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ABSTRACT. Generalized Baxter’s relations on the transfer-matrices (also known as Bax-
ter’s T'Q relations) are constructed and proved for an arbitrary untwisted quantum affine
algebra. Moreover, we interpret them as relations in the Grothendieck ring of the cate-
gory O introduced by Jimbo and the second author in [HJ] involving infinite-dimensional
representations constructed in [HJ], which we call here “prefundamental”. We define the
transfer-matrices associated to the prefundamental representations and prove that their
eigenvalues on any finite-dimensional representation are polynomials up to a universal
factor. These polynomials are the analogues of the celebrated Baxter polynomials. Com-
bining these two results, we express the spectra of the transfer-matrices in the general
quantum integrable systems associated to an arbitrary untwisted quantum affine algebra
in terms of our generalized Baxter polynomials. This proves a conjecture of Reshetikhin
and the first author formulated in 1998 [FR1]. We also obtain generalized Bethe Ansatz
equations for all untwisted quantum affine algebras.
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1. INTRODUCTION
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The partition function Z of a quantum model on an M x N lattice may be written in
terms of the eigenvalues of the row-to-row transfer matrix 7

Z=TrT" =3 AN
%

Therefore, to find Z, one needs to find the spectrum of T.
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In his seminal 1971 paper [Ba], R. Baxter tackled this question for the so-called eight-
vertex model, in which T acts on the vector space (C2)®N . In the special case that the
parameters satisfy the “ice condition” (then it is called the six-vertex model) the spectrum
of the model was previously found by E. Lieb [L1, L2, L3] (see also [Sut]) using an explicit
construction of eigenvectors now referred to as Bethe Ansatz. Analyzing this result, Baxter
observed that the eigenvalues of 7' on these eigenvectors always have the form

2 -2
(1.1) A<Z)Q(Zq ) D<Z)Q(Zq )’
Q(2) Q(z)
where Q(z) is a polynomial, z, ¢ are parameters of the model, and the functions A(z), D(z)
are the same for all eigenvalues. Furthermore, Baxter realized that the condition that the
seeming poles of the above expression, occurring at the roots of Q(z), cancel each other
is equivalent to the Bethe Ansatz equations guaranteeing that the vectors constructed by
the Bethe Ansatz are indeed eigenvectors. Thus, apart from the factors A(z) and D(z)
which are universal, the spectrum of T is essentially determined by the polynomials Q(z)
satisfying this condition (provided that the Bethe Ansatz gives us all eigenvectors).!

The polynomial Q(z) is now called Baxter’s polynomial, and relation (1.1) is called Bax-
ter’s relation (or Baxter’s T'Q) relation). It looks rather mysterious. Why should such a
relation hold?

To gain insights into this question, we present a modern interpretation of Baxter’s re-
sult in a broader context of quantum groups. Consider the quantum affine algebra U,(g)
associated to an untwisted affine Kac—Moody algebra. The completed tensor square of
this algebra contains the universal R-matrix R satisfying the Yang-Baxter relation and
other properties. Given a finite-dimensional representation V' of U,(g), we construct the
transfer-matrix

ty(2) = Try (my () ® id)(R),
where V(z) is a twist of V' by a “spectral parameter” z. It turns out that
[tv(2), tv: (<)) = 0

for all V, V' and z, 2’. Therefore these transfer-matrices give rise to a family of commuting
operators on any finite-dimensional representation W of Uy(g).

In the special case that g = sAlg, V' a simple two-dimensional representation of Uq(sAlg),
and W the tensor product of N two-dimensional representations, the operator ty (z) acting
on W becomes Baxter’s transfer-matrix. This makes it clear that an analogue of Baxter’s
problem may be formulated for an arbitrary quantum affine algebra U,(g). Namely, it is the
problem of describing the eigenvalues of the transfer-matrices ¢ty (z) on finite-dimensional
representations W of U,(g). It is known that these eigenvalues appear as the spectra of
quantum integrable systems generalizing the six-vertex model (more precisely, generalizing
the X XZ model, whose spectrum is the same as that of the six-vertex model). Hence a
solution of this problem has immediate applications in statistical mechanics.

In [FR1], N. Reshetikhin and the first author found a novel and general way to describe
the eigenvalues of the transfer-matrices for an arbitrary (untwisted) quantum affine algebra,

" his paper, Baxter went on to generalize this relation to the general eight-vertex model, for which
Bethe Ansatz was not available, but this is beyond the scope of the present paper.



BAXTER’S RELATIONS AND SPECTRA OF QUANTUM INTEGRABLE MODELS 3

generalizing Baxter’s formula. The idea was to use the g-characters of finite-dimensional
representations of quantum affine algebras introduced in [FR1] (note that a similar notion
for representations of the Yangians was introduced earlier by H. Knight). The g-character
is a homomorphism of rings

Xq : Rep Ug(9) = Z[YEier acox s

7,a
where I is the set of vertices of the Dynkin diagram of the finite-dimensional simple Lie

algebra underlying g. For example, if g = ;\lg and V is a two-dimensional representation,
then there is a € C* such that

Xa(V) = Yia+ Vi,

Roughly speaking, the point is that the above Baxter relation (after renaming the variables
z — aq) may be obtained from this formula if we substitute

Qag™)
Q(aq)

(to simplify matters, we are dropping the factors A(z) and D(z) for now; but they can be
easily taken into account). This gives us a way to generalize Baxter’s formula.

Namely, the following conjecture was proposed in [FR1]: Given a finite-dimensional rep-
resentation V' of Uy(g), all of the eigenvalues of ¢y (a) on any irreducible finite-dimensional
representation W may always be written in the following form: we take the g¢-character
Xq(V) and substitute in it

Yi,—

i,aqi_1
Qi,aqi ’
where @Q;, is the product of two factors: one of them is the same for all eigenvalues (it
depends only on W) and the other is a polynomial — these are the analogues of Baxter’s
polynomial. (Here ¢; = g%, see Section 2.1; the precise statement is in Theorem 5.11.)

We remark that in various special cases, a similar conjectural description of the eigen-
values of the transfer-matrices was proposed by N. Reshetikhin [R1, R2, R3]; V. Bazhanov
and N. Reshetikhin [BR]; and A. Kuniba and J. Suzuki [KS].

In this paper we prove the general conjecture of [FR1] about the eigenvalues of the
transfer-matrices in a deformed setting (this means that the trace used in the above for-
mula for the transfer-matrix is replaced by the twisted trace that depends on additional
parameters u;, i € I; see Definition 5.1). Among other things, our proof gives a conceptual
explanation of Baxter’s relation, and its generalizations, in terms of representation theory
of quantum affine algebras.

}{i,a’_) 1 €1,

Our proof is based on two results which are of independent interest.

First, we show that the above Q; 4 is itself an eigenvalue of a transfer-matrix (a generaliza-
tion of Baxter’s QQ-operator) — the one associated to what we call here the ith prefundamental
representation Ll'.fa. This is an infinite-dimensional representation of the Borel subalgebra
(in the Kac-Moody sense) Uy, (b) of Uy(g) that was introduced by M. Jimbo and the second
author in [HJ].

In order to explain what it is, recall the classification of irreducible finite-dimensional
representations of Uy(g) due to Drinfeld [Dr] and Chari-Pressley [CP]. The algebra Ug(g)
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has loop generators xl i€ l,n €Z; hip,i € I,n # 0; and /’4:jEl 1 € I. Each irreducible
ﬁnlte—dlmensmnal representatlon is generated by a “highest Welght vector”, that is, a vector

annihilated by a:Z n:% € I,n € Z, which is an eigenvector of the loops to Cartan generators

him,i € I,n# 0 and k:iil. Furthermore, the eigenvalue of their generating function

¢ (2) = k' exp <i(qz' -4 hi,:l:nzin>

n>0

is the expansion in z*! of the rational function q?egpi]%(zqi_l)/]%(zqi), where P;(z) is a
polynomial with constant term 1. These polynomials, called Drinfeld polynomials, record
the “highest ¢-weight” of the representation.

n [HJ], M. Jimbo and the second author extended the category of finite-dimensional
representations of U, (g) to a category denoted by O. This is a category of (possibly infinite-
dimensional) representations of Uy, (b) which have weight decomposition with respect to the
finite-dimensional Cartan subalgebra generated by kgﬂ and such that all weight components
are finite-dimensional. It was shown in [HJ] that irreducible representations of this category
are also generated by highest weight vectors (in the above sense), but the corresponding
highest ¢-weights (the eigenvalues of gZ)jE(z)) are given by arbitrary rational functions which
are regular and non-zero at the origin (but may have a zero or a pole at infinity).

The ith prefundamental representation Lfa is then by definition the representation for

which the eigenvalue of qu (z) on the highest weight vector is equal to 1 if j # ¢ and to
1—2zaif j =1.

As far as we know, such representations were first constructed in the case of g = sly by
V. Bazhanov, S. Lukyanov, and A. Zamolodchikov [BLZ1, BLZQ] Their construction was
subsequently generalized to g = sls in [BHK], and to g = Sln+1 with ¢ = 1 in [Ko]. For
general g, the prefundamental representations were constructed in [HJ].

A marvelous insight of [BLZ1, BLZ2] was the identification of the transfer-matrix of
this representation in the case of g = sAlg with the Baxter operator. From the point of
view discussed above, this enables one to interpret Baxter’s T'Q) relation as a relation in
the Grothendieck ring of the category O. Here we generalize this result to all untwisted
quantum affine algebras.

Namely, we establish the following relation in the Grothendieck ring of O, generaliz-
ing the Baxter relation: for any finite-dimensional representation V' of U,(g), take its g¢-
character and replace each Y; , by the ratio of the classes of prefundamental representations

[L:aqi_l] / [L:’a ;) times the class of the one-dimensional representation [w;] of Uy(b) on which

the finite-dimensional Cartan subalgebra acts according to the ith fundamental weight.
Then this expression is equal to the class of V' in the Grothendieck ring of O (viewed as a
representation of U,(b) obtained by restriction from U,(g)). This is our first main result.

For example, if g = sly and V is the two-dimensional representation, then we have
LY oy 1] L] o8]

(1.2) V]= [wﬂm + [~ Zi,]
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or equivalently,

VLT,

Tagl = lw1][L]

l,aq

L+ el

which follows from the fact that V®L1+7 aq 18 an extension of two representations: [w1|®L

and [—w;| ® Lfan (see [JMS, Section 2]).

Jr
lag~1!

Our second main result is that the (twisted) transfer-matrix associated to L;fa is well-
defined (despite the fact that L:a is infinite-dimensional), and further, all of its eigenvalues
on any irreducible finite-dimensional representation W of U,(g) are polynomials up to one
and the same factor that depends only on W (more precisely, we prove this for the prefun-
damental representations in the category dual to O). Denoting these eigenvalues by Q; 4,
and combining our two results, we obtain the proof of the conjecture of Reshetikhin and
the first author. R

For example, if g = sly and V is the two-dimensional representation, then (1.2) implies
the Baxter equation (1.1) for the eigenvalues of the transfer-matrix of V' (after renaming
the variables a + zq~1).

