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1 Introduction

Many supersymmetric quantum field theories can be engineered on systems of branes in
string theory. The string theory embedding often provides us with an elegant geometric
understanding of field theory phenomena. In particular, rich classes of field theories, the
supersymmetric quiver gauge theories, can be engineered by considering parallel Dp-branes
at the tip of a conical local Calabi-Yau (CY) n-fold X,,, with p = 9 — 2n, in type IIB
string theory. One obtains the following types of supersymmetric gauge theories in the
open-string sector:

e 6d N = (0,1) quiver theories on D5-branes at the tip of a CY3 cone.
e 4d N =1 quiver theories on D3-branes at the tip of a CY3 cone.

e 2d N = (0,2) quiver theories on D1-branes at the tip of a CYy cone.
e 0d V=1 quiver theories on D-instantons at the tip of a CY5 cone.

All these quiver gauge theories consist of unitary gauge groups [[; U(Ny) with matter fields
in adjoint and bifundamental representations.! The 6d case corresponds to D5-branes at
the tip of an ADE singularity C?/I", and the quiver gauge theories are the corresponding
ADE quivers [1]. The 4d case has been thoroughly studied from various points of views
— see e.g. [2-15] for a very partial list. It is a special and important case because the
D3-branes admit a smooth near-horizon limit of the form AdSs x X5 [3, 4, 16] and the 4d
quiver gauge theories flow to non-trivial 4d N' = 1 superconformal fixed points.

The 2d and 0d cases had attracted less attention until more recently — see [17, 18]
for some early work. A recent breakthrough was the introduction of “brane brick mod-
els” [19, 20], which gave an algorithm to determine the A/ = (0,2) quiver gauge theory

IThat is, fields X7 in the fundamental of U(N;) and in the antifundamental of U(Ny).



corresponding to D1-branes probing a toric CYy singularity, similarly to brane tiling meth-
ods for D3-branes at toric CY3 singularities [11-13]. The brane brick models were derived
using mirror symmetry in [21]. There are also hints that a similar structure exists for
D(—1)-branes at toric CY5 singularities.? Note that this line of work (and the present
paper) is only concerned with the classical structure of the NV = (0,2) gauge theory. In
a parallel development, there has been some important progress in our understanding of
two-dimensional N' = (0,2) gauge theories as full-fledged quantum field theories [23-25].
Incidentally, it was discovered that the simplest SQCD-like N' = (0,2) theories enjoy a
beautiful triality [23] — an infrared “duality” of order three similar to Seiberg duality.
Triality also seems to be a generic property of D1-branes quivers [26]. There has also been
some interesting recent work on engineering N' = (0, 2) models from F-theory [27-30]. See
also [31-42] for related works on quantum aspects of A' = (0, 2) theories.

In this paper, we study 2d and 0d quivers from the point of view of B-branes on the CY
n-fold X,,. A B-brane is simply a (half-BPS) D-brane in the topological B-model on X,,.
The B-model is a gs = 0 limit of type II string theory which (somewhat trivially) captures
all o/ corrections. It can thus be used to accurately describe the local physics of branes
at a Calabi-Yau singularity. Since the B-model is independent of Kéahler deformations, we
can use any convenient limit, such as, for instance, the large volume limit of a resolved
singularity, to study the quantities of interest. In this way, we loose a lot of important
information — for instance, we do not keep track of the central charges of the branes,
which determines their stability properties; yet, the B-model is sufficient in order to extract
all the information about the holomorphic sector of the low-energy open strings. That is,
we can read off the matter spectrum and the superpotential interactions of the low-energy
quiver gauge theories on Dp-branes from the B-branes alone.?

This approach was successfully carried out for D3-branes at CY3 singularities [6—
10, 15]. What we present here is a straightforward extension of some of those earlier
works. It provides a string theory derivation of some brane brick models results, without
the need to rely on mirror symmetry. Our techniques are also more general, since they are
valid beyond the realm of toric geometry.*

Mathematically, a B-brane £ on X,, is an object in the (bounded) derived category of
coherent sheaves of X,,:

£ eD(X,). (1.1)

We can think of B-branes £ as coherent sheaves; more generally they are chain complexes of
coherent sheaves (up to certain equivalences). Given two B-branes £, F, we may compute
their Ext groups:

Extk (€, F), (1.2)

2Very recently, these 2d and 0d quivers were also related to cluster algebras [22].

3 An important caveat is that we need to be given a particular set of B-branes, the “fractional branes”,
as we will mention. The determination of whether a given set of B-branes is an allowable set of fractional
branes may require information beyond the B-model.

4This is as a matter of principle. In this paper, all our examples will be toric geometries, somewhat by
happenstance, and also so that we can compare our results to the brane brick model literature.



which are the morphisms in the derived category. Physically, they encode the low-energy
modes of the open strings stretched between the D-branes £ and F [43-46]. We refer
to [47, 48] for comprehensive reviews of the derived category approach to B-branes.

D-branes quivers from B-branes. Consider a D(9 — 2n)-brane transverse to the
Calabi-Yau singularity X,,. Away from the singularity, the brane is locally in flat space.
From the point of view of X,,, it is a point-like brane, which is described by a skyscraper
sheaf O, at a point p € X,,. When at the singularity, it is expected that O, “fractionates”
into marginally stable constituents. The resulting “fractional branes” {€;} realize a gauge
group:

[Tuev) (13)
I

on their worldvolume in the transverse directions. There are also massless open strings
connecting the fractional branes among themselves, which realize bifundamental (or ad-
joint) matter fields X7;. In this way, the low-energy open string sector at the singularity
is described by a supersymmetric quiver gauge theory: to each fractional brane &£, we
associate a node in the quiver, denoted by e;. The matter fields corresponds to various
quiver arrows connecting the nodes: e; —> ej. There are also interaction terms among
the matter fields, which we will discuss below.
In all cases, the fractional branes are such that:

EXtOXn(gj,gJ) :6[J. (14)

These Ext? = Hom groups are identified with vector multiplets in d = 10 — 2n dimensions;
a single vector multiplet is assigned to each node ey, realizing the gauge group U(Ny). The
other Ext’ groups (with ¢ = 1,--- ;n — 1) correspond to matter fields charged under the
gauge groups.

We should probably emphasize that, in this paper, we will be mostly interested in
the supersymmetric quiver as an abstract algebraic object, consisting of nodes, arrows and
relations. The assignment of particular gauge groups U(N7) is part of the data of a quiver
representation, and the gauge group ranks can vary depending on the physical setup (that
is, which D-branes are we using to probe the singularity). In other words, our concept of
supersymietric quiver can encode many different supersymmetric theories with the same
structure but distinct gauge groups.®

A crucial property of Ext groups on a Calabi-Yau variety X,, is the Serre duality
relation:

Extk (£1,€7) = Exty “(€5,€),  i=0,---,n. (1.5)

This corresponds to the CPT symmetry of the d-dimensional quiver quantum field theory.
Generalizing some relatively well-known results for D3-branes, it is natural to propose the
following identification of Ext groups with supersymmetry multiplets in various dimensions:

5Not all unitary gauge groups are allowed, however. Gauge anomalies provide strong constraints on the
allowed quiver ranks.



D5-brane quivers. For D5-branes on X5, we have:

Extx, (£7,€1) & er ey & X17, (1.6)

where X;; are 6d N' = (0,1) hypermultiplets in the bifundamental representation of
U(nr) x U(ny). Note that the quiver link ey —e; is unoriented since the hypermulti-
plet is non-chiral — this corresponds to the Serre duality Ext!(£r, ;) = Ext}(£7,&;) on
Xs. In this case, X5 must be an ADE singularity while the supersymmetric quivers are
extended Dynkin diagrams.

D3-brane quivers. For D3-branes on X3, we have:
EXt%Q (&1,€r) = ef —rej = Xy, (1.7)

where X;; are 4d N = 1 chiral multiplets in the bifundamental of U(n;) x U(ny), or in the
adjoint of U(ny) if I = J. The arrows are oriented. Therefore, such quiver gauge theories
are generally chiral theories. More precisely, we denote by:

dp; = dimExtx, (€7, &) (1.8)

the number of arrows from e; to ey in the 4d N' = 1 quiver. D3-brane quivers are “ordinary”
quivers (with relations), consisting of nodes and arrows, of the type most studied by both
physicists and mathematicians.

D1-brane quivers. DI-branes on Xy lead to the richer structure of 2d N = (0,2)
quiver gauge theories. Those quivers have two distinct types of arrows, corresponding to
(0,2) chiral multiplets X;; and (0,2) fermi multiplets A, respectively. We propose the
identification:

EXt%(4(€J,g]> =4 ey —r €eJg = Xy,

> (1.9)
EXtX4(5J,5[) = er---ejg = Arj.

Note that the Extk, (£,&y) = Extk,(€s,&r) by Serre duality. Thus the second type of
arrow is unoriented. This corresponds to the self-duality of the fermi multiplet in such
theories. We also define:

dj; = dim Extk, (€5, €r), d7; = dim Extk, (€. €1) - (1.10)

Here d} ; is the number of chiral multiplets from e to e, (in bifundamental representations
if I # J or adjoint representation if I = J). Similarly, d?, = d%; denotes the number
of bifundamental fermi multiplets if I # J, while %d% s is the number of adjoint fermi
multiplets if [ = J.

D(—1)-brane quivers. Finally, we may consider D-instantons on X5, which results in
a quiver with two types of oriented arrows:

EXt%(5<gJ,€[) = e —r ey = X7, (1 11)
EXt§(5(5J,5[) = ey ——-> ey = Arg. .



The corresponding N = 1 gauged matrix model contains two types of “matter” multiplets,
the chiral and fermi multiplets [49]. In this case, the quantities:

di; = dimExtk_(€7,&1) di; = dimExtk_(€7,&1), (1.12)

give the number of arrows of either types from e; to ej. We will briefly discuss these
gauged matrix models in section 4.

Elusive fractional branes. The above identifications between Ext groups and super-
symmetric multiplets in D-brane quivers are conjectures, that we may check in many explicit
computations. The practical usefulness of these identifications rely on identifying the frac-
tional branes &5 in the first place, as distinguished objects in the B-brane category on X,,.
To the best of our knowledge, this remains an open problem in general. In this note, we
will deal with simple examples where we can describe the fractional branes explicitly.

Interactions terms: product structure in the derived category. Importantly, the
D-brane quivers have interactions terms, which are encoded in superpotentials in various
dimensions. On D5-branes, the interactions are fully determined by supersymmetry, while
D3-brane quivers have a non-trivial 4d N = 1 superpotential W (X). The 2d N' = (0,2)
theories have two types of “superpotential” interactions, encoded in holomorphic functions
J(X) and E(X) [50]. The 0d A/ = 1 matrix models also have two kinds of holomorphic
“superpotentials”, distinct from the 2d superpotentials, denoted by F/(X) and H(X) [49].

These interactions terms can be recovered from the fractional branes by considering
the product structure between Ext groups. Let A denote the graded algebra Ext® for a
given set of fractional branes, where the grading is by the degree of the Ext groups. (It is
also the ghost number of the B-model.) There exists multi-products:

my : A% - A (1.13)

of degree 2 — k, satisfying relations amongst themselves, that generate a minimal A, struc-
ture.” In particular, if a € Ext®(€1, &) and b € Ext®(E, &), then ma(b,a) € Ext® (&1, &) is
the product obtained by composition. These multi-products correspond to disk correlators
in the topological B-model.

It is known that the A, structure encodes the 4d N/ = 1 superpotential of D3-brane
quivers [10, 52]. Following the same methods, we will be able to derive the 2d N' = (0,2)
and 0d NV = 1 quiver interactions.

This paper is organized as follows. In section 2, we discuss the construction of 2d
N = (0,2) supersymmetric quiver gauge theories from the knowledge the B-branes on a
CY fourfold. In section 3, we discuss triality of 2d N' = (0,2) quivers in this context, and
relate triality to mutations of exceptional collections of sheaves. In section 4, we discuss
the similar construction of 0d N/ = 1 quiver theories from B-branes on a CY fivefold. A
few complementary points are discussed in appendices.

SWhat we call F-term was called J-term in [49]. We choose this notation in order to distinguish between
the 2d and 0d interactions.
7A minimal Ao structure is an Ao structure in which mq = 0 [51].



2 Dil-brane quivers and 2d N = (0, 2) theories

Two-dimensional gauge theories with A/ = (0,2) supersymmetry are built out of three
types of supermultiplets: vector, chiral and fermi multiplets [50]. In Wess-Zumino gauge,
the vector multiplet (V, V) contains a gauge field A,,, left-moving gaugini and an auxiliary
scalar D, transforming in the adjoint of the Lie algebra g = Lie(G), with G the gauge
group.

The charged matter fields consist of chiral multiplets ® and fermi multiplets A — and
of their charge-conjugate multiplets, the anti-chiral multiplet ® and the anti-fermi multiplet
/NX, respectively. They satisfy the half-BPS conditions:

Di®=0, DiA=E(9). (2.1)

The E-potential E = E(®) is itself a chiral superfield, given by a holomorphic function of
the chiral multiplets ®. In components, the chiral superfield reads:

O =0¢+0"p, —2i07010:0 (2.2)
with ¢ a complex scalar and 1 a right-moving fermion. The fermi superfield is given by:
A=) —0TG—-2i0T0T0:\_ —OTE, (2.3)

with A_ a left-moving fermion an G an auxiliary field. The chiral and fermi multiplets are
valued in some representations Re and PRy of g, respectively. Consequently, the potential
E(®) is valued in 2R as well. The canonical kinetic Lagrangian for the matter fields is:

Ban = / d6* i+ (19D, — A_A_) | (2.4)

with D, the gauge covariant derivative, and with the trace over g kept implicit. A standard
super-Yang-Mills term can also be constructed for the vector multiplet. To every fermi
multiplet A, we also associate an “N = (0,2) superpotential” J = J(®) transforming in
the conjugate representation 9R,, such that:

Tr(EJ) =0, (2.5)
with the trace over g, Tr : Ry ® R — C. The interaction Lagrangian reads:

= - / 40+ A_J(D) — / 4+ R_J(3), (2.6)

with J the conjugate potential for the anti-fermi multiplet. This Lagrangian is supersym-
metric provided that (2.5) is satisfied. The auxiliary fields G, G can be integrated out,
which sets G = J and G = J. We then obtain the following Lagrangian for the fermi
multiplets:

oF

—hy — A
90 Yy

OF - oJ <
87(]31/4 + )\7%1/4 — A

0T 5. (27)

Liormi = —2A_0: _ + EE + JJ 4+ A_ 99



Note that there is a symmetry that exchanges fermi and anti-fermi multiplets:
A+ A, E <« J, Ew J. (2.8)

In the presence of several fermi multiplets in distinct irreducible representations, each fermi
multiplet can be “dualized” independently.®

2.1 N = (0,2) quiver gauge theory from B-branes at a CY, singularity

Systems of D1-branes at CY4 singularities engineer a simple yet rich class of gauge theories
with product gauge group:

G=]Juw. (2.9)

I

To each U(N;) gauge group, one associates an N = (0,2) vector multiplet, denoted by a
node ey in a quiver diagram. The matter fields in chiral multiplets are in bifundamental
representations N;®N ; between unitary gauge groups. To each chiral multiplet X in the
fundamental of U(Ny) and antifundamental of U(N ), we associate a solid arrow e; — e
in the quiver diagram. The matter fields in fermi multiplets are also in bifundamental
representations. To each bifundamental fermi multiplet Ay, we associate the dashed link
er- - -ey in the quiver diagram. While A7y denotes a fermi multiplet in the bifundamental
N; ® Ny of U(N;) x U(Ny), the associated link in the quiver is unoriented, reflecting
the fermi duality (2.8).” We may also have chiral and fermi multiplets in the adjoint
representation of a single gauge group U(Ny), corresponding to a special case of the above
with I = J.

To each Ajj, one associates an E-term and a J-term. Given that Aj; transform in
the bifundamental representation N; ® N, by convention, the potential Ej,, transforms
in Ny ® N as well, while the potential .Jy,, transforms in the conjugate representation
N; ® N. In other words, Ej ., is given by a direct sum of oriented paths p (counted with
complex coefficients) from ey to e; in the quiver, travelled along chiral multiplet arrows,
and Jp,, is similarly a direct sum of oriented paths p from ey to er:

1J
En,(X)= Y o/ X Xk Xk
paths p

In,(X) = Y Xy X, X,

k—1

(2.10)

paths p

where the sum is over all possible paths p and p of lengths & and %, respectively. The
numerical coefficients CI])J , cé‘] are to be given (up to field redefinitions) as part of the

definition of the A" = (0, 2) supersymmetric quiver. They must be such that the supersym-
metry constraint (2.5) holds. This means that, for any closed loop P for chiral multiplets

8See [53] for a discussion of some subtleties in this symmetry in (0,2) NLSMs.

%In practice, we still find it convenient to write oriented dashed arrows for fermi multiplets, reflecting a
choice of representation for the fermi multiplets (that is, which is A and which is A). This is because such
a choice is needed to write down the off-shell supersymmetric action.



in the quiver, we must have:

Y ¢EG=0, VP, (2.11)
p.p
p+p=P
where the sum is over all pairs of quiver paths p:ef — --- > eyand p: ey — - - — ey
based at fermi multiplets Aj; such that the closed path p + p coincides with P.

