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Introduction. The theorems of class field theory are known to hold 
for two kinds of fields: algebraic extensions of the rational field and 
algebraic extensions of a field of functions of one variable over a field 
of constants. We shall refer to these fields as number fields and func-
tion fields, respectively. For class field theory, the function fields must 
indeed be restricted to those with a Galois field as field of constants; 
however, we make this restriction only in §5, and until then consider 
fields with an arbitrary field of constants. 

In proving these theorems, the product formula for valuations 
plays an important rôle. This formula states that, for a suitable set 
of inequivalent valuations | | p, 

m « i » - i 

for all numbers a5*0 of the field. For fields of the types mentioned, 
this product formula is easy to prove. After reviewing this proof (§1), 
we shall show (§2) that, conversely, the number fields and function 
fields are characterized by their possession of a product formula. 
Namely, we prove that if a field has a product formula for valuations, 
and if one of its valuations is of suitable type, then it is either a func-
tion field or a number field. 

This shows that the theorems of class field theory are consequences 
of two simple axioms concerning the valuations, and suggests the pos-
sibility of deriving these theorems directly from our axioms. We do 
this in the later sections of this paper for the generalized Dirichlet 
unit theorem, the theorem that the class number is finite, and certain 
others fundamental to class field theory. This axiomatic method has 
the decided advantage of uniting the two cases; also, it simplifies the 
proofs. For example, we avoid the use of either ideal theory or the 
Minkowski theory of lattice points. Thus these two theories are un-
necessary to class field theory, since they are needed only to prove 
the unit theorem. 

1. Preliminaries on valuations. If k is any field, then a function | a\, 
defined for all a£&, is called a valuation of K if: 
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(1) | a | is a real number not less than 0, and | a | = 0 only if a = 0, 

(2) |aj3 | - | a | | j 9 | , 

(3) | a + j8| £ | « | + | p | . 

We call a valuation nonarchimedean if in addition to (3) it satisfies 

(30 | « + 0 | £ m a x ( | a | , \fi\). 

Note that the assumption that | a | is a real number eliminates the 
possibility of certain valuations discussed in various recent papers. 

The theory of a field with respect to one given valuation is sup-
posed to be known by the reader and shall be called the local theory. 
We review the most important facts. The valuation \a\ = 1 for all 
a7*0 is called the trivial valuation. Two nontrivial valuations | a | i 
and \a\i are called equivalent when | a | i < l implies | « | 2 < 1 , and it 
is easy to show1 tha t there is a positive real number p such that 
| a | î = \a\i for all aGfe. If |oc| is a nonarchimedean valuation, then 
I a \p is an equivalent valuation for any p > 0 . If | a | is archimedean 
and p positive, then \a\p will be a valuation only for sufficiently small 
values of p. However, we shall in the remainder of this paper use the 
word "valuation" to mean any function | a | p where p is any positive 
number and \a\ is a true valuation. 

A set of equivalent and nontrivial valuations of a field k is called 
a prime divisor of that field, and denoted by letters like p, p, $ , 
q, q, Q , • • • . If p is a prime divisor, \a\p stands for a particular, 
fixed valuation chosen from this set. The sign ||a||p will later be used 
to stand for another valuation of the same set. 

If R is a subfield of k then each set p of equivalent valuations of k 
is also a set of equivalent valuations of R. If these valuations are non-
trivial on R then they define a prime divisor p of R, and p is said to 
divide p : p | p. One p may be divisible by several p of k. By well known 
methods,2 the field k can be extended to the field k^ which is completed 
with respect to the valuations of p. If Rp is the corresponding comple-
tion of R then Rp is a subfield of k and the degree n(p) = (k^/Rp) is 
called the local degree. If k itself is a finite extension of R of degree n 
it is easy to prove3 the inequality 

1 See van der Waerden [7, pp. 254-255], or Artin [ l ] . Numbers in brackets refer 
to the references cited at the end of the paper. 

2 van der Waerden [7, p. 250]. 
3 To prove this, assume first that k-R(a), where a is a root of a polynomial ƒ(*), 

irreducible in R of degree n. Let P(x) be the polynomial, irreducible in Rp of degree n$, 
with root a. Since (van der Waerden [7, p. 264]) an extension field of Rp can be 
evaluated in only one way by a divisor p of p, it follows that different divisors 
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(4) Z »(P) £ n 

for each p of R. 
In case p is a discrete valuation, #(p) = e(p)/(p) where e(p) is the 

ramification number and/ (p) the degree of the residue class field of k 
over that of R. 

We proceed now to study a finite set of nontrivial inequivalent 
valuations | 11, | 12, • • • , | | «. 

LEMMA 1. If \ 11 and \ | 2 are two nontrivial, inequivalent valuations 
ofk, then there is ay(~k with j 'y| x< 1 and |*y12> 1. 

PROOF. Since the valuations are inequivalent there is an a with 
| a | i < l and | a | 2 ^ l and a/3 with | / 3 | i è l and | / 3 | t < l . Take7=«/ jS . 

LEMMA 2. If | | i , | |2 , • • • , | \n are nontrivial and inequivalent 
there is an a£fe such that | a | i > l and \a\v<l for v = 2, • • • , n. 

PROOF. The lemma is true for n = 2 by Lemma 1. We use induction, 
assuming that we have found a /3 such that | / 3 | i > l and | /3|„<1 for 
j> = 2, • • • , n — 1. Choose 7 so that |*y11> 1 and | 7 | n < l . There are 
two cases : 

Case 1. If | j 3 | n ^ l let a=j8 r7. Then |<*| i>l and, for r sufficiently 
large, |a:|2, | « | 3 , • • • , |ce|„ are all less than 1. 

