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1 Introduction

Determination of CKM matrix elements from the semileptonic decays of B meson remains

a topical problem. Most importantly, one has to clarify the origin of the tension between

the |Vub| values extracted from the exclusive B → π`ν` and inclusive B → Xu`ν` decays

(see e.g., the review [1]). The B → π vector form factor f+
Bπ(q2) is the only theory input

sufficient for the |Vub| determination from B → π`ν`. This hadronic matrix element is

calculated in the lattice QCD at small recoil of the pion (at large q2) or from QCD light-

cone sum rules (LCSRs) at large recoil of the pion (at small and intermediate q2).

Apart from increasing the accuracy of the form factor calculation, it is important

to extend the set of “standard” exclusive processes used for |Vub| determination. The

Bs → K∗(→ Kπ)`ν` decay, as one possibility, was discussed in [2]. A simpler process

is the Bs → K`ν` decay, where the data are anticipated from LHCb collaboration. Our

first goal in this paper is to provide this decay mode with a hadronic input, updating the

calculation of the Bs → K form factors from LCSRs. This method [3–5] is based on the

operator-product expansion (OPE) of a correlation function expressed in terms of light-

meson distribution amplitudes (DAs) with growing twist. The violation of the SU(3)fl
symmetry in Bs → K with respect to B → π transition emerges in LCSRs due to the

s-quark mass effects in the correlation function, including the asymmetry between the s-

and {u, d}-partons in the kaon DAs. Earlier LCSR results on the Bs → K form factors can

be found in [6], where the NLO corrections to the correlation function computed in [7] were

taken into account. In this paper we update the LCSRs for f+
BsK

(q2) and also for the tensor

form factor fTBsK
(q2). In particular, we correct certain terms in the subleading twist-3,4

contributions to LCSRs for both vector and tensor form factors. In parallel, we recalculate

the B → K and B → π form factors using a common set of input parameters, e.g., the

updated [8] 2-point QCD sum rule for the decay constants fB and fBs . Importantly, the

twist-5,6 corrections to the LCSRs estimated by one of us [9] are negligibly small, ensuring

the reliability of the adopted twist ≤ 4 approximation.
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The calculated form factors are then used to address the second goal of this paper:

determination of CKM parameters from the flavour-changing neutral current (FCNC) de-

cays B → K`+`−, B → π`+`− and Bs → K`+`−. Recently, |Vtd|, |Vts| and their ratio were

determined by LHCb collaboration [10] from the measured B → π`+`− and B → K`+`−

partial widths. We suggest to make the extraction of CKM parameters from these decays

more accurate and comprehensive. As well known, in addition to the semileptonic form

factors, the hadronic input in FCNC decays includes also nonlocal hadronic matrix ele-

ments emerging due to the electromagnetic lepton-pair emission combined with the weak

transitions. These hadronic matrix elements in the B → π`+`− decay amplitude are mul-

tiplied by the CKM parameters other than Vtd, making the determination of the latter not

straightforward. We take into account the nonlocal hadronic effects in B → K`+`− and

B → π`+`−, employing the methods used in [12, 13] and originally suggested in [11]. The

nonlocal hadronic matrix elements are calculated at spacelike q2, using OPE, QCD factor-

ization [14] and LCSRs, and are then matched to their values at timelike q2 via hadronic

dispersion relations. The results of this calculation are reliable at large hadronic recoil,

below the charmonium region, that is, at q2 < m2
J/ψ. Here we also extend the calculation

of nonlocal effects to the previously unexplored channel Bs → K`+`−.

The binned widths and direct CP -asymmetries of FCNC semileptonic decays are then

expressed in a form combining the CKM parameters with the quantities determined by the

calculated hadronic input. Here we find it more convenient to switch to the Wolfenstein

parametrization of the CKM matrix. In this form, three observables: the width of B →
K`+`−, the ratio of B → π`+`− and B → K`+`− widths and the direct CP -asymmetry

in B → π`+`−, are sufficient to extract the three Wolfenstein parameters A, η and ρ from

experimental data, provided the parameter λ is known quite precisely. Two additional

observables for the same determination are given by the yet unobserved Bs → K`+`− decay.

The current data on the B → K`+`− and B → π`+`− decays are not yet precise enough

to yield the CKM parameters with an accuracy comparable to the other determinations.

Hence, here we limit ourselves with the Wolfenstein parameters taken from the global CKM

fit and predict the binned observables of all three FCNC decays in the optimal interval

1.0 GeV2 < q2 < 6.0 GeV2 of the large recoil region.

In what follows, in section 2 we specify and discuss the hadronic input and observables

in the exclusive semileptonic B(s) decays. In section 3 we present the numerical results

and section 4 is devoted to the final discussion. In the appendices, we briefly recapitu-

late the calculation A of the form factors from LCSRs and B of the nonlocal hadronic

matrix elements.

2 Observables in semileptonic B(s) decays and CKM parameters

The form factors of semileptonic transitions of B-meson to a light pseudoscalar meson

P = π,K are defined in a standard way:

〈P (p)|q̄γµb|B(p+q)〉= f+
BP (q2)

[
2pµ+

(
1−

m2
B−m2

P

q2

)
qµ
]

+f0
BP (q2)

m2
B−m2

P

q2
qµ, (2.1)

〈P (p)|q̄σµνqνb|B(p+q)〉=
ifTBP (q2)

mB+mP

[
2q2pµ+

(
q2−

(
m2
B−m2

P

))
qµ
]
, (2.2)
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where pµ and qµ are the four-momenta of the P -meson and lepton pair, respectively, and

the vector and scalar form factors coincide at q2 = 0, that is, f+
BP (0) = f0

BP (0).

