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Bases of the Homology Spaces of the Hilbert
Scheme of Points in an Algebraic Surface

C. HERMOSO and 1. SOLS

ABSTRACT. We find two basis of the spaces of rational homology of the
Hilbert scheme of points in an algebraic surface, by exhibiting two candidates
having as cardinalities the known Betti numbers of this scheme and showing
that both intersect in a matrix of nonzero determinant.

Let § be a complex algebraic surface, proper, smooth and con-
nected. Gotsche and Soergel ({G], [GS]) have found the rational homo-
togy H,(Hilb?S)g of the Hilbert scheme of subschemes of § of length
d. We find in this article two bases for these spaces, one of them de-
scribed by nonreduced subschemes, and another one described by re-
duced schemes i.e. by sets of distinct points (thus more interesting for
potential applications in numerative geometry). In fact, our work only
uses the value of the Betti numbers, thus providing an alternative con-
struction of these homology spaces. The technique comnsists in showing
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that the elements of the two candidates intersect with a triangular ma-
trix of nonzero diagonal entries, as in Mallavibarrena’s work [M] on a
base of H,(Hilb* P?). In fact our candidates are generalizations of types
O' and 2 in work [MS] of Mallavibarrena and the second author, al-
though the proof in that article was different, not based in intersection
theory. The role of the vertical lines of P? (i.e. passing by (0,0,1)) is
now played by a pencil of very ample divisors, which we call “verticals”.

Fantechi [F] has arrived independently to essentially the same re-
sults. We are gratefull by generously sharing her manuscript. In partic-
ular it helped us to provide to our candidates the natural structure of
oriented cycles in an easier way than we previously intended.

0. PRELIMINARIES AND STATEMENT

We choose a linear pencil V' of very ample divisors, with no fixed
components, and call “vertical” to such divisors (to help intuition). If
P € § is not a base point of the pencil, we denote V(P) the vertical
divisor passing by it, and say a subscheme of S is vertical if it is contained
in one vertical divisor.

For each : = 0,...,4, we consider classes of oriented cycles

City---sCio; € Hi(S); €inyovnyein, € Haoi(S)

(where b; = dim Hi(S)g = dim H4_i(S)g) such that ¢ - ¢ijp = 0
if 5 # 7. It is a consecuence of Poincaré duality theorem H;(5)j =
H4_i(S)q for the compact oriented manifold 5, that we can find such
classes. (We could have simplified using rather classes ¢; € H;(5)g
and & € Hy_;i(S)o so that furthermore ¢; - & = 1, but this introduces
unnecessary restrictions in potential applications. This is the case if, for
instance, we want to work only with one base: ¢;; = ¢;; for all ¢, j which
amounts to diagonalize the symmetric bilinear form of intersection in
H,(5)q; or, in cases other than ¢(5) = p,(5) = 0 where all homological
classes are realized by algebraic cycles, if we want to use the result to
bound the dimension of the space of such classes).

We can represent classes ¢;;, ¢i; by oriented, piecewise smooth cycles
C,-j,C',-J- mutually intersecting in the proper dimension, and being the
intersections Ci; NC;; transverse, thus in a finite number of points which
are smooth points of C;; and of C‘;j (with their oriented tangent spaces
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giving the tangent space to § as direct sum, with orientation direct or
reversed depending on whether the intersection at that point is +1 or
-1 (See [GH] pp. 49-53, for instance)). We can furthermore assume that
the intersection of C;; and Cij, is geometric i.e. at exactly |c; - &y
points, thus with positive sign or negative at all of them, so in particular
Ci; N Cijv =@ if j # j' (This is also standard: roughly, you can assume
each Cjj, éij', is furthermore connected, by eventually deforming it
inside its homology class, then move two intersection points of different
sign along an arch connecting them, untii both ca.ncel) In fact we will
need for technical reasons, several representants C7;,. LCE, . of &; (d
representants will be, in any case, enough). We can assume each of them
satisfies the above genera.hty conditions, and that all intersections in the
finite set of all C;; and C , happen in the proper dimension. Let E,’g be

the set of points C;; N C,J, and F = LIE" We can assume each point of

FE is neither a base point nor a smgular point of a vertical divisor, a.nd
the vertical divisor passing by the point intersects both C;; and C
transversally at that point. We can also assume not two points of E
lie in the same vertical, and that each Cij,é'fj (¢ # 0,4) intersects the
general element of the pencil transversally almost everywhere.

