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1. Introduction

It is a matter of general agreement that the L (u) spaces (1 <p< oo and u a measure)
and the C(K) spaces (K compact Hausdorff) are among the most important Banach spaces.
A central part of Banach space theory is devoted to the investigation of the special pro-
perties of these spaces and some closely related spaces. This part of Banach space theory
is often called the theory of the classical Banach spaces. It is our feeling that in order
to get a well rounded theory of the classical Banach spaces, in the framework of the iso-
metric theory, it is worthwhile to take as the main objects of the investigation the class
of Banach spaces X for which X*=1I,(u) for some 1<p< oo and some measure y. Let us
examine briefly the relation of this latter class of spaces to those mentioned in the first
sentence. Since for 1<p<<oo the L,(u) spaces are reflexive it is clear that X* =1L, (u) if
and only if X =L (u) (p~L+¢1=1). Grothendieck [6] proved the non obvious fact that
if X*=L,(u) then X =L,(u). Well-known results of F. Riesz and Kakutani show that if
X =((K) then X*=L,(u) for a suitable y. There are, however, Banach spaces X which
are not isometric to C(K) spaces while their duals are L,(u) spaces. These are thus the
only spaces which should be included in the geometric theory of the classical Banach
spaces and which are not “‘classical” in the strict sense.

The-most important geometric properties of the Banach spaces C(K) are shared
exactly by the class of all spaces whose duals are L,(u) spaces. Examples of such properties
are the extension properties for compact operators which were studied in [14]. The C(K)
spaces are singled out from all the spaces whose duals are L;(x) mainly by the fact that
they have natural additional structure as algebras or vector lattices. (There is, though,

also a pure Banach space theoretic property which singles out the C(K) spaces among
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the general preduals of L,, cf. section 4 below.) Another fact which shows that the ex-
tension of the notion of classical spaces which we use, is a natural one, is the following
(cf. [16] and [12] and their references): Let X be a separable Banach space. Then X* is
an L, () space if and only if X can be represented as X =UY, E, where E,C E,<E; ...
and for every », E, is isometric to the n-dimensional L, space (i.e. E,=1I; in the usual
notation) where p~1+g¢1=1 (¢=1 resp. co if p=oco resp. 1). Let us mention in passing
that for the isomorphic (rather than isometric) theory of Banach spaces there is a different
natural setting for the study of the classical Banach spaces namely that of the L, spaces
which were introduced in [16]. In the present paper we shall be concerned only with the
isometric theory of the classical spaces and more precisely with the study of those spaces
which are not strictly “‘classical” i.e. those whose duals are L, spaces.

Several subclasses of the class of spaces whose duals are L, spaces (besides the C(K)
spaces) have already been studied extensively in the literature and were found to be of
importance in other areas of mathematical analysis. This in particular is the case for those
spaces which can be ordered in a way compatible with the duality and the natural order
of L,(u) i.e. the simplex spaces (see section 4 below for details). Most of the results which
were proved for simplex spaces can be extended to the general case of spaces whose duals
are L, spaces. In section 2 we extend the separation theorem of Edwards [3] and the
selection theorem of the first named author [10] to this general setting. Among the corol-
laries of the selection theorem is the result that every separable Banach space X whose
dual is a nonseparable L,(u) space contains a subspace isometric to C(K) with K the
Cantor set and hence contains a copy of every separable Banach space. It seems to us
that the setting of section 2 is the natural one for the separation and selection theorems in
Banach space theory. This setting is probably also the natural one in other contexts. For
example the difficulties encountered in the theory of polytopes of Alfsen [1] and Phelps
[20] seem to stem from the fact that their starting point was the Choquet simplexes in-
stead of unit balls of L;(u) in a w* compact topology in which the positive cone is not
necessarily closed. It is also very likely that general preduals of L,(u) will find a natural
role in areas like potential theory or C* algebras which will generalize the present role
of Choquet simplexes in these areas.

In section 3 the generalized separation theorem of section 2 is used in proving a
theorem which characterizes preduals of L,(u) by the structure of their finite-dimensional
subspaces. (A weaker version of this result was proved in [12].) For separable infinite-
dimensional preduals of L,(u) the characterization theorem implies easily the existence
of a representation of the type mentioned already above. Every such space X can be writ-

ten as Uy B, where E, < E,,, and E,=I% (the space of n-tuples x=(4,, ..., 4,) with
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||z|| =max |4;|) for every n. We thus obtain a different and more transparent proof of
the results of Michael and Pelezyfiski [19].

Section 4, which is to a large extent an introduction to section 5, is devoted to the
question of functional representation of the preduals of L,(u). We give there the defini-
tions of the main classes of spaces whose duals are L, spaces and recall some results of
[17]. We also make there some comments on the relation between simplex spaces and
the general preduals of L,(u).

Every representation of a space X as Uy_, B, with E,< K, and E,=I, gives rise
in a natural way to a triangular matrix 4 = {a; ,},5Fs, ... with X, |a, ,| <1 for every .
We can thus associate with every infinite-dimensional separable predual of an L, space a
class of such traingular matrices called the representing matrices of X. Conversely every
such matrix 4 is a representing matrix for a uniquely defined space whose dual is an L,
space. Section 5 is devoted to the study of some special examples, as well as the proof of
some consequences, of this correspondence between preduals of L,(u) and their represent-
ing matrices. We show in particular that every metrizable infinite-dimensional Choquet
simplex is an inverse limit of a system AI:ILA2 f—A,ﬂ—... where for every n, A, is an
n- dimensional simplex, and ¢, is a surjective affine map. We also give a simple proof
of the existence of a space constructed first by Gurarii [7].

2. Separation and selection theorems

Let us first introduce some definitions. The unit ball of a Banach space X is denoted
by B(X). A face F of B(X*) will be said to be essentially w*-closed if conv (FU — F) is
w*-closed. Obviously a w*-closed face is essentially w*-.closed and simple examples show
that the converse is false. A subset H of B(X*) is called a facial section if there is a face
F of B(X*) such that H=conv (FU — F). A real or vector valued function f defined on
a symmetric (with respect to 0) set in a linear space is said to be symmetric if f{ —x) = —f(x)
for every x in the domain of definition of f. All the Banach spaces we consider in this paper
will be over the reals.

Lemma 2.1. Let X be a Banach space whose dual is an L, space. Let F be an essentially

w*-closed face of B(X*). Then the linear subspace V of X* algebraically spanned by F is
w*-closed and V N B(X*)=conv (FU —F).

Proof. By a classical result [cf. 2, p. 43] the first assertion is a consequence of the
second. Clearly we have to prove only that V 0 B(X*)=conv (FU —F).
Let G be a maximal proper face of B(X*) containing F. We order X* by taking as
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the positive cone the cone generated by @. With this order X* is an abstract L space (i.e.
order isomorphic and isometric to L, (u) for some u). Indeed, we assumed that X*isisometric
to L,(v) for some measure v defined on a measure space ). We may assume that » is
well behaved in the sense that X**=L (). Since @ is a maximal face of B(X*) there is
an extreme point p of B(X**) such that G'=B(X*) N {a*; p(x*)=1}. Since y Eext B(X**),
|9(t)| =1 a.e. Define the measure u on Q by du=ywdy. It is clear that the positive cone
of L,(p) is the cone generated by G. Let z*€ V N B(X*), #*+0. Then there are z1, ;€ F
and oy, 0, >0 such that #* =« 23 — 0, 5. The case ;- 0 =0 can be easily dealt with so we
assume o oy>0. It follows that a*t=a*V 0<a 2,* i.e. ayz; =2*++ ay* with y*€G and
«>0. Suppose that #*++0. Then #*+/||a*t|| €G and &} = ([|a*+|| /o) (@*+/]|a*H|]) + (otf o)) *.

Since X* is an L space, ¢; =+ [|[«*+]| and hence z*+/||*+|| € F (recall that F is a face
of B(X*)). Similarly if «*~= —(2* A 0)+0 then x*~/||z*~|| € F. Thus if 2*+ =0 and 2*~<+0
we have z*= ||la*+||(a*+/|]o*+]]) + |*~[[(z*/]|*~|]) Econv (F U — F) (recall that a*€ B(X*)
ie. [[#*+]] +||2*~|| <1). The inclusion relation obviously holds also if either z*+ or z*~ are 0
and this proves the lemma.