As explained in [FR1, Section 6.3] and in Section 5.6 below, the formula for the eigen-
values of the transfer-matrices in terms of the polynomials @); , leads to a natural system
of equations on the roots of these polynomials. These equations ensure the cancellation of
the apparent poles in the eigenvalues of the transfer-matrices due to the appearance of the
polynomials @); o in the denominator. These are the generalized Bethe Ansatz equations,
which are suitably modified equations (6.6) of [FR1] (they are modified because we use
the twisted trace in the definition of the transfer-matrices, which depends on additional
parameters). We conjecture that the solutions of these generalized Bethe Ansatz equations
are in one-to-one correspondence with the eigenvalues of the (twisted) transfer-matrices.

Ifg= sAlg and V is the two-dimensional representation, these equations are precisely
the Bethe Ansatz equations of the six-vertex model. This observation was used by N.
Reshetikhin as a guiding principle for writing conjectural Bethe Ansatz equations and the
eigenvalues of the transfer-matrices for some g [R1, R2, R3] — a procedure he dubbed
“analytic Bethe Ansatz” (see also [BR, KSJ). The results of [FR1] and the present paper
give us a conceptual explanation of this procedure.

We close this Introduction with the following three remarks.

(1) Our results show that the prefundamental representations have an important role
to play in representation theory of quantum affine algebra. They are infinite-dimensional,
but in many ways they have a simpler structure and behavior than finite-dimensional rep-
resentations. And they can be used effectively to prove results about finite-dimensional
representations that were previously out of reach, such as the conjecture on the spectra of
transfer-matrices that we prove in this paper. As another application, we use our results on
the polynomiality of the transfer matrix of L;’Fa to show that a certain generating function
of the Drinfeld’s Cartan elements h;, is, up to a universal factor, a polynomial on any
finite-dimensional irreducible representation of Ug(g).

(2) As we learned from Nikita Nekrasov and Andrei Okounkov, Baxter’s polynomials
Qi should have a geometric interpretation. Finite-dimensional representations of U,(g)
may be realized in equivariant K-theory of quiver varieties as shown by H. Nakajima [N1],
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and similarly, finite-dimensional representations of the Yangian are realized in equivariant
cohomology of these varieties [V] (see also [MO]). In the Yangian case, the Baxter poly-
nomial is expected to be equal to the operator of (quantum) multiplication by the Chern
polynomial of a certain tautological vector bundle on the quiver variety (see [NS], p. 15),
and there is a similar conjecture in the case of U,(g). It would be interesting to connect
our results with the geometry of quiver varieties. In particular, it is an interesting question
to find a geometric realization of the prefundamental representations analogous to that of
finite-dimensional representations of Ug(g).

We remark that the category of finite-dimensional representations of U,(g) is equivalent
to that of the Yangian Y},(g) (where ¢ = ™" and h is not a rational number), as shown by
S. Gautam and V. Toledano Laredo [GTL].

(3) After this paper was finished, we learned from N. Nekrasov about his joint work with
V. Pestun and S. Shatashvili (subsequently published as [NPS]), in which the g-characters
are used to describe quantum geometry of the 2-deformations of 5D supersymmetric quiver
gauge theories (and similarly for 4D theories, with quantum affine algebras replaced by
Yangians). Note however that in [NPS] the analytic properties of the functions @;, and
ty(a) are quite different from ours. Thus, it seems that the g-characters represent a rather
general algebraic structure that can be used (by imposing various analytic conditions on
Qi« and ty(a)) to describe not only the models of statistical mechanics discussed in the
present paper, but also other models of quantum physics.

As explained in [FR1], the g-character map is a g-deformation of the Miura transforma-
tion. And so the g-characters play a role similar to that of the Miura transformation in the
Gaudin model and its generalizations: describing the spectra of the Hamiltonians of the
model [FFR, F]. Moreover, the Miura transformation (resp., the g-character map) arises
naturally from the center of a completed enveloping algebra at the critical level of an affine
Kac-Moody algebra, as explained in [FFR, F] (resp., quantum affine algebra, as explained
in [FR1]). Thus, it is this center that is the fundamental algebraic object governing a large
class of quantum integrable models.

The paper is organized as follows. In Section 2 we recall the definitions and the main
properties of quantum affine (or loop) algebras and the corresponding Borel subalgebras.
In Section 3 we recall important results about their representations; in particular, finite-
dimensional representation as well as those from the category O (such as the prefundamental
representations), introduced in [HJ]. In Section 4 we prove a uniform explicit g-character
formula for positive prefundamental representations (Theorem 4.1). We prove that it implies
our first main result: the realization of generalized Baxter’s relations in the Grothendieck
ring of O (Theorem 4.8). We also prove that an arbitrary tensor product of positive pre-
fundamental representations is simple (Theorem 4.11). In Section 5 we state our second
main result: polynomiality of the twisted transfer-matrices associated to prefundamental
representations (Theorem 5.9). Our main application is the proof of a deformed version
of the conjecture of Reshetikhin and the first author (Theorem 5.11). We use this result
to write down the system of Bethe Ansatz equations explicitly in Section 5.6. We also de-
rive the polynomiality of Drinfeld’s Cartan elements on finite-dimensional representations
(Theorem 5.17) and prove commutativity of the twisted transfer-matrices associated to rep-
resentations in the category O (Theorem 5.3). In Section 6, we establish the existence of
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a certain grading on positive prefundamental representations (Theorem 6.1). This result is
used in Section 7 to conclude the proof of Theorem 5.9.
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valuable discussions. We also thank Ilaria Damiani for communications on root vectors.
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2. QUANTUM LOOP ALGEBRA AND BOREL ALGEBRAS

2.1. Quantum loop algebra. Let C' = (C; ;)o<i j<n be an indecomposable Cartan matrix
of untwisted affine type. We denote by g the Kac-Moody Lie algebra associated with C. Set
I ={1,...,n}, and denote by g the finite-dimensional simple Lie algebra associated with
the Cartan matrix (C; ;)i jer. Let {a;}ier, {o) Yier, {witier, {w} }ier, h be the simple roots,
the simple coroots, the fundamental weights, the fundamental coweights and the Cartan
subalgebra of g, respectively. We set Q = ®;c;Za;, Q1 = ®iciZ>owi, P = ®ierZw;. Let
D = diag(dyp...,d,) be the unique diagonal matrix such that B = DC is symmetric and
d;’s are relatively prime positive integers. We denote by (, ) : Q x Q — Z the invariant
symmetric bilinear form such that (a;, ;) = 2d;. We use the numbering of the Dynkin
diagram as in [Ka]. Let ag,- - , a, stand for the Kac label ([Ka], pp.55-56). We have ag = 1
and we set ag = —(a10q + agag + -+ - + apay).

Throughout this paper, we fix a non-zero complex number ¢ which is not a root of unity.
We set ¢; = ¢%. We also set h € C such that ¢ = e”, so that ¢" is well-defined for any
r € Q. We will use the standard symbols for g-integers

We will use the quantum Cartan matrix C(q) = (C;;(q))i jer defined by C; ;(q) = [Cilq
if i # j in I and C;;(q) = [2]4 for i € I. The symmetrized quantum Cartan matrix
B(q) = (Bi;(q))ijer is defined by B, ;(q) = [di]4Ci,j(q) for i,5 € I. We denote by B(q)
(resp. C(q)) the inverse of B(q) (resp. C(q)).

The quantum loop algebra U,(g) is the C-algebra defined by generators e;, f;, k;ﬂ
(0 <i < n) and the following relations for 0 < i,j < n.

kikj = kjki, KRy -kt =1, kiesky ' =q; ej, kifikt=a; O gy,
ki — k!
[eiafj] = 6i,jﬁv
1-Ci 1-C; 4
r (1-C; j—r r . . r (1-Cj j—r r . .
(=1)7el! el =0 (i # 5), () f T =0 (i #4).

=0

ﬁ
Il

o
<
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Here we have set x = 2] /[r]lg! (zi = e, fi). The algebra U,(g) has a Hopf algebra
structure given by

Ale))=e;@1+k®e, Af)=fiok'+1®f;, Alk)=kok,
S(ei) = —k; ‘e, S(fi) = —fiki, S(ki) =k,

where i =0,--- ,n.
The algebra U 4(g) can also be presented in terms of the Drinfeld generators [Dr, Be]

ai, (i€l,r€Z), ¢y, (i€l,m>0), k' (iel).

i,Em

Example 2.1. In the case § = sly, we have e; = xio, ey = kflxil, fi= zy and
fO = xi‘:_lkl-

We shall use the generating series (i € I):

= ¢, " =k exp <:l:(Qi —q "> hi,:ﬁ:mzim> :

m>0 m>0

We also set ¢, =0form <0,iel.

i,tm

Remark 2.2. In [FR1], the notation h;y, is used for [d;lqhim.

The algebra U,(g) has a Z-grading defined by deg(e;) = deg(f;) = deg(k‘iﬂ) =0foriel
and deg(eg) = —deg(fo) = 1. It satisfies deg(mfm) = deg(¢fm) =m for i € I, m € Z. For
a € C*, there is a corresponding automorphism 7, : U;(g) — Uy(g) such an element g of
degree m € Z satisfies 7,(g) = a™yg.

The algebra U,(g) has a Q-grading defined by deg(xiim) = +qy, deg(qﬁfm) =0foriel
and m € Z. 7 7

By Chari’s result [C1, Proposition 1.6], there is an involutive automorphism & : Uy(g) —
U,(g) defined by (i € I, m,r € Z, r # 0)

d)(xi:m) = —.%;F m> ((z)z :tm) (z)z SFmo (‘D(h‘lﬂ") = _hi,—f'
Besides, it satisfies (see the proof of [C1, Proposition 1.6]):
(23) L:)(Co) S C*fo and (2}(61) =—f; fori e I)

Let U,(g)* (vesp. U,(g)°) be the subalgebra of U,(g) generated by the l‘?,:r where i €
I,r € Z (resp. by the ¢f y, where i € I, r > 0). We have a triangular decomposition [Be]

(2.4) Uq(9) = Uyg(g)” @ Uq(Q)O ® Uyg()™
2.2. Borel algebra.

Definition 2.3. The Borel algebra Uy(b) is the subalgebra of Uy(g) generated by e; and kiil
with 0 <1 < n.

This is a Hopf subalgebra of U,(g). The algebra U,(b) contains the Drinfeld generators
x; k:il,gi)Jr where ¢ € I, m > 0 and r > 0.

,m’ zr’
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Let Uy(b)* = Uy(g)* NUq(b) and Uy(b6)° = Uy(g)® N Uy(b). Then we have
Uq(b)+ = <$Zm>iel,m207 Uq([’)o = <¢Ir>k;tl>ief,r>0-
It follows from [Be| that we have a triangular decomposition
(2.5) Uy(b) ~ Uy(b)” @ Uy(b)° @ Uy(b) T
Denote t C U,(b) the subalgebra generated by {ki"'}ic;.

