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ABSTRACT. Let Uyn(q) denote the (upper) unitriangular group of degree n
over the finite field F, with g elements. In this paper we consider the basic
(complex) characters of Un(q) and we prove that every irreducible (complex)
character of Up(q) is a constituent of a unique basic character. This result
extends a previous result which was proved by the author under the assumption
p > n, where p is the characteristic of the field F.

Let p be a prime number, let ¢ = p°® (e > 1) be a power of p and let F,
denote the finite field with ¢ elements. Throughout this paper, Uy, (g) will denote
the unitriangular group of degree n over IF,. This group consists of all unipotent
uppertriangular n x n matrices with coefficients in F,;. We clearly have

Un(q) =1+ un(q) ={1+a:acu,(q)}

where u, (q) is the F,-space consisting of all nilpotent uppertriangular nxn matrices
over F,. Since u,(q) is the Jacobson radical of the finite dimensional F4-algebra
F, -1+ u,(q), the p-group U,(q) is an Fy-algebra group (in the sense of [10]; see
also [8]). Moreover, let u,(g)* denote the dual F,-space of u,(q).

For simplicity, we write ®(n) = {(i,5): 1 <14 < j < n} and we refer to an element
of ®(n) as a root (this abbreviates the standard expression “positive root”). For
any root (i,j) € ®(n), let e;; be the (4, j)-th root vector of u,(q); by definition,
eij € up(q) is the n x n matrix e;; = (04i0pj)1<a,b<n Where ¢ denotes the usual
Kronecker symbol. Then (e;;: (,5) € ®(n)) is an Fy-basis of u,(g). On the other
hand, for each root (i,j) € ®(n), let ef; € u,(q)* be defined by ef;(a) = a;;
for all @ € u,(g) (for an arbitrary matrix x, we will denote by z;; the (¢,j)-th
coefficient of z). Then (e};: (i,j) € ®(n)) is an Fy-basis of u,(¢)*, dual to the basis
(eij: (1,7) € ®(n)) of u,(q).

Let ¢: F . — C be an arbitrary non-trivial (complex) character of the additive
group F;‘ of the field F, (this character will be kept fixed throughout the paper).
For any element f € u,(g)*, let ¢s: u,(¢) — C be the function defined by 9s(a) =
P(f(a)) for all a € u,(q); it is clear that this function is a (linear) character of the
additive group u,(q)" of u,(¢) and that the mapping f +— ¢ defines a one-to-one
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correspondence between u,(q)* and the set of all irreducible characters of u,(¢)*.

(Throughout the article, all characters are taken over the complex field.)

The group U, (q) acts on u,(g)* via the coadjoint representation; by definition,
for any x € Uy, (q) and any f € u,(q)*, the (linear) map x - f € u,(q)* is defined by
(- f)(a) = f(x taz) for all a € u,(q). Let ,(q) denote the set of all U, (q)-orbits
of u,(¢)* and let O € Q,(q) be arbitrary. We claim that the cardinality |O| of O is
a power of ¢2. To see this, we consider an arbitrary finite dimensional F,-algebra
A (with an identity element), we let J = J(A) be the Jacobson radical of A and
we consider the Fg-algebra group G = 1 + J which is associated with J (see [L0];
see also [8]). Moreover, let J* = hompr, (J,F,) be the dual F,-space of J and, for
any f € J*, let ¢y: J — C be the map defined by ¢¢(a) = ¢(f(a)) for all a € J.
As in the case where G = U, (q), the Fg-algebra group G = 1+ J acts on J* via
the coadjoint representation: (z- f)(a) = f(z taz) for allz € G, all f € J* and all
a € J. Let f € J* be arbitrary and define By: J x J — Fy by By(a,b) = f([a,b])
for all a,b € J (here [-,] denotes the standard Lie bracket operation). Then By is
a skew-symmetric Fo-bilinear form. Let

Ry ={a€J: f([a,b]) =0 for all b € J}

be the radical of By. Then |J : Ry| = ¢™ where m = dim J — dim R is even. We
have the following result (see [5, Proposition 2.1]).