Case 2. If | /3 | „>1 let 

a = 7 

so that 

I I ^ I P In t I 
I « |n g-r—p H 7 |n. 

Now | a | „ < l for r large; namely limrH.co|i3|ï==0 and | û : | n < l since 

pit p2, • • • of £ will lead to different irreducible polynomials P(#). Since f(x) is divisible 
by the product of the polynomials P(#), this proves the inequality for this case. If 
several elements have to be adjoined to R in order to get k, we prove the theorem by 
repeated application of the simple case. 

This proof shows also that in case of an inseparable extension k one can not expect 
to replace the inequality by an equality. If this can be done in a special case, it is a 
noteworthy property of the particular field. In §3 we shall find a class of fields with 
this property. 

I « U -
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h m -j—& = 1. 

For v = 1 we find 

so for large r, | a | i > 1. 

LEMMA 3. If any n nontrivial inequivalent valuations of k are given, 
then for any positive e there is an a such that 

| « — 1 | l =£ €> | OL |v ^ € for V > 1. 

PROOF. Choose /3, by Lemma 2, so that | j 3 | i > l and | j3 |„<l for 
v > 1 and take 

a = • 

1+0' 
Then 

i ! 1 
a - 111 = -j g I £ e 

| i + ^ i i l 0 r - i 
for r sufficiently large. For P > 1 , 

^ € 

^ ii+/3i:= I - I ^ I : 
for r sufficiently large. 

THEOREM 1 (APPROXIMATION THEOREM). If we are given any n non-
trivial inequivalent valuations \ \vofk,an element av of k for each valua-
tion, and an e>0, then we can find an element a of k such that 

I « — av |„ ^ e for each v = 1, 2, • • • , n. 

PROOF. Let M be the maximum of the numbers | a:»| j for all com-
binations of i and j and choose fii (i=l, 2, • • • , n) such that 

| l - f t | < < - ? 7 ' I ft I'< "77 for V
*

L 

nm nM 
Let 

a = 0i«i + 02a2 + • • • + Pnan) then | a — a< |< < e f or each i. 
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COROLLARY. If | 11, | 12, • • • , | | « are nontrivial and inequivalent 
then a relation 

I X I ? I X I ? • • • I X \"n = 1 

is true for all #£fe, XT^O, if and only if all p t = 0 . 

PROOF. If any ^?^0, an x for which \x\ » is sufficiently large and 
the other \x\v for v^i are sufficiently near 1 gives a contradiction. 

2. The product formula. Our corollary precludes the possibility 
that a finite number of valuations can be interrelated in a field. Such 
an interrelation may nevertheless happen for an infinite number of 
valuations. In case of the ordinary function fields and number fields 
that is not only the case but this fact may even be used to derive all 
the properties of these fields on a common basis. 

We shall assume for our field k : 

AXIOM 1. There is a set S0Î of prime divisors p and a fixed set of valua-
tions I |fc, one f or each p£9Dî, such that, f or every a ^ O of k, \a\p = l 

for all but a finite number of pESD? and 

where this product is extended over all p£SD?. 

If this axiom is satisfied, 2Ji can contain only a finite number of 
archimedean divisors: for | l + l | p > l at all archimedean p. Suppose 
that Axiom 1 is satisfied and that SDÎ contains no archimedean di-
visors at all ; consider the set k0 of all a for which | a | p g 1 at all p G2JÎ. 
Let a and j8 be two elements of fe0. I t follows at once that —a, a/3, 
and a+j3 are also in the set. If ce£fco and a ^ O , the product formula 
gives at once | a\ ^= 1 for all p. I t now follows that a"1 is in k0. Thus 
ko forms a subfield of k, called the field of constants. I t consists of 0 
and those elements of k which satisfy | a | j , = l for all p. I t may also 
be defined as the largest subfield of k for which all p reduce to the 
trivial valuation. If 2ft contains archimedean divisors, then there is 
no field of constants. 

We associate with our set 5DÎ of valuations p a certain space of 
vectors a with one component ap for each divisor p. The component 
cup may range freely over the p-adic completion kp of k. If a is such a 
vector we shall for brevity write | ct| p instead of \a^\ p. The idèles of 
Chevalley4 are special cases of these vectors; for an idèle we must have 
ap^O for all p and j a| p = 1 for all but a finite number of p. 

4 See Chevalley [3,4]. 
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Our field k may be considered a subset of this space inasmuch as 
a£fe may also be considered as the vector whose p-coordinate is the 
element a of k$. 

With each idèle a we associate the product 

F(a) = n i « l » 

and think of it as something measuring the size of a. In a moment we 
shall see that it may be interpreted as a "volume." 

For elements a of k the product formula yields 

7(a) - 1 

so that for all idèles a we get 

V(aa) » V(a). 

If we select real numbers Xp>0 for each p and take care that Xp9* 1 for 
a finite number of p only, then we call the set of vectors c satisfying 

| c|p ^ xp for all p 

a parallelotope of dimensions Xp. 
We shall find later that every valuation is either archimedean or 

discrete. If this is true then there is an element a$ in kp whose value 
is maximal and not greater than Xp so that it is no restriction of gen-
erality to start with a given idèle a and to construct all vectors c 
satisfying 

I c I, £ I a \p. 

We talk in this case of a parallelotope of size a. The product V(a) 
may then be interpreted as its volume. 

Next we introduce the "order" of a given set of elements. It is a 
notion that shall unite different types of fields. If k has an archime-
dean valuation we mean by order the number of elements. Otherwise 
k has a field ko of constants: we let q stand for an arbitrarily selected 
but fixed number greater than 1 when the number of elements of ko 
is infinite, and for the number of elements of k0 when this number is 
finite. By order of a set we mean in this case the number q9 where 5 
is the number of elements in our set that are linearly independent 
with respect to ko. Should ko contain q elements and our set be closed 
under addition and under multiplication by elements of ko then q* is 
the number of elements in the set. 