3. REPRESENTATIONS OF BOREL ALGEBRAS

In this section we review results on representations of the Borel algebra U,(b), in partic-
ular on the category O defined in [HJ] and on finite-dimensional representations of Uy(g).

3.1. Highest /-weight modules. Set t* = ((CX)I, and endow it with a group structure by
pointwise multiplication. We define a group morphism ~: P — t* by setting w;(j) = qfi’j .
We shall use the standard partial ordering on t*:
(3.6) w< W if w1t is a product of {@; ' }ier.

For a Uy(b)-module V' and w € t*, we set
(3.7) Vo={veV |kv=wlv (Viel)},
and call it the weight space of weight w. For any i € I, r € Z we have qﬁfr(Vw) C V., and
zE (V,) C Vwaiil. We say that V is t-diagonalizable if V = @ V..

or wet*
Definition 3.1. A series ¥ = (U, ,,)ic1,m>0 of complex numbers such that ;o # 0 for all
i € 1 is called an £-weight.

We denote by t; the set of (-weights. Identifying (V; ,,)m>0 with its generating series we
shall write

W= (V(2))ier, Vilz) = Typm™
m>0

Since each V;(z) is an invertible formal power series, t; has a natural group structure.
We have a surjective morphism of groups @ : t; — t* given by w(¥)(i) = ¥;o. For a
Uq(b)-module V and ¥ € {7, the linear subspace

(3.8) Vog={veV|Ip>0,VielVm >0, (q&jm — ¥ m)Pv =0}
is called the f-weight space of V' of ¢-weight .

Definition 3.2. A Uy(b)-module V' is said to be of highest {-weight W € ¢ if there isv € V
such that V = Uy(b)v and the following hold:

eiv=0 (iel), qb;rmv:\lli’mv (tel, m>0).

The {-weight ¥ € t; is uniquely determined by V. It is called the highest /-weight of V.
The vector v is said to be a highest ¢-weight vector of V.

Proposition 3.3. [H]] For any ¥ € t;, there exists a simple highest {-weight module L(¥)
of highest £-weight ¥. This module is unique up to isomorphism.
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The submodule of L(¥)® L(¥®’) generated by the tensor product of the highest ¢-weight
vectors is of highest ¢-weight W', In particular, L(¥®’) is a subquotient of L(¥)® L(P’).

Definition 3.4. [HJ] Fori € I and a € C*, let
(1 - Za)il (] = Z) )
| G#1).

We call L;-fa (resp. L;a) a positive (resp. negative) prefundamental representation in the
category O.

(3.9) Li,=L(¥i.) where (;4);(z) = {

Example 3.5. In the case g = sla, Lfa carries a basis Lfa = ®;>0Cv; with the explicit
action (r,5>0,p>0,v_1=0):
—aq 7 dp1[j + g

q—q! vit1, ¢ (2)v; = q V(1 - za)v;.

+ o, = . - . —
L1,V5 = Or,00j—1 5 L1pV5 =

Definition 3.6. [HJ] For w € t*, let
w] = L(®,) where (W,)i(z)=w(i) (iel).

Note that the representation [w] is 1-dimensional with a trivial action of eq, - -« ,e,. It is
called a zero prefundamental representation. For A € P, we will simply use the notation [)\]
for the representation [\].

For a € C*, the subalgebra U,(b) is stable under 7,. Denote its restriction to U,(b) by
the same letter. Then the pullbacks of the U,(b)-modules Lfb by 7, is Lfab.

3.2. Category O. For \ € t*, we set D(\) = {w € t* | w < A}

Definition 3.7. [HJ] A U,(b)-module V is said to be in category O if:
i) V is t-diagonalizable,
ii) for all w € t* we have dim(V,,) < oo,
ii1) there exist a finite number of elements A1, --- , As € t* such that the weights of V' are
in U D).
1,

Jj= s

The category O is a monoidal category.
Let v be the subgroup of t; consisting of ¥ such that W;(z) is rational for any i € I.

Theorem 3.8. [HJ] Let ¥ € t;. The simple module L(¥) is in category O if and only if ¥ €
t. Then it is a subquotient of a tensor product of (positive, negative, zero) prefundamental
representations. Moreover, for V in category O, Vig # 0 implies ¥ € .

Let & C Z* be the ring of maps ¢ : v — Z satisfying ¢(¥) = 0 for all ¥ such that w(¥)
is outside a finite union of sets of the form D(u) and such that for each w € t*, there are
finitely many ¥ such that @(¥) = w and ¢(¥) # 0. Similarly, let &€ C Z' be the ring of
maps ¢ : t* — Z satisfying c(w) = 0 for all w outside a finite union of sets of the form D(u).
The map w is naturally extended to a surjective ring morphism w : £, — €.

For W € ¢ (resp. w € t¥), we define [¥] = g, € & (resp. [w] =0y, € E).
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Let V be a Uy (b)-module in category O. We define [FR1, HJ] the g-character of V'
(3.10) Xg(V) =) dim(Ve)[¥] € &.
Ter

Example 3.9. For w € t*, the g-character of the 1-dimensional representation [w] is just
its (-highest weight x4(|w]) = [w]. That is why the use of the same notation [w] will not lead
to confusion.

Similarly we define the ordinary character of V' to be an element of &€
(3.11) X(V) = w(xg(V)) = Y dim(V,)[w].
wet*

For V in category O which has a unique ¢-weight W whose weight is maximal, we also
consider its normalized g-character x,(V') and normalized character x(V') by

Xq(V) = [‘1’71] Xg(V), X(V) =w@(Xq(V)).
Let Rep(U,(b)) be the Grothendieck ring of the category O. By [FR1, Theorem 3] and [HJ,
Proposition 3.12], we have the following.

Proposition 3.10. The g-character morphism
Xq - Rep(UQ(b)) — &y, [V] = XQ(V)>
18 an injective ring morphism.
3.3. Finite-dimensional representations. Let C be the category of (type 1) finite-dimen-

sional representations of Ug(g).
For i € I, let P;(z) € C[z] be a polynomial with constant term 1. Set

Jestro Pilza; Y

' Pi(2qi)
Then L(¥) is finite-dimensional. Moreover the action of U,(b) can be uniquely extended
to an action of the full quantum affine algebra U,(g), and any simple object in the category
C is of this form.

U = (Vi(2))ier, Vi(z) =

Remark 3.11. Let L(®') be any finite-dimensional module in the category O. We claim
that there is ¥ as above and w € t* such that L(¥') ~ L(¥) ® [w]. Since [w] is just a
one-dimensional representation, this means that, up to a slight twisting of the action of the
Cartan elements, L(®') is a representation of Uy(g). This statement is known in the case
§ = sly [BT]. To prove it in general, it suffices to prove that ' = WW¥,,. This is clear by

sly-reduction as, for each i € I, the subalgebra of Uy(b) generated by the k;ﬂ, x?‘m, T
_l’_

i,m?

i_,m+17
m > 0 is isomorphic to the Borel algebra of Uy, (sl2).

Following [FR1], consider the ring of Laurent polynomials Y = Z[Yiial]iel,aec* in the
indeterminates {Y;q}icraccs. Let M be the group of monomials of Y. For example, for

i € I,a € C*, define A; , € M to be

—1
Vg Yoo T Yie  TI Yier Yo I Yier?YiaYiee) -
{7ellCyi=-1} {jellCyi=—2} {j€l|Cj,i=-3}
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For a monomial m = [Tc; secr Va5 We consider its ‘evaluation on ¢ (z)". By definition
it is an element m(¢(z)) € ¢ given by

-1

1 z .
m@E) =TI (ial@)" where (Yia(6(2))) =4 “T=agz V=7
i€l,aeC / 1 (7 #1).

This defines an injective group morphism M — t. We identify a monomial m € M with its
image in tv. Note that w(Y;,) = ;.

It is proved in [FR1] that a finite-dimensional U, (g)-module V' satisfies V' = €D, eyt Vin(s(2))-
In particular, x4(V) can be viewed as an element of Y.

A monomial M € M is said to be dominant if M € Z[Y] ,)icraec+. For L(¥) a finite-
dimensional simple Uy (g)-module, ¥ = M (¢(z)) holds for some dominant monomial M €
M. This representation will be denoted by L(M).

For example, for ¢ € I, a € C* and k > 0, we have the Kirillov-Reshetikhin (KR) module
(3.12) Wi = L(YiaY g2 Y, p20n).-

7a =
The representations Wl(zg = L(Y;,) are called fundamental representations.

Example 3.12. In the case § = sla, we have (k> 0, a € C*) [FR1]:

1 1 1 4-1 1 _
Xq(ng,a)q1*2k) = Yaqflyaq*3 T }/aq—zk""1 (1 + Al,a + Al,aALaq—Q +o 4+ Al,a e Al’iq72(k—1)) )
and Wliliql,% carries a basis (wo, -+ ,wk) with the explicit action (r € Z, 0 < j < k,
W-1 = Wk+1 = 0).‘

v wy =a ¢ T w; y ay wy = a"q G 4 gk = flgwsi

(1 —q¢%2a)(1 — ¢*za) A
(1—q 5 2za)(1—q Dza) "
For m a dominant monomial, we will denote

(3.13) L(m) = L(m(w(m))™1).

o1 (2)uw; = ¢" =%

3.4. The dual category O*. For V a t-diagonalizable U, (b)-module, we define a structure
of Uy(b)-module on its graded dual V* = ®ge¢- Vi by

(xu)(v) = u(S_l(x)v) (weV*, veV, xzelUyib)).

Definition 3.13. Let O* be the category of t-diagonalizable Uq(b)-modules V' such that V*
1s in category O.

A Uy(b)-module V is said to be of lowest /-weight ¥ € {; if there is v € V such that
V = Uy(b)v and the following hold:

Uy(b)"v = Cu, ¢;fmv:\lli7mv (iel, m>0).

For W € t;, we have the simple Uy (b)-module L'(¥) of lowest (-weight ¥. We have the
notion of characters and ¢-characters for category O* as in Section 3.2.

Proposition 3.14. [HJ] For ¥ € t; we have (L'(¥))* ~ L(¥1).
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We will consider the prefundamental representations Riia in O* defined by (Rlia)* ~ LT .

Example 3.15. In the case g = slo, Rfa carries a basis Rfa = @jzo(Cv;-‘ with the explicit
action (r,j>0,p >0, v*; =0):
_aql—jépJ[j]q *
—1 Uj—l )
q—dq

2j 2j
:L‘Dv;f = 0r, 047 V541 5 .CL‘LPU; = d)i’(z)vj* =q7(1 = za)v

*
-

3.5. The opposite Borel and the category O. It will be also convenient to use the
opposite Borel Uy (b™) = &(Uy(b)). By (2.3), Uy(b™) is the subalgebra of U,(g) generated
by f; and k‘ii1 with 0 < ¢ < n. Hence it is a Hopf subalgebra of U,(g). Let further
Uy(b7)F = Uy(g)* NU,(b7) and Uy(b7)° = U,(g)° N U,(b). Then we have

(3.14) Uqg(b7)™ = (@; _n)iclm>0, Ug(67)" = ( i_,—wkiil>i€Iﬂ“>0'
We have a triangular decomposition
(3.15) Uy(67) = Uy(b7)” @ U, (67)° @ U,(b7) .

