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ABSTRACT: The one-loop correction to heavy quark pair back-to-back production in un-
polarized semi-inclusive deep inelastic scattering is given in this work in the framework
of transverse momentum dependent(TMD) factorization. Both unpolarized and linearly
polarized TMD gluon distribution functions are taken into account. A subtraction method
based on diagram expansion is used to get finite hard coefficients. It is found the soft and
collinear divergences of one-loop amplitude is proportional to tree level ones and can be
expressed through several basic scalar triangle and bubble integrals. The subtraction of
these divergences is spin independent. Beyond tree level an additional soft factor related
to final heavy quark pair must be added into the factorization formula. This soft factor
affects the azimuthal angle distribution of virtual photon in a nonperturbative way. In-
tegrating over virtual photon azimuthal angle we construct three weighted cross sections,
which depend on only three additional integrated soft factors. These weighted cross sec-
tions can be used to extract linearly polarized gluon distribution function. In addition,
lepton azimuthal angle is unintegrated in this work, which provides more observables. All
hard coefficients relevant to lepton and virtual photon azimuthal angle distributions are
given at one-loop level.
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1 Introduction

Gluon transverse momentum dependent(TMD) distribution functions take important in-
formation about the hadron structure. In high energy region, gluon as a parton usually
plays more important role than quark, since the momentum fraction of parton is always
very small. Thus, precise knowledge of gluon distribution functions is desired to make
precise prediction of the cross section. Since gluon is spin-1, it can have different polariza-
tions in a hadron. When the transverse momentum of the gluon in a hadron is integrated
over, there is only one gluon distribution function possible for unpolarized hadron, which
is the usual collinear gluon parton distribution function(PDF). In such integrated PDF
the gluon is unpolarized. But when the transverse momentum of gluon is unintegrated,
the transverse momentum of gluon can couple with the spin of gluon to give a description
of polarized distribution of gluon in a hadron [1]. For unpolarized hadron, there exists
two such transverse momentum dependent gluon distribution functions: one is denoted
as G(x,pi), which reflects the distribution of unpolarized gluon in a hadron, with lon-
gitudinal momentum fraction 2 and transverse momentum p, the other is H-+ (x,pi),
which reflects the distribution of linearly polarized gluon in the hadron. So far, the second
gluon distribution function, i.e., H*(z, pi) has already aroused much interest in current
researches, such as the effect of H+ on higgs boson production at LHC [2-6]. One can see
e.g., [7, 8] for a review on linearly polarized gluon distribution function. Various schemes
are proposed to extract this function in literature. For hadron reaction, pair photon pro-
duction [9], photon-quarkonium [10] or quarkonium-quarkonium [11] associated production



are proposed to extract this function from a cos(2¢) azimuthal angle distribution in these
reactions. For hadron reaction, the problem is the potential breaking of TMD factorization
as pointed out in [12, 13]. All these proposed schemes require the detected final states are
colorless(for quarkonium the heavy quark pair from hard interaction is in a color singlet).
Contrast to hadron reaction, semi-inclusive deep inelastic scattering(SIDIS) for heavy quark
pair or di-jet production is expect to have an exact TMD factorization, and can be used
to extract some definite information about gluon TMD distribution functions. [14] have
examined the effect of H+ in heavy quark pair and di-jet production. For heavy quark pair
production, the study in [14] is at tree level or leading order of a, with a simplified TMD
formula. At this order the TMD formula just contains gluon TMD distribution functions
as nonperturbative quantities. To higher order of «ay, the soft radiation from final heavy
quark pair will introduce an azimuthal angle dependent soft factor into TMD formula and
affect the azimuthal angle distribution of virtual photon,i.e., ¢4, which is used to extract
H*t in [14]. Because of the azimuthal angle dependent soft factor, a complete description
of ¢4 distribution in the cross section is impossible. Instead we construct three azimuthal
angle weighted cross sections, which depend on only three integrated soft factors. These
weighted cross sections may help to extract H+. In [15], the TMD factorization for this
process is examined at one-loop level, with H+ not taken into account. It is found all
collinear and soft divergences can be absorbed into gluon distribution function and a soft
factor with azimuthal angle integrated. But part of the finite correction of hard coefficients
is absent in [15], and the study is confined to G(z, pi) In this paper, we want to study
the azimuthal angle effect introduced by the soft factor mentioned above. We will examine
the factorization formula for both G(z,p,) and H*(x,p,) based on diagram expansion
method presented in [16]. This method is different from the method in [15], which uses a
single gluon to replace initial hadron. The method based on diagram expansion enables us
to obtain the finite hard coefficients for various parton distributions in a systematic way.
In addition, we keep lepton azimuthal angle unintegrated in this work, which can provide
more observables. The structure of this paper is as follows: in sectionll we illustrate kine-
matics for heavy quark pair production in SIDIS; in sectionlll, tree level factorization and
resulting angular distributions are discussed, including lepton azimuthal angle distribu-
tions; in sectionlV, the factorization formula is examined at one-loop level and the hard
coefficients are calculated. In this section, the soft factors are also constructed and virtual
one-loop corrections to soft factors and distribution functions are calculated; in sectionV,
the effect of soft factor is discussed and three weighted cross sections are constructed to
extract H'; sectionVI is our summary.

2 Kinematics

We consider the scattering of electron and hadron
e(l) + ha(Pa) = e(l') + Q(k1) + Q(k2) + X, (2.1)

where X represents undetected hadrons [17]. At order of a2, this process is dominated

em?

by the exchange of a virtual photon between electron and hadron. The momentum of the



virtual photon is ¢* = I* — I’". In perturbative region, Q? = —¢*> > AQQCD. Q, Q with
momenta ki, ko are heavy quark and anti-quark produced in the hard collision. In the
center of mass(c.m.) frame of virtual photon 7* and initial hadron h4, we demand @ and
Q are nearly back-to-back.

For convenience we define

1
Kt =k +ky, R' = 5 (k' —KL). (2.2)

Our requirement for the final quarks then becomes
R~ Q, Kt < Q, (2.3)

where R and Kp are the transverse components of R and K, respectively. In the c.m.
frame of v* and h 4, the transverse vector is relative to Z-axis. Here Py is along +Z-axis,
and ¢ is along —Z-axis.
By considering only the contribution of virtual photon, the cross section we want to
study can be written as
1e'Q?

do = % 0 (2m)?

a3l d3ky d3k2
(2m)321'0 (2m)32E) (2m)32E>

LMW, (2.4)

where the leptonic and hadronic tensors are
L =2 (1M - 11" — gL 1) = A+ g

W = (Pasl*|QQX)(QQX|#(0)| Pas)6* (Pa +q — ki — k2 — Px). (2.5)
X

In leptonic tensor we have used QED gauge invariance ¢*W,, = 0 to eliminate all ¢* and
¢" in leptonic tensor. This will simplify our calculation.

Define
Q? Py-q Py -k Py ko 2
vB 2Py - q’ Y Pyl “ Pa-q’ = Py-q’ s=(Patd) (26)
The phase space integration measure can be written as
a3l ys k1 d¥ky 1 9 9
— = —dxpdyd ———— = —dy1dy2d"K7d*R 2.7
o0 = g dendydin, 2B, 2B, — 1dvad Krd Ry, (2.7)

where 9 is the azimuthal angle between !’y and Rr; y1 2 are the rapidities of final quark
and anti-quark, respectively.
Then, the differential cross section becomes

- v 2.8
drpdydidyrdysd? Kpd? Ry 6473Q% It (2.8)

where @), is the electric charge of heavy quark in unit of the charge of electron. All
information about the cross section now is contained in the hadronic tensor WH¥. In next
sections we will focus on the factorization of hadronic tensor.



~v*N frame(c.m. frame of v* and h 4) is useful to describe the cross section, but it is not
very convenient for the calculation, especially for the factorization of WH¥, as we discussed
later. More convenient frame is the hadron frame defined as the c.m. frame of final heavy
quark and antiquark. In this frame, Py is still along +Z-axis, but virtual photon now
has a small transverse momentum ¢;. We use light-cone coordinate representation in this

*,a7,d}), where the transverse

paper. In this representation any vector a* is written as (a
components are relative to Z-axis and denoted by a; +-components are defined by two
light-like vectors n# and n* with n-n =1, i.e., at =n-a, a~ = 7 -a. The decomposition

of relevant momenta is like
Ph = PXT_LM, Kt =Kt + K n*, ¢ =q¢"n"+q n"+¢. (2.9)
The following two tensors are useful to project transverse components of a vector:
g =g" —ntn’ —ntnt, Y =Tt =P in,, (2.10)

and our convention for e-tensor is €223 = 1 so that elf = 1. For any four-vector a* its
”w
transverse component is a'| = =g/ N Ya,.
Given these two frames, ¢; in hadron frame and Kr in v*N frame can be connected

to each other. In v*N frame,
Kl = K' — oP — Bq". (2.11)

Hence, the transverse component of K7 in the hadron frame is

(Kr)| = =Bd} = —(21 + z)d" . (2.12)
On the other hand,
KQ
m
(K1)} = ¢1" K1, = KF. _PAP e (2.13)
Combining these two equations we have
2
Kb = —(z1 + z2)¢} + P} (2.14)

PK

This is an exact result. In the region we are considering, K is a small quantity, then the
second term with K% can be ignored at leading power level.

In this work all calculations will be performed in hadron frame. To define azimuthal
angles on the transverse plane we assign ki, along +X-axis, and Y-axis is defined by
€ | -tensor, that is,

k“
1L
il

Then the azimuthal angles of virtual photon and initial lepton, ¢, and ¢;, are defined as

XH = YR =X, (2.15)

the angles of ¢, and [ relative to X-axis, respectively, as shown in figure 1. At leading
power of ¢ expansion, ¢; is equal to v, which is defined in v*N frame. With these two



Figure 1. Azimuthal angles of virtual photon and initial lepton in the transverse plane of
hadron frame.

vectors X* and Y* the transverse metric and anti-symmetric tensor can be written into
another form
g =-XIXY - YY"V, Y = XYY — XVYH (2.16)

Since n,n, X,Y form a complete basis in four-dimension space, the leptonic tensor can be
expressed through these four vectors. Equivalently, one can choose P4, K, X,Y as basis.

