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Bargmann transform, Zak transform, and coherent states

A.J. E. M. Janssen

California Institute of Technology, Pasadena, California 91125

(Received 7 November 1980; accepted for publication 11 March 1981)

It is well known that completeness properties of sets of coherent states associated with lattices in
the phase plane can be proved by using the Bargmann representation or by using the kg
representation which was introduced by J. Zak. In this paper both methods are considered, in
particular, in connection with expansions of generalized functions in what are called Gabor
series. The setting consists of two spaces of generalized functions (tempered distributions and
elements of the class S *) which appear in a natural way in the context of the Bargmann
transform. Also, a thorough mathematical investigation of the Zak transform is given. This
paper contains many comments and complements on existing literature; in particular,
connections with the theory of interpolation of entire functions over the Gaussian integers are

given.

PACS numbers: 02.30.Mv, 02.30.Lt

1. INTRODUCTION
If xeR, yeR, then G (x,y) denotes the function
(reR);

G (x,p) is called a coherent state,"? or also a Gabor func-
tion.>* In the past ten years a number of papers"**~ ap-
peared about the completeness of the collection

{G (na,mf3)|n,m integers} where a >0, > 0. These papers
deal with the following question: if fis a (generalized) func-
tionand ( /;G (na,mf3 )) = Ofor all integers » and m, then does
it follow that £=0? Asearly as 1932, von Neumann® noticed
{apparently without publishing a proof) that the answer is
“yes” if feL *(R), a3 = 1. Two proofs of this fact were given
in 1970 by using the Bargmann transform,’ and in 1975 a
proof was given by using the kq representation. The most
complete answer to the above question was probably given in
1979. It is shown’ that { £,G (na,mf3 )} = O for all integers n
and m implies =0 for a very large class of generalized func-
tions fwhenever af8 < 1. Also, in case aff = 1, a character-
ization of all tempered distributions fwith (f,G (na,mf3))
= Oforall n and m is given. The main tools are a Phragmén—
Lindelof theorem and the Bargmann transform, although
the latter is not explicitly mentioned.

A related question concerns expansion of (generalized)
functions f'in series of the form 2, . c,,,, G (na,mB ) with
af3 = 1 (Gabor series). In 1946 Gabor'? suggested a simulta-
neous time-frequency analysis of signals based on these ex-
pansions. In 1979 existence and uniqueness theorems about
Gabor series were given (cf. Ref. 6, where expressions for the
coefficients c,,, are given, and Ref. 4, where existence of
Gabor’s expansions for tempered distributions is proved; in
both papers the kg representation, although not explicitly
mentioned, plays an important role).

We give a survey of the content of this paper. In Sec. 2
we consider the spaces S of smooth functions and S of gen-
eralized functions, and we show that, in connection with the
Bargmann transform, these spaces arise in a natural way. In
Sec. 3 the Zak transform 7, which maps functions fof one
real variable onto functions 7 fdefined on the unit square, is
introduced and studied in detail. A peculiar property of the
Zak transform'! is the following one: if fel *(R) and T f'is

(G (xp)t) = 2exp( — 7{t — x)* + 2miyt — mwixy)
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continuous, then T fhas a zero in the unit square. In Sec. 4 a
number of consequences of this property are given. One of
the consequences is that one can improve the convergence of
Gabor series (which, in general, converge not even in L *
sense for elements of §') by shifting the lattice over a distance
(a,b ) with suitably chosen numbers @ and b. Also, the results
about completeness after deleting one or more coherent
states>>” are completed and generalized, and a relation with
classical results in interpolation theory is indicated. Al-
though almost all results deal with square lattices of unit
area with axes parallel to the x and y axis in the phase plane,
some indications are given how to handle general lattices.
Finally, the paper shows existence of Gabor’s expansion for
elements of S”.

2. THE SPACES S AND S " AND THE BARGMANN
TRANSFORM

In 1961 Bargmann'2 constructed a unitary mapping of
L *(R) onto the set F of all entire functions fof growth <(2,}
for which f| f(z)|% ~ ¥ dz < . On the space F Fock’s so-
lution & = 3 /87 of the commutation rule [£,7] = 1 is real-
ized. In 1967 Bargmann'® described several spaces of test
functions and generalized functions in terms of certain sub-
sets of F and duals of these. In particular the spaces S and S’
(Schwartz’s space of functions of rapid decrease and of tem-
pered distributions respectively) were considered. In this
section we shall investigate the relation between Bargmann
transform and the spaces S and S * (of smooth and general-
ized functions respectively) which were introduced in Ref.
14 and studied extensively in Refs. 3, 15, and 16.

2.1. The space S consists of all entire functions ffor
which there are M >0, 4 > 0, B> O such that

(%)| f{x + iy)| <Mexp| - mAx* + 7By*) (xeR, yeR).

S
A sequence ( f,), in S converges to zero in S sense ( f, —0) if

there are M > 0, A > 0, B > Osuch that (*) holds for all f, and
such that £, —0 pointwise. The space S * consists of all con-
tinuous antilinear functionals defined on S. The action of
FeS " on feSis denoted by (F, f). A sequence (F,), in.S”
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converges to zeroin S " sense (F, S—»O) if (F,, f)—0forall f€S.
Note that G (x,p) €S for all xeR, yeR.

2.2. For n =0,1,--,3, denotes the nth Hermite func-
tion. We choose our normalizations such that!’

exp(mx® — 2m{x — w)?) = i c,w'yP,(x) (xeC, weC),
n="0

where ¢, = 2~ 447)"*/(n!)'”* for all n. We have ¢, €S.

There is a one-to-one correspondence between the
space .S and the space D of all complex sequences (@, ), with
a, = Ofe ~ ") for some € > 0; if fES, then (( ,%,)),€D, and if
(@,).€D, then 2 a,¢, converges in S sense to an element of
S. There is a similar correspondence between the space S°
and the space D * of all complex sequences (b,,), with
b, = 0(e"™) for all € > 0. It follows'® that SCS and that
s'cs’.

2.3. A different way to describe the space .S is the follow-
ing one: In Ref. 14 the space S §(a > 0, B> 0} is defined as the
set of all functions f: R—C for which thereexist C> 0,4 >0,
B> 0such that

(**)|x* f19(x)| <CA “B 7k *2g*,
for all xeR, k = 0,1,--,g = 0,1,--.. Our space S can be identi-
fied with S )3 as follows: If f&S, then the restriction of fto R
satisfies inequalities as in (**), and if we have an f: R—C
satisfying inequalities as in (**), then fcan be extended to an
entire function satisfying an inequality as in 2.1{*). Also, the
notions of convergence in 2.1 for S and in Ref. 14 for S}/
can be shown to be equivalent.

We note some topological properties of the spaces S and
S . If we consider S and S with the weak * topologies, i.e.,
with the linear topologies generated by all sets of the form

{ fES|(F, f)e0} (where FeS*,0C C open) and { FeS |

(F, f)€0} (where f&S,0C Copen), then the dual of Sis.S “and
the dual of S " is S. The space S (S *) is complete in the sense
thatif f,eS(F,eS")and lim, . (F, f,) [lim, ._(F,,f)] ex-
ists for all FeS *( f€S), then there is an f&S (FeS 7) such that
(Ff)=1lim,_ _ (F,f,)[(F,f)=Ilim,_ (F,, f)] for all FeS"*
(f€S). More information can be found in Ref. 15.