2.1.1 From B-branes to quiver

Consider a D1-brane probing a local Calabi-Yau fourfold singularity X4. Away from the
singularity, the D1-brane is described in the B-brane category as a skyscraper sheave O,
at a point p € X4. At the singularity, we expect that the D1-brane fractionates into a
finite number n of mutually-stable components:

OpZED-BE,. (2.12)

The fractional branes &, with [ = 1,---  n, are a distinguished set in the derived category
of coherent sheaves on the local CY fourfold. If we normalize the central charge of the
D1-brane to Z(O)p) = 1, the fractional branes must be such that their central charge align
at a special small-volume point — a “quiver point” — in the quantum Ké&hler moduli
space of Xy, with Z(£r) € Rsg and ) ; Z(&r) = 1. In the case of an orbifold of flat space,
X4 = C*/T, the “quiver point” is the orbifold point, where perturbative string theory
is valid, and the fractional branes are in one-to-one correspondence with the irreducible
representations of I' [1]. We will not study stability issues at all in this work. We will only
assume that we may identify (or guess) a suitable set of fractional branes. In general, there
might be many allowable sets of fractional branes, some of which give the same quiver, and
some of which give different quivers. This last possibility should correspond to field theory
dualities. We will comment on this point in section 3.
Given the fractional branes:
& € DY(Xy), (2.13)

as objects in the B-brane category, we may compute the morphisms between them. For &;
and &7 given as coherent sheaves on X4, the morphisms are elements of the Ext groups:

Ext, (€1, &), i=0,1,2,3,4. (2.14)

These groups encode massless open strings stretched between fractional branes [45]. We
should have:
Extk, (£1,€7) = Hom(£r,€5) = 61, C, (2.15)

to obtain a physical quiver. This is because Ext® is identified with the massless gauge field
in the open string spectrum. In our setup, we identify ExtO(EI,E'J) with the N' = (0,2)
vector multiplet at the node e; of the quiver.

The degree-one Ext groups are identified with the chiral multiplets in the supersym-
metric quiver:

Extk,(£,.6) & e —e; & X, (2.16)



By Serre duality, we have Ext%, (€7, &r) = Extl (€7, &), so that Ext (€1, €7) is identified
with the anti-chiral multiplets X7;. This identification of chiral multiplets with Ext!® is
well-known in the case of four-dimensional ' = 1 quivers associated to D3-branes on a
CY threefold [7, 44, 48, 54]. The new ingredient on a CY fourfold is that we also have
independent degree-two Ext groups, with:

Extk, (£7,€r) = Exty, (&1, €)) (2.17)

by Serre duality on X4. It is natural to identify these groups with the fermi multiplets Ay
in the ' = (0, 2) quiver:

EXt%L; (€7,€1) = €r---¢j < Ary. (2.18)

The self-duality relation (2.17) for Ext? correspond to the fact that fermi and anti-fermi
multiplet are indistinguishable. For each pair of distinct nodes I, J, we may pick the basis
of the Ext? vector spaces:

{a, B} € Extk, (£7,E1) {8,a} € Extk, (E1,E)), (2.19)

where o and 3 correspond to fermi multiplets A7y and A7, while & and 8 correspond to
anti-fermi multiplets A7; and A7, respectively, and such that Serre duality exchanges o
with @, and B with 3. This choice of basis is completely convention-dependent, however.
This corresponds exactly to the freedom (2.8) of labelling fermi and anti-fermi multiplets
in the supersymmetric field theory.

For I = J, Ext?(&r, &) is self-dual, and each pair of Serre-dual elements correspond to
a pair of fermi and anti-fermi multiplets A7;, A7 in the adjoint representation of U(Ny).

As a simple consistency check of these identifications between Ext groups and N =
(0,2) superfields, it is interesting to look at the product variety X4 = X3 xC, with X3 a CY
threefold singularity. This non-isolated singularity preserves N' = (2,2) supersymmetry in
two-dimension, and the 2d quiver should simply be the dimensional reduction of the N' =1
supersymmetric quiver for D3-branes on X3. Each 4d N’ = 1 vector multiplet decomposes
into one N' = (0, 2) vector multiplet and one adjoint fermi multiplet, and each 4d N' =1
chiral multiplet decomposes into one N/ = (0,2) chiral multiplet and one fermi multiplet.
In terms of Ext groups, this means that we should have:

( ) ( )
( ) ( ) @ Extx, (£1,€)
Extk, (£1,€5) = Extx, (&1,&)) ® Extk, (€1,E))., (2.20)
( ) ( ) @ Extk, (£1,€)
( ) ( )

This can be shown to be the case in general orbifolds C3/T" x C — see appendix A. Note
that (2.20) is consistent with Serre duality (1.5). One can similarly consider the decompo-
sition X4 = Xy x C?, which preserves 2d N/ = (4, 4) supersymmetry.



A comment on conventions. To avoid any possible confusion, let us note that we are
using the physicist notation for the chiral multiplets in the ' = (0, 2) superpotentials, and
the mathematical notation of composition when discussing elements of Ext®. For instance,
we have:

T € Eth(SQ,gl) , (TS Eth(gg,gg) , r-ye Eth(gg,gl) , (2.21)

where x - y = x o y. When talking about the fractional branes, we write these maps as:
&5 &S E. (2.22)

On the other hand, we have chosen the convention that Ext(£;,&r) corresponds to the
chiral multiplet X7 s, so that the direction of the arrows in the quiver are flipped: a map
&y — &1 corresponds to a quiver arrow ey — ey. In our example (2.21), denoting by X
and Y the chiral multiplets associated to the Ext group elements, we have:

e1 25 e > e3 2 U(N]) 2 U(Ns) 2 U(N3), (2.23)

where on the right-hand-side we associated a gauge group U(Ny) to each node e;. In these
conventions, we can write x - y as the matrix product XY for the chiral multiplets.

Anomaly-free condition and quiver ranks. Consider an N' = (0, 2) quiver with nodes
{er} and gauge group (2.9). For each U(Ny) factor, the cancellation of the non-abelian
anomaly requires:

1
> (diy+di; —diy) Ny+2N; (—1 +dby — 2d%1> =0. (2.24)
JAI

Here the first sum is over the chiral and fermi multiplets in bifundamental representations,
while the second term denote the contribution from the vector multiplet (with db; = 1)
and from adjoint matter. Using Serre duality, this can be written as:

b

This condition imposes constraint on the allowed ranks N; in the quiver. If we consider

4
(—1)"Ny dim Ext’y, (€7,€7) = 0. (2.25)
=0

(2

a single D1-brane, the ranks Ny should be fixed from first principle; however, the explicit
dictionary between brane-charge basis and quiver-rank basis is not always known. The
anomaly-free condition then provides a strong constraint. The solutions to (2.25), as a
linear system for the positive integers Ny, correspond to all stable D-brane configurations
at the singularity. In particular, the unique solution { N7} such that each Ny is the smallest
possible positive integer is expected to correspond to a single D1-brane. In the special case
of toric Calabi-Yau singularities, we know from [19, 21, 26] that there exists “toric quiver”
with equal ranks, Ny = N, corresponding to N D1-branes.

We should also mention that the abelian quadratic anomalies, from the U(1); factors
in U(Ny), do not vanish in general. Instead, they should be cancelled by closed string
contributions a la Green-Schwarz [1, 17, 55].
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2.1.2 A structure and N = (0, 2) superpotential

To complete the determination of the N = (0, 2) supersymmetric quiver from the fractional
branes on X4, we need to discuss the E- and J-terms (2.10). It is convenient to package
them into a gauge-invariant “(0,2) superpotential” W defined as:!°

W =Tr (A JN(X) + M E(X)). (2.26)

Here, the index I runs over all the fermi multiplets. This VW can be computed by following
the methods of [10], which studied 4d N' = 1 quiver theories on D3-branes at CY3 sin-
gularities. On general ground, the superpotential coupling constants are encoded in open
string correlation functions. Those can be described in the language of A, algebra — see
e.g. [56] and references therein.

An A, algebra is a (graded) algebra A together with a set of multiplications my :
A®F 5 A that satisfy the A, relations:

Z (_1)T+Stmn+178(a1a sy e, Mg (g, Q) sty ) =0, (2.27)
r4+s+t=n
for all integer n > 0. The first relation states that (mi)? = 0, so one can think of

my1 : A = A as a differential. The Ext group elements between B-branes, on the other
hand, generate a minimal Ay algebra, for which m; = 0.

To compute the multi-products on the Ext® algebra, we proceed as follows. Given an
A algebra g, one defines H® (g) to be the cohomology of mq. If A has no multiplications

beyond myg, then it has been shown [57] that one can define an Ay, structure on H*(A) in
such a way that there is an Ay, map:'!

f:H*(A) — A, (2.28)

with f; equal to a particular representation H® (E) < A in which cohomology classes map
to (noncanonical) representatives in A, and such that m; = 0 in the Ao algebra on H*® (ﬁ)
One can then use the consistency conditions satisfied by elements of an A, map to solve
algebraically for f1 o my.

In terms of B-branes, the algebra A is the algebra of complexes of coherent sheaves,
with chain maps between complexes. In that construction, m; is essentially the BRST
charge @ of the B-model. The “physical” open string states then live in the cohomology
H*(A), which gives us the derived category D?(X) — we refer to [48] for a pedagogical
discussion. We can identify the minimal A, algebra A = H*(A) with the Ext algebra we
are interested in.

Practically, in the examples discussed in this paper, each B-brane will be a single
coherent sheaf, which can be represented in the derived category by a locally-free resolution.

10This expression is only formal. The N = (0,2) superpotential that appears in the gauge theory
Lagrangian is the usual Tr (A;J'(X)), since superspace treats A and A asymmetrically. This formal W
first appeared in [22]. It elegantly encodes the algebraic structure of the A" = (0,2) quiver relations. This
point is further discussed in appendix C.

"That is, a family of maps satisfying certain consistency conditions [57].
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The Ext elements can then be represented by chain maps between resolutions, modulo
chain homotopies. The my products in A are given by chain map composition. The higher
products can then be computed by the procedure just described.

We elaborate on this procedure in appendix C.3, and we illustrate the computation of
the higher products, in a specific example, in appendix D. All of the other examples below
will actually have my = 0 for & > 2.

Open string correlators and A, products. Let A denote the Ext algebra associated
to a local Calabi-Yau n-fold. There exists a natural “trace map” of degree —n, which we
denote by v : A — C. Note that A is a graded algebra, with a of degree ¢ if a € Ext9.
Serre duality defines a natural pairing of degree —n:

(a,b) =~ (ma(a,b)) . (2.29)

Consider a correlation function of » boundary vertex operators a; € A on the open-string
worldsheet. In the A, language, this can be written as:

(a1---ar) = (a1, mp—1(ag, - ,a)), (2.30)

in terms of the higher-product m,_; and the pairing (2.29) [10]. Each Ext elements x € A
is dual to a “field” X in the supersymmetric quiver — see appendix C for further details.
In the case of a 2d N' = (0,2) quiver describing B-branes on a CY, geometry, we have the
Ext algebra:

A~ Ext? @ Ext! @ Ext? @ Ext® @ Ext?, (2.31)

where the summands denote all Ext groups between the various fractional branes, of degree
0,---,4. Let us denote by = € A the Ext! elements corresponding to the chiral multiplets
X, and by a, & € A the Ext? elements corresponding to the fermi and anti-fermi multiplets
A, A, as in (2.19). The coupling constants c; and cg appearing as:

cyTr(AXy -+ X))+ cg Tr(AX] -+ X)) (2.32)
in the superpotential (2.26) can be computed as the open-string correlators:
cy={axy - xp), cg=(axy---al). (2.33)

Explicit formula for the E- and J-terms. We can now spell out the precise formula
for the coupling constants appearing in (2.10). Consider a fermi multiplet A correspond-
ing to a € Ext?(£7,&;), and the charge-conjugate anti-fermi multiplet Ar; corresponding
to @ € Ext?(Er,&5). For each path p as in (2.10), we have the elements z € Ext! corre-
sponding to the chiral multiplets X. We thus have:

C}I)J — <O_4 TrKE, ka_1J> = fy(mQ(o_g, mk(.%'[[(l, iy, eTKk_lK))) ) (2'34)

for the E-term coefficients, and

Cf?‘] = (azyp, - fUL;_11> = y(ma(er, mg(@sL,, v 1)) (2.35)
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for the J-term coefficients. We can check this identification for a number of geometries
previously studied by independent techniques, and we find perfect agreement.

Last but not least, we should note that, according to the dictionary (2.34)—(2.35), the
Tr(EJ) = 0 constraint (2.11) translates into a very non-trivial relation amongst products of
open string correlators. In appendix C, we give a general argument for why this constraint
will hold for E and J defined by the A, algebra as above. In addition, we will check,
in every example below, that the condition Tr(EJ) = 0 indeed holds, thus providing
an additional consistency check on our computations. It would be interesting to also
understand the first-principle origin of this constraint in the Calabi-Yau fourfold geometry.

2.2 D1-brane on C*

To illustrate our methods, we start by considering the simplest case, X4 = C*. In flat
space, there is a single “fractional brane”, the skyscraper sheaf O,, which corresponds to
a single transverse D1-brane. Consider O, at the origin of C*, without loss of generality.
One can show that:

Ext’(0,,0,) = Ext*(0,,0,) = C, (2.36)

and
Ext'(0,,0,) 2 Ext}(0,,0,) = C*,  Ext}(0,,0,)=C". (2.37)

From this result, we directly read off the ' = (0, 2) supermultiplet content according to the
general rules. We have a single vector multiplet, 4 chiral multiplets and 3 fermi multiplets.
If there are N fractional branes at a point, all these fields are in the adjoint of a U(N)
gauge group. This reproduces the field content of maximally supersymmetric N' = (8, 8)
Yang-Mills theory in 2d, as expected. To compute the interaction terms, we will need to
describe the Ext algebra more explicitly.

2.2.1 An explicit basis for Ext®(Op, Op)

The Ext algebra can be computed from the Koszul resolution of O, which reads:

0020t S 085 0t 4 050,50, (2.38)
where:!?
A:(azyzw),
z w 0 0
y z w 0 0 O -y 0 w 0 w
p_|* 0 0 2z w O ’ - 0 —y—2 0 7 p_| ?
0O —z 0 —y 0 w z 0 0 w Y
0 0 —z 0 —y —=2 0 =z 0 —=z —x
0 0 = vy

12Here and in the following, we denote a map M : C* — C™ by an m X n matrix, so that composition of
maps corresponds to matrix multiplication (for instance, Ao B = AB).
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Let us present explicit expressions for the generators of Ext®. We will use the notation:
X} € Ext'(0p, 0p),  j=1,-- ,dimExt'(0p,0p). (2.39)

Every Ext element can be represented by a chain map between two copies of the Koszul
resolution; the actual Ext element is given by the corresponding element in its cohomology,
by the definition of Ext as a derived functor. First of all, ExtO(Op, Op) is spanned by the
single element:

(@) o? ok o* O
A A B
o -L2,0t S5 00 2,0t 24,0
Secondly, Extl((’)p, O,) is spanned by maps of the form:
o 2,0t L0 2,0t 2,0
O‘J{ ﬂl ”/l O‘J/
oLyt S0 2,0t 4,0
A basis can be obtained by taking
1 0 0 0
0 1 0 0
a = ) ) b
0 0 1 0
0 0 0 1

and demanding the diagram be anti-commutative. For example, when a = (1,0, 0, O)t, we

can take
0100
0010 001000
0000 000010
— 5 == ’ = 1) .
5=10001 "“ 1000001 ? (000
0000 000000
0000

Similarly, ExtQ(Op, Op) is spanned by maps of the form:

O Lot €, 06 B, 04

el
08 B0t 24,0

c

04
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As before, we can choose ¢ to be one of the unit column vectors with six entries, and then
make the diagram commutative. For example,

0
0 1000
1 0000
e=lol *=|oo00l" w—(OOOlOO).
0 0001
0

@) o4 0f o4 (@]
I
o220t S0 Lot A0
Here p is one of the unit vectors with four entries and 7 is such that A-p = —7 - D. For

example, when p = (0,0,0,1)!, 7 = (=1,0,0,0). Finally, Ext*(O,, ©,) is spanned by:

D C B A

(@) o

!

o

s o (@]

D C B A

(@) o s o

2.2.2 Multiplication of maps

The multiplication rule can be determined by composing these maps. For example, X § - X3
is computed by:

C B

o 2., o ol O

a s 4
@

0o Lot <06 B, 01 _A
| 8 | I
0oLyt _C 00 B0t 4, 0
with:
1000
0 0000 0-10 0 00
1 0010 000-100
1 1 1 1
= = = — _1
2=,y 0000 " loooo0o00]| " <00 0)’
0 0001 000001
0000
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0 000

0 -1 000 100 0 00
0 0 -100 0000 00O
1 1 1 1
= ) = ) = ) - 1 )7
=5 o 000 BT {o0o-100]| (0100
0 0 000 0000 —-10
0 001
from which we see that ﬁ%-a%:—cpg, and so on and so forth, so that X%-X%:—Xg.

