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Abstract. We establish necessary and sufficient conditions for Euclidean Green’s
functions to define a unique Wightman field theory.
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1. Introduction

In a relativistic quantum field theory the indefinite metric of
Minkowski space causes many problems which could be avoided by
replacing the time ¢ by it or the energy E by iE, thereby passing from
Minkowski space to Euclidean space. This idea was first used by Dyson
{31 in perturbation theory. He continued the Feynman integrands
analytically to imaginary energies in order to move the paths of integration
away from the mass shell singularities of the causal propagators.
Schwinger [21,22] studied the analytic continuation of time ordered
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Green’s functions to imaginary times and their transformation properties
under the Euclidean group. He determined the Euclidean Green’s
functions (Schwinger functions) as solutions of certain differential
equations. In axiomatic field theory it followed from investigations by
Wightman [28], by Hall and Wightman [10] and by Jost [13] that the
Green’s functions (Wightman distributions) are boundary values of
functions (Wightman functions) which are analytic in the permuted
extended tubes. The Euclidean Green’s functions could then be defined
as the restriction of the Wightman functions to points with imaginary
time and real space components [20, 24]. Symanzik [24, 25] advocated
a purely Euclidean approach to quantum ficld theory: he realized, that
given a formal Lagrangian density, the construction of Euclidean Green’s
functions might be simpler than the direct construction of Wightman
distributions. Postponing the problem of continuing back to real time
he studied the Euclidean Green’s functions for models with boson
self-interaction and established a useful connection to classical statistical
mechanics. An abstract formulation was introduced by Nelson [ 15, 17].
He described Euclidean boson quantum field theory as a Markoff
process: the Euclidean fields are random variables and the Green’s
functions are expectations of products of random variables. Starting
from a Euclidean Markoff field, which in addition satisfies certain
regularity conditions, Nelson reconstructed a relativistic quantum field
theory obeying the Wightman axioms.

In this paper we give necessary and sufficient conditions under which
Euclidean Green's functions have analytic continuations whose boundary
values define a unique set of Wightman distributions. These conditions
are

{E0Q) Temperedness,

(E1) Euclidean covariance,
(E2) Positivity,

(E3) Symmetry,

(E4) Cluster property.

Surprisingly, Wightman’s spectrum condition is a consequence of
(E0), (E 1) and (E 2). Using (E 2) we construct a Hilbert space . By (E )
there exists a semigroup T, 1 =0, on ., whose matrix elements by (E0)
grow at most polynomially as ¢ goes to infinity. Hence T' is a contraction
semigroup and T'= ¢ '# where H > 0. This gives the spectrum condition.
Furthermore T°, Ret = 0, defines a holomorphic semigroup which we
use to construct the analytic continuation of the Euclidean Green’s
functions and the Wightman distributions. All the Wightman axioms
follow easily. The Hilbert space 4" turns out 1o be the Hilbert space of
Wightman’s reconstruction theorem. The following chart connecting



Axioms for Euclidean Green’s Functions 85

the Euclidean axioms and the relativistic (Wightman) axioms gives the
main theorem of this paper.

Euclidean Relativistic
Temperedness Temperedness
Covariance — Covariance
Positivity Positivity

Spectrum

[T+ Symmetry «——— [ ]+ Locality
[ 1+ Cluster ¢ [ ]+ Cluster

Some of our methods have been inspired by Nelson’s work [16].
Properties (E1),(E3) and (E4) are obvious “continuations” of the
Wightman axioms and have been known for a long time, [21,24].
Symanzik [25] has introduced a positivity condition which 1s different
from (E2). His condition is necessary for the existence of Euclidean
field operators. 1t is probably true only for a restricted class of models
and does not necessarily allow a reconstruction of the Wightman theory.

Our paper is organized as follows. In Chapter 2 we introduce some
test function spaces and their duals. In Chapter 3 we formulate the
axioms for Euclidean Green’s functions and state our main theorems,
which we prove in Chapters4 and 5. Chapters 3-5 deal only with a
single hermitean scalar field. The generalization to arbitrary spinor fields
is given in Chapter 6. In Chapter 7 we make some remarks about
possible applications of our results to constructive field theory. In
Chapter & we give the proofs of some previously used technical lemmas.

2. Test Functions and Distributions

In this chapter we introduce some test function spaces and their
dual spaces. They are all related to Schwartz’s space &.

We use the notation x for a point in R* whose coordinaies in a
fixed frame of reference are given by (x% x', x?, x))=(x",x). We call
the direction of ¢, = (1,0} “time direction™, all directions orthogonal (o

3

¢, are “space directions”. The scalar product x-y=x%"— Y x*
=x"y% — xy is always the Minkowski inner product. We also use the
standard notation

ﬁlai

D= where  a=(o, %y, ... 0%,).
(Ox9y. @xiy= % )
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0,20, |a| =2 o For fe #(R*") we define the #-norm |f]|, by
L= sup, L+ X2 f Py, X

lz[<m
where |x]* =) (x;)* and f*=D*f.
ik

Let °#(IR*") be the space of test functions f € . (IR*") with the property
that f(x;, ... x,) together with all its partial derivatives [@(x,, ... x,)
vanish if x, = x; for some 1 <i <j < n. °#(R*") equipped with the induced
topology of & (IR*") is a closed subspace of #(R*"). We also define closed
subspaces of °#(R*") by 7, (R*"y={fe F(R*"); fP(x,,...x,)=0 for
all o unless s < x§ < x§ < <x! <},

:g/+ (]R4 n) — (qo . (‘R4 n) ,
SR =T (R,

all with the induced topology of #(R*").

We define #(IR,)C ¥ (R) to be the space of the functions fe (IR}
with supp f CIR, = [0, s0). By #(R%) we denole the completed topologi-
cal tensor product Z(R,)® (R ie. feF(RY) if feF(RY and
supp f C {x:x°=0}. We also define #(R_)={ f e #(R);supp f C {x:x Z0}}.

Finally we introduce the topological quotient space Z(R,)
=%(R)/F(R_), see e.g. [19], Chapter V. Let f be an element in ¥ (IR),
then the equivalence class { f + & (R_)}, denoted by f, is an element in
F(R)/F(R_). We think of f, as being the restriction f(x)}IR, of f(x)
to the right half line R, . Because & (R) is a Frechet space and & (IR_)
is a closed subspace, #(R ) is again a Frechet space and thus complete,
[19], Chapter VI, Proposition 13. The topology of #(IR,) is given by
the denumerable set of seminorms

|filw= il |f+gl,. (2.1)

ge ¥ (R_)

The seminorms (2.1) are not very convenient for actual calculations,
but by Lemma 8.1 they can always be replaced by the equivalent set

of seminorms LT = sup (1 + X272 | £0(x) (2.2)
The space (IR, ) is isomorphic to the space of all functions defined on
[0, 20) that are infinitely differentiable (right derivatives at x=0) and
of fast decrease at infinity, if we equip this space with the topology defined
by the seminorms (2.2). Without danger of confusion we may simply
identify this space with # (IR, ). An element in the dual space #'(R.)is a
distribution in #'(R) with support in R, =[0, ). We also define
Z(R%) as the completed topological tensor product ¥ (R.)®.%(R%).
An element f, € #(R%) is thus the restriction of some fe #(R*) to
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R, xIR* Let ¥, be one of the test function spaces introduced above.
Then we denote by ®, S, the n fold completed topological tensor
product of &,. We abbrev1ale ®,L(R*) by Z(R*" and ®, % ([R?%) by
SR, All the spaces introduced here are nuclear spaces, [5]1,§3.6.
Thus e.g any continuous bilinear functional T on y(’ﬁh)x?(ﬂﬁ)
defines a unique distribution in &’(IR*), etc.