We start from the weak semileptonic decay B̄s → K+`ν̄`, where the hadronic input for

` = e, µ in the m` = 0 approximation is given by the vector form factor f+
BsK

. We use the

following quantity related to the differential width integrated over an interval 0 ≤ q2 ≤ q2
0:

∆ζBsK [0, q2
0] ≡

G2
F

24π3

q20∫
0

dq2p3
BsK |f

+
BsK

(q2)|2 =
1

|Vub|2τBs

q20∫
0

dq2dB(B̄s → K+`ν̄`)

dq2
, (2.3)

where the q2-dependent kinematical factor pBP = [(m2
B + m2

P − q2)2/(4m2
B) −m2

P ]1/2 is

the 3-momentum of P meson in the rest frame of B meson. Our choice for the integration

interval is q2
0 = 12.0 GeV2, covering the region where the LCSRs used for the calculation

of the form factors (see appendix A) are valid. The same interval was adopted for the

analogous quantity ∆ζBπ[0, q2
0] for B → π`ν` calculated in [15, 16]. The numerical estimate

of ∆ζBsK [0, q2
0] presented in the next section can be directly used for |Vub| determination,

provided the integrated branching fraction on the r.h.s. of eq. (2.3) is measured.

Turning to semileptonic decays generated by the b → s(d)`+`− transitions (` = e, µ),

we use a generic notation B̄ → P`+`− for the three channels: B− → K−`+`−, B− →
π−`+`− and B̄s → K0`+`−,1 denoting the CP conjugated channels by B → P̄ `+`−. The

decay amplitude can be represented in the following form:

A(B̄ → P`+`−) =
GF√

2

αem

π

{[
λ

(q)
t f+

BP (q2)cBP (q2) + λ(q)
u dBP (q2)

] (
¯̀γµ`

)
pµ

+ λ
(q)
t C10f

+
BP (q2)

(
¯̀γµγ5`

)
pµ

}
, (2.4)

where λ
(q)
p = VpbV

∗
pq (p = u, c, t; q = d, s), m` = 0, and we use unitarity of the CKM matrix,

fixing hereafter λ
(q)
c = −(λ

(q)
t + λ

(q)
u ). In eq. (2.4) we introduce a compact notation:

cBP (q2) = C9 +
2(mb +mq)

mB +mP
Ceff

7

fTBP (q2)

f+
BP (q2)

+ 16π2H
(c)
BP (q2)

f+
BP (q2)

, (2.5)

where mq is the mass of d or s-quark and

dBP (q2) = 16π2
(
H(c)
BP (q2)−H(u)

BP (q2)
)
. (2.6)

In addition, we introduce the phase difference of the hadronic amplitudes defined above:

δBP (q2) = Arg(dBP (q2))−Arg(cBP (q2)). (2.7)

In eq. (2.4) the dominant contributions of the operators O9,10 and O7γ of the effective

Hamiltonian (see appendix B) are expressed in terms of the vector and tensor B → P

1For simplicity we consider a transition into the fixed flavour state K0 which is easy to convert to Ks

if needed.
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form factors, f+
BP (q2) and fTBP (q2), respectively, defined in eqs. (2.1) and (2.2). The am-

plitudes H(c,u)
BP (q2) parametrize the nonlocal contributions to B → P`+`−, generated by

the current-current, quark-penguin and chromomagnetic operators in the effective Hamil-

tonian, combined with an electromagnetically produced lepton pair. The definition of

nonlocal amplitudes is given in appendix B, where also the method of their calculation

is briefly explained. In refs. [11, 12], this part of hadronic input was cast in the form of

an effective (process- and q2-dependent) addition ∆CBP9 (q2) to the Wilson coefficient C9.

Here, as in ref. [13], we find it more convenient to separate the parts proportional to λ
(q)
u

and λ
(q)
c = −(λ

(q)
t + λ

(q)
u ).

Squaring the amplitude (2.4) and integrating over the phase space, one obtains for the

q2-binned branching fraction, defined as:

B(B̄ → P`+`−[q2
1, q

2
2]) ≡ 1

q2
2 − q2

1

q22∫
q21

dq2dB(B̄ → P`+`−)

dq2
, (2.8)

the following expression:

B(B̄→P`+`−[q2
1, q

2
2]) =

G2
Fα

2
em|λ

(q)
t |2

192π5

{
FBP [q2

1, q
2
2]+κ2

qDBP [q2
1, q

2
2] (2.9)

+2κq

(
cosξq CBP [q2

1, q
2
2]−sinξq SBP [q2

1, q
2
2]
)}

τB ,

where the ratio of CKM matrix elements is parametrized in terms of its module and phase:

λ
(q)
u

λ
(q)
t

=
VubV

∗
uq

VtbV
∗
tq

≡ κq eiξq , (q = d, s) , (2.10)

and we use the following notation for the phase-space weighted and integrated parts of the

decay amplitude squared:

FBP [q2
1, q

2
2] =

1

q2
2 − q2

1

q22∫
q21

dq2 p3
BP |f+

BP (q2)|2
( ∣∣cBP (q2)

∣∣2 + |C10|2
)
, (2.11)

DBP [q2
1, q

2
2] =

1

q2
2 − q2

1

q22∫
q21

dq2 p3
BP

∣∣dBP (q2)
∣∣2 , (2.12)

CBP [q2
1, q

2
2] =

1

q2
2 − q2

1

q22∫
q21

dq2 p3
BP

∣∣f+
BP (q2)cBP (q2)dBP (q2)

∣∣ cos δBP (q2) , (2.13)

SBP [q2
1, q

2
2] =

1

q2
2 − q2

1

q22∫
q21

dq2 p3
BP

∣∣f+
BP (q2)cBP (q2)dBP (q2)

∣∣ sin δBP (q2) . (2.14)
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The binned branching fraction for the CP -conjugated mode B → P̄ `+`− is obtained from

eq. (2.9) by changing the sign at the term proportional to sin ξq.

