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Abstract First, we present some simple (and easily verifiable) necessary conditions
and sufficient conditions for boundedness of the multiplication operator M,, and com-
position operator C7 acting from Orlicz space L% () into Orlicz space L®2(S)
over arbitrary complete, o-finite measure space (€2, X, u). Next, we investigate the
problem of conditions on the generating Young functions, the function u, and/or the
function h = d(u o T /du, under which the operators M, and Cr are of closed
range or finite rank. Finally, we give necessary and sufficient conditions for bounded-
ness of the operators M,, and Cr in terms of techniques developed within the theory
of Musielak—Orlicz spaces.
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1 Introduction

Given the functions fand 7 (f : @ — R, T : Q — ), one way to produce, under
certain conditions, a new function is to compose them, i.e. to evaluate f at points
T (t). The resulting function is denoted by f o T, and the operator f +— f o T,as f
runs through a linear function space, is a linear operator Cr called the composition
operator induced by a mapping 7'. Another way to produce a new function out of given
functions u and f (each from 2 into R) is to multiply them, whenever it makes sense,
and this gives rise to the operator called the multiplication operator M, induced by a
function u. A combination of the two methods leads to yet another operator, named
the weighted composition operator, defined by M,,Cr f = u(f oT). Composition and
multiplication operators received much attention over the past several decades, espe-
cially in spaces of measurable functions such as L”-spaces, Bergman spaces, and, to a
lesser degree, Orlicz spaces. They also play an important role in the study of operators
on Hilbert spaces. Consequently, by now there exists a vast literature on the properties
of these transformations in various function spaces; we refer the interested reader to
the beautiful books [5,35,36], and, for more recent studies, to [9-11,14,23,25], for
instance.

As said, composition and multiplication operators between classical L”-spaces
have been the subject-matter of intensive and extensive study and they feature
prominently in operator theory, operator algebras, dynamical systems, and endo-
morphisms of Banach algebras. Composition operators were used by Banach [2]
in his study of isometries between function spaces. In this paper, we aim at a
generalization to Orlicz spaces of some results of the paper [38] concerning the
classical Lebesgue spaces. Apparently, the paper [24] by Kumar in 1997 was the
first attempt at the study of composition operators between Orlicz spaces. In 2004,
Cui, Hudzik, Kumar, and Maligranda in [6] considered the composition operator
between Orlicz spaces induced by a non-singular measurable transformation and stud-
ied its boundedness and compactness. Some other results on the boundedness and
compactness of the composition operator between Orlicz spaces were published in
[6-8,12,13,16,21,25,33].

Our concern in this paper is to state and prove some necessary conditions, suffi-
cient conditions, and some simultaneously necessary and sufficient conditions for the
composition and multiplication operator between distinct Orlicz spaces to be bounded
or to have closed-range or finite rank. Our results generalize and improve on some
recent results to be found in the literature.
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2 Preliminaries and basic lemmas

In this section, for the convenience of the reader, we gather some essential facts on
Orlicz spaces and prove two basic lemmas for later use. For more detail on Orlicz
spaces, see [22,34].

A function ® : R — [0, oo] is called a Young function if & is convex, even,
and ®(0) = 0; we will also assume that & is neither identically zero nor identically
infinite on (0, 0o). The fact that & (0) = 0, along with the convexity of ®, implies that
lim, o+ ®(x) = 0; while ® # 0, again along with the convexity of ®, implies that
limy_, o0 P(x) = 00. We set ap := sup{x > 0 : &(x) = 0} and bg := sup{x > O :
@ (x) < oo}. Thenitcan be checked that @ is continuous and nondecreasing on [0, bg)
and strictly increasing on [a¢, bg) if ap < be. We also assume the left-continuity of
the function ® at by, i.e. limx_)b5 d(x) = O(bo) € [0, 00].

To each Young function @ is associated another convex function W : R — [0, 00)
with similar properties, defined by

W (y) =sup{x|y| — ®(x) :x =0} (y €R).

The function W is called the function complementary to ® in the sense of Young. Any
pair of complementary functions (®, V) satisfies Young’s inequality xy < ®(x) +
Y(y) (x,y € R).

The generalized inverse of the Young function & is defined by

®~'(y) =inf{x >0: d(x) >y} (y €[0,00)).

Notice that if x > 0, then CD(d)_l(x)) < x, and if ®(x) < oo, we also have x <
o1 (CD(x)). There are equalities in both cases when & is a Young function vanishing
only at zero and taking only finite values. Also, if (®, W) is a pair of complementary
Young functions, then

x < Towx) < 2x .1

for all x > 0 (Proposition 2.1.1(ii) in [34]).

By an N-function we mean a Young function vanishing only at zero, taking only
finite values, and such that limy_, ®(x)/x = oo and lim,_, g+ ®(x)/x = 0. Note
that then ap = 0, bp = 00, and, as we said above, ® is continuous and strictly
increasing on [0, co). Moreover, a function complementary to an N-function is again
an N-function.

A Young function @ is said to satisfy the Aj-condition at coif @ (2x) < K O (x) (x>
xo) for some constants K > 0 and x¢ > 0 with® (xp) < co. A Young function & sat-
isfies the Ap-condition globally if ®(2x) < K®(x) (x > 0) for some K > 0.

A Young function @ is said to satisfy the A’-condition (respectively, the V’'-
condition) at oo, if there exist ¢ > 0 (respectively, b > 0) and xg > 0 with ®(xp) < oo
such that

Q(xy) =cP)P(y) (x,y = x0)
(respectively, ®(bxy) > ®(x)P(y) (x,y > x0)).
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If xo = 0, these conditions are said to hold globally. Notice that if ® € A’, then
® € A, (both at co and globally).
Let @, @, be Young functions. Then @ is called stronger than &, at co, which

is denoted by @ [> d; [or Py i ®q],if
Dy (x) < Pi(ax) (x = xp)

for some a > 0 and xg > 0 with ®,(xg) < oo;if xg = 0, this condition is said to hold

globally and is then denoted by &, g d, [or O, < ®]. We record the following
observation for later use.

Lemma 2.1 If &, ®, O3 are Young functions vanishing only at zero, taking only
finite values, and such that

Qi(xy) = P2(x) + P3(y) (x,y=0),

l a
then ®y £ ®1, and hence also ®y £ ;.

Proof The inequality in the assumptions of the lemma implies that @ (®, ! (x)®5 ! (x))
< 2x for all x > 0, and this, together with subadditivity of (Dl_l, leads to

o 007 (x) < @7 2x) <207 '(x) (x> 0). 2.2)

Now suppose, towards a contradiction, that there are a > 0 and xo > 0 such that
Dr(x) < Pi(ax) (x = xo).
Then, since <I>1*1 is increasing on [0, 00), we have @f] (Dr(x)) < d>f1(d>1(ax)) =
ax, and so, replacing x with ®,(x) in (2.2), we get
x 3 (@2(x)) = D, (@2(0)) D5 (P2(x)) <207 (@2(x)) < 2ax (x = x0).
This means, since @3 is increasing on [0, 00), that &1 (x) < ®3(2a) = const. for all
X > xq, a contradiction, because ®,(x) — oo as x — oo. O

Let (2, =, 1) be a complete o-finite measure space and let L°($2) be the linear
space of equivalence classes of X-measurable real-valued functions on €2, that is, we
identify functions equal p-almost everywhere on 2. The support S of a measurable
function f is defined by S(f) := {r € Q : f(t) # 0}. For a Young function ®, the
space

L2(Q) = {f e LQ) : Ik > 0, Io(kf) < oo}

is a Banach space if it is equipped with the norm

[ fllo =inf{k >0:lo(f/k) <1},

where Io(f) = fQ ®(f(t))du(t). The couple (L®(R), || - |lo) is called the Orlicz
space generated by a Young function ®. For any f € LO(Q), we have Is(f) < 1if
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and only if || f|l¢ < l. In particular, if Io(f) < a (a > 0), then || |l < max(a, 1).
IfdeArand f € L®(), then Ilo(kf) < oo forall k > 0.

Let ®(x) = |x|?/p with 1| < p < oo; ® is then a Young function and W(x) =
|x |P//p/, with 1/p+1/p’ = 1, is the Young function complementary to ®. Thus, with
this function ® we retrieve the classical Lebesgue space L?(R2),i.e. L*(Q) = L?(Q).

Recall that an atom of the measure space (€2, X, u) isaset A € X with () > 0
such that if F € ¥ and F C %, then either £ (F) = 0 or w(F) = u(2A). A measure
space (€2, X, n) with no atoms is called a non-atomic measure space [29].

Remark 2.2 By saying that ® € A, we will always mean that the Young function ®
satisfies the A,-condition globally, since we place no restrictions on the underlying
measure space (€2, X, ), which can be finite or infinite, non-atomic, purely atomic,
or mixed.