We shall now prove the generalization of Edwards separation theorem [3] to our

present setting.

TaEOREM 2.1. Let X be a Banach space with X*=L,(u) for some u. Let g: B(X*)—

(— oo, 2] be a concave w*-lower semicontinuous function satisfying
glx*) +g(—=*) =20, z*€B(X¥). 2.1

Let F be an essentially w*-closed face of B(X*) and assume that f is a w*-continuous affine
symmetric real-valued function on H=conv (FU —F) such that f<g| . Then there exists a

w*-continuous affine symmeiric extension of f to a function b on B(X*) such that h<g.

Remark. Clearly, a function & on B(X*) is w*-continuous affine and symmetric if and
only if A(x*) =2*(x) for some z€X.

Proof. Tt is easy to see that without loss of generality we may assume that g is finite
and bounded from above on B(X*). We shall prove first the existence of & under the as-

sumption that for some £>0
g@*) +g9(—x*) >2¢, 2*€B(X*) and g(z*) = f(x*) +¢, x*€H. (2.2)

We may also assume that ¢ is continuous. Indeed, let /' be a continuous extension of
f to B(X*) with g(2*)>f'(@*)> —g(~2*) and put f,(+*)=4(f'(+*)—f'(—=*). Then f, is
continuous symmetric on B(X*) and f,(x*) <g(z*), #*€ B(X*). By a result of Mokobodzki



BANACH SPACES WHOSE DUALS ARE L, SPACES 169

[6, Lemma 5.2] and a routine compactness argument we may find a continuous concave
function g; on B(X*) such that g,<g and f,(2*) <g,(z*), 2*€ B(X*). Clearly g, satisfies
(2.2) for some ¢&'.

Thus, let ¢ be continuous concave and assume (2.2) holds for it. Let G be a maximal
proper face of B(X*) which contains F and order X* by taking the cone generated by ¢
as the positive cone. Let ¥ be the subspace of X* spanned by F. The function f admits
a w*-continuous linear extension to ¥ which we shall also denote by f. (Observe that f
can be represented by an element of space X/V+ where V+ is the subspace of X orthogonal
to V). Consider the following sets in X* x R (topologized by the product topology with
X* taken in the w*-topology).

4, = {(=*, g(=*)); x* € B(X*)}
A, = {(*, f(=*)); 2* €TV}

We want to prove that the closed convex hull of 4, is disjoint from A4,. From Lemma 9.6
in [21] it follows that for any «* € B(X*) one has

inf {r: (%, r)€conv (4,)} =inf {r: («*, r)Econv (4,)}.

It is enough then to show that if (x*, r) €conv (4,) and x*€H then r>=¢+f(z*).

Let a*€H and (z*, r)€conv (4,). Then there are {z*}7; in B(X*) and {u,}]-, with
wi=0, Zp=1, «*=2p; uaf and r=3, u;g(xf). Since B(X*)=conv (GU —@) and
H=conv (FU —F) there are y;, 2 €G, y*,2*€F and 1>, A>0 such that 2] =2,4] +
(1—=2)(—20), i=1,2, ... n, and z*=2y*+ (1 — ) (—2*). It follows that

n n
2 iy + (L= 2) 2% = 3 (1 — A) 2 + Ay*, (2.3)
i=1 i=1
and by the fact that g is concave,
n * n
Zl il —2A)g9(—z)+ zl,ui 119(?/:) <r. (2.4)

From (2.3) and the decomposition lemma for vector lattices (cf. e.g. [21, Lemma 9.1])
there are u; ;€@ and «, ,>0, 1,7=1, 2, ..., n+1 such that

. n+l
pikiyi = 2 oury, 1<i<n (2.5)
51

n+1

pil = A) 2 = 21 a g 1<j<n (2.6)
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n+1 n+1
Ay* Z Ottn+1ut a1, (L—A)2*= Z an+1.ju:+1.l~ 2.7
i=1 i=1

From these equations and the additivity of the norm on the non-negative elements
in X* we get

n+1 n+l
=2, O (1 —A)= > 0,55 (2.8)
j=1 =1
n+1 n+l
ﬂ. = zl O, n+1s 1 —Z= Zl Oln+1,5+ (29)
i= i=

From (2.5), (2.6) and (2.8) it follows that

n+1

widig(yi) = 21 a;9(uiy), 1<i<n,

n+l

w—2A)g(—2z)> iZI as9(—uiyg), 1<j<n.

v (2.2) and (2.4)

n nt+l n n+l n n n n
r>2 oy g(ig) + 2, Z @i g(—uiy) =26 2 3 oy, = > oy ns19(Uini1) T > o149 (Un11.9)
i=1j=1 i=1i= i=17=1 i=1 j=1
n n n+l n+1 n
>2¢ iEI ]_21 o,y + Z tne1f (Uine1) + & Z %Ki+t 121 n+1f (Uns1)+ 8}21 Cnt1ge

(We used in the last step also the fact that by (2.7) and the fact that F is a face of B(X*),

Uinsy a0nd un.,y ; belong to F whenever « .., =0 resp. «,,,,;+0.) Hence by (2.7), (2.8)
and (2.9)

P -1 @)+ o (3 Awt A -A)w) =1 e,

and this proves our assertion concerning con—vAl. The linear manifold 4, is closed by
Lemma 2.1 and m is compact. Thus there is a closed hyperplane € in X* x R such
that 00M=¢ and A,=C. We define now h on B(X*) by the requirement that
(x*, h(x*)) €C, x* € B(X*). It is obvious that this % has all the required properties.

We pass now to the proof of the theorem in the general case (i.e. if we do not assume
(2.2)). The technique for doing this is similar to that used by Edwards in [3]. Let f and ¢
be as in the statement of the theorem.

By the preceding argument there is a w*-continuous %, on X* such that ;| pcxs <g+3%
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and h;|gz=f. Assume that we have found {h;}}-;, all w*-continuous linear extensions of f
so that

byl sxn<g+ (@) i=12...n
"h"—h{Alll<(%)i+l ’l:=2, 3,...,71/.

Let gn,y=min [h,+(3)"*", g+(3)"*']; then g,,, is concave, w*-lower semicontinuous, and
Ini1>f+ (3! on H. Furthermore, g, (*) +g,.1(—2*) =3(3)" for «* in B(X*). Indeed,
if hy(a*)<g(z*) and h,(—a*)<g(—2*), then g, ,(@*) +g,,,(—2*)=(3)""" while if A,(z*)>
g(a¥), then g(—2%>—g(@*) and |k,(a*) —g(@*)| < (B hence g y(2*)+gas(—2%>
min [h,(2*), g(a*)] —max [h,(a*), g(=*)]+2(3)"*" =2(3)"*" — | hn(*) —g(=*)| > }(})". A similar
argument applies if A,(—a*) >g(—2*). Thus g, , satisfies (2.2) for some £>0 and hence
there exists a w*-continuous linear extension h,,, of f such that k.| acxe<g+(3)"*!
and, for 2* in B(X*), we have h,(2*)+ (3" 2k, 1(&*) = —hy 1 (—2*) Zh,(2*) — ()", ie.
[|Pass —Ba|l <(3)***. The sequence {h;}2; converges in norm to an h which has all the
desired properties.

Remark. From the first part of the proof it follows that if ¢ satisfies (2.2) for a suitable
£¢>0 then % can be chosen such that g(z*)>h(x*) for every z* € B(X*).

We pass now to the proof of a selection theorem for certain set valued maps defined
on B(X*). This theorem is a generalization of [10, Theorem 3.1] which in turn partially
generalized a selection theorem of Michael [18]. The proof given here is a modification of
Léger’s [13] simpler proof of [10, Theorem 3.1]. First we need some additional notations.
If E is a locally convex space we denote by ¢(Z) the set of all convex non empty subsets
of E and by &(E) the set of all closed sets in ¢(E). A map @ from a convex subset C of a
linear space into ¢(E) is called convex if

Ap(ay) + (1 —Dplr) play + (1 —A)x,), 0<A<L, 1y, 2,€C.
The map g is said to be lower semicontinuous if
{#; p(@) N U &= D} is open for every open U in E.

