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✶

❆❜str❛❝t

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ✜rst ♦r❞❡r ❛❝❝✉r❛t❡ r❡s♦♥❛♥❝❡ ♠♦❞❡❧ ❜❛s❡❞ ♦♥ ❛

s❡❝♦♥❞ ♦r❞❡r P❛❞é ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ ❛ ♥❛rr♦✇❜❛♥❞

❛♥t❡♥♥❛✳ ❚❤❡ r❡s♦♥❛♥❝❡ ♠♦❞❡❧ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✐ts ◗ ❢❛❝t♦r✱ ❣✐✈❡♥ ❜② t❤❡

❢r❡q✉❡♥❝② ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t✳ ❚❤❡ ❇♦❞❡✲❋❛♥♦ ♠❛t❝❤✐♥❣ t❤❡✲

♦r② ✐s ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ♠♦❞❡❧ ❛♥❞ ✐t ✐s s❤♦✇♥

t❤❛t ✐t ❛❧s♦ ❞❡t❡r♠✐♥❡s t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ ❛♥t❡♥♥❛ ❢♦r s✉✣❝✐❡♥t❧② ♥❛rr♦✇

❜❛♥❞✇✐❞t❤s✳ ❚❤❡ ❜❛♥❞✇✐❞t❤ ✐s ❡①♣r❡ss❡❞ ✐♥ t❤❡ ◗ ❢❛❝t♦r ♦❢ t❤❡ r❡s♦♥❛♥❝❡

♠♦❞❡❧ ❛♥❞ t❤❡ t❤r❡s❤♦❧❞ ❧✐♠✐t ♦♥ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t✳ ❙♣❤❡r✐❝❛❧ ✈❡❝t♦r

♠♦❞❡s ❛r❡ ✉s❡❞ t♦ ✐❧❧✉str❛t❡ t❤❡ r❡s✉❧ts✳ ❋✐♥❛❧❧②✱ ✇❡ ❞❡♠♦♥str❛t❡ t❤❡ ❢✉♥❞❛✲

♠❡♥t❛❧ ❞✐✣❝✉❧t② ♦❢ ✜♥❞✐♥❣ ❛ s✐♠♣❧❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ◗ ♦❢ t❤❡ r❡s♦♥❛♥❝❡

♠♦❞❡❧✱ ❛♥❞ t❤❡ ❝❧❛ss✐❝❛❧ ◗ ❞❡✜♥❡❞ ❛s t❤❡ q✉♦t✐❡♥t ❜❡t✇❡❡♥ t❤❡ st♦r❡❞ ❛♥❞

r❛❞✐❛t❡❞ ❡♥❡r❣✐❡s✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡r❡ ✐s ✉s✉❛❧❧② ❛ ❝❧♦s❡ r❡s❡♠❜❧❛♥❝❡ ❜❡t✇❡❡♥

t❤❡s❡ ❡♥t✐t✐❡s ❢♦r ♠❛♥② r❡❛❧ ❛♥t❡♥♥❛s✳

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ ❛♥ ❛♥t❡♥♥❛ s②st❡♠ ❝❛♥ ✐♥ ❣❡♥❡r❛❧ ♦♥❧② ❜❡ ❞❡t❡r♠✐♥❡❞ ✐❢ t❤❡ ✐♠✲
♣❡❞❛♥❝❡ ✐s ❦♥♦✇♥ ❢♦r ❛❧❧ ❢r❡q✉❡♥❝✐❡s ✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❢r❡q✉❡♥❝② r❛♥❣❡✳ ❍♦✇❡✈❡r✱
❡✈❡♥ ✐❢ t❤❡ ✐♠♣❡❞❛♥❝❡ ✐s ❦♥♦✇♥✱ t❤❡ ❜❛♥❞✇✐❞t❤ ❞❡♣❡♥❞s ♦♥ t❤❡ s♣❡❝✐✜❡❞ t❤r❡s❤♦❧❞
❧❡✈❡❧ ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ❛♥❞ t❤❡ ✉s❡ ♦❢ ♠❛t❝❤✐♥❣ ♥❡t✇♦r❦s✳ ❚❤❡ ❇♦❞❡✲❋❛♥♦
♠❛t❝❤✐♥❣ t❤❡♦r② ❬✹✱ ✶✶❪ ❣✐✈❡s ❢✉♥❞❛♠❡♥t❛❧ ❧✐♠✐t❛t✐♦♥s ♦♥ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t
✉s✐♥❣ ❛♥② r❡❛❧✐③❛❜❧❡ ♠❛t❝❤✐♥❣ ♥❡t✇♦r❦s ❛♥❞ ❤❡♥❝❡ ❛ ♣♦✇❡r❢✉❧ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❜❛♥❞✲
✇✐❞t❤ ❢♦r ❛♥② ❛♥t❡♥♥❛ s②st❡♠✳ ❍♦✇❡✈❡r✱ ❛s ✐t ✐s ❛♥ ❛♥❛❧②t✐❝❛❧ t❤❡♦r② ✐t r❡q✉✐r❡s
❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ❢♦r ❛❧❧ ❢r❡q✉❡♥❝✐❡s✳

❚❤❡ q✉❛❧✐t② ✭◗✮ ❢❛❝t♦r ♦❢ ❛♥ ❛♥t❡♥♥❛ ✐s ❛ ❝♦♠♠♦♥ ❛♥❞ s✐♠♣❧❡ ✇❛② t♦ q✉❛♥t✐❢② t❤❡
❜❛♥❞✇✐❞t❤ ♦❢ ❛♥ ❛♥t❡♥♥❛ ❬✷✱ ✼✱ ✶✹❪✳ ❚❤❡ ◗ ♦❢ t❤❡ ❛♥t❡♥♥❛ ✐s ❞❡✜♥❡❞ ❛s t❤❡ q✉♦t✐❡♥t
❜❡t✇❡❡♥ t❤❡ ♣♦✇❡r st♦r❡❞ ✐♥ t❤❡ r❡❛❝t✐✈❡ ✜❡❧❞ ❛♥❞ t❤❡ r❛❞✐❛t❡❞ ♣♦✇❡r✳ ❚❤❡r❡ ❛r❡
s❡✈❡r❛❧ ❛tt❡♠♣ts t♦ ❡①♣r❡ss t❤❡ ◗ ❢❛❝t♦r ✐♥ t❤❡ ✐♠♣❡❞❛♥❝❡ ♦❢ t❤❡ ❛♥t❡♥♥❛✱ s❡❡ ❡✳❣✳✱
❬✶✹❪ ✇✐t❤ r❡❢❡r❡♥❝❡s✳ ■♥ ❬✶✹❪✱ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❢r❡q✉❡♥❝② ❞❡r✐✈❛t✐✈❡ ♦❢
t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡✱ Q ≈ ω|Z ′|/(2R)✱ ✐s ✐♥tr♦❞✉❝❡❞ ❛♥❞ s❤♦✇♥ t♦ ❜❡ ✈❡r② ❛❝❝✉r❛t❡
❢♦r s♦♠❡ ❛♥t❡♥♥❛s✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❡♠♣❧♦② ❛ P❛❞é ❛♣♣r♦①✐♠❛t✐♦♥ t♦ s❤♦✇ t❤❛t t❤❡ ❇♦❞❡✲❋❛♥♦
❜❛♥❞✇✐❞t❤ ♦❢ ❛ ♥❛rr♦✇❜❛♥❞ ❛♥t❡♥♥❛ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❢r❡✲
q✉❡♥❝② s❝❛❧❡❞ ❢r❡q✉❡♥❝② ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t✱ ω0|ρ

′|✳ ▼♦r❡♦✈❡r✱
Qρ = ω0|ρ

′| = ω|Z ′|/(2R) ✐s ✐❞❡♥t✐✜❡❞ ❛s t❤❡ ◗ ❢❛❝t♦r ♦❢ ❛ ✜rst ♦r❞❡r ❛❝❝✉r❛t❡
❛♣♣r♦①✐♠❛t✐♥❣ r❡s♦♥❛♥❝❡ ♠♦❞❡❧ ♦❢ t❤❡ ❛♥t❡♥♥❛✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❝❧❛ss✐❝❛❧ ◗✲
❢❛❝t♦r✱ ❞❡✜♥❡❞ ❛s t❤❡ q✉♦t✐❡♥t ❜❡t✇❡❡♥ t❤❡ st♦r❡❞ ❛♥❞ r❛❞✐❛t❡❞ ❡♥❡r❣✐❡s✱ ♦❢ t❤❡
❛♥t❡♥♥❛ s②st❡♠ ✐s ♥♦t ✉t✐❧✐③❡❞ ♥♦r ♥❡❡❞❡❞ ✐♥ t❤❡ ❛♥❛❧②s✐s✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ✐s ❛ ❝❧♦s❡
r❡s❡♠❜❧❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ◗✲❢❛❝t♦r ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❞✐✛❡r❡♥t✐❛t❡❞ r❡✢❡❝t✐♦♥ ❝♦❡✣✲
❝✐❡♥t✱ Qρ✱ ❛♥❞ t❤❡ ❝❧❛ss✐❝❛❧ ◗✲❢❛❝t♦r✱ Q✳ ■t ✐s s❤♦✇♥ t❤❛t Q ≈ Qρ ❢♦r t❤❡ s♣❤❡r✐❝❛❧
✈❡❝t♦r ♠♦❞❡s ✐❢ Q ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ❚❤✐s ✐s ❛❧s♦ s❡❡♥ ❢r♦♠ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢
t❤❡ ◗✲❢❛❝t♦r Q ≈ ω|Z ′|/(2R) = Qρ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✶✹❪✳ ❍♦✇❡✈❡r✱ ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡ ✐s
✉s❡❞ t♦ ❞❡♠♦♥str❛t❡ t❤❛t t❤❡r❡ ❛r❡ ♥♦ s✐♠♣❧❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ Q ❛♥❞ Qρ ❢♦r ❣❡♥❡r❛❧
❛♥t❡♥♥❛s✳
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❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ♦✉t❧✐♥❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷✱ t❤❡ ◗ ❢❛❝t♦r ❛♥❞ ❧✉♠♣❡❞
❘❈▲ ❝✐r❝✉✐ts ❛r❡ r❡✈✐❡✇❡❞✳ ❚❤❡ P❛❞é ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ✐s
✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳ ■♥ ❙❡❝t✐♦♥ ✹✱ t❤❡ ❇♦❞❡✲❋❛♥♦ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ r❡s♦♥❛♥❝❡
♠♦❞❡❧ ❛♥❞ t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛♥t❡♥♥❛s ❛r❡ ❛♥❛❧②③❡❞✳ ❚❤❡ r❡s✉❧ts
❛r❡ ✐❧❧✉str❛t❡❞ ✉s✐♥❣ s♣❤❡r✐❝❛❧ ✈❡❝t♦r ♠♦❞❡s ✐♥ ❙❡❝t✐♦♥ ✺✳ ■♥ ❙❡❝t✐♦♥ ✻✱ ❛♥ ❛♥t❡♥♥❛
❝♦♥str✉❝t❡❞ ✇✐t❤ ❛ ✢❛t r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ✐s ✉s❡❞ t♦ ❞❡♠♦♥str❛t❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧
❞✐✣❝✉❧t✐❡s ♦❢ ✜♥❞✐♥❣ ❛ s✐♠♣❧❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ Q ❛♥❞ Qρ ❢♦r ❣❡♥❡r❛❧ ❛♥t❡♥♥❛s✳
❈♦♥❝❧✉s✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✼✳