By mimicking the definition of the category O, we can define the category O of U,(b™)-
modules. For V' a U,(b)-module, we have a structure of U,(b™)-module on V' denoted by
V% and defined by twisting the action by the automorphism &. In particular, we get the
simple objects L(¥) = (L'(¥))* of the category O. Hence, we have a parametrization of
simple objects, as well as g-character theory, in the category O as for the category 0. In
in the category O.

particular we have the prefundamental representations ff 0 = (Riia_l)w
Example 3.16. In the case g = sla, fia carries a basis fia = @;>0Cv; with the explicit
action (r,j>0,p >0, v*; =0):

4 115§ [i ‘
_ a lq 1ld _ _
BT = —6n0a® x+=q_q” o7 (2% = (1 — (za)Y)or.

4. BAXTER’S RELATIONS IN CATEGORY O

In this section we prove a uniform explicit g-character formula for positive prefundamental
representations (Theorem 4.1): it is equal to the product of the highest ¢-weight and the
ordinary character (which does not depend on the spectral parameter). We prove that this
implies for each finite-dimensional representation V' of U,(g) the existence of a relation in
the Grothendieck ring of O obtained from the g-character of V' (Theorem 4.8). This is
our first main result, which is a generalization of Baxter’s TQ relations discussed in the
Introduction. We also prove that an arbitrary tensor product of positive prefundamental
representations is simple (Theorem 4.11).

4.1. g-characters of positive prefundamental representations.
Theorem 4.1. Leti € I. Then we have for any a € C*,
Xq(Li,) = Wia x x(Lf,) and x4(R,) = ¥i 4 x x(R],).
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Remark 4.2. (i) The characters X(an) = X(L;,), are explicitly known and are equal to
each other [HJ, Theorem 6.4]. Since (R} ,)* ~ L, the character x(R;,) is also explicitly
known. Besides, the formula is uniform.7Hence, as the highest E—weight’ W, o is known, the
statement of Theorem 4.1 is an explicit uniform q-character formula.

(ii) Theorem 4.1 implies that the normalized q-characters )Zq(L:a) = X(L;fa), )Zq(R;fa) =
X(R;fa) do not depend on the spectral parameter a.

(11i) When the multiplicity N; of a; in the mazimal root of § is equal to 1, this result was
established in [HJ]. It relies on an asymptotic construction of the representation L which
is only valid if N; = 1. Our proof is different and works for all cases. 7

Example 4.3. In the case g = sla, we have

Xa(Li,) = (1= za)] | D [F2ran] | © xo(BY,) = [(1—2a)] | ) _[2rwi]

r>0 r>0

Remark 4.4. Although positive and negative prefundamental representations have the same
character, their g-characters are very different. For instance, in the case g = slo, we have

XQ(Lia) = [(1 - Za)_l] Z(‘Al,a‘éll,aq—2 e Al,aq*QU*l))_l s

r>0

XQ(RI_,CL) = [(1 - Za)il] Z(Al,aAl@q? U Al’aq2(771))

r>0
The reader may also look at the geometric q-character formulas for negative prefundamental
representations established in [HL] (see [HL, Remark 4.19] for details).
4.2. Proof of Theorem 4.1. We will use the following technical result.

Lemma 4.5. Let i € I, a € C*, 0 < K < k. Let m be a monomial occurring in

)Zq(WIEZiql_Qk) such that the multiplicity of —a; in w(m) is lower than K. Then m is a

monomial of )Zq(W[(;)aql—2K)‘

Proof. Let us prove the result by induction on k£ — K > 0. It it is trivial if K = K. Now,
suppose in general that k > K. We have [H2, Lemma 5.8]

(4‘16) )NCq(W:()lq_lfzk) € >~<q(W( : aq372k) + (Ai,aA A 2—2k)7lz[A;1}]jel,be(C*'

i
. 2 .
1 i,aq; 1,aq;

k
Hence m is a monomial of )Zq(W]El)l 3ok
~1,aq]

). We can conclude with the induction hypothesis.
’ 0

Now we complete the proof of the Theorem.

Proof. Let us explain the proof for the L;ra. The same proof gives the analogous result for

the f: - By using w this implies the result for the R;’La. For k > 0, L;raq‘,% is a subquotient

k3
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of
L, @ L(Y, Y, Y, oknn)

~1 —3 Y.

%llqi Z7a‘qi /l?aqi

where we use the notation of Equation (3.13). Suppose that an f-weight ¥ = (U;(2));er
occurring in Y,(L;,) has a pole or a zero b € C*. Since (‘I’)q'—Qk = (U;(2¢; %))ier occurs in

Xq(LT _,4), it can be factorized into

(P) 2k = Wi my

q
where W) (resp. my) occurs in )Zq(L;fa) (resp. in qu(Wk’aqil—Qk)). Let K be the multiplicity
of —a; in w(¥) € —Q*. By Lemma 4.5, the monomial my, occurs in xq(W, aq;_zx). We

have proved that (¥) -21 occurs in

xq(Lifa)xq(i(Yi’aql__l raq " Yiagi26))-

i7aqi
In this product, there is only a finite number of terms of weight w(¥). But for each k > K,
one of this term has a pole or a zero bg; 2k Contradiction. So

XQ(L;’;&) = X(L:,ra) = X(Lj:l)

4.3. Baxter’s relations. Now we have the following.

Corollary 4.6. Fori € I and a € C*, we have

@) L(L:aqf Y _ @] Lq(R;aq? Y _ Y,
' X‘I(L'j,_aqi) ' Xq(Rj:aqi) i

Proof. First, by definition of Y; 5, we have the relation for highest /-weights:
. —1
i,aq;
Wil —"— =Y, ,.
[ Z] ‘Ili7aqi e

Now the character of prefundamental representations do not depend on the spectral param-
eter:

X(L:aqfl) = X(Lz—aql) a‘nd X(R:l_aq_—l) = X(Rz_aql)
Hence Theorem 4.1 implies the result. ([l

Remark 4.7. The formulas we obtain in Corollary 4.6 can also be seen as a change of
variables (analogous to those used in [HL, Section 5.2.2]).

We can now prove generalized Baxter’s relations in the category O (and O*).

Theorem 4.8. Let V' be a finite-dimensional representation of Uy(g). Replace in x4(V)

[L* ]
each variable Y; 4 by [w;] [L“;“’i ] and xq(V') by [V]. Then, multiplying by denominators, we
get a relation in the Grothe}zz;ieck: ring of O.
RY ]
iaq;

Similarly, replacing Y, by [wi] we get a relation in the Grothendieck ring of O*.

e
R’
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Proof. Since the g-character morphism is injective, the result follows from Corollary 4.6. We
have also used the g-character formula x,([w;]) = [@;] for the 1-dimensional representation
[wi], as explained in Example 3.9. O

Example 4.9. (i) Our result generalizes the following known example in the case § = sla.
We have for a € C* a relation in the Grothendieck ring of O:

[L(Y1,0)][L]]

1,aq] = [L+

Fogesllon) + L ol e

Similarly, we have in the Grothendieck ring of the category O*:
[L(Y1,0)[[R] o) = [B allwr] + [R] o] [—wr].
(ii) For g = sl3(C), we have
Xo(L(Y1,1) = Y11 + Y, LYo, + Y, L.
Hence we have the following Bazter relation in the Grothendieck ring of O:

LIS ) = 1L, L

$ allon) + [ S lwe — wn] + (L )ILE -,

(iii) Let us give another example for g of type Bay. The q-character of the 4-dimensional
fundamental representation L(Y21) is

X(E020) = Yo+ Vi + Y] 3¥a + Vi
Hence we have the following Bazter relation in the Grothendieck ring of O:

LYV LE LT L5 ) = (L3 AL Sl pws] + [LE ST IS slleor — ol

HLf L LS

sqllws —wi] + [Lg ][5 LT ] [—wal.

Remark 4.10. (i) By taking the duals, Baxter’s relations in Theorem 4.8 may also be
written in terms of megative prefundamental representations. For example, in the case
g = sla, for a € C* we get in the Grothendieck ring of O:

(LY 0 LT ag) = L7 g ] lot] + (L ] len),
and in the Grothendieck ring of the category O*:

[L(Yl,aq*Q)] [Rl_,aq] = [R_

Lag- 1wl IR gsllen].

(ii) For quantum affine algebras of classical types, some conjectural relations in the
Grothendieck ring of the category O have been proposed in [Sun]. It is not clear to us
whether there is a connection between them and the generalized Baxter relations that we
establish in this paper.
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4.4. Baxter’s relations as tensor product decomposition. In this subsection we give
an additional interpretation of Baxter’s relations of Theorem 4.8. This is only included for
completeness of the paper as the results of this subsection will not be used in the other
sections.

Let us first prove the following additional application of Theorem 4.1.

Theorem 4.11. An arbitrary tensor product of positive (resp. negative) prefundamental
representations in the category O is simple. The same holds in the category O*.

Proof. First let us prove the result for a tensor product T of negative prefundamental
representations in the category O. It can be written in form

— ®ni,a'r
T= @ Q& L)

a€(C*/qL)i€l,r€Z

where we have chosen a representative a € C* for each class in C*/¢” so that for any i € I,
r < d;, we have n; 44~ = 0. The ordering in the tensor product is not relevant for this proof
as the Grothendieck ring of the category O is commutative. Let W be the highest /-weight
of T. We prove that L(®) is isomorphic to T'. First L(¥) is a subquotient of 7. So it
suffices to prove that the dimensions of weight spaces of L(W¥) are greater than those of 7.

For R <0, consider the simple module L = I:(M r) where the monomial Mg is defined
by

. rid;
— 1,aq z
Mp= I I [ Y, o

a€(Cr/q?)i€l,r>0 \{r'er+2d;Z|r>r'>R}

Then Lp is isomorphic to a tensor product of (normalized) Kirillov-Reshetikhin modules

LR ~ ® ® I: H Y;.’aqr/

ac(C*/q2)i€l,rel {r’'er+2d;Z|r>r">R}

®niyaq7‘

Indeed it suffices to prove the irreducibility of the tensor product when we replace spectral
parameters by their inverse (see [H4, Proposition 4.13]). Then the result becomes clear as
the g-character of the tensor product has a unique dominant monomial (see for example
[H2, Proposition 5.3]).

Now, by [HJ, Theorem 6.1], the character of T is the limit (as a formal power series in
the negative simple roots) of the character of Lr when R — —oo. So it suffices to prove
that the dimension of weight spaces of Lr are lower than those of L(W).

Consider the tensor product

T — L(‘If) X ® ® o (”T ®ni,aqr

a€(C*/qt)i€l,r€Z

where R, ;, is the lowest integer ' such that v’ € r + 2d,Z and r’ > R — d;. Since T" and
Lr have the same highest /-weight, Ly is a subquotient of T”.