We say that ¢ is symmetric if —¢(z) =¢(—2x) whenever x, —2€C(. By aselection for ¢
we mean a map f: C— E such that f(z)€Eg(z) for every z€C.

TEEOREM 2.2. Let X be a Banach space such that X* is an L(u) space and let K be a
Frechét space. Let p: B(X*)—>G(E) be a convex symmetric w*-lower semicontinuous map. Then

@ admits a w*-continuous affine symmetric selection h. Moreover, if F is an essentially closed
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face of B(X*), H=conv (FU —F) and f: H—E a w*-continuous affine symmetric selection
of @| u then the selection h can be chosen so that h|g=f.

The proof of Theorem 2.2 is based on the following result which ensures the existence

of approximate selections.

Lemma 2.2, Let X be a Banach space with X*=L,(u), let E be a locally convex space
and let @: B(X*)~>c(E) be convexr symmetric and w*-lower semicontinuous. Let F, H and f
be as in the statement of Theorem 2.2. Then for every neighborhood U of the origin in E there
s a w*-continuous symmetric affine h: B(X*)— K such that h(x*) Ep(x*) + U, x* € B(X*) and
h(x*) — f(x*) €U whenever x*€H.

Proof. We shall first prove the lemma if dim E <o by induction on the dimension.
Assume that F=R i.e. dim £ =1 and let U be a symmetric open interval in R. Define

g(a*) =sup (p(=*) +U), «*€B(X*).

Then g is a w*-lower semicontinuous concave function which satisfies (2.2) for a suitable
£>0. The existence of a suitable A follows from Theorem 2.1 and the remark following
its proof.

Assume now that the lemma is valid for R* Let E=R"*'—=R x R* and let p, q¢ be
the canonic projections of ¥ onto R and R" respectively. Let U, and U, be symmetric
neighborhoods of the origin in R and R™ respectively so that U, x U, is contained in the
given neighborhood U in E. By Theorem 2.1 and the preceding argument there is a w*-
continuous affine symmetric function k: B(X*)— R which extends pof and for which
k(z*)Epogp(x*)+ 41U, for every z*€ B(X*). The map ¢: B(X*)—~c(E) defined by §(x*)=
pY(k(x*)+1U,) is convex symmetric and w*-lower semicontinuous. Moreover, its graph,
that is the set {a* p~1(k(x*)+3U,)); z*€ B(X*)} is open in B(X*)x R"*. It is easy to
check (cf. [5, Lemma 8.2]) that the map y: B(X*)—~¢(E), defined by

p(a*) = p~Hk(=*) +3U,) N p(a*)

is convex symmetric and w*-lower semicontinuous. The same properties are shared by
the map goy: B(X*)—>c(R"), and gof is a selection of goy | z. From the induction hypothesis
it follows that there exists a w*-continuous affine symmetric selection v of *~goyp(x*) + U,
such that v(z*)€gof(x*)+ U, for z*€H. It is easy to check that h: B(X*)—>E=Rx R"
defined by A(x*) = (k(2*), 7(z*)) has all the desired properties.

We pass now to the general case. We assume as we clearly may that U is an absolutely
convex neighborhood of 0 in &. For y € £ define
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@, = {z*€ B(X*); y €p(a*) + 3U}
G, = {w*€H; y€f(a*) +}U}.

Since @ is w*-lower semicontinuous and f is w*-continuous, {G,},cz and {G,},cz are open
coverings of B(X*) and H respectively. Hence there are {y,}i-, in E such that B(X*)=
UL, Gy, and H= U} ; Gy. Consider the maps y,: B(X*)->c(R") and y,: H—>c(R") defined
by

(@) = {A=(L)€R™ ZiL1 Ly, Cp@*) +1U}

and po(x*) = {A = (A,)ER" T4 Ly, €f(x*)+1U}.

It is easy to check that both maps are convex symmetric and w*-lower semicontinuous. Let
W be an absolutely convex neighbourhood of the origin in R” such that (u,)€ WX u,y,€
1U. By the first part of the proof the map x*—>y,(x*)+ W of H into ¢(R") admits a w*-
continuous affine symmetric selection k (note that by Lemma 2.1 and elementary properties
of L, spaces the subspace V spanned by H is a dual L, space). Clearly k(x*)€Ey,(x*) for
x*€H. Applying again the finite-dimensional case, which we already established, we get
a w*-continuous symmetric affine b’ =(hy, ..., hy): B(X*)—> R" such that A'(z*) €y, (2*) + W,
x*€ B(X*) and B/ (x*) —k(@*)EW for a*€H. It is easy to check that h(x*)=X[%; hi(x*)y;
has all the desired properties.

Proof of Theorem 2.2. Clearly it suffices to prove only the second assertion of the
theorem. Let {p,}7., be an increasing sequence of seminorms on E which determines its
topology. For y€E and r>0 put B,(y, r)={2€E: p,(y, z)<r}. By repeated use of
Lemma 2.2 we construct a sequence {k,};~1 of w*-continuous affine symmetric functions
from B(X*) to E so that

hy(@*) Ep(x*) + By(0, 1), z*€B(X*);
hy(*) —f(x*) € By(0, §), x*€H
and for n>1

Ba(2*) €(a*) N By _y(hy_y(x*), 2771 + B,(0, 27"), x*€ B(X*);
hn(2*) — f(=*) € B, (0, 277).

The completeness of E guarantees that the sequence {h,}7.; converges uniformly to a
function h: B(X*)— E which has all the desired properties.
We state now without proof a few corollaries of Theorem 2.2. Their proofs are similar

to those of the corresponding results for simplexes (cf. [10]).
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CoROLLARY 1. Let X* be an L, space. Let H be a w*-metrizable and closed facial section
of B(X*). Then there is a w*-continuous affine symmetric map of B(X*) onto H whose re-
striction to H is the identity.

Corollary 1 may be phrased also as follows. Let X and H be as above and let V be
the subspace of X* spanned by H. By Lemma 2.1 ¥V =(X/V+)* where V< is the annihilator
of ¥V in X. Denote by y: XXV the natural quotient map. With this notation Corollary
1 asserts that there is an isometry into T X/V+—X so that yoT is the identity of X/V-.
It follows that T'oy is a projection of norm 1 from X onto T(X/V*).

CoroLLARY 2. Let X be a Banach space such that X*=L,(u) for some y. Let Y<Z
be Banach spaces so that every y*€ Y* has a unique norm preserving extension to an element
g* €Z*. Assume also that the map y*—>§* is continuous tn the respective norm topologies. Then

every compact operator from Y to X has a compact norm preserving extension to an operator
from Z to X.

Let us single out the following special case of Corollary 1 above.

TaEOREM 2.3. Let X be o separable Banach space such that X* is a non-separable
Ly(u) space. Then X contains a subspace isometric to C(K). K the Cantor set, on which there
s a projection of norm 1.

Proof. Since X is separable and X* is not separable the set ext B(X*) is in its w*
topology an uncountable complete metric space (cf. [15]). The map z*— —2* is a homeo-
morphism of ext B(X*) onto itself. Hence there is a relatively closed uncountable subset
K, of ext B(X*) such that K; N (—K;)= 2. By a classical result [9, p. 408, p. 445] K, has
a subset K homeomorphic to the Cantor set. By [24], F=conv (K) (the closure in the
w*-topology) is a w*-closed face of B(X*). Apply now Corollary 1 to the facial section
H=conv (FU —F) of B(X*). It is easy to verify that (with the notation of the remark
after the statement of the Corollary) X/V+ is isometric to C(K) and thus X has a subspace
isometric to C(K) on which there is a projection of norm 1.

In connection with Theorem 2.3 let us mention two other recent results.

1. Zippin [23]. Every infinite-dimensional Banach space whose dual is an L, space
has a subspace isometric to ¢, (the space of all sequences tending to 0).