In the next section we shall be interested in the order of the set of 
elements a of k that are contained in a given parallelotope of size a. 
We denote this order by Jlf(a). If 03^0 is in k than M(da) = M(a). 
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Indeed multiplication by 6 transforms the parallelotope of size a into 
the parallelotope of size da and does not change the order. 

In the next section it will be shown that V(a) and M(a) are related; 
namely that they are of the same order of magnitude. 

If p is a nonarchimedean prime divisor, the elements a£fe for which 
| a\ p S1 form a ring Op, called the ring of p-integers (or local integers). 
The elements a for which |a \ p< 1 form a prime ideal in this ring and 
we denote this ideal by the same symbol p as the prime divisor. If 
the residue class field Op/p is of finite order then we call this order the 
norm of p and denote it by Np. We can talk of the order also in case 
of a constant field ko since ko may be considered as subfield of the 
field Op/p. Thus, if ƒ is the degree of Op/p over ko, and if ƒ is finite, we 
putiVp = g/. 

AXIOM 2. The set SDÎ of Axiom 1 contains at least one prime q, which 
is of one of the following two types : 

1. Discrete, with a residue class field of finite order Nq. 
2. Archimedean, with a completed field k^ which is either the real or 

the complex field} 

As mentioned before, there are an infinity of equivalent valuations 
belonging to one prime divisor p. One of them, \a\ p, is singled out by 
our Axiom 1. For primes p satisfying Axiom 2 we shall define another 
one that is singled out by inner properties. In case 1 of Axiom 2 we 
put (for a 5*0) 

where v is the ordinal number of a at p. In case 2 we take ||a||$ to be 
ordinary absolute value when k$ is the real field and the square of 
ordinary absolute value when kp is the complex field. Note that in the 
latter case ||a||p is not a true valuation. We call ||a||p the normed valu-
ation at p. 

THEOREM 2. In case of the following special fields k we can construct 
a set 50Î of valuations such that our axioms hold, and the second one even 
holds f or all p of SDÎ: 

1. Any finite algebraic number field (that is, a finite extension of the 
field of rational numbers). 

2. Any field of algebraic functions over any given field k\ (that is, a 
finite extension of the field k\(z) where z is transcendental with respect 
to ki). 

6 It is well known (Ostrowski [5]) that we could drop this condition on the com-
pleted field. 
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In case 2, the constant field ko of k with respect to 9Ji consists of all ele-
ments of k that are algebraic with respect to k\. 

The proof is contained in the following chain of statements: 

LEMMA 4. Let k be a field for which Axiom 1 holds and R a subfield 
consisting not exclusively of constants of k. Let 9Î be the set of those non-
trivial divisors p of R that are divisible by some p of SDÎ. Then Axiom 1 
holds in R for this set 91. 

PROOF. Let p be any divisor of 91 and a an element of R such that 
| a | p > l . Then | a | p > l for all p that divide p. Because of Axiom 1 
there can be only a finite number of $\p. Let us now define 

I b \P - I I I b IP for all b£R 
P \ P 

and we have a set of valuations | | P for which Axiom 1 holds. 

LEMMA 5. Let k be a field for which Axiom 1 holds and K a finite 
algebraic extension of k. Let 91 be the set of all divisors ty of K that divide 
some p of 2)t. Then Axiom 1 holds in Kfor some subset 91' of 9i. 

(It would not be difficult to show now that 91'= 91, but it is better 
to postpone this and other details until the next section.) 

PROOF. 1. Let A ̂ 0 be an element of K and f(x)~0 the equation 
for A with coefficients in k and with highest coefficient 1. If p is a 
nonarchimedean valuation for which all coefficients in f(x) have a 
value not greater than 1 and ty a divisor of p, then | A|$g£l or else 
no cancellation could take place between the highest term in ƒ (A) = 0 
and the others. So | A| $ rg 1 for all but a finite number of $. For the 
same reason 11/A|$^1 for all but a finite number of $ . Therefore 
| A | <#?* 1 for only a finite number of $. 

2. Let F(x) be a polynomial in k that has the generators of K 
among its roots (F(x) need not be irreducible). If Kf is the splitting 
field of F{x) we may first prove Lemma 5 for K' instead of K and 
then descend to the subfield K by use of Lemma 4. This shows that 
we may already assume that K is the splitting field of a polynomial 
F(x) in k. 

The algebraic structure of such a field is well known. If © is the 
group of all its automorphisms <r and if we construct for any A Gif 
the product 

then a is invariant under ®. Since we have to consider also the in-
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separable case we do not know that a is in k. But there is always a 
positive integer m such that 

I I (A*)m = a 

is in k whatever A may be. Because of the product formula in k we get 

Now select, for each p, one divisor $ of K which divides p and define 
| | <$ in such a way that | b \ y = | b \ p for all b in k. Then 

14-niA'i;. 
If we consider the expression | A'l^ as function of A, it is clearly 

a valuation of K that belongs to a divisor $ ' which divides p and may 
be equal to or different from ty. If we change our notation slightly 
we obviously get 

I a I» * I I I A |$', 

where $ ' runs through some divisors of p and where | \%> is a cer-
tain valuation belonging to ty'. 

If we substitute this in our product-formula we get 

nniAi, ' . - i 
and this proves Lemma 5. 