Lemma 1. Let f € J* be arbitrary and let Cq(f) be the centralizer of f in G.
Then Cq(f) = 1+ Ry (hence, Ry is a multiplicatively closed Fq-subspace of J).
In particular, if O C J* is the G-orbit which contains f, then |O| = |J : Ry| is a
power of ¢>.
Proof. Let z € G be arbitrary. Then z € Cg(f) if and only if f(z~1bzx) = f(b)
for all b € J. Hence x € Cg(f) if and only if f(bx) = f(zb) for all b € J. Let
a=x—1¢€J. Then it is clear that f(xb) — f(bx) = f([a,b]) for all b € J, hence
x € Cq(f)ifand only if a € Ry. Thus, Cq(f) =1+ Ry and so |O] = |G : Ce(f)| =
|J : Ry| is a power of ¢2. O
With the notation as above, let O C J* be an arbitrary G-orbit and let ¢ : G —
C be the function defined by

(1) go(1+a) = wa

feo

for all @ € J. Tt is clear that ¢o is a class function of G and that ¢o(1) = /|O|.
We have the following result (see [5] Proposition 2.2]).

Proposition 1. Let Q(G) be the set of all G-orbits on J*. Then {¢o: O € Q(G)}
is an orthonormal basis for the C-space cf(G) consisting of all class functions on
G. In particular, we have (po,do')a = do,0 for all O,0" € Q,(q). (For any
finite group G, we will denote by (-,-)c the Frobenius scalar product between class
functions defined on G.)

Proof. Let 0,0 € Q(G) be arbitrary Then, since |G| = |J|, we easily deduce that
(b0, bor)c T,) o DD W)y
| | feO freo’

where J* denotes the (abelian) additive group of J. Now, the mapping f —
¢ defines a one-to-one correspondence between J* and the set of all irreducible
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characters of J*. Therefore, we obtain (¢o, po/)¢ = do,0 as required. To conclude
the proof, we claim that |Q(G)| equals the class number kg of G (we recall that
ke = dimc cf(G); see, for example, [9, Corollary 2.7 and Theorem 2.8]). First, we
observe that kg is the number of G-orbits on J for the adjoint action: z-a = rax™!
for all x € G and all a € J. Let 6 be the permutation character of G on J (see
[9) for the definition). Then, by [9 Corollary 5.15], k¢ = (0, 1¢)a. Moreover, by
definition, we have 0(z) = |[{a € J: z-a = a}| for all x € G. On the other hand,
let Irr(J*) denote the set consisting of all irreducible characters of J* and consider
the action of G on Irr(J 1) given by x - ¢f = 9,5 for all z € G and all f € J*. We
clearly have (z-v¢f)(xz-a) = ¢s(a) for all z € G, all f € J* and all a € J. It follows
from Brauer’s Theorem (see [J, Theorem 6.32]) that 8(z) = |{f € J*: x -5 = ¥}
for all z € G. Therefore, 6 is also the permutation character of G on Irr(J1) and
so (0, 1g)e = |2(G)|. The claim follows and the proof is complete. O

In general, the class functions ¢p, for O € Q(G), are not characters (see [11]).
However, in the case where G = U,,(q), there are some (important) examples where
they are, in fact, (irreducible) characters of U, (q). A particular (and very special)
family consists of the elementary characters of U, (q) which are defined as follows
(see [1] for an equivalent definition in the case where p > n). Let (i,j) € ®(n)
be any root and let a € F, be any non-zero element. (Throughout the paper,
we will denote by Iﬁ‘f the subset of F, consisting of all non-zero elements.) Let
Oij(a) € Qn(g) be the Uy (g)-orbit which contains the element aej; € u,(g)* and
let &;j(a) denote the class function ¢, (o) Which corresponds to O;j(a). We shall
see that this class function is, in fact, a character (hence, an irreducible character) of
Un(q) and this will follow once we prove that &;;(«) is induced from a character (in
fact, from a linear character) of a certain subgroup of U, (q). We start by proving
an auxiliary general result (see Proposition 2 below).