2. Lazar [11]. Every infinite-dimensional Banach space whose dual is an L, space
and which is not polyhedral (i.e. it has finite dimensional subspaces whose unit balls are

not polytopes) has a subspace isometric to ¢ (the space of convergent sequences).
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3. The structure theorem and the existence of representing matrices

An important property of Banach spaces whose duals are L, spaces is that they are
rich with finite dimensional subspaces which are isometric to 17, for some m (recall that
1% is the space of n tuples A=(4,, 45, ..., 4,,) with [[A]| =max;<;<,|4]). A strong result
in this direction is:

TrarorEM 3.1. Let X be a Banach space such that X* is an L, space. Let F, and F,
be finite-dimensional subspaces of X such that the unit cell of F, is a polytope. Then for
every ¢>0 there exists a subspace E of X such that E> F,, E =17 for some m<co and
d(x, B)<¢ for every x€F, with ||z <1.

By d(x, E) we denote the distance of x from E, i.e. inf {||z —y||; y € E}. Before we prove
the theorem let us make some remarks. Since the unit ball of every subspace of I, is a
polytope the assumption we made on F, is clearly necessary. Theorem 3.1 is a simultaneous
generalization of [14, Cor. 2 to Theorem 7.9] which is the special case F,= {0} of the theorem
and the main result of [12] which. is weaker than the case F; = {0} of the theorem. Theorem
3.1 is actually a characterization of spaces whose duals are L, spaces. Even if we assume
only that X has the property expressed in the theorem with F,= {0} it follows that X*
is an L, space (cf. [12] and [14, Theorem 6.1}).

The proof of Theorem 3.1 is based on two lemmas. This first one is a generalization
of Lemma 2.1 of [10].

Lemma 3.1. Let X be a Banach space whose dual is an L, space. Let {f;}71, {g:}7-1
and {u;}7, be realvalued functions on B(X*) with {f} and {q,} affine and w*-continuous.
Let {x};}}_1 be extreme points of B(X*). Assume that

9:< 2 oS f, 1<i<n (3.1
=1
for some scalars o; ; and that
—u(x*) = u(—2*), 1<j<m, x*€B(X*). (3.2)

Then there are {x,;}j*1 in X such that

gi(e*) <
i

a 0¥ (@) <fi(@"), 1<i<n, 2"€BX")

RE

and wi(x;) = uyx), 1<j<m, 1<k<p.

12 — 712905 Acta mathematica 126, Imprimé le 8 Avril 1971
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Proof. By induction on m. Let m=1 so (3.1) reduces to g, <o; {4, <f;, 1 <i<n. There
is no loss of generality to assume that «; ;=1 for every i. Define g: B(X*)~ R by g(z*) =
min {f(z*), —g,(—2*); 1 <i<n}. Then g is w*-continuous and concave on B(X*). We have
also that g(z*) = u,(x*) for 2*€ B(X*) and hence by (3.2) g(z*) +g(—2*) =0, z* € B(X*). By
Theorem 2.1 (with H=conv {+xj; 1<k<p}) there is an z,€X such that xa(xy) =uy ()
for every k and z,(¢*) <g(z*), 2* € B(X*). This proves the lemma for m=1.

Suppose now that the lemma holds for m —1. We may assume without loss of gener-
ality that o, ,, is either 0 or 1 for every ¢. We get from (3.1) that

m—-1 m—1

gi— 2 0 Uy S Uy Sy — > 0,5 U;
i=1 7-1

if &, ,,=0. Hence the functions {u,}7-{ satisfy

m—1
=< 21 (s = otsi) 4y < fr —gs,
o

B+~ < S =0 )0 L) (2, 2B

if oty =0ts =1, and

m—1
i< 2 oSy
i=1

if &, ,, = 0. By the induction hypothesis we can find {«;};";" in X such that

zh(x) =wlxk), 1<j<m—-1,1<k<p (8.3)
m-1 m-1
= 2 a7 (@) <fi@*)— 2 a2t (x), **EBXY) (3.4)
i=1 i=1
m-—1
g (@*) + g, (— %) <1§1 (atr;— 0t ) ¥ (@) < f (&%) + fo(— %), @*€B(X™) (3.5)

whenever o, ,, = o, , =1, and

m-1

gifa*) < _; o2 (@) < fx*), a*€B(XY) (3.6)

if ay,m =0. Put now

m-1 m-1
(x )'— min {fr Z “r,jx*(xj)’ _gr( _x*) - Z OCer* (x})}
+0 j=1 i=1

%, m¥
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Obviously g is concave and w*-continuous and by (3.4) and (3.5), g(x*) +¢( —2*)>0. By
(8.1), (3.2) and (3.3) g(z}) Zu,(x}), k=1, 2, ..., p. Applying once more Theorem 2.1 we

tind an z,€X which together with {x,}7 . satisfies all the requirements of the lemma.

Lemma 3.2. Let W be a compact absolutely convex subset of R"™'=R x B such that
its canonical projection on R is a polytope. Denote by p and q the canonical projections of
R™*'onto R and R respectively. Then for every e >0 there are distinct extreme points {e;},_,
of W and realvalued symmetric functions {,}].; defined on W such that A,(e,)=1 for every j
and, for every wEW

3

m

2 L) <L, |peo) = 2 Alwple)|<e qw) =3 A (w)g(e).

I

Proof. Let W' be a symmetric polytope whose vertices are extreme points of W,
such that gW =qW’ and for every y €qW

{t tER, (1, y)EWI= {t; t€ER, (1, y) EW'} +[—¢, €].

Let {e;}j~1 be vertices of W’ so that W’ =conv {+e;, 1 <j<m} and e,+e,;+0 for 4=4. For
w€EW’ define real numbers {A,(w)}iZ, so that, A,(e;)=1, A (w)=—2A,(—-w), j=1,..,m,
2y | Aw)| =1 and w=23]"; A (w)e;. We extend the functions {A;},_; to W by defining
for w€ W~ W' 2,(w)=21,(w'), 1 <j<m, where w' € W’ is defined by

g’) =g(w) and [p(w)—p(w')| =min {|p(w)—pw")|, w’ €W’, gw") = q(w)}.
It is easy to check that the 4; have all the desired properties.

Proof of Theorem 3.1. Let X, F,, F, and £¢>0 be given. A simple inductive argument
shows that without loss of generality we may assume that dim Fy=1. Let {y,}/, be
a basis of F, and let z be a unit vector in F,. Consider the map 7: X*- R x R* defined
by Tx*=(x*(z), 2*(yy), *(¥s), .-, #*(¥,)) and put W=TB(X*). By Lemma 3.2 there are
{e;}i~1€ext W and symmetric functions {1,}]%; defined on W such that A,e;)=1 for
every j and

[A(Tz*)| <1, x*€B(X*)

L=

i

2*(y) = 2 ATa*)e*?, 1<i<n, 2*€BX™),
j=1
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m
|*(z) — 2 A,(Tx*)ej| <&, a*€B(X*).
=1
Here we used the notation e;=(¢}, €}, ..., e/ 1), 1 <j<m. Let u;; B(X*)—~R be defined by

uy(x*) =2,(Tx*) and choose {z]}/",€ext B(X*) so that e;=Tx}. Then for every j, u;(x) =1
and for every z* € B(X*)

m
e (y) = > w(x*) e, i=1,...,n
j=1
m
—e<a*(2) — 2 uy(x*) ef <e,
i=1

—1<> 6u(a*)<1, 6,=+1,...,m.
j=1

By Lemma 3.1 there are {x;}]-; in X such that

y,=§1e}“z]-, i=1,2,...,n (3.7
P
m
||z ——gl e ;|| <e, (3.8)
||§16,x,||<1, 0,=+1,j=1,...,m (3.9)
and | ;|| = 5 (x) =1. (3.10)

Let E be the subspace of X spanned by {,};2,. By (3.7) E> F, and by (3.8) d(z, E)<e
for every € F, with ||z]| <1. By (3.9) and (3.10) E=IZ and this concludes the proof of
the theorem.