The following lemma is a key tool in some of our investigations.

¢
Lemma 2.3 Let O, @ be Young functions such that ©, £ ®y. If E is a non-atomic
X-measurable set with positive measure, then there exists f € L®(Q) such that

fip & L22(E).
Proof Tt is well-known that if L® (2,%,u) C L‘DZ(Q, %, u) for a non-atomic

measure space (2, X, i), then ®; _e< ®, (see, for instance, [26] Theorem 3.4, and

¢
[28,30,31] for some extensions). Therefore, if ®, £ ®; and E is a X-measurable
subset of © with u(E) > 0, then we can find a function g € L®'(E) such that
g ¢ L®2(E). Defining f(¢t) = g(¢t) fort € E, and f(¢t) = 0 for ¢t ¢ E, we have the
desired function. O

Remark 2.4 We will use Lemmas 2.1 and 2.3 in conjunction since the thesis of the
former is the assumption of the latter.

Given a measurable function u € L(J)r(Q) the mapping f +— uf is a linear transfor-
mation on L%($2) called the multiplication operator induced by u and denoted M,,.

Let T : Q —  be a measurable transformation. The transformation 7 is said
to be non-singular if w(T~1(A)) = 0forall A € £ N T(Q) with u(A) = 0. The
condition ensures that the measure ;o 7! defined by o 771 (A) = u(T~'(A)) for
all A € ¥ N T(Q) is absolutely continuous with respect to the measure w (this fact
is usually denoted by jt o T~! « ). Then the Radon-Nikodym theorem guarantees
the existence of a non-negative locally integrable function z : T(2) — R, called
the Radon-Nikodym derivative of ;1 o T~! with respect to x, such that

/LoT_l(A)=/hd/L (AeTNT(Q).
A

We do not necessarily assume that the transformation 7 is surjective or injective.
The non-singular measurable transformation 7 induces a linear operator C7 on
LO(Q), called the composition operator, defined by

Crf)=f(TW®) (e, felQ)).
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Finally, we recall two well-known facts from measure theory; for proofs see, for
example, Section 11.9 in [29]:

(1) If (2, X, n) be a o-finite measure space, then for every measurable real-valued
function f on €2 and every atom £, there is a real number, denoted by f(2(), such
that f = () p-a.e. on 2.

(i) If (2, X, w) is a o-finite measure space that fails to be non-atomic, there is a
non-empty countable set of pairwise disjoint atoms {2, },cn With the property
that B := Q\ U,y An contains no atoms. We assume that both the atoms and
their counterimages under 7 have strictly positive measure. The latter fact means
that the Radon—Nikodym derivative 4 is strictly positive on all atoms from 7 (£2).

We keep the above notation throughout the paper.

3 Boundedness of the multiplication operator

In this section we state various necessary conditions and sufficient conditions under
which the multiplication operator M, between distinct Orlicz spaces is bounded.

Recall the well-known theorem due to O’Neil [32] on the multiplication operator
between Orlicz spaces (see also [1] and Theorem 5.4.1 in [33]): suppose that @, O»,
®3 are Young functions such that either (a) there existc > 0 and xg > 0 with®;(xp) <
oo such that @, (cxy) < @1 (x)+ P3(y) forall x, y > xg in the case when u(2) < 0o
or (b) there exists ¢ > 0 such that ®;(cxy) < ®1(x) + $3(y) for all x, y > 0in the
case when (2) = oo. Let Q2 contain a non-atomic set of positive measure. Then,
whenever u € L®3(Q), the multiplication operator M,, is bounded from L®1() into
L®2(Q).

Before going any further, let us consider some related examples.

Example 3.1 (i) Let ® and WV be complementary Young functions. Since =l

%(Cb(x) + W(xP~1)) and % < %((b(xp’l) + W(x)), forx > 0and p > 2, by

=

1
O’Neil’s theorem we get that if u»-T € LY () then the operator M,, is bounded
1

from L®(Q) into L (), and if v7—T € L®(L) then the operator M, is bounded
from LY () into L7 ().

(i) Let @ = [a,b],a,b > 1, p > 1, and let u be Lebesgue measure. If we take
O1(x) = M — x|P — 1, dr(x) = B and d3(x) = (1 + [xI7) log(1 +
|x|7)—|x|?, then, since ¢1 (x) = ®1(|x|'/?) and ¢3(x) = 3(|x|'/?) are comple-
mentary Young functions, Young’s inequality yields ®2(xy) < ®1(x) + ®3(y)
for all x,y > 0. Now, if u(t) = {/t? —1, it is clear that Ip,(u) < 00, i.e.
u € L¥(Q). O’Neil’s theorem implies that M, is a bounded operator from
L®1() into LP2(Q).

(iii) Let A = (0,a], B={lnt : t € N, t > a},fora > 0,and let 2 = A U B.
Take @ (x) = el — |x| — 1, ®2(x) = (1 + |x|) In(1 + |x|) — | x|, and for every
Lebesgue measurable C C €2 define £ (C) = 1 (CNA)+ u2(C N B), where w1
is Lebesgue measure and po({Int}) = l/t3 forlnt € B. If we set u(t) = 1/t2,
then M, is not bounded from L% () into L®2(2). Indeed, for f(r) = t we
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have
lo, (1) = [[(@1o prdu= [ (¢ —1-1) du
Q Q
:/(e'—t—l)du—l—/(e’—t—l)du<oo,
A

B

where we used the following calculation

/B(e —t—l du Z(eln” lnn—l) e Zni < 0.

n>a n>a

Hence f € L®'(Q). But for any A > 0 we have

A
Loy My f) = / (&3 0 AMy f)dpu = / ) (—) du
Q Q t

L((2)=(2) D)o
(D)) D)o
() )
[(C2)e2)2)

A/oo((l 4+ s)In(1 +5) —5) izds
Aa s

® (In(1 4+ In(1 -1
A/ (n(;rV)Jrn( +5) )ds
ra N N

 (In(1 —1
>)\’/ (u)ds:oo’
Aa s

and so M, f ¢ L®2(Q). The operator M, does even act from L®1() into
L®2(Q) and, by O’Neil’s theorem, we conclude that if a Young function &3
satisfies @7 (xy) < ®y(x) + P3(y) for all x, y > 0, then u does not belong to
L®3(Q).

\Y

Maligranda and Persson in [27] proved a theorem which can be stated in the fol-
lowing way: assume that &1, ®,, ®3 are Young functions with values in [0,00) such
that ®@5(xy) < @1 (x) + ®3(y) forall x,y > 0and &, ' (x) < &, (x)®3" (x) for
all x > 0, and assume further that either (A) €2 is a non-atomic measure space or (B)
®y(x) = x" and x " ®;(x) is nondecreasing. Then M, is a bounded multiplication
operator from L®1(Q) into L®2() if and onlyifu € L3 (Q).

These results have been generalized and extended to the more general setting of
Calderén—Lozanovskil spaces in two recent papers [19,20] by Kolwicz et al.
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342 T. Chawziuk et al.

We give another necessary condition on the function u so that it induces a bounded
multiplication operator M,, between distinct Orlicz spaces; it will be used in the proof
of Theorem 4.11.

Proposition 3.2 Let &1 and ©, be Young functions vanishing only at zero, taking
only finite values, and such that ®; is an N-function, ®; € A/, ®; € A, and
D3 = \Ilzollll_l is a Young function. Ifu € Lg_(Q) and My, is a bounded multiplication
operator from L®1(Q) into L®2(), then u € LY3°Y1(Q).

Proof Letu € LQF(SZ) and let M, be a bounded multiplication operator from LP1(Q)
into L®2(2) induced by the function u. Since ®; € A; (as a consequence of the
fact that ®; € A’) and ®; € A,, the dual spaces of L®1(Q) and L®2(Q) are equal
to LY1(Q) and L¥2(Q), respectively. Hence the adjoint operator M to the bounded
operator M,, is bounded and acts from L2 () into L¥1 ().

It is easy to check that ®; € A’ implies that ¥ € V', i.e. there is b > 0 such that
Wi(bxy) > Wi(x)¥(y) forall x, y > 0.

Let f be any function from L®3(2). By the definition of ®3, we have that the
function \111_1 o| f|is contained in the space L'¥2 (2), and so M,j‘(\Ill_1 o| f]) is contained
in the space L'Y1(2). Therefore, there is A > 0 such that Iy, (M} (‘~Ill_1 olf) < oo.
We have

A
‘/(‘I’l o wfdu
Q

A A
< /(‘111 o Eu)lflduf/ (Wrouw)(Wro vl o | fhdu
Q Q

A —1 _ * —1
S/Qllll(bgullll o|f|)du_/Q\III(AMM(\III olf)du < oo.