The advantage of this basis is the calculation can be done in a covariant way.
The complete basis for symmetric rank-2 tensor is

AR — (FERY XY + iV XE, ARYY + VYR XPXY 4 YRYY, XEXY - YRYY ) XRYY + XYY R
i=1,---,6.

(2.17)
With this basis leptonic tensor in hadron frame is expressed as
4(1 — 1+ (1—y)?
LMY — QQ ( - y) g + Q2 + ( - y) (XHXV + Y,LLyz/)
Yy Yy
V1— —2 1-— —2
+ 2Q27y§y ) cos G (AP XY+ XP) + 2Q27ygy ) in G (APYY +RVYH)
Yy Yy
1— 1—
+2Q° —Z cos(200) (X* XY — YY) + 20>~ sin(260) (XYY + X"YH),
Yy Yy
(2.18)
where 1 P
- (Pa + apK)", ap = — I? 7 (2.19)
\/200Pa - K + 02 K? q

In the decomposition we have considered the constraint of QED gauge invariance, that is,
P!} and K* must be combined into 7* to ensure g, A" = 0. Since ¢- X ~¢-Y ~ O(q.),
QED gauge invariance is preserved at leading power of ¢;. One can check that n* can
have another representation like

. 1

nt = a(q+2xBPA)”+O(qL). (2.20)
This representation simplifies our calculation dramatically. Since hadronic tensor does not
depend on ¢;, this decomposition exhibits all possible lepton azimuthal angle distributions
for unpolarized lepton beam.
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Figure 2. TMD factorization for heavy quark pair production in DIS. The two central bubbles
represent hard subprocess, while lower bubble represents jet part of initial hadron.

3 Tree level azimuthal angle dependence

In hadron frame when ¢ is small, W#” can have a TMD factorization formula at the
leading power of ¢ expansion. At tree level the formula reads

pro LB 1— . MV/ 2 2 (I)CYIB qi qil
w xQQMp(NCQ—l)(S( z1 ZQ)HCXB d“p16“(p1L +q1) (x,p1)+ O 0t )
(3.1)

where the gluon TMDPDF is [1]

N e A2 o
@aﬂ(aj,pl) - < p ) /M—ezzﬁ PX'HSLM<PA\G:f(O)G;Ff(O+,5_,5L)|PA)

2M, (2m)3
5 oy 200 =R
=-¢7°G (z,p1) + Sz H (@) (3.2)
p

We work in Feynman gauge 0"G,, = 0 in this work. The gauge links in ®8 are suppressed
for simplicity. There is a color summation in the definition of gluon TMDPDEF. Therefore,
there is a color average in the hard part. In formula eq. (3.1), the average factor 1/(N2—1)
has been extracted, so, the hard part H éfg in eq. (3.1) contains a summation over color.

The derivation of this factorization formula for hadronic tensor has been given in [18]
in detail. Under high energy limit or Q? — oo, the general structure of the interaction
factorizes into the form shown in figure 2, where the two central bubbles represent hard
interaction, in which all propagators are far off-shell, and the lower bubble represents
the jet part of initial hadron, in which all propagators are collinear to P4. All possible
soft interactions are ignored in figure 2. These soft interactions do not appear at the
leading order of ag. We will discuss them in one-loop correction. For this process, the
hard scales are ) and ki, which are taken to be the same order in this paper. Under
the limit ¢, < @, k1., the above factorization formula is obtained from the expansion
in A ~ q,/Q, q1/k11. Leading power contribution of this process is given by collinear
partons, that is, the momentum of initial gluon satisfies p* = (p*,p~,p1) ~ Q(1,A%,\).
According to this scaling law p,, g are of the same order, and then the delta function
82(py + q1) itself is already of leading power. Therefore, both p; and ¢, can be ignored
in H ZE This means H gg are on-shell amplitudes. This fact ensures QED gauge invariance
of hadronic tensor.



For factorization in Feynman gauge gluon distributions may have a problem concerning
super-leading power contribution, which appears when the gluon in figure 2 is longitudi-
nally polarized, i.e., GT. Such a gluon will give a 1/A enhancement compared to the
leading power contribution we stated above. Note that the delta function in the hard
part, 62(p1 + q1 ), should not be expanded, then super-leading power contribution is given
by the longitudinal gluon with p; = 0. For the one-gluon case considered here, such a
contribution from longitudinally gluon vanishes due to Ward identity. But in Feynman
gauge, there can be any number of longitudinal gluons connecting the central bubble and
lower bubble, whose contribution is not power suppressed. For the case with two gluons
connecting the central bubble and lower bubble as shown in figure 3(a), [19] has given an
explicit calculation to show the super-leading power contribution is absent even when the
transverse momentum of the parton is preserved. In addition, at leading power one of the
two gluons becomes gluon field strength tensor, the other is absorbed into gauge link as
shown in figure 3(b). With this conclusion we will simply take the gluon in figure 2 as trans-
versely polarized even at one-loop level, and will consider only the one-gluon case in our
calculation. This causes no problem about the hard coefficients at least at one-loop level.

Because p is set to zero, there is only one independent transverse momentum kq | in
H g; Then previous vector basis for L*#” can also be applied to H &‘g That is,

«Q afB’

HY =" Hij A B! (3.3)
i’j
with A" given by eq. (2.17) and
j

B = {Xaxﬁ +Yov? xexP —yeyf xovf 4 Xﬂyf"} , J=123.  (34)

Due to P-parity conservation the number of Y vector in A;B; must be even. So, there are
only following 10 rather than 18 nontrivial projected hard coefficients:

Hi; = {Hy1, Hi2, Ha1, Hyo, H33, Hy1, Hyp, Hs1, Hso, He3z}. (3.5)

With these projected hard coefficients, the angular distributions on ¢, and ¢; can be
obtained as

-1

do 202, xpyd(1 — 21 — 22)
dl/)ldydl‘deldyngKTdQRT 167T3Q4Z‘MP(NC2 — 1)
2(1 — 1+ (1 —y)?
= ( e ) (Hiy(w G) — COS(2¢q)H12<w2Hl>) + (y2 y) (Hay (w1 G) — cos(2¢q)H42<w2Hl>)

T2
e
+ WTZJQ(Z/—Q) sin ¢y sin(26) Hys (wa H )

+ 2(13; v) cos 2¢; (H51<w1G) — cos(2¢q)H52<w2HL>) —

COS qSl (H21<’LU1G> — COS(2¢q)H22 <’LU2HL>)

2(1-vy)

y2

sin 2¢; sin(2¢,) Hes (wo HY).
(3.6)
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Figure 3. Scattering with two collinear gluons in initial state. The two initial gluons cannot couple
into one gluon through tri-gluon vertex.
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Figure 4. Tree diagrams for the subprocess v*g — QQ.

where

(wpr,q)f (z,p1)) = /dzpﬂ?Q(m +q)w(pr,q)f (z,p7), (3.7)

and

2(p1-q1)? —pidt
_ .
2M3qT

wi(pl,q1) =1, wa(pi,qL) = (3.8)

The tree level hard coefficients can be obtained by replacing the central bubbles in
figure 2 with the diagrams in figure 4. For the subprocess v* + ¢ — QQ, there are three
independent variables:

s1=2ky - ko, t1=-2p-ki, uyp=—-2p-ky, (3.9)

where pH = .CUPX is the momentum of initial gluon. Another independent parameter we
choose in our calculation is quark mass m. For convenience we define

1

- H
92N.Cr

H;; ij- (3.10)



After some simplifications the results are

].6 (2m2 + S1 + tl + ul) (m2 (t% + U%) — Sltlul) _ 16Q2|RL|2
tiug (t1 + uy) 2 Ot
(tl — U1) (t1U1 (281 +t + ul) — 2m? (t? + u%))
t%u% (tl + ul)

Ij[ll :ﬁ12 =

- _ 4
Hyy =Hz = Q|R|

i

~ 4(t1 —u
H3s :Q‘RL‘%

3

. 2
Hyp = 5 (=8m* (tJuy + 2t{uf + tyuf + ] + ul)

t2u? (t + uy)
—2m? (s1 (—4tjus — 265u] — dtyud + t] +ul) + (b +w) (8 +ui) )

tyug (174 uf) (251 (b +uy) + 287 + (b +ur) ?)),

4 (m? (83 +u?) — sityur) (4m? (trug + 83 +u?) + (8 + ud) (s1+t1 + w))

Hyp=—
42 t%u% (tl + ul) 2 ’
i 8 (t1u1 (s1+t1 +uy) —m? (t% + u%)) (m2 (t% + u%) — sltlul)
5L t%u% (tl + Ul) 2 ’
. 42m* (83 +u?)? — 2m2tyu (8 +u?) (251 +t1+u) + t3ud (251 (8 +u) + 287 + (8 +u)?))
Hsy = — 22 (1 2 )
Tui(ts +ur)
. 4(2m? (2 +u?) —tiug (281 +t1 +u
oy = ( ( 1 1) 1uy (281 + 14 1))7 (3.11)
trug (t +uy)
where

m? (t% + u%) — s1t1uy
(t1 +u1)?

Q2 = —q2 = — (2m2+31 —|—t1+u1), Ra_ = —|RJ_’2 = k‘%J_ =

(3.12)

From C-parity conservation Ha; 22 33 are anti-symmetric, while other ones are symmetric in

t1 and uq. Our result satisfies this symmetry. The momentum fraction x can be obtained

from s1 +t1+up = —2m? —Q?, t1 = —2p-k1 = —2xPs -k and u; = —2p-ko = —22 P4 - ko.
The explicit value is

51+ 2m? 4+ Q? 51+ 2m? 4+ Q?
= X y
Q%(21 + 22) b Q?

r=2p (3.13)

in which all variables can be measured in experiment and in the last equality we have used
z1+20=1.