For separable spaces Theorem 3.1 yields easily a slightly stronger version of the

main result of [19].

TEEOREM 3.2. Let X be a separable infinite dimensional Banach space such that X*
is an L, space. Let F be a finite-dimensional space whose unit ball s a polytope. Then there
exists a sequence {E,}x_1 of finite-dimensional subspaces of X such that B> F, B, > E,
and E, =17 for every n and X = m“’:l—E:

Proof. Let {x,}7_1 be a dense sequence in the unit ball of X. By Theorem 3.1 we can

construct inductively a sequence {E,},_; of finite-dimensional subspaces of X such that
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E,> F and for every n E,.,> E,, B,=I" and d(z,, E,)<1/n. It is clear that X = U7, E,
and this concludes the proof.

The rest of this section is devoted to some simple facts concerning isometric em-
beddings of an I3, space into an I7} space with n <m. Let {e;},_, be the usual unit vector
basis in I3, i.e. ¢;=(0,0, ..., 0, 1, 0, ...) with 1 only in the i’th place. By an admissible basis
in I3, we mean a basis of the form {ye;};_, where y is an isometry of I, i.e. a basis of the
form {0;e,}7-1 Where 0,=+1 and & a permutation of {1, 2, ..., n}. It is easy to see (cf.
[19]) that if {u,;}{-, is an admissible basis in I2, and 7" 1% —I7 is a linear isometry then there
exists an admissible basis {v;}{L; in I3, such that Tu;=v,+ Z%,,; a, v, with 2} ]a, ,| <1
for every n+1<j<m. Conversely, for every such {v,}[*; and {a, }"i&I5"™ the equation
above defines an isometric embedding of I%, into I%. It follows in particular that if F,=
Span {{T%;}{_1, Vn11, Uns2, -, 9,3 <l then F, is isometric to U (n+1<j<m). Thus (as
observed in [19]) whenever F< E with F =17, and E=I7, there exist {F,};*;", such that
FcFp<e...cF,_y< E with F,=10},. Hence if in the statement of Theorem 3.2 dim F =0
or 1 we can take the E, given by the theorem so that dim E, == (i.e. E,=IL).

Let now X = U—Q'Ewith E,<E,., and E, =17, for every n. Choose a unit vector
€;,1 in Ey (this is just a choice of direction). By the description made above of the general
form of an isometry from I7, into I3;"! we can choose inductively for every »>2 admissible
bases {e; ,};; in B, so that

ei,n=ei,n+1+ai’nen+1‘n+1, 1<i<’n,n=1, 2, 3, cer (3.11)
n

and Slan|<l »=1,2,3,... (3.12)
i=1

The triangular matrix 4 ={e, ,} 555 which we associate with X in this manner is
called a representing matriz of X.

The matrix 4 is not determined uniquely by the representation X = {J -, E,. Indeed,
in every step of the inductive construction of the bases {e, ,}/-1 we have a choice of sign
in the definition of e, ,. If for one fixed » we replace ¢, , by —e, , then in order to pre-
serve the validity of (3.11) we have to replace e, , by —e,,, for every m>n. The effect
this operation has on the matrix 4 is to replace a; , , by —a, , , for 1<i<n—1 and
Un,m Y —a, , for m=>n. It is easy to see that up to this operation of changing suitable
signs the matrix 4 is determined uniquely by the representation X = mm particular
to every such representation there corresponds one and only one matrix A which satisfies

for every n
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iil a,,>0 and if iil @, =0 then a;,>0 (3.13)
provided that a, ,=0 for i<, and |a,, ,|>0. A separable infinite-dimensional Banach
space X with X* =L, does not have a unique representation as X =m with B, < E, 4,
and B, =17 . Different representations of the same space give rise, in general, to entirely
different matrices A. This leads to some difficult problems which will be mentioned in
Section 5.

Every triangular matrix A4 satisfying (3.12) is a representing matrix of a uniquely
defined Banach space whose dual is L;. Indeed, if {e; ,}i-1 denotes the unit vector basis
of 1% then (3.11) defines for every n an isometric embedding of I ! in %, and with identi-
fication of I%! as a subspace of [7,, n=2, 3, ... the Banach space X =m°;1_lw—has an L,
dual and 4 is a matrix representing this X. It follows that there is a one to one correspond-
ence between all representations of all separable infinite dimensional X with L, duals as
X= mmth E,< B, and E,=I%, and all triangular matrices 4 satisfying (3.12)
and (3.13). '

4. Functional representations

In this section we introduce some special classes of spaces whose duals are L, spaces
and give some orientation on the relation between these classes. The section is essentially
a summary of [17] with some additions. Facts brought in this section without a reference
or a comment concerning their proof may be either found explicitely in [17] or follow
easily from the results of [17]. First the definitions. In cases where there can be no con-
fusion we shall use the same notations for a class of Banach spaces and a general represen-
tative of this class. In all the function spaces we take the supremum norm.

C(K) spaces: The spaces of continuous functions on compact Hausdorff spaces K.

C,o(K) spaces: The spaces of continuous functions on compact Hausdorff spaces K
which vanish at a fixed point of K. Or, equivalently, the spaces of continuous funetions
on locally compact Hausdorff spaces which vanish at infinity.

C,(K) spaces: The spaces of all continuous functions f on compact Hausdorff spaces
K which satisfy f(ok) = —f(k) for all k€ K, where ¢: K— K is a homeomorphism of period 2
(i.e. 0®=identity).

Cx(K) spaces: Those O (K) spaces in which the homeomorphism ¢ has no fixed points.

M spaces: Sublattices of C(K) spaces or, equivalently (by [8]) spaces X which can be
represented as follows: there is a compact Hausdorff space K and a set A of triples
{k%, k2, Au}uca With kL, k2€K and 1,>0 such that X is the set of all f€C(K) which
satisfy f(ks)=A,f(k2) for all x€A4.
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G spaces: Spaces defined like the explicit definition of M spaces only that now the
A, are allowed to be arbitrary real numbers (i.e. may also be negative).

A(S) spaces: Spaces of affine continuous functions on compact Choquet simplexes S.
(For information on simplexes cf. e.g. [21].)

A (8) spaces: Spaces of affine continuous functions on compact Choquet simplexes S
which vanish at one fixed extreme point of S (these are the simplex spaces in the termino-
logy of [4]).

For all these classes of Banach spaces the duals are L, spaces. The relations between

those classes are clarified by the following diagram

U 1X: X*=Li(u)}
NN N/ '

Here A— B means that every space of class 4 is also of class B. From the diagram it is
possible also to read the intersection of two classes. It is the common ‘“source” of these

classes in the diagram. For example
AyS)NG =M, C(K)nA(S)=C(K), ete.

Here are properties which characterize some of the classes above among all Banach
spaces whose duals are L, spaces. Let X be a Banach space such that X* =L,(u) for some u.
Then

(i) X is an A(8) space if and only if ext B(X)+O.
(i) X is a Cg(K) space if and only if ext B(X*) is w*-closed.

(iii) X is a C(K) space if and only if ext B(X)+@ and ext B(X*) is w*-closed.

{iv) X is an A4y(S) space if and only if X can be ordered so that X* is an L,(u) as an
ordered Banach space. Stated otherwise: X =A4,(8) if and only if X* is isometric to L,(u)
in such a way that the positive cone of L,(u) is the image of a w*-closed set. (This assertion
is an immediate consequence of the definition.)

The class of spaces whose duals are L, spaces is closed under some natural operations:
direct sums with the supremum norm, tensor products with the smallest cross norm and
projections of norm 1 which are of particular interest. Let B be a class of Banach spaces.
We denote by n(B) the class of all Banach spaces Y for which there is an X> Y with
X €B and a projection of norm 1 from X onto Y. Then
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7(O(K)) =7(Co(K)) =n(Cy(K)) = 7(Co(K)) = Op(K)

It is likely that 7(A(S))=m(A44(8))={X; X*=L,(¢)}. The next proposition shows that
7(A(S)) =7(Ay(S)) and in the next section we show that z(A(S)) contains all the separable
spaces whose dual is an L, space.