Before we proceed with our next lemma let us consider the special 
field R = ki(z) of Theorem 2. If p is a nontrivial valuation of R that 
reduces to the trivial one on ki then p is nonarchimedean and we dis-
tinguish two cases: 

1. If Hp^gl then \f(z)| „rgl for every polynomial in z. Let p(z) 
be a polynomial of lowest degree such that \p(z)\ P<1. If g(z) is an-
other polynomial with |g(z)|p<l then we divide: 

g(z) ~p(z)h(z)+r(z), 

where the degree of r(z) is lower than that of p(z). From 

r(z) = g(z) - p(z)h(z) 

we get | r(z) | p < 1 ; hence r(z) = 0. 
Now let <l>(z) be any element of R and put 
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where neither numerator nor denominator of \[/(z) is divisible by p(z). 
Then | ^ ( s ) | p = l so 

I *(») \P = I #(*) |P = ^ where c = | £(«) \p < 1. 

£(s) is obviously irreducible. 
In order to find the normed valuation || ||p in this case we have to 

determine the degree of the residue class field (mod p(z)). I t is the 
degree ƒ of p(z) so that Np = qf and 

lk(«)IU = <r'. 
2. If 12f|i>> 1 we replace z by 3> = l / s . Then | y | p < l and we have 

our previous case. The polynomial in y of lowest degree is y itself, so 
that there is only one prime divisor p of this kind. We denote it by p*-

Let 4>{z) =g(z)/h(z) where g{z) and h (z) are polynomials of degrees 
m and n. Then 

gi(y) 
ó(z) = yn~m 

Hy) 
where g\{y) and hi(y) are polynomials not divisible by y. Hence 

Ikoollp* = <r-w. 
A product formula connecting all these valuations or a subset of 

them can be written in the form 

n h(4\T = i, 
p 

where \(p) are constants not less than 0. If we substitute for <j>{z) the 
irreducible polynomials p(z)> then only two factors can possibly be 
different from 1 : the valuations at the p belonging to piz) and at p<*. 
This gives 

q-fUvJ.qMv) = 1 

or \{p) =A(£oo). So all X(£) are equal and may therefore be assumed 
to be equal to 1. In order to show that this product formula holds we 
put 

m»» - n ikwiu. 
p 

I t is obvious that Vi&iz) -yp(z))= V(<i>{z))' V(\[/(z)) and that a similar 
rule holds for quotients. 

We have just seen that V(p(z)) = 1 for any irreducible polynomial; 
it follows that F(0(s)) = l for any element 0 ( ^ ) ^ 0 of R. 

In the same fashion we can discuss the field R of rational numbers. 
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I t is well known that all valuations are either the single archimedean 
£oo for which \\a\\Pco is the ordinary absolute value or the p-adic valua-
tions of R where p is a prime number. The normed valuation \a\p 

in this latter case is given by l/£", if v is the ordinal number of a. 
Just as before we consider a hypothetical product formula 

nikir = i. 
p 

Substituting for a a prime number p we get 

( 7 ) •<""•'-1 

or A(£)=X(£oo). The numbers \(p) are therefore equal and may be 
considered equal to 1. The same method as before shows that the 
product formula really holds. 

LEMMA 6. Axiom 1 holds in the case of the field R of rational num-
bers and that of R = ki(z). If R is the rational field, 9ft is the set of all 
valuations ;if R~ ki(z), it is the set of all valuations that are trivial on k\. 
The product formula itself takes on the form 

niML-i 
v 

or a power of it and there is no other relation between these valuations. 
Lemmas 5 and 6 already show that Axiom 1 holds for the fields 

mentioned in Theorem 2. Tha t all valuations of 99? satisfy Axiom 2 
follows from the fact that this is true in R and consequently in a finite 
extension k. 

I t remains to prove the statement about the field fe0 of constants. 
If p is trivial on k\ it is also trivial on an algebraic extension of ki. 
Hence we need only show that any constant c of ko is algebraic with 
respect to ki. If on the contrary c were transcendental with respect 
to ki then from the equation c satisfied with respect to ki(z) it follows 
that z would be algebraic with respect to ki(c). Since ki(c) is in ko, 
this would mean that z is in ko. So all of k would be in fe0, contradicting 
the fact that no p of 9JÎ is trivial on k. 

More detailed information about the fields of Theorem 2 will follow 
from the next section. 

3. Characterization of fields by the product formula. In this section 
we assume k to be any field for which the Axioms 1 and 2 hold and 
are going to prove that k is of the type described in Theorem 2. 
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For any prime p that satisfies Axiom 2 we shall have to distinguish 
the valuation \a\p of Axiom 1 and the equivalent normed valuation 
[fa||p. We define the real number p (p )>0 by 

i«i,-u«nr. 
By R we mean the following subfield of k: 
1. If 9ft has archimedean valuations, R is the rational field. By \\a\\Po0 

we mean the ordinary absolute value in R. 
2. In the other case k has a field ko of constants and cannot con-

tain any algebraic extension of ko since our valuations are trivial on ko 
and would be trivial on that extension. Let z be any element of k not 
in ko\ then R = ko(z) is a transcendental extension of ko» By integers 
we mean in this case the polynomials in z. By a\\poQ we mean the one 
valuation we found in proving Lemma 6 that has | |s | |P o o>l. 

In both cases we mean by £«, any divisor of 9ft that divides pM. 
Since the product formula, when applied to elements of R, must re-
duce to the formula of Theorem 2, our set 9ft always contains at least 
one p». The other primes of 9ft shall be called finite. For elements 
a of R the valuations l a j ^ and \\a\\Poo are equivalent. We define the 
real numbers A(poo) > 0 by 

I a ko - M l POO" for a11 a £ R. 