✷ ◗ ❢❛❝t♦r ❛♥❞ r❡s♦♥❛♥❝❡ ❝✐r❝✉✐ts

❚❤❡ ◗ ❢❛❝t♦r ✭q✉❛❧✐t② ❢❛❝t♦r✱ ❛♥t❡♥♥❛ ◗ ♦r r❛❞✐❛t✐♦♥ ◗✮ ✐s ❝♦♠♠♦♥❧② ✉s❡❞ t♦ ❣❡t ❛♥
❡st✐♠❛t❡ ♦❢ t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ ❛♥ ❛♥t❡♥♥❛✳ ❙✐♥❝❡✱ t❤❡r❡ ✐s ❛♥ ❡①t❡♥s✐✈❡ ❧✐t❡r❛t✉r❡ ♦♥
t❤❡ ◗ ❢❛❝t♦r ❢♦r ❛♥t❡♥♥❛s✱ s❡❡ ❡✳❣✳✱ ❬✷✱ ✸✱ ✻✱ ✼✱ ✶✹❪✱ ♦♥❧② s♦♠❡ ♦❢ t❤❡ r❡s✉❧ts ❛r❡ ❣✐✈❡♥
❤❡r❡✳ ❚❤❡ ◗ ❢❛❝t♦r ♦❢ t❤❡ ❛♥t❡♥♥❛ ✐s ❞❡✜♥❡❞ ❛s t❤❡ q✉♦t✐❡♥t ❜❡t✇❡❡♥ t❤❡ ♣♦✇❡r
st♦r❡❞ ✐♥ t❤❡ r❡❛❝t✐✈❡ ✜❡❧❞ ❛♥❞ t❤❡ r❛❞✐❛t❡❞ ♣♦✇❡r ❬✷✱ ✼❪✱ ✐✳❡✳✱

Q =
2ω max(WM, WE)

P
, ✭✷✳✶✮

✇❤❡r❡ ω ✐s t❤❡ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝②✱ WM t❤❡ st♦r❡❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣②✱ WE t❤❡ st♦r❡❞
❡❧❡❝tr✐❝ ❡♥❡r❣②✱ ❛♥❞ P t❤❡ ❞✐ss✐♣❛t❡❞ ♣♦✇❡r✳ ❆t t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②✱ ω0✱ t❤❡r❡ ❛r❡
❡q✉❛❧ ❛♠♦✉♥ts ♦❢ st♦r❡❞ ❡❧❡❝tr✐❝ ❡♥❡r❣② ❛♥❞ st♦r❡❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣②✱ ✐✳❡✳✱ WE = WM✳

❚❤❡ ◗ ❢❛❝t♦r ✐s ❛❧s♦ ❢✉♥❞❛♠❡♥t❛❧❧② r❡❧❛t❡❞ t♦ t❤❡ ❧✉♠♣❡❞ r❡s♦♥❛♥❝❡ ❝✐r❝✉✐ts ❬✶✶❪✳
❚❤❡ ❜❛s✐❝ s❡r✐❡s ✭♣❛r❛❧❧❡❧✮ r❡s♦♥❛♥❝❡ ❝✐r❝✉✐t ❝♦♥s✐sts ♦❢ s❡r✐❡s ✭♣❛r❛❧❧❡❧✮ ❝♦♥♥❡❝t❡❞
✐♥❞✉❝t♦r✱ ❝❛♣❛❝✐t♦r✱ ❛♥❞ r❡s✐st♦r✱ s❡❡ ❋✐❣✉r❡ ✶❛❜✳ ❲✐t❤ ❛ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ω0

❛♥❞ r❡s✐st❛♥❝❡ R✱ ✇❡ ❤❛✈❡ L = RQ/ω0 ❛♥❞ C = 1/(RQω0) ❛♥❞ L = R/(Qω0) ❛♥❞
C = Q/(Rω0) ✐♥ t❤❡ s❡r✐❡s ❛♥❞ ♣❛r❛❧❧❡❧ ❝❛s❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ■t ✐s ❡❛s✐❧② s❡❡♥ t❤❛t t❤❡
◗ ❢❛❝t♦r ❞❡✜♥❡❞ ✐♥ ✭✷✳✶✮ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❧✉♠♣❡❞ r❡s♦♥❛♥❝❡ ❝✐r❝✉✐ts ❬✶✶❪✳

❚❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❝✐r❝✉✐ts ✐♥ ❋✐❣✉r❡ ✶❛❜✱ ✐s

tRCL(s) =
1

1 + Q
2

(
ω0

s
+ s

ω0

) , ✭✷✳✷✮



✸

✇❤❡r❡ s = σ +iω ❞❡♥♦t❡ t❤❡ ▲❛♣❧❛❝❡ ♣❛r❛♠❡t❡r✳ ■t ❤❛s ♦♥❡ ③❡r♦ ❛t t❤❡ ♦r✐❣✐♥✱ s = 0✱
❛♥❞ ♦♥❡ ③❡r♦ ❛t ✐♥✜♥✐t②✱ s = ∞✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ✐s

ρRCL(s) =
Z(s) − R

Z(s) + R
= ±

1 + (s/ω0)
2

1 + (s/ω0)2 + 2s/(ω0Q)
✭✷✳✸✮

✇❤❡r❡ t❤❡ + ❛♥❞ − ♠✐♥✉s s✐❣♥s ❝♦rr❡s♣♦♥❞ t♦ s❡r✐❡s ❛♥❞ ♣❛r❛❧❧❡❧ ❝✐r❝✉✐ts✱ r❡s♣❡❝✲
t✐✈❡❧②✳ ❚❤❡ ③❡r♦s ❛♥❞ ♣♦❧❡s ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ❛r❡

λo1,2 = ±iω0 ❛♥❞ λp1,2 =
ω0

Q

(
−1 ± i

√
Q2 − 1

)
, ✭✷✳✹✮

r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ✇✐t❤
r❡s♣❡❝t t♦ iω/ω0 ❣✐✈❡s Q✱ ✐✳❡✳✱

∂ρRCL

∂ω

∣∣∣∣
ω=ω0

=
±iQ

ω0

✭✷✳✺✮

❛♥❞ ❤❡♥❝❡ Q = ω0|ρ
′
RCL(ω0)|✳

✸ P❛❞é ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t

❍❡r❡✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❧♦❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ ❣✐✈❡♥ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t✱ ρ̃✱ ♦❢ ❛♥
❛♥t❡♥♥❛✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②✱ ω0✱ ❛♥❞ t❤❡ ❢r❡q✉❡♥❝② ❞❡r✐✈❛t✐✈❡
♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t✱ ρ̃′(iω0) ❛r❡ ❦♥♦✇♥✳ ❚❤❡ ♠♦❞❡❧✱ ρ✱ ✐s r❡q✉✐r❡❞ t♦ ❜❡ ❛
❧♦❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ ✜rst ♦r❞❡r✱ ✐✳❡✳✱ ✐t ✐s t✉♥❡❞ t♦ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②

ρ(iω0) = ρ̃(iω0) = 0, ✭✸✳✶✮

❛♥❞ ✐ts ❢r❡q✉❡♥❝② ❞❡r✐✈❛t✐✈❡ ✐s s♣❡❝✐✜❡❞

∂ρ

∂ω

∣∣∣∣
ω=ω0

=
∂ρ̃

∂ω

∣∣∣∣
ω=ω0

= ρ̃′. ✭✸✳✷✮

❲❡ ❛❧s♦ r❡q✉✐r❡ t❤❛t t❤❡ ♠♦❞❡❧ ✐s ✉♥♠❛t❝❤❡❞ ❢❛r ❢r♦♠ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②

|ρ(0)| = |ρ(∞)| = 1. ✭✸✳✸✮

❚❤❡ ❡rr♦r ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ✇✐t❤ t❤❡ s❡❝♦♥❞ ♦r❞❡r ❞❡r✐✈❛t✐✈❡ ♦❢
t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥ts ❛r❡ ❝♦♥t✐♥✉♦✉s❧②
❞✐✛❡r❡♥t✐❛❜❧❡ t✇♦ t✐♠❡s✳ ❚❤✐s ❣✐✈❡s ❛♥ ❡rr♦r ♦❢ s❡❝♦♥❞ ♦r❞❡r ✐♥ β = 2(ω − ω0)/ω0✱
✐✳❡✳✱

|ρ(iω) − ρ̃(iω)| = O(β2). ✭✸✳✹✮

❖❜s❡r✈❡ t❤❛t ❛ ❝✉r✈❡ ✜tt✐♥❣ t❡❝❤♥✐q✉❡s ♠✐❣❤t ❜❡ ♠♦r❡ ♣r❛❝t✐❝❛❧ ❢♦r ❡①♣❡r✐♠❡♥t❛❧
❞❛t❛✱ s❡❡ ❡✳❣✳✱ ❬✶✵❪✳

❲❡ st❛rt ✇✐t❤ ❛ P❛❞é ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t✳ ❆ ❣❡♥❡r❛❧ P❛❞é
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ♦r❞❡r ✷✱✷ ✐s

ρ(s) = γ
1 + a1s + a2s

2

1 + b1s + b2s2
✭✸✳✺✮



✹

✇❤❡r❡ a1, a2, b1, b2 ❛r❡ r❡❛❧ ✈❛❧✉❡❞ ❝♦♥st❛♥ts✳ ❆s t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ❤❛s ❛♥
❛r❜✐tr❛r② ♣❤❛s❡ ❛t r❡s♦♥❛♥❝❡✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❝♦♥s✐❞❡r ❛ ❝♦♠♣❧❡① ✈❛❧✉❡❞ ❝♦❡✣❝✐❡♥t
γ✳ ❲❡ ✐♥t❡r♣r❡t t❤✐s ❛s ❛ s❧♦✇❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥ γ̃(s) ✇❤❡r❡ γ̃(iω) ≈ γ ♦✈❡r t❤❡
❝♦♥s✐❞❡r❡❞ ❢r❡q✉❡♥❝② ✐♥t❡r✈❛❧✳ ❚❤❡ r❡q✉✐r❡♠❡♥t ✭✸✳✸✮ ❣✐✈❡s |γ| = 1 ❛♥❞ |a2| = |b2|✳
❲❡ ❛❧s♦ ❤❛✈❡ γ̃(−iω) ≈ γ∗ ❢♦r ❛♥② ♣❤②s✐❝❛❧❧② r❡❛❧✐③❛❜❧❡ ♠♦❞❡❧✳ ❚❤❡ r❡s♦♥❛♥❝❡
❢r❡q✉❡♥❝② ✐♠♣❧② a1 = 0 ❛♥❞ a2 = ω−2

0 ✳ ❉✐✛❡r❡♥t✐❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛♥❣✉❧❛r
❢r❡q✉❡♥❝② ❣✐✈❡s

γ
− 2

ω0

1 + b1iω0 − b2ω2
0

= ρ̃′ ✭✸✳✻✮

❛♥❞ ❤❡♥❝❡ b2 = ω−2
0 ❛♥❞ b1 = 2/(ω0Qρ)✱ ✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ◗ ❢❛❝t♦r ✐♥

t❤❡ r❡s♦♥❛♥❝❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛s

Qρ = |ρ̃′(iω0)ω0| ✭✸✳✼✮

✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ✭✷✳✺✮✳ ❲❡ ♦❜s❡r✈❡ t❤❡ r❡s❡♠❜❧❛♥❝❡ ✇✐t❤ t❤❡ ❛♣♣r♦❛❝❤ ✐♥ ❬✶✹❪
s❤♦✇✐♥❣ t❤❛t t❤❡ ◗ ❢❛❝t♦r ♦❢ s♦♠❡ ❛♥t❡♥♥❛s✱ Q✱ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ✇✐t❤ t❤❡
❢r❡q✉❡♥❝② ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ✐♠♣❡❞❛♥❝❡✱ ✐✳❡✳✱

