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The initial value problems for the nonlinear modulation of dispersive waves are
investigated by virtue of the method developed by Zakharov and Shabat. It is studied
in general how the modulated waves evolve to decay into solitons moving with their re-
spective speeds or to form the bound state of solitons. The perturbation analysis is ap-
plied to investigate the condition for the bisymmetric decay of modulated waves into
moving solitons. As a special example, the initial condition of a hyperbolic function type
is considered in details. The numerically computed solutions are also shown.

§ 1. Introduction

It is well known that the self-modulation of one-dimensional waves in

nonlinear dispersive systems can be described by the so-called nonlinear
Schrédinger equation,1)~4)

tuy=potge+q|u|?u, ©)

where subscripts # and x denote partial differentiation with respect to # and
x, respectively. If pg<0, a plane wave in this system is stable for the modu-
lation and, otherwise, is unstable. Especially in the latter case there exist
special families of solutions, which are called envelope solitons and show
various interesting phenomena.?):5 In this paper we confine ourselves to

the case pg>>0. Without loss of generality p and ¢ may be put equal to 1/2
and 1, respectively:

z'utf:(l/2)ux$+l u 2. (1)
A solitary wave solution of Eq. (1), S(x, #), is represented by

S(x, £)=Asech (Ax)exp(—iA42/2). 2)
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Initial Value Problems of Nonlinear Schridinger Equation 285

Since Eq. (1) is invariant under the Galilei transformation,

x'=x—Vt, =t

3
u'(x', ¢ )=exp((Vx—i V2 2u(x, ¥), ©)
we find that the function,
u=Asech[A(x— V)|exp[—iVx4i(V2—A2)¢2], 4)

is also the solution of Eq. (1). The solution (4) represents the soliton moving
with the velocity V7, while the solution (2) the soliton being at rest.

Previously, Outi and one of the authors, N.Y., solved Eq. (1) numerically
“and showed that the envelope soliton is extremely stable.5) Recently Zakharov .

and Shabat proposed a method to solve analytically the initial value problem
for Eq. (1) with the boundary condition that # tends to zero as x—>+oo,
together with all its x-derivatives.®) It is an application of the method which
is developed by Gardner, Greene, Kruskal and Miura for the Korteweg-de
Vries equation? and extended by Lax for a wide class of nonlinear equation.®
Zakharov and Shabat obtained the important results; the stability of solitons,
the existence of infinite numbers of conservation laws and so on. In their
work, however, the initial value problem for Eq. (1) is insufficiently considered,
that is, it remains still unsolved how the initial disturbance evolves and with
what initial conditions it decays into envelope solitons. In this paper, applying
the method of Zakharov and Shabat, we study the initial value problem for
Eq. (D). ’

In the rest of this section, the result of Zakharov and Shabat is sum-
marized in the form suitable for our discussion. To begin with, we consider
the following eigenvalue equation:

tvg-+ Uv=_{o3v, )
where the eigenfunction v is a two-component column vector,
v1
v= 6
() ®

and o3 and U are 2X2 matrices,
1 0
a=(o 1) 0

U:(O u)

A ®)

Here and hereafter, asterisk denotes complex conjugaté. The eigenvalue
{ is generally complex. If % in Eq. (8) is the solution of Eq. (1), { is inde-
pendent of time and v develops with increasing time according to
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ivg=Aw, 9)
(L 0V Ll 2=l 2 9
A—(o‘ -1)(? N e a;+c>
- P2|u|2 Uy ) :
+(*+1) 1( it —lul? )’ 10)

where C is a constant independent of x.
© Let{ bereal (=¢)in Eq. (5). Attending to U—0 as |x|— oo, we introduce
the solutions of Eq. (5), ¢(x; &), ¥(x; £) and Y(x; £), which satisfy the boundary

conditions,

b =g Jexp(—itr)  at wm—ce, 11 a)
Y(x; &) =( (1) ) exp (#€x) at x=oo, (11b)
P(x; §)=((1))exp(~—z‘§x) at x=oo. (11¢)

The functionrwﬁ is called the adjoint function of ¥ (as for the definition of
adjoint, see §2). We can write ¢ in terms of ¢ and ¢ as

p=a(E)P+-6(E0, | (12)
where the coefficients @ and & satisfy
la(&)12+16(6) 2=1. (13)

Here, ¢ may be analytically continued to the upper half-plane of { (Im(£)>0)
in Eq. (12). The zeros of a({), {x’s,

al)=0, (Im>0) 4=1,2, -, N, (14)

determine the set of the discrete eigenvalues of Eq. (5) because the function
$ tends to zero as |x|—occ. Now we introduce the quantities

Ae=[6(Lw)]a’ (L)) 2 exp (L —il}e), (15a)
elx, E)=(6(6)]a(f)) exp (2eEx—2:£2¢8), (15b)

where «' is the derivative of 2 with respect to its argument. The method of
the inverse scattering problem tells us®) that the solution of Eq. (1) is given
by '

u(z, =2 Ty Xpot (i) 1 [ 3t (16 )

f : (', ) P = — 26 5 g Mghr L f K23 (16 b)
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Initial Value Problems of Nonlinear Schrodinger Equation 287