LEMMA 7. Let q be one of the primes satisfying Axiom 2 and & be a 
set of elements of k of an order M>1. Let x be an upper bound for 
\a\q for all a of ©: | a | q ^ x . Then there is an element 6 of k with the 

following properties : 
(1) 0 is either a difference of two elements of © or, in case there is a 

field of constants, a linear combination of elements of © with coefficients 
in ko. 

(2) 6^0. 

(3) \d\qSAqx/Mp^ where Aq is a constant depending only on q. 

PROOF. 1. q archimedean, &a real. In this case we may treat k as a 
subfield of the real field. We have 

||a||Q S a 1 ^ 

for each of the M elements a of ©. Divide the interval from — #1/p(q> 

to # 1 / / W into ilf—l equal parts. Two of the a's must be in the same 
compartment so their difference 6 satisfies 

1111 M - 1 M 

file:////poQ
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hence 

2. q archimedean, £(, complex. Treating k as a subfield of the com-
plex field, ||a:||J/2 = |a|J /2p(q) is the ordinary distance from the origin 
to the point a and is less than #1/2p(q). Writing a = %+ir) for each a £ © 
we know that ©is in the square |£ | g#1/2p(q) \rj\ gx1/2p(q). Divide this 
square into N2 small squares by dividing each side into N equal parts, 
where N<M1/2^N+1. Then some two a's are in the same subdivi-
sion so their difference 0 satisfies: 

„1/2 2*
l2

x
ll2

f>W 25/2#1/2',(<»> 
H ^ 

so (25/2)2p(q) :X . 

3. q discrete. Let a i be an a for which |a|c, is maximum. This 
exists since q is discrete and | a\ q ̂ x. Then for each <*£©, | û:/ai| q ̂  1. 

Choose r so that iV^<M^iV r q r + 1 . If the number of elements in 
the residue class field is finite then the local theory shows easily that 
Oq contains a t most Nqr residue classes mod qr. Hence two of the 
M>Nqr elements of (I/CKI)© are in the same residue class and their 
difference 0/ai has a t least the ordinal number r. Should there be a 
field k0, let ƒ be the degree of oq/q over k0y so that Nq — qf. Then there 
are at most rf elements of Oq that are linearly independent mod qr. 
Taking more than rf of our elements a/ai that are independent con-
sidered as elements of k (possible since M>Nqr) we can find a linear 
combination ö / a ^ O of them that is congruent to 0 (mod qr) and 
hence has at least the ordinal number r. In both cases we get 

1 Nq ^Nq ( | „ ^ M H | « I | | , 

\q Nqr Nqr+l ~~ M " " ~ M 

or 
, , Nqf>w\ai\q NqW'X 

LEMMA 8. Let M be the order of the set of elements aÇzk that is con-
tained in a parallelotope of dimensions x$. If q is a prime satisfying 
Axiom 2 we can find a constant Bq depending only on q such that either 
M = 1 (if our set contains only a = 0) or 
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\1 /P(q) 

n *>) M -

PROOF. Assume M>1. By Lemma 7 there is a 05^0 satisfying 

AqXq 

e 

For the other p of 9ft we estimate 0 directly and get 

. « (xp at any nonarchimedean p, 
I 01& =ï *\ 

14',(^) • xp at any archimedean p. 

Substituting in the product formula H ^ | 0| j> = 1 we get (if Dq is a cer-
tain constant) : 

1 ^ 
J|fp(a> 

hence the lemma. 

LEMMA 9. If cei, «2, • • * , ai are linearly independent with respect to 
the sub field R and if y is a given nonzero integer of R, we can construct 
a certain set © of elements a with the following properties: 

1. I c x L r g a ^ m a x ^ i , . . .,z(|a»-|$) for every finite p. 
2. I «I poo=^ * I ^Uoo with a certain constant B that can be easily esti-

mated. 
3. If there is a field of constants ko then © is closed under addition 

and under multiplication by elements of ko, so © may be considered as 
a vector space over ko. 

4. The order of © is greater than \\y\\l
P(Xi* 

PROOF. Let © consist of all a of the form 

a = V\OLI + V2OL2 + • • • + vim 

where the Vi range over all integers of R that satisfy 

This settles at once property 3 and implies | ^»|poo= I^U» f ° r e a ch 
poo and consequently property 2. Property 1 holds since | I \ - | I > ^ 1 

for all finite p. Property 4 is clear if pw is archimedean; if not then 
assume I H I ^ ^ * * s o t n a t J *s a polynomial of degree d. Each ét-
ranges over all polynomials of degree not greater than d. This gives 
for © a vector space of (d+l)l dimensions and our statement is obvi-
ous. 
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LEMMA 10. The degree n of k over R is finite; every p of M satisfies 
Axiom 2 ; and the inequality 

holds for each p. 
P(P) POO 

PROOF. Apply Lemma 8 to the set of Lemma 9. We get the in-
equality 

I I I l
 ^> T- T T I I V P W ) T- II II 

blip» ^ £• I I I y I*» = -E'lbll 
(l/p(q))2^ooX(Poo) 

I Poo i 
Doo 

where E is a certain constant that depends on the constants in the 
previous lemmas. Since |b||Poo takes on arbitrarily large values we get 

PW) »oo 

This proves that n is finite. None of our valuations p is trivial on R 
or else it would be trivial on the finite extension k. Let p be the divisor 
of R that is divisible by p. The local theory shows now (since p is non-
trivial) that p satisfies Axiom 2. In our previous inequality we can 
therefore assume l = n and take for q each prime p of SDÎ. 