Q ≈ ω0
|Z ′

1|

2R
= ω0|ρ̃

′| = Qρ. ✭✸✳✽✮

❚❤❡ P❛❞é ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ❝❛♥ ❜❡ ✇r✐tt❡♥

ρ(s) =
−iρ̃′

|ρ̃′|

1 + (s/ω0)
2

1 + (s/ω0)2 + 2s/(ω0Qρ)
. ✭✸✳✾✮

❚❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇✐t❤ arg ρ̃′ = π/2 ✭arg ρ̃′ = −π/2✮ ❣✐✈❡s t❤❡ ❝❧❛ss✐❝❛❧ ❧✉♠♣❡❞
s❡r✐❡s ✭♣❛r❛❧❧❡❧✮ ❘❈▲ ❝✐r❝✉✐t ❛♣♣r♦①✐♠❛t✐♦♥✳ ❖❜s❡r✈❡ t❤❛t Qρ ✐s t❤❡ ◗ ❢❛❝t♦r ♦❢ t❤❡
❛♣♣r♦①✐♠❛t✐♥❣ r❡s♦♥❛♥❝❡ ❝✐r❝✉✐t ❛♥❞ ♥♦t t❤❡ ◗ ❢❛❝t♦r ♦❢ t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠✳

❲❡ ❝❛♥ ✐♥t❡r♣r❡t t❤❡ ❣❡♥❡r❛❧ ❝❛s❡s ✇✐t❤ Re ρ̃′ 6= 0 ❛s t❤❡ r❡s✉❧t ✇✐t❤ ❛ ❝❛s✲
❝❛❞❡ ❝♦✉♣❧❡❞ ❘❈▲ ❝✐r❝✉✐t ❛♥❞ ❛ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ✇✐t❤ ❝❤❛r❛❝t❡r✐st✐❝ ✐♠♣❡❞❛♥❝❡
R✳ ❆ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ✇✐t❤ ❧❡♥❣t❤ d r♦t❛t❡s t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ❛♥ ❛♥❣❧❡
φ = −2dk0 = −2dω0/c0 ✐♥ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✳ ■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ❝♦♥s✐❞❡r ❛ ❧❛tt✐❝❡
♥❡t✇♦r❦ t❤❛t r♦t❛t❡s t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ❬✶✸❪✳ ❆ ❧❛tt✐❝❡ ♥❡t✇♦r❦ ✇✐t❤ ❝❛♣❛❝✐✲
t❛♥❝❡✱ C✱ ❛♥❞ ✐♥❞✉❝t❛♥❝❡✱ L = R2C✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✱ ❤❛s r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t
ρL(s) = 0 ❛♥❞ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t

tL(s) =
1 − sRC

1 + sRC
=

1 − αs/ω0

1 + αs/ω0

, ✭✸✳✶✵✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❞✐♠❡♥s✐♦♥❛❧ ❢r❡❡ ♣❛r❛♠❡t❡r α = ω0RC✳ ❚❤❡ r❡✢❡❝t✐♦♥
❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ❝❛s❝❛❞❡❞ ❧❛tt✐❝❡ ❛♥❞ ❘❈▲ ❝✐r❝✉✐t ✐s

ρ(s) = t2L(s)ρRCL(s) = ±

(
1 − αs/ω0

1 + αs/ω0

)2
1 + (s/ω0)

2

1 + (s/ω0)2 + 2s/ω0/Qρ

✭✸✳✶✶✮

✇❤❡r❡ ✐t ✐s s❡❡♥ t❤❛t t❤❡ ❧❛tt✐❝❡ ♥❡t✇♦r❦ r♦t❛t❡s t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ❛♥ ❛♥❣❧❡
φ = −4 arctan(α)✳ ■t ✐s ❡❛s✐❧② s❡❡♥ t❤❛t α = − tan(φ/4) ❛♥❞ ❤❡♥❝❡ 0 < α < 1 ❛s ✐t
✐s s✉✣❝✐❡♥t t♦ ❝♦♥s✐❞❡r −π < φ < 0✳ ❚❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ❝❛s❝❛❞❡❞
s②st❡♠ ✐s ❣✐✈❡♥ ❜② t = tLtRCL✳



✺
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❋✐❣✉r❡ ✷✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❧♦ss❧❡ss ♠❛t❝❤✐♥❣ ♥❡t✇♦r❦s✳ ❚❤❡ ♠❛t❝❤✐♥❣ ♥❡t✇♦r❦
❤❛s t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥ts r1 ❛♥❞ r2 ❛♥❞ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t t✳ ❚❤❡ s❛♠❡
♠❛t❝❤✐♥❣ ♥❡t✇♦r❦ ✐s ✉s❡❞ ✐♥ t❤❡ t✇♦ ❝❛s❡s✳ ❛✮ t❤❡ r❡s♦♥❛♥❝❡ ❝✐r❝✉✐t ✇✐t❤ r❡✢❡❝t✐♦♥

❝♦❡✣❝✐❡♥t ρ ❣✐✈❡s Γ✳ ❜✮ t❤❡ ❛♥t❡♥♥❛ ✇✐t❤ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ρ̃ ❣✐✈❡s Γ̃✳

✹ ❇❛♥❞✇✐❞t❤ ❛♥❞ ♠❛t❝❤✐♥❣

❚❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ✭✸✳✶✶✮ ♣r♦✈✐❞❡s ❛ ❧♦❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦✲
❡✣❝✐❡♥t ♦❢ t❤❡ ❛♥t❡♥♥❛✳ ❆ss✉♠❡ t❤❛t t❤❡ ❡rr♦r ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡
❛♣♣r♦①✐♠❛t❡ ❝✐r❝✉✐t ✐s ♦❢ s✐③❡ ǫ✱ ✐✳❡✳✱

|ρ(iω) − ρ̃(iω)| ≤ ǫ ✭✹✳✶✮

♦✈❡r t❤❡ ❢r❡q✉❡♥❝② ❜❛♥❞ ♦❢ ✐♥t❡r❡st✳ ❲❡ ❝♦♥s✐❞❡r ❛ ❣❡♥❡r❛❧ ❧♦ss❧❡ss ♠❛t❝❤✐♥❣ ♥❡t✇♦r❦
t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ ❛♥t❡♥♥❛ ❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡ r❡s♦♥❛♥❝❡ ❝✐r❝✉✐ts
❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳ ❚❤❡ ❡rr♦r ✐♥ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ❛❢t❡r ♠❛t❝❤✐♥❣ ✐s
❡st✐♠❛t❡❞ ❛s

|Γ − Γ̃| = |t|2
∣∣∣∣

ρ

1 − r2ρ
−

ρ̃

1 − r2ρ̃

∣∣∣∣ = |t|2
|ρ − ρ̃|

|1 − r2ρ||1 − r2ρ̃|

≤
1 − |r2|

2

(1 − δ|r2|)2
ǫ ≤

ǫ

1 − δ2
, ✭✹✳✷✮

✇❤❡r❡ δ = max(|ρ|, |ρ̃|)✳ ■t ✐s ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❛♣♣r♦①✐♠❛t❡ ❝✐r❝✉✐t ❝❛♥ ❜❡ ✉s❡❞ ✐♥
t❤❡ ♠❛t❝❤✐♥❣ ❛♥❛❧②s✐s ❛s ❧♦♥❣ ❛s t❤❡ ❡rr♦r✱ ǫ✱ ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧ ❛♥❞ t❤❡ r❡✢❡❝t✐♦♥
❝♦❡✣❝✐❡♥ts ❛r❡ ❧❡ss t❤❛♥ ✉♥✐t②✳ ❚❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ♠❛t❝❤❡❞ ❛♥t❡♥♥❛ ✐s
❡st✐♠❛t❡❞ ❜② t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❛s

∣∣|Γ̃| − |Γ|
∣∣ ≤ |Γ − Γ̃| ≤

ǫ

1 − δ2
= O(β2), ✭✹✳✸✮

✇❤❡r❡ ✇❡ ✉s❡❞ ✭✸✳✹✮✳
❚❤❡ ❇♦❞❡✲❋❛♥♦ t❤❡♦r② ✐s ✉s❡❞ t♦ ❣❡t ❢✉♥❞❛♠❡♥t❛❧ ❧✐♠✐t❛t✐♦♥s ♦♥ t❤❡ ♠❛t❝❤✐♥❣

♥❡t✇♦r❦ ❬✹✱ ✶✷❪✳ ❚❤❡ ❇♦❞❡✲❋❛♥♦ t❤❡♦r② ✉s❡s ❚❛②❧♦r ❡①♣❛♥s✐♦♥s ♦❢ t❤❡ r❡✢❡❝t✐♦♥
❝♦❡✣❝✐❡♥t ❛r♦✉♥❞ t❤❡ ③❡r♦s ♦❢ t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t t♦ ❣❡t ❛ s❡t ♦❢ ✐♥t❡❣r❛❧
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❋✐❣✉r❡ ✸✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❇♦❞❡✲❋❛♥♦ ❧✐♠✐ts✳ ❚❤❡ ♠♦❞❡❧ ❣✐✈❡s t❤❡ t❤r❡s❤♦❧❞
Γ0✳ ❚❤❡ t❤r❡s❤♦❧❞ ❧❡✈❡❧ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛♥t❡♥♥❛ ✐s ❡st✐♠❛t❡❞ ✇✐t❤ ✭✹✳✸✮✳ ❚❤❡
❞❛s❤❡❞ ❝✉r✈❡ ✐❧❧✉str❛t❡s ❛♥ ✉♥❛tt❛✐♥❛❜❧❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t✳

r❡❧❛t✐♦♥s ❢♦r t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t✳ ❲❡ st❛rt ✇✐t❤ t❤❡ ❧✉♠♣❡❞ ❘❈▲ ❝✐r❝✉✐t✳ ❚❤❡
tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t ✭✷✳✷✮ ♦❢ t❤❡ ❘❈▲ ❝✐r❝✉✐t ❤❛s ❛ s✐♥❣❧❡ ③❡r♦ ❛t t❤❡ ♦r✐❣✐♥ ❛♥❞
❛ s✐♥❣❧❡ ③❡r♦ ❛t ✐♥✜♥✐t②✳ ❚❤❡ ❇♦❞❡✲❋❛♥♦ t❤❡♦r② ❣✐✈❡s t❤❡ ✐♥t❡❣r❛❧ r❡❧❛t✐♦♥s