This means that W o %u belongs to the Kéthe dual of L®3(2), which is equal to
LY3(Q). Consequently, there is o € (0, 1) such that Iy, (o W; o %u) < 00, whence
Iysow, (@fu) = Iy, (W) o fu) < Iy, (a ¥ o fu) < co. Hence u € LY*°V1(Q). O

In the case of a non-atomic complete and o -finite measure space, some necessary
and sufficient conditions for the boundedness of M, and C7 from L®1 () into L2 ()
were established in [3]. It turns out that these are equivalent to the conditions for the
inclusion of the Orlicz space L®1(Q) into the Musielak—Orlicz space L®24(Q) and
of the Orlicz space L®1(T(R)) into the Musielak—Orlicz space sz(T(Q)), where
h=d(uo T_l)/dp,, respectively. The spaces L®2:4(Q) and LZ’Z (T (R2)) are generated
over the measure spaces (2, X, ) and (T (2), ZNT (£2), pzn7 (%)) by the Musielak—
Orlicz functions ®;(xu(t)) (t € Q and x € R) and ®,(x)h(r) (t € T(R) and x € R),
respectively, r € Q and x € R.

We shall now prove a theorem from which it follows that, if the measure space

. . . . .. 4
(2, X, u) is non-atomic, for the above inclusions to hold it is necessary that , < &;.

¢
This might come as a surprise since it means that the simple condition ®, < &1, which
does not involve the Radon—Nikodym derivative #, is necessary for the inclusion
L®(T(RQ)) C L} (T(R)), which does.
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¢
Theorem 3.3 Let @, O be Young functions such that ®, £ © and let (2, X, 1)
be a non-atomic measure space. Then there are no non-zero bounded operators Ct M,
from L®1(Q) into L*2(Q).

Proof Suppose, to the contrary, that Cr M), is a non-zero bounded linear operator from
L®1(Q) into L®2(2) and let

1 1
En=[teQ:u(t)>—]ﬂ[teT(Q):h(t)>—]
n n

For any n € N. Then {E, },cN 18 an increasing sequence of X-measurable sets. Since
CrM, is non-zero, u(E,) > 0 for some m € N, whence also u(E,) > 0 for all
n > m. We assume without loss of generality that u(E,) > O for all n € N. Let

¢
FCE:= Un E, and 0 < u(F) < oo. The assumption that &, A @ implies that
an increasing sequence of positive numbers {y,} can be found such that ®>(y,) >
®;(2"n3y,). Since the measure space (2, X, u) is non-atomic, we can choose a
sequence {F},} of pairwise disjoint measurable subsets of F such that F,, C E, and

w(Fy,) = % For any n € N. This is possible because v is non-atomic and

@1 (3 y,) = ®1(ya) = @1(y1), and so u(Fy) < L7 and 300 40 = pu(F).
Define the function f := Z;’;l by xF,, where b, = nzyn, and take arbitrary

o > 0. Then for a natural number ng > « we have

toy@f) = [ @1@pian = [ @rabandn
n=1

no
= > Oi(@b)u(Fy) + Y, Pi(aby)u(Fy)

n=1 n>ngo

D1 (aby)®1(y1)

no
= zcbl(a bp)u(Fp) + u(F) Z 21 (n3yy,)

n=1 n>ngo

@1 (ny,) @1 (1)

no
< Z‘bl(a bp)(Fn) + u(F) z 2 ®y(n3y,)

n=1 n>ngo

This implies that f € L®1(Q). But for mo > 0 such that mio < o, we obtain

Lo, (@Cr My f) = / By Cr My f)dp = / h(O) B2 f)dp
Q T(Q)

I NG RCTIIYIES S R SOV
Fy Fy 1

n=mg n=mq

1 1
D / Oz 3 @ ()

n=mgo n=mgo

1 1
D =20 Py () = pu(F) D = @i(y1) = o0,
n n

nzmq nzmo

v

v

v
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which, by the arbitratiness of &« > 0, contradicts the boundedness of C7 M,,. (In fact,
we even proved that C7 M,, does not act from L®1(Q) into LP2(Q)). O

We provide some necessary conditions for the boundedness of the multiplication
operator M, from L®1() into L®2(2) under the assumption that &1 (xy) < ®(x)+
®3(y) for some Young function @3 and for all x, y > 0.

Theorem 3.4 Let 1, ©;, O3 be Young functions vanishing only at zero, taking only
finite values, and such that ®1(xy) < ®2(x) + ®3(y) forallx,y > 0. Ifu € L(J)F(Q)
induces a bounded multiplication operator M,, : L®(Q) — L*2(Q), then

(1) u(t) =0 for p-a.e. t € B, the non-atomic part of 2;
(i) sup,en u(@) 3! () < oo

Proof Let the assumptions about ®;(i=1,2,3) be satisfied and M, be bounded. First
we prove (i). If u{t € B : u(tr) # 0} > 0, then there exists a constant § > 0 such
that the set £ = {r € B : u(t) > §} has positive measure. Since E is non-atomic,
w(E) > 0,and @1 (xy) < ®2(x) + ®3(y) for all x, y > 0, by Lemmas 2.1 and 2.3
we have that there exists f € L®1(Q) such that f, ¢ L®2(E), and so

Sf(t t t
oo:/ q,z(L)duf/ @2(M)duf 1.
E My f o, Q 1My fllo,
which is a contradiction. Thus (i) holds.
Now we prove (ii). We may assume that the function u is not identically zero. For

eachn € N, put f, = q?;‘ () X, - Itis clear that f, € L®(Q) and I, (f,) = 1,
whence || f, ||lo, = 1. Since the operator M,, is bounded, we have

—1 1
u(r)fnm) / u® Gary)
1> [ @, (DN [ g, e ),
Z/Q 2(||Mufn||q>2 “= Ja, 2( Mafulle, )"

u@,) D7 ()
2‘132( L) )u@m

||Mufn||<l>2

Therefore

u@)®7" (k5 )
@5 (/@A)

= 1My fullo,- (3.D

Put x = 1/u(2,) in the inequality &, ' (x)®3 "' (x) < 2®; ' (x) derived in lines 2-3
of the proof of Lemma 2.1 and use inequality (3.1) to obtain

207 (1/n(@)) _
o (/@)

2[My fullo, = 2[IMyl < oo.

() @3 (u(m )

) < u(Ay)

This completes the proof. O
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We have a straightforward consequence.

Corollary 3.5 Under the assumptions of Theorem 3.4, if (2, X, i) is a non-atomic
measure space, then the multiplication operator M,, is bounded from L®(Q) into
L®2(Q) if and only if M,, = 0.

Now we present some sufficient conditions for the continuity of the operator M,
from one Orlicz space into another.

Theorem 3.6 Let @1, ®; be Young functions vanishing only at zero, taking only finite
values, and such that ®, ®, € A" and d>20<1>1_1 is a Young function. Thenu € Lg_(Q)
induces a bounded multiplication operator M, : L®(Q) - LP2(Q) if

(1) u() =0 for pu-a.e. t € B;

.. A,
(i) sup,eny %[%]M@u[) < oo

Proof Suppose that (i) and (ii) hold and set M := sup,, .y ¢2[%]M(mn)- Then
1 n
for each f € L®1(Q) we have

lo,(My f) =/Q<I>2(Muf)du«=/%<1>2(u(t)f(t))d,u+/ Do (u(r) f(1))dp

n <

-y /m Do) FEDdp =S Br(u(y) £ (@) ()

neN neN

_ _ Ay
=D 0 | DTN () DT o Dy ( (%))u—} ()
% 2[ v IR A T

M(an)

@y | 7 1 (W) D1 (f @A) | ————
<> 2[ @) o) ST

neN

:|M(an)

B @A)

<o Y o007 eru@) o1(FA) | @2 | —— | uy)
2 2, P [ SRRt A oy

= X B2 07! [ern@) @i/ @) | M
neN

< M 0y0 @7 [cl > @) <I>1<f<2ln>>} ,

neN

where ¢, ¢y are positive constants related to conditions ®; € A’ and &, € A/,
respectively, and the last inequality follows from the superadditivity of the convex
function ®; o @' on the interval [0, 00). Now let || fllo, < 1. We get

Toy(My f) < c2M @30 @7 (c1) < o0,

This implies that || M, fllo, < max(c;M ®; o CDl_l(cl), 1), and so M, is bounded. O
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Remark 3.7 The following results on the classical Lebesgue spaces, presented in [38]
(see also [18]), are an immediate consequence of Theorem 3.6.