Let r be a positive real number and let us replace each valuation 
| a | p by its rth power | a \ J. This would be a new set of valuations for 
which Axioms 1 and 2 would hold again. The numbers X(poo) would 
then be replaced by rX(p«,). This shows that it is no restriction of 
generality to assume that 

E X(poo) = ». 
Poo 

Then Lemma 10 gives 
P(P) ^ 1 

for every p. 
Assume now that \>\p, where p is a nonarchimedean divisor of R, 

and let us compare ||a||p and ||a||p for elements a of R. The ordinal 
number of a in k is e(p) times the ordinal number of a measured ini?; 
we also have iVp = (Np)fW. e(p) is the ramification number and/(p) the 
degree of the residue class fields. So 

M | | | | | | «(U)/(D) | | iinQ)) 

IMI> - IrlU
 =

 HI* • 
For an archimedean p this equality follows directly from the defini-
tions. Hence we have 
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We note in particular X(poo) =w(p00)p(p00) so that 

E »(P >(P J = n. 

Now we apply the product formula to an aÇzR : 

i-m«i>-n( n Nir^-nyr, 
where 

"(*) = Z »(tfp(P). 
D1P, Ï )E2R 

But Lemma 6 shows that all v{p) are equal and the special case p ~>pao 
shows finally 

n = X) »(P)P(P). 

If we compare this with p(p) S1 and ]T)npw(p) £n we find: 
(1) all p | £ a r e i n 2 t t , 
(2) allp(p) = l , 
(3) Z)p|pw(p)=w. 

Thus we have proved : 

THEOREM 3. If k is afield that satisfies the Axioms 1 and 2 it is an 
extension of a finite degree n either of the rational field R or of the field 
R = ko(z) of rational f unctions over its field of constants kQ. All valuations 
satisfy Axiom 2. SDÎ consists of all extensions of the well known valua-
tions of R. Replacing if necessary all valuations in the product formula 
by the same power we can assume that they are all normed (that is, 
\a\p = \\a\\t). We have^jp\pnp = nfor allp of R. 

Let now a be an element of k and pi, p2, • • • , p r those among the 
finite primes for which | | a | | ^ > l . Let pu pi, • • • , pi be the primes of 
R that have the p, as divisors. Construct an integer in R whose abso-
lute value at each pi is sufficiently small and aa will now be less than 
or equal to 1 at all finite primes. This shows that any set ai, on, • • •, ai 
of elements that are linearly independent with respect to JR can be 
replaced by a set of elements which are integral at all finite primes. 
This will be useful in the next section. 

4. Parallelotopes. We still make the same assumptions as in the 
previous chapter so that we can assume Theorem 3. Thus we will take 
I ^ U H H I » a n d P(p) = l- I n Lemma 9 we may assume l~n. 



19451 AXIOMATIC CHARACTERIZATION OF FIELDS 485 

THEOREM 4. There are two positive constants C and D such that for 
all idèles a we have 

CV(a) < M(a) £ max (1, DV(a)). 

PROOF. If we apply Lemma 8 for one particular q we get the right 
half of the inequality. 

If we replace a by aa then V{a) and M(a) remain unchanged. 
Select a=aiy where a\ and y are selected as follows: 

Theorem 1 shows that there is an a\ such that 

4£ g ||aia||Poo g SB for all p*, 

where B is the constant of Lemma 9. We choose such an ai and then 
select an integer y of R in such a way that | |a#a||*;S 1 at all finite p. 
This shows that it is sufficient to prove our theorem for all idèles a 
satisfying 

4 B | | y | k ^ N L ^ SBlHIfc. for all 

and | | a | | p^ l at all finite p, where y is an integer of R. Using this in-
teger y, we now apply Lemma 9, taking a p = l at each finite p and 
constructing a set © of elements a of k with the following properties : 

p ̂  1 for all finite p. 

3. In case there is a field fe0, © is a vectorspace over ko. 
4. The order of © is greater than H^H^ and we have 

IHI^-NI^-niHLasn-^INk 
*>oo Poo *>*> 

So the order is greater than CH^J|a||>00 where C is a certain constant 
not equal to 0. 

We distinguish two cases : 
1. Order of a set means number. Consider the set o of all integers 

of k (that is, all elements that are integers for every finite p) and the 
subset {a} of all integers j8 satisfying ||j8||i>^||a||p for all finite p. This 
subset {a} forms an additive group which is the intersection of all 
the groups {a}p of integers satisfying | | /3| |^| |a | |p for only this par-
ticular p. The local theory shows that the index of o mod {a}p is a t 
most l/||aj|j). So the index of {a} in the group of all integers is at 
mostiV r=JIpfin(l/| |a| |p). If we consider now our set © modulo {a} we 
get at most N residue classes. So one residue class contains more than 

c-IIIML 
N 

= CV(a) 
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elements. If we select one special element of this residue class and 
subtract it from each of the others, we get more than CV(a) elements 
7 of {a}. As such they satisfy ||7||p^||a||p for all finite p. At a p* we 
get 1171l^g4jB||y||>00^|| aH^. (The factor 4 instead of the expected 2 
must be used since one of the valuations may be the square of a true 
valuation.) So we have found more than CV(a) elements in our paral-
lelotope of size a. 