4 One-loop correction

For TMD factorization here, the relative transverse momentum of final heavy quark and
antiquark is fixed. The soft divergence from virtual correction cannot be cancelled by real
correction, since the phase space integration is incomplete for real correction. Usually, a
soft factor is introduced to absorb such soft divergences. The operator form of the soft
factor can be obtained by using eikonal approximation for soft gluons emitted by final
heavy quark pair and by initial gluon, see [20] for example. The procedure is standard and



the heavy quark soft factor is

1
Q —
S(bL) = Ferey
X (01U (b1 ,—00)aeTr[Uy, (00,b1 )TU}, (00,1 ) Uy, (00,0)TUY, (50, 0)]call (0,—00) 4a]0).
(4.1)
The definition of gauge link is
Uy(oo,b) ) = Pexp [—igs/ d - G(by + /\v)] ,
0
A 0 A
Uy(b),—00) = Pexp [—z’gs/ d - G(b + /\v)] , (4.2)

with v an arbitrary vector and P the path-ordering product so that fields with smaller
A are always put on right hand side of the fields with larger A. U, and U, are defined
in fundamental and adjoint representations of color group, respectively. Correspondingly,
GF = GET® and G* = GHT*® are gluon fields in fundamental and adjoint representations.
Note that Tbca = —if® and Tr(TT%) = 6%°/2 in this work. With such definitions of the
gauge link our covariant derivative is D¥ = 0¥ + ig;GLT®. The Tr[---] in eq. (4.1) acts
on matrices in fundamental representation. Then, one can check the definition eq. (4.1) is
color gauge invariant. At order of a2, S9(b, ) is normalized to 1. The definition in eq. (4.1)

is given in coordinate space. To get the definition in momentum space one should do a
Fourier transformation, i.e.,

SQ(1,) = / P vgo ), (4.3)
(2m)2
At order of a2, S9(I1) = 6%(1.).

The sources of the gauge links in S% are clear: U,, and U, are obtained from the
coupling of soft gluon to on-shell heavy quark or anti-quark by using eikonal approximation.
Here vy 2 = k1,2/m are the four-velocities of heavy quark and anti-quark, respectively; Us
is extracted from the coupling of soft gluon to initial hadron or gluon. Here v is collinear
to the momentum of initial hadron. If 92 = 0, S9 has a light-cone divergence, and thus
is not well-defined. As a regulator ¢ is modified to be a little away from the light-cone
direction but still with ©, vanishing, i.e., o™ > ¢~ and ¢, = 0.

Without the soft factor the tree level TMD formula eq. (3.1) cannot be right. The
correct one should be

o xpd(l1—21—22)
TQ*Mp(NZ—1)

/d2p¢d2lud2lu52(p¢+QL—lu—lu)Hgg‘1’a6($api)SQ(lu)S(lu),

(4.4)
where H gg is the hard part. S(I1) appears in order to avoid the double counting of soft
divergences, since the soft divergence in the correction to gluon TMDPDF &% is also

contained in the correction to S¢. Except that now the gauge link is defined in adjoint
representation, S(I)) is the same as that defined in SIDIS [21], i.e.,

2 2 _
S‘(ZL)—/ d bgeibrﬂ = = Ne 1 . . (4.5)
(2m) 01T (b1, —00)aeUd (00, b1 )ealy (00, 0) 4eUs5(0, —00)ca|0)

~10 -



In this soft factor the vector ¥ has appeared in S€. Another vector appearing in the gauge
links is v# = (v*,v7,0,) with v~ > v*. As stated before, the little offshellness of v and
¥ is used to regularize light-cone singularity. Other regulartors for light-cone singularity
have been given by [22, 23]. The calculation procedure with these regulators is the same,
so, we will not calculate the hard coefficients once more using the regulators in [22, 23].
The calculation of one—lo?)p hard coefficients can be performed in the same way as [16].

One-loop hard coefficient Hf(inite is given by

A HD Bas(@,p1)Soli1)S(lar) = A HO®,5(2,p1)S0(111)S(121)

_ / HO [0 (,p1)S(11)5(1)
1

+ @ap(,p1)S5 (111)S(l21)

+0ap(2,p1)So(l)SW(la1)|

/ = /dszdzludzlu52(PL +q. —lhi—1la1), (4.6)
L

where H®, (), Sg ), S represents the one-loop corrections to hard scattering part, gluon
TMDPDF, and the two soft factors, respectively. One-loop integral in H® includes parton-
like contribution [19], for which the loop integral is collinear to p or P4. This parton-like
part has been included in tree level result and should be subtracted to avoid calculating tree
level diagrams by twice. For details of subtraction one can consult [16, 19, 24]. At leading
power one can show that all real corrections to hadronic tensor can be subtracted by the
correction to gluon distribution and soft factors. If the final gluon is collinear to P4, [19]
has shown that its coupling to heavy quarks can be absorbed into gauge link in gluon
distributions. If the final gluon is soft, one can use eikonal approximation to transform the
coupling of soft gluon to collinear gluon or to heavy quarks into gauge links in heavy quark
soft factor S9. The overlap between ®*# and S? in soft region is subtracted by another
soft factor S.

Hence, only virtual corrections contribute to one-loop hard coefficients. For virtual
correction, the delta function 62(p; + q. — 11 — l1) has been of leading power. So,
P1,qL can be ignored in one-loop hard part H M) and then H® is the product of on-shell
amplitudes for subprocess v* 4+ p — QQ. It is in this way the QED gauge invariance is
preserved. If the TMD factorization formula is correct the subtracted hard coefficients
Higiil)ite must be free of any infrared(IR) divergence. It should be noted that in formula
eq. (4.4) all gluon TMDPDF, S? and S are renormalized quantities, i.e., the UV divergences
in these functions are removed by M S scheme. Thus these nonperturbative quantities all
contain a renormalization scale p. In this work, both UV and IR divergences are regularized
in dimensional scheme with D = 4 — e. Specially, in our scheme only loop momentum is
generalized to D-dimension space, all other momenta are defined in four-dimension space.
This is the four-dimensional-helicity(FDH) scheme(see [25] and references therein). This
scheme is convenient for the tensor decomposition of hard part as done in eq. (3.3). Next
we will first calculate the virtual correction to gluon TMDPDEF and to the two soft factors

- 11 -
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Figure 5. Diagrams contributing to virtual correction of gluon TMDPDF, where the cross on left
hand side of the cut is the special vertex for gluon field strength tensor. The external gluon takes
momentum k*, and it is going into the vertex.

and then present the structure of one-loop virtual correction to hadronic tensor. In the
last subsection we present the explicit result of hard coefficients after subtraction.

4.1 Virtual correction to nonperturbative quantities

The complete gluon TMDPDF with gauge links is

+ 0\ L -2
«a p d§ d gJ_
x e A= (PGP (€)0] (00, €)elu(00, 0)caG L (0)| Pa)er—o. (4.7)

The virtual correction to this function is still obtained by power expansion. The diagrams
contributing to virtual correction are given in figure 5. Here we take figure 5(a) as an exam-
ple to illustrate our calculation scheme. According to collinear approximation, the leading
power contribution of figure 5(a) is from the region where the momentum of the parton
going through the hooked line is collinear to Py, i.e., k* = (KT, k7, k1) ~ Q(1, %, \).
Therefore,

o) (2, p1) = / k62 (ky — pL)d(k™ — pH)MEG (K k™ kL)

4 .
[ e M PAIGLAE 6 €06 O P)

~ /ko’L(SQ(k'L —pL)MSE’Cd(p—F,O, kL)
— 72
[ S T T S PAIGLA0.E G OIP), (49

where

N7 dl [kt gt =t (k1) 0 T pup (ks L~k —1)
MPTA et b k) = —ig? p C C/ L 1 prp\vs by
as (KK k) = =igi\ o | Cabed | s (T i@ + i)k + 02 + i

Covp(kl, =k =1) =gk —=Dp+ goul+k)p + gup(—2k — 1), (4.9)

Now in M (k) the loop integral is divergent when k; goes to zero if n = 4. But since the
divergence is logarithms-like, it can be regularized in dimensional scheme. Then, M (k) is

- 12 —



—idap(n - kg" —ntq})

Figure 6. The special vertex for the coupling of gluon field strength tensor and gauge link, where
qg=k+1.

well-defined at k; = 0, and it can be expanded as

M(p*,0,k1) = M(p",0,0) + kjaipM(p+, 0,0) +--- . (4.10)
1
Note that the hard scale in M (p™,0,k,) is (? = (2v-p)?/v?, so, high twist contribution is

suppressed by k, /¢. Since the delta function 62(k; — p,) is already of leading power or
leading twist, only the first term in the expansion should be preserved. Thus,

1
®()(z,pL) = M(p+,0,0)75

/ Py 8 (k) —py) / df@ff)?f S PAGT (0,6, €0)G7 . (0)|Pa).
(4.11)

Now by changing gluon field to field strength tensor the integral of above equation is just
gluon TMDPDF itself. From the derivation one can see that dimensional scheme is crucial
for our power expansion. Note that the nonlinear term in gluon field strength tensor also
contributes. Its effect is reflected in the special vertex [26] for the coupling of gluon and

gauge link, as shown in figure 6. The total correction of figure 5(a) is

asCy (4mp)e/? "
dr T'(2—¢€/2)

Ao €1 (1L 2, (L2 2|40
x LB<2 2’1+2>B( 2’1+2)(<) +(ew em)]q)o‘ﬁ(x’m)’
(4.12)

@\, p1) =2

where the factor 2 represents contribution from conjugated diagrams. Note that in this
expression and formulas following € is €;r implicitly, unless there is a special illustration.

Besides, wave function renormalization for the gauge link is given by figure 5(b) and
its conjugate, the result is

(3@, p1)ls =2 x (2% = 1) @f}(@,po).