1. Taking ®;(x) = |x|?/p and P2(x) = |x|9/q, where 1| < p < g < o0, by
Theorems 3.4 and 3.6, we obtain that the multiplication operator M, induced by
a function u € Lg_(Q) is bounded from L7 (2) into L9(S2) if and only if the
following conditions hold:
(1) u(t) =0 for p-almost all ¢ € ‘B;
(i1) sup,en 'L((%’l’;; < oo, where g~ +r71 = p~
2. Similarly, taking ®(x) = |x|?/p and ®2(x) = |x|?/q, where 1 < g < p < oo,
by O’Niel’s theorem (see the beginning of Sect. 3) combined with Proposition 3.2
we obtain that the multiplication operator M,, induced by a function u € L(J)r(Q)
is bounded from L? () into L7 () if and only if u € L" (), where p~! +r~1 =
g7

1

4 Boundedness of the composition operator

In this section, we give necessary conditions and sufficient conditions under which
the composition operator C acts continuously between distinct Orlicz spaces.

Theorem 4.1 Let T : Q — Q be a non-singular measurable transformation and
let @1, Oo, O3 be Young functions vanishing only at zero, taking only finite values,
and such that ®1(xy) < Or(x) + P3(y) for all x,y > 0. If T induces a bounded
composition operator Cr : L®(Q) — L®(Q), then h(t) = 0 for p-almost all
t € T(B).

Proof Suppose, towards a contradiction, that u({t € T(*B) : h(t) # 0}) > 0. Then
there is a constant § > O such that the set £ = {r € T(8) : h(t) > 4} has positive
measure. Since u(E) > 0, E is non-atomic, and ®(xy) < $(x) + P3(y) for all
x,y > 0, by Lemmas 2.1 and 2.3 we have that there exists f € L®1() such that
fir & L®2(E). Since E C T (°B), we obtain that Cr f # 0 (otherwise we would have
s € L®2(E)). Together with the fact that C7 is bounded, the above gives

f@ ) / ( f@ )
= SOy | ———— ) d ht)or | ———— ) d
> /E 2(||Crf||q>2 w= [ O e, ) -
Crf@) )
O ———)d 1,
S/sz 2(||ch||@ "=

which is a contradiction finishing the proof. O

Remark 4.2 Although the function ®3 does not feature in the thesis of Theorem 4.1,
it was actually used in the proof via Lemma 2.1.

Theorem 4.3 Let T : Q — Q2 be a non-singular measurable transformation, and
let @1, ®y be Young functions vanishing only at zero, taking only finite values, and
such that ®1, ®, € A" and &, o d>1_1 is a Young function. Then T induces a bounded
composition operator Ct : L®(Q) - LP2(Q) if
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(1) h(t) = 0 for pu-almost all t € T (B);
.. 1
(i) sup,en, A, CT(Q) QQ[W]h(ﬁn),u(an) < Q.

Proof Assume that (i) and (ii) hold and put

M :=8up,eN, 21, cT(Q) D[ Th Q) ().

1
O (@)

Then for each f € L®1(Q) we have

Io,(Cr f) = / 2 (Cr f)dp = / h()®2(f (1)dp + / h(t) @2 (f (1))d
Q T(B) JU, T,
DI UG RUOTE S CRERVC RS
A7)’ W A,CT(Q)
= h(@L,) @2 d>‘<u<mn>>d>‘o<1>1<f<mn>)_}u@tn)
ang:(sz) |: l l O (@)
< h@) P | D7 1@ @1 (F @) |———— | @)
mng“(m 2[ l [] 1 :|(D1_1(/“L(an)):|
1
<o h(@,) @2 0 &7 e (@) @1(F (@) | 2 {}u(%)
mncZT:(Q) l [ ] O (n@)
e Y God! [an@y) a1 M
A, CT(Q)
<M dj0 d>171 |:Cl z#(mn) q)l(f(mn))i| s

neN

where ¢y, ¢y are positive constants related to conditions ®; € A’ and ®; € A/,
respectively, and the last inequality follows from the superadditivity of the convex
function &, o <I>1_1 on the interval [0, 00). Now let || f|l¢, < 1. We obtain

Io,(CTf) <2 M @30 d7 ' (c)) < o0.

Hence ||C7 fllo, < max(c;M &7 0 <I>1_1(c1), 1), and so Cr is bounded. O

Theorem 4.4 Let T : Q2 — Q be a non-singular measurable transformation, and
let @1, Oy, @3 be Young functions vanishing only at zero, taking only finite values,
and such that ®1(xy) < ®y(x) + P3(y) for all x,y > 0. Consider the following
statements:

(1) T induces a bounded composition operator Cr : L®1(Q) - LP2(Q).
(i) u(®B) = 0 and there is a constant M > 0 such that CDI_I(W) <

M, Graryary) for all n € N such that 2, C T ().
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(iii) h(t) =0 for p-a.e. t € T(*B) and

-1( 1 -1 1
CD2 (/L(Q[n)) CD3 (M(mn))
sup < 00
neNB,CT@ @5 (—h(%)lﬂ (%))

@iv) h(t) =0 for p-a.e. t € T (*B) and

1
-1 -1
sup D5 (h(A)) @ ( ) < 00
neN, %,CT(Q) 3\ @)

Then (i) = (ii) = (iii). Moreover, if 3 € A/, then (ii) = (iv).

Proof To prove that (i) = (ii), assume that C7 is a bounded operator from L®! ()
into L®2(2). It implies that there is a constant M > 0 such that for every n € N,

ICT X2, loy = Mlixsu, o,

where xg, is the characteristic function of the atom 2, C T'(£2). Calculating the norm
of the characteristic function xg,, we obtain

1 M
5 9
—1 1 -1 1
®, (uoT*I(Ql,z)) @, (M(an))

which yields the desired inequality.

By Theorem 4.1, we have h(t) = O for p-a.e. t € T(*B), hence u(®B) = p o
T=H(T(B) = [ M) =0.

Next we show that (ii) = (iii). For each ,, C T(Q2) let

cpl—l( ! )qugl(;). 4.1)
n(&y) () (Ay)

Since @ (xy) < ®2(x)+@3(y) forallx, y > 0, we have &3 (x)®; ' (x) < 207" (x)
for all x > 0. Plugging x = m in this inequality and using (4.1), we have

1 1 1 1 1 1
5 () 7' () =207 ()
w(Ay) w(Ay) w(Ay)

N
= 2MP (h(at,,)u(m)' ¢

Hence

@' (i) @5 (i)
sup () n(y) <2M < oo

neN, A, CT(Q) q>2_1 (m)
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Moreover, since o T~ (T (B)) = u(B) = 0, we have h(t) = 0 for u-a.e.t € T(B).

Finally, we prove implication (ii) = (iv) under the assumption that ®, € A/, i.e.
that there is a constant ¢ > 0 such that <I>2_1(x)d)2_1(y) < <I>2_1(cxy) (x,y > 0).
We may assume that ¢ > 1. Plugging x = 1/h(24,)u(,) and y = h(2,)/c in this
inequality, we get

L @' (i)
® (h(%)u@tn)) = qoz—l (iﬁ;)

Combining inequality (4.2) with this, yields

v (i)
@‘1( ! )@‘1( ! )<2MCI>_1( ! )<2M 2\
PAu@n) 7 \p@) 7T \e@e@) ) T (h@w)

Therefore
_ h(%)) _1( 1 )
q> 1( ) <2M
2 c 3 w(Ay)

Since ®, !'is a concave function and ¢ > 1, we have

L ~1 1
C<1>2 (h(2y)) Py (/L(an)) <2M,

hence sup,cny 2, c7() P53 (1)) @3 (1/1(A,)) < 2M ¢ < oo, and this com-
pletes the proof. O

Now we present two lemmas on the relationship between multiplication operators
and composition operators, which will be needed later on.

Lemma 4.5 Let T : Q — Q be a non-singular measurable transformation, and let
D1, &y be Young functions vanishing only at zero and taking only finite values, with
&, € V'. For any function f € L®1(Q) such that M(b;lohf e L®2(T(RQ)), we have

Cr f € L®2(Q) and the following inequality holds
ICT fllo, = bliMg 1, [l

where b is some positive constant.

Proof Let f € L®() be such that M1, f € L®(T(Q)). By the definition of

the norm || - ||g, and the assumption that &, € V', for b > 0 such that ®(bxy) >
Dy (x)D2(y) (x,y > 0) we have

ICr flle, = inf[k;/Qq>2 (@) i < 1]
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_ inf[k:/ (1), (f( ))du < 1}
7(Q) k

—i f[k:/ Dy (D5 (h(t)))cbg(flit)) w< 1]
T(Q
Smf[k:/ q,z(w)mfl]
T(Q) k
. . @5 (h(0)) f (1)

= bllMg 1., f oy

=

]

Corollary 4.6 Under the assumptions of Lemma 4.5, if M 5 oh is a bounded multipli-

cation operator from LP(T()) into L*2(T (), then Cr is a bounded composition
operator from L®1(Q) into L*2(Q).