To indicate how big the space S " is, we observe that any
measurable F:-R—C for which = _ exp( — et ?)|F(t)| dt

< oo for all €> 0 can be regarded as an element of S * by
putting (F, f): = §= _F(t) f(t) dt for feS.

2.4. We give a list of operators of S: if f€S,a<C, beC,

a >0, then

(T, fNe) = flt+a), (R, f)e)=e 27 fio),
(Naf)(r)=( 1 )

sinha

X f jwexp( — 7 ({2 + 2¥cosha — 2tz)) f(z) dz,

sinha
0= [T e s dn T 0 =7 - 0),
(PAIe) = (1727 10), QL)) = 110),

for teC."” These operators are continuous and have adjoints
that map S'into S; they can therefore be extended to continu-
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ous linear operators of § *.2¢
2.5. Definition: For FeS ™ the Bargmann transform BF
of Fis defined by

(BF )(z) = ¢ (T, Fg) (2€C).

Here g(t) = 2" *exp( — 7t ?) for reC.
2.6. The following formula (for FeS ’) is due to Barg-
mann'Z; for the sake of completeness we give a proof.
Theorem: Let FeS°. Then
(BF)2)= ¥ ) i ey
=0 (n!)l /2 :
Proof: Put k() = 2" %exp(inz® — w{t — z)?) for zeC,
teC. Since (BF )(z) = (f,45) and

h,(t)=2"%exp(mt? — 2t — f2)’) = i fi—';)(%(#”zz)",

n=0
with convergence in S sense for every zeC, we have
- _ o B,
(BF)(z) = (Fhs) = ,.;o i (m'7z)"

2.7. Let & be the space of all entire functions of growth
<(2,7/2), and let  be the measure on C defined by
du(z) = e ™' dz. f & = €nL }(C,u), then 5 is a Hilbert
space for which (74"z"/v/n!), is a complete orthonormal sys-
tem, and B maps L *(R) isometrically onto &#.'* Also, "

B(S) = { €% | flz)exp( — im|z|*)
=O((1+|z|)~ ") forall N>0},
B(S) = [ €| flz)exp( — im|z|’)
=O((1 + |z|)¥) for some N> 0}.
Theorem: (i) B (S) = { f€& | growth of f<(2,7/2}, (ii)
B(SH)=¢%.
Proof: Let FeS. There is an € >0 such that
(F.¢,) = O (e ™). Hence, by Stirling’s formula
[(F’wn )/(n!)l/z]ﬂ.n/z =0 (n - 1/4(17/71)"/26 — nfe + ‘2))_
It follows from Ref. 21, Theorem 2.2.2 that B f has growth
<{2,m/2). Conversely, let /€&, growth of f<(2,7/2). Writ-
ing f(z) = £, a,2z" we know from Ref. 21, 2.2.10 that lim sup
nla,|*" <me. Hence b,.: = a,7"*(n!)"/? = O (e ~ ") for some
€>0.Soif weput F=23 b,¢,, then FeS'and BF = f.
The proof of (ii) is similar.
Remarks: (1) There are similar characterizations for the
elements of B(¢) and B (.#) (¢ is the convolution class and

{#} is the multiplication class; cf. Ref. 16}. It may be shown
that

B(¢)={fe€|Y,,, 3, [ flx+iy)

= O (exp(mgx” + mpy’))]},

B(M) = {feg}|vp>i3q<{ [f(x + ly)

= O (exp(mgy* + mpx))]}.

(2) Theorem 2.7 shows that Theorem 2.8 in Ref. 7 is in
some sense the best possible result that can be obtained by
using the Bargmann transform.

2.8. In the list below we have FeS~°, aeC, beC, a >0,

zeC. i
(1)(BT, Fz) = e~ ™ ~ ™4BF)(z + a),

(2) (BR,F)z) = e~ ™"~ "(BF )z — ib),

A. J. E. M. Janssen 721
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(3) (BN, F)(z) = e " *“(BF )(e ~“z),

(4) (B F)(z) = (BF (iz),

(S)(BPF )(z) = Yiz(BF )(z) + (1/2mi{BF ) (z),

(6) (BQF )(z) = L2(BF )(z) + (1/2m)(BF ) (z),

(7)(B(Q — iP)F)z) = z(BF )(z),

(8) (B(Q + iP)F)z) = (1/m)(BF ) (z),

(9)(B(Q* + P*)F)(z) = (1/2m)(BF ){z) + (z/m)(BF )'(2).
The proofs of these formulas are straightforward; compare
also Ref. 12 where BU is calculated with U a canonical oper-

ator associated with a symplectic transformation of the
phase plane, and Ref. 3, Sec. 27.3.

The obvious advantage of the space S” over . is that
we can consider in (1) and (2) complex values of @ and b. The
obvious disadvantage is the fact that S " is described in terms
of entire functions so that its elements are hard to localize.
Nevertheless, it appears that one can say at least something®’
about the carriers of the elements of S with the aid of the
Bargmann transform and the theory of analytic functionals.

Some other useful formulas are

(BG (x.y))(z) = exp( — jm(x* + y*) + 7lx + iy)z) (2€C),

(B&KNz) = (— 1) (kY)'22m) 4 (2/v2)  (2€C)
for k = 0,1,.... For FeS ", feS, acR, beR,

(F,.G(a,b)) = exp( — Lm(a* + b?)(BF)a — ib),

F.)= | e " (BF)e) BN da

so that (integration over R?)

(F.f) = H(F,G (@b )G lab), f)dadb,

which agrees with the formula 27.12.1.5 in Ref. 3.

3. THE ZAK TRANSFORM

In this section we study the Zak transform which was
introduced in 1967 by Zak to construct a quantum mechani-
cal representation (kg representation) for the description of
the motion of a Bloch electron in the presence of a magnetic
or electric field.?*>~*° This representation can also be used for
the quantum mechanical description of angle and phase.?¢
The Zak transform 7 maps functions fdefined on R onto
functions T f of two variables as follows:

(T f)z,w) = 72 flz — n)e 27,

Zak denotes the first variable (quasiposition variable) by ¢
and the second variable (quasimomentum variable) by k. We
consider here T as a mapping of L ¥R) into L ([0,1]?), and
also as a mapping of S * into § % [and of S’ into (S?)']. Al-
though the Zak transform looks, at first sight, less interest-
ing from the mathematical point of view than does the Barg-
mann transform, it pays (as we shall see in the next section) to
investigate its properties systematically. A striking property
is that 7 fhas a zero in [0,1]%, provided that T fis continu-

ous. We further give a formula for the product TF- Tf (in
case this makes sense) which is very convenient when prov-
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ing completeness properties, and we determine 7'(S),7°(S ),
T(S), and T(S').
3.1. Definition: Let FeS*. We define

TF.= ¥ TV ,RFeH)

where H =1 [for the definition of the tensor product, cf. Ref.
15, Appendix 1, 1.17; we have (F, @ F,, f,® f3)

= (F), fllFs f5) for F.€S ", f,€S (i = 1,2)]. This definition
makes sense, for if FeS°, f,€S, f,€S, then

S (TY,ROFeH), fi®f,)

= Y (T_.FfiNT filln)
converges absolutely by Ref. 16, Theorem 5.5. By Ref. 15,
Appendix 1, Theorem 3.7, the series £, 7" R '}(Feo H)
converges unconditionally in § 2" sense. It also follows from
Ref. 15, Appendix 1, 4.14 that T is a continuous linear map-
ping from S " into 2, and we have F = 0 if TF = 0. Similar
things hold if we consider 7 as a mapping from S’ into (S%)'.
In the case feS, T fcan be identified with the function

S e iz —n) [zw)eR?).