In the above expressions 1, ¥§e, @1, P are the solutions of the simultaneous

equations,
&y, (1 + 1A= —c(x, f)zk-g-ﬁ%t/fzz, At
o, OA— T2+ B= (e, O+ (e, O T g i, (AT)
R A . . sy
Bt M =1y [T P (18b)

where 7 is the Hilbert transformation operator,

d’(f )

T® = (mi)-1P f

(P denotes principal value). Once a and 4 are obtained for an initial value,
u(x, t=0), then we can get »(x, £) at an arbitrary instant through Egs. (15),
(16), (17) and (18).

According to Zakharov and Shabat, the soliton solution corresponds to
the discrete eigenvalue {y=¢x+inr (éx and g are both real);

Su(,) =2y sech [2ni(r—2bxt—xi)] |
~ Xexp [—2éépx+2i(E2—n2)¢], | (19)
xx=2nr)™ In[6({x)/a'(CK))/(2n).

Comparing Eq. (19) with Eq. (4) ,we find that the real and imaginary part
of ¢y are connected with the velocity and the amplitude of the soliton, re-
spectively, such as V=2¢; and A=2n.

In §2, the symmetry properties of Eq. (5) are investigated. If the initial
value of Eq. (1) is a real and not antisymmetric function of x, it is found from
such symmetry properties that «(x, £) does not decay into the series of solitons
moving with their respective velocities but indicates the formation of the
bound state of solitons. In §3, the perturbation method is developed to make
clear the condition for the decay of the initial modulated wave into the series
of moving solitons. It is found that the bound state is, in general, not stable
but decays into a series of solitons under an appropriate perturbation. In
§4, the long-time asymptotic behaviors of modulated waves are considered.
The non-soliton part is shown to decay as #712 and the soliton part to play the
main role in the temporal development of solutions at #—oco. In §5, as a solva-
ble example the special type of initial values, u(x, 2=0)=A4 sech(x), is studied.
The results of the numerical computation are also given.
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288 © J. SaTsuMa and N. Yajima

§2. Eigenvalue problem
2-1  The Galilei and Gauge transformations

In the preceding section we note that Eq. (1) is invariant under the Galilei
transformation. We now examine the invariance property of Eq. (5). Sub-
stituting Eq. (3) into Eq. (5), U is transformed to

N . R R
U'(x') :( . ) U(x)( o i ) , (20 a)
= Vr—V2%[2+q, 20b)

where a is an arbitrary constant. If the eigenfunction »(x) is transformed as

o S92 0\ '
v'(x )=( 0 o-ibr )v(x), (21)

then Eq. (5) becomes
W+ U't'=({— V[2)osv'. (22)

It is seen that in the frame moving with the velocity I the eigenvalue is reduced
by VJ2 compared with that in the rest frame. This reflects the fact that, as
is shown in Eq. (19), the velocity of the soliton is given by 2Re({).

When ¢ is constant, i.e., =a in Egs. (20a) and (21), the eigenvalue is
~ unchanged because V’=0. This implies that Eq. (1) is invariant under the
gauge transformation, 2 =exp(Za)u(x). :

2-2  Discrete eigenvalue

We consider the case that the eigenfunction of Eq. (5) satisfies the boundary
condition, =0 as |x|— oo so that the eigenvalues constitute a discrete set.

Let the eigenvalues and the corresponding eigenfunctions be {3, {3, -+, {w
al’ld 7/1,'7]2’ e, .UN,
z-f_i%‘gl—l— U@ on(x)=luoson(x),  n=1,2, - N. (23

For the following discussions we may introduce the Hermitian matrices

defined by

1 0 —7
01:((1) O) and 02:(2‘ (;), (24)

which are called Pauli’s spin matrices together with o3 given by Eq. (7).
Between them hold the relations,
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Initial Value Problems of Nonlinear Schrodinger Equation 289

010+ 0j0;=20¢j, 25)

(64, 0j]=0i0j—0j0;=2i0}.

In the second relation 7, 7, £ denote 1, 2, 3 and its cyclic permutations. We
can rewrite U(x) by using o1 and o2 '

U(x)=Re(w(x))o1—Im(u(x))os. (8")

We now investigate the orthogonality of the set of eigenfunctions. = Multi-
plying Eq. (23) by o2 from the left and transposing the resulting equation, we
find - ,

T
—1 dx 0‘2——-—7}mU 02:ZCm'vm0'1,

where the superscript 7 denotes transpose. Multiplying it by v, from the
right and Eq. (22) by v#o2 from the left and subtracting one from the other,
we obtain '

(Cn—Cm) f:o vhovpdr=0.