We also introduce the spaces &, %, ,.%. and #(R*). An element [

ng (¢ Iy FRY)) isasequence f ={ fo, f1. f2, ...} with f, e @, f,e ¥ (R

(7, (IR”'”) SR ”)) n=1,2,..., and all but finitely many f,’s are equal
to zero. We equip the spaces LS. and F(RY) with the direct
sum topologies induced by the topologies of & (R*"), &, (R*"), ¥ _(R*")
and ¥(RY™) respectively, and we write &= P Z(R*"), etc. These

topologies have the property that a linear map ¢ from & (y+, F{RYY)

into a convex space £ is continuous if and only if [toj,] is a continuous
map from ¥ (R*") (&, (R*"), #([R% ") into F, for n=0,1,2.... We have

denoted by j, the natural injection of & (R*") (¥, (R*"), ¥(R* ™) into
;/J(g’z,g(ﬁzi’)). See [19], Chapter V, § 6, and also <[]], appendix.
On & we define involutions
=% by SR x) = Ll X0,
f—=0f by (Of),(x,... xn)=f( 915 - 9%,

where SNx:(—xo,z) and -~ means complex conjugation. Following

[1] for f,ge %, we define [ x ge & by
(_f‘x_g)n: Z .fn‘k ng'
k=0

In particular for f,ge &, we find that (@ f*)xge Z..

Finally we introduce some notational conventions. If f is in some
space &, and T is in the dual space ¥, of &, then we use both T(f)
and fT(xl, oo x) f(xy, .. x,) d*"x to denote the value of T in f.

Let fe ¥(R*",Re SO,,acR* and let © an element in P,, the group
of permutations of n objects (the letter &, will be used elsewhere). Then
we define fi, gy and f™ by fi, z)(%1s ... 3)=f(Rx; +4,... Rx,+a), and
T % %)= f(Xaays o+ Xy Also we define f, (x,,... x,) to be the
restriction of f(x,... x,) 1o the subset {x,.... x,;x3=0,... x>0} of
R*", and we sometimes write f,(x,,... x,) as f(x;,... x)JMN{x2=0}.

and

3. The Axioms, Main Theorems

In this chapter we formulate the axioms for the Euclidean Green's
functions {&,}. We also state our main theorems.
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We shall assume that {&,}7_, is a sequence of distributions
(%, ... x,) with the following properties (n=1,2,...):
EO: Distributions

I, S,e% /(.

al

0

El: Euclidean Invariance

S~

S (N=C(fr) forall ReSO,, geR?, fe’F(R*").
E2: Positivity
Y SO fFx f320, forall fes,.

E3: Symmetry
S (NH=3,(f", forall permutations neP,, all fe°P(R*".

E4: Cluster Property

}I_I:l;lc Z {6n+m(@fn* X gm(}.g, 1)) - en(@fn*) em(gm)} = 0 i

n,m

forall f.ge¥,. g=(0,0), ueR’.

For completeness we also list the axioms for the Wightman distributions
{IB,} 7, as they are given on p. |17 of [23]. The 98, are supposed to be
distributions with the properties

RO: Temperedness,

R 1: Relativistic invariance,

R2: Positivity,

R 3: Local commutativity,

R 4: Cluster property,

R S: Spectral condition.

We do not list hermiticily as an extra condition, because we do not
have to make a distinction between linear and nonlinear conditions.

The main results of this paper are the following theorems.

Theorem E—R. To a given sequence of Euclidean Green’s functions
satisfying EO—E4, there corresponds a unique sequence of Wightman
distributions with the properties RO-R S,

Theorem R—E. To a given sequence of Wightman distributions

satisfying RO—RS, there corresponds a unigue sequence of Euclidean
Green’s functions with the properties E0—E 4.

Remarks

1. The choice of °#’(IR*") as distribution space for the &, is natural
because it makes the correspondence between {S,} and {IB,} unique.
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Indeed, two sequences {€,} and {&} of Euclidean Green’s functions with
the properties that €, and &, are in.#'(R*") and that &, — &, has support
in {x,... X% =y for some 1<i<j<n}, lead to the same set of
Wightman distributions. Equivalently we may say that the Wightman
distributions tell us nothing about the Euclidean Green’s functions
in points of coinciding arguments.

2. Even if the properties (E2) and (E4) seem to depend on the choice
of the “time direction” ¢, in IR*, property (E 1) shows that this dependence
is only spurious and that (E2) and (E4) have to hold for any choice of
¢, We have chosen the non covariant formulation (E4) of the cluster
property only for convenience. Without any change in our results we
could replace (E4) by the following covariant condition.

E4'": }Lnl {6r1+m(f Xg(}.g,l)) - En(f) 6,"(9)} =0 ’ (31)

for all fe’7.(R*"), ¢gel7(R*™), gelR*.

("% (R*") is the set of all elements in %% (IR*") with compact support).

However there seems 1o be no covariant formulation of the positivity
condition, because the “time inversion operator” @ enters (E2) in a
crucial way.

We remark that exponential vanishing of the expression on the
left hand side of (3.1) is equivalent with a mass gap in the relativistic
theory, see Ref. [9].

3. It follows from the proofs of our theorems that property (EO)
could be replaced by the weaker — but non covariant — condition

EO": S, e L LIRYY.

This condition becomes important if we want to prove the equiv-
alence of subsets of the axioms, in particular if these subsets do not
contain symmetry (E3) and locality (R3) respectively. More precisely
our theorems remain true if we replace {EO—E4|R0-RS5} by either of

(a) {E0LEL,E2|RO,R1,R2,R5},

(b) {EO~E3|R0-R3,R5},

() {E0LELE2,E4/RO.Rt,R2,R4,R5}.

(See also chart on p. 85). This follows from Chapters 4 and 5.

4. Obviously the translation scheme E<—R may be extended {o the
case where the theory has additional symmetry properties. In particular
the symmetries P,C and T of the relativistic theory can be expressed
as symmetry properties of the Euclidean Green’s functions. The symmetry
property of the Fuclidean Green’s functions corresponding to PCT
is an immediate consequence of axioms (E1) and (E3). This is the well
known PCT theorem.
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4, Theorem E - R

In this chapter we prove theorem E—R. Given a sequence of
Euclidean Green’s functions satisfying (E0)—(E 4) we construct explicitly
a sequence of Wightman distributions satisfying (R0)—(R 5). The main
steps in this construction are the following:

a) Using (E0) and (E2) we define a positive semi-definite form
(f.9=> C,im®fFxg,) on ¥ xZ,. After dividing out the vectors

of norm zero we obtain a pre Hilbert space, whose completion we denote
by A"

b) By (EQ) and (E1) there exists a one parameter semigroup
{T'= e "M},,, of self-adjoint contractions on 2, which can be extended
to a holomorphic semigroup T%, Ret>0. With the help of this holo-
morphic semigroup we show that the Euclidean Green’s functions are
the Fourier-Laplace transforms of distributions 98, in &’ which have
certain support properties. We define 98,, the Fourier transforms of
9B, to be the Wightman distributions. (R 0) follows immediately.