Furthermore, we consider two binned observables: the CP -averaged branching fraction:

BBP
[
q2

1, q
2
2

]
≡ 1

2

(
B
(
B̄ → P`+`−

[
q2

1, q
2
2

])
+ B

(
B → P̄ `+`−

[
q2

1, q
2
2

]))
=
G2
Fα

2
em|λ

(q)
t |2

192π5

{
FBP

[
q2

1, q
2
2

]
+ κ2

q DBP
[
q2

1, q
2
2

]
+ 2κq cos ξq CBP

[
q2

1, q
2
2

]}
τB,

(2.15)

and the corresponding direct CP -asymmetry:

ABP [q2
1, q

2
2] =

B(B̄ → P`+`−[q2
1, q

2
2])− B(B → P̄ `+`−[q2

1, q
2
2])

B(B̄ → P`+`−[q2
1, q

2
2]) + B(B → P̄ `+`−[q2

1, q
2
2])

=
−2κq sin ξq SBP [q2

1, q
2
2]

FBP [q2
1, q

2
2] + κ2

q DBP [q2
1, q

2
2] + 2κq cos ξq CBP [q2

1, q
2
2]
. (2.16)

In eqs. (2.15) and (2.16) the CKM-dependent coefficients are conveniently separated from

the quantities FBP , DBP , CBP , SBP , which contain the calculable hadronic matrix ele-

ments, Wilson coefficients and kinematical factors. In the next section we present numerical

results for these quantities for a definite q2-bin in the large-recoil region.

Turning to the observables for the specific decay channels, we neglect λ
(s)
u , hence, put

κs = 0 and obtain for B → K`+`−:

BBK [q2
1, q

2
2] =

G2
Fα

2
em|λ

(s)
t |2

192π5
FBK [q2

1, q
2
2]τB, (2.17)

with vanishing CP asymmetry. For B− → π−`+`− and its CP -conjugated process both

observables,

BBπ[q2
1, q

2
2] =

G2
Fα

2
em|λ

(d)
t |2

192π5

{
FBπ[q2

1, q
2
2] + κ2

dDBπ[q2
1, q

2
2] + 2κd cos ξd CBπ[q2

1, q
2
2]

}
τB ,

(2.18)

and

ABπ[q2
1, q

2
2] =

−2κd sin ξd SBπ[q2
1, q

2
2]

FBπ[q2
1, q

2
2] + κ2

dDBπ[q2
1, q

2
2] + 2κd cos ξd CBπ[q2

1, q
2
2]
, (2.19)

are relevant. The corresponding observables BBsK [q2
1, q

2
2] and ABsK [q2

1, q
2
2] for B̄s →

K0`+`− and its CP -conjugated mode are given by the expressions similar to

eqs. (2.18), (2.19), with Bπ replaced by BsK. Here we do not consider the decays

B̄0 → K̄0`+`− and B̄0 → π0`+`−, which are the isospin counterparts of, respectively,

B− → K−`+`− and B− → π−`+`− and can be treated in a similar way (see [12, 13]).

We also postpone to a future study the time-dependent CP -asymmetry in the B̄s →
K0`+`− decay.

Dividing eq. (2.18) by eq. (2.17), we notice that an accurate extraction of the ratio

|Vtd/Vts| from the ratio of branching fractions BBπ[q2
1, q

2
2]/BBπ[q2

1, q
2
2] can only be achieved

– 5 –
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if the contributions of process-dependent nonlocal effects are taken into account for both

decay modes. Moreover, this ratio depends also on the other CKM parameters, most

importantly, on the Vub value.2

Here we suggest a different, more systematic way to extract the parameters of CKM

matrix from the observables (2.17)–(2.19). First of all, we find it more convenient to switch

to the four standard Wolfenstein parameters λ, A, ρ and η defined as in [17]. The relevant

CKM factors can be represented as follows:

λ
(s)
t = −Aλ2 , (2.20)∣∣∣∣∣λ(d)
t

λ
(s)
t

∣∣∣∣∣ =

∣∣∣∣VtdVts
∣∣∣∣ = λ

√
(1− ρ)2 + η2, (2.21)

λ
(d)
u

λ
(d)
t

=
VubV

∗
ud

VtbV
∗
td

≡ κdeiξd =

(
1− λ2

2

)
ρ(1− ρ)− η2 − iη

(1− ρ)2 + η2
, (2.22)

so that

κd =

(
1− λ2

2

) √
(ρ(1− ρ)− η2)2 + η2

(1− ρ)2 + η2
, (2.23)

sin ξd =
−η√

(ρ(1− ρ)− η2)2 + η2
, cos ξd =

ρ(1− ρ)− η2√
(ρ(1− ρ)− η2)2 + η2

, (2.24)

where we neglect very small O(λ4) corrections to these expressions.3

Hereafter, we suppose, that the parameter λ, precisely determined from the global

CKM fit [17], is used as an input. Then, it is possible to extract all three remaining

Wolfenstein parameters combining the three observables (2.17)–(2.19) for semileptonic

FCNC decays. First, the parameter A is determined from the binned branching fraction

of B → K`+`−, as follows after substituting eq. (2.20) in eq. (2.17):

A =
(192π5)1/2

GFαemλ2

(
1

FBK [q2
1, q

2
2]

)1/2(
BBK [q2

1, q
2
2]

τB

)1/2

. (2.25)

Then, combining the ratio of the B → π`+`− and B → K`+`− binned branching fractions

with the CP -asymmetry of the pion mode, and employing eqs. (2.21), (2.23) and (2.24),

we obtain for the parameter η the following relation:

η =
1

2λ2 (1− λ2/2)

(
FBK

[
q2

1, q
2
2

]
SBπ

[
q2

1, q
2
2

] )(ABπ [q2
1, q

2
2

] BBπ [q2
1, q

2
2

]
BBK

[
q2

1, q
2
2

]) . (2.26)

2Note that in the analysis of B → π`+`− and B → K`+`− presented in [10] these effects are not

explicitly specified.
3This is consisent with neglecting the O(λ

(s)
u ) ∼ O(λ4) terms in the B → K`+`− amplitude. These

terms contain nonlocal effects generated by the u-quark loops and calculable within our approach. Hence,

achieving the O(λ4) precision is possible in future.