In deriving the above equation the boundary conditions, vy, vm—0 as |x|—>c0,
are taken into account. This immediately yields the ortho-normal condition,

f—m U%Ulvndxzanm. (26)
Next we proceed to study the symmetry properties of Eq. (5).
(D) If u(x) satisfies u(—x)=u*(x), vo(x) has the symmetry,
vn(—x)=PBogvp(x), p=+1.
Proof: Replacing x with —x in Eq. (23) and multiplying by o2 from the
left, we find
. d
iz [oavn(—2)]+ U [ogvn(—x)]=Lnos[o2vn(—2)].

Since [o9vn(—x)] is also the eigenfunction associated with {; and behaves just
like vy(x) in the asymptotic region, i.e.,

[azv‘n(—x)] —0 for |x|— oo,
it can be concluded that -
o2un(—x)=PBvp(x).

Using the relation twice, B=4-1 can be shown,
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A" If w(—x)=—u*(x), va(x) satisfies the symmetry property vu(—x)=
Bo1vn(x), where B=+1.

The proof goes parallel to that in (I) by putting o2 in place of o1 in the
above verification.

(A1) If u(x) is a symmetric (or antisymmetric) function of x, i.e., u(—x)=
+u(x), —L}, is also the eigenvalue as well as Ly and the corresponding eigen-
Sfunction wy is wG(x)=0c1vp(—x) (WP (x)=0v5(—x)). The suffix s (or a)
to the eigenfunction wy, specifies that u is symmetric (or antisymmetric).
Proof: Let us consider the case #(—x)=wu(x). Replacing x with —x in
Eq. (23) and taking complex conjugate, we obtain

d
i [010R(— D)+ U [or0i(—2)) = —Lroglovh(— ).

Compared with Eq. (23), the above equation implies that —3 is also the
eigenvalue and the associated eigenfunction w$’(x) equals to o vp(—x) with
the arbitrariness of the proportional coefficient. For the case #(—x)=—u(x),
the proof is performed by replacing o1 with o2 in the above verification.
These symmetry properties are useful to take a general view of the solution
of Eq.(1). As is noted in §1, the real part of the eigenvalue, £, corresponds
to the velocity of a soliton and the imaginary part, n,, the amplitude. Then,
it can be seen that if u(x, #), whose initial value has the symmetry «(x, =0)
=+u(—zx, t=0), breaks to the series of solitons, the decay is bisymmetric
corresponding to the eigenvalues {, and —j,.
If u(x) is real, the symmetry property (I) yields
wi(— x)=01[—Borvi(—x)]| =Poaw(x),
wi(—x) =03 Bo1vy(—x)] = —Porwy"(x),
that is to say, w$’(x) has the same parity as v,(x), while wi»’(x) has the oppo-
site one. When #u(—x)=—u(x), therefore, provided that {, is pure imaginary
(Ln=—1C}) the eigenvalues degenerate corresponding to the positive and
negative parity eigenfunctions.

(A1)  If w(x) is real and not antisymmetric, then the eigenvalue Ly is pure
imaginary, i.e., Re({n)=0.
Proof: From Eq. (23) and its Hermitian conjugate, we find

Re(Cn)(nloaln)=(n|Im (u(x))o3 |n), (27)

where Re and Im denote the real and imaginary part, respectively. The
matrix element (m|Q(x)|#) is defined by

(m1 Q@) m= [ thQ@wads, (28)
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Initial Value Problems of Nonlinear Schrodinger Equation 291

where dagger represents Hermitian conjugate. In deriving Eq. (27) the
identity, [U, 01]=2¢Im(«)os, is used. It can be seen from Eq. (27) that
Re({y) vanishes if # is real and (#|o2|7)70. When = is a real and antisym-
metric function of x, the symmetry property (I") gives the relation

(nlo2 In)zﬁzf:o v (—x)o1090100(— x)dx
- —-(7’2 | g2 I?’l},

and then (n|og|7)=0. With the exception of this case, (z|oz2|%) is expected
not to vanish. Indeed, the example in §5 assures (7|o2|7)=~0.

(IV) If the initial value takes the form as u=exp(iVx)Xr(x), where r(x)
is a real and nmot antisymmetvic function of x, all the eigenvalues have the
common real part, —V|2.

This can be easily shown by applying the discussion of the Galilei trans-
formation in §2-1 to the theorem (III).

The conclusion is as follows: When #(x, t=0)=exp(¢ Vx) X»(x), where
#(x) is real and not antisymmetric for x, the solution does not decay to the
series of solitons moving with the different velocities, but indicates the formation
of the bound state of solitons (as for the definition of the bound state of solitons,
see Ref. 6)). In this case, the real parts are common to all the eigenvalues,
that is, the relative velocities of the solitons vanish.

(V) If u is a real and not antisymmetric function of x, it holds that

vh()=irogoa(x), =1 (29)

Proof: Remembering that Re({y)=0 and taking the complex conjugate
of Eq. (23), we see that vj(x)ocoguy(x). Substitution of Eq. (29) into the
normalization condition (26) proves that y=-41.