Proceeding in this way, we find the multiplication rules:

0 X X2 X2
-X? 0 X2 X?

m(XLX) =Xt = L L (2.40)
A2 TA3 6

-X? -X2-X2 0

The product X} - X ]1 is given by the matrix element ij in (2.40). One can also compute
the products:

X Xi=-X5 X3 =X{ Xj=X],

which commute. All other products between degree-two maps vanish. This shows that the
Serre dual of X12, X227 Xg’ are X62, —Xg, XZ respectively.

One can also show that the higher products vanish in this case — that is, my; = 0 if
k > 2. Therefore, any nonzero correlation function can be reduced to one of the following;:

(X? X3 X;) =1, (X3 X5 X)) = -1,
(x3 X1 x}) =1, (X7 X3 X3) =1, (2.41)
(X3 X{ X3) =1, (X§ X{ X3) =1.

2.2.3 The C* quiver: N = (8,8) SYM

From (2.36)—(2.37), we see that the N/ = (0,2) gauge theory corresponding to D1-branes
on C* has the field content of NV = (8,8) SYM. We can also verify that the product
structure encoded in (2.41) reproduces the correct supersymmetric interactions. In N =
(0,2) notation, this theory consists of four chiral multiplets, denoted ¥ and ®, (a = 1,2, 3),
and three fermi multiplets A, (a = 1,2, 3), with the F and J terms:

E, =[%,®4], JU = Py, . (2.42)
This is reproduced by our computation, with the identifications:

»=-X], d, = (X3, X3, X{), (2.43)
for the chiral multiplets, and

Ao = (XE, X2, X3, Ao = (X3P, X2, X3) (2.44)
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for the fermi multiplets, as one can easily check using (2.34)—(2.35), and

Ey = (Aa,ma(ei, 6))) did),
]
T = (Mayma(ei, 6))) dids,

ij

for {¢;} the set of all chiral superfields — here, by abuse of notation, we identified the
quiver fields with the corresponding Fxt elements in the open-string correlators. Note that
the condition (2.5) is satisfied, Tr(E,J*) = 0. The interaction terms (2.42) display an
SU(3) flavory symmetry. On-shell, there is a larger SU(4) flavor symmetry, with (A, Ag)
sitting in the 6 of SU(4). It will often be the case that the flavor symmetry displayed by the
N = (0,2) quiver is smaller than the symmetry expected from the CY4 geometry. Those
larger geometric symmetries can be thought to arise in the infrared of the gauge theory, as
accidental symmetries [20].

2.3 Orbifolds C*/T

The next simplest class of examples are supersymmetric orbifolds of flat space. Consider
the CY, singularity C*/T', with I a discrete subgroup of SU(4). There exists one fractional
brane &; for each irreducible representation pr of I' [46]. We also denote by pr the trivial
line bundle © with the corresponding I'-equivariant structure. The fractional branes are
given by:

Er=pr®0,, (2.45)

with O, the skyscraper sheaf supported at the origin. In the following, we consider a few
examples with I' abelian, for simplicity.

2.3.1 C*/Z»(1,1,1,1)

Consider C*/Z,, where the generator of Zs acts on the C* coordinates (x,y, z,w) as:
(z,y,z,w) = (—z,—y, —z,—w). (2.46)
We have two fractional branes:
Eo=po®O,, E1=p1®0O,. (2.47)

for the trivial and non-trivial representation of Zs, respectively. The dimensions of the Ext
groups can be computed following the methods of [46]. We have:

Ext?(&,&) = C,  Ext!(&,&) =0, Ext?(&y, &) = C°,
Ext?(£,6)=C, Ext'(&,£)=0, Ext?(£1,&) = C°, (2.48)
Ext?(&,6) =20,  Ext!(&,&)=C*  Ext?(&,&5) =0, '
Ext?(£1,8) =20,  BExt'(&,&)=C*,  Ext?(&,&) =0,
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Figure 1. The C?/Z5(1,1,1,1) quiver. The index a takes the values a = 1,2,3. There are three
adjoint fermi multiplets A* at each nodes, and two sets of four chiral multiplets, A; = (A,, A4) and
B; = (B,, Bs), in bifundamental representations. The quiver arrows have multiplicities equal to
the number of distinct chiral or fermi multiplets.

Sa

with the higher Ext groups determined by Serre duality. We can also recover this spectrum
from the results of section 2.2. Let us replace X in (2.39) by a, b, ¢, d according to the
following diagram:

CC&) gljda

which encodes all possible Ext groups. From the Koszul resolution (2.38) and the fact that
the maps A, B,C, D are all odd under Zs, we see that the superscript of a and b can only
take values 1, 3, while the superscript of ¢ and d can only take values 0, 2,4, in agreement
with (2.48). This gives us the N' = (0,2) quiver indicated in figure 1.

The B-model correlation functions can be read off from (2.41). The N = (0,2) su-
perpotential 1mmed1ately follows. Let Ady, A3y, Ady, A1y, A3, A3, denote the fermi super-
fields corresponding to 04, 05, cﬁ, d4,d5, d6, respectively. Note that they are Serre dual to

2

cs, —c%, c%, dg, —d cl2 Let us also denote the chiral superfields corresponding to aj,b} by

Aj, Bj. We then have, for instance:

Tay, = Z (c3bjal) BiA; = ByAs — B3As,

- (2.49)

EA%)O = Z <C3b > B A = BlA4 - B4A1 y

and so on and so forth. It is convenient to introduce the notation:
80 ) ?1 ) A’L - (Aau A4) ) BZ - (Bay B4) P (250)

with the index a = 1,2, 3, to emphasize an SU(3) flavor symmetry. The interaction terms
are given by:

Jag, = e ByA., Jre, = AqgBy — A4B,,

Epa, = BaAs — ByAq, Ens, = ¢ AyB. .
This satisfies Tr(EJ) = 0, and it is in perfect agreement with the results of [19]. Note that,
while the Lagrangian of the theory only has an SU(3) x U(1) global symmetry, the E and
J terms of either node, taken together, fit into the 6 of SU(4), while the fields A; and B;
each sit in the 4 of SU(4). This is the sign of an enhanced global symmetry in the infrared

(2.51)

of the gauge theory, which can also be seen in the geometry.
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2.3.2 C%/Z3(1,1,2,2)
Consider C*/Z3 with the orbifold action:
(z,y, z,w) — (wz,wy,w?z,ww), w=e3" . (2.52)

As before, we denote by p; (i = 1,2, 3) the trivial line bundle with equivariant structure i,
in conventions in which pg has the trivial equivariant structure, and p; = p2. The possible
Ext groups can be organized in the following diagram:

They are of the form:

EXto(gi, 5]) = Cézg R
Eth(gi, EJ) = C2éi’j+1 D (CQ(SZ'J+2 (2.53)
Ext? (gi, Ej) = (C4(5ij (S5) (C5i7j+1 ® (C(qu_g

with ¢ defined mod 3, and the higher Ext groups determined by Serre duality. From the

orbifold weights (2.52) on the coordinates, we can determine the weights for the sheaves in

the Koszul resolution of &;. The result is:

141
1+2 1 142
(.)D 1+2 | ¢ { B |i1+2] a <)
1] — . — X — . — {7 ]).
141 ) 1+ 1
141 ) 141
142
Thus the spectrum is given explicitly by:
X1, X3, X8, X3, X3, for X =a,e k,
X3, X1, X7, X3, X3, for X =b,h,f,
XV X2 X3, X2, X2, X1, for X =c¢,d,g.

Let us denote by Ag1, A12, Agg the fermi multiplets corresponding to b3, f2, h3, respectively,
with the charge-conjugate fermi multiplets 1~X01,1~X12,1~X20 corresponding to the Serre dual
elements a%,e%, k:g; let us denote by A(l)o,A%O,Ah,A%l,A%Q,Ag2 the fermi multiplets cor-
responding to c3,c2,d3,d?, g3, 92 (dual to c3,—c3,d%, —d3, g3, —g3), respectively. We also
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Figure 2. The C?/Z3(1,1,2,2) supersymmetric quiver, with all the chiral and fermi multiplets
indicated explicitly.

denote by A;, Bj,--- the chiral multiplets associated to al, bl ... so that we have the 12

77 7 )
chiral multiplets:

Ay, A, Bs, By, E\, By, F3, Fy, Ky, Ky, H3, Hy, (2.54)

in the spectrum. The corresponding N = (0, 2) supersymmetric quiver is shown in figure 2.
We can directly compute the superpotential terms from (2.41). One finds:

JA(l)O = KoH3 — B3As, JA%l = Ay B3 — F3F5, JA%Q = FEyF3 — H3K>,
Jpz, = BsA1 — K1Hs, Jy = F3E—AiBs, Jyy = H3K, — EiF3, (2.55)
JA01 = F3H4 - F4H3 ) JA12 = H3B4 - H4B-3 ) JAQQ = B3F4 - B4F3 .

and

By =K\Hi—BiAi, Ey =ABi—FRE, By =EF —HK
Eys = KoHy— Bidy, By = AsBi— FiEy, Eys = ExFi— HiKy,  (2.56)
Eny, = K1Ey — KoEy, Ep, =A1Ky — AyKy, Ep,y = E1Ay — E2A;.

One can check that Tr(EJ) = 0. This again agrees with the results of [19]. Note that
this quiver theory has only a U(1)? (toric) flavor symmetry, though there is an expected
enhancement to SU(2)? x U(1) in the infrared.

2.3.3 C*/Z4(1,1,1,1)

Consider C/ Z4, where Z4 acts on the coordinates C* coordinates as

27i

(z,y,z,w) — (wz,wy,wz,ww), w=e1 . (2.57)
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We have four fractional branes, &, ¢ = 0,1,2,3. In this case, the weights for the sheaves
in the Koszul resolution of &; are given as follows:

142
141 142 143
(.)D t+1 | c | t+2 )| B | ¢4+3 A(.)
1) — . — . — . — |\ 7).
i+ 1 142 143
141 142 1+ 3
142

The Ext groups can be summarized by the diagram:

Here, the number attached to each arrow is the degree, and we omitted the degree-0 and
degree-4 operators from one sheaf to itself, which also survive the orbifold projection and
correspond to A/ = (0,2) vector multiplets. We can similarly compute the interaction
terms. They will be presented in section 2.4 below, after we reconsider the same quiver in
a different guise. Any other supersymmetry-preserving orbifold of C* can be worked out
similarly.

2.4 Fractional branes on a local P3

Another interesting class of examples are given by Calabi-Yau fourfold singularities X4
that admit a crepant resolution:
T X4 — X4 . (2.58)

One of the simplest such singularity is the C*/Z, orbifold (2.57), which admits a crepant
resolution as the total space of the canonical line bundle over P3:

X, = Tot (O(—4) — P3) . (2.59)

For a Calabi-Yau threefold the total space of the canonical line bundle over a Fano surface,
nice bases of fractional branes can be found in terms of strongly exceptional collections [7,
9, 15, 58, 59]. We can similarly construct a well-behaved set of sheaves on )~(4 starting
from what is known as a strongly exceptional collection of sheaves on P3. We will discuss
this procedure in section 3.3. In the rest of this section, we will just postulate the sets of
fractional branes, without further explanation.

We will discuss two distinct sets of fractional branes on (2.59), which give rise to
two distinct supersymmetric quivers. In section 3, we will show that those two quivers
are related by a field theory infrared duality, and by a mutation of the corresponding
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exceptional collections. We should emphasize that these two quiver gauge theories are only
two relatively simple examples among an infinite number of dual theories for D1-branes

probing the same CY,4 geometry. We refer to appendix B for a review of the simpler case
of a CY threefold.

2.4.1 Fractional branes and Ext algebra (I)

Consider the following strongly exceptional collection on P3:

{2°(3)[3], 2%(2)[2], 21)[1], O} = {A°Q"[3], A*Q*[2], Q*[1], O} . (2.60)

Let i denote the embedding i : P3 — )~(4. The four fractional branes are identified with
& =i (j)5] (j = 0,1,2,3), namely:

=10, & =i00)[1], & =i.Q%2)2], & =i.9%3)[3]. (2.61)

One can compute the Ext groups explicitly. One finds:!?

00014 0060
dim Ext' (&7, £7) = 3288 : dim Ext? (&7, £7) = 2883 , (2.62)
0040 0600

where I,J = 0,1,2,3. The corresponding quiver diagram for the Ext groups reads:

O3(3)[3] ———= Q%(2)[2]

C

\\ w//
6\\ //
4|d > < b|4
6~ AN
// 4 AT
o QL[]

Here the arrows stand for elements of Ext! and the dashed lines stand for elements of
Ext?, with the multiplicities indicated. This coincides with the [C*/Z4] orbifold quiver in
section 2.3.3.

Interestingly, the Ext groups fill out irreducible representations of GL(4), which are
induced from the underlying GL(4) symmetry of P3. The precise representations can be
worked out from the Bott-Borel-Weil theorem [60, 61]. The Ext! elements a, b, ¢, d
naturally span the 4 or 4’ (fundamental or fully anti-symmetric representations), while the

Ext? elements ) and A fall into 6’s (anti-symmetric representations) of GL(4).'

130ne needs to use the fact that Ext’(F[m], G[n]) = Ext'=™1"(F,G).

We refer to appendix A of [62] for a short introduction to the Bott-Borell-Weyl theorem in a related
context. For our purposes in this paper, we only wish to point out the geometric origin of the SU(4) global
symmetry in the ' = (0, 2) supersymmetric quivers to be discussed below.
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An explicit basis for Ext®. Let us compute the Ext generators explicitly.'® We take
(x4, Yi, zi) to be the coordinates on the patch U; such that the i-th homogeneous coordinate
of P? is nonzero, i = 0,1,2,3. We also take w; to be the coordinate of the fiber of O(—4)
over U;. A sheaf of the form 7.£ has a Koszul resolution:

05EM4) B E—=i,E—0.
Every state in the Ext quiver can be represented by a chain map between the corresponding

locally-free resolutions of sheaves, as follows:
Ext!(i,2(1)[1],.0) is generated by a; € C°(X, Hom! (i,Q(1)[1],7.0)):

Q(5) —— Q1) Q(5) —— Q1)
ai (—1,0,0)l (1,0,0)l as : (0,-1,0) (D,l,O)J
o4) — O o4) — O
Q(55) —— Q1) Q) —— Q1)
as : (0,0,-1) (0,0,1)l ay l(fxo,fyo,fzo)l(:vo,yo,zo)
04) —— O 04 —— O

Q2(6) ——s 02(2) Q2(6) —— 02(2)
b (300) (o) e (300)] (o00)
Q5) —— ) Q) —— 1)
02(6) —— Q2%(2) 02(6) —— Q2%(2)
e (1) oo ) b (s )| (53
Q5) —— (1) Q5) —— 1)

O(3) —— O(-1) O(3) —— O(-1)

o (7)) 1) e () (%)
QEB) — Q(-1) Q) — Q(-1)
0B3) —— 0(-1) O@3) —— O(-1)

o (3) () e () (%)
QEB) — Q(-1) QEB) — Q(-1)

151n the following, we use the notation X = X4 to avoid clutter.
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Ext!(i,0,i,03(3)[3]) is generated by d; € C3(X, Hom2(i,0,i,03(3)[3])):

o4) —— 0 o4) —— 0
dy : malyo_lzo_ll ds : %_Qyo_l%_ll
03) —— 0(-1) 0B3) —— 0(-1)
o@4) —— 0O o4) —— O
ds : xalyfzall dy xalyalzaﬂ
03) —— 0O(-1) O3) —— 0O(-1)

Ext?(i,0%(2)[2],.0) is generated by v, € C(X, Hom?(i,Q2(2)[2],i.0)):

QB) — Q(-1) QEB) — Q(-1)
Y1 (100)l (1,0,0)l Yo (0,1,0) (010)l
o4 —— 0 04) —— 0O
QB3) —— Q(-1) QB3) —— Q(-1)
Ys o (00,1 0 | i Gome00)|  Geee00) |
04 —— © 04 —— ©
Q) —— Q(-1) QB) —— Q(-1)
G5 i Gomen) | o) | Go i Oaocmw) | Oeow) |
o4) — O 0o4) — O

o4) — O o4) — O
Uy <z° y% K )l Uy - <z01y%1z01>l
QB) — Q(-1) QB) — Q(=1)
04) — O oW —o0
W : <zgly§120—1>l V) <x0 uog % )l
QB) — Q(=1) QB) — Q(=1)
04) —— O o4 — O
vh (") vh (s
QB) — Q(=1) QB) — Q(=1)

Note that, since the maps given by:
-1, -2 _— -1, -1_-2
Lo Yo Zol Lo 1y0 20 0
o 1 _ —1, —1_-2
Lo 2?/017501 ] 0 | Yo Yo <o
—2 1 _— —1, -2 -1
0 Lo 2yolzo1 Lo Yo o
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are exact, 1}, Y%, 15 can be equivalently represented by:

0 0 0
—2 1 -1
—x5 Yy 2o , 0 , 0 ,
2 1 -1 1 -2 1
0 —To Yo %o —Tgo Yo Zo

respectively.
Ext?(i,23(3)[3],4.Q(1)[1]) is generated by A, € C°(X, Hom?(i.Q3(3)[3], i Q(1)[1])):

— O(-1) O
1) ()
—  QF

3) —— O(-1) @)
) ()

I

Q) — @ Q1) — @
O3) —— O(-1) O(3) —— O(-1)

(7)) <2l (=)

QM4 — @
We denote the Serre dual of A by X, with X, € C3(X, Hom ™! (3,Q(1)[1],.Q3(3)[3])):

Q) — @ Q4) — @
AL <xalyalzal,o,o>l Ay <o,z51yalzo‘1,o>l
03) —— 0O(-1) 03) —— 0O(-1)
QM4 — @ Q4) — @
Ay <0,07walyalzal)l A <x51y52z51707o>l
03) —— 0O(-1) 03) —— 0O(-1)
Q4 — @ Q1) — @
A <zalyalza?0,0>l A6 : <0,zaly5]z52,o>l
03) —— 0O(-1) 03) —— 0O(-1)

Note that, since the maps given by (malyo_zzo_l, x62y0_120_1, 0), (:L‘glyo_lzo_2, 0, achyo_lzo_l),

2

and (0,75 y 2y 2, 2y Yo 225 1), are exact, Ny, A5, A5 can be equivalently represented by

(0, —xa2yo_lzo_1, ), (0,0, —x(;?yo_lzo_l), (0,0, —malyo_2zo_1), respectively.
Finally, Ext*(i,0, i,O) is generated by t € C3(X, Hom! (1,0, i,0)):

0(4) —— O

t: xo_lyo_lzo_ll
0o4) — O
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Ext?(i,03(3)[3],4.03(3)[3]) is generated by #' € C3(X, Hom!(i,.023(3)[3],.23(3)[3])):
03) —— 0(-1)
t walyalzall
03) —— 0(-1)

And similarly for the other two Ext* generators.