Let A, J = J(A) and G = 1 + J be as before. Let H be a subgroup of G and
suppose that there exists an Fg-subspace U of J such that H = 14U following [10],
we refer to such a subgroup as an algebra subgroup of G. Then U is multiplicatively
closed (because H is a subgroup) and, in fact, U is the Jacobson radical of the
F,-algebra F, - 1 + U. Thus, H is an Fg-algebra group and so the set Q(H) of
coadjoint H-orbits and the class functions ¢o,, for Oy € Q(H), are defined as in
the case of G. Let m: J* — U* be the natural projection; by definition, for any
feJ* n(f) € U* is the restriction of f to U. Then, for each O € Q(G), the image
m(O) C U* is clearly H-invariant, hence it is a disjoint union of H-orbits; we will
denote by Qo (H) the set of all Oy € Q(H) such that Oy C 7(O). We have the
following result (a more detailed discussion can be found in the expository paper
5).

Proposition 2. Let G be an arbitrary (finite) Fy-algebra group and let H be an
algebra subgroup of G. Let O € Q(G) and let ¢ denote the class function ¢po €
cf(G). Then

(2) =Y, no0o,
OoEQo(H)

where, for each Oy € Qo(H), the multiplicity no, = {(du,do,)H S a positive
integer.

Proof. By Proposition [[l we know that ¢ is a C-linear combination of the class
functions ¢p, for Oy € Q(H). Let Oy € Q(H) be arbitrary and let ¢g = ¢o,. Then
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from the definitions it is easy to deduce that

(bH, o)1 = \/W\/lo—oz Z (Vr(), VsolU

fEO foeOo

on
\/|<9 o 2 10T (o)

fo€Oo

where U, J and 7: J* — U™ are as above. Let fy € Oy be arbitrary. Then, since
7Yz fo) =z -7 (fo) for all z € H, we conclude that

VI100[|O N7 (fo)
3 o)y =
(3) (OH, P0)H N

It follows that (¢m,do)r # 0 if and only if fo € n(O) and, since 7(O) C U* is
H-invariant, this is equivalent to saying that Oy C w(QO). Therefore, we obtain the
linear combination () with non-zero rational coefficients. In order to prove that
these coefficients are integers, we proceed by induction on |G : H].

First, let us assume that |G : H| = g (we note that |G : H| = |J : U] is
always a power of ¢). In this case, U is a maximal Fy-subspace of J (in fact,
dimU = dimJ — 1) and we have J? C U (otherwise, U + J2 = J and this implies
that U = J; see [10, Lemma 3.1]). It follows that U is an ideal of J and so
H =1+ U is a normal subgroup of G. Therefore, all the H-orbits in Q¢ (H) have
equal cardinality and, since |G : H| = ¢, we must have |Qo(H)| < q. Moreover, G
acts transitively on 7(O) and so, given any fo € 7(Q), we conclude that

OnT o fo)l = |ONT™(fo)l

for all z € G (because 71 (x - fo) = z -7 1(fo) for all x € G). Let Oy € Qo (H)
and fo € Op be arbitrary. Then, by @) and @), we deduce that \/|O|p(1) =

Q0 (H)I|0 N7 (fo)]/[O0lé0, (1) and so
0] = [Q0(H)[|0 N7 (f0)]|O|

(because ¢(1) = /0] and ¢o, (1) = \/|Op]). Since |O| and |Op| are powers of ¢
and since |O N7~ 1(fo)| < ¢, we conclude that either Qo (H)| =[O N7 (fo)| =1
(hence, |0 = |Oy|) or |Qo(H)| = |ON7~(fo)| = q (hence, |O| = ¢?|Op]). In both
cases, (3) implies that (¢m,po,)m = 1 and this completes the proof in the case
where |G : H| = q.