2-3  Continuous eigenvalue states

Consider the case where the eigenvalue of Eq. (5) is real, i.e., {=§(=real):
. d
Z a’z+ Uv=¢o3v. (30)

It can be readily shown that the adjoint function of », which is defined by

77——:2’027)*, (31)
is also the solution of Eq. (30);

. d7 .

z “a,%—i— Ut=E£o3D. (30"

It follows from Egs. (30) and (30") that
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d d d d
x V=g 0= G (09 =  (@9)=0. %2

Using the boundary conditions (11la~c) in Eq. (32), we find

== yi=1, 33 2)

Plep=yth=0. (33 b)
These are brought into Eq. (12) to yield

a=P'$,  b=p'9. (34)

§ 3. Perturbation analysis

As is pointed out in §2, as long as the real (not antisymmetric) initial value
is considered the solution does not decay into moving solitons but indicates
the formation of the bound state of solitons’pulsating with the proper frequency.
We here develop the perturbation analysis in order to make clear under
what initial values the solutions evolve to decay into moving solitons.

Assume that # undergoes a small change in Eq. (5), i.e,

u—> o' =u-t+du, _ (35)
and then the corresponding U varies by the quantity 40,

AU:( 0 Au).

At 0 (36)

We here investigate the variation of the eigenvalue which is caused by the
small change in .

3-1 Skifts of eigenvalues 1

Suppose that the change in % makes {, and v, into {,+ 4, and vy+
Auy, respectively. Equation (23) becomes in the first order of the variations

[ e H (U= baow) - (AU~ L =0

 Multiplying by #3402 from the left and integrating with respect to x over
(—oo, o0), we see that

A{ni:—z'f_m vEood Uvydx
:——fw vk Re(du}ogvna’x—l—ifj v%‘ Im(du)vpdx.

If » is a real and not antisymmetric function of x, Eq. (29) holds and the
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above expression is then written in the form
Al p=7(n|Im(du)os|n)+7y(r| Re(dn)|n). v (37)

Note that the matrix elements (z|Im(d«)o3|7) and (z|Re(dw)|%) are real in
view of their definitions. Equation (37) indicates that if (z|Im(d«)og|n)0
the perturbation 4x makes the real part of the eigenvalue non-vanishing, i.e.,
the solution of Eq. (1) for the initial value, 2(x)-+4u(x), breaks up into moving
solitons with the respective velocities 2Re(4¢,).

If « is real and either symmetric or antisymmetric for x, the symmetry
properties (I) and (I") provide that

(n|Im(du)os|n)=—(n|Im(du(—x))o3| 7). |

Hence, in this case we can see that if Im(d#) is a symmetric function,
(n|Im(du)o3|n) vanishes, i.e., Re(4{,)=0 and the soliton bound state does
not resolve into moving solitons even in the presence of perturbation Au.

3-2  Shifts of eigenvalues 11
We deal with the double-humped initial values given by
u(x)=uo(x— xq)-+exp (da)uo(x+ x0), (38)

where #(x) is a real and symmetric function of x and x¢, a are considered to
be real. Corresponding to this #(x), the eigenvalue equation is

Z ;;; wp(x)+ U(x)wn(x)={noswn(x), (39)
U(x)= Ui(x)+ Us(x), (40)
Ur(x)=o120(x — x0), (41 a)

Us(x)=[cos(a)o1—sin(a)oz]uo(x+ x0). (41 b)
We now define the eigenfunction v,(x) by |

. d

i (%) + Uo(x)vn(x) =P ogvu(x), (42)
where Up(x)=o0120(x). Since Up(x) is the real and symmetric function of
x, it is obvious from (I), (II1) and (V) in §2-2 that {{» is pure imaginary and

vn(—x)=Bosvn(x), B=+1, (43 a)

vp(x)=1ro3vp(x), r=-41. (43 b)

To apply the perturbation analysis, we assume that xg is so large that the
overlapping of two humps in #(x) is small and that the eigenfunction wy(x)
is approximated as
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wa(x)=wi(x)+dv(x),

44
W ()= [0 (x) g (X)) V 2, <>

where dv is the first order quantity of the overlapping, and 2{™, v§® satisfy
the equations

;’ o Ul UM ={ P50 (M. ; (45)

The eigenfunction 2{"} can be c'onnected with vu(x) in Eq. (42);
B (x) = vn(x— %), | | (46 a)
vy (x)= .[cos(a/ 2)+7sin(a/2)o3] vn(x—l— x0) (46 b).

(as for v§®(x), remember the discussions in §2-1). Substituting Eqgs. (46a)
and (46b) into Eq. (44), transformmg x into —x and using Eq. (43a), we
obtain the symmetry property

w(””(——x) j:ﬁ[cos(a/2)ag+sm(a/2)o'1]w(">(x). 47)

Equatlon 47 ylelds the orthogonality between w{® and w'™;
f WP (o™ (x)dx=0. | (48)
The norm of w{® 'is calculated from Egs. (44), (46a) and (46b);
le®@) = [~ @ (orwd (D)
=1 j:{cos(a/2) f:o vh (x—x)o1vn(x-+x0)dx
+sin(a/2) f o (x—xo)ogvn(x+xé)dx} , (49)
where wvn(x) is assumed to satisfy the ortho-normal condition (26). The

deviation of ||w{(x)|l from unity is proportional to the overlapping integral,
which can be taken to be small.