From this data, we determine the multiplication rules mo(x,y) by composition. One
finds:

o Y3 0 g X2 A1 0 N\
— 0 — A3 0 A A

ai by = V1 Y3 —yPs ’ b = 3 LA (2.63)
0 —1 —1h2 Yy 0 —X3 Mo Ag
—py —U5 —Yg O X A5 —\ O

and

AR X=X N 0
wl _wl O wl 0 )\/ )\/ _)\/

S e AU B T e I
0 ¢ by Y4 A5 =Ag 0 A3

with all other products Ext! - Ext! vanishing. (All higher products also vanish.) It is
convenient to define the basis:

(a1, a2,a3,a4) = (a3, —ag,a1,a4), (b1, bg, b3, by) = (b1, b2, b3, b4) ,
(c1,c2,¢3,¢4) = (€3, —C2,¢1,C4) (di,d2,ds,ds) = (d4, —d3, d2, —d1) .

such that the matrices (a; - bj), (b; - ¢;), (¢; - d;) and (d; - a;) are all antisymmetric. This

(2.65)

is simply a manifestation of the GL(4) symmetry mentioned above.

2.4.2 Supersymmetric quiver (I)

From the above results, we have a complete description of the 2d N = (0, 2) supersymmetric
quiver for D1-branes on the C*/Z4 singularity. The chiral multiplets are identified with
the Ext! group elements according to:

Ai = a;, Bj = bj y Ck = Cg, Dl = dl s (2.66)

with 4,7, k,l € 1,---,4, and the elements a,b,c,d defined in (2.65). As expected, the
quiver theory has an SU(4) global symmetry, with the fields (2.66) in the 4 of SU(4). The
fermi multiplets Af, ~ 1, and A7y ~ A, naturally fit in the 6 of SU(4), which we denote
by A" = AY = —AJ. We define the fermi multiplets in terms of the elements of Ext?
according to:

(A03, Ao3, Ag3, AG3, AG3, AS3) = (=1, =2, v, —t3, 15, Y6 ,

(2.67)
(A3, AL3, Afs, AT3, AT, ATS) = (= A1, =2, Ag, — A, As, Ae)

— 96 —



Figure 3. The C*/Z,(1,1,1,1) supersymmetric quiver — “theory (I)”.

and similarly for the (Serre dual) anti-fermi multiplets. The supersymmetric quiver is
displayed in figure 3. The SU(4)-preserving interactions terms encoded in (2.63)—(2.64)
take the simple form:

gkl -
EAéjg = AiBj — AjBZ‘ R EA% = BiCj — BjCZ‘ .

This satisfies Tr(E.J) = 0. It again agrees with the results of [19] for the C*/Z4 orbifold.

2.4.3 Fractional branes and Ext algebra (III)
Another interesting set of fractional branes on X4 = Tot(O(—4) — P?) is given by:

S =00, & =i0Q1), &=, &=i0-1)3]. (2.69)

Here we simply postulate this set of fractional branes, which we will further discuss in
section 3. The Ext groups between the sheaves (2.69) have a slightly more complicated
structure than in the previous example. One finds:

0400 00 04

. 00010 . 0020
dim Ext!(£7,&7) = 6000 | dim Ext?(£7,&) = 090 00l (2.70)

0040 4000

This is conveniently summarized in the following Ext quiver:
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Comparing to the Ext quiver of section 2.4.1, we see that the upper row is the same
(since Q3(3) = O(—1) on P?). We can thus identity ¢ with the elements ¢ there. All Ext
groups again form irreducible representations of GL(4). In particular, the elements b’ span
the 10 (symmetric representation) and the elements v span the 20’ (the mixed-symmetry
three-tensor).

An explicit basis for Ext®. We now turn to the explicit description of the Ext al-
gebra. Ext!(i,02%(2)[2],i.O[1]) is generated by d/, € C°(X,Hom!(i,Q%(2)[2],i.O[1])),n =
1,...,6:

QB) — Q(=1) QB) — Q(=1)
d) (—1,0,0)l (1,0,0)l dy . (0,-1,0) (0,1,0)l

o4) — 0O o4) — O

QB) — Q(=1) QB) — Q(-1)
dy : (0,0,-1) (o,o,1)l dj: (~y0,20,0) (yo,—xo,O)l

0o4) — O o4) — O

QB) — Q(=1) QB) — Q(-1)

ds : (*ZO,O,xo)l (ZO,O,fmo)l dg : (0,~20,50) (0,20, yo)l

Ext!(i,O[1],i4(1)) is generated by a; € CO(X, Hom! (i,O[1],ix(1))),i = 1,2, 3, 4:

o4) —— O 0o4) —— O
ay : 1l l—l ab zol l—xo
o) —— 0(1) o) —— 0(1)
o4) — O o4) — O
ag : yOl l—yo ail : Zol l_ZO
ObB) —— 0(1) O(B) —— 0O(1)

Ext!(i,0(—1)[3],4.0%(2)[2]) is generated by ¢; € CO(X, Hom! (i, O(—1)[3],i.22(2)[2])),
1=1,2,3,4:
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by

b

by

Ext!(i,0(1),i.O(—1)[3]) is generated by b € C3(X,Hom ?(i.O(1),i,.0(-1)[3])),1 =

..., 10:
0() —— 0(1) o) —— 0(1)
w;lyalzall by : xﬁyalzall
0(3) —— O(-1) 0(3) —— O(-1)
056) —— O(1) o) —— 0(1)
ralyazzgll by : ralyalzaﬂ
0(3) —— 0(-1) 0(3) —— 0(-1)
0B) —— O(1) o) —— 0(1)
w53y51z511 b : xalyaszo‘ll
0(3) —— O(-1) 0(3) —— 0(-1)
oB) —— 0() oB) —— 0(1)
xalyalza“”l by : @57y 2z "
0(3) —— O(-1) 0(3) —— 0(-1)
0(G) —— O(1) 06) —— 0(1)
xazyalzaﬂ bl : walyazza"‘l
0(3) —— 0(-1) 0(3) —— O(=1)
Ext?(i,0%(2)[2],i.O(1)) is generated by v, € C°(X,Hom?(i,Q%(2)[2],i.O(1))),s =
.., 20:
QEB) — Q(-1) QEB) — Q(-1)
M (1,0,0)l (1,0,0)1 Yo (0,1,0)l (0,1,0)l
o(5) —— 0(1) o(5) — 0(1)
QEB) — Q(-1) QB) — Q(-1)
V3 (0,0,1)l (0,0,1)l V4 (xo,o,o)l (mo,o,o)l
o(5) — 0(1) o(5) — 0(1)
QEB) — Q(-1) QEB) — Q(-1)
75 1 (0,0 O)l (O,xo,O)l Y6 : (OOxo)l (0,0,xo)l
obB) —— 0(1) obB) —— 01
QEB) — Q(-1) QEB) — Q(-1)
i 00| (000 | Yt (0p00) 000 |
o(5) — 0(1) o(5) — 0(1)
QEB) — Q(-1) QEB) — Q(-1)
Yo i (0.040) 0000 | Y0t (2000) (20,0)
0(5) —— O(1) O(5) —— O(1)
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Y11 ¢ (0,20,0) (O,ZO,O)l Y12 ¢ (0,0,20) (o,o,zo)l
oB) —— 0(1) O(B) —— 0(1)
QB) — Q(=1) QB) — Q(-1)
M3 - l(ov—ZS,yOZo) l(o,—zg,ym) M4 - (0,y020,~93) l(oayozov—y?))
oB) —— 0(1) O(B) —— 0(1)
QEB) — Q(-1) QEB) — Q(-1)
15 ¢ (0,2020,~T0y0) l(ovxozov—xoyo) 716 (—2.0.z020) l(%o,zozw
oB) —— 0(1) O(B) —— 0(1)
QB) — Q(=1) QB) — Q(=1)
Y17 l(wozo,ov—mﬁ) l(xozovorw%) V18 - l(yOZOO —0y0) lyOZOO —20Y0)
oG) — 0Q) 0(5) O(1)
QB) — Q(=1) Q(3) Q(=1)
Y19 - (zoyo,—x3,0) l(xoyo,fﬂc%,o) Y20 : (—43,0y0,0) l —3,%0y0,0)
oB) —— 0(1) O(B) —— 0(1)
We denote the Serre dual of v by 7/, with 7/ € C3(X, Hom(i,O(1),4.0%(2)[2])):
o) —— 0(1) o) —— 0(1)
o () i (o)
QB) —— Q(-1) QB) —— Q-1
o) —— 0(1) o) —— 0(1)
y z 821>l y <zoyogzol)l
QB3) iy—oﬁ Q(-1) QB) —— Q(-1)
0G) —— O(1) 0(5) —— O(1)
oe w5t ZO1> e : ) Olz 1)
QB) —— Q(-1) QB3) i—j Q(-1)
0G) —— O(1) 0(5) —— O(1)
" zoly(;zz()l) . .- y(:) z01>
QB) —— Q-1 QB) —— Q-1
0() —— 0(1) 0() —— 0(1)
7 : - ;22_1> Mo : (molygglzo2)
QB3) &: Q1) QB) —— Q-1
o) —— O0(1) o) —— 0(1)
T - (mglyglzﬁ) Yz : (zl 8122)
QB) —— Q(-1) Q(3) if Q(-1)
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oB) —— 0(1) oB) —— 0(1)
’7{33 ( -1 82 2) 714: ("”0_11/%220_2)
QEB) —— Q(-1) QEB) —— Q(-1)
oB) —— 0(1) oB) —— 0(1)
Vis : (zo%ozlzﬁ) Ve : ( s 81 2)
QRB) —— Q(-1) QREB) —— Q(-1)
o(B) —— 0(1) o(B) —— 0(1)
7171 (IO yog K ) ’Yis: (ZO yog o )
QEB) —— Q(-1) QEB) —— Q(-1)
o(B) —— 0(1) o(B) —— 0(1)
Yo 0 y% ° ) Yao : rozygzzOl)
QEB) —— Q(-1) QREB) —— Q(-1)

Ext?(i,0(—1)[3],i+O[1]) is generated by 6; € C°(X,Hom?(i,O(—1)[3],i.O[1])),i =

0B) —— 0(-1) 0B3) —— 0(-1)
o i e w [
o4) — O o4) — O
03) —— 0(-1) 03) —— 0(-1)
053 Yo lyo 04 20 l;;o
o4) — O 0o4) — O

o(4) —— 0 0@4) —— 0
9’1 : malyo_lzo_ll 05 : 330_2y0_1z0_1l
0@B3) —— O(-1) 0B3) —— O(-1)
04) —— 0O 04) —— 0O
Hé Zo Yo Zoll 021 Zo Yo zozl
0B3) —— O(-1) 03) —— 0(-1)

Ext?(i,O[1],i.O[1]) is generated by t € C3(X, Hom!(i,O[1],7,O[1])):
0(4) —— O

t: xo_lyo_lzo_ll
0o4) — O
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Ext(i,O(1),i.0(1)) is generated by t' € C3(X, Hom!(i.O(1),i.0(1))):

From these data, we can again compute the product rules, which are all of the form
ma(x,y) = x - y and can be obtained by composition. One finds:

6,0 0 0
0,0 0 0
6, 0 0; 0 01 0 0 6,
g, 0 0 6, 0 66 0 63
W d = 00’20,0 7 d o = 0 0 6, 64 ,
0 06530 J 0 684 —6350
00 08¢, 6y, 0 —62 0
0 6056, 0 fs —6, 0 0
00, 00,
0 0 0,06,
=71 T2 T3 Y9 — 711 Y6 — Y10 V5 — V7
d.d = 77 T T T —nr —79
v Y7 =%’ Y9  —Yu 8 Y20 7
—710 —711 —712 713 Y16 Y15 — Y18
-1~ —% _%0 0 ’Yéo 7&6 —’Yig _737 —718
c - b; _ _7% _“Yé —Vz:a —7§1 Vég (/) Vi3 /—750/ —Vé5 —734
—Y3 =Y —Yo ~Vi2 Yir Y4 0 Y5 tYs Ve —713

0 =7 =7 =7 —Y1 s ~V2 ~Y5— V7 Y6 — Vo —Y% — M1
2.4.4 Supersymmetric quiver (III)

To present the final result for the AV = (0,2) quiver theory associated to the fractional
branes (2.69), it is convenient to take advantage of the SU(4) global symmetry. Let us

introduce the chiral multiplets:
A//,L‘ _ (AlllvA//2’A”3,A//4) _ (a;, 761/%761/2770//1)7

(2.71)
C; = (C1,Ca,C3,Cy) = (3, —Ch, ¢, ¢y),

which are identified with the Ext' elements @/, ¢ as indicated. We also introduce the fields
M;j = Mj; ~ b and D;/] = —D;-/i ~ d' in the 10 and 6 of SU(4), respectively:

by —by by —by 0 —dy —d; dj
R VA YA ) a0 —d, d

M;; = /10 6/ /8 3/ , D;; = /1 , S (2.72)
) ~dy —d, —dj 0
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We define the fermi multiplets Aj; ~ 6’ and I';ji ~ v in the 4 and 20’ of SU(4), respectively.
We have:
03 = (A(1)37A(2)37A83’Aé3) = (9217 - 37957 —9/1)~ (2.73)

in terms of the Ext? elements 6. The fields I';;1 are such that:
Fijk = —Fﬁk, Gijklrjkl =0. (274)

We choose the explicit set of 20 fields:

0 =713 76 —2 0 =714 s Y
0 T 0 Yy —s

Lij1 = lj ; Lijo = 20 /8 ;
0 —o 0 7
0 0

(2.75)

0 Y5 =77 —7%6 024 Ti3a 73
0 79 7 0 T34 —5

Iijz = 19 5, ; Dija = ,2 ;
0 — 0 7
0 0

which are identified with the Ext? elements as indicated (the fields I'a31, 124, I'134, ['234 are
redundant). The supersymmetric quiver is shown in figure 4. It is convenient to introduce
the notation:

DY = %eijklpgl. (2.76)
The interaction terms for Agg are given by:
By, =-D'C, Ty = MyAT. (2.77)
The E-terms for I' read:
Er,,, = CiMj, — Cj My . (2.78)

To write down the J-terms, it is more convenient to use the explicit choice of 20 components

as in (2.75). We find:
Jr, = —A"DUif k=i or k=j. (2.79)

ijk

The J-terms of the remaining 8 fields are given explicitly by:

Trps = —APD? + A" D Jrys = —A2DY — A"1D®
Jry, = —A2D" — A™D"2, oy = —A"3DM _ 47418 -
Jrpy = —A'D* 4 A" D Iy = —ASD* — A" D '
iy = —ATDH 4 AUDB gy, = —A7DM 4 ADB.
One can check that:
4 20 o
; Te(Eni, Jui,) = = Z; Tx(Er, Jr,) = Tr (Cid5A" D) | (2.81)
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Figure 4. Another C*/Z4(1,1,1,1) supersymmetric quiver, which we dub “Theory (III)”.

and therefore Tr(EJ) = 0, as required. Interestingly, this supersymmetric quiver cannot
be realized as a brane brick model [19]. This is an example of a “non-toric quiver” (even
though the CY,4 geometry is itself toric, in this case).

Since both quiver theories (I) and (III) appear to describe the low-energy dynamics of
D1-branes at the [(C4 /Z4] singularity, we expect that these two gauge theories are related
by an infrared duality. It is indeed the case, as we will discuss in section 3.