– 6 –
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Parameter Ref.

GF = 1.1664× 10−5 GeV2; αem = 1/129

αs(mZ) = 0.1185± 0.0006; αs(3 GeV) = 0.252 [17]

mb(mb) = 4.18± 0.03 GeV; mc(mc) = 1.275± 0.025 GeV

ms(2 GeV) = 95± 10 MeV

µ = 3.0+1.5
−0.5 GeV

fπ = 130.4 MeV; fK = 159.8 MeV [17]

aπ2 (1GeV) = 0.17± 0.08; aπ4 (1GeV) = 0.06± 0.10 [15]

aK1 (1GeV) = 0.10± 0.04; aK2 (1GeV) = 0.25± 0.15 [18, 19]

µπ(2 GeV) = 2.50± 0.30 GeV; µK(2 GeV) = 2.49± 0.26 GeV [18, 20]

M2 = 16± 4 GeV2 (M2 = 17± 4 GeV2) [in B(Bs)-channel] [15]

λB = 460± 110 MeV [30]

M2 = 1.0± 0.5 GeV2; sπ0 = 0.7 GeV2; sK0 = 1.05 GeV2 [11]

Table 1. Input parameters used in the numerical analysis.

Finally, after η is determined, the parameter ρ can be extracted from the ratio of branching

fractions (2.18) and (2.17) written explicitly in terms of η and ρ:

BBπ[q2
1, q

2
2]

BBK [q2
1, q

2
2]

=
λ2

FBK [q2
1, q

2
2]

([
(1− ρ)2 + η2

]
FBπ

[
q2

1, q
2
2

]
+

[
ρ (1− ρ)− η2

]2
+ η2

(1− ρ)2 + η2

(
1− λ2

2

)2

DBπ
[
q2

1, q
2
2

]
+ 2

[
ρ (1− ρ)− η2

](
1− λ2

2

)
CBπ[q2

1, q
2
2]

)
. (2.27)

Similar relations for the Bs → K`+`− decay, obtained by replacing Bπ → BsK in

eqs. (2.26) and (2.27), provide an additional source of these parameters.

3 Numerical results

The most important input parameters used in our numerical analysis are listed in table 1.

In particular, the electroweak parameters, the strong coupling and the meson masses are

taken from [17]. For the quark masses in MS scheme, entering the correlation functions

for QCD sum rules, we adopt, following, e.g., [8], the intervals covering the non-lattice

determinations in [17]. We put mu,d = 0, except in the combination µπ(K) = m2
π(K)/(mu+

md(s)) entering the pion and kaon DAs. In LCSRs, parameters of the pion and kaon

twist-2 DA’s include the decay constants, and the Gegenbauer moments aπ2,4 and aK1,2.

Normalization of the twist-3 DAs is determined by µπ,K , where the ChPT relations [20]

between light-quark masses are used (see e.g., [18]). The remaining parameters of the

– 7 –
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Transition f+
BP (0) b+1 (BP ) Correlation

Bs → K 0.336± 0.023 −2.53± 1.17 0.79

B → K 0.395± 0.033 −1.42± 1.52 0.72

B → π 0.301± 0.023 −1.72± 1.14 0.74

Transition fTBP (0) bT1 (BP ) Correlation

Bs → K 0.320± 0.019 −1.08± 1.53 0.74

B → K 0.381± 0.027 −0.87± 1.72 0.75

B → π 0.273± 0.021 −1.54± 1.42 0.78

Table 2. The fitted parameters of the z-expansion (3.1) for the vector (upper panel) and tensor

(lower panel) B → P form factors at 0 < q2 < 12.0 GeV2 calculated from LCSRs.

twist-3 and twist-4 DAs, not shown in table 1 for brevity, are taken from [21], they were

also used in [11, 15, 18]. Furthermore, in LCSRs the renormalization scale µ and the Borel

parameters M for the sum rules with B (Bs) interpolating current quoted in table 1 are

chosen, largely following [15]. The effective quark-hadron duality threshold is determined

calculating the B(s)-meson mass from the differentiated LCSR. The decay constants fB
and fBs entering LCRSs are replaced by the two-point sum rules in NLO, their expressions

and input parameters (in particular, the vacuum condensate densities) are the same as

in [8]. The intervals obtained from these sum rules in NLO are fB = (202+35
−21) MeV,

fBs = (222+38
−24) MeV. Note that the above uncertainties are effectively smaller in LCSRs

(eq. (A.4) in appendix A) due to the correlations of common parameters.

Using the input described above, we obtain the updated prediction for the Bs → K

vector and tensor form factors in the region 0 ≤ q2 ≤ 12.0 GeV2 where the OPE for LCSRs

in the adopted approximation is reliable (see appendix A). In parallel, we also recalculate

the B → K and B → π form factors. For convenience, we fit the LCSR predictions for the

B → P form factors in this region to the two-parameter BCL-version of z-expansion [22]

in the form adopted in [18]:

f+,T
BP (q2) =

f+,T
BP (0)

1− q2/m2
B∗

(s)

{
1 + b+,T1(BP )

[
z(q2)− z(0) +

1

2

(
z(q2)2 − z(0)2

)]}
, (3.1)

where

z(q2) =

√
t+ − q2 −

√
t+ − t0√

t+ − q2 +
√
t+ − t0

, (3.2)

t± = (mB ±mP )2, t0 = (mB +mP ) · (
√
mB −

√
mP )2 , (3.3)

and the pole mass in eq. (3.1) for Bs → K, B → π (B → K) form factors is equal to mB∗

(mB∗
s
). The fitted parameters of the vector and tensor form factors and their correlations

are presented in table 2. Note that, adopting a more complicated z-expansion with more

slope parameters, only insignificantly changes the quality of the fit, and reveals strong