Substituting Eq. (44) into Eq. (39), letting {={P44L3 and using

Eq. (45), we get, up to the first order for the overlapping integral,
A{%’:-(z‘/m[fm v§"7 gy Uy vm)a’x—I-f 25" o Ulvén’a’x}
?(i/z)[ f oy Uy Pt f 0Ty U v(ma’x} (50)

where the double sign corresponds to that in Eq. (44). Using Egs. (41),
(43) and (46), we can show
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f (n)To. U v(ma’x f (n>7‘o, U v(ma’x
oo -

=—7ycosa(n|uy(x+2x0)|n)
+2y sina(n|ozuo(x+2x0) | %),

f v§M 7 oy U, v(”)a’x—~f T 0y U vgPdx

— — ycos(a/2)(n | uo(x)exp[2xo(d|dx)] %)
— 2y sin(a/2)(n| oguo(x)exp[2x0(d]dx)]| 7).
We ﬁnaIly obtain

ALGP =y[sina(n | o3uo(x+2x0) | 7)
Fsin(a/2)(z| osuo(x)exp[2x0(d]dx)] | )]
+iy[cosa(z|uo(x+2x0)|7)
4 cos(a/2)(n|ug(x)exp[2x0(d|dx)] | 7)]. L)

Note that the matrix elements in Eq. (51) are all real.
When a=0, i.e., #(x) is real and symmetric, 4{§” becomes pure im-
aginary. This is also expected from the general discussion in §2-2 (III).
When a=m, i.e., #(x) is real and antisymmetric, 4{3> possesses the real
part;

| Re[d{5P (a=m)]=F7(n] o;;uo(x) exp [2xo(d/dx)] | n), (52 a)
Im[A5P (a=m)]=—y(n|uo(x+2x0) | n). (52 b)

Equations (52a) and (52b) imply that the solutions develop to decay into paired
solitons and each pair consists of solitons with the equal amplitude moving
in the opposite directions at the equal speed. This case corresponds to the
exceptional case shown in §2-2 (III).

For arbitrary a’s, it is shown from Eq. (51) that the solutions break up
into even number of moving solitons which are different both in the speed and
in the amplitude. k

Of course, in the above discussions the coefficients 4(¢) does not vanish
in general, so that the non-soliton part affects the behavior of solutions. When
the long time asymptotic solutions are considered, however, the non-soliton
part becomes unimportant (see §4).

3-3 Variations of a({) and b(()
Assume that ¢ and ¢ vary as
¢'=¢-+d¢,  P'=y¢+4aY, (53)

corresponding to the small change du, 4¢ and 4y satisfying the boundary
conditions, ‘
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296 J. Satsuma and N. Yajima

d¢é=0 at x=-—oco,

. / 4
Ayp=0 at x=-oo, S

Then @ and é also undergo small changes, i.e.,
@' =a+Ada, o' =6-+46. (55)

Substituting Eq. (53) into Eq. (29) and making use of the first order pertur-
bation theory, we find

i A (U—bo)Ap=—A TS, (56)
Theé corresponding solution is easily obtained as
7 - xz -
Ap—if(x, £ f * WAUdr +if(x, ©) f " BAUbdz. (57 a)
Similarly, we have
- o oshe o]

(A$)_ z«/:(x,&)fxxﬁAU 7 ) zz//(x,f)fxz/:AU G 4= BTY)
We here notice Eq. (57b) directly assures that A satisfies the relation (30),
i.e., d=iged*. Substituting Eqs. (53) and (55) into Eq. (11) and taking
Eqgs. (67a) and (57b) into account, we get

da—ib f " JAUdx' —ia f " yAUpax, (58 a)
) o« _ E 3
t6=is [y U¢dx’+z’a{ [ s U¢dx'} , (58b)
where we use the relations,
f " BAUSdr=— f " WAUdz,
[ _ oo *
| f " ya U¢dx={ f " g4 U¢dx} .

Remembering Eq. (13), we can show that the shifts of the eigenvalues studied
in §3-1 are connected with da through

Al p=—A4a(Ly) ,/ g%{n a(Ln). (59)

From Egs. (13) and (58a), this reduces to

At=—ilot)| g o [ FA U 69
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We note that the above result does not contradict Eq. (36) if the relation

on(@) =) | p=atn)] 9 )

is satisfied.

§4. Long-time asymptotic behavior of solutions

It is rather difficult to solve the singular integral equations (17).and (18)
unless 4(¢) vanishes. The long-time asymptotic solutions, however, can be
easily obtained, showing the non-soliton part decays as #71/2 in the asymptotic
region, Z—>oo. ‘ :

The coefficient ¢(x, §) (or c*(x, ) ) in Eq. (17) includes the rapid oscillating
exponential factors with respect to ¢ as #—>oo. Thus, one can show that

[Lode [~ osa=ow, ©3

[T oue—tpae, [ ogie—tae=0¢) (60b)
as #—>co (see Appendix). Inserting Egs. (60a) and (60b) into Egs. (16) and
(18), we see that the non-soliton part of solutions, which includes the factor
6(€), does not contribute as #—co and, hence, only the soliton part is important.