2.5 Fractional branes on a local P! x P!

As our last example, we consider a toric singularity which is not an orbifold. Let X4 be
the real cone over the seven-manifold known as Qb!1:

SU(2) x SU(2) x SU(2)
U1) = U(1)

Xy = 0@, QU (2.82)

This singularity was also discussed in [19]. In order to describe fractional D1-branes on
X4, we will consider the following crepant resolution, the local P! x P! geometry:

X, = Tot(O(—1,-1) ® O(—1,-1) = P' x P'). (2.83)

We can construct a set of fractional branes on (2.83) in terms of a strongly exceptional col-
lection on P! x P!, similarly to the local P? example. We choose the collection {O(—1, —1),
0(0,-1),0(—1,0),0} on P! x P'. The corresponding fractional branes on the resolved
singularity (2.83) are then given by:

& =i,0, & =i0(=1,0)[1], & =i,000,-1)[1], & =i.0(-1,—-1)[2]. (2.84)

As before, i denotes the embedding i : P! x P! — X,. The normal bundle of P! x P! in
Xy is N = 0O(-1,-1) ® O(—1, 1), thus A2N = O(-2, —2), from which we can compute:

Exti(i*

(_17_1) 2]7 ) (07_1)[1]) :CQ(Silv
Ext’ (i, 1

2], 1.0
(_17 _1)[2]>i*0(_ ’0)[1]) = 2" )
Ext!(i,O(—1,-1)[2],i,0) = C%§* @ C162,

(@)
(@)
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Ext’(i.0(0, —1)[1],3.0(—1,0)[1]
Ext®(i,0(0, —1)[1],,0
Ext’(i,O(—1,0)[1],.0

Ext!(i,O(—1,-1)[2],3.0(—1, —1)[2]

C25i2 7

(CQ(;H ’

(C25i1 7

Ext (1,00, —1)[1],3,0(0, —=1)[1])
Ext’(i,O(—1,0)[1],i,0(—1,0)[1])
Ext% (1.0, 4,0) = C6° @ C6*.

)
)
)
)

(2.85)
The corresponding Ext!? quiver diagram reads:

O(=1,0)[1]
!
12
!

, 00,-ni]
/ \
0T — 2 - 0(-1,-1)[2]
—_ _4_ —_— —_— - -

where the solid lines represent Ext' elements, the dashed lines represent Ext? elements,
and the number labeling each line is the corresponding degeneracy.

2.5.1 The Ext algebra on a local P! x P!

Let us compute the A, structure satisfied by the Ext group elements. If we denote by
xo, 1 the homogeneous coordinates on the first P! and 7o, y; the homogeneous coordinates
on the second P!, then X4 can be covered by four open sets Uij,i,5 = 0,1, defined by

Uij = {z; # 0,y; # 0}.

We also define local coordinates = = x1/xo,w = xo/r1,u = y1/Y0,v = ¥yo/y1 in the
corresponding open sets, and define y;;, z;; to be the coordinates of the fibers in U;;. Thus,
we have the transition functions yo1 = wyoo, 211 = xuzgo, and so forth. We have the
following Koszul resolutions of the fractional branes:

0= 0(2,2) Q O01,1) @ 0(1,1) L) 0 i Opi o1 — 0

0— O(1,2) 4>( )
0= 02,1) M O(1,0)® O(1,0) 222 00, -1) = i, Op1, 1 (0, ~1) = 0

0_)(,)(1,1) (yoo) O@O (oo =00 )

0(0,1) ® 0(0,1) 1222 ©(-1,0) = i, Op1, 1 (—1,0) = 0

O(=1,-1) = i, Opiyp1(—1,-1) = 0

where all the bundle maps are written on coordinate patch Uyy. Every state in the Ext
quiver diagram can be represented by a chain map between two of the above complexes.
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Let us introduce the notation:

O(—1,0)[1]
| o
i O(O,Ll)[l] >
/ \
O=——— < ~O0(-1,-1)[2]
JE— _6_ - — - -

Ext!(i.0(—1,0)[1],4.0) is generated by a1, as € C°(U;;, Hom' (i,O(—1,0)[1],i.0)):
0(1,2) —— 0(0,1) ® 0(0,1) —— O(—1,0)
a : 1l (‘01 ‘Ol)l 1l
02,2) — O0(1,1)®»0(1,1) —— O
0(1,2) —— 0(0,1)® 0(0,1) —— O(-1,0)
R |
0(2,2) — O(L,)®0O(1,1) —— O
Ext!(i.0(0, —1)[1],4.0) is generated by by, by € C°(U;j, Hom! (i,.0(0, —1)[1],.0)):
0(2,1) —— O(1,0)® O(1,0) —— O(0,—1)
by 1| (39 1|
02,2) — O0(1,)»0(1,1) —— (@]

and
0(2,1) —— 0O(1,0) » O(1,0) —— 0O(0,-1)

by : u ()] o
02,2) — O0(1,)20(1,1) —— (@]

The representatives for the Ext! elements dy,2 and e 2 are given by same maps as in
a1,2 and by 2, respectively.

Ext?(i.0(—1,0)[1],3.0(0, —1)[1]) is generated by a; € CY(U;;, Hom'(i.O(-1,0),
i+0(0,-1))),i=1,2:

0(1,2) — 0(0,1)® 0(0,1) —— O(-1,0)
ay (‘g)l (o —a)l
0(2,1) — O(1,0)® 0(1,0) ——  0(0,-1)
0(1,2) — 0(0,1)® 0(0,1) —— O(-1,0)
Qg (Z)l (o O)l

0(2,1) —— O(1,0)® O(1,0) ——  O(0,—1)
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with:

(@or = (o2 =v"",  (a)is=(a)s=—u"",  (@)o3=(a)12=0.

The Serre dual elements to aq 2, denoted by 0/1’2, can be defined in the following way:
0(2,1) — O(1,0) ® O(1,0) —— 0O(0,-1)
o) (C;,)l (Ofa’)l
0(1,2) —— 0(0,1)  0(0,1) —— O(-1,0)
0(2,1) — 0O(1,0)® O(1,0) —— 0O(0,-1)

a (2] o]

0(1,2) —— 0(0,1) @ 00,1) ——  O(-1,0)
with:
(@)o2 = ()03 = ()12 = ()13 =271, (/)01 = (/)23 =0.
Ext!(i,0,i,0(—1,—1)[2]) is generated by:

02,2) — O(L,1)30(1,1) —— O

o (5] (00|
01,1 — 000 —  O(-1,-1)
02,2) — O(L,)®0(1,1) —— O

co (S)l (co)l

0o1,1) — 060 ——  0(-1,-1)
Closedness requires:
(e)123 + (c)o1z = (c)oz23 + (¢)o12-

If the two sides of the above identity were both zero, ¢ would be exact. We deduce that
one of (¢)o13 and (c)123 is £z 'u~! and the other is zero, and similarly for (¢)g23 and
(c)o12. Different choices only differ by exact terms and sign convention. In the following,

we will fix:
(c)oi2 = (¢)o13 =0, (c)ozz = (c)123 = = tu™ L.

Ext?(i,0,i,0(—1,—1)[2]) is generated by the elements Sy, - - , 4

02,2 — 0(1,)30(1,1) —— O

7|

01,1) — 00 —— O(-1,-1)
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(1 is defined by

(B1)123 + (B1)ors = o tut, (B1)123(B1)013 =0,
(B1)o12 + (B1)ozs = v tu™, (B1)o12(B1)o23 = 0.

Again, different choices do not affect the cohomology class they represent. (2, 83 and B4

are defined similarly with = 'u~! replaced by x=2u~"! for s, 7 'u~2 for B3 and z~2u 2

for B4. The Serre dual elements are given by f1,- - , 3} defined by

ol,1) —— Oa0O — O(—1,-1)

8l - 1| (D] 1|
02,2) — 01,10(1,1) —— O
oL1) — 060  —— O(-1,-1)

By : | (:2)] |
0(2,2) — 01,190(1,1) —— o
oL1) — 080  —— 0O(-1,-1)

G (5] d
0(2,2) — 01,18 0(1,1) — o
ol,1) —— Oa0O — O(-1,-1)

fii o (5] |
0(2,2) — 01,1 0(1,1) —— (@)

The generator of Ext* at each node has the following form:

Om+2,n+2)—=0(m+1,n+1)®O0m+1,n+1) —O(m,n)
¢

Om+2,n+2)—=0m+1,n+1)®O0(m+1,n+1) —=0O(m,n)
with
(t)123 + (o1 = o ™t (t)123(t)o13 =0,
(t)or2 + (t)o2s = o 1u™, (t)o12(t)o2s = 0.

It can be shown that o} is Serre dual to ag, o is Serre dual to —a; and ] is Serre dual

to 5;:

ma(a,ag) =t, ma(ah,a1) =—t, ma(Bs,B;) = dijt,
From the composition of the chain maps, one can compute the products:

mao(br,di) = By, ma(bi,d2) = B5, ma(be,di) =85, ma(be,da) =By,

(2.86)
ma(ar,e1) =By, malaz,e1) =By, ma(ar,es) =B, malaz,e2) =B,
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Figure 5. The C(Q%"!) supersymmetric quiver.

amongst the Ext! elements. In addition, this model also has non-zero higher products,
whose computation is rather more technical [10, 57]. We discuss it in appendix D. One
finds the non-zero products:

mg(di, c1,a2) = —mg(da,c1,a1) = a1, ma(dy, e, a2) = —ma(da, c2,a1) = az,

ms(er,c2,b2) = —ms(ea, ca,b1) = —ah, ms(ez,c1,b1) = —mg(er, c1,b2) = o,

and:

) _/817
my(cy, be,di,c2) = B2,
)

my my(C2,a2,€2,C1

my

) =
Cy,0Q1,€2,C 1)
V= (2.87)

my(cC1,0a2,€1,C2

my

( (
( (
( my(c, b1, dg, c1) = —f3,
(c2,b1,d1,c1) = my(c1,a1,e1,c2) = P,

with all other products amongst the Ext! elements vanishing.

2.5.2 The local P! x P! quiver

Given the above result, it is straightforward to write down the corresponding quiver gauge
theory, shown in figure 5. From the geometric structure (2.82), one would expect that the
corresponding supersymmetric quiver theory has an SU(2)? global symmetry. However,
the A, structure only preserves the minimal “toric” flavor symmetry U(1)3, which is the
apparent symmetry of the quiver gauge theory.

The N = (0,2) quiver has four pairs of chiral multiplet, which are identified with the
above Ext! elements according to:

Ay =ay, B, = —b,, Ci =c¢, Dy, = dy,, E,=ey, (2.88)

with k,n,i € 1,2. The k and n index are related to the SU(2) x SU(2) induced from
the P! x P! geometry; however, the interaction terms break this symmetry to its maximal
torus. The quiver has the fermi multiplets:

b1 = (A31,A3)) = (a1, 09) ASE = (A5, A5, AZS AZ3) = (B1, Bs, B2, B1),  (2.89)
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which are identified with the Ext? elements as indicated. From the A, product structure
discussed above, we find the interaction terms:

a1, = E2CoB1 — E1C2Bo Ey = D1C1As — DoC1 Ay, (2.90)
JA%1 = F1C1By — ExC1 By, Epy = D1C3As — DaCs Ay,

and
JA%}) =A1FE1—B1Dy, Eyn = C1BoDyCy — Co AgExCly
JAég = A1Ey — By Dy, EAég = C9B1DyCy — C1 A E1Co (2.01)
JA% = AoF1 — B1 Dy, Eyn = CoA1E5Cy — C1 By D1 Cy
JAgg = AgFs — By Do, EAgg = C1A1E1Cy — CoB1D1CY .

This satisfies Tr(E.J) = 0 and agrees with [19].

3 Triality and mutations of exceptional collections

For some D3-brane quiver theories, it was proposed long ago that Seiberg duality in the
gauge theory can be understood in terms of mutations of the underlying branes [58]. More
precisely, for a singularity X3 whose crepant resolution 5(3 is the total space of the canonical
line bundle over a del Pezzo surface By, we can construct the fractional branes on Xg in
terms of an exceptional collection of B-branes on By [6, 7, 58], and Seiberg dualities can
be realized as mutations of the exceptional collection [8]. (See appendix B for an explicit
example.)

We may consider the Calabi-Yau fourfold analogue of this setup, which involves the
singularity X4 whose crepant resolution is Xy = Tot(K — Bs), with B3 a Fano threefold
and /C its canonical line bundle. The fractional branes on X4 can be similarly constructed
from the data of an exceptional collection {€} of sheaves on Bs, in principle. In the
previous section, we considered the simplest possible example, B3 = P3. A mutation
of the exceptional collection gives another exceptional collection {£’}, and we can again
consider the corresponding A/ = (0,2) quiver gauge theory. It is natural to suspect that
the geometric operation amounts to a field theory duality between the different N = (0, 2)
quiver gauge theories. A well-studied example!® of an A/ = (0,2) gauge theory duality is
the triality of Gadde, Gukov and Putrov (GGP) [23]. We will show, in the simplest example
of local P3, that indeed mutation is triality. This obviously deserves further study, which
we leave for future work.

3.1 Triality acting on N' = (0, 2) supersymmetric quivers

Let us first review GGP triality and its action on quiver gauge theories [23]. The triality
transformation can be formulated as a local operation at a single node eg of an N =
(0,2) supersymmetric quiver without adjoint matter fields, as depicted in figure 6. The
central node eq is a U(Ny) gauge group, while the nodes ey, es, e3 realize a “flavor” group

150ther two-dimensional dualities are also known amongst ' = (2,2) and N = (0, 2) gauge theories, see
for example [63, 64].
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(a) Theory (i). (b) Theory (ii). (c) Theory (i1).

Figure 6. Triality as a local operation at a quiver node. The transformation of the interaction
terms under triality is discussed in the main text.

U(N1) x U(N2) x U(N3) from the point of view of U(Np).!” In the “original” theory, shown
in figure 6a, we have chiral multiplets ®° in the fundamental representation of U(Np), chiral
multiplets @ in the antifundamental representation of U(Ny), and fermi multiplets A,, in

the fundamental representation of U(Ny). (The flavor indices i, k,n run over i = 1,--- | Ny;
k=1,--- ,Ny;n=1,---,N3.) We must have:

2Ny = Ny + Ny — N3, (31)

to cancel the non-abelian gauge anomaly. The theory can also have non-trivial interaction
terms. Let = and X denote any additional fermi and chiral multiplets, respectively, distinct
from A and ®,®, in any larger N’ = (0,2) quiver in which figure 6a might be embedded.
We have:

E=(X,9®),  J=(X,®), EA(X,9,8), J\(X,®,9), (3.2)

which must be such that Tr(EJ) = Tr(d = E=J= + >, EaJa) = 0.

The “triality move” can be described as follows: given the above Theory (i) with gauge
group U(Ny), we obtain Theory (ii) as shown in figure 6b. The dual gauge group is U(N{))
with dual rank given by the number of antifundamental chiral multiplets minus Ngy:

N} =N;—Ny. (3.3)

The dual charged matter fields in chiral and fermi multiplets, denoted by @7, @' and A,
transform under the “flavor” group as indicated on the figure. In addition, the new theory
also contains some “mesonic fields” M¥; and T'%,,. Those fields are identified with the
following U(Np)-invariant combinations of matter fields in Theory (7):

M, = d*, 'k, = oFA, . (3.4)

Y"For simplicity, we write down a single arrow ey — e; (i = 1,2,3) for the matter fields of the U(Np)
gauge group at node ep. In general, the “effective flavor group” U(N;) at the node eg corresponds to a
combination of both quiver gauge groups and actual flavor symmetries, which may be broken explicitly by
interaction terms. We choose the slightly schematic depiction of figure 6 to avoid clutter.
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To fully specify the new theory, we need to determine the new interaction terms. Given that
the original theory has interaction terms (3.2), the interaction terms for any “spectator”
fermi multiplet = are obtained by substituting ®® = M inside E= and J=:

E=(X,M),  J=(X,M). (3.5)

In addition, the interaction terms of the new fermi multiplets A’ and I are given by:!®

E
Ey = )M, Ep. = —MF; (38(1;\.”) ’
’ (3.6)
OFp, \ ~ ~ aJ
J/: n q)n’ J/ :q)'n,@/i Nn’
N ( 9P, ) i 0P

as holomorphic functions of X, ® and ®'. One easily sees that the constraint Tr(EJ) =0
is again satisfied (given that it is satisfied in the original theory).

Theory (#ii), shown in figure 6c, is similarly obtained from Theory (ii) by the same
triality operation. The new gauge group is U(N/) with:

NI = N3 — N},. (3.7)

"

The new matter fields A}, ® ¢ and 21324 are as indicated. We also have the new mesons M’

and I'”, which are identified with the U(N/)-invariant combinations:
M"Y =3"®,, T'"=3o"\, (3.8)
in Theory (7). Applying the rules above for the interaction terms, one finds that:

0Jyp,,
o0dy,

Jpp = M) — (3.9)
in particular. This implies that IV and M’ are both massive, and can be integrated out
by imposing the linear relation Jpr» = 0. We are left with the mesons M and I'” only, as
shown in figure 6Gc.

Finally, one can check that another triality move, starting from Theory (iii), gives a
theory which is identical to Theory (i) after integrating out all the massive fields. Thus,
we confirm that the triality operation is indeed a “duality” of order three. More precisely,
this is the case if we act repeatedly on a single node of a given N' = (0, 2) quiver. If we act
subsequently on different nodes, one uncovers very rich, infinite-dimensional “triality trees”.