ProprosiTiON 4.1. Let X be a simplex space. Then there is a simplex S so that X is
isometric to a subspace of Y =A(S) on which there is a projection of norm 1.

Proof. By our assumption X =Ao(§) for some simplex S. We ‘may clearly assume
that the extreme point of S on which all the functions of X vanish is the origin of the
linear space V which contains S. Let V, be a linear space isomorphic to ¥ by a (topological)
isomorphism . Let S be the convex hull of {(v,0), veé’} U {(0, yv), v€S} in the direct
sum V@V, It is easy to verify that § is a simplex, and that for every f€.4,(S) there is
one and only one function ¥ =T7 in A(S) which satisfies F(v, 0) =f(v) and F(0, yv) = —f(v)
for every v€8. This map 7: X - ¥ =A(S) is an isometry. Let P be the operator from ¥
to X defined by PF(v)=(F(v, 0)—F(0, yv))/2, v€S. Then TP is a projection of norm 1
from Y onto T'X.

As mentioned above, a Banach space X with X*=L; is an A(S) space if and only if
the unit ball of X has at least one extreme point. It thus looks as if the relation between
general preduals of L,(u) and A(S) spaces is similar to the relation between general Banach
algebras and Banach algebras with identity. Le. that by suitably adjoining an extreme
point to a predual of an L, space we get an 4(S) space. This is obviously the case if X is
a simplex space 4y(S)— we have just to add to X the constant functions. However, in
general the situation is not as simple, and it seems that the natural way to reduce (if
possible) questions on general preduals of L, to 4(8) spaces is by using projections of norm
1 (in the sense of Theorem 5.5 below). As an example of the fact that a simple “adjoining
of an extreme point” is not possible we take the subspace X of C(0, 1) consisting of all
the functions which satisfy 2f(0)= —f(1/3) and 2f(1) = —f(2/3). Clearly X is a @ space of
codimension 2 in C(0, 1). There does not exist a Choquet simplex § such that X is isometric
to a subspace of codimension one in A(S). Our proof of this fact is not short and instead
of presenting here the (quite boring) detailed proof we just state (also without proof) the
main proposition on which it is based.

ProrosiTioN 4.2. Let S be a Choquet simplex and let X be a subspace of codimen-
sion one in A(S) so that ext B(X)=O. Then there is a subset K of ext B(X*) such that
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(1) KU (—K)=ext B(X*).

(2) 8 s affinely homeomorphic either to the w* closure of conv K or to the w* closure
of conv (K U {«*}) for some «*€ B(X*).

(3) If 8 is homeomorphic to conv K then K =ext conv K. I f the other possibility of 2)
holds then K U {x*}=ext conv (K U {2*}).

We are convinced (though we did not check it in detail) that there are G spaces which

are not isometric even to subspaces of finite codimension in 4(S) spaces.

5. Representing matrices—examples and applications

As mentioned at the end of Section 3 every separable infinite dimensional predual X
of L,(u) has many representations X =—U—m and thus many representing matrices.
(In this section whenever we mention such a representation we shall assume that E, < K,
and E, =17, for every integer #.) In particular it is clear that X is not affected if we change
a finite number of the isometric embeddings E,—F, ;. Thus X depends only on the as-

symptotic behaviour of 4={a, ,} as n—>oo. We shall give now two simple examples to
illustrate this point.

ExamMpLE 5.1. Let {t,}7.1 be a sequence of numbers in the interval [0, 1]. Let A be the
matriz defined by a, ,=t, and a; ,=0 for t<n. Then

(i) If the infinite product I13.,t, converges, A represents the space ¢ of convergent se-
quences.

(ii) If the infinite product T15_1t, diverges, A represents the space c, of sequences con-
verging to 0.

Proof. Case (i). Let {x,}7_1 be the sequence in ¢ defined by

2y = (L, &y, tyty, tytols, ...)
ry=(0, 1,25, 3¢5, ...)
%, =(0,0,..,0,1, %, ¢4, ...)

It is clear that for every n, E,=span {x,}-; is isometric to 1% with {e,}j=1' U {x,}
as an admissible basis (e, is the sequence in ¢, whose 4’th coordinate is 1 while all the rest

are 0). Since x,=e¢,+1,2,,;, n=1,2, ..., 4 is a representing matrix of X = U, E,. Since
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e,€X for every ¢ it follows that ¢,< X. The fact that I13.; £, 40 for sufficiently large ¢
implies that X ¢ ¢, and hence X =c.
The proof of case (ii) is similar. In this case {x,}s_1<¢, and thus X =c,.

ExXAMPLE 5.2. Let {t,}7_1 be a sequence of numbers in [0, 1]. Let A be the matriz defined
by ay ,=t, and a; ,=0, 1>1. Then the isometric type of the space which A represents deter-
mines and is determined by the set of limiting points of the sequence {t,}n-1.

Proof. It is easy to check that A represents the subspace X of the space m of bounded
sequences, spanned by the unit vectors {e;};2, and the vector u=(1, ¢, {,, f5, ...). The
extreme points of B(X*) are the functionals {+27}2; defined by zf (4, 4y, ...) =4, It
follows that 1 is a limiting point of {t,}-; if and only if there is a sequence in ext B(X*)
which converges in the w* topology to a functional of norm A. Thus the set of limiting
points of {t,}°.; is determined by the isometric type of X. Conversely, if {t.}n-1 and
{8n}7-1 have the same set of limiting points then by a well-known elementary fact there
is a permutation s of the set of positive integers such that ¢,—s,,,—~0 as n—>co. This
permutation 7 induces in a natural way an isometry of m which maps the span of
(L, 51, 83, ...) U {e;}{25 onto the span of {(1, t, &y, ...)} U {e;}i2s.

The reader should note the essential difference between Examples 5.1 and 5.2. While
in 5.2 the rate in which #,~1 (if at all ¢,—>1) is of crucial importance we have that in 5.2
only the set of limiting points itself matters.

It seems to be a very difficult problem to determine the set of all representing matrices
of a given separable infinite-dimensional predual of L,(x). We know the answer to this
question only for one such space, namely the space of Gurarii [7] and even here the situa-
tion is not entirely clear. We shall come back to this space at the end of the paper.

The situation is somewhat simpler if we ask the following question. Given a class B
of separable Banach spaces whose duals are L, spaces, find a class of matrices 4 so that
every matrix of 4 represents a space in B and that every space in B has a representing
matrix belonging to 4. Our next three theorems give answers to some particular cases of
this question.

The set of all representing matrices, i.e. all triangular matrices satisfying (3.12) form
a convex set. Its extreme points are easily determined. These are the matrices {a;, ,}
such that for every n there is an i(n) such that |ayn, .| =1 and a, ,=0 for i +i(n). The
spaces which admit extreme representing matrices are also easily determined. By the
discussion at the end of Section 3 we may assume that (3.13) holds, i.e. that a;p,,=1

for every .
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TrroREM 5.1. 4 Banach space X has a representation by an extreme representing
matriz if and only if X =C(K) for some compact meiric totally disconnected K.

Proof. Let K be a totally disconnected compact metric space. There exists a sequence
{I1,}7-1 of partitions of K into disjoint closed sets so that for every =, II, has n elements,

IT,,, is a refinement of I, and

o, =max d(4)—>0 as n—>oo
Aell,,

(where d(4) denotes the diameter of A4). Let E, be the linear span of the characteristic

functions of the sets belonging to Il,. Then E,=I,, E,< E, ; and C(K)= m It is

clear that the matrix 4 corresponding to this representation of C(K) is extreme.
Conversely let A be an extreme matrix i.e. d;uy,=1 and a, ,=0 for i+i(n). Let K

be the set of all sequences of integers (ky, &, ks, ...) with &k, =1,
kppy =k, if k,=+=in), n=1,2,..
and k. ;=eitherk,orn+1if b, =i(n),n=1,2, ..