– 8 –
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correlations between these parameters. In any case the actual form of parametrization

does not play a role as soon as we stay within the q2-region where the form factors are

directly calculated from LCSRs. Our results for the form factors are also plotted in figure 1,

where the error bands correspond to the uncertainties of the fitted parameters shown in

table 2. For comparison, we also show in the same figures the extrapolations of the recent

lattice QCD results obtained at large q2 (low hadronic recoil) and continued to the small

q2 region using the z-series parametrization. For the vector Bs → K form factor this

extrapolation was obtained by HPQCD Collaboration [23]. The same form factor was also

calculated by ALPHA Collaboration [24] at a single large-q2 value. For the vector and

tensor B → K form factors we compare our results with the extrapolations obtained from

Fermilab Lattice and MILC Collaboration results [25], to which the HPQCD Collaboration

results [26] are very close (not shown here). Finally, the low-q2 extrapolations of the lattice

B → π vector and tensor form factors are taken from [27] and [28], respectively.

The knowledge of the Bs → K vector form factor at large recoil enables us to calculate

the quantity defined in eq. (2.3). The result

∆ζBsK [0, 12 GeV2] = 7.03+0.73
−0.69 ps−1 (3.4)

can be directly used for |Vub| determination, provided the differential width of Bs → K`ν`
integrated over the same bin is measured. For comparison we recalculate the same quantity

for B → π`ν`:

∆ζBπ [0, 12 GeV2] = 5.30+0.67
−0.63 ps−1 , (3.5)

which is, as it should be, very close to the interval predicted in [16]. The latter interval

is somewhat narrower than (3.5), reflecting the statistical (Bayesian) treatment applied

in [16] which generally produces less conservative errors. In the future, when sufficiently

accurate data on Bs → K`ν` become available, a global statistical treatment of all B → P

form factors is desirable.

Comparing our results in table 2 with the earlier LCSR calculation [6] of the B → K

and Bs → K form factors, we emphasize that, albeit the numerical results look close to

ours, there are differences in the subleading twist-3,4 terms. We follow ref. [18] where these

terms have already been discussed and corrected. Also, as compared to [6], we use slightly

different B(s) decay constants and twist-3 normalization parameter µK .

Furthermore, the interval for our updated result for the B → K vector form factor in

table 2 lies somewhat above the previous LCSR prediction [11], f+
BK(0) = 0.34+0.05

−0.02, mainly

due to the smaller value of fB from the two-point sum rule used here and due to the slightly

smaller value of the effective threshold in LCSR used in [11]. On the other hand, in the

LCSR for fTBK(q2) some minor corrections, implemented here in the subleading twist-4

terms, largely compensate the shift caused by the B-decay constant, so that our result in

table 2 is close to fTBK(0) = 0.39+0.05
−0.03 obtained in [11].

Turning finally to the LCSR result for the vector B → π form factor, which was

updated several times in past, let us mention that although we use the same analytical

expressions as in ref. [7], the input parameters such as µπ (determined by the light quark

masses) and Gegenbauer moments aπ2 , a
π
4 became more accurate, leading to a narrower

– 9 –
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Figure 1. The vector (tensor) form factors of Bs → K, B → K and B → π transitions calculated

from LCSRs including estimated parametrical uncertainties are shown on the upper, middle and

lower left (right) panels, respectively, with the dark-shaded (green) bands. Extrapolations of the

lattice QCD results for Bs → K [23], B → K [25] and B → π [27, 28] form factors are shown with

the light-shaded (orange) bands.

interval of our prediction, compared to the interval f+
Bπ(0) = 0.26+0.04

−0.03 obtained in ref. [7].

The central value of the latter is somewhat below the one we present in table 2, since we

use a smaller (larger) central input value of fB (of µπ). In ref. [7] one can also find a

detailed comparison with the LCSR B → π form factor obtained earlier in ref. [29].

We turn to the numerical analysis of B → P`+`− observables, where the B → P form

factors obtained above are used. We recalculate the nonlocal amplitudes, following [12, 13].

In appendix B a brief outline of the calculational method is given. Here we need some

additional input parameters. The most important are: the inverse moment λB of the B-

meson DA (we assume λBs = λB) and the Borel and threshold parameters in π,K channel

– 10 –
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Coefficent µ = 2.5 GeV µ = 3.0 GeV µ = 4.5 GeV

Ceff
7 −0.332 -0.321 −0.304

(-0.356) (-0.343) (-0.316)

C9 4.070 4.076 4.115

(4.514) (4.462) (4.293)

C10 −4.122 -4.122 −4.122

(-4.493) (-4.493) (-4.493)

Table 3. Wilson coefficients of the FCNC operators at next-to-leading (leading) order in αs used

in our numerical analysis at various scales.

Decay mode FBP [1.0, 6.0] DBP [1.0, 6.0] CBP [1.0, 6.0] SBP [1.0, 6.0]

B− → K−`+`− 75.0+10.5
−9.7 — — —

B− → π−`+`− 47.7+6.4
−5.9 16.1+2.8

−10.1 14.3+7.8
−5.8 −9.8+7.1

−7.2

B̄s → K0`+`− 61.0+7.0
−6.8 7.8+3.4

−2.5 −12.9+2.4
−2.2 −3.4+1.1

−2.6

Table 4. The parts of the B → P`+`− amplitudes squared, as defined in eqs. (2.11)–(2.14), in the

units [GeV3], for the bin [1.0 GeV2, 6.0 GeV2].

in the LCSRs for the soft-gluon emission contributions. They are displayed in table 1. The

same input parameters for the pion, kaon and B-meson DAs as the ones given in table 1

serve as an input in the hard-gluon contributions for which we use the QCD factorization

expressions [14] at spacelike q2.