Zy =1+ —Cy <1 - 1) : (4.13)
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(b) () (d) (e)

Figure 7. Virtual correction to heavy quark soft factor, where we just show the left part of the
total diagram, since the right part is trivial. The black dot in the diagram represents color matrix.

()

The sum of eq. (4.12) and eq. (4.13) is the total virtual correction to gluon TMDPDF,
that is,

1

(I)((X/J)’ (‘Ta pL) = 2W<I>‘I)g¢05) (CIT, pl)a

asCy (4mp)e/? "
dr T'(2—¢/2)
[rl-sepatpre e (-2 e

€ €UV €IR

Wo = (212 -1) +

Since the derivation does not depend on the polarization of initial hadron and the parton
or gluon, the result indicates the virtual correction is the same to the two gluon TMDPDF's
we consider here. Note that we will not calculate the self-energy correction to initial gluon
in our following calculation for one-loop hard part, because this self-energy correction can
be subtracted totally. For this reason, we do not calculate this self-energy correction to
s here.

There is no power expansion in higher order correction to soft factors, so, their virtual
corrections are easy to calculate. The virtual correction to S?(I)) is from figure 7. The
result is

S9)(1L) = 2Ws@SS(11),

~\2 ~\2
Wio= (VauZuZi—1) -2 (L~ 1) [cA (ln o0 ) (202-0) )

€UV €IR 1)%172 1)21)2

14+, 1—AY2
(O —20) 2

1= ofu3/ (v - v2)?
A2 TR

02 (01 02)? (4.15)

Y

vy and v are the four-velocities of heavy quark and anti-quark, respectively. If one takes
v% = v% = 1, X becomes the usual phase space factor for final heavy quark pair, i.e.,

A=1—4m?/(k1 + k2)? = p,.

— 14 —



(a) () (o)

Figure 8. Virtual correction to soft factor.

The virtual correction to S(l) is from figure 8, and the result is
SW(L) =2wsSO(1y),

Ws = — [<\/Zv71) f%‘;cA (11) 1n(2”2'f’)2]. (4.16)

€UV €IR 292

Note that in the derivation of these results we have ignored the corrections vanishing under
the limit v2, 9% — 0.

4.2 Structure of one-loop virtual correction to hard part

Next we consider the virtual correction to hadronic tensor. The central bubble in figure 2
on the left hand side of the cut at one-loop level is given by diagrams in figure 9, where
self-energy corrections to external fermion lines are not shown, since they are trivial to
be taken into account. The contribution of conjugated diagrams are not shown but taken
into account in the calculation. Denoting the amplitude for the subprocess q(p) +v*(q) —
Q(k1) + Q(k2) as M4, the one-loop hard part is

Y = MO (M) mi® (M) (4.17)
As an example, the tree level amplitude in figure 4 is

/\/lg(o) = —gT*

5 o (@(k)V prav(ke) — 2kaati(k1)y v (ke)) — (k1 < kQ)} . (4.18)

where « is transverse Lorentz index for initial gluon and p is that for photon. By using
this amplitude the result in eq. (3.11) can be obtained. From eq. (4.17) it is clear
= (H3) (4.19)
So, if the hard part is symmetric in (i, «) and (v, 8), it must be real. Since the transverse
momenta p; and ¢ are ignored in one-loop hard part, the decomposition for tree level
hard part in eq. (3.3) can also be applied to one-loop hard part. From eq. (3.3), the one-
loop hard part has such a symmetry automatically. So, all projected hard coefficients H%
are real. Since tree level amplitude M is real, we just need the real part of one-loop
amplitude. This simplifies the calculation, since absorptive part needs some caution for
the ie prescription in propagators in the loop.
Next we discuss the IR property of one-loop amplitude. The complete amplitude is very
complicated, but the IR divergent part can be shown to be simple and proportional to tree
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Figure 9. One-loop virtual corrections to the amplitude in hard scattering part, where the self-
energy corrections to external heavy quark and anti-quark is not shown, since they are trivial to be
taken into account.

level amplitude. Here IR divergences include soft and collinear ones. These divergences can
appear only in figure 9(a,b,c,f;i). Our observation is the loop integrals with IR divergence
can be expressed through three basic scalar loop integrals. Figure 9(a) contains only soft
divergence, which is caused by the soft gluon exchange between the two quarks. Such soft
divergence is contained in following integral,

1O (k) = / 1
Box—al™h [12+i€] [(I—k2)2—m2+ie] [(I+p—ko)2—m2+ie][(I+k1)2 —m?+ie]’

/ / 4! (4.20)

The soft divergence of such box integral can be expressed through scalar triangle inte-
grals [27]. In soft region with I = (IT,17,1) ~ Q(A\, A\, \), (I +p — ko)? — m? is offshell.
Thus setting [ = 0 in this propagator does not affect the IR divergence. This off-shell

propagator can be decomposed as

1 1 2-20 - ky+2l-p

= . 4.21
(l+p— ]{72)2 — m? (p— kz)Q 2p kg[(l +p— kz) m2] ( )
The second term gives IR finite contribution. Then,
1
](3 ) (kl, kz) CTI‘il(Sl) + DBOXl(tl, ul),
ox—a 2p i k2
1
CTril = . 4.22
il(s1) /l<z2 +i€)[(I = ka)2 —m? £ ie][(I + k)% — m? + ie] (4.22)
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All soft divergence of the box integral now is contained in the triangle integral CTril(sy).
Note that CTril(s;) is symmetric in kj, k2 or t1,u;. By exchanging ki and kg, the soft
divergence of figure 9(b) is obtained. After some simplifications the sum of the divergent
parts of figure 9(a,b) is

Mu’a+b = —ig*(Ca — 2CF)(2ks - ko)

(@(kl)’Y“If’YaU(kz) - 2k2aa(k1)’}/'uv(k2)) - (kl > kg)} .

CTril(s;) {—gT“

2p - ko
(4.23)
The quantity in {---} is rightly the tree level amplitude. Hence,
MU = —ig(Cy — 20F) 2k - ko) CTril (1) MEO), (4.24)

For figure 9(c), both soft and collinear divergences are contained in the loop integral,
and the overlap of these two divergences makes the extraction of IR part nontrivial. The
divergent loop integrals for this diagram are

1, l+ l+
OX C D0D1D2D3

with
Dy=1? Dy=(+p)? Dy=(l4+p—kp)?—m? D3=(l+k)*—m? (4.26)

In I](goo)xc, collinear divergence comes from the region where [* is collinear to p*, while soft

divergence comes from two regions: one is [* is soft, the other is (p — [)* is soft. In I]goxz,

collinear divergences come from the same region as [ ©  but the soft divergence only

Boxce?
comes from the region where (p — [)* is soft. Note that the integral with (I7)3 in the
integrand is absent in the amplitude, although this integral is also IR divergent.

As we will show, the divergent part of Box-c can still be expressed through triangle

integrals. First, setting [ = 0 in Dy gives

1 1 1 -k
O = _ 2 (4.27)
ox—e 2p- ko Jy DoD1Ds  p-ko J; DoD1D2Ds

where = means the equality holds up to IR finite corrections. Now [ - ke = ITk; + l_k; +
1| - ko, but I~ and I, are suppressed by A or A? in soft or collinear regions, so, [~ and |
can be dropped. Then

1 [ ko N 1 I+ B 1 l-q B 1 l(k?l—l—kg)
p-ko ) DoD1D2Ds  pt )y DoD1D2Ds  p-q ) DoD1D2Ds  p-q J; DoD1D2D3

1 D3 — Do+ Dy — Dy — 2ks -
_ / 3 o+ D1 2 2 p’ (428)
p-q DoD1 D2 D3
where we have used ¢* = —p*+ k' + k4. Now Dy 1 in the numerator above can be dropped,

because they are suppressed by A or A\? in soft or collinear regions. Then, substituting this
result back to eq. (4.27) one gets

(0)
T = _ —
Box—e ™ 2p . ky /l DoD1Ds  2p-k /l DoD1 Do

+ DBOXQ[tl, ul]. (429)
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In this way we express the IR part of Box-c through two triangle integrals. As expected,
this expression is symmetric in k1, k2. In the above we have also defined the finite part of
this box integral as DBox2[t1, u1].

Similarly, one can show

o 1 / 1 @ - 1 / 1 1 / 1

Box=¢ = 9p - ky J; DoD1 Dy’ Box=e ™ 9p-ki Jy DoD1Dy  4p-kip- ka2 J; DoD;
(4.30)

With the same method, the extraction of IR divergence from the triangle diagrams fig-

ure 9(f) becomes easy, and the results are

1 1 1
= -/ o b
Tri—f 1 lQ(Z +p)2[(l + k2)2 — m2] l 12(1 +p)2[(l —|—p — k2)2 — m2] 1 Dol)1D27
LN / (*/p") L1 / 1
Ti=f = [ 2L+ p)2[(L+ k)2 —m?]  2p-ko J; DoDy’

(4.31)

The integrals with (I7)% or (1) do not appear in the amplitude, although they are di-
vergent. Other integrals are IR finite for this triangle diagram. By exchanging ki, ks the
divergent part of figure 9(i) can be obtained.

With the obtained IR divergence, the amplitude from figure 9(a,b,c,f,i) can be ex-
pressed through four basic scalar integrals Joi, Joi2, Jo13 and CTril(sy). After a lengthy
calculation the result is put into a very neat form, which is proportional to tree level
amplitude! Besides, the self-energy corrections to external fermion lines also contain IR
divergence. Then, the complete IR divergent part of the amplitude is

Mu(l)) — W pMEO)
* IR @
Wir = (Zo — 1) —ig?(Ca — 2CF)(2k; - ky)CTril(sy)
— ngCA(2p - k1Jo1s + 2p - kaJo12 + Jo1), (4.32)

with
1

1 1
T Jows = U= , 4.33
o /1D0D1D2 013 /1D0D1D3 o /1D0D1 (433)

This is one of our main results. The derivation of this result is independent of the po-

larizations of external gluon, thus this result indicates the IR divergence, including soft
and collinear ones, is spin independent. According to eq. (4.17), the IR divergence of hard
part is
v(1l v(0
mW = 2Re(Wir)H!5", (4.34)

where the factor 2 indicates the contribution from conjugated diagrams.