Lemmad4.7 Let T : @ — Q2 be a non-singular measurable transformation and

let 1, 5 be Young functions vanishing only at zero and taking only finite values,

with ®; € A'. For any function f € L® () such that Ct f € L®2(Q), we have
“ignf € L®2(T(RQ)) and the following inequality holds

1M1 fllor = clCT fllos,

where c is some positive constant.

Proof Let f € L®1(Q) be such that C7 f € L®2(), and let ¢ > 1 be a constant in
the inequality ®;(xy) < c®P,(x)D>(y) for all x, y > 0. Then

-1
1M1,y Flle, = inf{k:/ ¢2(w)dufl}
T(Q) k

< inf k:/ c Dy (D, Lh(r))) @, (f())dus 1]
T(S)

= inf k:/ ch(t)@z(f())d <1]
T(Q)

= inf k:/ccbz(m)d,ugl]
Q k

< inf k:/d)z(f(T(t)))dpol]
Q k/C

= ¢ inf [k/c:/ CDZ(f(T(t)))duf 1]

Q k/C

=c|Cr fllo,,
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as required. O

Corollary 4.8 Under the assumptions of Lemma 4.7, if Ct is a bounded composition
operator from L®1(Q) into L2 (Q), then M y-1,,, is a bounded multiplication operator
2

from L®(T(R)) into L®2(T (Q)).
Following [38], for any F in the o-algebra ¥ N T'(£2), we define
Or(F):=inf{b>0:uoT (E)<bu(E), E€SNT(R),EC F}.

To prove our next results, we will need the following two lemmas.

Lemma 4.9 [38, Lemma 3.6] For any F € X N T(2), we have Qr(F) =
esssup,cph(t), where h = d(uo T~ /dp.

Lemma 4.10 Let T be a measurable transformation of the measure space (2, X, |4)
into itself and let ® be a Young function. Then

/T(Q) ®ohdu = inf Zq)(QT(Fj))M(Fj) AFj} e Pre -
j=1

where Prq) is the family of all measurable partitions of T (2) and the case 0o = 00
is admissible.

Proof Let I := inf{Z?il OO (Fj)u(F;) : {F;} € Prio}. By Lemma 4.9, for
the partition {F;} of T'(£2), we have

/ Dohdu = Z/ Dh(t)du < ZQ(ess supteFih(t))p,(Fj)
T(RQ) o /E = :

= Z O (Q7(Fj))u(F;)).
=1

Hence

/ Dohdu <1.
T(2)

To prove the reverse inequality, let @ > 1 be an arbitrary number. For each m € Z
define the set

G ={teT(Q):d"" <®h@)) <ad™}.

Let {Fj}?o:1 be any rearrangement of the sets {G,,}> and the set {t € T(Q2) :

m=—0oQ

h(t) = 0}. Clearly, {Fj}?o=1 is a partition of 7'(2). By Lemma 4.9, we have
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< D DQr(F)(F)) = D D(esssup,ep, h()u(F;)

I <
j=1 j=1
o o0
= > ®(esssup,eg, hE)u(Gn) < D a"u(Gp)
m=—00 m=—00
o0 o
=a Z a" ' w(Gn) =a Z / a" ldu
m=—0oQ m=—0o0 m
o0 o0
<a Z / <I>ohd,u=a2/ dohdp
m=—0o0 m j=1 Fj
= a/ dohdu.
T(Q)
Since this holds for any a > 1, the result follows. O

Proposition 3.2 and Lemma 4.7 allow us to give a necessary condition for the
boundedness of the composition operator Cr. Statement (ii) of the next theorem is
interesting, because under some assumptions on the Young functions &1, @, it gives
the information that if C7 acts continuously from L®!(Q) into L®2(Q), then the
Radon-Nikodym derivative 2 must be from a concrete Orlicz space L®($2), where ®
depends on ®; and 5.

Theorem 4.11 Let T be a non-singular measurable transformation of the measure

space (2, X, ) into itself. Then the following assertions hold.

() If ® is a Young function, then the Radon—Nikodym derivative h = d(no T~ 1) /du
belongs to L®(T () if and only if there exists a partition {Fj}?o:1 of T(2) and
A > 0 such that Zjil O Q7 (Fj)u(Fj) < oo.

(i) Let ®1 be an N-function, ®; a Young function vanishing only at zero and taking
only finite values, such that ®; € A, &y € A,, and &3 == ¥, o \111_1 is a
Young function. If T induces a bounded composition operator Ct : L®1(Q) —
L®2(Q), then the Radon—Nikodym derivative h = d(ju o T_l)/du belongs to

L\IJ3O\1110(I>2_| (T(Q))

Proof (i) Itisaneasy consequence of Lemma4.10 with the function ®; (x) := (A x)
in place of the Young function ®.
(ii) Since, by assumption, C7 is a bounded composition operator from L% (Q) into
L®2(), Lemma 4.7 implies that
Mgig, - LT (Q) — L*(T(Q)

is a bounded multiplication operator. Thus, by Proposition 3.2, for the Young function
@3 = W0 W, wehave @, ' o h € LY3°V1(T(R)), and so

/ W30W 0ad, ohdu < o0,
T(Q)
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for some constant A > 0. Since W3 o W is a nondecreasing function on the interval
[0, 00), we may assume that 0 < A < 1. It can be easily shown that the A,-condition
assumed for the function ®; is equivalent to the condition: for all » € (0, 1) there
is a constant K > 0 such that ¢>2_1(Kx) < sz_l(x) (x > 0). Since W30 V| is a
nondecreasing function on the interval [0, 00), we then get

/ \Il3o\Illo¢>2_loKhdu<oo.
T(Q)

Thus & € LY3°¥1°%2 " (T(Q)). o

Finally, we give a sufficient condition for the composition operator C7 to be
bounded from L®1 () into L*2(2) when ®; o &, is a Young function.

Theorem 4.12 Let &1, & be Young functions vanishing only at zero and taking only
finite values. If &3 = P o @51 is a Young function and h € LY3(T(Q)), then T
induces a bounded composition operator Cr : L®1(Q) » LP2(Q).

Proof Since

Iq>3(<l>zof)=/d>3od>20fdu=/d>1od>2_lo<bzofdu
Q Q
=/<I>1ofdu=1q>1(f),
Q

we have f € L®1(Q) if and only if & 0 f € L®3(), and furthermore that |®s 0
fllo; = |l flle,. Hence an application of Holder’s inequality yields

Ioz(CTf)=/Q<I>20fonu=/T hso fdp

()
= 2[hllws P20 fllos = 2IAllws |l fllo,-

Thus |Cr || < max(2||h|lw,, 1), and this completes the proof. O

Remark 4.13 We conclude this section with some applications of the theorems proved.

1. Taking ®1(x) = |[x|?/p and Dr(x) = |x|?/q, where 1| < p < g < o0, by
Theorems 4.1 and 4.4, we obtain that if C is a composition operator induced
by the non-singular measurable transformation 7' : 2 — €2, then the following
statements are equivalent:

(a) Cr is bounded from L”(2) into L7(S2). -

(b) h(z) =0 for p-ae.r € T(B) and sup,eN, 21, c7(2) = < 00

(c) u(B) = 0 and there is a constant k > 0 such that o T~ (QL,)? < ku(A,)?
foralln e N, 2, C T(R2).

2. Similarly, taking ®(x) = |x|?/p and ®2(x) = |x|?/q, where 1 < g < p < oo,
by Theorems 4.11 and 4.12, we obtain that if C is a composition operator induced
by the non-singular measurable transformation 7 : 2 — €2, then the following
statements are equivalent:
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(a) Cr is a bounded operator from L?(£2) into L9(£2).

(b) h e Li(T(R)), where p~' +r~1 =¢~ 1.

(c) There exists a partition {Fj};?"=1 of T(£2) such that Zjil Or(Fj)au(F)) <
0.

These characterizations are due to Takagi and Yokouchi [38].

5 Multiplication and composition operators with closed-range and/or
finite rank

In this section we are going to investigate closed-range multiplication and composition
operators between distinct Orlicz spaces.
We start with a basic observation concerning Young functions.

Lemma 5.1 Let &1, @, be Young functions such that ®1 is an N -function and &3 :=
U o \Iff] is a Young function. If ¥ € A, then there is a constant b > 0 such that
bWi(xy) = Wa(x) +W3(Wi(y)) forallx,y = 0.

Proof By the definition of the function ®3, we have
W3(y) = sup{x|y| — ®3(x) : x >0} = sup{x|y| — Wr 0 W; ' (x) : x > 0}.