The effective FCNC Hamiltonian (see eq. (B.1) in appendix B) is chosen as in [13]

(see table V there), with all Wilson coefficients Ci taken at leading order in αs. This

accuracy is sufficient for C1−6, C
eff
8 entering the nonlocal hadronic amplitudes, having in

mind the overall accuracy of our method for these amplitudes. At the same time, the

numerically large Wilson coefficients C9, C10 and Ceff
7 of the FCNC operators multiplying

the factorizable parts of the decay amplitudes, have a noticeable impact on the observables.

Therefore, we adopt here the values of these coefficients at the next-to-leading order in αs
(see table 3).

For completeness and future use, in appendix B the numerical results for the separate

nonlocal amplitudes H(u)
BP and H(c)

BP defined as in eq. (B.2) are presented in figures 2,

3, 4. Combining these results with the form factors, we compute the quantities defined in

eq. (2.9) for a single bin [q2
1, q

2
2] = [1.0 GeV2, 6.0 GeV2] which optimally covers the part

of the large-recoil region. The results are collected in table 4, where the (uncorrelated)

uncertainties are obtained by adding in quadrature the individual variations due to changes

of input parameters.

Note that the binned quantities FBP are not much sensitive to the magnitude of the

nonlocal amplitudes H(c)
BP (q2), which enter the numerically subleading contributions to the

coefficients cBP (q2). Hence, the differences between FBK , FBπ and FBsK in table 4 roughly

– 11 –
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Decay mode B− → K−`+`− B− → π−`+`− B̄s → K0`+`−

Measurement BBK [1.0 , 6.0] BBπ[1.0 , 6.0] BBsK [1.0, 6.0]
or calculation

Belle [31] 2.72 +0.46
−0.42 ± 0.16 — —

CDF [32] 2.58± 0.36± 0.16 — —

BaBar [33] 2.72 +0.54
−0.48 ± 0.06 — —

LHCb [10, 34] 2.42± 0.7± 0.12 0.091+0.021
−0.020 ± 0.003 —

HPQCD [38] 3.62± 1.22 — —

Fermilab/MILC [28, 39] 3.49± 0.62 0.096± 0.013 —

This work 4.38+0.62
−0.57 ± 0.28 0.131+0.023

−0.022 ± 0.010 0.154+0.018
−0.017 ± 0.011

Table 5. Binned branching fractions in the units of 10−8 GeV−2 defined in eq. (2.15) for the bin

[q21 , q
2
2 ] = [1.0 GeV2−6.0 GeV2] . The first (second) error in our predictions is due to the uncertainty

of the input (only of the CKM parameters).

reflect the ratios of the corresponding form factors. On the other hand, the remaining

binned quantities DBP , CBP and SBP are essentially determined by the nonlocal effects in

B → P`+`−. In particular, the large differences between DBπ, CBπ, SBπ and DBsK , CBsK ,

SBsK emerge mainly due to the enhancement of the weak annihilation mechanism in the

nonlocal amplitude H(u)
Bπ(q2) for B− → π−`+`− [13]. The same mechanism does not play

a role in the amplitude H(u)
BsK

(q2) contributing to B̄s → K0`+`−, due to a different quark

content of the initial Bs meson, and due to a suppressed combination of Wilson coefficients.

As shown in the previous section, the binned quantities FBP , DBP , CBP , SBP can in

principle be used for an independent determination of the Wolfenstein parameters A, η and

ρ from the combination of observables measured in B → P`+`− decays. The important

role in this determination is played by the direct CP -asymmetry in B → π`+`− which

is not available yet in the large-recoil region bins. Hence, here we limit ourselves by an

inverse procedure. Taking the values of all Wolfenstein parameters

λ = 0.22506± 0.00050, A = 0.811± 0.026,

ρ̄ = ρ

(
1− λ2

2

)
= 0.124+0.019

−0.018, η̄ = η

(
1− λ2

2

)
= 0.356± 0.011 , (3.6)

from the global fit of CKM matrix [17] and using the calculated hadronic input from table 4,

we predict the values of the binned branching fractions presented in table 5 and the binned

direct CP -asymmetries:

ABπ[1.0, 6.0] = −0.15+0.11
−0.11 , ABsK [1.0, 6.0] = −0.04+0.01

−0.03 . (3.7)

The numerical results for the B → K`+`− and B → π`+`− decays presented here

update the previous ones obtained, respectively, in [12]4 and [13].

4Note that the branching fractions given in the literature are adjusted to our definition, which implies

division by the width (q22 − q21) of the bin.
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4 Discussion

In this paper we updated the LCSR predictions for the Bs → K form factors in the large

recoil region of the kaon. We predicted the ratio of the integrated Bs → K`ν` decay width

and |Vub|2. Our result can be used to determine this CKM matrix element from the future

data on Bs → K`ν` in the kinematically dominant large recoil region.

We also calculated the hadronic input for the branching fractions and direct CP -

asymmetries of B → P`+`− FCNC decays in the large recoil bin 1.0 ≤ q2 ≤ 6.0 GeV2. Our

results include the B → P form factors and nonlocal hadronic matrix elements, all obtained

in the same framework and with a uniform input. The LCSRs used in this calculation

take into account the soft-overlap nonfactorizable contributions to the form factors and

nonlocal amplitudes. Extending the application of LCSRs to other nonlocal contributions

represents an important task for the future. For example, as discussed in more detail

in [13], the weak annihilation contribution which is important in the B → π`+`− decay

can be obtained from LCSRs with B-meson DAs, alternative to QCD factorization and

potentially including subleading effects.

Furthermore, we suggested a systematic way to extract the CKM matrix elements,

cast in a form of the Wolfenstein parameters, from the combination of observables in

B → P`+`− decays, independent of the other methods involving the nonleptonic B-decays

and/or B − B̄ mixing.

Note that an independent extraction of CKM parameters is also possible from other

modes of FCNC exclusive B-decays, such as B(s) → V γ or B(s) → V `+`−, where V = K∗, ρ.