Besides IR divergence, the hard part also contains UV divergence, which is subtracted
by the counter terms of lagrangian. After the subtraction of UV divergence, the hard part
gives a p dependence, with g the renormalization scale. We will separate the p dependence
in the following.

Notice that the electro-magnetic current j* in hadronic tensor is conserved, so, the
UV divergence from vertex correction is cancelled by self-energy correction to fermions.
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This means the UV divergences of figure 9(e,h) are cancelled by figure 9(j,k). So, the sum
of these four diagrams does not generate u dependence. Apart from the pu dependence in
wave function renormalization constant for fermions, i.e., Z3, the remaining u dependence
can only come from figure 9(d,f,g,i). The UV divergence of these diagrams reads

. Ca—2CF ()zs(471',uz/Q2)€/2 10474
Mg|d+g:_ 2 47‘(’ F( 2 )MZ(O)ﬂ
. 3C4 as(4mp2 QY2 eyy
Mgy == ( 47{ S 5 IMEO. (4.35)

With the p dependence from Zs, the total pu-dependence of the amplitude is

-2
_Caz20p 304 oln e 2 MO 4 (4.36)

m(1) —
Ma 2 2 Q2

where --- represents p independent part.
With renormalization scale separated explicitly, the hard part can be written as

v(1l v v v
ey = 1Y+ HYY o+ HAY (4.37)
with

H", = 2Re(Wig)H", g

v v(1l
iy = ("~ 2meWin) ™) L

7 aS uv(0)
Hiy =27 Caln QQH : (4.38)

where we have chosen the reference scale of 2 as Q? so that Hs is definite. These three
parts make the structure of one-loop virtual correction to hadronic tensor clear.

At last, it should be pointed out that only in pole mass scheme, the y dependence of
figure 9(j,k) is proportional to tree level amplitude. In pole mass scheme the mass counter
term in lagrangian is chosen so that renormalized fermion self-energy ¥ r(p, m) = 0 when
p = m. Then the renormalized self-energy is written as

ER(ﬁ,m):——c 1n—2(p m)+ C (pB< P QQ)+ mBy, (an;cg?»

m2
(4.39)
with
(2—2)z—2(1 —2?)In(1 + 2)
422
41+ 2)

—In,

1
By(z,7) = / drzln(zz +1) —InT =
0
1
By (z,7)=—-2— 4/ drln(zz+1)+InT=2— In(l1+2)+InT (4.40)
0
From the structure of self-energy correction, In y part is proportional to tree diagrams. As

stated before this p dependence is cancelled by that of figure 9(e,h). This is an advantage
of pole mass scheme.
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4.3 Subtraction and finite hard coefficients

According to our subtraction scheme in eq. (4.6) and results in eq. (4.14), (4.15), (4.16),
(4.34), the finite hard coefficient is given by

Hgg(l) o= Hgg(l) — 2Re[Wg 4+ Wso + WS]H(’;;(O)
Qg 2 Qg 2 v
— 2Re KW[R + CFE ln% — C’Aﬂln g2> —Wo —Wsg — Wg HZB(O)
+H§ZB + Hg‘;’ﬁ, (4.41)

where we have used the fact

2 2
Wigle—g2 = Wir + CFZTST In % - CAZ—; In % (4.42)
and the In uQ is from Z5 and Jy;.

The explicit expression of IR divergent scalar loop integrals are calculated by standard
Feynman parametrization. One can also find general expressions in e.g. [27, 28] and then
continue the result into DIS region. Generally, the result in DIS region is very simple. For
completeness we list the result of these integrals here as

CTril(sy) = — 1(;7r2R63121p12 {—i Incio + <1 —1In 3le> Incio + %1112 c12
+2Inp1olneys + 237r2 + 2Li2(012)} , R.= W, (4.43)
and
Jors = 16;2}36622213622 [1—;+;ln£+i(—;ln£)’+iln2 %+§+L¢2<’“;If/”’>)},
Jo12 = Jo13ly,4syas ¢
Jor = ﬁ <6U2V - 6123) : (4.44)
where
s12 = (k1 + k2)2, pr2 =4/1— 4::22, c12 =1n 1 _T_Zz, (4.45)
and
Y13 = 2pq'2k17 Y23 = 2pq.2k27 Y12 = —2]{;1(]2' kQ, ry = —TZ;- (4~46)

In DIS region, yi3,y23 < 0 and yj2,7, > 0. In these integrals we have ignored all absorp-
tive parts.
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With these integrals, the explicit Wigr can be obtained as

1 2 2 1
WIR:(ZQ—l)—(CA—QCF) *R, +p12 ——lIncio + l—an— Incio + = In? ¢19
A7 2p12 € 512 2

272 .
+2Inpialneig + = + 2Lis(c12)

4 2 2
_CA%RE{2_+IH UL
™ € € € Y13Y23 Y13Y23

™ 1 T 1 ry + Sy +
+ -2~ 2y + Lis (” yl3> + Liy (b y23>}
23

6 4 iz 4 T T
2 2
+ou < - ) . (4.47)
dm \eyv  €IR

The expression of Wg has been given by eq. (4.14), then we have

1+ 2 2
W]R — Wq; = (Zg — Z$/2> — (CA — 2CF)471'R6 2/31212 {—Elnclg —l—(l —1In i) lnclg

1.5 272 .
+3 In®c12 +2InpiaIneip + = 2Lis(c12)

Y 2 1 1 2
—CA%R€{<2_ >1n(vz})~_ﬂ—+ln2r2b_~_1 2&_71 QQ

47 € v2op - dve -0 6 4 oyl 4 ydy 20 (2

+Lis <”’ + y13) + Lis <”’ + y23) } . (4.48)
Ty Ty

It can be seen the IR divergence from hard part cannot be subtracted by the correction to
gluon TMDPDF alone. The TMD formula without soft factors must be wrong. At one-loop
level, the two soft factors have been calculated in eq. (4.15) and eq. (4.16). We have

Wsg + W = (\/Zv1 ZoyZis — \/Zyzﬁ)

o 1 1 ) [ v201 - Dvg - D 1+ p3, — p12
-2 — - — ) |204ln————— + (C4 — 2CF In
Am <€Uv €IR (v-0)? ( ) pi2 1+ pi2

(4.49)

Now it is very clear that the difference between Wir — Wg and Wgg + Wy is IR finite, i.e.,

(Wir —Ws) — (Wsq + Ws)
2
— —ZC0p4+3m L)
4 m2

2

Qg 1+p12 Q 1 2
—2CF —1 —1 1—In— |1 —1
—(Cy )47T 291 nQ2 ncis + 1(1312 ncio + 5 n” cio

272 )
+2Inp1olneys + =5 + 2Lis(c12)

. 2 2 2 2
—CAZ{(I_l)]M_F_{_]n?rb 12Q_,12Q
7

Q2 vZvy Vv -0 6 4 v, 4 Y3, 2 ¢2
+Li (”’ + yl3> 4 Liy (”’ + y23> } , (4.50)
Ty Ty
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In this result, the UV counter terms for gluon TMDPDEF and soft factors have been added
and the scale p is for UV renormalization. In eq. (4.50) the first line in the equality is
given by wave function renormalization, that is,

(W[R — Wq;) - (WSQ + Ws) D Ly — Ly, Ly, (4.51)

After UV divergences are removed the wave function renormalization constants are

2 2 2
Qg 7 Qg 2 3..Q HIR
Zo=1— —Cpln— — — —_—— 2+1In4 —In — +In—£
2 47TCFIl 2 27TCF<6[R e+ —{—n7r—|—2nm2—|—nQ2 ’
2 2
2 €UV €IR
2 42
——gr0r (2 - g+ TR (452)
m €IR K
So,
o 1
ZQ - ZU1Z'U2 = —ECF <4 + 31n Tn2> . (453)

Now, substituting eq. (4.50) into eq. (4.41), the finite hard coefficient is

v(l
H,’ff()

— v (0) [
finite - WprT * HZpT,

2 L ~\2
Wy = {aslnﬂ[_oAlnM_M
’]T . .

+(CA—2CF) <1+p%2 1n1—p12>:| +(W]R—W¢—W5Q—W5) o 2}
2p12 1+ p12 n=Q

s 2 a2 1 2 1—
=Ll [—cAln(”“) —2Cp + (C’A—QC’F)< P2y, p”ﬂ

2 Q2 020 - 010 - v2 2p12 14 p1o
1+ p? 2 1
—(CA—QCF)aSﬂ l—an— Incig + = In? ey
2T 2p12 S12 2

272 .
+2Inpialneio + = + 2Lis(c12)

L | 1 1 2
—CA% [_W+1n277’+1n2m_1n2@

2m 6 4 yi, 4 Y3, 2 ¢2
. 2
iy (oY) gy (Y| %o (441 D). (4.54)
T b o m?2

Moreover, our decomposition for hard coefficient in eq. (3.3) is effective to all orders of o
if only virtual correction is involved. So, HY (;’6 can still be projected into 10 scalar hard
coefficients Héj as we done for Hgg(o). There will be no other new tensor structure in
higher order correction. That is,

HT = wiHOY 4 g, (4.55)

finite

with the projection in eq. (3.3). Eq. (4.54), (4.55) is one of our main results. From the
derivation, Wyr and W are independent of the polarizations of parton or gluon, so, Wy
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is the same to all gluon TMDPDFs, including those defined by polarized hadron as given
in [1]. Hy depends on the polarizations of gluon, but it is IR finite and p independent. The
finiteness of Hy is justified explicitly according to eq. (4.38). In our result, it is expressed
through some basic IR finite scalar loop integrals, including box integrals DBox1, 2, triangle
integrals C'Tri3,4,5 and various bubble integrals by, B, and By,. These integrals are
illustrated in appendix.