3.2 Triality and the C*/Z4 quiver

Let us now discuss an example of the triality operation on a full-fledged D1-brane quiver.
Consider the C*/Z, singularity with crepant resolution the local P? geometry. Two distinct
quiver gauge theories were derived in section 2.4, which we dubbed “Theory (I)” and
“Theory (III)”. They are reproduced in figure 7a and 7c, respectively.

8These transformation rules were left implicit in most of the literature. They where recently studied
explicitly in [22].
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A

4y 6

,"‘0/6 \“”.
(a) Theory (I). (b) Theory (II). (¢) Theory (III).

Figure 7. Three N' = (0,2) quiver theories describing N D1-branes at the resolved orbifold
C*/Z4(1,1,1,1). The numbers denote the multiplicities of the arrows.

From Theory (I) to (II). It is straightforward to apply the “triality operation” of
subsection 3.1 to these quiver gauge theories. For definiteness, conside “Theory (I)”, whose
field content is shown in figure 8a. The interaction terms read:

JA”- =MoLy, Jyi = €MDLA,
° (3.10)

A triality operation on the node e (lower left) leads to the quiver shown in figure 8b, with
the chiral and fermi multiplets as indicated. In particular, we have the mesonic fields M
and I, which are given in terms of the elementary fields of Theory (I) by:

M;; = DiA;, Tl = Dihs . (3.11)

By contruction, the mesons ]\AJ/U sit in the 4 ® 4 of SU(4), which decomposes into 10 @ 6.
Similarly, the fermionic fields I’ sit in the 4 ® 6 = 20 ® 4'. From the matter content
shown in figure 8b, we see that the 6 component of Mw and the 4’ components of ka
can become massive by pairing with AZ 13 and Cj, respectively. To see that this indeed
happens, we simply look at the interaction terms, which are obtained by applying the

triality rules (3.5)—(3.6). In particular, from (3.10) we find:

J

A = TR, (3.12)

which states that the antisymmetric part of MZ] is massive, and can be set to zero in the
low-energy theory. Let us denote by M;; = (Mw + M]Z) the remaining light mesons,
which span the 10 of SU(4). Similarly, it follows from (3.6) and (3.10) that the fields C;
are massive. The corresponding constraint reads:

Jw =AD" 4 ik = 0. (3.13)

M
This sets the 4’ (fully antisymmetric) component of f; ;i to zero. Let us denote by:

{F ik ) (3.14)
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(a) Theory (I). (b) Triality-transformed. (¢) Theory (II).

Figure 8. A triality move on node eq (lower left) of Theory (I) gives the quiver shown in the middle.
Integrating out the massive fields, which corresponds to cancelling fermi-chiral loops between pairs
of nodes, we obtain Theory (II).

the remaining fields, spanning the 20 of SU(4). Here and in the following, the notation
{Xijk} denotes the projection of the three-tensor X;j; with two antisymmetrized indices
onto the 20 of SU(4). We are thus left with the quiver shown in figure 8c. The interaction
terms are given explicitly by:

Tas, = BpA™, Jry = {A*FD"Y

.. (3.15)
EAfn =D iji , Epgjk = —M;;B + M. B; .

One can again verify that Tr(EJ) = 0.

From Theory (II) to (IIT). Starting from Theory (II) with the interaction terms (3.15),
we can again perform a triality operation on node ey. The process of integrating out massive
fields is similar, as depicted in figure 9. At the intermediate step (figure 9a), we have the
new mesons N and I, which are identified with the fundamental fields of Theory (I1)
according to:

Nk = Aipk 19 = AL (3.16)

We see from (3.15) that the 20 part of N couple with I” to form a mass term Jp = {NiikYy,
ij

Setting {N kY to zero, we are left with chiral fields in the 4 of SU(4), which we denote by
C};, defined such that:
Nk = ik (3.17)

Similarly, we have the following mass term for B;:

Tpig = A"FD} — 6B . (3.18)

Integrating out B;, we are left with the 20 component of f”k It is convenient to define
the new fields: ) )
Fijk - —ieiﬂn{l“l”k}, l)ZJ = iﬁzjle;;l. (319)
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AHi
-€

(a) Triality transformation on (b) Theory (III). (¢) Triality transformation on The-
Theory (II). ory (III).

Figure 9. A triality move on node e of Theory (II) gives the quiver shown on the left. Integrating
out the massive fields, we obtain Theory (IIT), shown in the middle. Another triality move on
Theory (III) gives the theory on the right, which is equivalent to Theory (I).

We then obtain Theory (III) shown in figure 9b, with the interaction terms:
= _{A/kﬁij} )
= CiMjk — CiMjk .

ijk

Jpi, = MijA”ja Jr

- (3.20)
By =-DYCj, Er

ijk
This is precisely the C*/Z4 quiver derived in section 2.4.4.

From Theory (III) to (I). Finally, we can close this triality cycle by performing a
triality operation on node ey of Theory (III). The intermediate step is shown in figure 9c.
We have the new mesons K and I'”, which are identified with the fundamental fields of
Theory (III) as:

K4 — A"k s " = AN, (3.21)
It follows from Jp,,, = —{K*7} that the 20 component of K*¥ is massive. The remaining

light fields, denoted by B;, are defined by:
K = iklpy (3.22)

Similarly, we have the term:

which gives a mass to M;; and the symmetric part of "%, If we define the new fermi
multiplets:

” 1 .0y~ g - N
A6]2 = 562]kl(A02)kl ) Alljg = —GUM(F )kl s (3.24)

we precisely reproduce Theory (I) in figure 8a, with the interaction terms (3.10).

These three N' = (0,2) quiver gauge theories are thus related by a triality cycle. Note
that the quiver ranks of Theory (I) are (N, N, N, N), while the quiver ranks of both Theory
(I) and (III) are (3N, N, N, N). In each case, this is the only rank assignment compatible
with the non-abelian anomaly-free condition. (Abelian anomalies are not cancelled; they
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are expected to be cancelled by the contribution of bulk modes in string theory.) Theories
(IT) and (III) are examples of “non-toric” quivers.

3.3 Triality from mutation — a conjecture

We expect that the triality relations of N' = (0,2) quiver gauge theories are realized in
string theory in the same way that all known Seiberg-like dualities are realized: by a
change of “brane basis”. This intuition was realized in the type IIB mirror picture in [21],
where triality was related to certain permutations of Lagrangian 4-cycles. We would like
to understand the analogous notion in the B-model.

Fractional branes from strongly exceptional collections. Following previous
work [7-9, 15], we consider the local Fano setup. We focus on Bz = P3, although we expect
that most of the following is valid more generally.'® Let us denote by E}, the sheaves on Bs.
A sheaf FE is called exceptional if ExtiB3 (E,E) =6;0C. A strongly exceptional collection:

E={E, - E} (3.25)

on Bz is a collection of exceptional objects such that?°

Extl, (Ep, E)) =0 Vi#0, Yk,  Exth (BEyE)=0 Vi, k>I. (3.26)

In particular, each sheaf in E is exceptional. To describe fractional branes, we also need our
collection to be “maximal” in some appropriate sense. Let b, = dim H"(Bs, R) denote the
Betti numbers of Bs. We call the strongly exceptional collection E complete if it contains
n = 2+bg+b4 sheaves — physically, this corresponds to the most general D-brane wrapping
the 0-, 2-, 4- and 6-cycles [8]. We have n = 4 on P3.

Given a complete strongly exceptional collection (3.25) on Bs, we propose that there
exists a good set of fractional branes on Xy = Tot(K — Bs) given by:

& =iEp_g[I], I1=0,---,n—1. (3.27)

From the strong exceptionality condition on E, it follows that the sheaves E; = E,_ 111]
are ordered such that Ext!(Ey, E;) is non-vanishing only if I = J 4 1. Thus, we have:

Eiln—1 — Esin—-2] — -+ — E,1[1] — E,, (3.28)

where the arrows denote the Ext}BB(E' . E 7) elements. The pushforward to X4 will “close
the quiver”, by adding additional Ext groups due to the contribution of the embedding.

As an example, consider the following strongly exceptional collections on P3: E; =
{Q3(3), ©%(2), Q(1), O}. The intermediate quiver (3.28) reads:

03(3)[3] -5 Q2(2)[2] -5 Q()[1] - 0, (3.29)

with the dimension of the Ext! groups indicated over the arrows. The corresponding
fractional branes were discussed in section 2.4.1.

¥Including more general local geometries, such as the local P* x P! of section 2.5.
20An exceptional collection E is such that Extp, (B, E1) = 0 for k > I, Vi. In this section, we consider
the stronger condition of strong exceptionality, following [8].
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Triality and mutations. A natural geometric operation on these fractional branes is
provided by mutations of exceptional collections [65]. Consider the strongly exceptional
collection (3.25). A mutation at position k, with k < n, is a braiding operation on the
exceptional collection:

(Ela e aEk‘aEk‘-f—l) o En) ~ (Ely e aLE Ek-‘rlaEka """ En) . (330)

k

Here, the new sheaf Lpg, F; at position k is given by a left mutation. Note that a
left mutation of an exceptional pair of sheaves (E, F') produces another exceptional pair
(LgF,E). The precise definition of LgF can be found in [65]. For our purposes here, we
just note the properties LgyF' = LgF and Lg(F[l]) = (LgF)[1] under the translation
functor.

The effect of (3.30) on the fractional branes may also be called a mutation at node
er, with I = n —k > 0. Given the ordered fractional branes (3.27), a mutation at e;
corresponds to:

(517"' ,5171,51,"' 757171) ~ (51,"' 781[71]51151(5[71)[1]7"' 781171)- (331)
Here we defined the new fractional brane:
Lgl((c:]_l) = iy (LEkEk-i-l[n_k_lD s I:n—k, (3.32)

by abuse of notation. We conjecture that mutations of a strongly exceptional collection
which preserve the strongly exceptional condition realize the field-theory triality operation
of section 3.1.2! This proposal passes some obvious sanity checks. First of all, note that
the pair (€7-1,&r) involved in the mutation has:

Ext™™ (&1, Er-1) = 6;oC™. (3.33)

According to our general rules, n, is the number of incoming arrows at node e; — in the
language of section 3.1, the number of antifundamental chiral multiplets ® under U(Ny) is
nqN 4, and we have:

Er Za, Er_1 = er Lo er—1 . (3.34)

The condition that the new collection is strongly exceptional leads to:
EXti+1(Lgl (5]_1)[1],51[—1]) = LQ(C”“ . (335)

in the new quiver.??> This means that we now have outgoing arrow from e to e;_; in
the supersymmetric quiver: e; —2 e;_;. This matches the fact that the antifundamental
multiplets are dualized to fundamental multiplets under triality (® ~» ®'). We also see that:

EXt3(5[, Ey) = EXtQ(g[[—l], Er), Eth((S[, Ey) = Eth(c‘:[[—l], Ey). (3.36)

2'While a mutation of an exceptional collection gives another exceptional collection, it is not clear that is
also preserves the strongly exceptional condition. This will be the case in our examples. See [8] for further
discussions.

*2More precisely, the dimension n, in (3.33) and (3.35) might still differ. They must actually match for
our conjecture to hold.
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These relations imply that the fundamental chiral multiplets of the original theory are
dualized to fermi multiplets (® ~» A’), and the fermi multiplets are dualized to antifunda-
mental chiral multiplets (A ~ P’ ). In this way, we elegantly reproduce the simplest aspects
of the triality, as summarized in figures 6a and 6b.

Examples. Consider B; = P2, as discussed above. For definiteness, we start from the

strongly exceptional collection:
Enr={0(-1), Q*2), 0, 0(1)} . (3.37)

The corresponding fractional branes were discussed in section 2.4.3 — they were dubbed
{&1,&, 2, E3}, where the ordering matters. The intermediate Ext! quiver (3.28) reads:

O(-1)[3] -5 Q2(2)[2] -5 o()[1] -5 0(1), (3.38)

and the full Ext"? quiver on the local CY, reads:

N e
N e
4 N N P e
10 >< 6
20// \\
e N
e 4 N
o) ol

This gives the supersymmetric quiver that we called “Theory (III)” above. Now, consider
a mutation at &, which is a mutation at the third position in (3.37), at F3 = O. It is a
well-known result that:

LoO(1) = Q1) (3.39)

on P3. Therefore, the new strongly exceptional collection is given:
E; = {0(-1), Q*(2), Q'(1), O} . (3.40)

The corresponding Ext!? quiver on the CY fourfold reads:

N 7
N e
6\\ //
4 > < 4
6// \\
4 ~
// 4 \1
O Q@ (D[]

corresponding to “Theory (I)” above. (Recall that O(—1) = Q3(3) on P3.) This matches
the field theory expectation: a mutation at & = i.O[1] should be a triality operation on
node eg of Theory (III). This indeed gives Theory (I), as explained in section 3.2.

A triality operation at node eg of Theory (I) gives theory (II). Unfortunately, we cannot
directly realize it by mutation, because & corresponds to the last sheaf in the exceptional
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collection (3.40). However, remark that Theory (I) has a Z4 symmetry that rotates the
four nodes of the quiver. Therefore, a triality at any node of Theory (I) gives Theory (II),
up to a rotation of the nodes. We can then consider any other mutation of adjacent sheaves
in (3.40) to obtain Theory (II). Consider a mutation at position 1. One can show that:

Lo-12*(2) = 0(-2). (3.41)
We thus obtain the new strongly exceptional collection on P3:
E;={0(-2), 0(-1), Q'(1), O} . (3.42)
The corresponding fractional branes are:
Ey=i.0(=2)[3], & =i.0(-1D[2], & =Y D[], & =i.0. (343)

One can again compute the Ext"? quiver. It reads:

N Ve
20 > Phd
10 > < 6
4.7 N
7 N
// 4 \1
) Q4 (1)[1]

Relabelling the fractional branes (&), &1, E5,E5) = (&1, &2, &0, E3), we precisely reproduce
the “Theory (II)” quiver shown in figure 7b.

4 D-instanton quivers and gauged matrix models

Zero-dimensional “gauge theories” — gauged matrix models (GMM) — naturally arise as
the low-energy description of D-instantons in type IIB string theory [66]. In particular,
gauged matrix models with A = 1 supersymmetry can describe D-instantons at Calabi-Yau
fivefold singularities [49].

Since 0d N/ = 1 superspace is spanned by a single Grassmanian coordinate 6, any
superfield is of the form X = z + Ay, with x, y some variables of opposite Grassmann
parity.?> The single supersymmetry is generated by Q = Jg. A generic N' = 1 GMM
can be conveniently described using three elementary supermultiplets. The N = 1 chiral
multiplet (®,®) consists of a complex boson ¢, ¢ and a fermion . In superspace, we have:

o=, D=0+ 0. (4.1)

The chiral multiplet ® has a single component, with Q¢ = 0, while the anti-chiral multiplet
® has two components, with Q¢ = ¢ and Q) = 0. The bosons ¢ and ¢ should be considered

Z3In this section, by an abuse of language, we call the Grassmann-even and Grassmann-odd integration
variables in the matrix integral the “bosons” and “fermions”, respectively.
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as complex conjugate in the matrix integral, while there is a single fermion ¢. The second
type of multiplet is the fermi multiplet A, with a single fermionic component A, such that:

A=X+0F), F)\:F)\((Z)). (4.2)

Here, the N/ = 1 superpotential F is an holomorphic function of the bosons ¢ in chiral
multiplets. Given the chiral multiplets ¢; and fermi multiplets A,, one can write the
supersymmetric action:

Se = [ 8P (@), = F(3)Falo) + %I; N (4.3)

Another quadratic action in the fermions can be written in terms of an holomorphic po-

tential H%®(¢p) = —H"(¢):
Sgr = H®() Aoy . (4.4)

This is supersymmetric provided that H®F, = 0. The third type of sypersymmetry mul-
tiplet is the gaugino multiplet, which implements a gauge constraint on field space. The
gaugino multplet V consists of two components, the fermion x and the real boson D, with:

V=x+6D. (4.5)

Given a theory of chiral and fermi multiplets with some non-trivial Lie group symmetry, we
can gauge a subgroup G (with Lie algebra g) of that symmetry by introducing an g-valued
gaugino multiplet, with the action:

Sgauge = /de (;DX - Z{X + Z¢X¢> ) (46)

with y acting on ¢ in the appropriate representation, and an overall trace over the gauge
group is implicit. Here £ is a 0d Fayet-Iliopoulos parameter. Integrating out D, we obtain:

Sgauge = N2 - waqs . (47)

where p = ¢¢ — £ (schematically), which is the moment map (minus the “level” &) of the
G action on the bosonic field space.

4.1 N =1 gauged matrix model from B-branes at a CY5 singularity

D-instantons at CY5 singularities engineer precisely such gauged matrix models with gauge
group [[; U(Ny). For each node e; in the 0d A" = 1 quiver, we have a U(N7) gaugino mul-
tiplet. The matter fields are either chiral or fermi multiplets, in adjoint or bifundamental
representations. We have thus a quiver with two type of oriented arrows: e; — ey for
chiral multiplets X7, and e; --» ey for fermi multiplets A;;. Finally, we also have the F-
and H-type interaction terms. To each fermi multiplet Aj;, we associate the element F7j,
a direct sum over oriented paths p from ey to ey, of length k:

FryX)= Y /X, Xiur - Xiy_10» (4.8)
paths p
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similarly to (2.10), with given coefficients CZI;] . In addition, to every pair of fermi multiplets
A7y and Ak, we associate the H-term action Sprsxr, which is a sum over closed loops p
from ej back to itself, which includes both A;; and Ak, in addition to chiral multiplets X:

SHIJ,KL = Z Cé(LKL T‘T(AIJ XJM1 o 'XMk—lk AKL XLNl o 'XNI@’—1I) : (49)
paths p

Note that the closed path p has length k& + &’ + 2, including the two fermions.