The corresponding combinations of observables demand, apart from B → V form factors,

a dedicated calculation of all relevant nonlocal hadronic matrix elements. For this not

yet accomplished task, a variety of methods combining QCD factorization with various

versions of LCSRs may prove to be useful. In case of radiative decays the sum rules with

photon and vector-meson DAs and heavy-meson interpolating currents can be also of use

(for previous works in this direction see [35–37]).

In table 5 we compare our results for the binned branching fractions4 with the ex-

perimental measurements and lattice QCD predictions [28, 38, 39]. In the lattice QCD

studies of B → P`+`− decays, as explained in detail in [39], the nonlocal contributions

cannot be calculated in a fully model-independent way. Instead, the (continuum) QCD-

factorization [14] in the timelike region of q2 is employed. Let us also mention in this

context the earlier estimates of B → K`` [40, 41] and B → π`` [42] where the QCD-

factorization approach was used combined with various inputs and extrapolations for the

form factors.

As seen from table 5, the theory predictions for the B → K`+`− branching fraction

reveal some tension with the experimentally measured values, making this observable an

important ingredient of the global fits of rare B decays (see e.g., [43]). Adding the charac-

teristics of B → π`+`− and Bs → K`+`− decays to the set of fitted observables will further

extend the possibilities to test the Standard Model in the quark-flavour sector. The fact

that these very rare B-decay modes are within the reach of LHCb experiment, makes this

task realistic.

– 13 –



J
H
E
P
0
8
(
2
0
1
7
)
1
1
2

Acknowledgments

We thank Danny van Dyk and Yu-Ming Wang for useful discussions. This work is supported

by the DFG Research Unit FOR 1873 “Quark Flavour Physics and Effective Theories”,

contract No KH 205/2-2. AK is grateful for support to the Munich Institute for Astro- and

Particle Physics (MIAPP) of the DFG cluster of excellence “Origin and Structure of the

Universe” where the part of this work was done. AR acknowledges the Nikolai-Uraltsev

Fellowship of Siegen University and the partial support of the Russian Foundation for Basic

Research (project No. 15-02-06033-a).

A LCSR calculation of the B → P form factors

The LCSRs for B → P (P = π,K) form factors at large recoil of P (parametrically, at

q2 � m2
b) are derived from the correlation function of the weak flavour-changing current

and B-interpolating quark current, sandwiched between the vacuum and on-shell P -state:

FµBP (p, q) = i

∫
d4xeiqx〈P (p)|T{q̄1(x)Γµb(x), (mb +mq2)b̄(0)iγ5q2(0)}|0〉

=

{
FBP (q2, (p+ q)2)pµ + F̃BP (q2, (p+ q)2)qµ, Γµ = γµ ,

F TBP (q2, (p+ q)2)
[
q2pµ − (q · p)qµ

]
, Γµ = −iσµνqν ,

(A.1)

where the quark-flavour combination q1 = u, q2 = s corresponds to the B̄s → K+ weak

transition; q1 = s, q2 = u and q1 = d and q2 = u (q2 = s) correspond, respectively to the

B− → K− and B− → π− (B̄s → K0) FCNC transitions.

The invariant amplitudes FBP (q2, (p + q)2) and F TBP (q2, (p + q)2) in (A.1) are used

to derive the LCSRs for the vector f+
BP (q2) and tensor fTBP (q2) form factors, respectively.

At q2 � m2
b and (p + q)2 � m2

b the OPE near the light-cone x2 ' 0 is applied for the

correlation function (A.1) and the result is cast in a form of convolution, e.g.,:

F
(OPE)
BP (q2, (p+ q)2) =

∑
t=2,3,4,...

∫
Du

∑
k=0,1,...

(
αs(µ)

π

)k
T

(t)
k (q2, (p+ q)2, {ui})ϕ(t)

P ({ui}, µ), (A.2)

where T
(t)
k are the perturbatively calculable hard-scattering amplitudes and ϕ

(t)
P (ui) are

the P -meson light-cone distribution amplitudes (DAs) of the twist t ≥ 2. The variables

{ui} = {u1, u2, . . .} are the fractions of the P -meson momentum carried by the constituents

of DAs and Du = δ(1 −
∑

i ui)
∏
i dui. In eq. (A.2) the same renormalization scale µ is

used for DAs and for the QCD running parameters in the adopted MS scheme.

The terms in the eq. (A.2) that correspond to higher-twist light meson DAs are sup-

pressed by inverse powers of the b-quark virtuality ∼ ((p + q)2 − m2
b) ∼ Λ̄mb, where

Λ̄ � ΛQCD does not scale with mb. The adopted approximation for the correlation func-

tion includes LO contributions of the twist 2,3,4 quark-antiquark and quark-antiquark-

gluon DAs. For the kaon DAs the O(m2
K) ∼ O(ms) accuracy is adopted. The factorizable

parts of twist-5,6 contributions to LCSRs for B → P form factors were calculated by one

of us [9] and their numerical impact on the total invariant amplitude was found negligible,
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< 0.1% of the total. This strengthens the argument for using a truncated twist expansion

to the accuracy t = 4.

The NLO O(αs) corrections to the twist-2 and (two-particle) twist-3 hard-scattering

amplitudes T
(2,3)
1 are taken into account. In the latter we neglect the s-quark mass, hence,

the double suppressed O(αsms/Λ̄) effects. We use the expressions for OPE derived in [7]

extending them to the B → K and Bs → K cases (see also [18]). We do not include the

O(β0) estimate of the twist-2 O(α2
s) contribution to the twist-2 hard-scattering amplitude

calculated in [44], since the resulting effect in LSCR is very small and does not yet represent

a complete NNLO computation of T
(2)
1 .