Now, assume that |G : H| > ¢ and let V be an Fg-subspace of J containing U
and such that dimJ = dimV + 1. Then we have J? C V (by [10, Lemma 3.1])
and so V' is multiplicatively closed. Therefore, K =1+ V is an algebra subgroup
of Gand |G : K| = |J : V| = ¢q. By the first step of the induction, we know
that ¢ = do, + -+ + ¢po, where either k = 1 or k = ¢, and where Oy,...,0;
are all the distinct K-orbits in Qo (K). Let Oy € Qp(H) be arbitrary and let
b0 = ¢0,- Then (¢m,d0)r = ((¢0,)H,¢0) i + - + (Y0, ) H, ¢o) i and the result
follows immediately (by induction, because |K : H| = ¢ '|G: H| < |G: H|). O

Now, we can prove the following result. (A different approach, using Clifford’s
theory (see, for example, [7} Theorems 11.5 and 11.8]), can be found in the paper

[12]).
Lemma 2. Let (i,5) € ®(n) and let o € FF. Then the class function &;(c) is
an irreducible character of Un(q). Moreover let U;j(q) be the subgroup of Uy(q)
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consisting of all matrices x € Uy (q) which satisfy x;x = 0 for all i < k < j,
and let \ijj(a): U;j(q) — C be the function defined by Xi;(a)(z) = ¥(ax;j;) for all
x € Uij(q). Then \ij(«) is a linear character of U;;(q) and &;(a) = \ij(a)Vn(9) s
induced by this linear character.

Proof. By Proposition [l we know that (&;;(c),&;())u, (q = 1. Therefore, to
prove that &;;(a) is an irreducible character of U,,(¢) it is enough to show that it is,
in fact, a character (we note that &;;(a)(1) = 1/|O;;(a)]| is a positive integer) and
this will follow by the second part of the lemma. The first assertion is clear: since v
is a linear character of F,f, the function Aj;(a): Ujj(g) — C# is a homomorphism
of (multiplicative) groups. For the second assertion, by Proposition[], we know that
Aij(@)Un(9) is a C-linear combination of the class functions ¢o for O € Q,(q); and,
by Proposition Pl and Frobenius reciprocity, we know that the coefficients of this
linear combination are non-negative integers. Now, let u;;(q) be the F,-subspace of
u,(q) consisting of all matrices x —1 with « € U;;(q) (hence, U;;(q) = 1+u;;(q)), let
[ =aej; €un(q)* and let fo € u;;(q)* be the restriction of f to u;;(g). Then, since
f(ab) = 0 for all a,b € u;;(q), {fo} is a single U;;(q)-orbit on u;;(g)*. Moreover,
by definition, A;;(«) is the class function which corresponds to this U;;(g)-orbit (in
the sense of (). Since f € O;;(q) and since &;j(a) = do,,(a), We conclude that

(Aij (@)D &) v, (g) = Mg (@), 5 (@0 (0) Uy (a) # O
(by Frobenius reciprocity and Proposition B)). Finally, in order to conclude the
proof, it is enough to show that |O;;(a)| = ¢?U==1 (because \;;(a)/(@ (1) =
|Un(q) : Uij(q)] = ¢?~"1, because &;(a)(1) = /]0;j(a)] and because \;;(a)V»@
is a Z-linear combination with non-negative coefficients of the class functions ¢p,
for O € Q,(q)). However, it is easy to see that the centralizer Cy, (q)(f) of f
in U,(g) consists of all matrices z € U,(g) which satisfy z;; = zx; = 0 for all
i < k < j. Therefore, |O;;(a)| = |Un(q) : C, (o (f)| = ¢*U~"Y, as required. O

In the notation of the previous lemma, we will refer to the irreducible character
&i;j(a) of Up(q) as the (4, j)-th elementary character of Uy, (q) associated with a.

We are now able to define the basic characters of Uy,(q). To start with, a subset
D C ®(n) is called a basic subset if |[DN{(¢,7):i<j<n} <1forall<i<mn,
and if [DN{(i,7): 1 <i<j}| <1lforalll< j<n. In particular, the empty set is
a basic subset of ®(n). Given an arbitrary non-empty basic subset D of ®(n) and
an arbitrary map ¢: D — Ff, we define the basic character £p(p) of U,(q) to be
the product (of elementary characters)

(4) Ep(p) = H &ij(ovj)
(i,5)€D
where a;; = (1, j) for (4,j) € D. For our purposes, it is convenient to consider the
trivial character 1y, (4) of Uy, (q) as the basic character {p () corresponding to the
empty subset of ®(n) and to the empty function ¢: D — Iﬁ‘f.
The main goal of this paper is to extend [I, Theorem 1] to all prime numbers p.
In fact, we will prove the following result.