This quiver structure naturally arises from open strings between fractional D(—1)-
branes at a CYj5 singularity, where each node ej corresponds to a fractional brane £7. As
before, we must have:

Eth(5 (5[, 5]) =Cdyy. (4.10)

The non-vanishing Ext? elements are identified with the gaugino multiplets. The degree-
one Ext groups are identified with chiral multiplets:

EXt%{5 (&1,€r) = ef —reyg = Xy, (4.11)

in bifundamental (if I # J) or adjoint (if I = J) representations. Similarly, the degree-two
Ext groups are identified with the fermi multiplets:

Extx.(£5,61) &  er-—me; & Apy. (4.12)

By Serre duality, we also have Ext%(S(EJ,E]) = Ext%(5(51,€J) and Extg’(S(EJ,EI) =
EXt§(5(€[,(€j).

Interaction terms. The F-terms (4.3) and H-terms (4.4) also arise naturally in the B-
model. As discussed in section 2.1.2, the Ext-group generators satisfy an A, algebra with
multi-products my. Consider a fermi multiplet A;; corresponding to o € Ext? (€5,&r), and
let us denote by @ € Ext3(£;7, &) the Serre dual generator. For each path p as in (4.8), we
have the elements = € Ext! corresponding to the chiral multiplets X. We propose that:

C]I)J = <O_‘ TIKy ka—1J> = 7(m2(0_‘> mk(xffﬁ ka—lJ))) > (4'13)

for the F-term coefficients in (4.8). Similarly, consider the fermi multiplets A7y and Agr,
corresponding to o € Ext?(£;,&;) and B € Ext*(£r, ), respectively. We propose that
the H-term coefficients in (4.9) are given by:

LIKEL <anJM cexA K BTLN, TN I>
P - 1 k—1 1 ’_
P Mo (4.14)

= V(mQ(OQ m%(ijla o 7‘,1:Mk,1K7 /87 LTLN;y 7xNk/_1[))) )

with k = k + &’ + 1. We will check this prescription in some examples below. Note that
this corresponds exactly to computing the formal 0d N = 1 superpotential:

W =Tr ([\aFa(X) + AaAbH“b(X)> , (4.15)

which was recently introduced in [22].
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4.2 D(—1)-brane on C®

We can work out the very simplest case, a D(—1) brane on X5 = C°, exactly like in
section 2.2. Consider the skyscraper sheaf O, at the origin of C°. We have:

EXtO(Opa Op) = EXtE)(Opa Op) =C,
Ext!(0,,0,) = Ext*(0,, 0,) = C°, (4.16)
Ext?(0p, 0,) = Ext*(0,, 0,) = C.

Using the above dictionary to N/ = 1 superfields, this reproduces the expected field content
of the maximally-supersymmetric N' = 16 matrix model, as we will review below.

4.2.1 The Ext algebra of C®

Proceeding as before, the Koszul resolution of O, on C® reads:

050500200 S 00 E 05405 0,-0, (4.17)
where:
y z w uwu 0 0 0 0 0 O
-z 0 0 0 2z w w 0 0 O
A=(zyzwu), B=]0-20 0 -y 0 0 w u 0 |,
0 0 0 0 —y 0 —2 0 wu
0 0 0 -0 0 —y 0 —2—-w
z w uw 0 0 0 0 O 0 O w uw 0 0 0
-y 0 0 w v 0 0 0 0 O —2z 0 u 0 O
0O -y 0 —20 « 0 0 0 O 0 —z—w 0 O "
0 0 -y 0 —2z—w 0 0 0 O y 0 0 wuw O Cw
z 0 0 0 0 O w w 0 O 0O yv 0 —w O
““lo 20000 -=20wu 0| 00 y 2z 0| -
00 2 00 0 0 -2-w 0 20 0 0 u Iy
0 0 0 = 0 0 3y 0 0 wu 0O —x 0 0 —w
0O 0 00 o 0 0 vy 0 —w 0 0 —x 0 =z
0O 0 0 0 0 « 0 0 y =z 0 0 0 —x —y

Similarly to section 2.2, we choose as bases of the Ext groups the commutative diagrams
whose leftmost nonzero vertical map has 1 at an entry and 0 elsewhere. We denote them
by X;, following the same conventions. The multiplication rule is again determined by
composition. The products ma (X}, le) =X} X]l are given by:

X ox: xi o xp X
xtlo —xt X3 Xt -x
X1 x? 0 -X3 -X2 -X? (4.18)
x!| x2 x2 0 X2 _x2 )
3 2 3 6 9
Xp | X X3 X§g 0 X
X; | X2 X§  X§ Xj, 0
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The elements in this table are the products of the elements in the first column multiplied
by elements in the first row. (For example, X{ - X3 = —X?.) Similarly, we have non-zero
products ma (X}, Xf) mapping Ext! ® Ext? to Ext3, according to:

Xp X3 X3 Xp X3 Xg X7 oXx§ X5 Xj
Xtlo 0o X3 0 X3 X3 0 X3 x3 X3
X;l 0 -x3 o -X3 0 X} -X2 0 X3 X3

(4.19)
X1 x3 o 0 -X3 -X; 0 -X§ -X3 0 X3
Xi|l X35 X3 X} 0 0 0 X3 -X3 -X3 0
Xl x3oxg o x2 oXx3 X3 X3 0 0 0 0
We also find the following Serre dual elements to X?:

Xt XF X3 X§p X3 X§ X7 X X§ Xp (420)
4.20

dual: | X3, —-X§ X3 X2 -X§ X2 -X} X3 -Xx5 X}

Using the multiplication rule (and the cyclic property of the open-string correlators), we see
that any nonzero correlation function can be computed in terms the following (X3X1X1)-
type correlators:

(XPX5X5) =1, (X5X5X5) =—1, , (X§X3X;) =

wixbxh =1 kb =1 b=,
(X7X1X1) =1, (X§X5X5) =1, (XgX5X1) = -1,

(XioXaX1) =1,

and the following (X2X2X!)-type correlators

<X§X120X11> =1, <X5X9X1> = <X6X8X1> =

(X3X70X5) = —1, (XX5X5) = (XZX§X5) =

<X12X120X?}> =1, <X4X8X3> = <X5X7X3> = (4.22)
(XPXFX4) =1,  (X3X{X)) = (X3X7X)) =

<X12X6?X51> =1, <X2X5X5> = <X3X4X5> =

4.2.2 The C5 quiver: N = 16 SYM

Consider the N/ = 16 supersymmetric GMM with gauge group U(NV), corresponding to N
D(—1)-branes in flat space. Its field content can be deduced from dimensional reduction
of 2d N' = (8,8) SYM in section 2.2.3. In N' = 1 language, we have a single U(N) gaugino
multiplet, 5 chiral multiplets in the adjoint representation, and 10 fermi multiplets in the
adjoint representation. It is convenient to denote the chiral and fermi multiplets by ®,, and
Apn = —Apm, with n =1, -5, since ®,, and A, transform in the 5 and 10 of an SU(5)
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flavor symmetry. This spectrum is reproduced by the Ext groups above. We identify the

fields with the Ext elements according to X! = ¢,, n=1,---,5, and:
Xi=MX1, X=Xy, Xi=X32, Xi=Xu, XZ=\po, (4.23)
XZ=)3, X2=D)51, XZ=D)s2, Xo=Ds3, Xip=u.
The interaction terms are determined by the F- and H-terms [49]:
Fron = ¢mPn — Gndm , H™MWPE = mmPdr ¢ (4.24)

One can check that the open-string correlators (4.21)—(4.22) precisely reproduce these
interactions. Note that, to check that the H-term:

1
Sy = Eemnpqr Tl"()\mn)\pq¢r) (4'25)

is supersymmetric, we need to use the Jacobi identity for U(NV). This is equivalent to the
non-trivial condition H*F, = 0 mentioned above, which must always be realized by the
B-brane correlators.

4.3 Orbifolds C5/T

Given the above results for C°, we can easily study various N' = 1-preserving orbifolds
C®/T, where T is any discrete subgroup of SU(5).

4.3.1 C5/Zs(1,1,1,1,1)

Consider for instance C®/Zs, where Zs acts as:

27i

(z,y,z,w,t) — (wz,wy, wz, ww, wt) , w=es (4.26)

on the C® coordinates. We have five fractional branes denoted by &;, i = 0,--- ,4. The
weights for the sheaves in the Koszul resolution of &; are given by:

142 1+ 3
142 1+ 3
)+ 2 )+ 3
i1 ' " i+ 4
. 142 143 )
1+ 1 . . 1+ 4
N\ E ) D |i1+2 ]| c | i1+3]| B ) A (.
(z) = |t+1 | =1 . — | . — 1|1 14+4 | — <2>.
) 142 1+ 3 )
1+ 1 . ) 1+ 4
i 142 14+ 3 )
1+ 1 . ) 1+ 4
142 1+ 3
142 1+ 3
142 1+ 3
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(a) C°/Z5(1,1,1,1,1) quiver. (b) C*/Z5(1,1,1,1,2) quiver.

Figure 10. Examples of 0d N' = 1 quivers for orbifold singularities C?/T". The numbers on the
chiral and fermi multiplet arrows indicate their multiplicities.

We then find the spectrum:

Spanc{X?} if j =i mod5,

Ext Ei &) =
xt{cs /2 (5 £5) {0 otherwise,

Spanc{X{, X3, X3, X1, X3} if j+1=14mod5,

Extics /7.1(Ei, &) =
Xties /251 (600 &5) {O otherwise,

Spanc{X2,X2,X2,X2 X2, X2, X2, X2, X2, X2} if j + 2 =i mod5,

Ext? £, &) = )
Xtics 22 (6 €5) {0 otherwise.

The higher Ext groups are obtained by Serre duality. The correlation functions can be
read off from (4.21)—(4.22). Let us introduce the chiral multiplets:

Tier—ery1, AP e -+ erya, (4.27)

with I an integer mod 5, m,n = 1,---,5, and A7 = —A}?™. The gauged matrix model
quiver is shown in figure 10a. The interaction terms are:

AR MAT nFHm AT AP r
Fapn = @707 — @7PT HTT 7142 = €ppgr @7y - (4.28)

Note the obvious SU(5) flavor symmetry. This quiver was discussed in [49, 67, 68].

4.3.2 C5/Z3(11112)

As a last example, consider the C®/Z3 orbifold:

(z,y, z,w,t) — (wz,wy, wz, ww, w?t), w=e3 . (4.29)
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We have three fractional branes &;, i = 0,1,2. The weights for the sheaves in the Koszul
resolution of &; are:

{ 1+1
{ 1+1
p+ 2 i+ 1
i+2 o o i+2
i+1 ! ! i+ 2
N\ E ) D 1+2 | ¢ 141 B i A /.
<z>—> t+1 | — . — | . — | i+2 —><z>.
. 1+ 2 i+1 i
i+ 1 . . 142
i i
11 -
o i+2 i+1 r
1+ 2 i
v+ 2 i
The spectrum consists of:
Spanc{ XV} if 5 =4 mod 3
0 . ) — C 1 )
EXt[@/ZS](g“EJ) B {0 otherwise,
0 if j =7 mod 3,
Exties 7, (€, &) = { Spanc{X3, X3, X{, X}} if j +1 =i mod 3, (4.30)
Spanc{ X1} if j+2=1imod 3,
Spanc{ X%, X2, X3, X2} if j =4 mod 3,
Exties ) (i, €5) = if j+1=4imod 3,

Spanc{ X2, X2, X2, X2, X2, X3} if j +2 =14 mod 3.

The corresponding 0d N' = 1 quiver is shown in figure 10b. The correlation functions can
be read off from (4.21)—(4.22). Taking advantage of the residual SU(4) flavor symmetry,
let us introduce the chiral multiplets:

X! xott
Ar ref —er_q, B} e —— er41, (4.31)

with a =1,---4, and I an integer mod 3. Similarly, we define the fermi multiplets:

A?b teg —/\(ilﬁﬂ—) er—1, =7 cer —)\ail’l—> er, (4.32)
where the Ext! elements A\, = —Anym are defined as in (4.23). In this notation, the
interaction terms read:

FAf;b = B(IlB?—O—l - B?B[Il—l-l J Fzy = —A1Bj 4,
Heg ne = ~Capea B, Hpob ze = €abed BY_1 (4.33)

Hpab pet = €abedAr11 -

Many more NV = 1 matrix models can be worked out in this way. It would also be instructive
to study fractional branes on local Fano fourfold varieties, such as the resolution of the
C5/Zs5(1,1,1,1,1) to Tot(O(—5) — P*). We leave this and many other related questions
for future work.
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A Dimensional reductions

Fourfolds versus threefolds. Let X be a Calabi-Yau orbifold [X./G] of complex di-
mension 3, with a set of fractional branes {&;} supported at a point p € X, a fixed point
of the G-action. Let N3 denote the normal bundle N, x.

Let us build another Calabi-Yau orbifold ¥ = C x X, which again has an isomorphic
set of fractional branes {&;}, supported at © = {0} xp € C x X, of codimension four. Let N
denote the normal bundle to x in Y, and pg the structure sheaf with trivial G-equivariant
structure. Then,

N = po® N3,
AN = po® N3 @® A2N3 = N3 @ AZN3,
AN = po @ A2N3 @ A3N3 = A2N3 @ A3N3,
AN = pg @ N3Ny = A3N3.

We then have:

Ext{ (&, &) = H(x, pf ® p;)°
= Ext% (&, &),
Exty (€, &) = H (2, p} © p; ® N)* = H(x,p{ ® p; @ (po & N3))“
= Ext% (&, &) @ Bxtk(5,&)),
Exti (&, &) = H'(x,pf @ pj @ N°N)® = H'(x,p; @ pj @ (N3 ® N*N3))“
= Ext%(&,&) @ Ext¥(&,&),
Exty (&, &) = H(x, pf ® p; @ A*N)S = H(x, p ® pj @ (N N3 & AP Ny))“
= Ext%(&,&) ® Ext%(&,&),
Exty (€:,€) = H(x,p; @ pj @ N'N)? = H(z,p} @ pj @ A*N3)®
= Ext%(&,&)).

This directly confirms (2.20) in the case of an orbifold singularity. We conjecture that it
holds more generally.

Fourfolds versus twofolds. Similarly, we may consider X a Calabi-Yau orbifold [X./G]
of complex dimension 2, with a set of fractional branes {&;} supported at a point p € X, a
fixed point of the G-action. Let Nx denote the normal bundle N,/ x. Let us build another
Calabi-Yau orbifold Y = C? x X, which again has an isomorphic set of fractional branes
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{&;}, supported at x = {(0,0)} xp € C%x X, of codimension four. Let N denote the normal
bundle to z in Y, and pg the structure sheaf with trivial G-equivariant structure. Then,

N = pj ® Nx,
NN = po® po ® (po ® Nx)®? @ A’ Ny = po ® N3? @ A®Ny,
AN = po® po® Nx @ (po @ A’Nx)¥? = Nx @ (A°Nx)¥?,
AN = po® po® A2’Nx = A’Nx.

We then find:
Exty- (&, &) = H(x, pf @ p;)©
= Ext% (&, &),

Exty (&, &) = H(x, p; @ pj @ N)¥ = H'(x, p; ® p; @ (p§ & Nx))©
= Ext% (&, &) @ Ext% (&, &) @ Extk (&, &)),

Exty (&, €5) = H(x, pf ® p; @ N’N)S = H(x, p} ® pj @ (po @ (Nx)®* & A’ Nx))“
= Ext% (&, &) @ Extk (&, &) @ Extk (&, &) @ Ext% (&, &),
Exty (£, &) = H(x,p; ® pj @ N*N) = H(x, p} @ p; ® (Nx @ (A*Nx)®?))¢

= ExtL (&, &) @ Ext% (&, &) @ Extk (&, &)),
Ext (&, &) = HO(x,pf @ pj @ A*N)C = HO(z, pi @ p; @ A\*Nx)®
= Ext%((&-,gj).

This decomposition corresponds to the dimensional reduction of a 6d N’ = 1 quiver theory
(or, equivalently, of a 4d N/ = 2 theory) to 2d, giving rise to an N’ = (4,4) quiver theory.
Each N' = (4,4) vector multiplet splits into one N' = (2,2) vector multiplet, two chiral
multiplets and one fermi multiplet. Each N = (4,4) hypermultiplet splits into two chiral
and two fermi multiplets. This is precisely the decomposition seen here.

B Fractional D3-branes on a local P?
Consider the well-known case of fractional D3-branes on the Calabi-Yau threefold:
X3 = Tot(O(—3) — P?), (B.1)

which is a crepant resolution of the orbifold singularity X3 = C3/Z3. The corresponding 4d
N =1 quiver gauge theory is very well studied — see e.g. [2, 3, 58, 69]. In this appendix,
we review this 4d N’ = 1 quiver using the B-brane language. This will help to illustrate,
in a more familiar context, the tools that we similarly use to study D1-brane quivers.