2

π

∫ ∞

0

1

ω2
ln

1

|Γ(iω)|
dω =

∑

i

λ−1
oi − λ−1

pi − 2λ−1
ri =

2

ω0Q
− 2

∑

i

λ−1
ri ✭✹✳✹✮

❛♥❞
2

π

∫ ∞

0

ln
1

|Γ(iω)|
dω =

∑

i

λoi − λpi − 2λri = 2
ω0

Q
− 2

∑

i

λri ✭✹✳✺✮

❜② ❛ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ❛r♦✉♥❞ s = 0 ❛♥❞ s = ∞✱ r❡s♣❡❝t✐✈❡❧②✳ ❍❡r❡✱ λoi✱ λpi✱ ❛♥❞
λri ❞❡♥♦t❡ t❤❡ ③❡r♦s ✭✷✳✹✮ ♦❢ ρRCL✱ t❤❡ ♣♦❧❡s ✭✷✳✹✮ ♦❢ ρRCL✱ ❛♥❞ ❛r❜✐tr❛r② ❝♦♠♣❧❡①
✈❛❧✉❡❞ ♥✉♠❜❡rs ✇✐t❤ ♣♦s✐t✐✈❡ r❡❛❧ ♣❛rt✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♠❛t❝❤✐♥❣
✐s s②♠♠❡tr✐❝ ❛r♦✉♥❞ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②✱ ✐✳❡✳✱ t❤❡ ❢r❡q✉❡♥❝② r❛♥❣❡ ω0−∆ω/2 ≤
ω ≤ ω0 + ∆ω/2 ✐s ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ r❡❧❛t✐✈❡ ❜❛♥❞✇✐❞t❤✱ B✱ ✐s ❣✐✈❡♥ ❜② B = ∆ω/ω0✳
❙❡t

K = inf
| ω
ω0

−1|≤B
2

2

π
ln

1

|Γ(iω)|
=

2

π
ln

1

sup| ω
ω0

−1|≤B
2

|Γ(iω)|
✭✹✳✻✮

t♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥ ❬✹❪✳
❚❤❡ ✐♥t❡❣r❛❧s ✐♥ ✭✹✳✹✮ ❛♥❞ ✭✹✳✺✮ ❛r❡ ❡st✐♠❛t❡❞ ❢r♦♠ ❜❡❧♦✇ ❣✐✈✐♥❣

B

1 − B2/4
K ≤

2

Q
− 2

∑

i

ω0

λri

❛♥❞ BK ≤
2

Q
− 2

∑

i

λri

ω0

, ✭✹✳✼✮



✼

✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts λri ❤❛✈❡ ❛ ♣♦s✐t✐✈❡ r❡❛❧✲✈❛❧✉❡❞ ♣❛rt✳ ❇♦t❤ ✐♥❡q✉❛❧✐t✐❡s ❝❛♥ ❜❡
s❛t✐s✜❡❞ ✇✐t❤ ❛ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ♣❛r✱ λr1 = λ∗

r2✳ ❚❤✐s r❡❞✉❝❡s t❤❡ ✐♥❡q✉❛❧✐t✐❡s t♦

K ≤
2

BQ

(
1 −

B2

4

)
. ✭✹✳✽✮

❍❡♥❝❡✱ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ✐s ❜♦✉♥❞❡❞ ❛s

sup |Γ(iω)| ≥ Γ0 = e−
π

QB
(1−B2/4) = e−

π
QB + O(B/Q) ✭✹✳✾✮

❢♦r ❛♥② r❡❛❧✐③❛❜❧❡ Γ ✇❤❡r❡ ✇❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❇♦❞❡✲❋❛♥♦ t❤r❡s❤♦❧❞ ❧✐♠✐t✱ Γ0✱ ♦♥ t❤❡
r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t✳ ❚❤❡ ✐♥❡q✉❛❧✐t② ✭✹✳✾✮ st❛t❡s t❤❛t ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❝♦♥str✉❝t ❛
❧♦ss❧❡ss ♠❛t❝❤✐♥❣ ♥❡t✇♦r❦ s✉❝❤ t❤❛t |Γ| ✐s str✐❝t❧② s♠❛❧❧❡r t❤❛♥ Γ0 ♦✈❡r t❤❡ ❝♦♥s✐❞❡r❡❞
❢r❡q✉❡♥❝② r❛♥❣❡✳ ❚❤❡ ❇♦❞❡✲❋❛♥♦ t❤r❡s❤♦❧❞ ❧✐♠✐t✱ Γ0✱ ❛♥❞ ❛♥ ✉♥❛tt❛✐♥❛❜❧❡ r❡✢❡❝t✐♦♥
❝♦❡✣❝✐❡♥t ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✇✐❞❡❜❛♥❞ ❛♥❞ ♥❛rr♦✇❜❛♥❞
❇♦❞❡✲❋❛♥♦ ❜❛♥❞✇✐❞t❤s ❛r❡ ❣✐✈❡♥ ❜②

B =
√

Q2K2
0 + 4 − QK0 ∼

π

Q ln Γ−1
0

+ O(Q−3) ✭✹✳✶✵✮

✇❤❡r❡ K0 = 2 ln Γ−1
0 /π✳ ❚❤❡ ❞❡❝✐❜❡❧ s❝❛❧❡ ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t✱ ΓdB =

20 log Γ0✱ s✐♠♣❧✐✜❡s t❤❡ ♥❛rr♦✇❜❛♥❞ ❜❛♥❞✇✐❞t❤ t♦

B ≈
27

Q|ΓdB|
. ✭✹✳✶✶✮

❚❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t✱ ρRCL✱ t♦❣❡t❤❡r ✇✐t❤ ✐ts ❇♦❞❡✲❋❛♥♦ ❧✐♠✐ts✱ Γ0✱ ❛r❡ ✐❧❧✉s✲
tr❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳ ❚❤❡ ❢r❡q✉❡♥❝② s❝❛❧✐♥❣ β = 2(ω − ω0)/ω0 ✐s ✉s❡❞ t♦ ❡♠♣❤❛s✐③❡
t❤❡ ❝❤❛r❛❝t❡r ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ Q✳ ❚❤❡ ♣❛r❛♠❡t❡r β ❝❛♥ ❜❡
✐♥t❡r♣r❡t❡❞ ❛s t❤❡ r❡❧❛t✐✈❡ ❜❛♥❞✇✐❞t❤✱ ✐✳❡✳✱

B =
∆ω

ω0

= 2
ω − ω0

ω0

= β, ✭✹✳✶✷✮

✐❢ ω ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ t❤❡ ✉♣♣❡r ❢r❡q✉❡♥❝② ❧✐♠✐t✳ ❚❤❡ ❇♦❞❡✲❋❛♥♦ ❧✐♠✐ts ✭✹✳✶✵✮ ❛r❡
s❤♦✇♥ ❢♦r t❤❡ ♠❛①✐♠❛❧ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t Γ0 = −10,−20,−30 dB ❛♥❞ ◗ ❢❛❝t♦rs
2, 4, 10,∞✳ ■t ✐s ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❝✉r✈❡s ❛r❡ ✐♥❞✐st✐♥❣✉✐s❤❛❜❧❡ ❢♦r Q > 10✳

■♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ❛ ❘❈▲ ❝✐r❝✉✐t ❛♥❞ t❤❡ ❧❛tt✐❝❡ ♥❡t✇♦r❦✱ t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦✲
❡✣❝✐❡♥t ❤❛s ❛♥ ❛❞❞✐t✐♦♥❛❧ ③❡r♦ ❛t σ = ω0/α✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❛♣♣r♦♣r✐❛t❡ r❡✢❡❝t✐♦♥
❝♦❡✣❝✐❡♥t ✐♥ t❤❡ ❇♦❞❡✲❋❛♥♦ t❤❡♦r② ✐s ❣✐✈❡♥ ❜② ✭✷✳✸✮ s✐♥❝❡ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t
♦❢ t❤❡ ❧❛tt✐❝❡ ♥❡t✇♦r❦ ✐s ③❡r♦ ❢♦r ❛❧❧ ❢r❡q✉❡♥❝✐❡s✳ ❚❤✐s ❣✐✈❡s t❤❡ ❛❞❞✐t✐♦♥❛❧ ✐♥t❡❣r❛❧
r❡❧❛t✐♦♥ ∫ ∞

0

σ

σ2 + ω2
ln

1

|Γ|
dω =

π

2
Aσν

0 −
π

2
Re
∑

i

−λ∗
ri − σ

−λri − σ
✭✹✳✶✸✮

✇❤❡r❡ Aσν

0 = ln |ρRCL(σ)|−1✳ ❲❡ s♦❧✈❡ t❤❡s❡ ❡q✉❛t✐♦♥s ✐♥ ❛ s✐♠✐❧❛r ✇❛② ❛s ❢♦r t❤❡
❘❈▲ ❝✐r❝✉✐t✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ st❛rt ✇✐t❤ ❛ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ♣❛✐r ♦❢ ③❡r♦s ✐♥ t❤❡
r✐❣❤t ❤❛❧❢ ♣❧❛♥❡ λri/ω0 = x ± iy✳ ❚❤✐s ❣✐✈❡s t❤❡ ✐♥❡q✉❛❧✐t②

K arctan
αB

1 + α2(1 − B4)
≤ ln

1 + α2 + 2β/Q

1 + α2
− 2

(α−1 + x)2 − y2

(α−1 + x)2 + y2
. ✭✹✳✶✹✮
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❋✐❣✉r❡ ✹✿ ❘❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ ❛ r❡s♦♥❛♥❝❡ ❝✐r❝✉✐t ❢♦r ❞✐✛❡r❡♥t ◗ ❢❛❝t♦rs ❛♥❞
❇♦❞❡✲❋❛♥♦ ♠❛t❝❤✐♥❣ ♥❡t✇♦r❦s✳ ❚❤❡ ◗ ❢❛❝t♦rs Q = 2, 4, 10,∞ ❛♥❞ t❤❡ ❇♦❞❡✲❋❛♥♦
❧✐♠✐ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ −10,−20,−30 dB ❛r❡ s❤♦✇♥✳

❆ ♥❛rr♦✇ ❜❛♥❞ ❛ss✉♠♣t✐♦♥ B ≪ 1 ❛♥❞ Q ≫ 1 ❣✐✈❡s

KB ≤
2

Q
−

4α

Q2(1 + α2)
− 2 (α + 1/α)

(α−1 + x)2 − y2

(α−1 + x)2 + y2
+ O(B3) + O(Q−3). ✭✹✳✶✺✮

❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ s❡❝♦♥❞ ♦r❞❡r ❝♦rr❡❝t✐♦♥✱ −4Q−2α/(1+α2)✱ ❝❛♥ ❜❡ ❝♦♠♣❡♥s❛t❡❞
✇✐t❤ ❛ ❧❛r❣❡ ✐♠❛❣✐♥❛r② ♣❛rt✱ y✱ ♦❢ t❤❡ ③❡r♦s ✐♥ t❤❡ r✐❣❤t ❤❛❧❢ ♣❧❛♥❡✳ ■t ❣✐✈❡s t❤❡ r❡s✉❧t
KB ≤ 2/Q ❛s ❢♦r t❤❡ ❝❛s❡ ♦❢ t❤❡ ♥❛rr♦✇❜❛♥❞ ❘❈▲ ❝✐r❝✉✐t✳ ❚❤❡ ❡✛❡❝t ♦❢ t❤❡ r♦t❛t✐♦♥
✐s ❤❡♥❝❡ ♥❡❣❧✐❣✐❜❧❡ ❢♦r ❧❛r❣❡ ◗ ❢❛❝t♦rs✳