2. There is a constant field ko* We define {a} and {a}» as before. 
Assume that m is the dimension of the vector space © over ko. The 
residue classes of the integers mod { a}p also form a vector space over 
k0; let d(p) denote its dimension. Then q*W 2£l/||a||*. Let ©i be the 
intersection of © and {a}^ . Starting with a basis for the space @i, 
we need at most d(pi) vectors to complete it to a basis of ©. So the 
dimension of ©i is a t least m — d(pi). Repeating this process for all 
finite p and calling % the intersection of © and {a}, we see that its 
dimension is a t least m —]C*> fin d(p). So the order of X is at least 

qm' I I -T7T ^ qm• I I N|». 
Min q

di
*> Min 

Since the order qm of © is ClLUMI*» we find that the order of % is 
greater than CV(a). Tha t the elements y of X satisfy j |7| |»^| |a| |» fol-
lows for a finite p from the fact that they are in {a}. For £«,, since 
they are in ©, 

IMk ^ *IMk ^ IMk, 
COROLLARY. If V(a) â 1/C then there is a pink such that 

i s INI* ^ v(*) f°ral1 p-
PROOF. The field elements in the parallelotope of size a form a set 

of order greater than 1 so there is an a^O such that ||a|[p^||a||» for 
all p. Put j3 = l / a ; then 1 ̂ ||j8a||p. Now for each q 

LEMMA 11. Let a be any idèle and q a fixed prime; then there is a fi 
in k such that 

1 ^ INI» ;g Nq/C for p ^ q; 

(C/N<0V(a) £ H I , é V(a). 

For an archimedean prime q we mean by Nq the number 1. C is the 
constant of the preceding corollary. 
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PROOF. If we replace in a the component aq by a suitable «</ and 
leave all other components unchanged we can achieve that the new 
idèle a' satisfies 

1/C = V(a') = N(\/C. 

Then we determine the j3 of our corollary and get 

1 S |||9a||» û V(a') = Nq/C for p 5* q 

and 

Now 

Hence 

1 ^ ||/ta'||, ^ F(a'). 

„ ,. V(fia) „ „ F(a) „ „ 
L3a L = —^—^— LSa' , = — — /3a' L 11 " F(/3a') " " F(a') " " 

<P/Nq)V(fi) =S V(a)/V(a') g ||/Sa||, g F(a). 

Let now Z7 be the multiplicative group of all absolute units, that is, 
the set of all f of k satisfying | |f | |„= 1 for all p. In case there is a con-
stant field ko, our group consists of the elements not equal to 0 of ko. 
In case order means number of elements, U must be a finite group 
since it is contained in the parallelotope of size 1 ; so U consists in 
this case of all roots of unity of k and is a finite cyclic group. 

We select a finite non-empty set 5 of primes p that contains at 
least all archimedean primes. By as we mean the idèles satisfying 
||cts||p=l for all p not in 5. An element es of k that belongs to as is 
called an 5-unit. 

Let pi, p2, • • • , p« be the primes of 5. If es is an 5-unit and we 
know the s positive numbers ||es\\pv ||es\\ps,

 é • • , Ĥ sH*,» then we know 
\\es\\t for all p, so ||e,s|| is known except for a factor in U. Let us call 
two 5-units equivalent if they differ only by a factor in V. The prod-
uct formula gives 

n MI» = 1 
y * - l 

and shows tha t it suffices to know the 5 — 1 numbers ||€s||to, |h/s||p2> 
• • • , ||€^11^,^. (Should 5 = 1 then es is already in U as the product 

formula shows.) 
I t is more convenient to take the logarithms of our numbers so we 

map the unit es onto the following vector v(es) of an ordinary 
space i?«_i of 5 — 1 dimensions : 

v(es) = (log \\eaWn, log {{eaU*, • • • , log I M I ^ ) . 

file:////eaWn
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We have then for two units es and rjs the relation 

v(esvs) = v(e8) + V(TJ8). 

So the maps v(es) form an additive group of vectors in i?,__i. 
The product formula gives 

log M * » - X>g|M| v 

Let us consider a bounded region in i?8_i that gives bounds for 
l o S II€*IIP„ (^==1» 2, • • • , 5 - 1 ) , s ay 

- K ^ log ||€fl||p, è K (v = 1, 2, • • • , s - 1). 

Then we get for log \\ea\\p9 the bounds — (s —l)2Cs§log ||€fl||p# 

In case all the p„ of 5 are discrete this gives only a finite number of 
possibilities for the ordinal number at each pv; hence only a finite 
number of units inequivalent mod U. If there are archimedean primes 
in 5 then all €s of our region are contained in a parallelotope, so their 
order is finite. But order means number in this case. So we have 
proved : 

LEMMA 12. There are only a finite number of vectors v(es) in a bounded 
region of i?8_i. 

The following lemma is well known; we repeat its proof here for 
the convenience of the reader. 

LEMMA 13. Let G be an additive group of vectors in an ordinary eu-
clidean n-space Rn, such that no bounded region of Rn contains an infinite 
number of vectors of G. Assume that we can find m but not more vectors 
of G that are linearly independent with respect to real numbers. Then 
these m vectors may be selected in such a fashion that any vector of G is 
a linear combination of them with integral coefficients. In other words : 
G is a lattice of dimension m. 

PROOF. The proof is by induction according to m. 
Let v\y V2, ' • • , vm be a maximal set of independent vectors and Go 

be the subgroup of G contained in the subspace spanned by the vec-
tors v\, ï/2, • • • , vm^\. Because of induction we may already assume 
that any vector in G0 is a linear integral combination of Vi, V2> • • •, vm-\. 

Consider the subset © of all v of G of the form 

V = W i + #2Î>2 + • ' * + Xm-iVm-l + XmVm 

with real coefficients #i, x*y • • • , xm that satisfy 
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0 ^ Xi < 1 for i = 1, 2, • • • , m — 1 

and 
0 S %m ^ 1. 

I t is a bounded set. Let v'm be a vector of S with the smallest possible 
XmîéO, say 

Am = f if 1 + &l>2 + • • ' + £mfm. 

Starting now with any vector v of G we can select integral coefficients 
yi} y*i ' * • » 3>m m s u ch a way that 

/ = v — jm^l — yivi - y2t>2 — • • • — yw.iv»-! 

is in © and the coefficient of vm is even less than £m. So this coefficient 
of vm is 0, that is, v' is in Go. So v' is an integral linear combination 
of Vi, V2, - • • , Vm-i and therefore z> is an integral linear combination 
of vu v2, - • • , iim-i and vOT. 