3.2. Part of the following theorem is taken from Ref. 4;
for the sake of completeness we include a proof. We also note
that part (i) occurs in a more abstract version in the proof of
Ref.27, Chap. 1, Sec. 5, Lemma 4.

Theorem: (i) T’maps L %(R)isometrically onto L *([0,1]).
(ii) Let 1<p < 2. Then T maps L #(R) into L #([0,1]?), and the
operator norm < 1; T is injective but not surjective.

Proof: (i) Let feL *(R). Since the functions
£z — nje = 2™ are orthogonal over [0,1]* we see that

J:J:|(Tf)(z,w)|2 dzdw

1 At
= 3 J | flz — n)e = ™2 dz dw
n= — wv0 JO

| 1rapae

— o

Hence Tis well defined as a mapping of L *(R)into L *([0,1]?),
and it is norm-prec=-ving.
Now let geL ([0,1]°), and let

1 .
Com’® = J f g(z’w)eZm'mz + 2minw dZ dw
0 Jo

for integers n and m. Putting f(z — n): =2, c,,.e > for
0<z < 1 and integer #, we easily see that fcL Y(R), and that
Tf=g.

(ii) Let feL '(R). Then

Llj: (T f)z.w)| dz dw

<Hz fle—nldzdu= | |70z

Hence T feL '([0,11%) and || T f||,<|| f1|,. It follows from con-
vexity theory that 7 maps L ”(R) into L #([0,1]%), and that
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N TAY,<||f]l, for fEL?(R), 1<p<2.

Toshow injectivity, let feL ”(R), f #0. Let f, €L (R)be
such that | £, |<| f, . .| and f,—f, Tf,—Tf ae. By Fa-
tow’s lemma and part (i),

J:.[)l (T f)zw)|* dz dw

1 A1
>lim Squ f (T £, z:w)|? dz dw = lim sup|| /, ||7 > 0.
nw - Jo Jo oo
It is trivial that T is not surjective if 1<p < 2; otherwise
we would have T'(L ?(R)) D T (L %(R)), whence L *(R} DL YR).
Remarks: (1) There is no way to define T as a mapping of
L*(R) into any L "([0,1]%) if p> 2 (cf. Ref. 28, Chap. XII, 2,
p. 102). (2) As a mapping of L ?(R) into L #([0,1]?) with
1<p <2, Tis not bounded below. To see this, put f;
:=3,CoXinn+11f0TC=(c,),€l” If T were bounded below
there would be an m > 0 such that
IT L[5 m]| £ll, = mS., e, ) for cel?. As
(T f.)zw) = Z,c,e > for cel?, this implies that
[3,c,e 2™¥|cel?} = L?([0,1]). Contradiction.
3.3, In the list below we have FeS ~, aeC, beC, a >0,

(1) T(T,F} = TI(TF),
() T(R,F) = R{'TH(TF)
(3) T(TF) = R ?(TF),
(4) T‘lz’(TF) =TF,
(5) T (N, F)
- Ni,"( S e meomainaR TP @H),

(6) TFF = e~ 2" UTF,
(7) T(PF) = PTF,
(8) T(QF) = (@' + P*)TF.

Here U is (the extension of) the mapping that takes f(z,w)eS?
into f(w, — z). All formulas except {6) follow directly from a
computation. To prove (6) we first take an f&S. We have by
definition

(TF flizw) = i (F fliz — nje ~ 27,
Observing that (7 f)(z — nje = 2™

=¢ ™ ¥R_T, f)( — n), we get by the Poisson summa-
tion formula

(TF flew) =™ 3 & f(w —n)

= e~ (T f)w, — 2).

For the general case take a sequence ( f, ), in Sthat converges
in S sense to F, and use continuity of T'(cf. 3.1).

Remarks: (1) Formula (6) and Theorem 3.2 (i) give a
quick proof of Plancherel’s theorem since U maps L %([0,1]?)
unitarily onto L *([0,1] X [ — 1,0]). It is of course the Poisson
summation formula that does the trick here. (2) If T fis suffi-
ciently well behaved we can recover fand . fby integra-
tion. We have
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fle) = f (Tflzw)dw, (7 £ — w)

:f (T f)z,w)e* ™ dz,

for zeR, weR.
3.4, We calculate 7G (x,y) and Ty, for xeR, yeR,
n = 0,1,---. We have by the formulas of 3.3

(TG (xp))(zw) = (Tle” ™R T _.g))zw)
—¢ mixy + Zm'yZ(Tg)(z — X,w __y)’

so that we need Tg. In general, we have by the generating
function of the Hermite functions (cf. 2.2),

(T )(z,w)
— C[ R [e'trz2 — 2wz — t’zze — mn’ + 2min(w + iz — 21t)]

=C, [.93(10 +iz—2it) S et ’z//,(x)]‘

Here 8,(z) = =, exp{ — mn° + 2minz} is the 3rd theta func-
tion [in the notation of Ref. 29 we have 8,(z) = & (7z,e = ")].
By the Taylor expansion of 8, around the point w + iz we get

) (k
(Tl = ¥ == (;

In particular,

1/2
) (— 726 Vw + iz).

(TG (xy))z,w) = (G (xp))2)0s(w + iz — y — ix),
and in case n and m are integers we get by 3.3,
(TG (n,m))(z,w) — ( _ l)nmeZﬂ'imz + 2miniw g — ﬂljez(w + I'Z).

As another example, lete, (¢): = e ~>™“ where acR. We
have

T(ea) = i ea ®6n -

Hence, if a is an integer, T'(e,) = ¢, ® 2,5, and if f&S " is
periodic with period one, then T f= f® 2,5, . Similarily, if
[is a function of the form f=3,¢,5,, then T f=¢ ~*"*
(2’1 5n) ® ‘7.[

3.5. It is easy to see that T fhas a zero in [0,1]%if T fis
continuous and fis real-valued, or even, or odd, or a Gabor
function. The following theorem shows this is general.

Theorem: Let feL %R) be such that T fis continuous.
Then T fhas a zero in [0,1]%.

Proof*: Assuming (T f)(z,w)# 0 for (z,w)e[0,1]* we can
write

(TS ) = &7,

where g:R*—C is continuous. Indeed, this follows at once
from Ref. 31, Part VI, Sec. 1, Lemma 7.
We have by 3.3

(Tf)z + Lw) = ™ (T f)zw),
(Th)zw + 1) = (T f)zw),
for (z,w)e[0,1]°. Hence, for some integers k and /
plz+ Lw =9zw +w+k,
plzw+1l)=g@lzw) +
for (z,w)e[0,1]°. Calculating ¢(1,1) in two different ways, we

A.J.E.M. Janssen 723

Downloaded 14 Dec 2005 to 131.215.225.9. Redistribution subject to AIP license or copyright, see http:/jmp.aip.org/jmp/copyright.jsp



get@{0,0) +k+1=9@(L,1)=@(0,0) + k + 1+ 1.
Contradiction.

Remark: If =y, then {(T f)(z,w)| = 1 for all
(z,w)eR?.

3.6. In the remainder of this section we determine
T(S),T1S"), T(S), and T (S'). We first give a formula which
will also be used in Sec. 4 to answer questions about com-
pleteness (also cf. Ref. 6).