Since @1 is an N-function, ¥ is again an N-function, and ay, = 0, by, = o0, So
the usual inverse function W ! exists. By substitution, we have

W3 (W) (1)) = supfx Wy (y) — ¥p 0 ¥ (x) : x >0},
hence
W3 (W () = sup{W; (x) ¥ (y) — ¥o(x) : x >0} (5.1)

Since W] € A’ i.e. Ui(xy) < cWi(x)W;(y) for some ¢ > 0 and all x, y > 0, we get
from (5.1) that

1
W3 (W1(y) > ;‘1‘1 (xy) — W2 (x),

for all x, y > 0, whence the desired inequality with b = 1/c follows. O

Now we characterize closed-range multiplication operators M, : L®1(Q) —
L®2() under the assumption ®>(xy) < ®;(x) + ®3(y) forall x, y > 0.

Theorem 5.2 Let @1, Oy, O3, be Young functions vanishing only at zero, taking only
finite values, and such that ®>, 3 € Ay and Pr(xy) < P1(x) + D3(y) for all
x,y>0.Ifu e L$3 (2), then M,, is a bounded multiplication operator from LP(Q)
into L®2(Q2) and the following assertions are equivalent:
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(@) u(t) =0 for p-a.e.t € B and the set E = {n € N : u(,) # 0} is finite.
(b) My, has finite rank.
(c) M, has closed-range.

Proof Letu € L¢3(Q) and f € L (€2), i.e. there are constants A, & > 0 such that
Ipy(Au) < oo and I¢, (af) < oo. Therefore, by the inequality ®;(xy) < &1(x) +
®3(y) (x,y > 0), we have

Lo, (aruf) < Io (af) + los(Au) < oo,

which implies that uf € L®2(Q).

Let S be the support of #. We may assume that ;£ (S) > 0 since otherwise M, is a
zero operator and there is nothing to prove.

We prove the implication (a) = (b). Assume that (a) holds. Hence there is r € N
such that

S={J A=Ay U UL,

nek

Since ®, € Aj, the set { PO/IER X1, } of characteristic functions generates the
subspace

(g€ L®(Q):g(x) =0 for u—ae.t € Q\S}=L®().

The range of M, is contained in the r-dimensional subspace L®2(S), hence M, has
finite rank.

(b) = (c) . If the range of the operator M, in L®2() is finite-dimensional, then it
is also closed, as any finite-dimensional subspace of a Banach space is a
closed subspace of this space.

(¢) = (a) . Let M, have closed-range and assume that u{r € B : u(t) # 0} > 0.
Then there is § > O such that the set G = {r € B : u(t) > §} has
positive measure. It is easy to see that the restriction u|; induces a bounded
multiplication operator My, from L®1(G) into L®2(G), and that if M,
has closed-range, then M“\c has closed-range as well.

We will show that M,,‘G (L®(G)) = L®2(G). Let A be any measurable subset of G
with w(A) < oo, and define the function f4 := ﬁXA' We get
G

1
I, (fa) =/ Do fadu =/ ®lo—du < d1(1/8)p(A) < oo,
G A Ui

and so f4 € L®1(G). Moreover, M“lc fA = xa, which implies that the linear space

M ulg (L®1(G)) contains the set F of all linear combinations of characteristic functions
of measurable subsets of G with positive and finite measure.
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Now F is a dense subset of L®2(G) ([26, Lemma 4.1]) and, by assumption,
M“lc (L®1(G)) is a closed subspace of L®2(G), therefore

L®(G) =F C M, (L*'(G)) C L™(G),

and so M“\G (L®1(G)) = L*2(G), as claimed.
Consequently, we can define the inverse multiplication operator

M L¥(G) » L*(G), M. f:= if.

|G “lG M‘G

The operator M _1 is bounded and, since ®;(xy) < ®((x) + P3(y) (x,y > 0), we

uG
can apply Theorem 3.4 to conclude that % = 0 for u-a.e. t € G, which is absurd.
This contradiction shows that u () = O for u-a.e. t € B.

Next we show that the set E = {n € N : u(2,) # 0} is finite if M, has closed
range. If £ = J, we have nothing to prove. So let us assume that E # (. Define
S = UneE 2.

Analogously as above, we can show that M,,‘S (L®1(8)) = L®2(S). Indeed, let A
be a subset of S with £t(A) < oo. Define the function f4 := ﬁXA' The set A having

S

finite measure, we get

1
Lo, (fa) =/ Djo—dp= D &(1/u@An)n@An) < 0o,
A u

ls A, CA

Hence f4 € L®1(S). Since My fa = xa, we conclude that My, (L®1(S)) contains

the set £% of all linear combinations of characteristic functions of subsets of S with
positive and finite measure.
Now Eof is a dense subset of L®2(S), and M”\s (L®1(S)) is a closed subspace of

L®2(S), which implies that
LO2(8) = 0% € My, (L(5) € L¥(9),

and s0 My, (L®1(S)) = LP2(S).

We can thus define a bounded multiplication operator M 1 from L®2(S) into
g
L®1(S). Applying Theorem 3.4 to the operator M 1 , we obtain

g

[ ( 1 )
su () < 00
@y 0 )

LetC = sup, . @ @;l(m) > 0.Since E # @and 1 < &3(Cu(A,,)) (A,
forall n € E, we have
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ZISZ®3(Cu(QL”))“(QJ’”)=Z/m CI>3oCud,u§/Q<I>3oCudu<oo,

nek nek nek

where the final inequality follows from the assumption that ®3 € Aj. Thus E must
be finite. O

In the next theorem we characterize closed-range multiplication operators M, :
L®(Q) — L%®(Q) under the condition that ®{(xy) < ®>(x) + P3(y) for all
x,y>0.

Theorem 5.3 Let &, Oy, $3 be Young functions vanishing only at zero, taking only
finite values, and such that ®,, ®3 € Ao and ®1(xy) < Py(x) + D3(y) for all
x,y = 0. If My, is a bounded multiplication operator from L®'(Q) into L®2(2) and
% € L$3 (R2), then the following statements are equivalent:

(@) The set E = {n € N : u(,) # 0} is finite.

(b) My, has finite rank.
(c) My has closed-range.

Proof By Theorem 3.4, we have that u(r) = 0 for pu-a.e. t € B. The proofs of
implications (a) = (b) and (b) = (c) are as in the proof of Theorem 5.2.

We prove the implication (c) = (a). Using the same notation as in the proof of
Theorem 5.2, let S = U,z An and E # @. Since M, : L®1(S) — L¥2(S) is
bounded, by Theorem 3.4, we have

1
sup u (%, <I>_1( ) < 0
sap @) 3\

Let C = sup,; u(,) @3 (k) > 0. Since E # 2, 1 < q>3( ¢ ) (2,

u ()
foralln € E, and &3 € A;, we may write

PHEDIE (sa5) n = >

nek nek

C C
/ ¢3o—du§/®3o—du<oo.
2, u Q u

Thus E is finite. O

Now we characterize closed-range composition operators C7 : L®1(Q) —
L®2(Q) under the assumption that ®,(xy) < ®;(x) + ®3(y) forall x, y > 0.
We will need an elementary lemma with an easy proof which we omit.

Lemma 5.4 Let 1, &, be Young functions vanishing only at zero and taking only
finite values, and let T be a non-singular measurable transformation of Q2 such that
Cr is a bounded composition operator from L®1(Q) into L®2(Q). If T is surjective,
then Cr is injective.

Theorem 5.5 Let @, Oy, ®3 be Young functions vanishing only at zero, taking only
finite values, and such that ®; € V'N Ay, ®3 € Ay, and 5 (xy) < 1 (x)+D3(y) for
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allx,y > 0. Let T be a surjective non-singular measurable transformation of 2 such
that CI>2_1 oh e L(T(Q)). IfCr : L®(Q) — L®(Q) is a bounded composition
operator, then the following assertions are equivalent:

(a) Cr has closed-range.

(b) h(t) = 0 for p-a.e. t € T(*B) and the set {n € N : ,, C T (), h(™,) # 0} is
finite.

(¢) w(B) =0and the set{n e N: U, C T(Q), woT 1A, # 0} is finite.

(d) Cr has finite rank.

Proof The implications (b) = (c) and (d) = (a) are obvious.

We prove the implication (a) = (b). Assume that Cr has closed-range. Since T’
is surjective, by Lemma 5.4, Cr is injective. It is a well-known fact that an injective
operator has closed-range if and only if it is bounded away from zero (see [4], I11.12.5),
hence C7 is bounded away from zero. This, combined with Lemma 4.5, yields that
the multiplication operator M 5 oh is bounded away from zero and therefore (being

also injective) has closed-range. Now an application of Theorem 5.2 shows that @, s
h(t) = 0for u-ae.t € T(B) and the set {n € N : 2, C T (), <I>2_1 o h(A,) # 0}
is finite. We conclude that () = O for u-a.e. t € T(®8) and the set {n € N : 2, C
T (R2), h(2,) # 0} is finite.