❚❤❡ ❇♦❞❡✲❋❛♥♦ ❧✐♠✐ts ❣✐✈❡ ❢✉♥❞❛♠❡♥t❛❧ ❧✐♠✐t❛t✐♦♥s ♦♥ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡
♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ❛♥❞ t❤❡ ❜❛♥❞✇✐❞t❤ ❢♦r t❤❡ r❡s♦♥❛♥❝❡ ♠♦❞❡❧s
❝♦♥s✐❞❡r❡❞ ❤❡r❡✳ ❚❤❡ r❡❧❛t✐♦♥s ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ t❤❡ ❛♥t❡♥♥❛ ✇✐t❤ ❡st✐♠❛t❡s ✭✹✳✶✮
❛♥❞ ✭✹✳✸✮✳ ❚❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ❛♥t❡♥♥❛ ❛❢t❡r ♠❛t❝❤✐♥❣ ✐s ❡st✐♠❛t❡❞
❜② ✭✹✳✸✮ ❛s

sup |Γ̃| = Γ̃0 ≥ Γ0 −
ǫ

1 − δ2
= e−

π
QB + O(ǫ). ✭✹✳✶✻✮

■♥✈❡rt t♦ ❣❡t ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❜❛♥❞✇✐❞t❤

B ≤
π

Qρ ln(Γ̃0 + ǫ/(1 − δ2))−1
≈

π

Qρ ln Γ̃−1
0

(
1 +

ǫ

Γ̃0 ln Γ̃−1
0 (1 − δ2)

)

=
π

Qρ ln Γ̃−1
0

+ O(ǫ) =
π

Qρ ln Γ̃−1
0

+ O(B2), ✭✹✳✶✼✮

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ❡st✐♠❛t❡ ✭✹✳✸✮✳ ❍❡♥❝❡✱ t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ ❛♥t❡♥♥❛ ❝❛♥ ❜❡
❡st✐♠❛t❡❞ ❜② t❤❡ ◗ ❢❛❝t♦r✱ Qρ = ω0|ρ̃

′|✱ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ r❡s♦♥❛♥❝❡ ♠♦❞❡❧ ❛s



✾

❧♦♥❣ ❛s t❤❡ ❜❛♥❞✇✐❞t❤ ✐s s✉✣❝✐❡♥t❧② ♥❛rr♦✇ ❣✐✈✐♥❣

B ∼
π

Qρ ln Γ̃−1
0

, ❢♦r B ≪ 1. ✭✹✳✶✽✮

✺ ❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ s♣❤❡r✐❝❛❧ ✈❡❝t♦r ✇❛✈❡s

❆♥ ❛r❜✐tr❛r② ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ❝❛♥ ❜❡ ❡①♣❛♥❞❡❞ ✐♥ s♣❤❡r✐❝❛❧ ✈❡❝t♦r ✇❛✈❡s ❬✶✱ ✽✱ ✾❪

E(r) =
∑∞

l=1

∑l
m=−l

∑2
τ=1 aτml vτml(kr) + fτml uτml(kr) ✭✺✳✶✮

H(r) = i
η0

∑∞
l=1

∑l
m=−l

∑2
τ=1 aτml vτ̄ml(kr) + fτml uτ̄ml(kr) ✭✺✳✷✮

❚❤❡ t❡r♠s ❧❛❜❡❧❡❞ ❜② τ = 1✱ l✱ ❛♥❞ m ✐❞❡♥t✐❢② ♠❛❣♥❡t✐❝ 2l✲♣♦❧❡s ❛♥❞ t❤❡ t❡r♠s
❧❛❜❡❧❡❞ ❜② τ = 2✱ l✱ ❛♥❞ m ✐❞❡♥t✐❢② ❡❧❡❝tr✐❝ 2l✲♣♦❧❡s✳ ❚❤❡ ♦✉t❣♦✐♥❣ s♣❤❡r✐❝❛❧ ✈❡❝t♦r
✇❛✈❡s u ❛r❡ ❣✐✈❡♥ ❜②

u1ml(kr) = h
(2)
l (kr)A1ml(r̂) ✭✺✳✸✮

u2ml(kr) =
1

k
∇×

(
h

(2)
l (kr)A1ml(r̂)

)
✭✺✳✹✮

✇❤❡r❡ h
(2)
l ❞❡♥♦t❡s t❤❡ s♣❤❡r✐❝❛❧ ❍❛♥❦❡❧ ❢✉♥❝t✐♦♥ ❛♥❞ A ❞❡♥♦t❡ t❤❡ s♣❤❡r✐❝❛❧ ✈❡❝t♦r

❤❛r♠♦♥✐❝s✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❝♦♠♠♦♥ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ s♣❤❡r✐❝❛❧ ✈❡❝t♦r ❤❛r♠♦♥✲
✐❝s ❬✶✱ ✽✱ ✾❪✳ ❋♦r τ = 1, 2✱ ✇❡ ✉s❡

A1ml(r̂) =
1√

l(l + 1)
∇× (r Y

m
l (r̂)) ✭✺✳✺✮

A2ml(r̂) = r̂ × A1ml(r̂), ✭✺✳✻✮

✇❤❡r❡ Ym
l ❞❡♥♦t❡s t❤❡ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s ❬✶✱ ✽✱ ✾❪✳

❚❤❡ ✐♠♣❡❞❛♥❝❡ ♦❢ ❛ ❚▼ ♠♦❞❡ ♥♦r♠❛❧✐③❡❞ ✇✐t❤ t❤❡ ✐♥tr✐♥s✐❝ ✐♠♣❡❞❛♥❝❡✱ η0✱ ✐s
✭ξ = ka = ωa/c0✮

Z = R + iX = i
(ξh

(2)
l (ξ))′

ξh
(2)
l (ξ)

=
1

|ξh
(2)
l |2

+ i Re
(ξh

(2)
l )′

ξh
(2)
l

✭✺✳✼✮

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ❲r♦♥s❦✐❛♥ h
(2)
l h

(2)
l

′∗ − h
(2)
l

∗h
(2)
l

′ = 2iξ−2✳ ❚❤❡ s❡r✐❡s ❡①♣❛♥s✐♦♥s
♦❢ t❤❡ ❍❛♥❦❡❧ ❢✉♥❝t✐♦♥s ❬✶❪ ❣✐✈❡s t❤❡ ❡①♣❛♥s✐♦♥s

R(ξ) ∼ ξ2l l!2l

(2l)!
❛♥❞ X ∼ −

l

ξ
✭✺✳✽✮

❢♦r s♠❛❧❧ ξ✳ ❚✉♥❡ t❤❡ ✐♠♣❡❞❛♥❝❡ ✇✐t❤ ❛ s❡r✐❡s ✐♥❞✉❝t♦r✱ ✐✳❡✳✱ ω0L = −X✳ ❚❤✐s
❣✐✈❡s t❤❡ ✐♠♣❡❞❛♥❝❡ Z1 = Z + iωL✳ ❉✐✛❡r❡♥t✐❛t❡ t❤❡ ✐♠♣❡❞❛♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
❛♥❣✉❧❛r ❢r❡q✉❡♥❝② ω

Z ′
1 = −2R

a

c0

Re
(ξh

(2)
l )′

ξh
(2)
l

+ i
a

c0

(
n(n + 1)

ξ2
− 1 − Re(

h
(2)
l

′

h
(2)
l

+
1

ξ
)2 +

c0

a
L

)

= −2αRX + iα

(
n(n + 1)

ξ2
− 1 + R2 − X2 −

X

ξ

)
✭✺✳✾✮



✶✵

b)a)

5

18
5

18

Antenna

Resonance

182, 1859

182, 1859
TEm2

TMm1

TEm2

TMm1

❋✐❣✉r❡ ✺✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❝✐r❝✉✐t ❛♣♣r♦①✐♠❛t✐♦♥s✳ ❚❤❡ ❢r❡q✉❡♥❝✐❡s
❝♦rr❡s♣♦♥❞✐♥❣ t♦ Qρβ = −4,−2,−0.5, 0.5, 1, 2, 4 ❛r❡ ✐♥❞✐❝❛t❡❞ ✇✐t❤ ❛ st❛r ❛♥❞ ❛
❝✐r❝❧❡ ❢♦r t❤❡ ♠♦❞❡s ❛♥❞ t❤❡ r❡s♦♥❛♥❝❡ ♠♦❞❡❧s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚▼ ❝❛s❡s ✇✐t❤ Qρ = 5
❛♥❞ Qρ = 18 ❛♥❞ ❚❊ ❝❛s❡s ✇✐t❤ Qρ = 182 ❛♥❞ Qρ = 1859 ❛r❡ s❤♦✇♥✳ ❛✮ ✇✐t❤♦✉t
tr❛♥s♠✐ss✐♦♥ ❧✐♥❡✳ ❜✮ ✇✐t❤ ❛ λ0/(2π)✱ ✐✳❡✳✱ k0d = 1✱ ❧♦♥❣ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡✳

❚❤❡ ❢r❡q✉❡♥❝② ❞❡r✐✈❛t✐✈❡ ♦❢ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t✱ ρ̃ = (Z1 −R)/(Z1 +R)✱ ✐s ❣✐✈❡♥ ❜②

ω
∂ρ̃

∂ω
= ωρ̃′ = ω

Z ′
1

2R
= −kaX +

ika

2R

(
n(n + 1)

k2a2
−

X

ka
− X2 − 1 + R2

)
✭✺✳✶✵✮

❚❤❡ ❞❡r✐✈❛t✐✈❡s ✭✺✳✶✵✮ ✐s ✉s❡❞ t♦ ❣❡t r❡s♦♥❛♥❝❡ ♠♦❞❡❧s ♦❢ t❤❡ ❚❊ ❛♥❞ ❚▼ r❡✢❡❝✲
t✐♦♥ ❝♦❡✣❝✐❡♥ts✱ Qρ = ω|ρ̃′(ω)|✳ ❚❤❡ ❚▼ ✭❚❊✮ ❝❛s❡ ❣✐✈❡s s❡r✐❡s ✭♣❛r❛❧❧❡❧✮ ❝✐r❝✉✐ts
❝♦♠❜✐♥❡❞ ✇✐t❤ ❧❛tt✐❝❡ ♥❡t✇♦r❦s✳ ■♥ ❋✐❣✉r❡ ✺❛✱ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t✱ ρ̃✱ t♦❣❡t❤❡r
✇✐t❤ t❤❡✐r r❡s♦♥❛♥❝❡ ♠♦❞❡❧s ✭✸✳✶✶✮ ❛r❡ ❞❡♣✐❝t❡❞ ❢♦r s♣❤❡r❡s ✇✐t❤ r❛❞✐✉s k0a = 0.4
❛♥❞ k0a = 0.65✳ ❚❤❡ ❚▼ ❛♥❞ ❚❊ ❝❛s❡s ❛r❡ s❤♦✇♥ ❢♦r l = 1 ❛♥❞ l = 2✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ◗ ❢❛❝t♦rs ✐♥ t❤❡ r❡s♦♥❛♥❝❡ ♠♦❞❡❧ ❛r❡ Qρ = 5, 18, 182, 1859✳ ❚❤❡ ❢r❡q✉❡♥❝✐❡s
Qρβ = −4,−2,−0.5, 0.5, 1, 2, 4 ❛r❡ ✐♥❞✐❝❛t❡❞ ✇✐t❤ ❛ st❛r ❛♥❞ ❛ ❝✐r❝❧❡ ❢♦r t❤❡ ♠♦❞❡s
❛♥❞ t❤❡ r❡s♦♥❛♥❝❡ ♠♦❞❡❧s✱ r❡s♣❡❝t✐✈❡❧②✳ ■t ✐s ♦♥❧② ❢♦r t❤❡ ❧♦✇❡r ✈❛❧✉❡s ♦❢ Qρ✱ ✇❡
❝❛♥ ♦❜s❡r✈❡ ❛ s♠❛❧❧ ❞✐s❝r❡♣❛♥❝② ❜❡t✇❡❡♥ ♠♦❞❡s ❛♥❞ t❤❡✐r ♠♦❞❡❧s✳ ❚❤❡ ❝✉r✈❡s ❛r❡
✐♥❞✐st✐♥❣✉✐s❤❛❜❧❡ ❢♦r t❤❡ ❤✐❣❤❡r ✈❛❧✉❡s ♦❢ Qρ✳ ❚❤✐s ✐s ❛❧s♦ s❡❡♥ ✐♥ ❋✐❣✉r❡ ✻ ✇❤❡r❡
t❤❡ ❡rr♦r ‖ρ(iω) − ρ̃(iω)‖ = supω |ρ(iω) − ρ̃(iω)| ✐s ❞❡♣✐❝t❡❞✳ ❚❤❡ ❡rr♦r ✐s ♦❢ s❡❝♦♥❞
♦r❞❡r ✐♥ B✱ ✐✳❡✳✱ 40 dB ❢♦r ❡❛❝❤ ❞❡❝❛❞❡ ✐♥ B✱ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ✭✸✳✹✮✳