In our result, the projected hard coefficients Héj according to eq. (3.3) are given in a
mathematica file subted2.m. These results are very lengthy and cannot be shown here. In
subted2.m these projected hard coefficients are stored as a list

{61Hy' & HY? & HS G HY & H?  EgHy' & HY? & H EoHY? €10 HS } (4.56)
with normalization factors
1
& =& = Q% k1L]?,
9s
1 3
§3 =81 =& = ——2Qlk11]%,
9s

€5 =r = & = £ = £10 = gﬂmmy% (4.57)

S

All of these results are expressed through the invariants s1,t1,u; and m appearing in tree
level result eq. (3.11). There are two color factors in the stored result, i.e.,
1—N?

F(Ny) =T (TaTbTaTb) _ <. F(Ny)=Tr (TaTaTbTb> _

(N2 - 1)?
4N, '

4N,

(4.58)

In the final part it is interesting to point out that our factorization formula eq. (4.4)
associated with the finite hard part given by eq. (4.54) is p independent to order of 2.
This can be illustrated in the following. Because real correction is UV finite, x dependence
is purely generated by virtual corrections. Then, the p dependence of S@(I;) and S(1,)
can be obtained from eq. (4.15) and eq. (4.16), respectively. They are

GSQ(ZL) Qg 4vq - vvg - U 1+ p%Q 1—p12
DL %y — Oyl —(C4—2 1 Qi
Olnp* 2w [ CrtCa—Caln 02 (Ca = 20F) 212 1+ pia ¥,
95(L) _ oy 4w-5)?] .
s = 5.0 |2 | S(L), (4.59)

For gluon TMDPDF, additional self-energy correction to gluon with momentum p should
be added into virtual correction. Of course, this correction does not affect the finite hard
part, because it cancels the same gluon self-energy insertion in hard scattering for hadronic
tensor. The wave function renormalization constant in Feynman gauge is

os (2 5 2
Zg=1——|-Np—-C —_— = In4 4.60
G T <3 F=3 A) (GUV e +n ﬂ), (4.60)
in M S scheme. Then, from eq. (4.14) we have
0 o |2 5
P =—— |SNp—2Ca —4C, | 2 : 4.61
8111“2 (xapl_) AT |:3 F 3 A A:| ([B,pj_) ( )
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Recall that tree level hard coefficients are proportional to «s, which has a u dependence

Do a? (11 2
v Blas) =—* <0A - NF> . (4.62)

Now the hadronic tensor to O(a?) can be written as

2 =2
Qs , M (v-0)
wHv s|1+=—=Ih—|-Csln 5—7F——— -2
X « [ +27rnQ2< Ca nv217-v127-v2 Cr

1+ piy 1—P12) ]
+(Cy —2C In 4.
(Ca r) 2p12 L+ p12
(2, p1) @ S9l11) @ S(l2w), (4.63)

where - -+ part is O(a;) and p independent; ® means the transverse momentum convolu-
tion. From this equation and evolution equations given above, one can check quickly

0

w— 3y, 4.64
2"V =0+ 0 (4.64)

So, the factorization formula is y independent to order . Notice that here we have used
the fact that pole mass of heavy quark is p independent.

5 Azimuthal angle dependence

Now we have checked the corrected TMD formula for hadronic tensor, i.e., eq. (4.4) at
one-loop level, and the finite hard coefficients are given explicitly. One may think that the
azimuthal angle dependence about ¢, can be obtained by following the same procedure as
tree level formula. But unfortunately, S? depends on vy |, which will change the tree level
¢4 dependence in a nonperturbative way after integration over the transverse momenta in
eq. (4.4). Physically, this change of ¢, dependence is caused by the multiple emissions of
soft gluons from final heavy quark pair. To proceed we have to integrate over ¢4, and it is
best to do this in coordinate space.
Define

2(236] 82 67°) 2t (2,02

P (2,b)) Z/d2p¢€ibL“‘Paﬁ($apl) = —QT_BG(I‘,bi)—

My o)
590.) = [ dPrie s,
S(by) :/dme“’rllg(u). (5.1)
Note that b2 = b, -b; < 0. The formula eq. (4.4) becomes
WHY — B O(1 — 21 — 20)H"Y / &eiqi'biéaﬂ(ac b1)59(b,)S (b2 ).
zQ*M, (NZ —1) B J (2m)? ’ -
(5.2)
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Figure 10. Azimuthal angles ¢, and ¢, in hadron frame.

Remember that in hadron frame, i.e., the rest frame of final heavy quark pair, ¢, is along
+ X-axis, then all azimuthal angles are relative to ¢, as shown in figure 10.

Since L*” does not depend on ¢y, it is convenient to integrate over ¢4 in WH" rather
than the cross section. Notice that due to scaling invariance of S¢(b, ) under the transfor-
mation v; — A1, v2 — Agva, S€ depends on ¢, through

(bi - v1)?

2 1
2,2 Uu\QLS s . (5.3)
b9 vi

= —[v11[* cos® g = | 5

That is, S9 is a function of cos 2¢y. So, S¥ is unchanged under the transformation ¢, —
¢p + m. Due to this fact we have

2m 2 2m
/ dey, cosngpS? (b ) = (—1)n/ dey cosngpS?(b.), / dey sinngpS? (b1 ) = 0.
0 0 0
(5.4)
This property of S? is valuable in our following analysis. We choose to study three quan-
tities with ¢, integrated:
jw xgd(l—zl—zg)/ D Do LA G 24 &(0)
/d¢qW LT 1) db 1 b1 5(b2)Jo(b1dy) { "G, b3)5S

— A" Hin H(z, bi)gg)} :

v pd(l—z1—2z) [ 22 500, & Vi A 2 &)
/d¢q cos(2¢g) WH = — 7202 M (N? — 1) /de_bJ_S(bJ_)JQ(bJ_QJ_) {Af HyG(z,b1)5;

. S +45Y
—AgVHiQHJ_(Q) (z, bi)% 7

. pr _ rpd(1l — 21 — 22)
/ doqsin(20) W™ = NI = 1)
5(0) _ 454
So’ — 484

[ dbibuS0R)a(bads) { A Ha B (w 0) 7020 1

(5.5)

where b, = bi] = 4/=b%, 41 = lgi| = \/—¢%, and Jy, Jo are 0-th and 2-th Bessel

functions. A" are the basic tensors we introduced in the decomposition of leptonic tensor,

i.e., eq. (2.17). For simplicity, the quantity concerning H' is reorganized into

H® (5,2 = & H*(z,0%). (5.6)
s VL Mg a(bi)Q s VL
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Due to the integration over ¢, ¢, now can be integrated. As a result, three integrated soft
factors are involved, i.e.,

2m 2m 2
5y = /0 dopS9(bL), 55 = /0 doy cos(2¢)59(b1), 55 = /0 depy cos(4ep) S (b ).
(5.7)
Generally, the quantities weighted by cos(ng¢g), sin(ng,) can be constructed, but more ¢
integrated soft factors will be introduced. This may not help to extract H= .
From these weighted hadronic tensors, the corresponding cross sections can be ob-
tained. Define weighted cross section as

27 do
o(cosngg) = /0 doq Cos(ngbq)dwldydxgdyldyngKTd2RT' (5.8)
We have
yQaal,xpd(1 — 21 — z3) / S s (1. = &(0) 4(1—y)
1) = H
o) =gty 1)) Wb (bar) §GSG | =
2(1 4 (1 —y)? 4T —y(y —2 4(1 —
+H41M _ H21 y2(y )COS ¢l +H51 ( y) COS(2¢l)]
Y Y y?
~ 4(1 — 2(1+ (1 —y)?
50 [H (1=9) |, 20+0=9))
Y
4T =yly —2 4(1
— Hoo ny(y ) COS ¢l =+ H52(yy) COS(2¢Z) } (5.9)
. qu emx36(1 —c1 = ZQ) 2 G N ~ &(2) 4(1 — y)
7leos(20)) = = g L T ) /dzumSJ2 (bm) GS§ | =5
2(1 + (1 —y)? 4,1 = -2 1—
+ Hy ( (yg y)) — Hy yyg(y )COS¢1 + Hs A y) COS(2¢l)]
%0 15[ aa-y) L 20+ (1-y?)
- H 5 His 7 + H42T
4T —y(y — 2 4(1
— Hy ny(y ) cos & + H52(yy> cos(2¢l)] } (5.10)
2.2
. yQoas, xpd(l — z1 — 22) 2
rlin(20,) = S [ bibi 5 ()
p c
058 =5y 4/T—y(y—2) A1 —y)
H+® 5 — Hss 2 sin ¢; + Hgs 2 sin(2¢;)
(5.11)

Here H' = HOd 4 ()i

nite’
sections are our main results. We can see clearly that o(1) also depends on H even if lepton

3(2)

azimuthal angle ¢; is integrated over, due to nonzero SQ

which are given in eq. (3.11), (4.55). These three weighted cross

. This feature is unexpected from
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tree level TMD formula eq. (3.1). In addition, the soft factor S’Q is process independent
and can be absorbed into gluon distribution G or H+, which results in so called subtracted
TMDPDF [21]. But S’Q is process dependent and cannot be eliminated. Obviously, S’Q is
similar to fragmentation functions in SIDIS. The difference is fragmentation functions can
be extracted from ete™ experiment, but S¢ cannot be extracted in this way, because it
contains a gauge link related to initial gluon. The detailed knowledge of SQ is beyond the
scope of this paper, and we will try to study its effect on resummation in future.