Let A be the set of sequences

a = (a;;) = (&4 = 8413 G3b5>- - - 18315 Baby >+ - 18213 Gapy o+ - 18113 80)

where each g,; is a monotone sequence a P22 afj 2.2 azj‘?",
strict monotone if 1 is odd, and such that

k
> alj=d
Let the subset A consist of those ¢ € A with

n= Z(i'"ej) +2(d - Z Tij)

or equivalently

4d—n—-2(4—t)1"u+2(d ZT‘J)

13
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Attach to each ¢ € A the subset 2¢ C Hilb*§ parametrizing sub-
schemes

Z=U{Z;jlizo,...,4;j=1,...,5,‘}

of length d obtained as disjoint union of schemes Z;; of length a;; =
by kafj supported in Cj;, whose irreducible components are r;; punctual
schemes of lengths al;,...,a[; if i > 0, and Zy = UZ§ with Z§ of lenght
af supported in the point CF.

Attach also the subset Z2¢ C Hilb%$§ parametrizing subschemes Z=
I_IZ~‘-'§,— C 5 of length d obtained as disjoint union of schemes Zf; of length
afj lying in different vertical divisors f/"; and, if 1 > 0, intersecting C’,’;,
in one point E'fj,

The closures Z% and 2 in Hilb?S have a natural structure of
oriented cycle. We borrow from the analogous in [F] a very simple
way to present this structure. Consider the algebraic variety W =
I1 SExIT Hilb% (5)x Hilb%() with obvious projections p and g to nsk
ijk ijk
and Hilb?$, where all Sk = 5. It is smooth and compact. Consider in
W the subvariety Inc (incidence) consisting of triples (25, Zf;, Z) such
that z;—"j € ij and Z = LJZ,.'}. Define also Punct or Vert, subvarieties of
W, by imposing Z,-’} to be punctual (i.e. supported in a point) or vertical
(supported in a vertical). Clearly p~'(NCE) (taking CE = Cyj for all
k) and p‘l(l'l(:‘,f‘j) are also oriented cycles, since p is just the projection
of a cartesian product with a proper algebraic manifold, and so are the
intersections Punct N IncNp~'(NCE) and VertNTncn p~Y(NCE) since
they are, by our generality asumptions, transversal almost everywhere
(cf. GH, p. 52). These two cycles of W apply with degree 1 onto their

—_ —=G
images, which are Z* and £ so these are oriented cycles. In fact we see
from this construction that if we replace C;;, C’f‘j by homologous cycles

(Ci;), (C’t’;)' we obtain (Z) and (Eg)’ homologous to Z* and z

Theorem. The homology classes of the closures [Z* and [E“j are
bases of H,(Hilb?S)q and His_.(Hilb%S)g

We will prove this theorem by showing:
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T1) The intersection matriz of both sets [Z7) - [Ea_] is triangular
T2) The diagonal entries of this matriz are nonzero.

T3) The cardinality of both sets is the known Betti number.

1. PROOF OF T1

Observe that the same closure Z— is obtained if we redefine 22
adding the following technical condition: if Z € Z%, then each point
chj- € C;; lies in fact in Cy;= Cy; \ U{Cw |(#',7") < (3, 7) lexicographica-

0
lly} (Observe that § = U Cy;).
Assume that X € Z2°n0 EE and lexicographically,

(T4373bgy -+ -2 7313 T 20655+ -1 T21 T1by s -+ -» T115T0) €

< {Ta;Tabgs-- -1 7315 F2bgse -0 T213 T1byy - - -2 7115 F0)

0
and decompose X as UX;;, with supports z = Uz;; so that z;; CCyj.
We clearly get proved T1 (and get in good position to prove T2 and T3)
if we show

0
T12) Decomposing X as UX;; with supports z = Uz;; so that z;; CCyj,
itis zi; = {x§j|k =0,...,7:;} with the point xfj =z N C,-"j

T13) Each X% is the af;-th neighborhood of zf; in the vertical divisor
passing by it.