❲❡ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❚▼ ❛♥❞ ❚❊ ♠♦❞❡s ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ ❛
tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ✇✐t❤ ❧❡♥❣t❤ λ0/(2π)✳ ❚❤❡ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ r♦t❛t❡s t❤❡ r❡✢❡❝t✐♦♥
❝♦❡✣❝✐❡♥ts ❛s s❡❡♥ ✐♥ ❋✐❣✉r❡ ✺❜✳ ❚❤✐s r❡q✉✐r❡ ❛ ❧❛r❣❡r ❝♦♠♣❡♥s❛t✐♦♥ ✇✐t❤ t❤❡ ❧❛tt✐❝❡
♥❡t✇♦r❦ ✐♥ t❤❡ ♠♦❞❡❧✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ♠♦❞❡❧ ❛♥❞ t❤❡
r♦t❛t❡❞ ♠♦❞❡s ✐♥❝r❡❛s❡s✳ ❍♦✇❡✈❡r✱ t❤❡ ❡rr♦r ✐s st✐❧❧ ✈❡r② s♠❛❧❧ ❢♦r t❤❡ ❧❛r❣❡r ✈❛❧✉❡s
♦❢ Qρ ❛s s❡❡♥ ✐♥ ❋✐❣✉r❡ ✻✳

❆s t❤❡ ❡rr♦r ❝❛♥ ✐♥❝r❡❛s❡ ❜② t❤❡ ♠❛t❝❤✐♥❣ ♥❡t✇♦r❦ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❡rr♦r ♦❢ t❤❡
♠❛t❝❤❡❞ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t✱ ✐✳❡✳✱ ‖Γ − Γ̃‖✳ ❚❤❡ ❡rr♦r ✐s ❡st✐♠❛t❡❞ ❜② ✭✹✳✷✮✳ ■t
✐s ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❡rr♦r ✐♥❝r❡❛s❡s ❛s t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ✉♥♠❛t❝❤❡❞ r❡✢❡❝t✐♦♥
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❋✐❣✉r❡ ✻✿ ❊rr♦rs ✐♥ t❤❡ r❡s♦♥❛♥❝❡ ♠♦❞❡❧s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❋✐❣✉r❡ ✺✳ ❚❤❡ ♠♦❞❡❧
❡rr♦r ✐s ❣✐✈❡♥ ❜② |ρ−ρ̃| ❛♥❞ ✭✹✳✷✮ ✐s ✉s❡❞ t♦ ❡st✐♠❛t❡ t❤❡ ❡rr♦r✱ |Γ−Γ̃|✱ ❛❢t❡r ♠❛t❝❤✐♥❣✳

❝♦❡✣❝✐❡♥t ✐♥❝r❡❛s❡s✳ ❚❤✐s ✐s ❛❧s♦ ✐❧❧✉str❛t❡❞ ❜② t❤❡ s♦❧✐❞ ❛♥❞ ❞❛s❤❡❞ ❝✉r✈❡❞ ✐♥
❋✐❣✉r❡ ✻✳ ❚❤❡ ❛❞❞✐t✐♦♥❛❧ ❡rr♦r ❜② t❤❡ ♠❛t❝❤✐♥❣✱ 1/(1−δ2)✱ ❛r❡ ♥❡❣❧✐❣✐❜❧❡ ❢♦r QρB ≪
1 ❛♥❞ ✐♥❝r❡❛s❡s t♦ ❛♣♣r♦①✐♠❛t❡❧② 2 dB ❢♦r QρB = 1 ❛♥❞ 14 dB ❢♦r QρB = 4✳

■t ✐s ❛❧s♦ ✐❧❧✉str❛t✐✈❡ t♦ ❝♦♠♣❛r❡ t❤❡ ◗ ❢❛❝t♦r ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ♠♦❞❡❧ ✇✐t❤ t❤❡ ◗
❢❛❝t♦r ♦❢ t❤❡ r❛❞✐❛t✐♥❣ s②st❡♠✳ ❚❤❡ ◗ ❢❛❝t♦r ♦❢ t❤❡ ❚❊ ❛♥❞ ❚▼ ♠♦❞❡s ❝❛♥ ❡✐t❤❡r ❜❡
❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❡q✉✐✈❛❧❡♥t ❝✐r❝✉✐ts ❬✷✱ ✼❪ ♦r ❜② ❛♥ ❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥ ❢✉♥❝t✐♦♥s ❬✸❪✳
❚❤❡ ◗ ♦❢ t❤❡ TMlm ♦r TElm ♠♦❞❡ ✐s ❣✐✈❡♥ ❜②

Q = ξ +
ξ

2Rl

(
l(l + 1)

ξ2
−

Xl

ξ
− X2

l − R2
l

)
. ✭✺✳✶✶✮

❚❤❡ ◗ ❢❛❝t♦r ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ l✲✐♥❞❡① ❛♥❞ t❤❡r❡ ❛r❡ 2(2l + 1) ♠♦❞❡s ❢♦r ❡❛❝❤ l
✐♥❞❡①✳ ❚❤❡ s✐① ❧♦✇❡st ♦r❞❡r ♠♦❞❡s ❤❛✈❡ Q = (ka)−3+(ka)−1✳ ❇② ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♦♥❡
TEm1 ♠♦❞❡ ❛♥❞ ♦♥❡ TMm1 ♠♦❞❡ t❤❡ ◗ ❢❛❝t♦r ✐s r❡❞✉❝❡❞ t♦ Q = (ka)−3/2+ (ka)−1✳
❚❤❡ ◗ ❢❛❝t♦r ❤❛s t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ Q ∼ (2l)!l/(ξ(2l+1)l!2l)✳ ❚❤❡ r❡s♦♥❛♥❝❡
❝✐r❝✉✐t ❛♣♣r♦①✐♠❛t✐♦♥ ❤❛s ❛ ◗ ❢❛❝t♦r✱ Q = |ω0ρ̃

′|✳ ❲❡ ❣❡t

ω0ρ̃
′

iQ
= 1 +

ξ(Z − 1)

Q
∼ 1 + (−ξ + li)

ξ(2l+1)l!2l

(2l)!l
✭✺✳✶✷✮

✇❤❡r❡ ✇❡ s❡❡ t❤❛t t❤❡ r❡s♦♥❛♥❝❡ ❝✐r❝✉✐t ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ◗ ❢❛❝t♦r ✐s ✈❡r② ❣♦♦❞
❢♦r s♠❛❧❧ ξ ♦r ❡q✉✐✈❛❧❡♥t❧② ❧❛r❣❡ ◗✲✈❛❧✉❡s✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ❇♦❞❡✲❋❛♥♦ ❢r❛❝t✐♦♥❛❧ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ TMm1 ❛♥❞ TEm1 ♠♦❞❡s
t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❡rr♦rs ✐♥ t❤❡ ◗✲❢❛❝t♦r ❛♣♣r♦①✐♠❛t✐♦♥s ❬✺❪✳ ❚❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣✲
❝✐❡♥t ♦❢ t❤❡ TMm1 ❛♥❞ TEm1 ♠♦❞❡s ❤❛s ❛ ❞♦✉❜❧❡ ③❡r♦ ❛t s = 0✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
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❋✐❣✉r❡ ✼✿ ❘❡❧❛t✐✈❡ ❡rr♦rs✱ |B − BQ|/B✱ ♦❢ t❤❡ ❜❛♥❞✇✐❞t❤ ✐♥ t❤❡ ◗✲❢❛❝t♦r ❛♣♣r♦①✐✲
♠❛t✐♦♥s ♦❢ t❤❡ TMm1 ❛♥❞ TEm1 ♠♦❞❡s✳

r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ✐s

Γ1(s) =
1

1 + 2sa
c0

+ 2s2a2

c2
0

✭✺✳✶✸✮

✇✐t❤♦✉t ③❡r♦s λoi ❜✉t ✇✐t❤ t❤❡ t✇♦ ♣♦❧❡s λp1,2 = (−1± i)c0/(2a)✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts ♦❢
t❤❡ ❚❛②❧♦r s❡r✐❡s ❛r♦✉♥❞ s = 0 ❣✐✈❡ t❤❡ t✇♦ ✐♥t❡❣r❛❧ r❡❧❛t✐♦♥s

2

π

∫ ∞

0

ω−2 ln
1

|Γ(iω)|
dω =

∑

i

λ−1
oi − λ−1

pi − 2λ−1
ri =

(
2a

c0

− 2
∑

i

λ−1
ri

)
✭✺✳✶✹✮

❛♥❞

2

π

∫ ∞

0

ω−4 ln
1

|Γ(iω)|
dω =

−1

3

∑

i

1

λ3
oi

−
1

λ3
pi

−
2

λ3
ri

=

(
4a3

3c3
0

+
2

3

∑

i

λ−3
ri

)
, ✭✺✳✶✺✮

✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts λri ❤❛✈❡ ❛ ♣♦s✐t✐✈❡ r❡❛❧✲✈❛❧✉❡❞ ♣❛rt✳ ❆ss✉♠✐♥❣ ❛ ❜❛♥❞✇✐❞t❤
❛♥❞ K ❛s ✐♥ ✭✹✳✻✮ ❣✐✈❡s

K
B

1 − B2/4
≤ 2k0a − 2

∑

i

ω0

λr

✭✺✳✶✻✮

❛♥❞

K
B + B3/12

(1 − B2/4)3
≤

4(k0a)3

3
+

2

3

∑

i

ω3
0

λ3
r

✭✺✳✶✼✮

✇❤❡r❡ k0 = ω0/c0✳ ■t ✐s ♥♦t❡❞ t❤❛t ✐t ✐s ❡♥♦✉❣❤ t♦ ❝♦♥s✐❞❡r ♦♥❡ ❝♦❡✣❝✐❡♥t λr ♦r ❛
❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ♣❛✐r✳ ❚❤❡s❡ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ s♦❧✈❡❞ ♥✉♠❡r✐❝❛❧❧② ✇✐t❤ r❡s♣❡❝t
t♦ B ❛♥❞ λr✳



✶✸
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❋✐❣✉r❡ ✽✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❛♥t❡♥♥❛ ♣r♦t♦t②♣❡✳ ❆ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ✐s ✉s❡❞ t♦
❝♦♥♥❡❝t t❤❡ s❤✐❡❧❞❡❞ ♣♦✇❡r s✉♣♣❧②✱ t❤❡ ♠✐❝r♦✇❛✈❡ ♥❡t✇♦r❦✱ ❛♥❞ t❤❡ s✐♠♣❧❡ ❛♥t❡♥♥❛✳