Recall that the /-weights of Lg are the product of the highest f-weight Mg(w(Mpg))™*
multiplied by a product of A;g, j €1i,be C* [FM, Theorem 4.1]. Hence, by Theorem 4.1,
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an f-weight of T" is an f-weight of L only if it of the form
(Mg (w(Mp))~ @)

where W' is an f-weight of L(¥) and (Mg(w(Mg))"'®~!) is the highest f-weight of the
remaining tensor product of positive prefundamental representations. We get the result.
The same proof gives the result for negative prefundamental representations in the cat-
egory O*. By duality, we get the result for prefundamental representations in the category
O as well as in the category O*. U

The tensor product of a simple representation in O (resp. in O*) by a 1-dimensional
representation [w], w € t*, is clearly simple. So, multiplying Baxter’s relation of Theorem
4.8 by the denominators and using Theorem 4.11, we get the following.

Corollary 4.12. Bazter’s relation of Theorem 4.8 may be interpreted as the decomposition,
in the Grothendieck ring of O (resp. of O*), of the class of the tensor product of two simple
representations into a sum of classes of simple representations.

5. TRANSFER-MATRICES AND POLYNOMIALITY

In this section we state our second main result: polynomiality of the twisted transfer-
matrices (and of their eigenvalues) associated to the prefundamental representations (The-
orem 5.9). Our main application is the proof of a version of the conjecture of Reshetikhin
and the first author (Theorem 5.11). We use this result to write down the system of Bethe
Ansatz equations explicitly in Section 5.6. We also derive the polynomiality of Drinfeld’s
Cartan elements on finite-dimensional representations (Theorem 5.17) and prove commu-
tativity of the twisted transfer-matrices associated to representations in the category O
(Theorem 5.3).

5.1. Universal R-matrix, L-operators and transfer-matrices. The universal R-matrix
R of U,(g) belongs to the tensor product U,(g)®U,(g) (completed for the Z-grading of
U,(g)). The Cartan subalgebra of U,(g) is also slightly completed: elements e"| w € P®zC,
are added so that k; = " for i € I, as in [CP] (see also [Dal]). We will use analogous
completions of Borel subalgebras. The completed algebras still act on the representations
we consider.

The universal R-matrix satisfies the Yang-Baxter equation

(5.17) R12R13R23 = Ra3R13R12.

In fact, it is known that R belongs to U,(b)®@U,(b™). Hence for V a U,(b)-module, we may
define the L-operator associated to V'

Ly (2) = (my(s) ® Id)(R) € End(V)[[2]]@Uq(b7),

where 7y (2) : Ug(b) — End(V)[[z]] is the representation morphism of V' with the Z-grading
of U,(b).
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Let V in the category O* whose weights are in P C t*. For g € Uy(b) (or in End(V)),
the twisted trace of g on V is

Tryu(g) = Y Try, (7v(g)) (H Uf) € Cllu; ier,
AEL* el
where \; € Z is defined by (i) = qz)‘l
Definition 5.1. The twisted transfer-matriz associated to 'V is
ty(z,u) = (Trv,y ® 1d)(Ly (2)) € Ug(o7) [z, ui Nier-
More precisely we have
tv (2, u) € Ug(b7)[u; ierllz, villier
_ Cji
v; guj

corresponds to a simple root. Hence the product of twisted transfer-matrices is well-defined.
Note that for V' = RXa’ we have ty (z,u) € Uy(b7)[[z, villicr-

where for 7 €

Example 5.2. Leti € I. The zero prefundamental representationsL(a;), L(w;) are defined
in Section 3.1. By using Section 7.1, we get
tL(OjZ.) = Uik‘l-_l and tL(Ui)(Z, u) = ull%l_l

k(C*I)j,i

where the k; = [Ticr k;

are characterized by the relations
. B ASK
k=] k7
jel
For V in €, ty(z,u) is a finite sum and the variables u; can be specialized to any non
zero complex values. For example, consider the specialization

—1y. ,
g = q?Z]’EI(C )ivi _ qZZjGI(DC 1)1‘,]"

This means v; = ¢? as DC~! is symmetric (and u = ¢ if § = slz). Then we recover the
standard non-twisted transfer-matrix

ty(z) = (Try @ 1A)((( [ ) @ 1)Lv(2)) € Ug(67)][[2]]-

1<i<n

5.2. Commutativity of twisted transfer-matrices. It can be proved as in [FR1, Lemma
2] that for V, V"’ in the category O* whose weights are in P C t*, and for W an extension of
V and V' in the category O*, we have

(5.18) tw(z,u) =ty(z,u) + ty/(z,u) and tygy (2, u) = tv(z, )ty (z,u).
Let us prove the following stronger result.
Theorem 5.3. For V,V' in the category O* whose weights are in P C t*, we have

tv (z,u)ty (w,u) =ty (w, u)ty(z,u).
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Remark 5.4. (i) The result is well-known when V, V' are finite-dimensional in the category
C (see [FR1, Lemma 2]). But in general the action of Ug(b) on V,V' can not be extended
to an action of Uy(g) and we can not evaluate my () ® Ty1(y) on the universal R-matriz R.
That is why we can not use directly the standard proof for the general representations in O*
we consider.

(i) The same proof as below gives the result for representations in the category O.

Proof. From (5.18), ty(z) depends only of the class of V' in the Grothendieck ring of O*.
But by [HJ, Remark 3.13], this ring is commutative. Hence

ty (z,u)ty:(z,u) = tyr(z,u)ty(z,u).

Now let a € C* and V, be the U,(b)-module obtained from V' by twisting by 7. Then V,
is in the category O* and

(5.19) ty, (z,u) =ty (za,u).
Hence for any a € C* we have
ty (za,w)ty:(z,u) = ty/(z,u)ty (za,u).

This implies the result. g

For V in category O* with weights in P, we will denote

ty(z,u) =Y tym](u)z™

m>0
5.3. Deformation of U,(b™)". Let t(v) be the C[[v;]];er-subalgebra of U, (b7 )[[v;]]icr gen-
erated by the ¢+ [m](u) (i € I, a € C*, m > 0) and the tpg)[m](u) (w € QT). We recall

that the zero prefundamental representations L(w) are defined in Section 3.1.

Proposition 5.5. t(v) is a commutative subalgebra of Uy (b~ )[[vi]]icr which is a deformation
of Ug(67)°.
More precisely, let i € I. Then the limit at v; — 0 (j € 1) of tp+ (2,u) is Ti(za) where

i
Ti(2) = eap (Z m[dh[mh>

m>0

and

hiem = _[d)gCii(q™)hj—m-
jel

The commutativity is a direct consequence of Theorem 5.3. The rest of the Proposition
will be proved in Section 7.2.

. hi,—m
Example 5.6. In the case g = sla, we have Ti(z) = exp (Zm>0 ZWW>.

The next lemma follows from [FM, Lemma 3.1].

Lemma 5.7. T;(z) commutes with the x]ir forj#iandr e Z.
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Let W be a tensor product of simple objects in C. It has a highest weight vector w of
highest ¢-weight m = Hjel,bec* Y]ugb Then w is an eigenvector of T;(z). Let us denote by
fi(z) the corresponding eigenvalue. A straightforward computation gives

(5:20) fi)= ]I ew (Wm)Z(zb-WW) |

jel beC >0 "
By [FM, Theorem 4.1], the other ¢-weights of W are of the form
M=mA L A7l ...A7t

i1,a1% V2,02 IN,AN

where iq,--- ;iy € [ and ay,--- ,ay € C*.

Proposition 5.8. The eigenvalue of T;(z) on the (-weight space Wy is equal to

fi(z) x H (1 —zazt).

1<k<N,i,=i

Proof. Let us replace in T;j(z) each ﬁjy_m by the associated eigenvalue encoded by the
monomial A, (k € I, b€ C*). We get

exp | — Z zmmck(qm)wb—m
I _
jeI,m>0 [m]q m(‘]j —4; 1)

B (d™) B m b—l m§.

—ep (- 3 (@ym i,)(¢™)Bj k(™) — oxp (_ 5 (zb71) z,k) (1 ),
jelm>0 m m

Hence the result. OJ

5.4. Baxter polynomiality. Let W be a tensor product of simple objects in the category
C of finite-dimensional representations of U,(g). It has a highest weight vector w of weight
w. Fori € I, let fi(z) € C[[z]] be the eigenvalue of T;(z) on w as given in (5.20). Let A be
a weight of W and ht;(w — ) be the multiplicity of «; in w — \; that is

w—/\:thi(w—)\)-ai.
el
One of the main results of this paper is the following Baxter polynomiality.
Theorem 5.9. Leti€ [,a e C" and V = R;fa. Then the operator
(fiaz)) ™ tv (2, u) € (Bnd(W)x)[[viller)[2]
is a polynomial in z of degree ht;(w — \).

This Theorem 5.9 will be proved in Section 6 and Section 7. By Theorem 5.3 and
Proposition 5.5, it implies immediately the following:

Corollary 5.10. Leti € I, a € C* and V = R;:a. Then the eigenvalues of ty(z,u) on
(W) are of the form
fi(z0)Qi(za,u),

where Q;(z,u) is a polynomial in z of degree ht;(w — \).
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We now give some applications of these results.

5.5. Proof of the conjecture of Reshetikhin and the first author. Our main ap-
plication is the proof of a version of the conjecture of Reshetikhin and the first author
from [FR1] about the spectra of transfer-matrices. It is a consequence of Theorem 5.9 and
Corollary 4.6. Let us use the notation of the previous section.

Theorem 5.11. Let W be as above and V be a finite-dimensional representation of Uy(g).
Then every eigenvalue of ty(z,u) on (W)x may be expressed as xq(V) in which we replace
each variable Y; o by

niao—) filaza; )Qu(azg " )

5.21 q; a;u; ,
(5:21) filazqi)Qiazgi, u)
where the series fi(z) € C[[z]] given by formula (5.20) and the numbers
(522) qu 1)] zw oy ), Z c I,
jeI

depend only on W (and not on the eigenvalue), whereas Q;(z,u) is a polynomial in z of
degree hti(w — \) that depends on the eigenvalue.

The polynomials @Q;(z, u) are the analogues of the Baxter polynomials (see the Introduc-
tion for more details).

For w = A, Theorem 5.11 follows from the definition of x4(V'), as explained in [FRI,
Section 6.1]. In this case, Q;(z,u) =1 for all i € I.

Proof. By Theorem 5.3, it suffices to replace in Baxter’s formula of Corollary 4.6 the classes
of representations R;ra, L(w;) by the eigenvalues of their respective twisted transfer-matrices.