Theorem 1. Let x be an irreducible character of Uy, (q). Then x is a constituent
of a unique basic character of Uy, (q); in other words, there exists a unique basic
subset D of ®(n) and a unique map ¢: D — Iﬁ‘f such that x is a constituent of

Ep(p)-
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The proof of this theorem splits into two parts. First, we prove that the basic
characters of Uy, (q) are pairwise orthogonal (see [Tl Proposition 2] for the case where
p > n) and, secondly, we obtain a decomposition of the regular character p of Uy, (q)
as a sum of basic characters (see [3, Theorem 1] and [4, Corollary 7.1] for the case
where p > n). For the first part of the proof, we start by proving the following
general result.

Proposition 3. Let G be an Fy-algebra group and let Oy,...,0; € Q(G). For
each i < i < t, let ¢; denote the class function ¢o, € cf(G). Then, for any
O € Q(G), the class function ¢o is a constituent of the product ¢y - - - ¢+ if and only
if O C O14---+0O¢; moreover, the scalar product (po, 1 - Pt)c i a non-negative
integer.

Proof. Let Gt = G x -+ x G be the direct product of ¢ copies of G. Let A be a
finite dimensional Fg-algebra such that G = 1+ J where J = J(A) is the Jacobson
radical of A. Then G' is the F -algebra group associated with the Jacobson radical
Jt = J x -+ x J (t copies) of the F,-algebra F, -1+ J*. Moreover, G can be
naturally identified with the diagonal subgroup Gg4 = {(z,... ,z): x € G} of G
Then the class function ¢; ---¢¢ of G is naturally identified with the restriction
(p1x- X t)a, to Gg of the class function ¢y X - -x ¢ of G*. Tt is clear that this class
function is associated (by the rule () with the G*-orbit O; x - -- x Oy € Q(G"); we
note that the dual space (J*)* of J* is naturally isomorphic to (J*)! = J* x---x J*
(t copies). Let Jy be the diagonal F,-subspace of J* and let m: (J*)! — (Jg)*
be the natural projection. Since G4 is an algebra subgroup of G* (because Jy is
multiplicatively closed), we may apply Proposition 2 given O € Q(G), we have
(po,¢1- - dt)a # 0 if and only if O C 7(O1 x --- x O); moreover, that scalar
product is a non-negative integer. The result follows because (01 x -+ x Oy) =
O+ +0,. O

We now apply this result to an arbitrary basic character of U, (g). Let D be a
non-empty basic subset of ®(n) and let ¢: D — F(f be a map. Following [2], we
denote by Op(p) the basic subvariety of u,(q)* associated with the pair (D, ¢):

(5) Op(p)= > Oij(aij)

(i,5)€D
where a;; = ¢(4,7) for all (i,5) € D. For convenience, we extend this definition
to the case where D is the empty subset of ®(n): we consider ¢ to be the empty
function and we define Op(p) = {0}. Then the following result is an obvious
consequence of the previous proposition.

Corollary 1. Let D be a basic subset of ®(n) and let p: D — Ff be a map. Let
O € Q,(q) be arbitrary. Then the class function ¢po of Un(q) is a constituent of
the basic character Ep () if and only if O C Op(p). Moreover, the scalar product
(00,¢D(9))u, () 15 a non-negative integer.

By [2, Theorem 1 and Eq. (12)], the dual space u,,(q)* decomposes as the disjoint
union

(6) un(g)* = | On()
D,

where the union is over all basic subsets D of ®(n) and all maps ¢: D — FZ.
This decomposition allows us to establish the orthogonality relations for the basic
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characters (see [Il Proposition 2] for the case where p > n). For simplicity, given

an arbitrary basic subset D of ®(n) and an arbitrary map ¢: D — Ff, we will

denote by Qp(p) the set of all U, (q)-orbits O € ,,(q) such that O C Op(y).
Proposition 4. Let D and D' be basic subsets of ®(n) and let o: D — F} and
oD — Fq# be maps. Then ({p(v),Ep (¢')v,(q # 0 if and only if D = D' and
o=y