THEOREM 5. The vectors v(es) form a lattice of at most 5 — 1 dimensions. 
The es themselves form mod U a free abelian group with at most s — l 
generators. 

S. A more restrictive axiom. If we wish to derive stronger theorems 
as for instance that of the existence of enough units, we must replace 
Axiom 2 by a stronger axiom. So we assume from now on that we 
have in k besides Axiom 1 also 

AXIOM 2a. There is at least one prime in SDÎ that is either archimedeanf 

with the real field or the complex field as its completed field, or else dis-
crete with residue class field having only a finite number of elements. 

Since Axiom 2 is a consequence of Axiom 2a we can assume all the 
results we derived thus far and thus we see that k is either a number 
field or else a function-field where k0 has only a finite number of ele-
ments. We see immediately that Axiom 2a holds for all primes of 9ft. 

LEMMA 14. To any integer M there are only a finite number of primes 
p with Np ^ M. 

PROOF. Since there are only a finite number of archimedean primes 
we are concerned only with the nonarchimedean ones. Consider M+l 
integers av of R and let p be a prime with Np g M. Two ou are in the 
same residue class, say ai and a%\ hence \<x\ — OL2\ P < 1 . SO our p's are 
contained among the primes for which one of the differences ai—ctk 
(iyék) has an absolute value |a<—otk\ *><1. Because of Axiom 1 our 
lemma holds. 

yw.iv�-
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Now let S be again a finite and non-empty set of primes. 

LEMMA 15. There is a constant E such that to any idèle as and any 
prime q of S we can find an S-unit €s such that 

\\esas\\p S E for all p ^ q of S. 

PROOF. Select /3 according to Lemma 11. Then 1 g|||8as||»>^iVq/C 
for pT^q. So 

1 g \\P\\* ^ Nq/C for all p not in S. 

If ||j8||p5*l, then ||j3||j>àiVp. Since there are only a finite number 
pi, p2, • • • , pz of primes with N^iSNq/C we get ||j8||>=l for all 
pT^pi, p2, p* and p not in S. Since pi, p2, • • • , p* are discrete we get 
only a finite number of possibilities for each ||/3||i>{* 

Assume that /3i, jSa, • • • , j8r already realize any possible distribu-
tion of values for ||]8||^. Then to any of our /3 there is a ft. with 
||j8||i, = |||3fc||p for all p not in 5, or /?=fte,s. Substituting back we get 

ll/teataH* ^ Nq/C for p 9* q. 

So | |€ 5a^ | |p^£ for all p5^q of S where 

/ Nq \ 
E = max I—r.—jj-1. 

Now select an as so that ||as||p>JE for all p of S. If es is the corre-
sponding unit then J|es||^<l for all p?^q of 5. 

Assume now that pi, p2, • • • , p« are all the primes in 5. Then q 
could be any of the primes p». We get in this fashion 5 S-units 
€1, €2, • • • , €«, where u satisfies ||€ t | |pA<l for k?*i. Because of the 
product formula we also get 

11*4.- > 1. 
The first 5 —1 of these 5-units are mapped onto vectors 

i>% = (an, a{2, • • • , #t-,8-i), i = 1, 2, • • • , 5 — 1, 

where a»* = log ||et||p&. Then au>0 and a t&<0 for i?*k, but ^lZ\aiv 

=B:îlog|i€ ti,= -log||e ti,>0. 
We prove now that the vectors vt are linearly independent, that is, 

tha t the homogeneous equations 

* - i 

]T) x,a9h = 0, k = 1, 2, • • • , 5 — 1, 
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have only the trivial solution. To that effect it suffices to show that 
the homogeneous equations 

« - 1 

X) aipyp = 0, i = 1, 2, • • • , s - 1, 
v « - l 

have only the trivial solution. 
Assume indeed that yi, yi, • • • , ys^i is a non-trivial solution and 

that yi has the greatest absolute value. I t is no restriction to assume 
yi>0 so that yi^yj for a l l j V i . Since a ^ < 0 we get a^y^any^ Now 

dnyi + ^2^2 + • • • + ainyn è anyt + ai2yi + • • • + ainyi 

â (<*« + « « + • • • + a>in)yi. 

The left side of the inequality should be 0 but on the right side both 
factors are positive. 

This proves : 

THEOREM 6 (UNIT THEOREM).6 If Axioms 1 and 2a hold then the di-
mension mentioned in Theorem 5 is precisely s — 1, so the S-units form 
mod U a free abelian group with 5 — 1 generators. 

Another consequence of Axiom 2a is the following : If we go back 
to Lemma 11 and select in it for q one of the primes of 5 then the in-
equalities show just as in the proof of Lemma 15 that ||j8a||p = l for 
all p with N$>N(\/C and that outside of S there are only a finite 
number of possibilities for the value distribution of ||j8ct||$. Assume 
that the idèles ai, tt2, • • • , a» realize any possible case; then there is 
always an i such that ||]8a||^ = ||ai||p for all p not in S or j8a = at--a,s. 
This proves : 

THEOREM 7 (FINITENESS OF CLASS NUMBER). There is a finite set 
of idèles ai, a2, • • • , am such that any idèle a is of the form 

a = aa^as 

for a suitable i, a£fe and as* 

We mention the special case, important for class field theory : 

THEOREM 8. If the set S is big enough then a=aas for all idèles a. 

PROOF. Add to the previous set 5 also the primes p where any 
||a<||,?*l. 

• The unit theorem in this form is due to Hasse. It is proved by Chevalley in [4]. 
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