For RJr ., we use the formula in Corollary 5.10. For L(w;), by Example 5.2, we have to

compute the eigenvalue of u,k: . Let a; be the eigenvalue of k: L on w. We get the formula

azuzQ?tl(w N because for j€l, reZ we have ki T, =q ~dii g x; Tk‘ 0

Remark 5.12. (i) Suppose that V is irreducible and let my be its highest weight dominant
monomial. By [FM, Theorem 4.1], any monomial in x4(V') has the form

My =my H Alk a”

Let us write out My as the product of the Y; 4, and then replace eachY; o by the corresponding
factor au;fi(zag; ")/ fi(zaq;) appearing in Theorem 5.11. We obtain a scalar function,
which we denote by Fir,. A straightforward computation using formula (5.20) yields that
the ratio between Fyr, and Fp,,, is given by the following rational function in z:

Fary _ H -1 fdeg(sz) Rk(z_lalzlq%)
Finy Yin G Py (=~ 1% %, b’

where the Pj,i € I, are the Drinfeld polynomials of the highest weight vector w of W.



BAXTER’S RELATIONS AND SPECTRA OF QUANTUM INTEGRABLE MODELS 23

Therefore, it follows from Theorem 5.11 that all eigenvalues of ty (z,u) on W are rational
functions in z up to one and the same overall scalar factor, namely F,, =

Uj,q(my)

T (@) e | 3 uj,b(m)(zab‘l)r(fi_ "—4)Ci;(q")
i,jel,acC* 7>0,bEC*

where w; o(my) (resp. u;q(m)) is the power of Y, in my (resp. in the highest monomial
m of W).

This is in agreement with the fact that up to a scalar function the operator my (ty(z)) is
rational in z (see [FR2] and [EFK, Proposition 9.5.3]). Our result gives a description of
the eigenvalues of the u-deformation of this operator.

This is also in agreement with the calculations in [FR1, Section 6].

(ii) It follows from the definition that each z™-coefficient of Qi(z,u) is a oot of a poly-
nomial whose coefficients are in the ring of formal Taylor power series in the vj, j € I
(hence it belongs to the algebraic closure of the field of fractions of this ring). We expect
these series to be expansions of rational functions near the point v; =0, 7 € I. It would be
interesting to prove that this is indeed the case and to describe the poles of these rational
functions.

Example 5.13. (i) For g = sl2(C) and V = L(Y; 4-1), we get as in (1.1)

Q1(zq 2, u) +A(Z)Q1(Zq27u)

Q1(z,u)

D(z) Q1)

2
with A(z) = (D(2¢%)) "' = allullq—htl(w—)\)f}izz))‘

Dividing by D(z) = Fy, o~ (2) we get a rational fraction in z (see Remark 5.12 (i)):
Qi(2q % u) 4 v7 g deB(P)~2hts (=) P(z"'q) Ql(ZQQ,U)’
Q1(z,u) P(1q™h) Qi(z,u)

where P is the Drinfeld polynomial corresponding to the highest monomial m of W.
(ii) In general there are more than 2 terms. For g = sl3(C) and V = L(Y; ,-1), we get

Q1(2q%,u) 2yy-1 Q1(2¢%, u)Q2(2q" ", u) a1 Q2(2¢%, u)
Dy(2)~22L - 4 (p D +(D 222
1(25) Ql(Z,U) ( 1(Zq )) 2(2) Ql(Z,U)QQ(Zq,U) ( 2(zq )) QQ(Z(],U)
-2 —1
ith D — ht1(w—2A) fl(zq ) , d D — hta(w—X) fQ(Zq ) ]
wi 1(2) = ajuiq 7]01(2:) an 2(z) = aguagq 7f2(zq)
Dividing by D1(z) = Fy, o (z) we get a rational fraction in z (see Remark 5.12 (i)):
Q1(zq 2, u) + v g deB(P)+(hta—2hts) (=) Pi(ztq) Qi(2¢,u)Q2(2q™ ", u)
Q1(z,u) ! Pi(z71q71)  Qu(z,u)Qa(2q,u)
o Ly g des(PrPa)— (it +hta) (0 =2) Pzl Pa(z7!) Qa4 w)

Pi(z7tq ) P(271q72) Qa(2q,u)
where Py, Py are the Drinfeld polynomials corresponding to the highest monomial m of W.



24 EDWARD FRENKEL AND DAVID HERNANDEZ

5.6. Bethe Ansatz equations. We now derive the generalized Bethe Ansatz equations
from Theorem 5.11 following [FR1, Section 6.3].

According to Theorem 5.11, each eigenvalue of ¢y (z,u) on a finite-dimensional repre-
sentation W is a sum of terms, each having the product of the functions of the form
filazq;)Qi(azg;,u) in the denominator.

Suppose that W = ® " L(¥;), where

-1
deg(Pi)Pj,i(Zqi )

.2 ql - \P 7 7 9 \Ill - . T 7N\
(5.23) = (Wiilier, Wya(e) = gl L

where Pj;(z) are polynomials (see Section 3.3). The zeros of f;(azg;) differ from the roots
of P;;(z) by powers of ¢, and therefore the corresponding poles in the eigenvalues of ty (2, u)
on W are to be expected. But the roots of Q;(azg;,u) give rise to extraneous poles, which
we do not expect to have in the eigenvalues of ¢y (z,u). Therefore they should cancel each
other, and this must happen uniformly for all V.

We expect that, at least for generic values of ¢, the only possible way for this to happen
is for the poles in the monomials of the form M and M AZ aq; 1D the g-character of V' to
cancel out.

We also expect that each root of Q;(z,u) has multiplicity one. Then each cancellation
of this type gives rise to an equation, which says that the sum of the residues of the terms
in the eigenvalues corresponding to M and M Al ag; ab the poles coming from the roots of
Qi(zaq;, u) is equal to 0.

To write down these equations explicitly, let us set

Qz(zau) = l_j[(wl(;) - Z), m; = hti(w — )\)
k=1

Recall that Q;(z,u) is a polynomial in z whose coefficients are in the algebraic closure of the
field of fractions of the ring of formal Taylor power series in the v;,7 € I. Hence each root
w,(;) belongs to the same field. Further, since the @Q;(z,u) enter the eigenvalues through the
ratios (5.21), we do not lose any generality by normalizing Q;(z,u) this way.

An explicit calculation along the lines of those in [FR1, Section 6] gives us the following

(4)

system of equations on the w, :

) 0, —cy

N (
deg P;; Pji( Zwk _ws c;WE —Ws g
(6.24) o [[q " =] g HHq e Do
k S

j=1 ]Z(QZ/wk s#k k z I£i s=1

These are the generalized Bethe Ansatz equations corresponding to a given collection of
polynomials P;;,j =1,...,N;i € I.

These equations come from “local” pole cancellations, in the sense that they occur be-
tween monomials of the form M and M A ;q Therefore the equations are the same for any
choice of the representation V.
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Ifg= sAlg and W = ®§y:1W§.)b.q*Rj+1 (we use the notation of Example 3.12), then these
VERN)

equations become

N —R; -2
wg — bjg Y o Wy — Wsq
5.25 Ry 2B 91— _— k=1,...,ht(w—N).
(5.25) vjl;[lq " S];[kq e s ht(w =)

Formulas (5.24) and (5.25) specialize to formulas (6.6) and (6.5) of [FR1], respectively, if
we set v; = ¢ (the factor —¢~V on the RHS of formula (6.5) in [FR1] should be replaced
by ¢?*™~*, and similarly for formula (6.6) in [FR1]).

Example 5.14. For N = Ry =1 =k and by = ¢, we recover the well-known relations

-2 -1
wy — 1—w
izlandwlz q

v _
qw1—1 1—wvq

We expect that for generic ¢ and generic polynomials P;;, it is possible prove along the
lines of the above argument that any eigenvalue of the transfer-matrices ¢y (z,u) on (W),
gives rise to a solution of the Bethe Ansatz equations (5.25). Furthermore, we expect that
the converse is true as well. Thus, we arrive at the following conjecture, which is a version
of the “completeness of Bethe Ansatz” (at the level of eigenvalues).

Conjecture 5.15. For generic ¢ and generic polynomials P;;, there is a one-to-one cor-
respondence between the eigenvalues of the transfer-matrices ty (z,u) on (W)y, where W =
®§V:1L(\Ilj), with ¥; given by formula (5.23) and the solutions of the Bethe Ansatz equations

(5.24) with w(’, k =1,... hty(w — A);i € I.

5.7. Example. We suppose that g = sly, V = Ril, and W = WJ(VI,LFQN is a KR-module
(we use the notation of Example 3.12). There is an explicit formula for the R-matrix (see
Section 7.1 below). We have (mw (zy))V*! = (7w (k2™,))¥*1 = 0. So the image Ly (z) of
Ly (z) in (End(V) ® End(W))][2]] is a product

Ly(z) = L5 (2)(1dy @ mw (T(2))) L7 (2) £

cpn - Y W m O SN
0<r<N g [r]y!

- (g — g zmy (b tayy) @ mw (@] _y)ka)"
Ly(2) = Z r(r—1)
0<r<N q 7 [rlg!
Ly = (my @ ) (R*°) does not depend on z.
By taking the twisted trace, the image of the twisted transfer-matrix in (End(W))[[u, z]] is

(—(¢—q )%
RGN

. (Trvu @ mw)((zfo @ 210)" (1 @ T1(2)) (k"2 @ @ k1) L)
0<r<N

—q ) m r(3—r
-y ez )y ))WW((x;O)TTl(z)(x;_lkl)T)Zu%M ¢ (k).

|
0<r<N [T]q. m>r
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qu[Nm]q
m

Let 0 < j < N. Note that hi _,.wyg =
qr(NfZ)fm(N72j)

wp for m > 0. Then (xf_lkl)rk‘{”.wj =

wj—, is an eigenvector of T1(z) with eigenvalue fi(2)Pj—,(z) where

_ m qu[Nm]q
fl(z) = exp (Z z m[m]q(qm + qm)>

m>0

does not depend of r, j and

Pip(z)=(1-2)1-2¢") - (1—2¢?0"""Y)
is a polynomial in z of degree j — r (this can be computed by hand or with Proposi-
tion 5.8). Since (mio)rwj_r = %wﬁ this implies that w; is an eigenvector of

(f1(2)) "'ty (z,u) with eigenvalue Q1(z,u) equal to

(q—q¢ YN —j+7],! [ﬂ 2(1=2)- (1= 2g2U~"=D)

q Z u2m |:7;’:L:| qu(r+N72j)
q

T;rl - [N - .7]11' m>r

>

”
0<r<N q (

which is a polynomial in z. It is clear that the degree is at most j. By taking the limit
u = 0, only the term with m = r = 0 contributes and we see that the degree is exactly j.

Note that in addition each z™-coefficient of Q1(z,u) is rational in v = u?.

Example 5.16. For N = j =1, we get the well-known Baxter polynomial
(1-2) 1w’ ") +2u*(g—q7")
(1 —wu?q)(1 —u?q71)

2q—1

It has degree 1 and its root is wy = lzfu% which specializes at (14+q+q?) ™! foru® = v = ¢%.