¢) Euclidean invariance (E 1) of €, now implies relativistic invariance
(R1) of M,, and the support properties of MW, give the spectrum condi-
tion (R 5).

d) Using positivity (E2) we prove positivity (R 2), and we will show
that the Hilbert space ", constructed at the beginning, is the Hilbert
space of Wightman’s reconstruction theorem.

e) Using the cluster property (E4) we prove the cluster property
(R4) and

f) Using symmetry (E3) and a theorem in Ref. [12], p. 83, we show
local commutativity (R 3).

4.1. Construction of the Wightman Distributions

Let {&,}:2, be a sequence of distributions satisfying conditions
(EO)—(E4). As a preliminary step of our construction we use (E0) and
the translation invariance (E1) of &, to conclude that there exists a
unique sequence of distributions §,(£;,... £,) in &'(R%"") such that for
f(gcl,...;c,,)eVJIR“‘”) i

S,(f)= _[f()&xa e XD Spo (X = X X — X 1) d*"x.
In the sense of distributions this means
(X1 X =S, (X = xpe s X Xumy), for xf<xf<o<x). (4)
The distributions S, are invariant under SO, in a restricted sense:
S,R¢,...RE)=S,(8,,... &), (4.2)
provided & > 0and R&)° >0,k=1,...n
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Now we define on &, x & a sesquilinear form by
(f g Z Cn+m @ n* XQM) (43)

This form is positive semidefinite due to (E2), it is linear in g, antilinear
in f and it satisfies (f, g)—(g, S, for all f,ge .. Denoting by A" the
set of vectors in &, of norm zero, /" ={fe %, ;| fI>=(f,f)=0}, we
define " to be the Hilbert space completion of the quotient space
& IA. By v we denote the canonical injection of &, into #". Then for

ge .
1.g¢€ () ol =1, g) (4.4)

and the range of v, denoted by %, is a dense subset of 4. By (E0), v is a
continuous map from &, onto %,.
For fe ¥, and g=(0, g), we define Uy(a) f by

(0&‘@)_]‘)7! ('XI’ Vlcn):fn(z"l - g’ “Xn - g) .
By (El), for f,ge &, ,

and

Thus extension of

Uyfa) vo(f) = v(Usla) f) (4.5)

by continuity leads to a unitary representation Uya) in " of the three
dimensional translation group (translations in space directions).

For translations in the time direction the situation is different
because the sesquilinear form (4.3) and hence the scalar product in ¢
involves a time inversion @. For 1 =0 we define the map T* from &,
into itself by

(T e X = fl5 =L X D), (4.6)
where ¢ =(t,0). By {E1) and definition (4.3}, for f,g.€%, and t 20,
(f . T'g)=(T"f,g). (4.7)
Furthermore for s,t >0 we have
T'Ts =T

By (4.1), we find that for fe &,
«ijn‘Z Fl8%0 90 Sulrs - Y

Sm+n 1(x2 Xtsooe X~ Xu- 1vy1+[ nﬂ)’}2~LVI’
”';}’mwym—-l) d471xd4my
<P(1),

{4.8)
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for some polynomial P(t), which depends on f. This follows from the
facts that S,, ., is in & (RT™ "~ 1), and that f has only a finite number
of nonvanishing components. We can improve inequality (4.8} by a
repeated application of the Schwarz inequality and of (4.7) and (4.8).

I(f, T INEhsT _fl
—HJ'W T2y
Cp g

< ey
for all n=1,2, ... Taking the limil as n—oc we obtam
LTSI (4.9)

It follows from (4.9) that T° maps one equivalence class mod A" onto
another equivalence class mod A Thus for 1 =0

Tye(f)=v(T"f)

defines a continuous one paremater semigroup {T¢},., of operators
on Z,C# and T¢ is positive, symmetric and has norm smaller or
equal to one. Therefore T, has a self-adjoint extension, denoted by T',
and {T"},», is a weakly continuous onc parameter semigroup of self-
adjoint contractions on #. Let H be the infinitesimal generator of T".
It is a positive self-adjoint operator on # and we can define the one
parameter group of unitary operators 75 = ¢'*# — s0 <5 <20, This is the
unitary representation of the time translation group and we set

Ul =T"Uya), a=(a",a)eR*.

This defines a unitary representation of the four dimensional translation
group in %"

The family T°=T'T"S, t=t+1s, is a holomorphic semigroup for
Retr=1>0, uniformly bounded and strongly continuous for Ret =0.
We can use this holomorphic semigroup to construct the analytic
continuation of the Euclidean Green’s functions.

Letf,,=(0,...,/,.0..)andg=(0....,9,,0...) be vectors in &, . Then
fn€ L (R4, g e %, (R*") and O f* x‘cjneﬁﬁ(]R‘”’"*"))‘ Thus for t=0
fixed and h e ¥ (IR), the mapping

(O f X gy )= [ (0 £, T 0(g,)x hls) ds (4.10)

defines a continuous linear functional on & (R*™*")&® % (R), by the
nuclear theorem. Moreover, for any aeR®, a° =0,

(O(foy T (T UL@) (g0 = (T Ud—a)v( f,). T 0(g,)x
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We conclude that the right hand side of (4.10) can be written as

() T 5 0(g,))y his)ds
= [ a3 X 830 9310y () (4.11)

Sy’i}m~1('5z_ \1 +l Xm» "')(”11_;)‘H~115) d4m/\‘d4”,"vdsv

where SV, - 1(&1, ... &ninm1ls) is a distribution in the dual space of
F(RE -y & #(IR) and a continuous function of s when smeared in
all the other variables. Furthermore

‘S(m+n 1(“17"'5m+n ]IO) m+n~/1(§1"“5m+n 1)

Now let 2,(&1s oo Sty S Gmets oo Smsn-1) De an  element in
FRE™ QS (R SR Y) and set for >0

Sv(m)([_v ¥mvslh ‘.Sern 1( |S) hm(clﬂ _ém’ §m+n~1)
d4L1, dsfm (14Cfm+,,,1 .

It follows from (4.11) that for fixed h,,, S"(, sih,) is a distribution
in the dual space of (R +)®/IR) and satisfies the Cauchy-Rie-
mann equation for £>0, — o0 <s<oo. Hence by Lemma 8.7 there is a
distribution S™ (x| h,) in &'(R.) such that SY is the Fourier-
Laplace transform of S™. S™(¢, s|h,) = [ e 2+ 8"y h,)do, and
SO e (s (€)oo Epinoq|s) is the analytic continuation of
Spen—1téy, 8. &y ymy) In the time component of the m-th
variable. Lemma 8.8 shows that under these circumstances we can
analytically continue S,,.,_, simultaneously in the time components
of all variables and that there exists a uniquely determined distribution
W, (gy. ... ¢,) in (IR such that

»
- =0 0 =
= X SRy T tikgr) o

Suls o &) =Fe = Wilgioo g d™q. (412)

Now we define the Wightman distributions 15, by
"lnil(v}’kw PN ;