In the asymptotic region #—oco, we can estimate the norm of the soliton
part of solutions: Equation (16b) yields

lulla= [ |z, 2=o0) Bz
N
=27 [kgl Axr1] z=—co- (61)
With the aid of Eq. (60b) and the fact that Aj(x=-—oc0)=cc Eq. (18b) reduces
N
k§1 Pidrlo=—o/(Cp— &H=L. (62)
Following Ref. 6), we can solve Eq. (62);
N ,
[)\k‘ﬁkl]x:—m:j];ll (gk—l;)/jgk@k“ﬁj), k=1,2, ., N.
We can then obtain
N . N -y
2 Pl e=(imy [ a1 G—1IC1y)

where the integration is performed along the closed path involving all poles,
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Cl, €2) ttty gN; to y1€1d
N N
ot lo=—2¢ 33 (§;— L =43 ;. (63)
i=1 =1

On the other hand, the norm of the soliton corresponding to the discrete eigen-
value with the imaginary part 7; is calculated from Eq. (19), to yield

N
Il 2 11Si(x, 1. (64)
j=
It must be noted here that the norm of the long-time asymptotic solutions is

equal to the sum of that of each soliton.

§5. Example ; u(x, t-=0)=Asechx

We consider the case wu(x, t=0)=Asechx as an example solved easily
by means of the inverse-problem method. Eliminating v3 in Eq. (5) and
using #==Asechx, we find

2
s(1—s)%vl+(1/2—s)§;m

21 ;01—
R (65)

where s=(1—tanhx)/2. We here note that the boundary x=oo corresponds
tos=0and x=—o0 tos=1. Further transformation of the dependent variable
v1 into s*(1—s)Bzwn reduces Eq. (65) to the hypergeometric equation, presenting
the two linearly independent solutions

o§V(s)=s8/2(1 —s5)~2F(— A, A,i{+1/2; 5),

VP (5)=s1/2-10/2(] —5)~1L/2 (66)
where F(a, B, y; 5) is the hypergeometric function. The two linearly inde-
pendent solutions #§” and #§ can be obtained by replacing { with —{ in
Eq. (66), i.e., ‘

v =521 —82F(—A, A, —il+1/2; s),

o (5) = s/ HE(1 — )i (67)

X F(1)2+dl+ A, 1/24-i{— A, 3[2+4; 5).
Let us construct the functions ¢, ¢ and b which satisfy the boundary

conditions (11a)~(11c) for a continuous eigenvalue £, and seek for the co-
efficients @, 4 defined by Eq. (12). After the tedious but straightforward
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calculations, we obtain .
A 19 =12 o (L)* :
lﬁ:( <§+:{2D) ' )’ ¢:( —A(f—zizz'/Z)“lv(lm* )’ ©8)
a@)=[I'(—i+12)P/[I'(—ié+A+12)[(—ié—A+1/2)], (69 a)
6= |I'(Z6+1/2) /[ I'(AI'(1—A4)]
=zsin (mA)[cosh (m€). (69 b)

- As is noted in §1, the discrete eigenvalues of Eq. (5) are given as the zeros
of a({), which is the analytic continuation of Eq. (69a) into the upper half-
plane of {. We then .obtain

Lr=i(A—r+1j2), (70)

where » must be positive integers satisfying 4—»—+1/2>>0, i.e., Im({)>0.
From Eq. (15)~(17) and (68)~(70), u(x, #) is found at an arbitrary
instant.

5-1 A=N

At first we consider the case 4=/ (positive integer). It follows from
Eq. (70) that there exist /V discrete eigenvalues, all of which are purely im-

aginary, i.e., the solitons are in the bound state. It is easily seen from Eq.

(69b) that 6(€) vanishes, so that the solution in this case consists only of soliton
part. By means of Eq. (70), a({) reduces to

o=l G-I, )

which coincides with the expression for a({) obtained from the general discus-
sion under the assumption of 4(§)=0 by Zakharov and Shabat.® From Egs.
(69b) and (70), we obtain

b(r)=(—1)*1. (72)

The coefficient ¢(x, £) defined by Eq. (15b) is equal to zero and Egs. (17a) and
(17b) yield

Substituting the above results into Egs. (18a) and (18b) and using Eqgs. (15a),
(71) and (72), we can solve the equations for ¢, and }5. The eigenfunctions
for A=1 and A=2 are given in Table I. ‘ _

We can write down explicitly the solutions in the cases V=1 and 2;

u(x, )=exp(—it[2)sechx  for N=1,
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300 , J. SaTsuma and N. YAjJima

Table I. The eigenvalues and the eigenfunctions for 4=1, 2. The coefficients
B and y in §§2-2 (I) and (V) are also given, '

A=1 (One-eigenvalue state):
r=1; {(=1/2, zz=(sechx/2)(

B =1, y=L
A=2 (Two-eigenvalue state):

;~1/2,-2/2
172,202 )?