This is the same as in Example 5.14 above. It means wy is not a pole of
G ) S S R L G L)
Ql(za U) 1- Z_lq_2 Ql(z7 U)
5.8. Polynomiality of Drinfeld’s Cartan elements. Let us now give the second appli-
cation of our main results.
By Proposition 5.5, Corollary 5.10 implies:

Q1(z,u) =

Theorem 5.17. Let fi(z) € C[[z]] be the eigenvalue of T;(z) on a highest weight vector of
W (for alli € I). Then on (W) the operator

(fi(2) 7' Ti(2) € (Bnd((W))))[2]
is a polynomial in z of degree ht;(w — \).
Note that this is compatible with Proposition 5.8 which gives the polynomiality, up to
fi(z), for the eigenvalues (the result here is much stronger as we get the polynomiality also
for the off-diagonal elements).

As an illustration, let us check this result by hand in the most elementary not trivial
case. Suppose that g = sly. Let

V= L(Yl’l) X L(Yl,l)-
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An highest weight vector of V' is an eigenvector of T1(z). Let g(z) be the eigenvalue. We
study the action on the 2-dimensional space Vy. g(2)~'T1(z) has a unique eigenvalue on V;
which is (1 — zg~!). Let us study the representation as in [H4, Examples 2.2, 3.3]. From
the relation [xf_l,xio] = —¢£_1/(q —q b, we get hi—1 = ¢*fof1 — fifo- Let wT be a
highest weight vector of L(Y11). Then (wt,w™ = fiw") is a basis of L(Y71). We use
analogous notation (v, v~ = fiv) for a second copy of L(Y7 7). Then (w™ ® v, ¢ 2w~ ®
v +wt ®@w™) is a basis of V. In this basis, for m > 0 the action of hi,—m is the matrix
=g m h C* and a; = ~4 For r > 0, th
0 m(l 2 where a,, € and a; = ¢ — ¢~ *. For r > 0, the

m

vector 9317,4-(“# ® vT) in this basis has the form </\T> where A\, i, € C and \g = 0,

T
[2m]q .—
m 1,—m—r

1o = 1. We have the relation [hl,,m,mi_r] = — for m > 0, » > 0. Since

hi—m-(wt @ovt) = %(w‘F ® o), it implies
—%O + inm)/\r + amptyr = — [QZ}q)‘m—H"y
[m]q(1 + 7™ pr = [2mlgpimsr-

The second equation with m = 1 implies u, = ¢~" for » > 0. Then the first equation with

m = 1 reads —¢"\, + q:;qq:f) = —¢'*" A1y, which implies \, = *"rqqf(;qf for r > 0. Now
the first equation with » = 0 gives a,, = —[2m],q™™ qqfl;qf. Hence the image of g(2) 1T} (2)

in the basis is
3

—3_.2
0 —[2mlyg L 4 )

(0 0
(1 —2q Yexp Z 2™ il

m>0 qm + q_m)

_ [2m]qg™  ¢73-¢2 -1 q—q*
=(1-2¢7") b= 2o " (@ +a) ara T | = (1734 gt T .
0 1 0 1—2q~t

It is a polynomial of degree 1 in z.

5.9. Plan of the proof of Theorem 5.9. We first establish (Theorem 6.1) a grading of
positive prefundamental representations szfa which has good compatibility properties with
the action of Z-graded elements in Uy (b). Section 6 is entirely devoted to this grading and
the proof of its existence. We believe that the study of this grading will be interesting
independently of the applications it finds in this paper.

Then in Section 7.1 we recall the factorization of the universal R-matrix. We give the
proof of Proposition 5.5 in Section 7.2. Then we explain why it suffices to consider the
case that W is a tensor product of fundamental representations with ¢-weight spaces of
dimension 1 (or of dimension at most 2 for g of type Eg). This is crucial to control the
action of the Cartan factor of the universal R-matrix. By using the grading of Theorem 6.1,
we can also control the action of the positive and negative parts, as we explain in Section
7.
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6. A GRADING OF POSITIVE PREFUNDAMENTAL REPRESENTATIONS

To prove Theorem 5.9, we first establish the existence of a certain grading on positive
prefundamental representations with nice properties with respect to the action of Drinfeld
generators (Theorem 6.1). We believe this grading is also of independent interest.

6.1. The grading. Let us fixi € I,a € C*. The main result of this section is the following.

Theorem 6.1. There exists a grading by finite-dimensional vector spaces

Ry = D EL)n

meZ

such that
(1) form >0 and x € Uy(b)™ of degree r > 0, we have

2((R)m) € (R )m—r-
(2) for j €I, r,m >0 we have
3 (Bi)m C (R )m—r if § # 1,
(&, +ady,_y + -+ a &) (B )m C (BEm—r,
(3) For j € I and r > 0 we have
2 (RE)m) © (R )m—r + (R m—rts,-
This result will be proved in this section.

Remark 6.2. The condition (2) for r = 0 implies that the grading is compatible with weight
decomposition:

(Rf\ = @(RZ})A N (R )m for A et
meEZ
It also implies that for j € I, r > 0 we have

i ja”
rlg—aq ')
Up to a shift, we can assume that an £-lowest weight vector of Rfa has degree O and that
(R;’ra)m =0 form <0. ’

(hjr — )‘j,r)(R:a)m C (R;fa)m_r where \j, =

6.2. Root vectors. Let us remind results from [Be, Dal] where the root vectors E, €
Uq(b), F, € Uy(b™) are constructed for
a € ol =df U{B+mdm >0,8€ &}

Here ®( (resp. @) is the set of roots (resp. positive roots) of ¢ and & is the standard
imaginary root of g. For example, we have for ¢ € I, m > 0 and r > 0:

_ .t _ - o _ +
Em5+ai = Tims Eréfa,‘ = _ki L Fm6+o<i =T _ms Frﬁfai = _xi’,rki-

We will consider the subalgebras
Uq(biﬁ’o =t® Uq(bi)Jr - Uq(bi)zo = Uq(bi)o ® Uq(bi)Jra
Uy(6)0 = Uy(b)™ @£ C Ug(0)=° = Uy(6)~ ® Uy (6)".
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The Z-grading of U,(g) induces Z-gradings on U,(b~)"% and U, (b)~°.
The subalgebra of U,(b) (resp. U,(b™)) generated by the E_,4,5 (resp. F_q4rs5) for
a € ®f, r>0and by tis Uy (b))~ (resp. U,(b~)"0). Note that we have

deg(E_atrs) = —deg(Fairs) =1

6.3. Examples for the grading. The examples in this section are given as an illustration
and are not used for the main results of the paper.

First, for g = sly, we can check directly that we can choose

(R{ y)m = C.vy,, m > 0.

Indeed,

(1) for m > 0, we have xfl((Rfa)m) = (Ria)m_l and ml_r((Rfa)m) ={0}ifr > 1.

(2) For 7 >0, (61, + a¢y, | +---+a"¢f) = a" H(b,2001, + ad) = dr0k1 on R .

(3) We have xfo((RLa)m) = (R1,4)m+1 and :L'D((Rl,a)m) = {0} for r > 0.
This can be generalized to the case N; = 1. In this special case, there is a simple proof
thanks to the following result.

Theorem 6.3. [HJ] Suppose N; =1. Let j€ I, r >0, a € ®F.
(1) ¢I§i7j+r acts by 0 and k;%ﬁ;ﬁl 18 a scalar operator on R;-fa.
(2) xIr acts by 0 on R;fa.

(3) If o)) = 0, then E_o4rs5 acts by 0 on RY,.
(4) If a(ay) = 1, then E_ . (r41)s acts by 0 on R;fa.

Remark 6.4. Precisely, the statement is proved in [HJ, Section 7.2 for L;ra by giving an

asymptotic construction of Lj’a. The same construction works for f:a. By using @, this
gives also an asymptotic construction of R;-fa. Hence the result.

Corollary 6.5. If N; =1, there is p € Z such that for any m € Z,
Bim= D (B@)a

{acQt|a(a))=m+p}
Proof. Let p be the degree of a lowest weight vector. Let w € (Rfa)a be a non zero
weight vector. Then by Section 6.2 there is a non zero lowest Weight7vector of the form
E—ai1+r15 . --E_aiNJr,nN(;w. Hence m = r1 +---+ry +pand o = «a;, +--- + «a;,. But
by Theorem 6.3, 71 = --- =ry = 1 and a;, (o) =+ = a;y(af) =1. Som =N +p =
a(a)) + p. O

In general, the statements of Theorem 6.3 and Corollary 6.5 do not hold (see the following
example). The reason is that the asymptotic construction in [HJ] do not work in these cases.
That is why we give a completely different proof in the next subsections.

Example 6.6. Let us consider the Bo-case with ¢ = 1 the node satisfying N1 = 2. Let v be
a lowest weight vector of V = Rfl. By [HJ, Theorem 6.4], we have dim(Vaa,+a,) = 3. If
the statement of theorem 6.3 held for V, we would have

— C(at V2t + oot ot T (2
Vaaytan = C(2] ) w300 © Cay g5 g7 v @ Carg (7 )" v-
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But ($1+,0)21"3:0‘/U = 0, contradiction. The statement of Corollary 6.5 does not hold neither.
Consider a grading such that v has degree 0. The weight spaces of weight 0, a1, 2aq, a1+ as
are of dimension 1, generated respectively by v, $1+,0-U; (xfO)Q.v, (1:;01{0).11, and have
respective degree 0, 1, 2, 1. Vaq,4a, 15 generated by vy = (xioxioxfo).v, vy = :Eio(xio)zv
and vy = x{l(m’fo)Q.v = —xflmioxfo.v. By construction, vs has degree 1 and vy has degree
2. Since 331_,1(1)1 + Cuy + Cus) C (V)1, there are A\, u € C such that vi + Ave + pvs has degree
2. Hence Vaq,+a, N (V)1 has dimension 1 and Vag,+a, N (V)2 has dimension 2.

6.4. Coproduct and root vectors. Let a € ] and r > 0. Set ko = [Tici<n k:ia(wiv) We
have [Dal, Theorem 4, (3)]:

(6'26) A(F—a-‘rr&) € F—oc—‘rré ® ko + Z UQ(b_) ® (UQ(b_)F—5+p5)'
Bed p>0

This gives the factor k, in the decomposition of F_, s in Uq(b_)+ &t

(6.27) Fooirs €U (67) ko and E_o 5 € Uy(b) "k

This last point also follows from [Da2, Proposition 9.3]. Now let ¢ € I and r > 0. The
Q-grading of U,(g) induces a Q-grading of U,(b™). Let Uy(b™)4 (resp. Uy(b™)—) be the
subalgebra of U,(b™) of elements of positive (resp. negative) -degree. Then we have

(6.28) Alhi—y) € hiy @1 +1@ hs—y + (Uy(b7))— @ (Uy(b7))+.

6.5. Drinfeld relations. Let us give examples of relations between Drinfeld generators
that we will use:

oki — ¢;
(6.29) [xj_m,a:i_o] = ,Jm— formeZ,i, jel,
’ ’ 4 — g;
and form>0,p€eZ,i,j€l:
_ ~1C; _ —(H1)C _
(6.30) ¢i7—mxzp - Z i 7 Jtp - 1¢ 1 T Z 7 + lq5 —mA
0<i<m—1 0<i<m

We will also use the following technical result.