‘an(’le"' Xn ‘!e o VVHAI(gl"" g)z—l)d‘l(nﬁl)(']' (413)
According to the results of Chapter 2, [sec the discussion following
Eq.(22)] W,(g;,... 4,) is a distribution in F'(R*") with support in
{41 4 qv=0,.. qf? =0}, In Section4.2 we prove that for A€ L],
WAqy, ... Aq,)=W,(q,, ... q,). Hence the support of W, is in
{91+ 4, gleh,‘. g,,eV }, where V, is the forward light cone.
This is the spectrum condition (R 5). Temperedness (R0) follows from
(4.13).
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4.2. Lorentz Covariance and Spectrum Condition

Translation invariance of W, (x,. ... x,) follows from definition (4.13).
Thus relativistic invariance (R 1) and also the spectrum condition (R 5)
follow if we can prove that for all A€ L',

W1(A£119"’Agn) W(qlv n)’
or equivalently if we can prove that for 0=i<j<3,

Wigrs ... 4)=0. (4.14)

where X;; are the operators

n 2 A '
Xo,= Z <%? B j"’L%J(“@?); j=123

Y S, .. E)=0, (4.15)
where - b

On the other hand we get from Eq.(4.12)

n
= T (SR i&ege)

lJ “(él"‘ f {6 ke XlJVf/n(gl"" (jn) d4n(Ia (416)

for1 <i<j<3 and

n
- T (R igkqw)

Yo, Su(ép, ... E)=ife == T XoWilgy, .. g d*g, (417)

for j=1,2,3. [To prove Eq. (4.16) we use the definitions of the Fourier
transform and of the derivative of a distribution; to prove (4.17) we also
need Lemma 8.4.]

Eq. (4.14) is now a consequence of Egs. (4.15—17) and of the uniqueness
theorem for Laplace and Fourier transforms of distributions.

4.3. Positivity

In this section we prove the positivity condition (R2). We have to

show that for all fe &
Z g'IBrH»m(fn* X fm) (418)
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is nonnegative. The idea of the proof is simple. We show that any element
f€% defines a vector u(f) in the Hilbert space .#", constructed in
Section 4.1, and that the norm of u(f) is given by (4.18). We also show
that the set 2, ={u(f);fe ¥} is dense in #". Hence £ is the Hilbert
space of Wightman’s reconstruction theorem.

For fe.#, (R*") we define /e & (RY") by

f‘T(’Sl??S2”>S19"' X X 1 f(xl"-' -N’n . (419)
Then for fe ¥, we define f by ‘
. Y 7L (ekiga)
Tuldis o @)= TGy, &) e d*"EMg 20}, (4.20)

Lemma 4.1. The map f%__f' for fe &, is a continuous map of <.
onto a dense subset & of LRY). The kernel of this map is {0}.

Proof. It suffices to show that for n=1,2,.... f,— f, is a continuous
map of %, (R*") onto a dense subset &, (R*") of #(R*"") and that the
kernel of this map is {0}. The map f,— f./, defined by (4.19) is an iso-

morphism of &, (R*") onto 7 (IR3 "), therefore the lemma follows if we can
prove that 1 —>f,1 is a continuous map of & (R?'") onto a dense subset
P, (R*) of #(RY™ with kernel {0}. But this is an easy consequence of
Lemma 8.2 and the fact that the Fourier transform is a homomorphism
of #(IR) onto itself.

In Section 4.1 we have introduced a continuous map v from &,
onto a dense subset &, of #. By Lemma 4.1, the map w defined by

w(fy=o(f), for fe¥,, (4.21)

is a map from the dense subset &, of #(R*) onto %, C . #. We want
to show that w can be extended to a continuous map w from all of
Z(RY) onto a dense subset &, of . This follows from

Lemma 4.2. The map w is continuous.
Proof. Let f,ge &, Then, by (4.21) and by (4.3),

(W) w(@))y = (2(f), vlg)y
=(/,9) (4.22)
:Z r1+m f Xfm)'

We rewrite the last expression of (4.22) in terms off and g, By (4.1)
and (4.12) we find that this expression equals

x s E
Z ‘f (‘gbm 9%;1*1’ Tey —'JC )Jm( + Lo ¥n+15 cerentm—1 (423)
nom
ntom-- 1
- Y (R i) PP oty 1
: jé’ . I/V”+m,1(£]1,... gn+m~1)d e ) d rem=bg d
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Interchanging the order of integration in (4.23) we obtain

(W(_f‘f)v W(_g)))if = Z [ -fn((ilw (!,1,1, gl)gm(gnv (~1,,+1, (!nij;l)
i (4.24)
.VVMm 1((11,.. (jnhnﬂ)d“”*m’”q.

For the space components &% and g; >3 the change in the order of

integration is justified by the definition of the Fourier transform of a
distribution. For the time components & and gy we refer to Lemma 8.4.
By Lemmad.d, [, and g, are elements in #MR*™ and Y(IRY'™)
respectively, and thus f,,(g,,, o ) GG Gum—) i8I0 FRE ¢t mo1)y,
On the other hand W,,,_, is a distribution in &/(R% “*™~ V). This
proves Lemma 4.2.
From Eq.(4.24) we conclude that for any h, k e #(R*)

(W(h), Wk)y (4.25)
Z (hn qn gl)km(qw anrmAl) Wx+m~1(g1’ gn+mf1)(l4(”+mrl)q‘

Now let f e # and define f by (f),= f, and

n
1 ¥ qrdk

gy oq)=Fe = LG L) A ENg = 0), (4.26)

where £, is defined as in (4.19). Obviously f,, 1s the restriction to {q,ﬁig 0}
of a test function in &f(]R‘“’) and is therefore an element in LR
Furthermore the set {f;fe %} is equal to ¥ (R}"). Therefore we may
define a map u: ¥ — % by

fﬁu(f):Tf)eJ/. (4.27)

The range of u is 2, (=range of W), which is a dense subset of %"
Substituting (4.13) and (4.26) in (4.18) we find that for fe &,

> WX S

= 2 .".fn(gn* gl,)fm(gn* grl‘*’}’ll*l) I/V;H-mfl([jlH {1;1+)>171)614('1+n17 l)q

n,m

= (W TNy = ) u(f )y s (4.28)

where the second Eq.in(4.28) follows from (4.25). From Eq.(4.28)
we now get the positivity condition (R 2). The density of Z; in %" implies
that ¢ 1s the Hilbert space of Wightman’s reconstruction theorem [237.

4.4. Cluster Property

In this section we derive the cluster property (R4) from the cluster
property (E4). Using {4.22) we rewrite (£E4) in vector notation:

lim (s( ). U,Ga) w(@)y = (w(). Q) (Qo () (4.29)
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for f,ge . The vacuum vector Q is defined to be v({1,0,0,...}). By

continuity (4.29) remains true if we replace w(f) and w(g) by arbitrary
vectors in ¢, in particular we find that for all i ke ¥

tim (u(h). UyAa) (k) = (u(h)., Q) (Q. ulk))y (430)

Eq. (4.30) is the cluster property (R4) in vector notation.