Theorem: Let (1) FeS~, geS or (2) FeS', g8 or (3)
FeL *(R), geL *(R). Then

E(F’R o T7 ng)e21rin’w+ 2mimz __ TF. T_g,

where the identity is to be interpreted in S * for case (1) and
in (S?)" sense for case (2). For case (3) the identity must be
interpreted in the sense that the (mn)th Fourier coefficient of

TF Tgequals (F, R _, T _,g).
Proof: First take FeS, geS. Noting that

(FR_,T_,g™ = (FT,F T_,g))m)

for all n and m we get by the Poisson summation formula
{applied to the summation over m)

Z(FrR o T_ ng)eZm’nw + 2mimz

=YF(m+z) g(—n+m+z)e™

Now the formula easily follows by first summing over » and

then over m.
For the general case (i.e., FeS *) take a sequence (F, ), in

S which converges to Fin S~ sense. It follows as in the proof
of Ref. 16, Lemma 5.2 that for every € > O there are positive
numbers M and 3 such that

l(FA ’R —m T - ng)|<M HN/JFI\ ”2exp(7€(n2 + m2))’

for all n,m, and k (note that N, F, €S for 8> 0). Since
|NgF, ||, is bounded in k for every 8> 0 it is not hard to
complete the proof of the theorem for case (1).

The proof for case (2) is similar to that for case (1). For
the proof of case (3) we take F}, and g, in S with
F,—F, g,—g in L*R) sense. Now we note that

TF,. Tg,—TF. Tg in L '([0,1]%) and use the result already
proved with F, and g, in the role of FeS, geS. Hence, the

(mn)th Fourier coefficient of TF- Tg is given by
(FR_,.T_,8)

3.7. Theorem: T (S') equals the set of all entire functions
@ of two variables such that p(z + 1,w) = e ~ @ (z,w),
@ (z,w + 1) = @ (z,w) for all (z,w)eC?, and such that there are
M>0,4>0, B>0 with

l@ (x + iy,u + iv)| <Mexp(2mxv + wAy* + wBv?).
Furthermore, T'{S) equals the set of all peC =(R?) such that
@lz+ Lw)=e pzw), @zw+ 1)=¢@zw)for all
(z,w)eC2. Finally,
T(S")= {FeS¥|T\"F=R¥F,T¥F=F}, and
T(S') = {Fe(S?)|T\'F = RYF, T?F = F ).

Proof: Let f&S. It is clear that Tfis an entire function of
two variables. Take K >0, C> 0, and D > O such that

| flx + iy)| <Kexp( — 7Cx* + 7Dy?) (x€R, yeR).
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Then for real X, U0,

|2, fix + iy — nJe 2t o)
<K =, exp( — 7C (x — n)* + 7Dy* + 2mnw)
= Kexp(2mxv + mv*/C + mDy))Z,
Xexp( — 7C(x + v/C — n)?),

whence T'(S) is contained in the set mentioned in the theo-
rem. Conversely, let @ be an entire function of two variables
such that @ (z + Lw) = e~ "¢ z,w)p (z,w + 1) = @ (z,w)
for all (z,w)eC?, and assume that M >0, 4 >0, B> 0 are such
that

|@ (x 4+ iy, u + iv)| <Mexp(2mxv + wAy* + wBv?).

Put #(z) = [ (z,w) dw for zeC. Then ¥ is an entire function
for which |#(x + iy)| <M exp(mA4y?). Also,

1 1
J- @ (x,w) dw =f @ (x — [x],wle % du.
(¢] 0

Let t€[0,1], neZ. We have by analyticity and periodicity of ¢
in its second variable and by the estimates on ¢

1
J (p (t,LU)e — 2minw dw
0

1+ iy )
f ¢9(t,LU)€ — 2minw dw '
0

+ iy
<M exp(2mty + wBy* + 2mwny)
for all real . Minimizing with respect to y gives

1
j ¢ (t’w)eZWinw dw
0

Hence y(x) = O (exp( — 7B ~'x?)) (xeR). It follows easily
from the Phragmén-Lindelof theorem that @eS. It is trivial
that Ty = ¢.
The proof for the S case is similar and will be omitted.
To prove the assertion about 715 ) let FeS'? satisfy

T\"F=R'YF, T''F = F. For any ¢S, T isamultiplica-
tor of 2 and it is easy to see that F. T3 is an element of S %

<M exp( — 7B ~'(t + n)?).

which is periodic in its both variables. Hence F- Ty hasa
Fourier series 3, . ¢, . (#)e*™™ * ™ (cf. Ref. 3, 27.24.3).

nm>nm

Define G by (G,1%): = cy{}). Then GeS *, and by Theorem
3.6, the (nm)th Fourier coefficient of 7G. Ty equals

(GR_,T_,¥)=c,,(¥). Hence (F— TG ) Ty = 0 for all
yeS. To show that this implies F;: = F — TG = 0, let €S,
¥+#0. We see from the formula

TR_,T_,¥) =™ (TY)z —aw —b)

that

Fi (TY)Z—a,w—b) exp{—mz—a) —mw—b))=0
for all a and b. Putting f(z,w) = exp( — 72" — Tw?)

( TY)z,D), we have feS2, F-TWTQ f=0for all acR, beR.
So, if #eS 2, then (cf. Ref. 16, Sec. 5) 3
0= (F.-TPTPfh)= (R ,R?,F f,FhF,))

o« o0
— J- f elm‘az + 2mibw
— 0 — oc

X(F flew) (F (h-F\))zw) dz dw
for all real @ and b. As f 50, this implies that .% (h-F,) = 0.
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We conclude that F, = 0.

3.8. Example: Let (a,b JeR* k = 0,1,+,] = 0,1,-.. It will
be of some interest to know which FeS’ satisfies

TF=3,, TVRATA (5% g ).
[note that the right-hand side is indeed in T'(S')]. For conve-
nience take (a,b )€(0,1)?, and let S have supportin (n,n + 1)
wherenisaninteger. Then (7@ )(z,w) = @ (z — n)e ~ 2™ and
TF. Ty is the periodic distribution of two variables for
which the restriction to [0,1]? equals 7T_,@ -6%'@R _ 5!
The 00th Fourier coefficient of this function is given by

(B(k)

a

— 2minb

T _.¢)(—2min)e
= (81, )( — 2min)e 2",

This suggests that F = =*_ _ _ ( — 2mrin)'e ~2™%6*)  and
indeed, it can be verified directly that this is the F we are
looking for.

4. BARGMANN TRANSFORM, ZAK TRANSFORM, AND
COMPLETENESS

This section contains material that completes and eluci-
dates the results of Refs. 1-7 about completeness of coherent
states and expansions of the Gabor type. The Zak transform
gives rise to more general results than the Bargmann trans-
form does in the sense that with the former completeness
properties for other functions than Gauss functions can be
proved. On the other hand, the Zak transform is only useful
when lattices of which the cells have unit area are
considered.

We start this section by drawing some conclusions from
Theorems 3.5 and 3.6. In particular, L 2 convergence of cer-
tain expansions of the Gabor type for well-behaved functions
is proved. We consider, of course, the case in which Gabor
functions are taken as basic functions in detail. The results of
Refs. 2 and 7 about completeness if one or more coherent
states are deleted are improved. Also, a connection with a
result of J. M. Whittaker about interpolation over the lattice
points in the complex plane is made. We finally indicate how
the results can be extended to the cases with general lattices
with cell area equal to one in the phase plane, and we show
existence of expansions of the Gabor type for elements of S .