Clearly K<117.,Z, where Z,={1, 2, ..., n}. We take on each Z, the discrete topology
and on K the topology induced by the product topology. With this topology K is a com-
pact metric totally disconnected space. Let II,=(4%, 4%, ..., A7) be the partition of K
defined by (k,, ko, ks, ...)€EAL 2k, =4i. The {II,}., have all properties required of the
partitions in the first part of the proof. It is clear that the matrix representing C(K)
which was constructed above out of the sequence of partitions {II,}7, is the matrix 4

with which we started.

THEOREM 5.2. A separable infinite-dimensional Banach space X has a representing

matriz A={a,; ,} with

Eai.n=17 n=1)27 3; .o (5.1)
i

tf and only if X =A(S) for some simplex S.

Proof. Assume that X =J, E, is a representation of X corresponding to a matrix 4
satisfying (5.1). Let e=e; ; be (the positively oriented) unit vector of E,. It follows from
(3.11) by using induction on % that

=3 e (5.2)

It follows that e€ext B(E,) for every = and thus for every x€ B(E,)
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max (|le+z|, le—=]) = [|ef| + |- (6.3)

Since U, E, is dense in X, (5.3) holds for every z€ B(X) and hence e€ext B(X). By the
characterization of 4(S) which was mentioned in Section 4 we deduce that X =A(S) for
a suitable simplex S.

Conversely, assume that X = A4(S) and let ¢ be an extreme point in the unit ball of X
(e.g. the function identically equal to 1). By Theorem 3.2 there exists a representation
X=UZ. E, with E,={le; A€ R}. Since e€ext B(X) it follows that ¢€ ext B(E,) for
every n. We show now by induction on % that with a suitable choice of signs (of e, ,,
n=1,2,..) (5.2) and (5.1) hold. Indeed assume that (5.2) holds for some . Then by (3.11)

n n n
€= ei,n = Z ei.n+1+ (Z ai,n) €nil,m+1.
=1 i=1

i = i=1

Since e€ext B(E,,,) we get that |Z},a, ,| =1 and hence after a change of sign of

€nt1.n41 if Necessary X7;a; ,=1. Thus (5.1) holds for » and (5.2) holds for »+1. This
concludes the proof.

CorOLLARY. Let 8 be a compact metrizable infinite-dimensional Choguet simplex. Then
there exists a sequence of affine surjective maps p,: A, ,—~A, where A, is an n-dimensional

simplex such that S is the inverse limit of the system
A 2AP A

Proof. This is just a restatement of Theorem 5.2 in terms of the dual space. If
T, U1 is given by T,e; ,=€; 1.1+ n€ni1,npy With a; ,=>0 and Xl a;,=1 then

T maps the positive face of B(I%!) affinely onto the positive face of B(I%).

Remark. Theorem 5.2 can be given also a probabilistic interpretation. Consider a
random walk on the integers 1, 2, 3, ... in which it is impossible to advance. Denote the
probability to go from a state » to a state ¢ with i <= by a, ,. The matrix 4 = {a, ,} gives
rise to a unique Choquet simplex S. Conversely every metrizable Choquet simplex gives
rise to a family of such random walks. This correspondence gives probabilistic meaning
to some quantities which arise naturally in the study of A(S) as a Banach space. We did
not, however, find any substantial application of the existence of this relation between

Choquet simplexes and random walks.

THEOREM 5.3. A separable infinite-dimensional Banach space X has a non-negative
representing matriz if and only if X can be ordered so that X*=L,(u) as an ordered Banach
space (i.e. X is a simplex space).
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Proof. Assume that the matrix 4~={a, ,} corresponding to the representation
X =m is non negative. In each E, we introduce an order by taking as the positive
cone the set €, = {Z].1 A€, 3 4,20, 1<i<n}. Since 4 is non negative C,=C,, for every
n. We order X by taking as the positive cone the set U%.: C,. It can be proved directly
that this defines a suitable order on X. We find it however simpler to present an indirect
proof of this. Let B={b, ,} be the triangular matrix defined by

n—-1
b1,1=17 bl,nzl_ z,ai,n—l: ’ﬂ=2, 3:--~
i=1

bin=0i121 2<i<n, n=2,3, ..

By Theorem 5.2 the space ¥ = U ne1 I represented by Bis an A(S) space for some simplex
8. We assume that A(S) is ordered so that the vector e used in the proof of Theorem 5.2

corresponds to the function identically equal to 1 on S (i.e. we take
S={yrex™ |yl =y =1}

Define the functional 45 on U, F, by ys(y)=2, if y=311 4,f; ,€F, where {f; .}/ is
the canonical basis of F, which is associated to the matrix B. By (3.11) y5 is well defined
on U, F, and thus defines a unique element of S. Moreover, since yg | F, is an extreme
point of B(Fy) for every n it follows that y§ €ext S (this fact was exploited in [23]). By
the definition of B the subspace X of A(S) consisting of all the vectors which annihilate
¥s has the given matrix 4 as a representing matrix. Hence 4 represents a simplex space
Ay(8). Observe also that the order induced by 4(S) on X coincides with the order we de-
fined in the beginning of the proof.

Conversely, assume that X is a simplex space. The fact that X has a non-negative
representing matrix can be proved by following the proofs of Theorems 3.1 and 3.2, taking
care at each step that the embedding constructed in those proofs are in addition non-
negative (in 7, we take always the natural order). In the proof of Theorem 3.1 we have
only to replace Lemma 3.1 by Lemma 2.1 of [10] and replace Lemma 3.2 by its following
variant: Let W be a compact convex subset of B"*'=R x R". Let p and ¢ denote the
canonical projections of B"*! onto R and R" respectively, and assume that ¢W¥ is a poly-
tope. Then for every ¢ >0 there exist distinct extreme points {e,}/2; of W and non-negative
functions {4}/, defined on W such that X%, 1,(w)=1, |p(w) — Zf.1 A (w)ple;)| <s, g(w) =
24 A(w)gle;) for all w€W and A,(e;) =1 for every j.

Let 4 be a representing matrix which satisfies (5.1). By Theorem 5.2 A represents
an A(S) space X. There is a simple necessary (though not sufficient) condition which A4
has to satisfy in order that X =C(K) for some compact metric K.
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THEOREM 5.4, Let A= {a, ,} be a non-negative triangular matriz such that i, a; ,=1
for every n. Assume that A represents a C(K) space. Then

k
lim (Z a;, — max ai'n) =0 (5.4)
)

n—>00 \f=1 1<i<k

for every integer k.

Proof. As mentioned in Section 4 4(S) N M =C(K). More precisely: Let X be an 4(S)
space. Then X is a C(K) space if and only if whenever X is ordered so that X* is order
isometric to an L, space, then X is a lattice in this order. Let X = 7., E, be the repre-
sentation induced by A. If we take in each E, its natural order then, as pointed out in
the proof of Theorem 5.3, these orders are mutually compatible and induce an order on
X such that X* is order isometric to L,(u) for some . Let x, y€E, for some n and let
{(zV ¥)n, m>n be the supremum of z and yin the (lattice) orderingin ¥,,. Clearly (x V y),,,, <
(zV y), for every m>n and since U,, E,, is dense in X it followsthat zV y (maximumin X)
exists if and only if lim, .(xV¥), exists. Consequently, X is a C(K) space if and only
if for every z, yem, Lo (z V 4),, exists.

Assume now that (5.4) does not hold. It follows that there exist an £>0, integers
©<j and a sequence of integers {m,};~1 such that a;n,>¢ and a;n, >¢ for every n. Take

any such m,, and let

My M
%:ZM%W %:ZM%W
k=1 k=1

where {e; ,}i-1 denote, as usual, the canonical basis of E, which corresponds to 4. By
(3.11) and the fact that 4 is non-negative we get that

=1 A=0,1<k<j k+i; A =>0,j+1<k<m,,

pi=1l pp=0,1<k<j—1; w=0,j+1<k<m,.