Finally, we prove implication (c) = (d). Assume (c) holds. It is easy to see that the
range of the operator C7 is then contained in a subspace generated by the functions
Xr-121,) : Un C T(R), wo T~ (A, # 0}. Since the set {n € N: A, C T(Q), po
T-1(A,) # 0} is finite, the subspace C7(L®1(Q)) is finite-dimensional and so Cr
has finite rank. m]

As an easy consequence of this theorem we state

Corollary 5.6 If 2 is non-atomic, then, under the assumptions of Theorem 5.5, there
are no non-zero closed-range composition operators from L®1(Q) into L2 ().

In the next theorem we characterize closed-range composition operators C7 :
L®1(Q) — LP(Q) in the case when @ (xy) < ®2(x)+ ®3(y) forall x, y > 0 (note
that compared to Theorem 5.5 the roles of the functions | and &, are reversed).

Theorem 5.7 Let 1, ®;, O3 be Young functions vanishing only at zero, taking only
finite values, and such that &, € V' N Ay, ®3 € Ay, and ®1(xy) < Py(x) + P3(y)
forall x,y > 0. Let T be a surjective non-singular measurable transformation of Q

such that q>_11 . € LP3(Q). IfCr : L®1(Q) — L®(Q) is a bounded composition
2 o]

operator, then the following assertions are equivalent:

(a) Cr has closed-range.

(b) The set {n € N: %, C T(R2), h(™A,) # 0} is finite.

(c) Theset{n e N: 2, C T(Q), nwoT (A, # 0} is finite.
(d) Cr has finite rank.

Proof Using Lemma 4.5 and Theorem 5.3 and a method similar as in the proof of
Theorem 5.5 proves the theorem. O
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Remark 5.8 As an applications of our results we derive characterizations of bounded
and closed-range multiplication and composition operators in the special case of L”-
spaces. These results recover the main theorems in [38].

1. If for | < p < g < oo the multiplication operator M, is bounded from L7 (£2)
into L7(£2), then the following assertions are equivalent:
(a) M, has closed-range.
(b) M, has finite rank.
(¢c) The set {n € N : u(2,) # 0} is finite.
2. If for 1 < g < p < oo the multiplication operator M,, is bounded from L7 (£2)
into L9(£2), then the following assertions are equivalent:
(a) M, has closed-range.
(b) M, has finite rank.
(¢) u(t) =0 for u-almost all r € B, and the set {n € N : u(2l,,) # 0} is finite.
3. Iffor 1 < p < g < oo the composition operator C7 is bounded from L? (£2) into
L1(K2), then the following assertions are equivalent:
(a) Cr has closed-range.
(b) Cr has finite rank.
(¢c) The set {n € N: h(2,) # 0} is finite.
(d) Theset{n € N: o T (2,) # 0} is finite.
4. Iffor 1 < g < p < oo the composition operator Cr is bounded from L7 (£2) into
L1(£2), then the following assertions are equivalent:
(a) Cr has closed-range.
(b) Cr has finite rank.
(¢) h(t) = 0 for u-almost all r € B, and the set {n € N : h(2,,) # 0} is finite.
(d) poT1(B)=0andtheset {n € N: o T-HA,) # 0} is finite.

6 Simultaneously necessary and sufficient conditions for continuity of
the multiplication and composition operators beween distinct Orlicz
spaces

Up to this point no conditions that would be simultaneously necessary and sufficient
for the continuity of the operators M, and C7 have been given; the provided necessary
conditions and sufficient conditions though have the merit of being quite easy to verify
for a pair or a triple of Young functions involved. In order to obtain simultaneously
necessary and sufficient conditions for continuity of the operators M, and Cr, it is
convenient to take advantage of the theory of embeddings between Musielak—Orlicz
spaces. In the case of non-atomic measure spaces such conditions were presented in [3];
now we will present them for purely atomic and mixed measure spaces. However, there
is a price: the simultaneously necessary and sufficient conditions for the continuity
of the operators M,, and Cr are more complicated and not as easy to verify as those
presented in the preceding part of this paper.

A function @ acting from € x R into [0, 0co) such that ®(z, .) is an Orlicz func-
tion (i.e. a finite-valued continuous Young function) for u-a.e. t € Q and ®(., x) is
a X-measurable function for every x € R, is called a generalized Orlicz function
or a Musielak—Orlicz function. The Musielak—Orlicz space L® = L‘D(Q, X, 1) is
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the space of all (equivalence classes of) X-measurable functions f : 2 — R such
that

Io(kf) = /Q O (1, kf (1))dp < o

for some k > 0 depending on f. The Musielak—Orlicz space furnished with the

Luxemburg norm
Ifllo =inf{k >0: 1y (%) < 1]

is a Banach space (cf. [26,28]). It is obvious that Orlicz functions are Musielak—Orlicz
functions and, consequently, Orlicz spaces are Musielak—Orlicz spaces. Moreover, an
Orlicz weighted space Li(Q) is a Musielak—Orlicz space L®» (Q) with &, (7, x) =
®(x)w(t) forany t € Q2 and any x € R.

When the measure space (€2, X, ) is purely atomic with infinite number of atoms,
we may restrict ourselves to counting measure. Since (2, X, i) is o-finite, it has
countably many atoms, and so, without loss of generality, it may be viewed as having
the form (N, ZN, ), where (. is the counting measure on N, Indeed, considering
atoms as singletons, we write i ({n}) = a, forany n € N, where {a, },cN is a sequence
of positive real numbers. If £ denotes the space of all real sequences, then, given the
Musielak—Orlicz function ® = (Cbn)goz |» 1.e. a sequence of Young functions ®,, we
can define on £° the absolutely convex modular

Io(f) =D ®u(f)an (f =(fn) € £°).
n=1

Defining
Bo={f el :Is(f) <1}

and

OPN) = {f €0 Io(kf) < oo for some k > 0},

we easily see that Bg is an absolutely convex set in £®(N) and that all elements of
£%(N) are absorbed by Bg. Consequently, the Minkowski functional generated by B

mo(f) :=inf{h > 0: f/A € Bo}
is a seminorm on ¢®(N). If we assume that for all n € N the functions ®,, are not

identically equal to zero, then it is easy to prove that m¢ () = 0 if and only if f = 0.
Of course,

mo(f) =inf{A > 0:Ie(f/2) = 1}.

This is the Luxemburg norm || f||¢ = mae(f).
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Let us define a new Musielak-Orlicz function W = (¥,,)7° | with
Uy (x) = @, (x) n({n}) = $p(x) an,

where {n} is identified with the nth atom of the measure p. Then the Musielak—
Orlicz space generated by the original Musielak—Orlicz function @ and the original
purely atomic measure with u({n}) = a, is isometric to the Musielak—Orlicz space
generated by the Musielak—Orlicz function W defined above and corresponding to
counting measure with u.({n}) = 1 for all n € N, because of the equality

Ty (f, me) = Z"I]n(fn) = Zcbn(fn) ap = Ilo(f, 1.

n=1 n=1

For these reasons Musielak—Orlicz sequence spaces, without loss of generality, may
be considered (and usually are) over the counting measure space (N, oN L Me)-

Assume that (N, 2N, 1) is a purely atomic measure space with w({n}) > 0 for all
n € N.If T : N — Nisanon-singular measurable transformationandu : N — [0, 00)
a measurable function, then we can define a composition operator C7 by

Crfn) = f(Tm) (f e’ neN),
and a multiplication operator M,, by
Muf () == u(m) f () (f € ’neN).
Given Orlicz functions ® and W, we can look for conditions on the triples (®, W, T)

and (®, ¥, u), so that Cr or M,, act continuously from 2®(N) into £Y (N). Note that
for every function f on N we have

Lo(Crfyw) =D W(f(T@Nunh = D D W(fm)ush
n=1 meT (N) seT~1(m)
= > W(fm) D wdsh= D W(fmYuoT '(m)
meT (N) seT=1(m) meT (N)
= Iy (firgy- 10 TN = I$ (firgy - 1), (6.1)
where w(n) = %:1(}{)"}) This means, of course, that C7 f € £¥(N) if and only if

firay € Lo (T(N)).
Similarly, for every function f on N we have

Ly(My f, ) = D~ W(un) f(m)udn)) = I (f ), (6.2)

n=1
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which implies that M, f € €¥(N) if and only if f € ¢Y«(N), where W, (n, x) :=
WU (u(n) x).

To work with purely atomic measures, we need to use the discrete version of Ishii’s
theorem due to Shragin [37] (see also [15,17]).