6 Summary

In this paper we first derive the angular distributions of heavy quark pair back-to-back
production in SIDIS based on tree level TMD formula. Then we examine the one-loop
correction to this formula. At one-loop level a special soft factor for final heavy quarks
should be complemented. From our previous studies we have known that real correction
does not contribute to higher order hard coefficients. Therefore, we calculate only virtual
corrections to the hadronic tensor and various nonperturbative quantities in factorization
formula. Really we find the IR divergence in hadronic tensor can be absorbed by these
nonperturbative quantities. As a result, we give explicit form of finite hard part, including
renormalization scale dependence. Interestingly we find the IR divergent part of one-loop
amplitude for heavy quark pair production is proportional to the tree level amplitude and
can be expressed through standard triangle and bubble loop integrals. This feature ensures
the subtraction in polarized scatterings can also be done in the same formalism. In order
to present the azimuthal angle dependence about virtual photon, i.e., ¢, in hadron frame,
we project the hard part into ten scalar hard coefficients. However, at one-loop level, the
appearance of soft factor S¥ affects the azimuthal angle dependence in a nonperturbative
way, which makes the explicit ¢, dependence at cross section level become unclear. In order
to extract some information about gluon TMDPDFs, especially about linearly polarized
gluon distribution H+, we construct three ¢,-weighted cross sections (1), o(cos2¢,),
o(sin 2¢,), which depend on only three integrated heavy quark soft factors gg) »2@ e
expect future experiments such as EIC [29] can give some constraints on these three soft
factors and gluon distribution H+. For TMD factorization, an important issue is the
resummation of relative transverse momentum of heavy quark pair in this process. But
due to the many hard scales in this process, e.g., @%, R?, and the scales introduced by soft
factors like (2, 4v; - Dvg - /92, the resummation will be nontrivial. We want to study this
issue in another paper. In appendix we present all involved IR finite loop integrals, which
are used to express the finite hard part H;j .
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A IR finite scalar integrals

Following scalar integrals are used to express the finite result. These integrals can be
obtained from general results in [30] or references therein by proper continuation to DIS
region. Straightforward calculation is also easy. Most of the results appear very simple. All
of these functions may depend on s, therefore s; is suppressed in the arguments. DBox1,
DBox2 have been defined in eq. (4.22), (4.29). Their explicit expressions are

—i 1 T p — P12 9
DBox1|t = — | =21 1 2In(—c¢)In ———= — In“(—
ox1[t1, u1] 1672 51201012 [ nepzln - +2In(—c)In 0T prs n°(—c)
p?—1 . . (C12 .
+2In 5——-Incig + 4Lig(—c12) — 2Liy (—) - 2L’LQ(6612):| ,
P = P12 ¢
—i (Q*)7? [2 2 2 2 Y13
DBox2[tiuy, t1 +u1] = ——— |=7“ + In“(—c¢) + In* ==
(b, f1 ] 1672 913123 |3 (=) Y23
4 Liy <7"b+y13> + Li (Tb —|—y23>} ’ (A.1)
) )

where p = /1 —4m2/¢?> > 1, p12 = /1 —4m?/s12 and ¢ = (1 — p)/(1 + p), c12 =
(1= p12)/(1 + p12).
IR finite triangle integrals are

. 1
CTrid(w) = /l[ﬁ [0 — k) — i+ [ — ko T p)F — 4 i

‘ 1
CTridtr, u) = /l[ﬁ e[+ p — k2)? — m? +iel[(L+ k1) = m? + ie]

1
CTri5(t t = i
ri5(fhur, t + wa) /1[52 "2 1 il [+ p)% —m2 4 id[( +p — k1 — k2)2 — m2 + i¢]
(A.2)
In DIS region, the results of CTri3 and CTri5 appear very simple
1 2 . [ Th+ Y23
CTri3 = ——————+ Lip | —=
i3(uq) 1672 uy { 5 + Zz( " )
. i 1 2 2 2

CTr15(t1u1,t1 + ’LLl) = Wm {ﬂ' + In (—C) —In 012} . (Ag)

But that for CTri4 is a little complicated

CTrid(tr, w1) = 161‘772 Q2(511— B2) {le’ Bs) + K (B1, B1) — K(B2, B3) — K (B2, Ba)
2 _ _Bo(1—
g I A ) —ln i i 2 i (3) a3 .
(A.4)
where
8 = 1+ 423 + /(1 + y23)2 +47"b7 By = 1+ yo3 — /(1 + y23)° +47‘b’ (A.5)

2 2

~ 98 —



and

1+ 1+ 4r 1—+/1+4r
e (A.6)

In DIS region, one can show 2 < 84 < 0 < 1 <1 < 3. What is crucial is #; < 1, which
ensures the functions in the result are real. That is,

— 2 o
K(B1, f3) = In(f3—1) In — —In(f5—f1) In O T i (511—%3>+L <51B—1ﬂ3>’

B3 —P1 Bs=Pr 6

K(B1, f1) = In(B1— f2) In ;11%4 ~In(=f1) I 515—164+ Tou <§f—ﬂ4> b (61_—54@1)’

K )= 0y~ ) g g P i () i (55,

K (B2, 1) =In(1 = B1) In 514__552 —In(=41)In 54_13252 L (/312_—%4) e <52_f254>’
(A.7)

where all imaginary parts are dropped.

In addition, bubbles By(5?, m?, m3) also appear in final result. They are UV divergent
and thus u dependent. According to our previous classification, the UV divergence in By
functions are removed by M S-scheme, and the u dependence or factor In u/Q is absorbed
into Hs. Thus, following finite by functions are used to express Hs:

N R /) 2 4
b (5*,mi, m3) = By (P27m%7m§) ~ 1622 (6 —79e +In Ql; ) . (A.8)

where

B 1
)_/Z[ZQ—m%—i-ie] [(l—i—ﬁ)Q—m%—i-ie]'

BO (ﬁ27 m%: m% (Ag)

Besides, there are two special bubble integrals B,, B,, by mass renormalization for fig-
ure 9(j,k). They have been given in eq. (4.40).

For completeness we also present the explicit expressions of bo(ﬁ2,m%,m§) functions
here. In our case, the involved by functions can be divided into two classes: mi; = mo = m
and mq = 0 or mg = 0. For the first class we have

' 2 1 4m?
b (P m2m?) = —— (241 L fum®= = J1- . A.10
o (7, m%m%) = e |2ty el T ) w P2+ e (4.10)
Two special cases are involved in the result: % = s; 4+ 2m? and §* = ¢ = —Q?. After
continuation the real parts of these two by functions are
2 2
1—w 4m
b 2m?, m?, m?) = 24wl =l
0(51+ m,m,m) 1672 —i—nm +wn1+w , W 1t 2m?
2 2
9 9 9 Q w—1 B 4m
bo(—Q,m,m) T6n2 (2+lnm +wlnw+1>, w = 1+@. (A.11)
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For the second class of by functions, one inner propagator is massless. The general result is

i Q2 m2 _]52 + m2>

= —1
1672 —p2 + m?2 + D2 . m

There are three special cases in our calculation: 1)p? = 0, 2)p% = m?, 3)p? < 0. By taking
proper limit the first two cases can be obtained

by (0,0,m%) = —

by (m*,0,m?) = i 2+ch2 (A.13)
o \m~,0,m = 1672 nmz. .

The last case is well-defined from the general expression. Specifically, > = m? + t; or
m? 4 w1 in our calculation, and both are negative in DIS region.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] P.J. Mulders and J. Rodrigues, Transverse momentum dependence in gluon distribution and
fragmentation functions, Phys. Rev. D 63 (2001) 094021 [hep-ph/0009343] [INSPIRE].

[2] D. Boer, W.J. den Dunnen, C. Pisano, M. Schlegel and W. Vogelsang, Linearly Polarized
Gluons and the Higgs Transverse Momentum Distribution, Phys. Rev. Lett. 108 (2012)
032002 [arXiv:1109.1444] [INSPIRE].

[3] D. Boer, W.J. den Dunnen, C. Pisano and M. Schlegel, Determining the Higgs spin and
parity in the diphoton decay channel, Phys. Rev. Lett. 111 (2013) 032002 [arXiv:1304.2654]
[INSPIRE].

[4] D. Boer and W.J. den Dunnen, TMD evolution and the Higgs transverse momentum
distribution, Nucl. Phys. B 886 (2014) 421 [arXiv:1404.6753] INSPIRE].

[5] P. Sun, B.-W. Xiao and F. Yuan, Gluon Distribution Functions and Higgs Boson Production
at Moderate Transverse Momentum, Phys. Rev. D 84 (2011) 094005 [arXiv:1109.1354]
[INSPIRE].

[6] M.G. Echevarria, T. Kasemets, P.J. Mulders and C. Pisano, QCD evolution of (un)polarized
gluon TMDPDFs and the Higgs qr-distribution, JHEP 07 (2015) 158 [Erratum ibid. 05
(2017) 073] [arXiv:1502.05354] [INSPIRE].

[7] R. Angeles-Martinez et al., Transverse Momentum Dependent (TMD) parton distribution
functions: status and prospects, Acta Phys. Polon. B 46 (2015) 2501 [arXiv:1507.05267]
[INSPIRE].

[8] D. Boer, Linearly polarized gluon effects in unpolarized collisions, in proceedings of the QCD
Evolution Workshop (QCD 2015), Newport News, VA, U.S.A., 26-30 May 2015
[PoS (QCDEV2015)023] [arXiv:1510.05915] [INSPIRE].

[9] J.-W. Qiu, M. Schlegel and W. Vogelsang, Probing Gluonic Spin-Orbit Correlations in
Photon Pair Production, Phys. Rev. Lett. 107 (2011) 062001 [arXiv:1103.3861] INSPIRE].