Let Z(t), t € (—¢,¢), be a differentiable curve in Z= so that Z(t) =
UZ;;(t) € 22 for t # 0, and Z(0) = X. Analogously, the support
point z;;(1), for t # 0, define as limit a set 2;;(0) € X, with #z2;;(0) <
#2i;(t) = ri; + 1. Since X is also the limit Z(0) of a curve Z(t) =
UZ,-"J-(t), t #£0,ast — 0, we can define analogously 2",',’;(0) CZ0)=X
of length &¥;(t) and the points z5(t)define a limit point 25(0) € X.

First we prove, by descending induction on i, assert A; : For j =
1,...,bi it is
A,'].) Ti; = F,'j



58 C. Hermoso and 1. Sols

A;2) zi; = {2k} with o¥; = z;; N EE

A;3) zi; = 2;(0)

(this range for index j will always be understood, as well as the range
ke {o,.. .,‘f",'j}.

Start with ¢ = 4. For all ¢ # 0, the set of points Cy = {CF} is
contained in #(t) = UZ5(2), thus €y € 2(0) € =. On the other hand,
by dimensionality and our generality assumptions, C, is disjoint with
Ui<aCi, thus with U;<az; (Here C; = U;C;;. In general, whenever we

omit an index in a letter denoting a subset of 5 we will understand the
union running that mdex) Therefore (Cy < z4, thus 7y + 1 = #C4 <

#x4. Furthermore, z4 §C4 is disjoint with the closed set U;<3C’;, which
contains U;c32i(t) for all ¢ # 0. Therefore it is disjoint with the set
Uic3zi{0), thus 24 < 2z4(0) and 1+ 7y < #Cy < #z4 < #24(0) <
z4(t) =1+ rq.

As a consequence 7y = 14 and z4 = z4(0) = Cy = E4.

Now let 0 < 7 < 4 and assme Ay for all ¥ > i. We prove a.ssert A;.
Let j € {1,...,b;} and k € {0,...,7;;}. Observe first that z N C # 0,

since Z(t) N C_',’g for all ¢t # 0. We know z; N C',’g =0,if i > 1 since
by induction hypothesis 2 is contained in the finite set Ey, which
by generality assumption is disjoint to Cf‘j as it has dimension

4—1% < 4, We also know that, for ¢’ < i, all x;'ﬂé’fj < C;:ﬂéfj. Therefore
NG # 0. Nowa:,,vﬂC < C,-J-aﬂé,-"j = @ for a,llj' #jascy cj=0,
thus z;; N C,Aj # 0. This holds for each £ = 0,..., ,J Furthermore, for
two distinct k, = {0, ‘e ,&,‘j} it is i3 N (C"kJ n C:;) c C,‘j n (C:;r

C-""‘J) = @ by their dimensionality and our generality assumptions. Thus
#z;; > 1+ 7;; and in case of equality, each z;; N C—'f; consists of exactly

one point, say z¥;, which must be in E,‘-"j =CyNn C‘,"j

lJ’

0
On the other hand, Ti; = =N C.‘jg z N C.'J' = Z(O) n C;j, thus, for
t 40,

147y S #zi; < #20)n 055 < #2(1‘.) NCij =141y



Bases of the Homology Spaces of... 59

Since 7;; > ri;, these are all equalities, and z;; consists of 1+7;; = 147
points zfj € Efj, being z;; = z;;(0) thus proving A; for { > 0.