4.1. Theorem 3.6 is useful for analyzing the mapping
S—(fR_.,.T_,8)),m» where g is some fixed function. If,
e.g., Tg is continuous and 1<p<2, then
(iR _ T _ ,8))am€l? for feL P(R) (g conjugate exponent),
but the mapping is not bounded below (as a mapping from
L ”(R) into /%) by Theorem 3.5.

This has an interesting signal-theoretic consequence.
The function S, f given by (S, f)xp): = (iR _,T_,g)is
sometimes called a spectrogram of f. Hence, if we sample
S, f over a lattice of which the cells have area one, then it
may happen that the double sequence of sample values have
small ¢ norm while both fand T fhave large p norm.

In case f= g we have

(AR _,T_, f)=e” "™ Ambixy;f),

where Amb(-,-; f) is the so-called ambiguity function®? of f,
defined by
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Ambley; )= [ e et 1) Fi— 40 e

We derive from Theorems 3.5 and 3.6 the following
inequality: if feL %(R), T f continuous, then
Amb(0,0; f)<Z, oy 0,0) |Amb(n,m; f)|, which is an inequal-
ity expressing the uncertainty principle.3>3?

Note, however, that the assumption T fcontinuous” is
essential, for if f=y,,,, then Amb(0,0; /) = 1,
Amb(n,m; f) = 0 [(n,m)#(0,0)].

Takingg = f_, where f_(t)= f(—t), we get

(SR_,T_ [ )=4e ™ W(Exiy /[
where W (.,; f) is the Wigner distribution of f defined by

Wesf) = [ e a4 41) T ar

Hence the Fourier coefficients of Tf. Tf _ equal

W= 1""Wlnim; f). As (T f_)zw) = (Tf) — z, — w), we
see that it may well happen that W(in,im; f) = O for all inte-
gers n and m. This is seen from the Fig. This can happen even
if feS, but not if f&S (cf. Theorem 3.7).

4.2. If we take a geL *(R) for which the set of zeros of Tg
has measure zero, we get the completeness results obtained
in Ref. 5: the set (R _,, T _ ,8),.. is complete in L %R). If, in
addition, TgeL %([0,1]%), where ¢>2, then (R _ . T _ g}, is
complete in L ”(R), where p = ¢/(¢q — 1). This can be proved
by using Theorem 3.2 and generalizing Theorem 3.6 proper-
ly. And if Tg is, e.g., continuously differentiable [which im-

plies by Theorem 3.5 that 1/ Tgé L %([0,1]?), then

(R _ T _ 8)in,m) (0,0 isstill completein L *(R) [and probably
also in L #(R) for 1<p<2]. Finally, if feL %(R), geL *R) and
the set of zeros of Tg has positive measure, then either
(fR_,T_,g)=0forallnandmor(f,R_,T_,g)#0for
infinitely many » and m.

Remark: Let geS. We can use Theorem 3.6 for describ-
ing thesetof all f&S'suchthat(f,R _,,T_,g) = Oincase Tg
has a finite number of zeros (a,,b,),...,(a, ,b; ) in the unit
square. By Theorem 3.6 T fis concentrated in
(@150,),.--+(ax,by ), and the translates of these points over dis-
tances (n,m) with integer n and m. Using Ref. 34, Chap. 24,
Theorem 2.4.6 (the restriction to the unit square of) we see
that 7 fhas the form

k P

S S S8 ey,

i=1i=0j=0

(]l])

\ ,..nllll"""llllnh.

(1,-1)

FIG. 1. If the support of 7 fis in the [| ||| region, then the support of Tf_is
inthe = region.
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Now Example 3.8 can be applied, and we see in particular
that fis concentrated in the set {a, + nli = 1,....,k;n
integer}.

4.3. In Ref. 4 it was shown that for any FeS' there exists
a (not unique) expansion in a Gabor series, with convergence
in 8’ sense. If FeS, say, then it may still be the case that the
convergence of the series is not in L ? sense. The next applica-
tion of Theorems 3.5 and 3.6 deals with improving conver-
gence of series of the Gabor type. Take feL %(R),geL *(R)and
assume that TgeL =([0,1]%). Let (a,b J€[0,1]*. We have for in-
tegers n and m

T(R . 7bT7n7ag) —_ eZﬂ-ibz(Tg)(z —aw— b )e21rimz+2m‘nw.

Hence, if (¢, ), m€! % then f=2, ¢,,R _,._,T_,_.8
(in L }(R) sense) if and only if

(Tf)(Z,IU) — ez-m‘bz(Tg)(z —aw — b )zcnm eZm‘mz+ 2mrinw

[in L *([0,1]%) sense]. Now, if T fand Tg are continuous, then
it is in general advisable to take a and b such that

(T f)(z,w) = O whenever (Tg){z — a,w — b ) = 0. By Theorem
3.5 this is always possible if 7g has only one zeroin [0,1]°. Ifa
and b are such that Tf/TIR _,T_g)eL *([0,1]*), then one
can take for ¢,,, the (m,n)th Fourier coefficient of
Tf/T\R_,T_,g). Weseein particular (cf. 3.4) that a con-
siderable class of functions fhave an expansion
f=2,,.¢,mG(n+am+ b)inan L *R)convergent Gabor
series for suitable values of @ and b (this class contains all
functions ffor which T fis Hélder continuous).

Note: We can use the Zak transform to prove existence
of Gabor type expansions for tempered distributions in gen-
eral. Let geS, g #0be such that Tg is real analytic and has no
zeros on the edges of the unit squares (the latter assumption
is probably superfluous, but convenient). According to Koja-
siewicz’s theorem*” there exists a distribution @ of two varia-
bles such that @-Tg = T f. This @ is, in general, not periodic,
but by our assumption on g we may assume it is. Hence ¢ has
a Fourier series expansion £, ,,¢,.,,e™ * ™ and it fol-
lows that f=2,, ¢,.R _,T_,g This generalizes Ref. 4,
Theorem 4.7 where the Gabor case was considered [howev-
er, in the proof of the theorem quoted a method is given to
determine the double sequence (c,,,,, },.m |-

4.4, We now turn to the Gabor case in detail. We know
from Ref. 7, 2.14 that any regular tempered distribution f
with ( /,G (n,m)) = Ofor all integers n and m, (n,m)#(0,0)isa
multiple of the function f; given by

folt)=2""*exp(mt?) 3 (—1)" exp{ —7ln — 1)

n—\i=¢
This function which can also be found in Ref. 6, is an inter-

esting one as we shall see. We let g(t) = 2'/* exp( — 7).
Theorem: For every p, 1<p < oo we have

Foel “(R)\L ?(R). The Bargmann transforms (B f;)iz) of f,
equals — 8,(z)e!™ /2mz, where 0, is the first theta function
[in the notation of Ref. 29 we have 8,(z) = ¢(7rz,e ~ ")]. We

further have . f, = f,, and T f, =d / Tg where
d= — {0, 7).

Proof: It was already observed in the proof of Ref. 7,
Theorem 2.14 that f; is bounded. Now let 1<p < . We
have for >0

726 J. Math. Phys., Vol. 23, No. 5, May 1982

| folt) =2 exp(mt* — 7@ *(t)) + Olexp( — 2mt)),
where @ (1) = [t + 1] — 1. If n = 1,2,-.-, then
n+
f expl(mpt > — mpe *(t)) dt

n 44
= f exp(mpt > — mp(n + 1)) dt

'

>exp( —pm)[(n + 1) — ((n + 4 — 1)'*]
>expl — pm)/(2n + 1).
It follows that f,g L ?(R).

