'™ which satisfy
P;(1) = 1.

Consider now the family { P/ }; of orthogonal polynomials with respect to
the functional ¢’ = ¢+ — C(") | requiring Pj to be monic of degree j.
A reasoning similar to the one used at the beginning of Section 4 shows
that P]f exists if and only if P; does. So, by applying C2, we have a unique
permutation 6,, and so the family {P;e" }i

For every integer j, we consider Q?” and Q;‘g" as the polynomials asso-

ciated respectively with PJQ” and P;e”, with respect to the functional C'™).
This means that

Pin(t)— P (g;)>

t—x

- (”

t—x

Q) (t) = c<"><P’9 (t)_ljfn(m)),

where C(™) acts on z. According to C2, we will compute the polynomials of
the family {PJ{Q" }; from the following relation which is equivalent to (11):

aj = ') (mén(k‘)—k—i—lpj{@n PIGn)/Cl(n) (wen(k)Plf"),
(22) Bj = €' (g p{en) /C’(n)( k= 1Pg" o))

10, 10,
Piyy = P — Bi P, 9 k—1)

for j =k,k+1,...,0,(k) and k = O,Hn( )+ 1,0,(0,(0)+1)+1,..., with
initialization Py’ =1, P% =0 and 6,,(—1) = —1.
The polynomials of the family {P‘?" }, are computed from
Aj = CO (P /¢ () (g0n(F) plon
(23) 9 9( ")/ (@ ") j=kk+1,...,0,(k),
Pl = PP — \y(z - 1)PP",

for k =0,0,,(0)+1,6,(6,(0)+1)+1,... The proof of this relation is similar to
that of (17). The recurrence relatlons (22) and (23) yield that the associated
polynomials Q;‘g" and Q?” satisfy the two recurrence relationships

(24) QU (D) = Q0" (1) — Q" (1) — BiQL ey (D) + CO (PP (@)
and
(25) Oy (1) = QI () = At = QY™ () + C™ (PP ()]

for j=k,k+1,...,0,(k) and £k =0,0,(0) +1,0,,(6,(0) + 1) + 1,..., with
initialization Q'fi” =0, Qg" = QSQ" =0 and 6,(—1) = —1. The coefficients
aj, B, A; and those of the relations (22) and (23) are the same.
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The quantity C() (P;e" (x)) can be computed recursively by using (22).
Indeed, a simple application of C™) to (22) gives us

CM(Pn) = C™ (@P’) — ;¢ (PP) = B;C™ (P ).

10ny _ 10, 00y 10n ;
Now C(”)(xPj ) =CM((x— nP™) + C(")(Pj ) is equal to C(”)(Pj ) if
j # 6,(0) and to C™ (P;e") + Crt0,(0)+1 — Cn+6,(0) if 7 = 0,(0). From this,
we can write the following recurrence relation:

(26)  aj+1 = a; — ajai — Bjag, (k-1) + 056, (0)(Cn+0,(0)+1 — Cn+6,(0))

for the coefficients a; = C (")(Pilen), where §;; is the Kronecker symbol.
(n

In the expression of 62j_1), there is a division by the quantity Pjen(l).
But Pj@"(l) =1, so we avoid such a division and consequently, (21) implies

gg;—w =50 e+ Qi ().
(n—1)

REMARK 6.1. Even if we take the simple case t = 1, the iterates €5
can be computed to obtain an approximation of [n 4+ j — 1/ j]?(t) for any

fixed ¢ not necessarily equal to 1. This is possible by substituting ¢, = ¢;t*
for ¢;.
By using (25), we get
n—1 n—1
(27) 5gj+2) = 5gj )~ Aja;
for j = k,k+1,...,0,(k) and k£ = 0,60,,(0) + 1,0,(0,(0) + 1) + 1,... To
initialize this recurrence relation, we set 5(()”_1) = 3" ' ¢;. From (23), the

1=
expression giving the coefficient A\; does not depend on the polynomials

P!%». So, to compute the iterates 8%?71), we need (27), (26) and (22), to

which we add (23), which gives A;. Now, we are ready to state the algorithm
which computes the elements ag;_l) of even indices of the e-array and which
follows an arbitrary diagonal.