) 1~172,-x/2
r=1; (=342, v=(3/8)1/2sech?x ( /1724272 )’
B:l’ 'y=1.
. ) 13033205 )
r=2; ’§=z/2, 2=8-1/2sech2 x ( [1020802 (g5 23 )’

B=°—17 y=L

u(x, t)=4exp(—12¢/2)[ch(4x)+4ch(2x)+3 cos(4#)] 1
X [ch(3x)+3 exp(—47¢) ch(x)] for N=2.

When N=1, the solution corresponds to the one-soliton state, keeping its
initial shape in the course of time. When V=2, on the other hand, the solution
represents the bound state of solitons and its envelope pulsates with the frequen-
cy #/2. Beyond this point, the calculations rapidly become lengthier. There-
fore we merely illustrate the results for V=1, 2, 3 in Fig. 1.

4 lul = N=
2L N=1 3
1t -6 | -1=0.4
4 ‘ N=2 4, t=0.8
t=0.8
t=0.4 )
2k X
t=
t=0 u 0
1 ) 1
-4 0 4 -4 0 4 X

Fig. 1. Exact solufions for w(x, z=0)=/Vsech x.

52 A=N+a, lal<1/2

In this case, @({) has NV zeros, in other words, there exist eigenvalues,
but 4(€) is not zero. Equation (5) with non-vanishing 4(¢) is complicated to
be solved. As is shown in §4, however, the long-time asymptotic solutions
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“have relatively simple structure, consisting of only the solitons.
In view of Eq. (70) the norm of the j-th soliton is obtained,

| Sjll=4n;=4(N+a—j+1/2).
Substituting this into Eq. (64), we get

11t o= 2N (N +20).
The initial norm is given by

||u|10=f_°° | A sech x [2dx=2(N+a)2.

The ratio of the norms is then obtained,
12 llofl} 22 llo=1—02/(N+ )2, (73)

We may say from Eq. (73) that the norm associated with the non-soliton part
may be a?/(N-+a)? and that the long-time asymptotic solutions can be well
described only by the soliton terms in the limit NV >»1. Such a circumstance
is illustrated in Fig. 2, where the time evolutions of the maximum value of
|z| are shown for 4=0.8~1.4 which are the cases only one soliton exists.
All cases tend to steady levels oscillating around them.

‘]UIm%,
201
1.8
1.5
/—\\75’“ 12
1.0} A=11 ‘
/A =0.8
——0.6
05}
h | 1 i Il S
0 5 10 15 20 tf

Fig. 2. Time development of the maximum value of |%(x)]| for u(x, =0)=4
Xsechx. Straight lines denote the steady level the solutions converge. The
relative errors are estimated; | 4/1/71|=2.52%, and | 4/5/73]=1.90%, for 4=
14, |45]11]=0.25% and |4/2/72|=0.38% for 4=1.25, |4/1//1|=0.41%
and |4/2//2|=0.62% for A=1.1, |4/1//1|=0.10% and |47/2/72|=0.83%,
for 4=0.8, In these cases, the maximum of || occurs at x=0,
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5-3  Nuwumerical solutions

First, we deal with the initial values given by
u(x)=sech (x—xo)+exp (¢a)sech (x4 xp), (74)

where x¢ and a are both real. If xo>1, we can apply the perturbation analysis
in §3-2. Substituting the eigenfunction in Table I into Eq. (51), we obtain
after the lengthy calculations

{+=—sina[l—2x¢coth (20)]/sinh (2x0)
+-sin (a/2)[1—2x¢/sinh (2x¢)]/(2 sinh (x¢))
+2{1/2+cos a[2x¢/sinh (2x¢)]
+cos (a/2)[14-2x¢/sinh (2x¢9)]/(2 cosh(x0))} . (75)

When x9 becomes .<<1, the perturbation analysis cannot be applied.
For this case, the behavior of solutions can be studied by analyzing numerically
computed solutions of Eq. (1). In Fig. 3 the case of x9=0.6 and a=m/2 is
illustrated. We can observe there the soliton of the amplitude ~1.70 moving
with the velocity ~0.35. It is expected from Eq. (75) that there exist two
eigenvalues, {1=0.41+41.07 and {3~0.18—0.03:. The observed soliton may
correspond to the eigenvalue {;, which implies the velocity of soliton to be
2%0.41~0.8 and the amplitude 2Xx1.0~2.0. Another eigenvalue, {3, has
negative imaginary part and, therefore, corresponds to no real soliton. These
‘values have only rough meaning since the perturbation analysis is less
reliable in this case. '

12

ful

1 ~
-4 0 4 8 12 %

Fig. 3. Time development of solution for the initia]r.r condition, #(x, t=0)=
sech(x—0.6)+7sech(x+0.6). The amplitude converges to 1.70 with mean
velocity 0.35. The relative errors are | 471/71|=0.30% and | 4/3//2|=2.73%.
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Figure 4 illustrates the case of the antisymmetric %(x), i.e., a=m and
20=0.6. In this case, the eigenvalues are estimated from Eq. (75) as {*=
+0.16—0.297 so that no real solitons are expected to appear. The numerical
solution recognizes such a tendency.