The analytic result for F
(OPE)
BP (q2, (p+q)2) and F

T (OPE)
BP (q2, (p+q)2) is matched to the

hadronic dispersion relation for the correlation function (A.1) in the variable (p+ q)2. To

apply quark-hadron duality one needs to transform the calculated invariant amplitudes to

the form of dispersion integral,

F
(T )(OPE)
BP (q2, (p+ q)2) =

1

π

∞∫
m2

b

ds
ImF

(T )(OPE)
BP (q2, s)

s− (p+ q)2
. (A.3)

We equate the contribution of the excited and continuum B-states in the hadronic dis-

persion relation to the part of the above integral at s > sB0 , where sB0 is the effective,

process-dependent threshold. The integral at s ≤ sB0 is then equated to the contribution

of the ground-state of B-meson. The subsequent Borel transformation with respect to the

variable (p+ q)2 exponentiates denominators, so that, e.g., 1/[s− (p+ q)2]→ e−s/M
2
. Here

M2 is the Borel parameter chosen so that M2 ∼ Λmb ∼ µ2 guarantees a power suppression

of higher-twist contributions. One finally obtains the LCSRs for the B → P form factors:

f+
BP (q2) =

em
2
B/M

2

2m2
BfB

1

π

sB0∫
m2

b

ds ImF
(OPE)
BP (q2, s)e−s/M

2
,

fTBP (q2) =
(mB +mP )em

2
B/M

2

2m2
BfB

1

π

sB0∫
m2

b

ds ImF
T (OPE)
BP (q2, s)e−s/M

2
. (A.4)

B Nonlocal contributions to B → P`+`−

The effective weak Hamiltonian of the b → q`+`− transitions (q = d, s) generating the

B → P`+`− decays has the following form in the Standard Model (see e.g., the review [45]):

Hb→q
eff =

4GF√
2

(
λ(q)
u

2∑
i=1

CiOui + λ(q)
c

2∑
i=1

CiOci − λ
(q)
t

10∑
i=3

CiOi

)
+ h.c. , (B.1)

where λ
(q)
p = VpbV

∗
pq, (p = u, c, t) are the products of CKM matrix elements. For the

B → K`+`− transitions, the part of the decay amplitude proportional to λ
(s)
u ∼ λ4 is

neglected. The operators Oi in (B.1) and the numerical values of their Wilson coefficients Ci
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Figure 2. Hadronic nonlocal amplitude H(c)
BK(q2) in B− → K−`+`− in the large recoil region. On

the left (right) panel the real (imaginary) part is plotted for the central input (solid) and including

uncertainties (dashed band).
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Figure 3. The same as in figure 2 for the amplitudes H(u)
Bπ(q2) and H(c)

Bπ(q2) in B− → π−`+`−.

used in this paper are listed in the appendix A of ref. [13] and in table 3 above. In the decay

amplitude (2.4) the dominant contributions of the operators O9,10 and O7 are factorized

to the B → P form factors. The additional amplitudes denoted as H(c)
BP (q2),H(u)

BP (q2) in

eqs. (2.5), (2.6) accumulate the nonlocal effects generated by the all remaining effective

operators combined with the electromagnetic emission of the lepton pair. They can be

represented as a correlation function of the time-ordered product of effective operators with
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Figure 4. The same as in figure 2 for the amplitudes H(u)
BsK

(q2) and H(c)
BsK

(q2) in B̄s → K0`+`−.

the quark e.m. current, jem
µ =

∑
q=u,d,s,c,bQq q̄γµq, sandwiched between B and P states:

H(p)
(BP )µ = i

∫
d4xeiqx〈P (p)|T

{
jem
µ (x),

[
C1Op1(0)+C2Op2(0)+

∑
k=3−6,8g

CkOk(0)

]}
|B(p+q)〉

=
[
(p·q)qµ−q2pµ

]
H(p)
BP (q2), (p=u,c). (B.2)

In the case of the B → K`+`− decay only the amplitude H(c)
BK(q2) contributes. The cal-

culation of the nonlocal amplitudes following the method suggested in [11] proceeds in

two stages. First, the amplitudes H(c,u)
BP (q2) are splitted in the contributions with different

topologies, including c or u quark emission in LO, NLO factorizable corrections, nonfactor-

izable effects of soft gluon emission, hard-spectator and annihilation contributions. They

are calculated one by one at spacelike q2 < 0 where the light-cone OPE for the corre-

lation function (B.2) is valid. For the hard-gluon NLO and spectator contributions we

apply the QCD factorization and for the soft gluon emission the dedicated LCSRs. A

detailed account of this calculation can be found in refs. [12] and [13]. After that, the

resulting functions H(c,u)
BP (q2 < 0) are fitted to the hadronic dispersion relations in the q2

variable where the contributions from the lowest vector mesons V = ρ, ω, φ, J/ψ, ψ(2S)

are isolated and the excited states and continuum contributions are modeled, employing

the quark-hadron duality. Here we employ as an additional input the experimental data

on branching fractions of the nonleptonic B → V P decays determining together with the

vector meson decay constants the moduli of the residues in the pole terms of the dispersion

relation. The phases of these contributions are included in the set of fit parameters. Since

in this paper we are interested only in the large recoil (low q2) region, the integral over
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hadronic spectral density at q2 > 4m2
D with no singularities in the large recoil region is

modeled by a polynomial with complex parameters (see refs. [12, 13] for details). Indeed,

for our purposes it is not necessary to use a more detailed hadronic representation, like the

ansatz suggested in [46] and used in [47], where the broad charmonium resonances located

above the open charm threshold are resolved with separate relative phases.

Having fitted the parameters of dispersion relations, we continue them to the positive

values of q2 in the large recoil region, where there is a minor influence of the model-

dependent contributions. Finally, we note that in our approach the differences between the

Bs → K, B → K and B → π nonlocal amplitudes originate from the SU(3)fl -violating

differences between the decay constants, parameters of light-meson DAs and nonleptonic

amplitudes, as well as from the different spectator-quark flavours, determining the diagram

content of these amplitudes.
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