Proof. By Corollary [[] (and also by Proposition B)), we have

Ep(p) = Y, nodo

0eQp(p)

where no, for O € Qp(p), is a positive integer. It follows that

(€p(9), € (@) unie) = Z no (o, o (")), ()

0EQD(p)

and so (£p(@),€p/(¢'))u,. () # 0 if and only if (o, Ep (¢))u, (q) # 0 for some O €
Qp(¢) (because, for any O € Qp(y), no is a positive integer and (¢o,Ep () v, (q)
is a non-negative integer). By Corollary[l, we conclude that ({p (@), &p/ (¢')) v, (q) 7#
0 if and only if Qp(p) N Qp (") # 0. The result follows by (G). O

The following result will be useful to decompose the regular character of U, (q) as
a sum of basic characters (which will, of course, imply (together with the previous
proposition) our main result).

Proposition 5. Let O € Q,(q) be arbitrary. Then there exists a unique basic
subset D of ®(n) and a unique map ¢: D — Iﬁ‘f such that the class function ¢o of
Un(q) is a constituent (with non-zero integer multiplicity) of £p(p).

Proof. By (@), there exists a unique basic subset D of ®(n) and a unique map
p: D — Iﬁ‘f such that O C Op(y). The result follows easily using CorollaryIl O

Next, we consider the decomposition of the regular character of U, (q) as a sum
of basic characters. In fact, we will prove the following result (for the case where
p > n, see [3, Theorem 1] and [4, Corollary 7.2]).

Theorem 2. Let p denote the regular character of U,(q). Then
s(D)

_ q
~ 2 Hmem Y

where the sum is over all basic subsets D of ®(n) and all maps p: D — Ff and
where, for any basic subset D of ®(n), s(D) denotes the cardinality of the subset
S(D) = U(i,j)eD {(Za k)7 (kaj) { < k < ]} qu)(n)

For some steps of the proof of this result, we will refer to [4]. We start by
introducing some notation. Let D be an arbitrary non-empty basic subset of ®(n),
let o: D — F(f be an arbitrary map and, for any (¢,5) € D, let a;; = (i, 7). Let
ep(p) denote the element

eplp) = D aiei; € un(q)

(¢,7)€D
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and let

op(p) = {zep(p)y ' 2,y € Un(q)} C unlq)

be the (Uy,(q) x Un(q))-orbit on u,(q) for the action defined by (z,y) - a = ray~*
for all z,y € U,(q) and all a € u,,(q). Moreover, let

Kp(p) =1+ 0p(p) C Un(q).
On the other hand, for each root (i,5) € ®(n), let S’(i,7) be the subset of ®(n)
which consists of all roots (i, k), for j < k < n, and (k,7), for 1 < k < i of ®(n).
Then, for any basic subset D of ®(n), we define the subsets 5"(D) = U, jyep 5’ (4, §)
and R'(D) = ®(n)—S'(D) of ®(n). Moreover, for each root (i, j) € ®(n), we denote
by D(i, 7) the subset of ®(n) which consists of all roots (k,1) € D withi < k <1 < j.
The following result is precisely [4, Proposition 5.1] (see also [4, Proposition 5.2]).

Lemma 3. Let D be a basic subset of ®(n), let ¢: D — K¥ be a map and let
x € Kp(p). Then, for any (i,j) € ®(n) and any o € F¥, we have

q b
qd(i’j)a Zf (17.7) € R/(D) - D7
&ij(a)(z) = ¢ ¢?CDy(aB), if (4,5) € D,

0, otherwise,
where d(i,7) = (j —i—1) — |D(i,5)| and where 8 = ¢(i,j) whenever (i,j) € D. In
particular, if xp(p) denotes the element xp(p) =14 ep(p) € Kp(p), we have
§ij(a)(x) = &ij(@)(zp,e)
for all x € Kp(p).

Using this lemma (and the definition of the basic characters), we easily deduce
the following result (which is precisely the statement of [4, Theorem 5.1]).