To show that (B f)z) = — 6,(2)e!™ /2mz, we observe

that

Pgf)=— S (—1lye-m™ ¥5,

n= — x

/2

Taking Fourier transforms and using that ¥ P = Q. , we
36

get
i ( . l)ne — min - _\,f - 2miln - ':)2.

#o= e 20

— 2miz( 7 (8- fo)lz) =

The right-hand side is equal to i#,(mz,e ~ 7). Also
(F (g folz) = (R, fn &) = "(T_ . fn &)-

Now using Jacobi’s identity &, (7z,e ™ 7)
= j exp( — wz*)¥,(miz,e ~ ™) (Ref. 29, 21.51) we get

T L fog)=e T (mize ).
It follows from the oddness of ¢, that
(T, f08) = /2mz.

Now use the definition of B. .
Wenextshow that T f, = d / Tg. Asitstands, this rela-
tion must be considered in distributional sense since
SofLP(R) for 1<p<2. We have ( £,,G (n,m)) = O for all inte-
gers n and m with (n,m)#(0,0), and according to what we
have found above,
— 2mz(R, fo8) = Hmz,e ™ 7),
so that (cf. Ref. 29, 21.41)
—14d
g) = — —|t{nz,e™
(fo8) 2ﬂd[
= — 120"
= — 1,(0,e ") }5(0e ~

Applying Theorem 3.6 we get
Tfy Tg= —49i(0e"")=

Since T £,€(S?)" and Tg has a zero in (%,%) and nowhere else in
[0,17?, there is a @€(S') concentrated in the pomts (n+ 1,

— 2mize ™

— &(mz,e”

.o

340,677 #0.

m + })withintegersnand msuchthatT fo=d/ Tg + ¢ [by
Theorem 3.7 we see thatd / Tg]eT(S ). It follows from

the remark in Sec. 4.2 that ¢ = T f}, where f| is concentrat-
edi in dl the pomts n 44, withzn an integer. However,

d/ Tgl = Tk , where k is the regular distribution given by
1
kiz) = J __ddw
0

(Tg1)z,w)
Here we use that if #:R*>—C is absolutely integrable over
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[0,1]° and satisfies Ty = R P, T = 4, then ¢ = T¥,,
where ¥,(z) = f§¥(z,w) dw (this follows from Theorem 3.6).
Now the fact that f, and k are regular and f, is concentrated
in the points n + | with integer # leads to a contradiction,

unless @==0. This shows that T f, =d / Tg.

We finally show that # f, = f,. We therefore observe
that Tf,=d/ Tg =d/ TS g = de*™ ™/ Tg)w, — z ) by
3.3,(6). Hence (T.F f)(z,w) = e = *™(T fy)(z,w)
=d /( Tg)z,w) = (T f)(z,w), and the result follows from 3.1

Remarks: (1) It is easy to see that 3, fi(z — n)e = ™"

converges uniformly and absolutely (to 1/ Tg on any com-
pact set not containing points {z,w) for whichz — lis aninte-
ger. In case z = 0 we thus find the Fourier series for 1/6;:

( i e T 4 2771'111(‘) -1 — d —1 i ﬁ)(n)elm'nm
no- S n= — %

(compare Ref. 29, Chap. 21, Miscellaneous Examples, 14).
Note also that d ~' f,(r — s) for integers r and s is the limit of
the (rs)th element of the inverse of the matrix
(e =™ =!1"), 1= _ .. if B> c0; these matrices occur in the
study of the inverses of discrete Gauss transforms.?’ (2) As a
consequence of Theorem 4.4 we have that the set
(G (n,m)), ) <00, I8 complete in L?(R) if 1<p < o0, and not
complete in L *(R). This generalizes the result in Ref. 2
where the case p = 2 was treated. (3) Let feL '(R) so that for
every integer m

Com: == 1)"d " fR_,,T_, fo)=0

if 1— oo . Since for all integers k and /

d7'2, (= 1"(Gnm)\GKINR_,.T_, fo= Gikl),

where the series converges boundedly, we have

2 CumlG (mm),G (k1) = (£,G (k])).

It follows from Ref. 4, Theorem 4.1 and 4.1, Remark 1 that
f=2,,.¢,,G(n,m} with convergence in S’ sense.

4.5. In Ref. 2 it is shown that the set G (n,m) with
(n,m)#(0,0), (n,m)+ (k,.l,) is not complete in L *(R) if
(ko,1y) #(0,0). We generalize this result fo L #(R) as follows. If
k and [ are integers and FeS’, then R} R® , TF

=T(R T_,F)by3.3.S0,if Plz,w} = X, ,c e +2milvig
a trigonometric polynomial, then

T(ZcnR_wT_ fo)=P/ Tg.

Taking P such that P(L,1) = 0, we get P/ TgeL =([0,1]%).
Since Tmaps L *(R) onto L ([0,1]3) DL =([0,1]?), we see that
there is an feL *(R)such that T f= P/ Tg, i.e., an feL }(R)
with (£,G (k,1)) = ( — 1)¥c,,. Taking cgy = 1,
iy, =(— 1) Tl* e, =0 otherwise, we get an feL X(R)
with (£,G (n,m)) = O for (n,m)%(0,0), (n,m) % (ko). This fis
given by

f=fo+ (=1 RO T o
and it can be shown that feL 7(R) for all p with 1<p< .
Hence, the collection G (n,m) with (n,m)# (kq,l,) is not com-

plete in L #(R) for 1<p< . In case /, = 0 we can even show
that f(x) = (( — 1)) * '™ 4+ 1) fylx) = O (1/|x|)(|x| > )

727 J. Math. Phys., Vol. 23, No. 5, May 1982

and that fis continuous. The discontinuities of £, (which
occur at the points x for which x — 1is an integer) are annihi-
lated by the factor { — 1)%* 'e*™* 4 { in this case. And if
k, = 0 we get an ffor which (7 f)(x) = O (1/]x|){|x]|— o)
and .7 fis continuous. One can carry this process further,
and it is easy to see that deletion of more coherent states gives
rise to the existence of smoother functions perpendicular to
all coherent states but the deleted ones. We note that the
latter assertion is, to some extent, also true if one takes more
general functions g than the Gauss function.

4.6. We now discuss an expansion which is in some
sense dual to Gabor’s expansion. Let 4 be a finite set of lat-
tice points, and let FES' satisfy (F,G (n,m)) = Ofor (n,m)éA. It
is clear that Fis of the form

F=G+d 'Y (-

(n.meAd

)"(F.G(nm)R T _, fo

where (G,G (n,m)) = Oforalln and m [thisis a consequence of
the formula (R _,,T_, fo,G (k,)) = (— 1)""db,,6,,;-]1 In
case FeS’ is regular and satisfies =, ,, |(F,G (n,m))} < oo, then
we can take for 4 all of ZXZ and G =0:

(‘)F= dzn.m( - l)nm(F,G (n>m))R —-m T~ nﬁ)'

For the proof we use that either function in (*) is regular (cf
Theorem 4.4) and Ref. 4, Theorem 4.1. Of course, (*) is false
in general if FeS’ is not regular.