B.1 Fractional branes and supersymmetric quivers

Let us discuss two particular sets of fractional branes. Below, we will see how they are
related by mutation of exceptional collections, providing a geometric realization of Seiberg
duality [58].
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B.1.1 A first set of fractional branes: theory (I)

Fractional branes on the resolution (B.1) can be constructed from the data of a strongly ex-
ceptional collection on P2, as in section 3.3. Let us first consider the exceptional collection:

E;= {92(2)7 Ql(l)v O} : (B2)
The corresponding three fractional branes on 5(3 are:
S =100, & =i D[], & =1i.0%2)2, (B.3)

where 7 is the inclusion from P? into )~(3.

Let zg, 21, 22 be the homogeneous coordinates of P? and U; be the open set in which
z; # 0. Denote the local coordinates in U; by (x;,y;) and the coordinate of the fiber of
O(-3) in U; by w;. We have w; = :cgwo, Wy = ygwo = y3wi. In the following we will take
Koszul resolutions:

0— Ok +3) 2% O(k) = i,0p2(k) = 0
0— Qk+3) 2% Q(k) — ixQp2(k) = 0.

It is straightforward to compute the Ext groups themselves. The Ext! quiver reads:

i-0(=1)[2]
i,O : i (1)

A basis of the Ext groups can be chosen as follows:
Ext!(i,0,i,0(-1)[2]) is generated by a; € C?*(Hom (i, O,i,0(—1)[2])):

1]

03 — O

0(2) —— O(-1)

1 1
M= e mT e =g
Ext!(i.Q(1)[1],4.0) is generated by b; € C°(Hom! (i,Q(1)[1],4.0)):
Q4) —— Q1) Q) —— Q1) Q4) —— Q1)
bii o) | Cacw | b 10 10| b ©-v)| o
o3 — O 0o3) — O o3 — O
Ext!(i,O(—1)[2],3.Q(1)[1]) is generated by ¢; € CO(Hom! (i,O(—1)[2],7.Q(1)[1]))
0(2) —— 0O(-1) 0(2) —— O(-1) 0(2) —— O(-1)
T
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B
(a) C*/Zs quiver. (b) A Seiberg dual quiver.

Figure 11. The C3/Z3 quiver and a Seiberg dual. The arrows A, B,C and A’, B’ each have
multiplicity 3, while the arrow M has multiplicity 6.

The generator of Ext3(i,0,4,0) can be chosen to be t € C?(X,Hom®(i,0,i,0)) with

oy = —— .
ZoYo
One can then compute:
v(ma(ai, ma(bj, cx))) = € - (B.4)

Note that there is a GL(3) symmetry inherited from P2, and a corresponding SU(3) flavor
symmetry in the N' = 1 gauge theory.

The N = 1 quiver gauge theory is the one shown in figure 11a, with a gauge group
U(N) x U(N) x U(N). The bifundamental chiral multiplets A;, B;, C; correspond to the
Ext! elements a;, b;, ¢;, and the product structure (B.4) leads to the N” = 1 superpotential:

W = Tr(eijkAiBjCk) . <B5)
This quiver can also be obtained by orbifold projection from 4d N = 4 theory [2, 3].

B.1.2 A second set of fractional branes: theory (II)
Consider another strongly exceptional collection on P?:
E;r ={0(-1), 0,0(1)}. (B.6)

The corresponding fractional branes are:

& =1, 0[1], & =14,.0(1), & =11, 0(-1)[2]. (B.7)
We repeat the same analysis as before. The Ext! quiver reads:

=0(=1)[2]
o &

3 6

i»O[1] j’ i»O(1)

The corresponding N' = 1 quiver is shown in figure 11b.
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Ext!(i.0(—1)[2],i.O[1]) is generated by a: € C°(Hom®(i,O(—1)[2],,O[1])):

02) —— 0(-1) 02 —— 0(-1) 02 —— 0(-1)
al -1 1l ay —xol wol ay:  —wo yol
o3) — 0 o3) —— 0 o3) —— 0

Ext!(i.O[1],i.0(1)) is generated by b; € C°(Hom! (i, O[1],,0(1))):

03) — O 0o@3) — 0O 0o@3) — O
by : —1l ll bl —zol xol by —0 yol
0H4) —— 0(Q1) OH4) —— 0Q1) 0oH4) — 0Q1)

Ext!(i,0(1),i,0(—1)[2]) is generated by d’, € C2(Hom™(:,0(1),i,O(—1)[2])):
O(4) —— 01)

d;l

02) —— 0(-1)

1 1 1
dll — B d/2 — 72 5 dé — T 3
ZoYo oYy ZyYo
1 1 1
dy= s, di=——, dy=—.
z3y3 ° T adyo 2oy

The field theory is shown in figure 11b. The fields A, B" are both in the 3 of the SU(3)
flavor symmetry, while the fields M;; = M;; span the 6 of SU(3). They are identified with
the Ext! elements according to:

dy dy dy
At=q;,  Bi=b;, My=|dydid,|. (B.8)
dy dy dg
One can then derive the superpotential:
W= A"M;;A7 . (B.9)

Moreover, due to the non-abelian anomaly-cancellation condition, the gauge group must
be U(2N) x U(N) x U(N). This is also what is obtained from the usual rules of Seiberg
duality.

B.2 Seiberg duality as mutation

The two N = 1 quiver theories of figure 11 are related by a Seiberg duality on node eg.
Consider for instance the “Theory (I)”. A Seiberg duality at node eg reverses the arrows
A; and B; while generating the new mesons ]\Zj, with the identification ]\Ajij = A;Bj across
the duality. The superpotential dual to (B.5) reads:

W = 9% M0 + A'M;BY . (B.10)
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This contains a mass term for C; and the antisymmetric part of ]\7[,” Integrating those
fields out, we are left with “Theory (II)”, including the superpotential (B.9).

Similarly, if we start from Theory (II) and perform a Seiberg duality at node eq, we flip
the arrows A%, B/, and generate the dual mesons N¥ = A"B'J with the superpotential:

W = M;;N7' + B;N" A; . (B.11)
Integrating out the massive fields — M;; and the symmetric part of N i — we recover
Theory (I) and (B.5), with the identification N = —F (.

Mutation of exceptional collection. It was proposed in [58] that Seiberg duality could
be realized as mutation on exceptional collections of sheaves. Start with Theory (II) and
the corresponding exceptional collection E;; (B.6). Using the left mutation:

LoO(1) = Q(1) (B.12)

on P2, we see that a left mutation of the collection E;; at the second sheaf precisely gives
the collection E; in (B.2):

{0(-1), 0,01)} ~ {0O(-1), Q'(1), O}. (B.13)

Therefore, the Seiberg duality at node ey of Theory (I) is indeed realized by a mutation
of the underlying sheaves. This observation has been generalized to a number of other
cases [8].

C A, structure and N' = (0,2) quiver

In this appendix, we discuss the Ay, structure of the Ext® algebra, and how it is related to
the structure of the N” = (0, 2) quiver. This discussion is a straightforward generalization of
a similar discussion for 4d N = 1 quivers by Aspinwall and Katz [10]. See also [51, 68, 70].

C.1 An algebraic preliminary

Let V be a graded vector space, and let T'(V') be the associated graded tensor algebra:

oo

T(V)=Even. (C.1)

n=1

Let d be an derivative operator of degree 1 acting on T'(V'), satisfying the graded Leib-
niz rule:

d(A® B)=dA® B+ (-1)Y4A®dB, (C.2)
with A, B € T(V), and | A| denoting the degree of A. We also require that:
d?=0. (C.3)

Using the Leibniz rule, the action of d on T'(V') is determined by its action on V itself. Let
us decompose d as:

dl, =di+dy+---, with  dy: V — V&, (C.4)
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Let V[1] denote the vector space V' with all degrees decreased by one, and let s : V — V1]
denote the corresponding map of degree —1. Given this data, we can define an A, algebra
A as being the dual of V[1]:

A= (VQa)*, (C.5)

together with the multi-products:
my @ A®F 5 A (C.6)

given by the dual of the map s®¥-dy s~ : V[1] — V[1]®*. The nilpotency condition (C.3)
is equivalent to the following A, relation on the multi-products:

(=) mn A% @m©1%) =0, ¥n >0, (C.7)
r4+s+t=n

where the sum is over all 7, > 0, s > 0, such that r + s+t = n [51].

C.2 Ext algebra and N = (0,2) quiver
In our physical setup, the vector space A is spanned by the various Ext’ groups (i =
0,---,4) among the fractional branes on a CY, singularity. Schematically:

A = Ext @ Ext! @ Ext? @ Ext® @ Ext?. (C.8)

The grading of A is given by the degree i of Ext!. Any z € A of degree ¢ is associated
to a local vortex operator in the B-model, with the degree identified with the ghost num-
ber. Given z € A, let z(!) denote the corresponding one-form descendant. The one-form
operators can be used to deform the B-model according to [10, 70]:

S S+> Ziz. (C.9)

The coupling Z; is identified with a “quiver field” in the space-time (D1-brane) theory.
Note that Z; has degree 1 — ¢; if z; has degree ¢;. The quiver fields are elements of the
vector space V, in the notation of subsection C.1.

Let us denote by z € A the Serre dual of z € A, with the Ext algebra A given by (C.8).
Let us then choose a basis of A according to:

{zi} ={e0, za, ar, ar, Ta, €0}, (C.10)
with:
eo € Ext’, =z, € Ext', aj,a;€Ext?, Z,cExt®, e e Ext’. (C.11)

As discussed in the main text, the choice of basis for Ext? is arbitrary. Any given choice
introduces a distinction between the elements o and the Serre dual elements &, which is a
matter of convention.

The dual vector space V spans the “quiver fields”. We choose a basis of V:

{Zi} ={e, Xa, Ar, AT, X% ¢}, (C.12)
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dual to (C.10). The element e correspond to the vector multiplets, while X, and A;
correspond to the chiral and fermi multiplets, respectively. Note the degrees:

e X, Aj Al X« €
degree: |1 0 -1 -1 -2 -3

In particular, the chiral multiplets have degree 0. Given this explicit basis of V', we define
a derivative d as follows. First, let us introduce the N' = (0,2) “superpotential”:

W=Tr (A @ J(X)+ A ® E(X)), (C.13)

with Jr(X) and E7(X) some arbitrary functions of the chiral multiplets X,. This W is an
arbitrary gauge-invariant function of degree —1 that is independent of e, except that we
need to impose the constraint:

Tr(E; @ JN) =0. (C.14)

Let us also define the derivatives: oW
oW = C.15
wW=3 X, (C.15)

by left derivation on W — that is, we use the cyclic property of the trace to write (C.13)
with X, on the left, and the derivative with respect to X, is defined as the sum of all
possible forms of W with X, in front, with X, removed. Given the superpotential, we
define the degree-one derivative d on V as:**

de=-e®e,

dX, =X, ®e—e® X,,
dA[:E[(X)—A]®€—€®A[,

_ _ _ C.16
dA = J(X) - A ®e—ex A, (C.16)
dX* =0V -e@X*+X*®e,
de=X"0X, - X, X+ AN @A +A; 0N —e@e—e®e.
By direct computation, one can check that d2 = 0. The relations:
d?e =0, d’x, =0, d?A; =0, d?A =0 (C.17)
are obvious.?” The key relation is:
d’X* =0, (C.18)

which holds true if and only if the non-trivial constraint (C.14) is satisfied. This is nothing
but the requirement that the N' = (0, 2) superpotential be properly supersymmetric. Since
we explicitly displayed a nilpotent derivative d on the vector space V spanned by the quiver

24This is the analogue of equations (30) and (39) of [10].
25To check the last two relations, one uses that:

dF(X)=F(X)®e—e® F(X),

for any degree-zero holomorphic function F(X), which follows from the second line in (C.16).
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fields, it follows from the general discussion above that the multi-products my acting on

the Ext vector space A satisfy the A relations (C.7). In this way, we see clearly that the

A relations on a CYy are intimately related to the supersymmetry constraint (C.14).
We should also note that the differential d defined in (C.16) has:

di =0, (C.19)

where dj, is defined as in (C.4), if and only if the potentials E; and J! do not contain any
linear terms in X,. In such a case, we have m; = 0 in the dual Ext algebra, which gives us
a minimal A, structure. Linear terms in E; or J! are mass terms, and the corresponding
fields can always be integrated out, as discussed in examples in section 3. Therefore, (C.19)
always holds for the low-energy quiver.

Similarly, we see from (C.4) that there exists non-zero higher products my for k =
2, -+ kmax, wWith kpax the highest order in the fields X, that appear in the potentials F7,
JI. In the simplest case when Ej, J! are all quadratic in the chiral multiplets, we have
my = 0 for £ > 3, and the Ay, algebra reduces to an associative algebra with a product
given by mag.

C.3 General procedure to compute the higher products

Let us discuss in more detail the procedure to compute the higher products of the Ext®
A algebra [10], which we outlined in section 2.1.2. Consider an A, algebra A and the
A, map:
fiH*(A) = A. (C.20)
Let the first map:
fi=i:H*(A) — A, (C.21)

be the inclusion map defined by picking representatives of cohomology classes, and let
d =my : A — A denote the differential on A. The first A, constraint on the maps fx
reads:

ioma(a, B) =i(a) o i(B) + dfa(a, B) .

We can compute i(«) o i(3), and use the result to define ma(c, 5) and fa(a, §). The next
A constraint is of the form:

ioms(a,8,7) =
f2(aam2(57/y)) - f2(m2(aaﬁ)’7) +Z(O[) 0 fQ(B’fY) - fg(()é,,ﬁ) OZ(’Y) +df3(0&,5,’7).

Using the previously-computed mso and fa, this expression allows us to compute ms and
f3. Proceeding inductively in this fashion, one can construct mj and f to any order k.

D Higher products on a local P! x P!

In this appendix, we spell out the computation of the higher products on the local P! x P!
geometry of section 2.5, using the procedure summarized in appendix C.3.
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Consider the Ext element representations discussed in section 2.5.1. From the compo-
sition of the chain maps, one finds the products:

ma(by,di) = By, ma(br,d2) =By, ma(ba,di) =Py, ma(be,da) =P},

(D.1)
mao(ar,e1) = By, malag,e1) =By, moar,ex) =By, ma(az, e2) = fFy.
It follows that fao(b,d) = fa(a,e) = 0. Define the 1-cochains A and § as follows:
Nor = Noz =Nz =N12=N13=0, (Naz=z""u"',
(0)os = (6)12 = (6)23 =0, (6)or = (6)o2 = —(8)og =u """
One can compute
dl'clzd)\l, dl‘CQZdAQ,
d2-62:d51, d2-62:d52,
where the chain maps are defined by
—-A 0
A = 0,—A\ Ay = A0
1 <O>(7 )7 2 <_)\><7)7
) 0
1 <O>(7 )7 2 <_5>(7)7
between the corresponding complexes. This implies ma(d, ¢) = 0 and:
di,c1) = =M, di,c0) = — Ao,
Ja(di,c1) 1, fa(di,e2) 2 (D.2)

fa(da,c1) = =01, fa(d2,c2) = =02
Similarly, one can show:

cr-ap =dM\, co-a1=d\,

cl-agzdél, 02-a2:d52.
Thus, ma(c,a) = 0 and:

faler,a1) = =1, fa(ea,a1) = =)z,
fa(cr,a2) = =01,  fa(c2,a2) = —02.

Plugging these results into the A,, map constraint:

imz(d,c,a) = fa(d,ma(c,a)) — fa(ma(d,c),a)+d- fa(c,a) — fa(d,c) - a+ dfs(d,c,a),

we get:
mg(di,c1,a1) =0, ms(dy,c1,a2) = ai,
ma(di,c2,a1) =0, mg(di, c2,a2) = g, (D.3)
mg(de, c1,a1) = —a1, ms(da,c1,a2) =0,
mg(dg, c2,a1) = —az, m3(da, c2,a2) =0.
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Similarly, if we define 7 and 6 by:

(Mor = (Moz = (N3 = (123 =0, (o2 = (T2 =a""u"",

(0)o1 = (0)o2 = (0)12 = (0)23 =0, (0)os = ()13 =—a"",

faler,c1) =71,  faler,e2) =72,
falea,c1) =01,  fa(ea,c2) = b2, (DA)
fa(er,b1) = =11, fa(co,b1) = —72,

( )

fa(cr,b2) = =01, fa(ca,b2) = —02,

where:

Plugging these results into:

ims(e, ¢,b) = fa(e,ma(c, b)) — fa(ma(e, ¢),b) + e fa(c,b) — fale, ) - b+ dfs(e, ¢, b),

we get:
m3(61,01,b1) = 07 m3(€1,61,b2) = _Oél )
ms(er, c2,b1) = 0/» mg(e1,c2,be) = —aj, (D5)
ms(es, c1,b1) = oy, ms(ez, c1,b2) =0,
m3(627627b1) :06,2, m3(627027b2) =0.

This completes the computation of the three-product mgs. As a consistency check, one can
verify that the mo and mg just computed satisfy the relevant A, relations.

By the same procedure, we could also find the my4 product, while the higher products
vanish. We can use various short-cuts to the correct answer, however. For instance, we can
impose Tr(EJ) = 0 in the gauge theory quiver, which is equivalent to imposing the A
relations. This leads to the result (2.87) for the my products amongst the Ext! elements.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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