Theorem 3. Let D and D' be basic subsets of ®(n), let ¢: D — F} and ¢': D' —
F# be maps and let x € Kp(¢'). Then

¢“ PPV (p) (e (¢)), if D C R(D),
0, otherwise,

n(p)(z) = {

where e(D, D) = |S.(D) — S'(D’)| = |S.(D) N R'(D")|, where S.(D) is the union
of all the subsets {(k,j) € ®(n): i<k <j} C ®(n) for (i,j) € D, and where
Yp(p): u,(q)T — C is the (linear) character of the additive group u,(q)* of un(q)
defined by

vp(@)a) = [ v(e(id)ay)
(i,5)€D
for all a € u,(q).

We now prove the following result (see [, Corollary 5] for the case where p > n).
Theorem 4. Let D and D' be basic subsets of ®(n) and let p: D — FF and
@D — Ff be maps. Then
0, if (D) # (D', ¢"),

; o) =

<’5D(*0>”5D’“"')>U"<q>:{q8<D>5D<so)<1)2, #(D.g) = (D).
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Proof. By Proposition ] it remains to prove that

(€p(9),€p (@), @) = 4 *Pep(p) (1)

Let F be the set of all pairs (D', ¢’) where D’ is a basic subset of ®(n) satisfying
D C R(D’) and where ¢': D' — Ff is a map. Then, using Theorem [3, we deduce
that (as usual, we denote by Z the conjugate of a given complex number z € C)

(€n(9):€n(®)v.(a) > (@) @)én(p)(x)

”( )l €U, (q)

SRAC > Y o) @)énlp)(@)

(D' ") EF 2€K pi (¢')

= > Ko ()PP () (en () n (@) (en ()
0@ 2,

S > Kp(@)g** PPV () (e (¢)p () (—en (¢))
@l 2,

_ 1 ) 2e(D,D’)
T 2 Vo 1

Now, by [d Proposition 4.1], we have |Kp/(¢')| = ¢!5" Pl and so

(7) (€p(#),Ep (). (q) = Z g 1R (PNl g2e(D.D)
(D' p")EF
— Z |D| 2€(DD) |R' (D)
D'eB

where B is the set of all basic subsets D’ of ®(n) which satisfy D C R’(D’). Finally,
by Proposition [(] (see below), we have

Z (g — 1)|D/| q2€(D7D/)—\R'(D')\ = g*(D)=s(D)

D'eB
where ((D) = >, yep(j — i —1). The proof is complete because {p(¢)(1) =
gD 0

The following result was used at the end of the previous proof.

Proposition 6. Let D be a basic subset of ®(n), let B be the set of all basic subsets
D' of ®(n) which satisfy D € R'(D') and let {(D) =} ; »ep(j —i—1). Then the
identity

T (£ — )P 1EDDI-IR (D)) - g2(D)=s5(D)
D’eB

holds in the polynomial ring Z[t] in one indeterminate t over Z.

Proof. Let p > n be a prime and consider the group U, (q) for an arbitrary power
q of p. Then, by [I} Corollary 5], we have

(€D (#),€p(P))ua) = 4P ep () (1)* = ¢ P) 7P,
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As we have deduced in the previous proof, we have

(€D (@), Ep(@)) v @) = D (g — 1)IP1geP-PH=IF (D]
D’'eB

and so

3 (g — 1)/ IgePPOZIR (D] — 26(P)=s(D),
D'eB

It follows that the polynomial

2UD)=5(D) _ 3 (4 _ )PP (D] ¢ g
D’eB

has an infinite number of roots, hence it must be the zero polynomial. The result
follows. .

Using Theorem Ml we can prove the following orthogonality relations where,
for arbitrary basic subsets D and D’ of ®(n) and for arbitrary maps ¢: D —
F# and ¢': D' — F¥, bz
character £p(¢) on the subset Kp/(¢'); hence, by Theorem Bl we have fg’f =
Ep(p)(xpr(¢')). (The proof of this theorem is the same as that of [4, Theorem 7.1]

and so we omit it.)

we denote by fg:f, € C the constant value of the basic

Theorem 5. Let D' and D" be basic subsets of ®(n) and let ¢': D' — F# and
¢": D" —F# be maps. Then

Z qS(D) §D/,¢’€D”,<p” _ Oa ’Lf (D,ﬂwl) # (Dllvwll);
2B D% Do T | 0 IS B i (D) = (D7, "),

where the sum is over all basic subsets D of ®(n) and all maps ¢: D — Ff,

We are now able to prove Theorem [2.