4.5. Locality

For Rez{=0,Imz, =0 and z —z,. %0, if k+k', we define the
Wightman function by

mrl(gl’ :711): 6»!(([‘2?’:’/"1 )3 (,‘ZO z )) .

n>=n

Then 2, (z, ... z,) is symmetric in its arguments and has an L', invariant,
single valued, symmetric analytic continuation into the domain
S.=1z1, ZlZrg — Zra-1) €T k=1,...n, for some permutation
n(l), ... wn)of 1,... n}. T is the forward tube {z;Imze V', }. This follows
casily from the symmetry property (E2) for the Euclidean Green’s
functions and Eqs. (4.1), (4.12) and (4.14). Using the Bargmann Hall
Wightman theorem, [10], we conclude that W, (z,, ... z,) allows even a
single valued, symmetric L (C) invariant analytic continuation into
the domain $ = U AS,. Now we use a theorem in Ref. [12] (p. 83,

Ae Ly (€©)
second theorem)to conclude that the boundary distributions 28,(x,, ... Xx,)
of MW, (z,, ... z,) satisfy the locality condition (R 3).

5. Theorem R—E

In this chapter we start from a relativistic field theory given by a
sequence {W,} ., of Wightman distributions, satisfying axioms
(RO)—(R 5), and we construct a sequence {&S,},-, of Euclidean Green’s
functions with the properties (EQ)--(E4).

It is well known that the Wightman distribution 2, is the boundary
value of the Wightman function W, (z,, .... z,) which is analylic, single
valued, symmetric and iL, (C) invariant for (z,.....z,)e $", see [12],
p. 83. 8" contains the set

Sl =1z z) Imlg —z_ eV, forall 1<k<n},

and 1t Is invariant under permutations of (z,,... z,). Hence it contains
the set &,= {(z,,... z,):Rez{ =0,Imz, =0, 7. F z forall 1 <k <k <n}.
Points in &, are called Euclidean points. The restriction of the Wightman
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functions to Euclidean points defines the Euclidean Green’s functions.
We set S5 =M, =1 and

Culxis . X ) =W ((—ixT, x,), ..., (—ixl, x,)), (5.1)

for (x;,... x)eQ,={x,...x,:x,+x, forall 1<i<j<n}.
The E,,n=0,1,...,are the Euclldean Green’s functions and we have
to verify that they have the properties (EQ)—(E4). By (5.1), S,(x;,... X,)

is an analytic function, invariant under permutations of the arguments
X1s... Xn, Which is (E3). It is invariant under translations, because I8,
is. It is furthermore invariant under the action of the subgroup of those
elements in L (C) which map Euclidean points in Euclidean points.
But this subgroup of L _{C) 1s just the group of Euclidean rotations. This
proves (E1).

Now we prove (E0). Obviously the linear space % (IR*") of all func-
tions in #(R*" with compact support in Q, is dense in % (R*"), and
S,{x1,... x,) 1s a continuous, uniformly bounded function on any
compact subset of £,. Hence the Riemannian integral

S N)=Cuxr o 3 Sy x) A7 (5.2)

defines a linear functional on °.%, (R*"), which is symmetric under permuta-
tions of the arguments x,,... x, and invariant under iSO,. (Note that
(x1».. X))~ (Rx,+4g, ... Rx,+3d)., ReSO,, gelR* maps a compact
set K in Q, onto dnother compact set K' in ©Q,.)

Proposition 5.1. Forn=1,2, ..., there exists a constant ¢ and a number
m such that for all fe°% (R*")
1SN =clf - (5.3)

Postponing the proof of the proposition, we use it together with the
density of °#(IR*") in °.%(IR*") to extend S, to a distribution in °.%"(R*"),
proving (E0). By continuity this distribution, again denoted by &,, has
the invariance property (E 1) and the symmetry property (E 3). Positivity
(E2) follows from the arguments given in Section 4.3. Let fe &, . Then
according to (4.22) and (4.24)

< g f
Z vn+m(@.fn X fm) (54)
Z 6],,, f (q”"" Qutm—1) Vf/ﬁm—l(‘ham Quam—1) d*0T" g

Axiom (R 2) implies that (5.4) is nonnegative because for fe &, ,v,, is in
S(R%™ and can therefore be interpreted as the restriction to {g =0} of
some function g,(g;, ... ¢,) in ¥ (R*"). The cluster property (E4) follows
from (R4) by the arguments of Section 44: (R4) implies that
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lim [(F, U(Aa)G)—(F, Q (2, G)]=0 for all F,Ge A, and this

implies (E 4).
Now we return to Proposition 5.1. Its proof has a geometrical and an
analytical part. Let us do geometry first.

Lemma 5.2. For n=2,3,... there exist N=N(n)<oc unit vectors
eq,... ey in R* and a constant A >0, depending on n, such that for all
(x1,... ¥,)€Q,

mkax ring?|<§ka~i"lcj>{§AQ(2€nm ), (5.5)

where {, > is the Euclidean scalar product, and

Q()&la“-x (ZlX—X )%
l<)

Proof. Pick N>3-27'n(n— 1) vectors ¢,, ... ¢y such that any four
of them span R*. Now take (x,,... x,) € Q, and define 2~ n(n— 1) unit
veclors X— X

fij= |~ ~’| 1<i<j<n.
& —X

Then each of the vectors f;; is orthogonal to at most 3 vectors ¢,, €. ¢,
and because of the ch01ce of N, ey, fijy+0 for at least one
Me{L,2,... N} and all f; ic

h(f)=max min{(e,, fip{>0 forall f={fis ... fu-1a}.

As (xq,... x,) varies over Q,, f varies over the 2~ 'n(n — 1) fold tensor
product of the unit sphere in R*, which is a compact set, and we have
h{f)>0. Thus there is a constant 4 >0 such that h(f)= 4, for all f,

1e. for all (x,,... x,)€Q,
gka /Sl::):{}k 214 .
i — X

Using the inequality o(x, ... x) =y — x| "' for all 1<i<j<n, we
prove (5.5).

We choose N unit vectors as in Lemma 5.3. These vectors remain
fixed for the remainder of the proof. Then we define N - n! open subsets
of Q, by

an:{(zclv"'zxn):<§ks:¥n(j+1)_¥n(j)>>0 forall [<j<n},

max min
k if

where 7 is an element in the permutation group P, of n elements and
k=1,... N. The Q,, obviously cover Q,.

For the analytic part of the proof of Proposition 5.1 we have to
define a partition of unity on Q,: Let 1€ C*(IR) be such that 0 £1t< 1
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and t(x)=0 for x<?%; t(x)=1, for x=1. Then we define 7,20 on
Q, by

n—1
TnlXes o X)) = H T(A—IQ(ZCU o X <§k’2§n(j+l)——2cn(j)>)’
=1

where A4 is as in (5.5). Obviously supp j . C €. From Lemma 5.2 we now
conclude that for any (x,,... x,) € @, there exists k, = such that
TinX1 ... X =1, and therefore

Z )’ekn(lcb ch);l
k.

on Q,. Now we can define

Xl X1s oo X0) = DenlXts o %) [ Z T (Xts o Xn)J -1, (5.6)
k', m

and y,, is well defined and nonnegative on Q,; Y x.,=10n Q,, ie. x,

k7
defines a partition of unity on Q,. For fe®#(R*") we can now write

.(N= Y Clturf)> (5.7
k,m

and for a proof of Proposition 5.1 it suffices to estimate a single term
in the sum on the right hand side of (5.7). Using (5.2), and the symmetry
and SO, invariance of €, we write

S ()= Sulxrs o %) (n ) (31500 %) d*"x
= “ 6n(>~<1’ En)(xknf)zté,R)(-Xla X/n) d4nX’

where 7’ is the inverse permutation of = and R € SO, is chosen such that
R~ l¢, is the unit vector in the time direction, ie. R™'¢,=(1,0). As .,
has its support in @, (%ix f)f.») has its support in Q. = {x,,... X,;

x9,,=x9>0,j=1,...n—1}, and is therefore in L. (R*)N°F(R*").
To finish the proof of Proposition 5.1 we need two more lemmas

(5.8)

Lemma 5.3. The restriction of (%1, ... X,) to Q. defines a distribu-
tion in L (R*.