This argument does not hold for the last step of the induction,
case 1 = 0, since then the key assertion (bold letters above) does not
hold anymore. In this case r;; = #;; for all ¢ > 0 is already assumed.
Summing up the two equalities

n=3 (ir)+2d-) rj)and4d—n= Y (4—)Ffi;+2(d- D7)
we obtain

0= (i—2ry— > _(i—2fy;
so we conclude that also ry = 7y, which is part of Ay.

Furthermore, whenever 1 > 0, the set z N C_’,’; consists of only one
point of Ef; so it is the limit Z5(0) of the point £5(2), t # 0 as t goes to
Zero.

The vertical V{(zn C‘,"}) does not meet Cp, so we can assume (after
eventually stretching the interval (—e¢,¢), that in fact all V(25,(t)), for
t € (—¢,¢) are disjoint with an open neighborhood U,-’} of Cy. Take U =
NUE. For t # 0, i > 0, the schemes Zf_,,(t) lie in the vertical V(25()),
so they are disjoint with U, thus their limit 25(0) is also disjoint with
U and consequentely with Cy. As a consequence, the scheme Xy, whose
support zo is Co, must be contained in the limit Zo(0) of the Zo(t). Since
the points CJ,...,C° of Cy are assumed in different verticals, writting
vert(T') the minimum number of verticals (counted with multiplicity)
containing a finite scheme T, we have

1+ 1o = #Co < vert(Zo(0)) < vert(Z()) = 1 + 7o

and being 7o = fq, these are all equalities. This proves Ay and the
induction is ended.

It will be convenient for the sequel to assume that the set Cy =
{C8,...,CE} = z0 = z0(t) = Z(t) has been reindexed so that C*
z§(t) is precisely the point Z5(t).
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We prove now the remaining T11 and T13. For i = 0, it is easy:
Xo = UX§ has support zo = {z§|k = 0,...,7}, being zf = C§ = E§.
Call Z§(t) the subscheme of Zo(t) supported in z¥. Since z9(t) = =0,
it is Zo(t) = UZ&(t), and Xp = ZO(O) = UZ§(0) so X§ = ZE(0), thus
length X§ = length Z£(0) = length ZF(t) = af.

On the other hand, the scheme Zf(t) of length @5 is supported in
the vertical V( f) = V(=) = V(EO) so also the limit Z£(0) < X, of
same length af, whlch in fact must be supported in z§ = zo NV(z§), so
ZE(0) C XE. Since X, = LIXO is equa.l to Z{0) = UZ5(0) this 1mplles
that X§ = Z(‘f(O), 50 “0 = @§ and X} is both supported in z§ and
contained in V(z§), so it is the af-th neighborhood of 2§ in V(z§). This
proves T11 and T13 for : = 0.

Assume now ¢ > 0. We know that Z(¢) = LJZJ(t) t # 0 converges
to X, and the distinct pomts zu(t) converge to distinct points z”(t)
converge to distinct points :z: = zi; N E;; of z = {z{;} none of them
in the same vertical. On the other hand, each zf is the limit of the
exactely one point of z;(t), say z%(t), since we saw that z;;(0) = z;
and that both z;;(¢) and z;; have the same cardina]ity ri; + 1. Thus
the punctual subscheme of X supported in wu, say Xu’ must be the

limit of the punctual subscheme Z; J(t) of Z;;(t) supported in zf(t),
thus length(X) = length(Z5(t)) = af; for decompositions X = UXE
and Z(t) = :.JZ'c (1)

On the other hand, the schemes Z¥, %(t) in the decomposmon Z =

LIZ f(t) are contained in the distinct verticals V(£ (t)), so their limit
(0) (of same length @f;} is contained in V(zu(O)) V(a: ;). But
recall no two points of F he in the same vertical, so all vertlca.ls V(:ru)
are distinct, thus X is the subscheme of X supported in V(a:,J), and
all z5(0) are mutua.lly disjoint. As a consequence, the scheme Z% 5(0)
of length au, is contained in the punctual scheme X¥. But the unions
Z(0) = UZ;;(0) and X = UXE are equal, thus Xk = Z,-’}(O), so their
lengths a?j and &fj are equal, proving T11. Sta.tement T13 is clear from
this proof, since X is a scheme of length a, . concentrated in the point
z¥;, coinciding w1th the scheme Z%;(0) whlch is contained i m the vertical