Proof of Theorem [2 Let x € U,(q) be arbitrary. Then x € Kp/(¢') for a unique
basic subset D’ of ®(n) and for a unique map ¢’': D' — Ff. Using the previous
theorem, we deduce that

Z ﬂ Ep()(@) = 641" 1/?
2 & (p)(D) -

where the sum is over all basic subsets D of ®(n) and all maps ¢: D — Ff. There-
s(D)

fore, the sum ZDW TOIO) &p(p) is the regular character of Uy, (q), as required. O

Remark 1. The proof of Theorem[2] can be achieved using the corresponding result
for the case where p > n. In fact, suppose that p > n. Let D’ be an arbitrary
basic subset of ®(n) and let ¢': D' — Ff be an arbitrary map. For simplicity, let
us write © = zp/(¢’) and, for each root (i,j) € ®(n), let 8;; € F, be the (4, j)-th
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coefficient of . Then, using Theorem 3 (or [4] Theorem 5.1]), we deduce that

@@= Y TP T )
T o S WPIT) = ©(i,5) z]
5 Ep(e)(1) o Cén(p)1) (HeD
DCR'(D')
D)+e(D,D")
= Z T J4D ZHw (4,7)Bij)
DCR/(D’) ¥ (i,j)€ED
= Y e T Y gas,)
DCR/(D’) (1,5)€D qeF

where the sums are over all basic subsets D of ®(n) and over all maps ¢: D — Ff
and where, for each basic subset D of ®(n), £(D) = &{p(@)(1) =3 jep(—i—1).
Now, for each a € F,, the map 9, : Iﬁ‘f — C, defined by 1, (8) = ¥(ap) for all g €
F,, is a linear character of the additive group Fq* of F,. Moreover, the characters
Y, for o € Fy, are all distinct, hence they are all the irreducible characters of IE"qJr .
It follows that the sum ) acF, 1o is the regular character of IE‘qJr and so, for an

arbitrary 8 € F,, we have
Z w(y(ﬁ) = q55,0-
a€l,
Therefore, given an arbitrary root (i,5) € ®(n), we conclude that
if (i,§) € D,
2 vlabi) = {— isz’ j;gp/
E]F# ) ) )
because (by definition of zp/(¢")) B;; # 0 if and only if (i,5) € D'. In conclusion,

we obtain
q*(P)

> ppm PP@ = 3 Oy
D

DEB(D’)
where the sum on the left-hand side of this equation is over all basic subsets D of
®(n) and over all maps ¢: D — F# and where B(D') denotes the set of all basic
subsets D of ®(n) which satisfy D C R/(D’). By [, Corollary 7.2], we conclude
that the equality
(8) Z (_1)\DfD'|qs(D)+e(D,D')7£(D) (q _ 1)|DﬁD'\ _ qn(nfl)/25D/ 0

DeB(D’)
holds whenever ¢ is a power of a prime p > n. It follows that the identity
(9) Z (_1)|D7D'|ts(D)+e(D,D')7£(D) (t _ 1)\DmD’| _ tn(nfl)/Q(sD/ 0

DeB(D')
holds in the polynomial ring Z[t], hence the identity (8) holds whenever q is a power
of an arbitrary prime p. Since this equality implies (as above) that

(D)

Z e (¢)(@) = ¢ D125,

Theorem 2] follows at once.
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Finally, we prove Theorem [1l

Proof of Theorem [l Let x be an arbitrary irreducible character of Uy, (g). Then yx
is a constituent (with multiplicity x(1)) of the regular character p of U,(gq). By
Theorem ], we conclude that x is a constituent of at least one basic character of
Un(q) and, by Theorem H] this basic character must be unique. O

Remark 2. Let D be a basic subset of ®(n) and let ¢p: D — F(f be a map. Then,
by Theorem Rland by Theorem [II, we also conclude that

x(1) = P O (e (0)) v (o)

for any irreducible constituent x of £p ().
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