❚❤❡ ❢r❛❝t✐♦♥❛❧ ❜❛♥❞✇✐❞t❤✱ B✱ ❣✐✈❡♥ ❜② ✭✺✳✶✻✮ ❛♥❞ ✭✺✳✶✼✮ ✐s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡
❢r❛❝t✐♦♥❛❧ ❜❛♥❞✇✐❞t❤✱ BQ✱ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ r❡s♦♥❛♥❝❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✭✹✳✶✵✮ t♦
❞❡t❡r♠✐♥❡ t❤❡ ❡rr♦r ✐♥ t❤❡ r❡s♦♥❛♥❝❡ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ◗ ❢❛❝t♦rs ❞❡✲
t❡r♠✐♥❡❞ ❜② t❤❡ st♦r❡❞ ❛♥❞ r❛❞✐❛t❡❞ ✜❡❧❞s ✭✷✳✶✮✱ ✐✳❡✳✱ ✭✺✳✶✶✮✱ ❛♥❞ ❜② t❤❡ r❡s♦♥❛♥❝❡
❛♣♣r♦①✐♠❛t✐♦♥ ✭✸✳✼✮✱ ✐✳❡✳✱ ✭✺✳✶✵✮✳ ❚❤❡ r❡❧❛t✐✈❡ ❡rr♦r |B −BQ|/B ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✲
✉r❡ ✼ ❢♦r t❤❡ t❤r❡s❤♦❧❞ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t Γ0 = 1/3✳ ■t ✐s ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❡rr♦rs
❛r❡ s♠❛❧❧ ❢♦r ❧❛r❣❡ ◗ ❢❛❝t♦rs ❛♥❞ t❤❛t t❤❡② ❛♣♣r♦❛❝❤ ✵ ❛s Q → ∞ ❛s ❦♥♦✇♥ ❢r♦♠
t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s✳ ❲❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t t❤❡ ♥❛rr♦✇❜❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥
✐♥ ✭✹✳✶✵✮ ✐s ❣♦♦❞ ❢♦r ❧❛r❣❡ ◗ ❢❛❝t♦rs✳ ❚❤❡ ❡rr♦r ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❛♣♣r♦①✐♠❛t✐♦♥✱
Qρ✱ ❞❡❝❛②s ❢❛st❡r t❤❛♥ t❤❡ ❡rr♦r ✐♥ t❤❡ Q✲❛♣♣r♦①✐♠❛t✐♦♥ ❛s Q ✐♥❝r❡❛s❡s✳ ❚❤✐s ✐s ✐♥
❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛s ❛ ❧♦❝❛❧ ❛♣♣r♦①✲
✐♠❛t✐♦♥ ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t✳

✻ ◗ ❢❛❝t♦r ♦❢ ❣❡♥❡r❛❧ ❛♥t❡♥♥❛s

❚❤❡r❡ ❤❛✈❡ ❜❡❡♥ s❡✈❡r❛❧ ❛tt❡♠♣ts t♦ ❡①♣r❡ss t❤❡ ◗ ❢❛❝t♦r ♦❢ ❛ ❣❡♥❡r❛❧ ❛♥t❡♥♥❛ ✐♥
t❤❡ ✐♠♣❡❞❛♥❝❡ ♦❢ t❤❡ ❛♥t❡♥♥❛✱ s❡❡ ❬✶✹❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡ ✐♥✳ ❈♦♠♠♦♥ ✈❡rs✐♦♥s
❛r❡

Q ≈
ω0

2R(ω0)
|X ′(ω0)| ✭✻✳✶✮

❛♥❞
Q ≈

ω0

2R(ω0)
|Z ′(ω0)| = ω0|ρ

′(ω0)| = Qρ ✭✻✳✷✮

✇❤❡r❡ t❤❡ ❛♥t❡♥♥❛ ✐s ❛ss✉♠❡❞ t♦ ❜❡ t✉♥❡❞ t♦ r❡s♦♥❛♥❝❡ ❛t ω0✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ✭✻✳✷✮
r❡❞✉❝❡s t♦ ✭✻✳✶✮ ❢♦r t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ R′(ω0) = 0✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ♠♦r❡ ❣❡♥❡r❛❧
❛♣♣r♦①✐♠❛t✐♦♥ ✭✻✳✷✮ ❛s ✐t ✐s ✐♥✈❛r✐❛♥t t♦ s❤✐❢ts ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ♣❧❛♥❡ ✐♥ t❤❡ ❢❡❡❞ ❧✐♥❡✳
❚❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧② t❡st❡❞ ❛♥❞ ✐t ✐s ❝♦♥✜r♠❡❞ t❤❛t ✐t ✐s ❛ ❣♦♦❞
❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ♠❛♥② ❛♥t❡♥♥❛s✳ ❍♦✇❡✈❡r✱ t❤✐s ❞♦❡s ♥♦t ♠❡❛♥ t❤❛t ✐t ✐s ❛ ❣♦♦❞
❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❛ ❣❡♥❡r❛❧ ❛♥t❡♥♥❛✳

❚♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ t❤❡ r❡q✉✐r❡♠❡♥ts ♦♥ t❤❡ ❛♥t❡♥♥❛s ✇❤❡r❡ ✭✻✳✷✮ ✐s ❣♦♦❞
❛♥❞ ❛t t❤❡ s❛♠❡ t✐♠❡✱ ✇❤② ✐t ✐s ❞✐✣❝✉❧t t♦ ♣r♦✈❡ t❤❡s❡ t②♣❡s ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥s ❢♦r
❣❡♥❡r❛❧ ❛♥t❡♥♥❛s ✇❡ ❝♦♥s✐❞❡r ❛♥ ❛♥t❡♥♥❛ ♠♦❞❡❧ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✽✳ ❚❤❡ ❛♥t❡♥♥❛
♠♦❞❡❧ ✐s ❝♦♠♣♦s❡❞ ❜② ❛ s❤✐❡❧❞❡❞ ♣♦✇❡r s✉♣♣❧②✱ ❛ ♠✐❝r♦✇❛✈❡ ♥❡t✇♦r❦✱ ❛♥❞ ❛ s✐♠♣❧❡
❛♥t❡♥♥❛✳ ❲✐t❤ t❤❡ s✐♠♣❧❡ ❛♥t❡♥♥❛ ✇❡ ♠❡❛♥ ❛♥ ❛♥t❡♥♥❛ ✇✐t❤ ❦♥♦✇♥ ❝❤❛r❛❝t❡r✐st✐❝✱
❡✳❣✳✱ ❞✐♣♦❧❡✱ s♣❤❡r✐❝❛❧ ✈❡❝t♦r ♠♦❞❡✱ ♦r r❡s♦♥❛♥❝❡ ♠♦❞❡❧✳ ❆ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ✇✐t❤ ❛
♣r♦♣❛❣❛t✐♥❣ ❚❊▼ ♠♦❞❡ ✐s ✉s❡❞ t♦ ❝♦♥♥❡❝t t❤❡ ❞✐✛❡r❡♥t ❝♦♠♣♦♥❡♥ts✳ ❲❡ ❝♦♥s✐❞❡r
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❋✐❣✉r❡ ✾✿ ❈✐r❝✉✐t ♠♦❞❡❧ ♦❢ t❤❡ ❛♥t❡♥♥❛ ✇✐t❤ ❛♥ ❛r❜✐tr❛r② s♠❛❧❧ ρ′(ω0)✳

t✇♦ ♣♦ss✐❜❧❡ r❡❢❡r❡♥❝❡ ♣❧❛♥❡s ❞❡♥♦t❡❞ ❜② S1 ❛♥❞ S2✳ ❚❤❡ ✐♠♣❡❞❛♥❝❡ ♣r♦♣❡rt✐❡s ♦❢
t❤❡ s✐♠♣❧❡ ❛♥t❡♥♥❛ ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ♣❧❛♥❡ S1✱ ❤❡r❡ ♠♦❞❡❧❡❞ ✇✐t❤ t❤❡
r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ρ1✳ ❲❡ ✉s❡ t❤❡ r❡❢❡r❡♥❝❡ ♣❧❛♥❡✱ S2✱ t♦ ❞❡✜♥❡ ❛ ♠♦r❡ ❝♦♠♣❧❡①
❛♥t❡♥♥❛ ❝❤❛r❛❝t❡r✐③❡❞ ✇✐t❤ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ρ2✳ ❖❜s❡r✈❡ t❤❛t✱ ❛❧t❤♦✉❣❤ ✐t
♠✐❣❤t ❜❡ ♠♦r❡ ♣r❛❝t✐❝❛❧ t♦ ❝♦♥s✐❞❡r t❤✐s ❛s ❛♥ ❛♥t❡♥♥❛ t♦❣❡t❤❡r ✇✐t❤ ❛ ♠❛t❝❤✐♥❣
♥❡t✇♦r❦✱ ✐t ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ❝♦♥s✐❞❡r ✐t ❛s ❛ s✐♥❣❧❡ ❛♥t❡♥♥❛✳ ❚❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s
♦♥ t❤❡ r❡❣✐♦♥ ♦✉ts✐❞❡ t❤❡ r❡❢❡r❡♥❝❡ ♣❧❛♥❡s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♣r♦♣❡rt✐❡s
♦❢ ❜♦t❤ ❛♥t❡♥♥❛s✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t✱ ✐♥ r❡❛❧✐t②✱ ✐t ♠✐❣❤t ❜❡ ♠♦r❡ ♣r❛❝t✐❝❛❧
t♦ ✉s❡ s✐♠♣❧❡r ❡q✉❛t✐♦♥s ❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
♠✐❝r♦✇❛✈❡ ♥❡t✇♦r❦✳

❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ s✐♠♣❧❡ ❛♥t❡♥♥❛ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ✇✐t❤
❛ r❡s♦♥❛♥❝❡ ♠♦❞❡❧ ✭✸✳✶✶✮ ❛r♦✉♥❞ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②✱ s♣❡❝✐✜❝❛❧❧② ✇❡ ❛ss✉♠❡ ❛
s❡r✐❡s ❘❈▲ ❝✐r❝✉✐t ✇✐t❤ ◗ ❢❛❝t♦r Q1✳ ▲❡t t❤❡ ♠✐❝r♦✇❛✈❡ ♥❡t✇♦r❦ ❜❡ ♠♦❞❡❧❡❞ ✇✐t❤ ❛
♣❛r❛❧❧❡❧ ▲❈ ❝✐r❝✉✐t✱ ❛s s❡❡♥ ✐♥ ❋✐❣✉r❡ ✾✳ ❚❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ❛t S2 ✐s ❣✐✈❡♥ ❜②

ρ2 = ρQ2
+

t2Q2
ρQ1

1 − ρQ1
ρQ2

, ✭✻✳✸✮

✇❤❡r❡ ρQi
✐s ❞❡✜♥❡❞ ❜② ✭✷✳✸✮ ❛♥❞ tQ2

(ω0) = 1✳ ❚❤❡ ❢r❡q✉❡♥❝② ❞❡r✐✈❛t✐✈❡ ♦❢ ρ2 ❛t t❤❡
r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ✐s