Theorem 6.1 (Shragin 1976) Let (N, ZN, WUe) be the counting measure space. Let ® =
(P2, and W = (V)52 | be Musielak—Orlicz functions, and let 22(N) and ¢¥ (N)

be the Musielak—Orlicz s_paces corresponding to ®, WV, and the counting measure
te. Then £2(N) c ¢Y(N) if and only if there exist K,8 > 0 and a sequence of
non-negative numbers (c;)52 | € Y (N) such that

W, (Kx) < ®,(x) + ¢y (6.3

forall x € R and n € N satisfying ®,(x) <.
We use Shragin’s result to prove the necessity part of the following theorem.

Theorem 6.2 Let (N, 2N, 1) be a purely atomic measure space, and let ® and U be
Young functions vanishing only at zero and taking only finite values. The composition
operator Ct acts continuously from £® (N) into £¥ (N) if and only if there exist K , § >
0 and a sequence of non-negative numbers (cn)flo=1 € L1 (T (N)) such that

W(Kx) o T (n}) < @)u((n)) + cx (6.4)

forall x € Randn € T(N) satisfying ®(x)u({n}) <34.
Remark 6.3 In the preceding two theorems § can be taken in the interval (0, 1).

Proof (of Theorem 6.2) Assume that there are K > 0, 1 > § > 0, and a sequence
of non-negative numbers (c,,)floz1 € ¢1(T(N)) such that condition (6.4) is satisfied
whenever ®(x)u({n}) < 6. Let f be a function in the unit sphere of £®(N). Then
Ip(f) < 1 and further I (5f) < § Io(f) < &, hence ®([Sf(n))u({n}) < § for all
n € N. Now setting

b:=K§§ and c:= Z Cn»

by (6.4) we obtain

L Crf) =D Wb fTmNHun) = > Wb f@)uo T (n))

n=1 neT (N)

< DG fmunh+ D < D e(fm)u(nh) +c
neT (N) neT (N) neT (N)

<d+c

Denoting d = max (8§ + ¢, 1), we get from this that

b 1
Iy (E CTf) < Elw(bCTf) <L
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Hence, for all functions f in the unit sphere of £®(N) we have

<1,

b
=Crf <
LY (N)

d

or

IS

ICT fllew vy = .

i.e. the composition operator Cr acts continuously from 22 (N) into £¥ (N).

Now we shall prove that condition (6.4) follows from the continuity of the compo-
sition operator C7 : £®(N) — £¥(N). To this end, first note that, by Shragin’s result,
condition (6.4) is equivalent to the inclusion £® (T (N)) C £ (T (N)). Indeed, it is suf-
ficient to plug @, (x) = ® (x)({n}) and W,,(x) = W(x)wo T~ ({n}) in the inequality
(6.3). Hence, we only have to show that the inclusion 2(T(N)) C Z:g (T (N)) follows
from the continuity of C7.

Let f € £®(T(N)). Then f € (®(N), where fis the extension of f to N with zero
values outside of T (N). Since C7 is continuous, we have Cr f e £¥(N), but, as we
noticed above, this means that f € E;I)' (T(N)). O

Remark 6.4 We could have proved the sufficiency part of Theorem 6.2 via Shra-
gin’s theorem and the fact that (f € £®(N) = Crf e £¥(N)) implies the
continuity of the operator Cr since any non-negative linear operator (Cr is such an
operator) between Banach lattices is continuous. Let £® (T (N)) C E;I)' (T (N)) [which,
as we have pointed out, is equivalent to condition (6.4)] and let f € ¢2(N). Then
firey € L2(T (N))andso fi,, € £ (T (N)), which means thatindeed C7 f € £¥(N).
This method of proof, however, does not provide any estimate of the norm of the oper-
ator Cr.

A similar theorem can be stated for the multiplication operator.

Theorem 6.5 Let (N, X, ) be a purely atomic measure space, and let ® and V be
Young functions vanishing only at zero and taking only finite values. The multiplication
operator M,, acts continuously from £® (N) into £¥ (N) if and only if there exist K, § >
0 and a sequence of non-negative numbers (cn);’lo=1 € LY (N) such that

V(Kum)x) < ®(x) +cp (6.5)

forall x € R and n € N satisfying ®(x)u({n}) <4.

Proof The proof proceeds along the same lines as the proof of Theorem 6.2, and we
will omit it. O

Remark 6.6 As in the proof of Theorem 6.2, the sufficiency part can also be proved

via Shragin’s theorem with the substitutions @, (x) = ®(x) and W, (x) = V(u(n)x)
in condition 6.3, which then becomes equivalent to the inclusion £®(N) c £%«(N).
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The same techniques can be applied in all theorems in which &, () = 0 u-ae.,
where h = d(i o T~1)/dp, and/or uj,, = 0 p-ace.

In the case of a general measure space €2, the non-atomic part of 2 and the purely
atomic part of 2 can be treated separately, and this allows us to state the following.

Theorem 6.7 Let (2, X, i) be a measure space, and let © and V be Young functions
vanishing only at zero and assuming only finite values.

(a) Assume that a non-singular measurable transformation T maps B into itself and
Q\B into itself. The composition operator Ct acts continuously from L® () into
LY () if and only if the following conditions are jointly satisfied:
(i) there exist a constant K > 0, a set A € ¥ N T(B) with u(A) = 0, and a
function g € L_IF(T(‘B)), such that

W(Kx)h(t) = @(x) + g(1)

forallx > 0andallt € T(B)\A;
(ii) condition (6.4) (we identify N with Q\*B).
(b) The multiplication operator My, acts continuously from L®(Q) into LY (Q) if and
only if the following conditions are jointly satisfied:
(i) there exist a constant K > 0, a set A € ¥ NB with w(A) = 0, and a function
g€ L#(‘B), such that

W(u()x) = ©(x) + g()

forallx > 0andallt € B\A,
(1) condition (6.5) (again, we identify N with Q\‘B).

Proof We give the proof for both operators concurrently. We can represent L®(£2)
and LY (Q) as the direct sums of the spaces over the non-atomic part of  and the
purely atomic part of ,i.e. L*(Q) = L*(B) @ L*(Q\B) and LY (Q) = LY (B) @
LY (Q\B). Therefore, every function f € L®(Q) can be uniquely written as f =
fxs + fxo\m, and we have

Crft)=Cr(fxs+ fxa\m) @)
= (fxs+ [xaw) (T )
= f(T @) xr-123) @) + F(T @) xr-1 0 (1)
= f(TO)xs@®) + [ @) xa\s#)

and

My f(@) = M,(fxs+ fxem @) =u(fxs+ fxos) @)
=ut) f(O)xs(t) +u@) f(@)xo\s(t).
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Hence, if we define the operators CT\% , M,

Un
M, on L®(Q\B) by the obvious formulas, we are justified to write

on L®(%B) and the operators CT'Q\‘B ,

o\

Cr = CTI% &) CT|Q\‘B and M,, = M“\% b M,

(210
Of course, we have the following inequalities for the norms
max{[|Cri, I, 1Crig, o I} = NCTI = 1C | + 1C, o,
max {[| Mo, [l 1My, o 1} < IMull = 1Moy |+ 11 Muig, o1

Hence it follows that the operator C7 acts continuously from L®(Q) into LY (Q)
if and only if the operator C Tj, ACts continuously from L% (%) into LY () and the

operator C Tigyos acts continuously from L®(Q\B) into LY (\B). The same applies

to the multiplication operator: M,, acts continuously from L® () into LY () if and
only if Mul% acts continuously from L®(B) into LY (B) and MM‘Q\% acts continu-

ously from L®(Q\®B) into LY (Q2\B). Therefore, the condition for boundedness of
the operator Cr is exactly the conjunction of the conditions for the boundedness of

the operators C Tig and C Tigos - Analogously, the condition for boundedness of the

operator M, is the conjunction of conditions for the boundedness of the operators
Mul% and M”‘n\% . Recall that in [3] it was shown that (a)(i) is a sufficient condition
for the continuity of C7 and that (b)(i) is a necessary and sufficient condition for the
continuity of M, in the case of a non-atomic measure space. By analogous arguments
to the ones we have used in the proof of the necessity part of Theorem 6.2 (applying
Ishii’s theorem rather than Shragin’s) it can be shown that (a)(i) is also a necessary
condition for the continuity of Cr in the case of a non-atomic measure space, which
generalizes [3], where (a)(i) was shown to be a necessary condition for the continuity
of C7 in the non-atomic case under the additional assumption that the mapping 7 is
surjective up to sets of measure zero. Moreover, Theorems 6.2 and 6.5 provide parallel
sufficient and necessary conditions (a)(ii) and (b)(ii) in the case of a purely atomic
measure space. This completes the proof of Theorem 6.7 O
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