Mn
Hence (€15 V €)1 mn = Cimy+ €1me+ 2, MAX (A, o) €hmn
k=1+1
By (3.11),
My My
€)= Cimpsr T 2 Axlhmprrt (Amat > Alemn) €mas1mnt1 (6.5)
k=j+1 k=j+1
Mn Mn
€= €myr1t Z U Ciemns1 + {Qm, T 2 A Q) €mnt1ma i1 (5.6)

E=j+1 k=§+1
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Mn

(ei,j \ ej_j)mn = Cimu+1 T Cimpr1 T+ Z . max (Zk: ,uk) Ckmp+1
k=j+

Mp
+ (al,mn + @jmn + z max (lk’ ,uk) ak-mn) Cmu+1, ma+1e (57)
k=f+1

Hence by (5.5) and (5.6)

mp
(€15 V €. 1)mns1 ™= €imps1 T Gmpr1+ 2, max (A, i) €eimn 1

E=f+1
Mp Mn
-+ max \Gim, + Z Ak Okeymins Wy, + 2 e Qe mp | €ma+1,mn 1
k=j+1 k=f+1

Comparing the coefficients in (5.7) and (5.8) and recalling that all the numbers involved
are non-negative we get that

I (€5 V € 5)ma— (€15 V € mgr1 || = min (@i, Ama) > &
and this contradicts the assumption that A represents a C(K) space.

Remarks. 1. (5.4) is not a sufficient condition for 4 to represent a C(K) space. By
using similar ideas to those used in the proof above it is possible to give a (complicated)
necessary and sufficient condition for 4 (assuming that (5.1) holds) to represent a C(K)
space.

2. (5.4) is also a necessary condition for a non-negative matrix 4 to represent an
M space.

We shall now use Theorem 5.3 to settle a question, mentioned in Section 4, in the

separable case.

THEOREM 5.5. Let X be a separable infinite-dimensional Banach space whose dual is
an L, space. Then there is a metrizable Chogquet simplex S so that X is isomefric to a subspace
of A(8) on which there is a projection of norm 1.

Proof. Let X =U 1 E, and let A={a, ,} be a matrix corresponding to this represen-
tation. For every integer n let F,=1I2" and let {f; ,}i%; be the unit vector basis of F,.
We embed F, isometrically into F,,, by the operator T, defined as follows

_ f2i~1.n+1+ a/i,nf2n+l.n+1 if ai.n> 0 .
Tyfei-1.n = i=1..,n

fei—in+1—@infonsona if @, <0

foims1 T @i sfonsznin fa, 20
Tnf2i,n={ 1=1,2,...,n

feins1 — @pfonsiner i @, <0
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Since each 7', is positive (in the natural orders in F, and F,,) a slight modification of
the first part of the proof of Theorem 5.3 shows that Y =m is a simplex space.

For every integer n define the isometry R,: E,~F, by R,¢; n=fsi 1.n—foi.ns 1 Si<n,
where {e; .}, is the basis of F, which corresponds to the matrix 4. It is easy to check
that the {R,};>; are consistent with the embeddings of E, in E,,, and F, in F,;, (ie.
that R, ., E,=T, R,) for all n. Thus the {R,};_, define a unique isometry E: X—~Y. For
every », let P, be the projection of norm 1 in F, defined by P,fs; 1 n=—Pupfsin=
(f2i1.n—Jo:.0)/2 for 1 <i<n. Clearly P, F,=R, E, and T, ,P,=P, T, for every integer
n. Hence the {P,}»., define a unique projection of norm 1 from Y onto RX. The proof
of Theorem 5.5 is completed now by applying Proposition 4.1.

We eonclude the paper by a discussion of the space(s) constrneted by Gurarii [7].
Gurarii proved that there is a separable Banach space X which has the following property:

(*) For every finite dimensional Banach spaces F> E, every isometry T: E—~X and
every £>0 there is an operator T: F—>X such that T'|z=7 and (1—¢)|z| <||Tz[ <
(1 +é&)||z|| for every z€F.

It is clear (cf. e.g. [14]) that the dual of every space which satisfies (*) is an L, space.
Gurarii observed that there is no separable X which satisfies (*) with e=0 (For a stronger
result cf. [14, Theorem 7.8].) He observed also that a space satisfying (*) is essentially
unique in the following sense. Let X and Y be two separable spaces satisfying (*). Then
for every £>0 there is an operator U =U(e) from X onto Y such that

(1—e)]ja|| <[ U]l <0 +2)]|]

for every 2 € X. We do not know whether the Gurarii space is strictly unique (i.e. whether
any two separable spaces satisfying (*) are isometrie). A functional representation of the
Gauraril space(s) is not known. It turns out, however, that it is possible to characterize all
the representing matrices of this space(s). We shall restrict ourselves here in giving a simple
sufficient (but not necessary) condition for a matrix to represent a Gurarii space. This
will give in particular a much simpler proof of the existence of a Gurarii space. (Observe
that for this proof of the existence of a Gurarii space we do not use the results of Section 3

on the existence of a representing matrix for every separable predual of L,.)

THEOREM 5.6. Let A={a; ,} be a triangular matriz with Z7_; |a; ,| <1 for every n.
Assume that the vectors

X3
" = {81 750,75 F3,5 2 Oy 0, 0,0, =1, 2, ..

are dense in the unit ball of l,. Then A represents a Gurarii space.
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Proof. Let X ~U%, B, have Aasa representing matrix. By a routine approximation
argument it is clear that in order to prove that X has property (*) it is enough to consider
only spaces F such that B(F) (and therefore also B(E)) is a polytope and isometries 7'
such that TH< K, for some n. Let Y be the quotient space of F@®E, (normed by
IF, 2)t =|If|| +]i#||) modulo the subspace {(e, —Te); e€E}. Denote by v the quotient
map F@ E,— Y. Clearly y is an isometry on £, ={(0, z); x€ E,} and on £ ={(e, 0); c€ E}
and pB <yl Define T: yE, > E, by Ty(0, ) =x. Then T is an isometry and Ty(e, 0)=Te
for every e€ E. Thus in order to show that (*) holds it is enough to prove that given £¢>0
there is a 7 Y—X such that Tyi,=T and (1-¢)lly|| <||Ty| <@ +e)||y|| for y€Y.
In other words, it is no loss of generality to assume that E=E, and T is the identity.
Finally, since B(Y) is a polytope Y <IZ for some m and so we may assume that F=I'"
for some positive integer r. Denote the embedding of £ =E, into F by U. As remarked
at the end of Section 3 there is an admissible basis {f,}/-{ in F so that

T
Ue, =1+ Z % fnesy 1=1,2,...,n
j=1
n
with 2 e )<, 1<j<r.
i=1

Let ¢>0. Choose >0 so that if |f, ;—a; ;| <J, 1<i<n, 1<j<r then there is an
operator V from F into itself for which

Vit +j21°‘1.1fn+1) =fi+ _Zlﬂi,ifml’ I<isn
— i=

and (1 —¢)||f|| <|| V7| <(1+¢)||f|| for every € F. By our assumption on the matrix 4 there
are k,>k,_,>...>k; >n so that for every 1 <j<r

|y~ aim| <82, 1<i<n, 3 |ay| <6/2.
i>n

By (3.11) it follows easily that
Kr+1

€0 =Cikps1+ Z Vim€mkr+1, 1<i<n
m=n+1

with Iy,._kjﬂ—oci,,-[ <4, 1<i<n and 1<j<r. Choose an operator ¥V in F as above where

we take f; ;=y; y,41. Let T, be the isometry from F into B, ., <X defined by

r
Toti=ein— 2. Viki+1€pherr1, 1 STSN,
§=1

13 —712905 Acta mathematica 126. Imprimé le 8 Avril 1971
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Tofnsi=erjrrim1, 1Sj<r.
The operator 7'=T,V: F->X satisfies T\g=T (i.e. TU=T) and

L=l <|TH <@ +e)fl
for all fEF, as desired.

Remark. As A. Pelezynski pointed out to one of the authors it is not hard to see that
if 4 is as in the statement of Theorem 5.6 then the space X which is represented by A
satisfies that ext B(X*) is w* dense in B(X*). Similarly, if A={a; ,} is non-negative,
Xii1as,=1 for every n and a"=(a, ,, ..., @y, 0, ...) are dense in the positive face of the
unit ball of /; then A represents a space A(8) with S a Choquet simplex for which ext S
is dense in § (i.e. a simplex of the type constructed by Poulsen [22]).
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