Lemma 5.4. For all m; 20 there exist constants ¢ and m depending

only on m,, such that
|Xk1rf{m1 <c|f{m>

forallk=1,... N, neP,, fe L (R*").

We use Lemma 5.3 to show that there exist constants ¢ and m, such
that (using 5.8) ,
1€, SN = 1St S 0. )

é C|(anf)?é.R)|m, = Cian:f'ml s

and Proposition 5.1 follows from (5.7), (5.9) and Lemma 5.4.

(5.9)
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Proof of Lemma 5.3: For (x,,... x,) € 2. we can write

CHETI -lcn)ZSn~1(§17 o Enet)

~ 5 (GRa%—ifegn)

:.(e ke Wn—l(gl"'gn—l)d4(n_1]qa

where &, = x4 — % and & >0 for (x,,... x,) € Q.. It suffices to prove
that S, ({y, ... §,-1) 15 In F'(RE™. By the nuclear theorem and the

support properties of W, _(q;, ... 4, ;) we only need to show that for

W(g)e #(R ) and g,(g) = e™q 2 0), the function S(&)= W(gy) } (&> 0)
defines a distribution in #'(R, ). But for £ >0

|W(gé_)| =0 |g§|;;1

%
e“éq

< 14+g"
__Cl sgg( Q) dqa

a=m

S (1 + &M sup(l+g)re <

420

Se(l+EM+Emm,

for some constants ¢; and m. Now let fe #(R,). Because f(x) vanishes
together with all its derivatives [®(x) at x=0, we can write it as

foo=1

that for some constants c,

f"(y,) for any n=0 and some y_, 0<y_<x. Then we find

[ £ Wigs) di} Soy [ A+EA+EM () dE
0 0

< casup(i+ &2+ 6 £

Scy (ggg {1+ " (O + sup {é’"

& pmi
g C5|f1m+2 .

This proves the assertion and thus Lemma 5.3.
Proof of Lemma 5.4. We use the following estimates on derivatives
of v..:

3]

lxl(cn(z‘clv 'Xu)l § CzQ(*XIv an)[a‘t

A R T
i<j
Then the lemma follows from arguments similar to those given at the end
of the proof of Lemma 5.3.
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6. Arbitrary Spinor Fields

In this chapter we generalize the axioms (E0)—(E4) to include
arbitrary spinor fields. We also show how to modify the arguments of
Chapters 4 and 5 to prove theorems E—R and R—E in this general
situation.

The Wightman distributions are given by

QBVI\(ZCI’ ~71)_(Q w(kl)(xl) IPV" ( 1)Q) (61)

Here y{(x,) stands for one of the finite number of fields that describe the
theory. v; represents a set of dotted and undotted indices (v, ... L »

By ... [3 ) and describes the spinor character of the field labeled by k;.

Finally v ‘stands for the set vy, ... v, and k stands for the set ky,... k,.
Let S(4, B} be a finite dimensional analytic representation of

SL(2,C)xSL(2,C), the universal covering group of L_(C€). Then

S(4, A) is a representation of SL(2,C), the universal covering group of

L%, and all finite dimensional continuous representations of SL(2,C)

may be obtained in this way. The transformation properties of the fields

are given by

Ul{a, AN i) Ul{g, A) 71 = 3 S®A™ L AT iyl (A(A, A)x + ).,
e
aelR* Ae SL(2,0). U is a unitary representation of the inhomogeneous
SL(2,C) and S®)(4, B) is a finite dimensional analytic representation of

SL(2.C)x SL(2,C). Furthermore A(A4, B) is given by A(4, Bjz=AZB"
3

where 2= ) z*¢* and zeC* For notational convenience we denote
u=0

the adjoint fields p*2(x)* by wi; *)(x), where vi = (B, ... B, .0y, ... Sy, )

We have to require that S*)(4, B): = SU*)(4, B)i. Relativistic co-

variance leads to

(R MWlxy, .. x)= 2 S(A™ L, AW, (Ax, + g, ... Ax,+4a),
"

for all AeSL(2,C), geR* Here A= A(A, A) and S,(4,B) is a finile

dimensional analytic representation of SL(2,€C) x SL(2,C). Again using

formula (5.1) to define the Euclidean Green’s function we find that the

covariance axiom (E 1) becomes

(ED) Sulxes . ¥,

): ZSk(U‘& va)tf euk(R)SlJrga R'Z,Cn—*dg)’
m

for all U,VeSUQ), geR* Here R=R(U,V) is defined by
AU, V) (—ix°, x)=(—i(Rx)°,Rx) and is a homomorphism of SU(2)
x SU(2) onto SO,. Note that SU(2)xSU(2) is the universal covering
group of SO,. Hence S, (U, V) defines a continuous finite dimensional
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(one or two valued) representation of SO,. Axiom (E0) remains of course
unchanged and its derivation from the Wightman axioms is as in
Chapter 5. Axiom (E3) becomes

(E3) Sx1h - X)=0S51(X01ys -+ Xnm)

for all permutations 7. Here o=+1 and V=(v (5. Vemh
k=(kyiiys - kpo) [14]. A reformulation of the nonlinear axioms (E2)
and (E4) requires some modifications of the notation introduced in
Chapter 2. In the following ¢, will denote the set of all finite sequences
J=fo. f1. f2....) where f,eC and each f, is a sequence of elements
Foon € L (R, wnh vk as before. Also for fe &, we redefine f* by

(_.f*)n,vk(*lcl’ tee 'Xn) = Lfn.v*k*(z‘n e 51) ’ (62)

where v¥=(v¥, ... v¥) and k*=(—k,, ... —k,). Furthermore for geR*
we define [, by

(;f(g))n,vk(gl’ "Sn) :Afn, vk('XI —l, .. X, Q) .

The remaining axioms can now be written as

(EZ) Z evukt’(@(_f*)n,vkx .fm,;t[)gov for all A_feg+'
n‘,';(n
ut

(E4) hm Z {"’»uk/’(@(f n, vk X g Jm u{(/u))

A o0
n,m

le’ ‘V\k J )n \k) uf (Jm u()} O"
forall f,ged,,a=(0,0),aeR>.

(E2) and (E4) follow from the Wightman axioms as in Chapter 5.