We shall now give a connection with Whittaker’s re-
sult®® about interpolation over the Gaussian integers. There-
fore, let FeS' be regular and assume that
2, |(F,G (n,m))| < « so that the expansion in (*) holds for
F. Applying the Bargmann transform to both sides and using
that

(Bfollz) = ~ 6,(z)et™ /2mz,

B(R_, T_, follz)={— 1) i7" +m)+mn+impz
X (B foliz + im — n),

B(z + im — n)etriz+im =¥

_ ( _ 1)n +m+ nmel(z}elmle —ymn® + m?) — mn + im)z,

(F,G (n,m)) = e ¥ +™(BF)(n — im),
we get
_ ( _ 1)” +m 4+ lel(z)eyrz2

BR_,T_, fe) 27z 4 im — 1)

so that

(BF)z) = — de,(Z)e“”}Z( gyt om

N (BF )(n — im)
zZ—n+im

This is a slight generalization of the result of Ref, 38, because
there only functions f= BF are admitted that have growth
<(2,7/2), while we admit certain functions with
growth = (2,7/2) (cf. 2.7).

The expansion discussed here can be used to generalize
a result of Iyer and Pfluger*® about entire functions of
growth <(2,7/2) which are bounded at the lattice points.
Let @ = B f, where feS, and assume that @ is bounded at the
lattice points. We shall show that @ is constant, and to that

— ymin® + m?)
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end we suppose that ¢ has type 7/2. Since
Z*p (z) = (B(Q — iP)* f)(z)eB (S), we see that

Zp(s) = —db,2)e™ S (— 1)

% (n + imp (n + im)ei yin® + m)
z—n—im
for all k = 0,1,---. Since B (S) we know that
2o la,|lz]" = O (explim|z|?)(1 + |2]) %) for all K > 0
[here we write @ (z) = 2_ ,a,z"]. It follows easily that

#)= 3 aztp 2

1)n+m+nm ¢)2(n+lm)

= —db,(z)e™' _
Z—n-—im

n,m( -
Xe~ ymin® + mz"

Now the right-hand side has growth <(2,7/2), while the left-
hand side has growth = (2,7).* We conclude that ¢ has type
< /2, whence @ is constant by the result of Iyer and
Pfluger.

A trivial extension of this theorem is: If peB (S) satisfies
@ (n + im) = O((n + im)*) for some K = 0,1,-, then p is a
polynomial of degree <K. As a consequence we have: If /€S
and (£,G (n,m)) = O ((n* + m*)**exp( — imw(n* + m?), then
fis of the form =X _ ,a, 1, . We observe (cf. 4.5) that the
assumption *“ f£S” cannot be weakened to a condition in
which boundedness of only finitely many of the functions
Q*P'f is required.

With methods similar to the ones used above it can be
shown that if feS, 0<e; < 1,
(£,G (n,m)) = O [exp( — ime(n* + m?))] for all €, 0 < € < €,
then feN,(S "), where a = — llog(l — €).

4.7. Translating Ref. 4, Theorem 4.7 by using the Barg-
mann transform, we get the following theorem:

Theorem: Let feB (S'), i.e., let fbe an entire function
such that

flelexp( — ym|z|) = O ((1 + |2])")

for some N > 0. There exists a double sequence (c,,,,, ),,., satis-
fying c,,, = O((1 + n* + m?)¥) for some K > 0 such that

f2) =2, . Comexp( — dm(n® + m?)e™" + .

The convergence of the series is such that

fE)— Y camexp( —mln® + m?)
n* 4+ mi<L
Xefr(n + im)z CXP( _ £7T|Z|2) —0
(1+ |z

uniformly in zeC(L— o ) for some M > 0. Write
flz) = ¢"°g (2). If peL *(C) and

j P (z)

zZ—w
then there exists a unique sequence (¢,,,, ), With
¢,.—0 (n* + m*— ) such that the above expansion holds;
these c,,,’s are given by

dz—0 (jw|—>x),

Cnm
— _ ( _ 1)n+rn+nmd -1 eiﬂilll2~?) ol(zj¢(z) dz.
c 27z —n —im)
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Proof: Take heS' such that f'= Bh. This 4 has a Gabor
expansionh = 2, c,.. G (n,m) which converges in S’ sense.
Now apply B to both sides and use 2.7 and 2.8. The conver-
gence is in the sense indicated by Ref. 13, Sec. 4.1.

Assume in addition that geL *(C) and that

f ol

zZ—w
where @ is as in the theorem. Put f, = BN, h for a >0 (cf.
2.4). As N, heS fora>0wehave N h = 2, . c,..(a)G (n,m),
where

cnm(a) = ( - l)nmd ‘I(Nah’R —n T—— m fO)
by 4.4, Remark 3. By 4.6 and 2.8 we can write this as

Cum (@)

dz—0 (jwl—>w),

el(z)eﬂ?/Z

= —(=1rmrrmg —1| g= "l £ (7) dz.

c 27z 4+ im — n)

Since (BN, h )(z) = exp( — ko + Jr|ze ~ “|)@ (ze ~*) by 2.8(3)
and 6,(z) = O (exp(7(Imz)?)), we get

lime,,,, (@)

ail

= — (= 1y tmramg —| ohm® 121 0,2 (2) dz
c 2m(Z —n —im)

boundedly in (n,m) as §|@ (z)|/|z — w| dz is bounded in w.
We also have ¢,,,,—0 and

S18) =2 Com€XP( — —{r? e

Uniqueness follows from Ref. 4, Theorem 4.1, for it follows
from the assumptions about @ and 2.7 that AcL *(R).

4.8. We give an explicit formula for the unique coeffi-
cients ¢, (x,y) in the Gabor expansion X, ¢, (x.y)G (n,m)
of G (x,y), with ¢,,,,, (x,y}—>0(n* + m?>— ). Using the
formulas
Camxy) = — (= 1)""d “(GxpR_,T_, f),

(T.R, G (x,p), fo) = exp(milay — xb }(G (x — a,p — b), fo),
(G (X —ay— b )xﬁ))
= exp( — ymix —a)’ —4mly — b)*) (Bfo)lx —a — iy — b)),
(Bfollz) = — db,(2)*™ /2mz,  6,(z) = 6,(2),
we get
(GxyhR_,T_, fo)
= —dexp(— 7y — b} — wi(xy + ab))
XO\x—a+ily—b)2mx —a+ily—b)).

Hence,
Com (X,§) = exp( — 7y — m)* — mixy)

XOx —n+ily —m))/2mx — n + ily — m))
for all real x and y and all integers n and m.

If we denote for feS by c,,.(f) the unique Gabor coeffi-
cients in the expansion f= 2, ,c,,.( f)G(n,m), then we see
from Ref. 3, 27.12.1.5 that

Com(f) = f f (/.G (el (x.) dx dy.
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In particuiar,
fﬁGwﬁLG&ymmandx@~=qmwb)

which shows that ¢, is an “‘eigenfunction” of the kernel
operator with kernel (G (a,b },G (x,p)).