For every integer i, we set P{B” (x) = 22:0 q](i)xj, qgi) =1.

ALGORITHM 2

e STEP 1 (Initialization): Choose an integer n and set q((]fl) = q(:ll) =0,

h—l = 1, kO = _15 a_1 = 07 ag = Cp, Q((]O) = 15 qg)l) = 0) k= Oa eénil) =
n—1
2 im0 Ci-
e STEP 2 (Determination of 6,,(k)):
1:=0
_\k (k)
2 hieyi = 35— (Cnthtitjtl = Cnthti+i)d;
if |hg+i| < tol for some tolerance tol, then
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1=1+1, goto?2

end (if)

On(k) =k +1

dp—1 = Z?ZU(Cn+9n(k)+m+j+1 _Cn+9n(k)+m+j)q](‘k)a m=1,...,i+1
e STEP 3:

br. = ar/he, (k)

fori==k,...,0,(k)
e = b Y = bgas, i = ay + (5o dika)”) ho )
Bi = o(entjrhst — Cntjin)d) iy

i+1 i . .
q§,+):q§._)17 j:17...72+1

q§i+1) - qj(i+1) _ aiqj(,k), j=0,....k

¢ gt — B, =0,k
Qijr1 = G5 — QA — Biako
end (for)
if k=0, then ag,, (0)+1 = A9, (0)+1 + (Cn+9n(0)+1 — Cn—&—Bn(O))
end (if)
ko =k, k=0,(k)+1
go to 1
end.

Let us mention that Algorithm 2 can also be applied to sequences. If
we want to apply it to a sequence {U; };cn, then we set ¢ = Uy and ¢; =
U; —U;_q for i > 0.

6.1. Numerical results

ExXAMPLE 1. We start by applying Algorithm 2 to the power series

f®)=1+at+at®>+...+at™ !
+ " ot f ™t 4 et 4 2 g2

which has been studied in [11]. This is the expansion of the rational function
(1+at+at®>+...+at™ /(1 —t™) for t € |-1,1]. In Example 2 of
Subsection 5.3, we were interested in the computation of the coefficients of
the Padé approximants. Now, we want to get an approximation of f(t) for
a fixed t by using Algorithm 2. We set t = 0.9,a = 0.001, tol = 10716,
and m = 7. The exact value of f(0.9) is 1.924882238575926 ... By setting
¢; = at® and applying Algorithm 2, we obtain
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sg;c) Algorithm 2

el 0.1000000000000000D+01
" 0.1009000000000000D+01
=" 0.1009000000000000D+01
% 0.1009000000000000D-+01
e 0.1009000000000000D+01
{9 0.1009000000000000D+01
9 0.9999745519928722D+00
% 0.1924882238573816D-+01

A true breakdown is avoided from iteration £ = 2 to £ = 5. As the
power series f converges to a rational function and from the properties of
the Padé approximants, we deduce that, in exact arithmetic, the sequence

{ag,?}k gives at the Tth iteration the exact value of f(0.9). This explains
that 6%91) gives us a good approximation of f(0.9) by using Algorithm 2.
ExAMPLE 2. Consider the power series f(t) = > o2, 4t5/(2i 4+ 1) which
converges to the function S defined by
S(t) = (4/V/1%) arctanh (V%) for t €10, 1],
(4/v/ —t°) arctan(v/ —t°) for t € |—1,0],
S(0) =4, S(—1) =7 = 3.1415926535897932384626433 . . .

For t = —1, the application of Algorithm 2 to this power series with tol =
10~ gives the following results:

k Sop_1 E;;l) obtained by Algorithm 2

1 4.000 4.000000000000000

2.666 3.166666666666667
11 3.466  3.142342342342341
16 2.895  3.141614906832296
21 3.339  3.141593311879925
26 2.976  3.141592673030332
31 3.283  3.141592654163364
36 3.017  3.141592653606703
41 3.252 3.141592653590289
46 3.041  3.141592653589791

From these results, it is obvious that Algorithm 2 accelerates the con-
vergence of the sequence S; =4, S1; =4 —4/3, Sy =4—-4/3+4/5,...
given by Leibniz to the exact value of 7.
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