To reconstruct the Wightman distributions from a set of Euclidean
Green's functions obeying (E0)—(E4) we proceed as in Chapter 4. The
only step which has to be modified is the derivation of Lorentz co-
variance of MW, from Euclidean covariance of &,,. Given the Euclidean
covariance of §,,(&, ... &, ) =S¥ X &= x40 — X, &> 0. we

have to prove the Lorentz covariance of va(gl, g],,), where

p
- L (Rl 1&g

Syl &)= Je v Walgy, .. q)d*"q.  (6.3)

First we note that any element A m SL(2,€) can be written as A= UH,
where U e SU(2) and H is positive. Hence it is sufficient to prove that

Widdys ... g) =Y S{U. O W (41U, Oygy, ... AHU, Ohg,), (64)
M

and

Woldys .. q)= Zskm Y WA "N (H, H)gqy, ... A" (H, H)g,), (6.5)
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for all Ue SU(2) and all positive H. Eq. (6.4) follows immediately from
(6.3) and (E 1) with V replaced by U, because A(U, U) leaves the zero
component invariant. To prove Eq. (6.5) we consider the one parameter

group H(p)= Cosh% + Sinh %gg of hermitian operators, where e

is a fixed unit vector in II_§3 and — oo <@ < oo. Then it suffices to show
that for A(p)= A(H(p), H(¢)), the expression

d — ~ _ -
%ZSk(H(tp),H(qo))‘v‘ WalAd"H@)g1s o A7 HO)gNp=0
i
dH,, oS, dH,, 2, .
= —2E R (A, B+ 2 (A, B} Waulqy, ... q,)
% ( d(p OA/zﬁ ) d(/? OBzﬁ A=B=1 uk gl g
2 @=0
d(A gy ¢ ~
N <Z ‘_Ez“g“ g ) (6.6)
vanishes. b @ 4ilo=0
e

Let V(p)= cos% +isin—e-g be a one parameter group in SU(2)

2

with e fixed, as above. Then Euclidean covariance of S, implies that for
R(g)=R(V(p),"V(p))

d
0= 15 LY@ VION SuR (@) L0 RO om0
o

e 25 AV, 35, ) V
= 2 A, B + —= (4, BY: S (& &
%( d(P 5/41[1( ) d(p anlj ) Bt uk(%i g)
2, Az
dR7'E)y @
) 1 SadGrs e 6.7
+(§ de act (pvo> wlCr e o) (6.7)

From the definition of H(¢) and V(@) we get

dH, dv,
qu— -o_ —1 d(/)ﬁ _O:%@Q)w,
and AR - (6.8)
dHa/i . lezB ”‘l?O-'-)
de (p:o# do (p=0__2 =
Furthermore
d(A gy 0 o @ 0
Z dop 04 |,=0 Z e<ql ol T a )
and t2is3 (6.9)
dRVEY 0 il @ ;0
A - P A C ‘g‘a?>
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Now we insert (6.8) and (6.9) in (6.6) and (6.7) respectively. Then the
vanishing of (6.6) follows from (6.3) and (6.7) by the arguments of Section 3.

7. Application

By theorem E—R, a relativistic quantum field theory model can be
obtained by coustructing a set of Euclidean Green’s functions, satisfying
(E0)—(E 4). Formally the Euclidean Green’s functions are given by

S tormat(X15 - ¥0) = (2, AV(xy) . AV(x) e Qp)/(Qp, 077 Qp)

where Q is the Euclidean no particle state, 4'(x,) are free Euclidean
fields and V is the Euclidean action, [21] and [18]. By introducing
a volume cutoff h and an ultraviolet cutoff » we make &, , , well defined
objects. We define &, as the limit of &,,, as x— o0, and h—1. To
complete the program we would have to show that this limit exists and
has properties (E0)—(E4). Euclidean covariance {E 1) follows once the
uniqueness of the limit is established. All the other axioms are expected
to hold for the cutoff Green’s functions, independently of % and h.
Estimates are needed to prove this assertion for (E0) (distribution
property) and (E4) (cluster property). For superrenormalizable models
the necessary techniques have been developed by Glimm and Jaffe [7, 8]
and by Dimock, Glimm and Spencer [9,2]. On the other hand, for
models involving boson-fermion interactions, (E2) (symmetry) and (E3)
(positivity) are trivially satisfied for a large class of cutoffs. The symmetry
property follows from the fact that free Euclidean bose and fermi fields
commute, respectively anticommute, with or without ultraviolet cutoff.
If there is no ultraviolet cutoff in time direction then positivity (E3)
follows from the Feynman-Kac formula and the relation connecting the
Euclidean action V with its adjoint, [18].

8. Technicalities

In this chapter we state and — where necessary — prove some technical
lemmas, used in earlier chapters.

Lemma 8.1. (see p. 86). The set of seminorms on & (R.)
[l sup x0T
m=1,2,... is equivalent to the set of seminorms |f.|,.
Proof. Obviously for fe #(R),

[ N > ”
filo= il [f+glaZ1 el

g€
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Thus it remains to prove that for a given m we can find ¢ and n such that
for all fe 9 (R),

elmSclfolh (8.1)
Let (IR _) be the closure of #(IR_) with respect to the | |,-norm. Then
|folw= inf  {f+gl,. (8.2)

geFtm+ (R _)

Let ¢(x) be a C* function such that 0 @(x) <1, @(x)=0 for x£ — 1,

o(x)=1 for x= ~ 4. Now we define

m+1 x
. @) | -
§(x) = @(x) xZ{)(.f (O)a!> f(x), for x<0,
0, for x>0.

Certainly g e ™" (R _), and

L +gl, = Surg(l +x?m?
Bsm

+sup(l+ x| fO(x)
x=0
pm (8.3)
= guglf'(“’(o)ﬂﬂli;

m+1 x
D’f(q)(x 3, 10 )

<clfilmets

for some constants ¢, and ¢, depending on ¢ and m but not on f. Ineq.
{8.1) follows from (8.2) and (8.3). Our proof of (8.3) is an adapted version
of Hormanders proof of Whitney’s extension theorem see [27] and [11].

Lemma 8.2. Suppose g(x)e L (R, ) and define g by
glg)=fe " g(x)dx } {g= 0} .
Then ge V(E{Q and g—§ is a continuous map of S (R,) onto a dense
subset & of (R ). The kernel of this map is {0}.
Proof. The integral fe ¢ g(x) dx is uniformly convergent for ¢ =0,

thus (1+ /" D*3(q) = | e“(w;id;) (X g(x)) dx } {g 2 0}. In par-

ticular (see (2.2))
9l = sup 11+ )" D*g(q)l
x5m (8.4)

e

< ¢y lglms 2 SUp f e 1+ x) T dx 251Gl 2 s
qz0 ¢
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for some constants ¢, and ¢,. Ineq. (8.4) proves that g e #(R.,) and that
the map g—¢ is continuous. In order 1o prove that the range & of this
map is dense in #(R,) we take a distribution We &'(R,) with the
property that W(g)=0 for all g #(R,) and show that this implies
W=0.As W is in #/(R,) it is a distribution in %'(R) with support in
[0,0c) and its Fourier-Laplace transform { e W(g)dg=W(z) is an
analytic function in {z:Imz>0}. Now we need the following well
known lemma.

Lemma 8.3 ([26], p. 23). Suppose We %' (R) and supp W C {0, oc).
Then
W= 3 D'u,, (8.5)
1M
where w,{q) are measures of power increase with support in [0, o0).