4.9. We next consider the completeness problem with
general lattices in phase plane where the cells have area equai
to one. Such a lattice can be described by six real numbers
Q1 @iy @13 Gy, oy To3y With @y @9y — @15 @5 = 1, by
putting
(XpmVum) =@ 0+ aomta;, a; 0+ aym-+ay)
for integers n and m. We have according to Ref. 3,27.12.2.1,
for all lattice points {a,6 } = {x,, ,..Vrm )

(rm,wy SR, T_ a(F1A.|1/)g’—~)
=te” "W (la, by Ty il 140 8)
= e "Wnim; fig)=(—1/"e" (R _,T_,g_)

for f&S, geS(cf. 4.1 for the definition of W). Here I', ,, is the
special transform introduced in Ref. 3, 27.3.8 and 9 associat-
ed with the matrix

Ay, iy —iay/2
ia,, a, @y4/2
0 0 1

The above formula can easily be generalized to the case
that feS”, geSor fe8, geS or feL R}, geL }(R). Hence,
characterizing the set of all _feS’ for which
(iR _,T_,g) = 0for all lattice points (@, } = (x,, ..V, )
amounts to characterizing all FES' for which
(F,R_,.T_,G_)=0forall integers n and m, where
G=TI 1,8

As an example take gt ) = 2" %exp( — 71 ?) and
a,; =a,; =0. We have

(F 2.6,8)) = 2"%ay, ™ Pexp( — w21 + iay,a)/a3,)

ifa,, =0, and

r |Z.:}rlg)(z)

. _ a {a
:2!/4(022___“2]2) I/Zexp(_ﬂzz[ - 12 ' + H])
as, (@, + iay;) a5,

ifa,,#0 (the choice of the square root is determined by #; cf.
Ref. 3,27.3). Now if Rey >0, £,(t) = exp( — wyt?), then a
calculation shows that

(78, Nz.w) = expl — my2’}0s{mw + iyzhe = ™).
It follows that Tg, has zeros at the points (z + },m + }) with
integers 7 and m and nowhere else. Now the remark in Sec.
4.2 gives an indication of the general form of all FeS’ with
(FR_,T_,g,)=0for all n and m. In this case, however,
we can do better by using the Bargmann transform. Let
y#0. We want to characterize all FeS'wwith
(F,G (n + ym,m}} = O for all integers n and m. That is, we
must find all FeS' such that (BF) (n + ym — im) = 0 for all
integers n and m. Note that the function ¢, (7z,e ~ ™"~ "} has
zeros at the points # -+ ym — im, that there is an M > O such
that
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[#{mz,e =77 =) <Mexp(m(lmz)?) (z&C),
and that there is a X > 0 such that
|3 {mz,e = ™~ )| > Kexplarv?),

wherez = — v + v + a — | with v real and @ an even inte-
ger (compare Ref. 7, 2.6). Now we can proceed as in the proof
of Ref. 7, 2.11 to conclude that (BF)(z)

= e}, (rz,e ~ ™~ ")P(z), where Pis a polynomial. The
only difference from the proof quoted is that we need a theo-
rem of Phragmén-Lindel6f type for regions of the form

(p = arctany):

instead of

With the aid of the Schwarz-Christoffel formula one can
construct a conformal mapping 7 (continuous at the bound-
aries) that maps the second region onto the first one such that
{—-a+ij= —a+irla—4)=a~—]}

(i) =(— ¥ + i}-c0, and such that |7{x + iw)/w) tends to a
finite limit #0 uniformly in x, [x{<a ~ ] if w— 0. Hence,
the Phragmén-Lindelof theorem for the rectangular region
can be modified in such a way that we get the required
bounds on e ~ ¥ (BF )(z)/#,(nz,e ~ " ~ 7). From this we can
derive a similar characterization as in Ref. 7, 2.12. We note
that the more general problem of characterizing all FeS’
with (F,G (na + ym,ma™")) = 0 for all integers n and m can
be handled similarly (@ > 0). Finally, if we have a general
lattice {a,b ) = an(cosd,,sinb,) + Bm(cost,,sinb,) with
afsin(@, — 6,] = 1, and (F,G (a,b )) = 0, then we can use that

(BF)(z) = c¢(BN, . . F)e®z) (2¢C)
forsomec, {c| = 1(cf. 2.8 and the references given there). We
then get (F,G (a,b )) = 0 at the lattice points if and only if
(N, «F,G(na + pm cos(8, — 6,), ma™")) =0 for all inte-
gers n and m.

4.10. We finally show that every F&S * can be expanded
inan S convergent Gabor series. Qur proof consists of a
suitable variation of the argument used in the proof of Ref. 4,
Theorem 4.7, where the S'-case was considered.

We start with the observation that any FES * which can.
be written in the form

*F= 3 4,0 +iPYF,
n=0

where 7, eL (R}, [|F, |I<1, a, = O {exp{ — inlogn — Bn))
for all B> 0 has a Gabor representation. Indeed, as
F,eL *(R) we can find (c{3),, such that

F, =3, ,c8G k)

{convergence in S’ sense). Here we may assume in addition
that

e | <C{(log]k )2 + (log|i )'/?)
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for some C> 0 independent of n (cf. Ref. 4, Theorem 4.6).
Hence, since (Q + iP)G (x,p) = (x + )G (x,p),

F= S a,(3,ck +il)yGkl)).

n=0
Now we note that
S lancitk +i1y|<C $ a, lk+ il |+ = filk +il|),
n=20 n=20

where f(z): = 2,a,z" * . It follows from the assumptions on
(a,), and Ref. 21, Theorem 2.2.10 that fhas growth <(2,0).
Hence

3 la, etk + il)'| = O (exple(k * + 12)

n=0

for all € > 0. We conclude that

F= zk,,( 3 a, ek + il)")G (o),
n=0

with convergence in .S~ sense [this follows from the fact that
for every feS there is an € >0 such that ( £,G (k,/}))

= O (exp( — €k + 1))

Our next aim is to show that any FES* can be written in

the form (*) with F,eL X(R), ||F, |<1, a,

= O (exp( — in logn — Bn)) for all B> 0. So, let
F=37_,c,¢¥.€S", where c, = O(e*) for all € >0. Let k,,
ki, k,,- be a sequence of integers with 0 = k,<k,<k,< -,
and let

e = me(lk + 1)k "2

for k = k,,k, + 1,--,k, ., — 1,1=0,1,.-. The definition of
the e, ,’s is such that

kl+l

> ot =(Q+iPY Hz_ Vi1

K=k, k=k
We have to choose the k,’s such that for all B> 0,

kl~0I71

z Wi

K=k,

_ (k’ S e 12)“2 — O (exp( — 4/ logl — BI).

K=k,
Equivalently, we want the k,’s such that for all B> 0,
ki —1 2
A= Klleg |
K=k, K+ 1)

Denotefor! = 0,1,--by f{/)theinteger with the proper-
ty that |c, | <e'(k = 0,1,-, f(I) — 1),]¢z, | > €' [we may as-
sume that f(/)exists, otherwise (¢, ), isbounded andso FeS'].
Now f(/)/l— w0, for otherwise we could find an M >0 and
integers /,, [, with [, — oo such that f{l,)<Mi,,
|€ ru, | > expllx) for all k, contradicting ¢, = O (exp(le)) if
€< 1/M.Now putk, , ,: = min(/?, f(/))for/ =0,1,2,--. We
have

2

= O (exp( — ! log/ — BI)).

Kjypa—1 k !

S k1)
and it follows easily from Stirling’s formula that there is an
M > 0 such that

k\/(k + I \<Mexp(l — logl — I log(1 + k,/1)),
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for/ =0,1,-,k = k,,...,k; ., — 1. Hence,
A<Mk, | — k))exp( — I logl — I log(1 + k,/1)).

Since k,/lI—> o0,k , — k, = O(l?), it follows that
A, = O{exp( — !/ logl — Bl))for all B> 0, and this completes
the proof.

We mention a consequence: It follows as in 4.7 that for
every entire fof growth <(2,7/2) there exists a double se-
quence (C,,, ) Withc,,, = O [exple(n® + m?))] for all € >0
such that

f(z) = En‘mc”m exp( — %(nz + mZ))en'(n+im)z.
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