V{(z¥;). This is the &} -th mﬁmtemmal neighborhood of m ; in V(z§)),
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and we are done. Now, statement T1 is an obvious consequence of T11.
Asserts T12 and T13 will help us to prove T2,

2. PROOF OF T2

We know from the proof of T1 that a point of 2-N £& = 22 2
corresponds to a scheme X = LXf;, being X% the af;-th infinitesimal
neighborhood of a point xf‘j € Ef in V(zf,) In order to avoid cumber-
some notations, we assume only one afj # 0, say a, and take coordinates
u=1u'++=1u", v = v' + /=1v" for § in an analityc neighborhood of
gf, = Cyn C’fj as origin, say z € C N C (It will be essentially enough
to prove our claim in this case, as we will comment at the end) Fix
for simplicity the value 4, for instance { = 2, and, from now on, drop
indexes i, 7, &, in our previous imitations. The oriented cycles ¢ and C
are parametrized near z by differentiable functions

o2
C:u= (,0(/\1,/\2) v = ‘l/J(AI,/\z) with ()\1,)\2) elR

(some open set of R?)

- 0?2
C:u= (ﬁ()\3,/\4) V= (,5(/\3,)@) with ()\3,)\4) €R

Recalling that both C,C meet transversaly at z with sign o = oy;

sy 2gt oy 2"

EDY MY ax X

% K%

- \o \2 g hg

det(Al1 )\2, A31 A4) - 8¢ dp'! adt g
83 A3 A3 GAa

3 2' 852'1 M 6!!!"

EEW I BN 2N

is nonzero of sign o, when evaluated at A\; = 0,...,A; = 0.

Consider the open neighborhood H € Hilb*S of X parametrizing
schemes Z C U of length a of ideal

1

(v — a1 — = v — pg, (V=) ... (v — v4) CClu,v]
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for some complex numbers vy = v{++/ =10, ..., Va_1,H0,-- -, a1 thus
all null in case Z = X (Caution: this is not a chart of U since the same
Z is defined after permuting vg,...,¥a—1)

Observe Z E;ﬁ—z ZeN I} if and only if

o2
{#o = @(A1,A2), w0 = (M, Az) with (A1, A2) ER

Vg =...= Vg1

and Z € Z2 if and only if, for some £ € {0,...,a — 1} it is

02
{,U.g = 35()\3,A4), v = (ﬁ(A3,/\4) with ()\3,/\4) eER
Ho = ... = fg—1

ol o
We now define for € € R near zero, a scheme Z, CH continuous defor-
o o -

ol
mation of Z,=Z. An element Z €Z, is an scheme of ideal in C[u, v

((u = po) — pra—1{v = »0)* ™" = ... — (v — o),
(v~ wm)(v—wvo —€)(v—1p—2€)...(v—1p ~ (a— 1))

with complex numbers jqg, ..., lq_1,v0 satisfying, for some £ € {0,...,
a—1}

o = @(A1, M) — a1 (£e)* ™" — .. — e
o2
vo = YA, A2) — e, with (A1, A7) €R

ol

ol
Since there are a® possible choices for £,£ € {0,...,a—1} both Z,,Z C
U intersect in a® schemes X;; = X© or sets of distinct points

X = {(s0)s (s + €0, (s + 26), ., (1, v + (a = 1)e))
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being

{P‘:(P(XIE: 5)1 Vz"lf(Ai?)‘g_{f)
= B08 N v = PO — B

for some A§, AS, A§, A € RA.

ol o
We consider the open subset H CH defined by imposing vp €
Bo,...,Va—1 € Bs_1 where the By,...,Bs_1 are open disks of € with
centers v, +¢,...,v+(a—1)e and radium smaller than ¢/2, so to assure
!