In Fig. 5, the numerical computation for the antisymmetric case, #(x)=
2sech(x—0.6)—2sech(x+0.6), is presented. The perturbation analysis (52)
is applied to yield the eigenvalues {=4-0.14+4-0.177 and {F=+40.02—1.35¢,
which imply the solitons of the amplitude ~0.34 and the velocity ~+0.28 to

12)
8
Iulw
1.01
4
05}
1 1 L 1 l%
2 -8 -4 0 4 8 12 16 X

Fig. 4. Time development of solution for the initial condition, #(x, =0)=
sech(x—0.6) —sech(x+0.6). The two peaks spread out to decay monoto-
nously. The relative errors are | 4/1//1|=0.14% and | 473/72]|=0.07%:.

12

0.51

1 1 1 1 1

i
D2 -8 -4 0 4 8 12 16

>
>
X

Fig. 5. Time development of solution for the initial condition, #(x,#=0)="
2sech(x—0.6) —2sech(x+0.6). Two solitons with the same amplitude ~0.75
and the opposite velocities with the same magnitude ~4-0.65 are observed.
The relative errors are |4/1//1|=0.07% and |A[2/[~4|———.0.75%'.
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be expected. The numerical computation indicates such a tendency, the
symmetric decay of the initially modulated wave into the series of solitons.
Finally another example is shown in Fig. 6, in which the initial value is
expressed by u(x)=2sech(x)+7sech(x)tanh(x). One can see that the solution
decays into the two solitons, one of which has the larger amplitude and velocity
than the other. This is also qualitatively expected from the perturbation analy-

sis in §3-1.

12

8 Tul

120

” 0 % g

Fig. 6. Time development of solution for the initial condition, u(x, z=0)=
2sech (x)+7sech (x) tanh (x). Two solitons emerge; one moves with the
velocity ~—0.38 and has the amplitude ~3.1, and the other with the velocity
~0.16 and the amplitude ~1.2. The relative errors are |47;//1|=0.22%,
and ] A[g/[g [=14.65%.

The numerical analysis were made by replacing Eq. (1) with the difference
equation, z[u(x, t+A48)—u(x, t—A48)]|2A8)=[u(x+Ax, t)—2u(x, t)+u(x—Ax,
0]/ 2Ax2)+ |u(x, £)12u(x, £). We used the periodic boundary condition, #(x, #)
=wu(x+2L, t), —L<x<L. The value of L should be large enough not to
influence on the behaviors of solutions. In our case L=40 was chosen.
The mesh size was taken as 4x=0.08 and 4¢=0.0016. The runs were in-
spected at every step by using the conserved quantities, /1=[%;|u(x, ¢)[2dx
and lo=[%,[|du(x, ©)|dx|2— |u(x, £)|4/2]dx. The maximum relative errors,
|47:1/11| and |47g//s| are written in each figure.

Appendix

Let us consider the integral

7= [ A@ expl2ing—gxleNds, (A1)
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where 4(§) is analytic without the pole-singularities. Introducing the new
variable 5 by n=£—x/(2f), we get

I=exp[—ix2((20)] [ A(x/2t+n)exp 2ityDdy. (A-2)
Bly making use of the method of complex integral, one has
I=exp[—ix?)]{(F](2))\2
X [ AGol(@6+1V2p/(28)12) exp(—p2)dp |
+2mi 53 A(Gy) exp[201(L—x/28)7}, : (A-3)
where {; is the pole‘ of 4 involved in the fan-shape domain

Re(8;—x/(2))Im({;) >0,
[Re(f;—x/(2£))]2—[Im({;)]2>0.

In view of Eq. (A-4) the pole contributions in Eq. (A-3) decay exponentially
as z—oco, Therefore, we obtain

’

(A-4)

I (im[26)124(x|2¢) exp (—ix2]26) = O(t-1/2) (A5)

for f—oco. Similarly, one can obtain
1= [ A @ exp[—2inei—txle)d
= (—im[20)V2A* (x[2¢) exp (ix2/26) = O(+-1/2). (A-6)
Integrating Eq. (17a) with respect to € over (—oo, o), using
A+ DFO=Gn1 [~ FENE—EFic)de (A7)
and applying Eqs. (A'5) and (A-6), one can show
[~ o@ag=o01). (A+8)

Multiplying Eq. (17a) by (é—})~! and integrating with respect to ¢ over
(—o0, ), one obtain, after similar calculations as .above,

[~ ax@ie—tpae=oe). (a.9)

Similar procedure yields

[T oodt [ oxeie—tyai=oia), (A+10)
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