Remark. We say a measure p is of power increase of order « if
Fdp() (1 +|x))"* < oo for some a2 0.
Using (8.5) and the definition of § we now can write for ge #(R,)

Wig= 3 [(Te " x"glxdx)dp,(q). (8.6)
X=EM
We claim that
{ ([l x g(x)] dx) ld ()l < oc (87)

thus by Fubini’s theorem we can change the order of integration in (8.6)
and obtain

fes

Wgy= 3 [(fe D" dulq)g(x)dx
(8.8)

and we suppose (8.8) to vanish for all ge #(R,). As W(ix) is a real
analytic function of x >0, (8.8) implies that W(ix)=0 for x > 0 and hence
W(z) =0 for Imz > 0. By the uniqueness of the Laplace-Fourier transform
we conclude that the distribution W is identically zero, which proves the

density of & in (R ). The last statement of the lemma is obvious.

It remains to prove Ineq. (8.7). Suppose u, is of increase of order > 0.
Then

f(Fe i g(x) dx) ldp, (gl

<sup((1+g) [ e x* g(x)| dx) | ldp, (gl (L + )"

q20
¢ f (sup(Hq)ﬁe*‘”) Ix*g(x)| dx (8.9)
0 \49z0
<oy [ IxT P gl dx £ ey sup(L+ x?) x g(x)l,
0 xz0
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for some constants ¢,, y. Hence it suffices to show that sup [x* g(x)|
xz0

is finite for any integer k. For nonnegative k this is trivial as ge #(R.,).
For negative k we use the fact that g(x) vanishes with all its derivatives

—k

X
(—k)!

at x =0 and can be wrilten as g(x) = (=k+d)

g (yx), where p, € [0, x).
Hence

sup|x* g(x)| = (k)" suplg* " Py, ) < oo
xz20 x20
This proves inequality (8.7).

The first part of the following lemma is equivalent to Eq. (8.8).
We leave out the proof of the second part.

Lemma 8.4 Suppose We %' (R) and supp W C [0, o0) and denote by
fq) the restriction of e to {qz0}. Then W({ f.(-) g(x)dx)

= [gx) W(f()dx for all geP(R,). Furthermore Ed;W(fx('))
d
—wl10)

Remark. Lemmas 8.1-8.4 can immediaiely be generalized to the case
of several variables.

Lemma 8.5 ([26], p. 31). Let Tlt,s) be a distribution in the dual
space of F(R,)R F(R) and suppose that for t >0 its real and imaginary
parts satisfy the Cauchy-Riemann conditions

O ReT= L7, L imr= - L ReT.
ot Cs ot 0s

Then T(t,s)= G(1), t=1t+is, for some function G which is analytic in the
open right half plane {t:Ret>0}.

Lemma 8.6 ([26], p. 239). Let G(1) be a function, analytic in the open
right half plane, satisfying the inequality
GOl =M1+ et (8.10)

for some positive constants M, a, § and for t =Ret>0. Then G(t) is the
Fourier-Laplace transform G(t)= [ e " Gla)do of some distribution
GeS'(IR,).
_ Lemma 8.7 Let T(t,s) be as in Lemma 8.5. Then there is a ojistribution
Ge %' (R,), such that T is the Fourier-Laplace transform of G,

T(t,5)= [e """ G(w)da=G(r) for t>0, t=t+1is.

G() is holomorphic for Re1>0.
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Proof. By Lemma 8.5, T(t, s)= G(1) for some function G which is
analytic in the open right half plane. We prove that G(z) satisfies in-
equality (8.10) for some positive constants M, «, . Then Lemma 8.7
follows from Lemma 8.6. Lel 1o =14+ iy, o >0. Then for all re(0, )

27

1 .
Glty) = 5 | Glrp+re®de.
o

Let h(r) be a C* function with compact support in [4,2] and suppose

fo ELO} and

{ h(r)rdr=1. Then h, (r)=t5 > h(ty ' r) has its support in R

{ hy(r)r dr=1. Furthermore by Fubini’s theorem

2n

Glto)= {h)| | Glrg+re?) d(p} rdr
0

1
2

1
= 5[ Glao+ 1+ (/1 + 5 dr ds

Lﬂj T(t, ) by ()/ (1 = t0)* + (s — 50)%) dt ds .

Hence by the properties of T there is an &-norm |-},, and a consiant c,
such that

1G(eo)l < el ([ —10)* + (- — 56) ) (8.11)

Inequality (8.10) follows from (8.11). This proves Lemma 8.7.
Lemma 8.8 Let S,(¢;, ... ¢,) be a distribution in &'(RY™), and set for
m=12..n
Sf:n)( gnfm): f ilv v én) fm éla ém~1*§m’§m+l gn)

d4E A B, A,

for fue SRETNR L, (R L RY ™). Assume that for all
and m=1,2..n, S‘"”(gm,jm) can be extended to a function S™((2, f.)
which is analytic in {{8=¢0+inS, £ >0} and that $™ is the Fourier-
Laplace transform of a distribution S™(qS, £, in #'(R,),

S o fu) = T & 808, 1) et

Then S,(¢y,... &) is the Fourier-Laplace transform of a distribution
W) in L(RE™,

i
™

0.0 _ .
Sk~ igkgi) o

SuErs o &)= e Wlgy ... q)d*q.  (8.12)
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Proof. We prove the lemma for n=2; the proof for arbitrary n is
then straightforward. Let f;(¢,.¢,) e ¥ (R) Q@ (RY) and h(£f) e S (R.).
Then

Sylhx fi)= f 5561, ¢2) h(ED) f1ys <) d*¢ d*E,
= [ &N ([ e T80gL, f1) dgf) d Y

(8.13)

for some distribution $4(¢?, f,)e #'(R.), according to the assumption
of the lemma. By Lemma 8.4 we can change the order of integration in
(8.13) and obtain

Salhx f1)= [ ) $$(a0, /1) daf (8.14)

where hi(gd) = [ e T R(EY) dES | {q) 20} is an element in #(R,). By
Lemma 8.2 the right hand side of (8.14) defines a bilinear continuous
functional on ¥ (IR, ) x ((/( ) ®.#(IR%)) and thus by the nuclear theorem
a unique distribution W} (¢? , &1, &5) in the dual space of S (R,)® F(R%)
® #(R%). Taking the Fourier transform with respect to £, we obtain

Sz(gu gz): ‘ egq?;?ﬂglé‘wzzl((ju gz) d4q

where Wz (g1, ¢,) is now a distribution in the dual space of
F(RY® L (R ). Now take f(& )e%(IR“) g(E e PR L), h(&,) e S(RY).
Then ./‘(g1 fe s fED) d*E Mg =0} is in #(RY) and

S,(f xgxhy=WHf xgxh). Accordmg to the assumption of the
lemma,

Wzl(f:g“g,h)z fwz(‘ha 2 fz)ffIJh(fz)dA‘hdSsz

is a real analytic function in £€5>0 and it can be wrilten as Wz (1.9, h)
= (e SSW2(f, q3, h) dgq for some distribution W2(f,¢3.h) in #'(R.).
As before we obtain

Sy(f x g x hy= [ d(q9) W3(f. 43, h) dgs , (8.15)

and the right hand side of (8.15) defines a bilinear continuous functional
on #(R%) x #(R.)x #(R?) and thus a distribution W3 (g1.45.&5) in
the dual space of Z(R%)® ¥ (R, )® & (R?). Taking the Fourier transform
with respect to £, we finally obtain

Sa(f g x = | f(g,) 3(a3) hq) Walg,. q;) d*q, d* g, (8.16)

where W(gl, q,) is now a distribution in #(R%?), and h is the Fourier
transform of 4. Again by Lemma 8.4 we obtain (8.12) from (8.16).
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