[»]
they are mutually disjoint. Thus, schemes Z in H are just sets of dis-
tinct points Fy, ..., P;_1, unambiguously ordered by the belonging of its
second coordinate to one of the disks, and thus the vp,...,v4_1; tt0,--.,

ol
lia—1 are an analytical chart of H . We switch for comodity to the ana-
lytica“l Ch%l‘t Hos M1y -+ !ua—l;uﬂ,l‘_’l =V — Vo, Va1 = Va1 — Mo and
assume { = 0 after eventual reordering.
al
In this chart of H the naturaly ordered cycle 2§ is locally parame-

trized by A, Az, 1, 475 - s Bo_10 Bgo (Tecall py ++/=1p7 = py, etc...)
in the way

po = @(A1, A2) = pra—1(€6)* ™1 — ... = (€€}, p1 = p1s. s am1 = Pa—r

g = 'qb(a\l,)\z) — ff, 1‘71 = €,...,17a__.1 = (a— 1)6

and Z¢ is parametrized by Az, Ay, 9,0, ..,0a_1,00_, as

Ho = @(A\%A‘l)pﬂl =0,...,4g-1=0

Yo = (A3, Ag), 01 = P1,. .., a1 = Py
al
Both intersect at the point X¢ of H and the determinant at this point
of the matrix of partial derivatives of the above expressions respect
the parameters is easily seen to coincide with det(A§, A5, A5, A§) which,

for small values of ¢, is nonzero and has the same sign o as its limit
13

ol - o
det(0,0,0,0) as ¢ — 0. Therefore 22N H and Z2N H have intersection
number oga? at their only point of intersection. Since this happens at
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=2 - .
the |c- &| points of intersection of Z- with Z , their intersection number
is oa?|c - &| = a¥(c - &).

It is now clear that, in the general case, taking coordinates uf;, v5; in

disjoint neighborhoods U,-’} of each n:fj and repeating the same argument
for the open subset of the Hilbert scheme parametrizing subschemes
contained in U = UU%, we will end up with a determinant which is the
product indexed by 1,7,k (as made of diagonal blocks) of determinants
as the one we have ended up above, thus proving

Eak [-ga] = H(afj)z(cij FE5) = H(afj)z(c,-,- CE T £ 0

ifk ijk

3. PROOF OF T3

Gottsche has found in [G] that, the dimension of the sum of the
Betti numbers of Hilb?$ is the coefficient of ¢ in the series development
of

(I (=) (He-) (L (=)

(o) (A (=)

Now, making Z = 1 in the lemma, [G] it asserts that

(I (%)) - (Zree)r

m=1 e=0 ™ >0

where p(e, e— f) is the number of partitions of e as a sum of e— f positive
integers (not necessarely distinct). Therefore, Pe) = 3,5 p(e,e — f)
is the number of partitions of e as a sum of positive integers. On the
other hand, it is clear that

( ﬁ 1+ t"‘)) = iP[e]te

m=1 e=0
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where Ple] is the number partitions of e as a sum of distinct positive

integers. Therefore, the dimension of H(Hilb%(§))q is the coefficient of
t¢ in

(S rer) (S rer)” (S rer) (S ror)”

g:00 4 b
(2 P(e)te) = H H Pe;jteij
e=0 i=0j=1

where P,,; is P(e;;) or P[e;;] according i is even or odd. This coefficient
is

Z{Pe.','l Z €ij = d}
w7 2

i.e. the total number of elements of each or our two candidates to be a
base. Then by T1 and T2, we get T3 proved.

Remark. In fact we have found not only two, but four basis, the
other two being very similar to the former. Indeed, we might have
defined [Z] by taking elements Z € 22 to be disjoint unions LIZfJ- with
each Z,!';- punctual and supported in a representant C!‘J— of the class c;;, all
of them different and mutually transverse. Analogously, we might have

—=a ~ - - ~
defined [Z7] by taking Z = LIZ;-"j € Z%s0 that Z,!‘j is vertical intersecting
in just one point a representant C';j of &;; (the same representant for all
k=0,...,7;). The argument with these two new candidates - obviously

of the same cardinality as the two old ones - would have been analogous.
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