— 30 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1103/PhysRevD.63.094021
https://arxiv.org/abs/hep-ph/0009343
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0009343
https://doi.org/10.1103/PhysRevLett.108.032002
https://doi.org/10.1103/PhysRevLett.108.032002
https://arxiv.org/abs/1109.1444
https://inspirehep.net/search?p=find+EPRINT+arXiv:1109.1444
https://doi.org/10.1103/PhysRevLett.111.032002
https://arxiv.org/abs/1304.2654
https://inspirehep.net/search?p=find+EPRINT+arXiv:1304.2654
https://doi.org/10.1016/j.nuclphysb.2014.07.006
https://arxiv.org/abs/1404.6753
https://inspirehep.net/search?p=find+EPRINT+arXiv:1404.6753
https://doi.org/10.1103/PhysRevD.84.094005
https://arxiv.org/abs/1109.1354
https://inspirehep.net/search?p=find+EPRINT+arXiv:1109.1354
https://doi.org/10.1007/JHEP07(2015)158
https://arxiv.org/abs/1502.05354
https://inspirehep.net/search?p=find+EPRINT+arXiv:1502.05354
https://doi.org/10.5506/APhysPolB.46.2501
https://arxiv.org/abs/1507.05267
https://inspirehep.net/search?p=find+EPRINT+arXiv:1507.05267
https://pos.sissa.it/contribution?id=PoS(QCDEV2015)023
https://arxiv.org/abs/1510.05915
https://inspirehep.net/search?p=find+EPRINT+arXiv:1510.05915
https://doi.org/10.1103/PhysRevLett.107.062001
https://arxiv.org/abs/1103.3861
https://inspirehep.net/search?p=find+EPRINT+arXiv:1103.3861

[10]

[11]

[12]

[13]

[17]

[18]

W.J. den Dunnen, J.P. Lansberg, C. Pisano and M. Schlegel, Accessing the Transverse
Dynamics and Polarization of Gluons inside the Proton at the LHC, Phys. Rev. Lett. 112
(2014) 212001 [arXiv:1401.7611] INSPIRE].

G.-P. Zhang, Probing transverse momentum dependent gluon distribution functions from
hadronic quarkonium pair production, Phys. Rev. D 90 (2014) 094011 [arXiv:1406.5476]
[INSPIRE].

J. Collins and J.-W. Qiu, kr factorization is violated in production of
high-transverse-momentum particles in hadron-hadron collisions, Phys. Rev. D 75 (2007)
114014 [arXiv:0705.2141] [INSPIRE].

T.C. Rogers and P.J. Mulders, No Generalized TMD-Factorization in Hadro-Production of
High Transverse Momentum Hadrons, Phys. Rev. D 81 (2010) 094006 [arXiv:1001.2977]
[INSPIRE].

D. Boer, S.J. Brodsky, P.J. Mulders and C. Pisano, Direct Probes of Linearly Polarized
Gluons inside Unpolarized Hadrons, Phys. Rev. Lett. 106 (2011) 132001 [arXiv:1011.4225]
[INSPIRE].

R. Zhu, P. Sun and F. Yuan, Low Transverse Momentum Heavy Quark Pair Production to
Probe Gluon Tomography, Phys. Lett. B 727 (2013) 474 [arXiv:1309.0780] [inSPIRE].

J.P. Ma and G.P. Zhang, QCD Corrections of All Structure Functions in Transverse
Momentum Dependent Factorization for Drell-Yan Processes, JHEP 02 (2014) 100
[arXiv:1308.2044] [INSPIRE].

M. Diehl and S. Sapeta, On the analysis of lepton scattering on longitudinally or transversely
polarized protons, Eur. Phys. J. C 41 (2005) 515 [hep-ph/0503023] [INSPIRE].

C. Pisano, D. Boer, S.J. Brodsky, M.G.A. Buffing and P.J. Mulders, Linear polarization of
gluons and photons in unpolarized collider experiments, JHEP 10 (2013) 024
[arXiv:1307.3417] [INSPIRE].

J.C. Collins and T.C. Rogers, The Gluon Distribution Function and Factorization in
Feynman Gauge, Phys. Rev. D 78 (2008) 054012 [arXiv:0805.1752] [INSPIRE].

N. Kidonakis and G.F. Sterman, Resummation for QCD hard scattering, Nucl. Phys. B 505
(1997) 321 [hep-ph/9705234] [INSPIRE].

X.-d. Ji, J.-p. Ma and F. Yuan, QCD factorization for semi-inclusive deep-inelastic scattering
at low transverse momentum, Phys. Rev. D 71 (2005) 034005 [hep-ph/0404183] [INSPIRE].

J. Collins, Foundations of perturbative QCD, Cambridge University Press (2013).

M.G. Echevarria, A. Idilbi and 1. Scimemi, Factorization theorem for Drell-Yan at low qr
and transverse momentum distributions on-the-light-cone, JHEP 07 (2012) 002
[arXiv:1111.4996] [INSPIRE].

J.P. Ma and C. Wang, QCD factorization for quarkonium production in hadron collisions at
low transverse momentum, Phys. Rev. D 93 (2016) 014025 [arXiv:1509.04421] [INSPIRE].

Z. Bern and A.G. Morgan, Massive loop amplitudes from unitarity, Nucl. Phys. B 467
(1996) 479 [hep-ph/9511336] INSPIRE].

J.C. Collins and D.E. Soper, Parton Distribution and Decay Functions, Nucl. Phys. B 194
(1982) 445 [INSPIRE].

~ 31—


https://doi.org/10.1103/PhysRevLett.112.212001
https://doi.org/10.1103/PhysRevLett.112.212001
https://arxiv.org/abs/1401.7611
https://inspirehep.net/search?p=find+EPRINT+arXiv:1401.7611
https://doi.org/10.1103/PhysRevD.90.094011
https://arxiv.org/abs/1406.5476
https://inspirehep.net/search?p=find+EPRINT+arXiv:1406.5476
https://doi.org/10.1103/PhysRevD.75.114014
https://doi.org/10.1103/PhysRevD.75.114014
https://arxiv.org/abs/0705.2141
https://inspirehep.net/search?p=find+EPRINT+arXiv:0705.2141
https://doi.org/10.1103/PhysRevD.81.094006
https://arxiv.org/abs/1001.2977
https://inspirehep.net/search?p=find+EPRINT+arXiv:1001.2977
https://doi.org/10.1103/PhysRevLett.106.132001
https://arxiv.org/abs/1011.4225
https://inspirehep.net/search?p=find+EPRINT+arXiv:1011.4225
https://doi.org/10.1016/j.physletb.2013.11.002
https://arxiv.org/abs/1309.0780
https://inspirehep.net/search?p=find+EPRINT+arXiv:1309.0780
https://doi.org/10.1007/JHEP02(2014)100
https://arxiv.org/abs/1308.2044
https://inspirehep.net/search?p=find+EPRINT+arXiv:1308.2044
https://doi.org/10.1140/epjc/s2005-02242-9
https://arxiv.org/abs/hep-ph/0503023
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0503023
https://doi.org/10.1007/JHEP10(2013)024
https://arxiv.org/abs/1307.3417
https://inspirehep.net/search?p=find+EPRINT+arXiv:1307.3417
https://doi.org/10.1103/PhysRevD.78.054012
https://arxiv.org/abs/0805.1752
https://inspirehep.net/search?p=find+EPRINT+arXiv:0805.1752
https://doi.org/10.1016/S0550-3213(97)00506-3
https://doi.org/10.1016/S0550-3213(97)00506-3
https://arxiv.org/abs/hep-ph/9705234
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9705234
https://doi.org/10.1103/PhysRevD.71.034005
https://arxiv.org/abs/hep-ph/0404183
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0404183
https://doi.org/10.1007/JHEP07(2012)002
https://arxiv.org/abs/1111.4996
https://inspirehep.net/search?p=find+EPRINT+arXiv:1111.4996
https://doi.org/10.1103/PhysRevD.93.014025
https://arxiv.org/abs/1509.04421
https://inspirehep.net/search?p=find+EPRINT+arXiv:1509.04421
https://doi.org/10.1016/0550-3213(96)00078-8
https://doi.org/10.1016/0550-3213(96)00078-8
https://arxiv.org/abs/hep-ph/9511336
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9511336
https://doi.org/10.1016/0550-3213(82)90021-9
https://doi.org/10.1016/0550-3213(82)90021-9
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B194,445%22

[27] G. Rodrigo, A. Santamaria and M.S. Bilenky, Dimensionally regularized box and phase space
integrals involving gluons and massive quarks, J. Phys. G 25 (1999) 1593 [hep-ph/9703360]
[INSPIRE].

[28] R.K. Ellis and G. Zanderighi, Scalar one-loop integrals for QCD, JHEP 02 (2008) 002
[arXiv:0712.1851] [INSPIRE].

[29] D. Boer, P.J. Mulders, C. Pisano and J. Zhou, Asymmetries in Heavy Quark Pair and Dijet
Production at an EIC, JHEP 08 (2016) 001 [arXiv:1605.07934] INSPIRE].

[30] A. Denner, Techniques for calculation of electroweak radiative corrections at the one loop
level and results for W physics at LEP-200, Fortsch. Phys. 41 (1993) 307 [arXiv:0709.1075]
[INSPIRE].

~32 -


https://doi.org/10.1088/0954-3899/25/8/304
https://arxiv.org/abs/hep-ph/9703360
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9703360
https://doi.org/10.1088/1126-6708/2008/02/002
https://arxiv.org/abs/0712.1851
https://inspirehep.net/search?p=find+EPRINT+arXiv:0712.1851
https://doi.org/10.1007/JHEP08(2016)001
https://arxiv.org/abs/1605.07934
https://inspirehep.net/search?p=find+EPRINT+arXiv:1605.07934
https://doi.org/10.1002/prop.2190410402
https://arxiv.org/abs/0709.1075
https://inspirehep.net/search?p=find+EPRINT+arXiv:0709.1075

	Introduction
	Kinematics
	Tree level azimuthal angle dependence
	One-loop correction
	Virtual correction to nonperturbative quantities
	Structure of one-loop virtual correction to hard part
	Subtraction and finite hard coefficients

	Azimuthal angle dependence
	Summary
	IR finite scalar integrals