ρ′
2(ω0) = ρ′

Q2
(ω0) + ρ′

Q1
(ω0) =

i

ω0

(Q1 − Q2). ✭✻✳✹✮

❍❡r❡✱ ✐t ✐s ♦❜s❡r✈❡❞ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥str✉❝t ❛♥t❡♥♥❛s ✇✐t❤ ❛♥ ❛r❜✐tr❛r② s♠❛❧❧
❢r❡q✉❡♥❝② ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t✳ ❖❜✈✐♦✉s❧②✱ t❤✐s ✐s ❥✉st ❛♥ ❡①❛♠♣❧❡
♦❢ ❛ ♠❛t❝❤✐♥❣ ♥❡t✇♦r❦ ❣✐✈✐♥❣ ❛ ✢❛t r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ❬✶✶❪✳ ❚❤❡ ◗✲❢❛❝t♦r ♦❢ t❤❡
❛♥t❡♥♥❛ ✐s ♦♥ t❤❡ ❝♦♥tr❛r② ✐♥❝r❡❛s✐♥❣✳ ❚❤❡ ◗✲❢❛❝t♦r ♦❢ t❤❡ ❝✐r❝✉✐t ♠♦❞❡❧ ✐s Q =
Q1 + Q2✳ ❚❤✐s s✐♠♣❧❡ ❡①❛♠♣❧❡ ✐♥❞✐❝❛t❡s t❤❛t ✐t ✐s ✈❡r② ❞✐✣❝✉❧t t♦ ✜♥❞ ❛ s✐♠♣❧❡
r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❢r❡q✉❡♥❝② ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ✭♦r ❡q✉✐✈❛❧❡♥t❧②
t❤❡ ✐♠♣❡❞❛♥❝❡✮ ❛♥❞ t❤❡ ◗✲❢❛❝t♦r ♦❢ ❣❡♥❡r❛❧ ❛♥t❡♥♥❛s✳ ❍♦✇❡✈❡r✱ ❛s s❤♦✇♥ ✇✐t❤ t❤❡
P❛❞é ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ t❤✐s ♣❛♣❡r ❛♥❞ t❤❡ r❡s✉❧ts ✐♥ ❬✶✹❪✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ✈❡r②
❛❝❝✉r❛t❡ ❢♦r ♠❛♥② ❝♦♠♠♦♥ ❛♥t❡♥♥❛s✳

✼ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ♣❛♣❡r✱ t❤❡ ◗ ❢❛❝t♦r ♦❢ ❛♥t❡♥♥❛s ❛r❡ ❛♥❛❧②③❡❞ ❢r♦♠ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ t❤❡✲
♦r② ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❚❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ ❛♥ ❛♥t❡♥♥❛ ✐s ❛♣♣r♦①✐♠❛t❡❞ ✇✐t❤ ❛
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s❡❝♦♥❞ ♦r❞❡r P❛❞é ❛♣♣r♦①✐♠❛t✐♦♥ ❛r♦✉♥❞ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②✳ ❚❤✐s r❡s♦♥❛♥❝❡
♠♦❞❡❧ ✐s ✜rst ♦r❞❡r ❛❝❝✉r❛t❡✱ ❛♥❞ ❤❡♥❝❡ ❣♦♦❞ ❢♦r ♥❛rr♦✇ ❜❛♥❞✇✐❞t❤s✳ ❚❤❡ r❡s♦✲
♥❛♥❝❡ ♠♦❞❡❧ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ◗✲❢❛❝t♦r ♦❢ ❛♥ ✉♥❞❡r❧②✐♥❣ ❘❈▲ ❝✐r❝✉✐t✱ ❞❡✜♥❡❞ ❛s
Qρ = ω|ρ′(ω)|✳ ❚❤❡ ❇♦❞❡✲❋❛♥♦ ♠❛t❝❤✐♥❣ t❤❡♦r② ✐s ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❜❛♥❞✇✐❞t❤
♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♠♦❞❡❧✳ ▼♦r❡♦✈❡r✱ ✐t ✐s s❤♦✇♥ t❤❛t t❤❡ ♦r✐❣✐♥❛❧ ❛♥t❡♥♥❛ ❤❛s t❤❡
s❛♠❡ ❜❛♥❞✇✐❞t❤ ❢♦r s✉✣❝✐❡♥t❧② ♥❛rr♦✇ ❜❛♥❞✇✐❞t❤s✳

❊✈❡♥ ✐❢ t❤❡ ◗✲❢❛❝t♦r✱ ❞❡✜♥❡❞ ❜② t❤❡ st♦r❡❞ ❛♥❞ r❛❞✐❛t❡❞ ❡♥❡r❣✐❡s✱ ♦❢ t❤❡ ❛♥t❡♥♥❛
s②st❡♠ ✐s ♥♦t ✉s❡❞ ✐♥ t❤❡ ❛♥❛❧②s✐s✱ t❤❡r❡ ✐s ❛ ❝❧♦s❡ r❡s❡♠❜❧❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ◗✲❢❛❝t♦r
❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❞✐✛❡r❡♥t✐❛t❡❞ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t✱ Qρ✱ ❛♥❞ t❤❡ ❝❧❛ss✐❝❛❧ ◗✲❢❛❝t♦r✱
Q✳ ■t ✐s s❤♦✇♥ t❤❛t Q ≈ Qρ ❢♦r ❡❛❝❤ s♣❤❡r✐❝❛❧ ✈❡❝t♦r ♠♦❞❡ ✐❢ Q ✐s s✉✣❝✐❡♥t❧②
❧❛r❣❡✳ ❚❤✐s ✐s ❛❧s♦ s❡❡♥ ❢♦r ♠❛♥② ❛♥t❡♥♥❛s ❢r♦♠ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ◗✲❢❛❝t♦r
Q ≈ ω|Z ′|/(2R) = Qρ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✶✹❪✳ ❍♦✇❡✈❡r✱ ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡ ✐s ✉s❡❞ t♦
✐❧❧✉str❛t❡ t❤❛t t❤❡ t❤❡r❡ ✐s ♥♦t ❛ s✐♠♣❧❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ Q ❛♥❞ Qρ ❢♦r ❡✈❡r② ❛♥t❡♥♥❛✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❚❤❡ ✜♥❛♥❝✐❛❧ s✉♣♣♦rt ❜② t❤❡ ❙✇❡❞✐s❤ r❡s❡❛r❝❤ ❝♦✉♥❝✐❧ ✐s ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡❞✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ●✳ ❆r❢❦❡♥✳ ▼❛t❤❡♠❛t✐❝❛❧ ▼❡t❤♦❞s ❢♦r P❤②s✐❝✐sts✳ ❆❝❛❞❡♠✐❝ Pr❡ss✱ ❖r❧❛♥❞♦✱
t❤✐r❞ ❡❞✐t✐♦♥✱ ✶✾✽✺✳

❬✷❪ ▲✳ ❏✳ ❈❤✉✳ P❤②s✐❝❛❧ ❧✐♠✐t❛t✐♦♥s ♦❢ ❖♠♥✐✲❉✐r❡❝t✐♦♥❛❧ ❛♥t❡♥♥❛s✳ ❆♣♣❧✳ P❤②s✳✱ ✶✾✱
✶✶✻✸✕✶✶✼✺✱ ✶✾✹✽✳

❬✸❪ ❘✳ ❊✳ ❈♦❧❧✐♥ ❛♥❞ ❙✳ ❘♦t❤s❝❤✐❧❞✳ ❊✈❛❧✉❛t✐♦♥ ♦❢ ❛♥t❡♥♥❛ ◗✳ ■❊❊❊ ❚r❛♥s✳ ❆♥t❡♥✲

♥❛s Pr♦♣❛❣❛t✳✱ ✶✷✱ ✷✸✕✷✼✱ ❏❛♥✉❛r② ✶✾✻✹✳

❬✹❪ ❘✳ ▼✳ ❋❛♥♦✳ ❚❤❡♦r❡t✐❝❛❧ ❧✐♠✐t❛t✐♦♥s ♦♥ t❤❡ ❜r♦❛❞❜❛♥❞ ♠❛t❝❤✐♥❣ ♦❢ ❛r❜✐tr❛r②
✐♠♣❡❞❛♥❝❡s✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❋r❛♥❦❧✐♥ ■♥st✐t✉t❡✱ ✷✹✾✭✶✱✷✮✱ ✺✼✕✽✸ ❛♥❞ ✶✸✾✕✶✺✹✱
✶✾✺✵✳

❬✺❪ ▼✳ ●✉st❛❢ss♦♥ ❛♥❞ ❙✳ ◆♦r❞❡❜♦✳ ❖♥ t❤❡ s♣❡❝tr❛❧ ❡✣❝✐❡♥❝② ♦❢ ❛ s♣❤❡r❡✳ ❚❡❝❤✲
♥✐❝❛❧ ❘❡♣♦rt ▲❯❚❊❉❳✴✭❚❊❆❚✲✼✶✷✼✮✴✶✕✷✹✴✭✷✵✵✹✮✱ ▲✉♥❞ ■♥st✐t✉t❡ ♦❢ ❚❡❝❤♥♦❧✲
♦❣②✱ ❉❡♣❛rt♠❡♥t ♦❢ ❊❧❡❝tr♦s❝✐❡♥❝❡✱ P✳❖✳ ❇♦① ✶✶✽✱ ❙✲✷✶✶ ✵✵ ▲✉♥❞✱ ❙✇❡❞❡♥✱ ✷✵✵✹✳
❤tt♣✿✴✴✇✇✇✳❡s✳❧t❤✳s❡✴t❡♦r❡❧✳

❬✻❪ ❘✳ ❈✳ ❍❛♥s❡♥✳ ❋✉♥❞❛♠❡♥t❛❧ ❧✐♠✐t❛t✐♦♥s ✐♥ ❛♥t❡♥♥❛s✳ Pr♦❝✳ ■❊❊❊✱ ✻✾✭✷✮✱ ✶✼✵✕
✶✽✷✱ ✶✾✽✶✳

❬✼❪ ❘✳ ❋✳ ❍❛rr✐♥❣t♦♥✳ ❚✐♠❡ ❍❛r♠♦♥✐❝ ❊❧❡❝tr♦♠❛❣♥❡t✐❝ ❋✐❡❧❞s✳ ▼❝●r❛✇✲❍✐❧❧✱ ◆❡✇
❨♦r❦✱ ✶✾✻✶✳

❬✽❪ ❏✳ ❉✳ ❏❛❝❦s♦♥✳ ❈❧❛ss✐❝❛❧ ❊❧❡❝tr♦❞②♥❛♠✐❝s✳ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s✱ ◆❡✇ ❨♦r❦✱
s❡❝♦♥❞ ❡❞✐t✐♦♥✱ ✶✾✼✺✳
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❬✾❪ ❘✳ ●✳ ◆❡✇t♦♥✳ ❙❝❛tt❡r✐♥❣ ❚❤❡♦r② ♦❢ ❲❛✈❡s ❛♥❞ P❛rt✐❝❧❡s✳ ❉♦✈❡r P✉❜❧✐❝❛t✐♦♥s✱
◆❡✇ ❨♦r❦✱ s❡❝♦♥❞ ❡❞✐t✐♦♥✱ ✷✵✵✷✳

❬✶✵❪ P✳ ❏✳ P❡t❡rs❛♥ ❛♥❞ ❙✳ ▼✳ ❆♥❧❛❣❡✳ ▼❡❛s✉r❡♠❡♥t ♦❢ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ❛♥❞
q✉❛❧✐t② ❢❛❝t♦r ♦❢ ♠✐❝r♦✇❛✈❡ r❡s♦♥❛t♦rs✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ♠❡t❤♦❞s✳ ❆♣♣❧✳ P❤②s✳✱
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