Lemma 6.7. Leti € I, a € ®f, r > 0. Then we have a decomposition in Uy(b™)
T 0P atrs = q(a,ai)F_aMéx;O + Z ap((;g;p i+t ¢Zo)ka + akike,
—r<p<0
where a € Uy(b7)>° has Z-degree —r and a, € Uy (67)>° is a sum of elements of Z-degree
—r—por—r—p+1.

Proof. We will compute the decomposition of F_qr52; o in (3.15) by using the full quantum
loop algebra U, (g) and the decomposition (2.4). Indeed, by (6.27), F_ s is a product 27k,
where 21 has degree —r and is an algebraic combination of the x;-f_m (jel,0<m<r).

We first have F__q 52,5 = q*)‘aﬁx-_ k, where

A= Z Nd;Cii = Za(w}/)(ai,aj) = (o, o).

Jel Jel
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The relations (6.29) imply
[, al € AkiA+ > Ady A

—r<m<0

where A = C[mﬁp]jg,ogpg. Then the relations (6.30) imply
[x+,x;O] € Ak; + Z Ad; -

—r<m<0
Hence
(6.31) F—a-l—réx;o = q_Ax;,oF—a—&-ré - Z q_)\bmﬁb;mka - q_)\akika7

—r<m<0
where b, € A has Z-degree —r —m and a € A has Z-degree r. Note that A is not contained
in Uy(b™). But we have A C Uy(g)*. So (6.31) is the decomposition of F_, sz, in (2.4).
But F_otr52;9 € Ug(b™) and the decomposition in (3.15) is unique. Hence, for degree
reason, we have a € Uy (b™)" and by, € Uy(b~)" for m < 0. Now (6.31) can be rewritten as
in the Lemma, with
ap = b, —bp_1 for —r <p <0

where we set b_,_1 = 0. O
Example 6.8. For ezample, in the case g = sla, we have for r > 0, F.5_q, = —mffrkl
and

_ 2 _ _
xl,oF’rcs—al =4q Fr&—aleo + ¢177rk1-

6.6. Tensor product of /-weight vectors. By using (6.28), we prove exactly as in [H4,
Proposition 3.2] the following.

Proposition 6.9. [H4] Let V4, Vs in category O and consider an l-weight vector

w = <Zwa®va> + Zw%@v'ﬁ eVieW
a B

satisfying the following conditions.

(i) The v, (resp. U’ﬂ) are (-weight (resp. weight) vectors of L-weight ¥, (resp. weight
wg).

(it) For any 3, there is an o satisfying wg > w(¥,).

(iii) For any o, we have Y ¢, —y,} War ® Var # 0.
Then the L-weight of w is the product of one W, by an l-weight of V1.

6.7. Proof of Theorem 6.1. We can assume a = 1. By using the twisting by @, we
can work with f: 1. It will be important for our proof as we will use that U,(b™)~ as,
in opposition to Uy(b)~, is generated by a family of Drinfeld generators (see (3.14)). We
do not need such a property for U,(b~)" as we have the coproduct formulas (6.26). The
conditions to be proved become for m >0, j € I, r <O:

(1) for x € Uy(b™)* of degree r < 0, m((L:rl)m) C (fil)mﬂ.
— —+ e z _ — Nt -+
(2) @5, (Lin)m C (Li)mar i § # @ and (¢, + &ipqq + -+ &50) (Lin)m C (Li 1) mer-



32 EDWARD FRENKEL AND DAVID HERNANDEZ

_ -+ + +
(3) 25, (Li)m) C (Lig)mtr + (Li)mtrs ;-
Let v (resp. v') be an ¢-highest weight vector of f;rl (resp. of L(Y, q,—l))- Let

V=Uy(b7).(v@ ) C Tjy @ L(Y; )
Then we have a surjective morphism of Uy,(b™)-modules
o:V — f:}rqlz.
Let V' = f:l ®v'. From (6.26), (6.28), V' is a Uy (b~)=%-module and

—+
Xq(vl) = Xq(Li,qg)-
Let us prove that V/ C V. Consider an ¢-weight vector w of V whose /-weight is an /-weight
of Z,Z_q?. If w is not in V', in a decomposition of w as in Proposition 6.9, we would have

some terms we, ® v with v, f-weight vector of L(Y; 1) which is not in C.v’. But by [FM,

—1
,9;

Lemma 6.1, Remark 6.2] (and its proof), we have

(LY, 1)) € 1+ A2 ersece.
Hence the (-weight ¥, of v, would be in ([UZ-]*IY;’%A)A;llZ[A;l}]jeLbe(c*. Contradiction
as by Theorem 4.1, A;ll is not a factor of the /-weights occurring in x, (fj q_2)~ Moreover,
fz_ 1 and f:_q_—z have the same character, so it implies that V' C V.

Now we may consider the restriction of ¢ to V’. From our discussion, it is an isomorphism
of Uy(b7)Z%module. It induces a linear isomorphism

U N =
QS . Li,l — Lz’qZQ

As the pullback of fz_ g2 by T2 18 fi_ 1, there is a unique linear isomorphism 7 : fz_ 2~ f;r 1
satisfying 7(g.x) = q,L-_ng.T(a:) for any x € f;rqg, g € Uy(b™) of Z-degree m and such that
®(v) = v where
We have for j € I, 7 > 0 and o € ¢

~ ~ ~ 1— 21 \%i

¢Ffa+r6 = Ffoz+r§¢ ) ¢¢J_ (Z) - ¢J_(z) T 1.2 ¢

1—2z27"¢
Hence @ is a linear automorphism of f: 1 which commutes with the k; and
OF ins = @ Foasrs® , 7 (2)(1 — 271 = 67 (q722)(1 — (26,21 s,
For i = j, the last equation can be rewritten as (r > 0):
(I)(gbi_,—r + Qﬁi—,*ﬂrl toot ‘bz’_,o) = qz?r(qs;r + (Z)i_,frJrl tet ¢;O)q>,

The weight spaces of f:l are stable by ®. Let us prove by induction on the height of « that

®_,, is diagonalizable on (fj_ 1)—a with eigenvalues of the form g; 2™, with m > 0 integer.
For o = 0 it is clear by construction. In general, there is a finite family (a1,71),- -, (ar,7R)
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with the o € <I>8', r; > 0 such that the intersection of the Ker(F_q;1y;5) N (Zz_l)—a is zero.
By the induction hypothesis, there is M > 0 such that the polynomial

PxX)= [[ x-4°m

0<m<M

satisfies P(®) = 0 on ®1SjSR(z:1)_a+aj. Let r = Max;(r;j) and consider the polynomial

Q)= [ x—g*m.

0<m<M+r
For 1 < j < R we have

—or,
Q((I)qz r])F—aj+7’j6 = F—aj+7"j5Q((I))'

But P(X) divides Q(Xq;%') and so Q(@q;%j) =0 on ®1§j§R(Z:1)_a+aj. Hence the
operator I 1,,6Q(®) is zero on (f:l)_a. Since this is true for any j, we get Q(®) = 0 on
(f: 1)—a and the result.

For m > 0, we can define (f:_ )m as the eigenspace of ® of eigenvalue g; >™.
Let us prove (3). For r <0 and j € I, [hj» — Ajr, ;0] = [, ;] is @ non zero multiple
of z; .. Hence, it suffices to prove the result for L0 If j # ¢, we have x;o.v’ = 0 and

so x;,® = Px;,. Hence the result. Now suppose that j = ¢. Consider a weight vector

w E (L:_ 1)m- We prove the result by induction on the height of the weight of w. For m = 0
is follows from the case g = slo. In general, by Section 6.2, there is F_ 1,5 (v € <I>3', r>0)
such that F_q 52, o.w # 0. By the induction hypothesis

— + +
xi,OF_a"FTé'w € (Li,l)m—'f + (Li71)m_7‘+1.

Let A, ap,a,k as in Lemma 6.7. By the result above, we have for p <0

_ _ _ + + +
ap(P;, + Gipi1 + o+ Gig)kw Cap(Ly)m+p € (L )m—r + (Li 1) m—r+1

as a, € Uy(b7)7% is a sum of elements of Z-degree —r —p or —r —p+ 1. So

- -+ -+
F—a-ﬁ-r&xi,o-w € (Li,l)mfr + (Lz’,l)mfr%l

_ + +
and Z; oW € (LZ‘J)m + (Li,1)m+1~

To conclude, let us prove that the (Li,1+)m are finite-dimensional. First let us prove by
induction on m > 0 that

—+ -+ ++
(Lig)m = @ (Li)m N (Lig)—a-
{ala(ey)<mN;}

This is clear if m = 0. For m > 0, let w € (le)m of weight —a. Then there is F_g4,5

such that F_g,sw # 0. We have F_, ,sw € (f;,rl)m_r N (f:l)_a_i_g. Hence, by induction
hypothesis, (=8 + a)(a) < (m — r)N;. But we have 0 < (o)) < N;. So

a(a)) < Ni+ (m —r)N; < mN;
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asr > 0. If m is fixed, by using the following Lemma 6.10 there is a finite number of weights
a of f;rl such that a(a;’) < mN;. Hence the result.

Lemma 6.10. Leti € I, a € C* and M > 0. There is a finite number of weights o offza
such that a(a)) < M.

Proof. By construction, the character of f;ra is the character of L; , and it does not depend
on a. It is proved in [HJ, Theorem 6.1] that x(L;) is the limit of )Z(W,E?) when k — +o0.
By (4.16), a weight « satisfying a(«) < M is a weight of f:a only if it is a weight of Wﬁ,)l.
Hence the result. g

Remark 6.11. In the proof, if instead of f:rq'—z we had used Z:—q_—Qk with k > 2, we would
get the same grading.

7. END OF THE PROOF OF THEOREM 5.9

In this section we finish the proof of Theorem 5.9. We first recall the factorization of
the universal R-matrix and show that it implies Proposition 5.5. Then we establish the
main reduction for the proof of Theorem 5.9 in Section 7.3: it suffices to consider certain
distinguished tensor products of fundamental representations.

7.1. Factorization of the universal R-matrix. The universal R-matrix has a factoriza-
tion [Dal]

R = RTROR=R>®,
where RE € U, (b)*@U,(b7)7,

—1 —1 D
i — ¢ (g — ¢ HYmBij (¢
R —ep - 3 (¢ —a; )¢5 — q; )mBi;(g™)

hi,m ®@h = |
(¢ —q1)[m], ’

m>0,i,5€1

and R® = ¢'> where to € h ® b is the canonical element (for the standard invariant

symmetric bilinear form as in [Dal]), that is, if we denote formally ¢ = e”*, then R = e~te,

. . . . . a
For a variable x, the g-exponential in z is a formal power series exp.» () = > .5 ﬁ
>0 [r]7 !

s r(r—1)
where p € Z and [r];! =[], <,<, 1;}227__11 =" [r]! for r > 0.

RT (resp. R7) is a product of g-exponentials of a multiple of Ey 5 @ Fotms with m > 0,
a € CIDS' (resp. with m >0, a € ®y).

Example 7.1. In the case g = sly, we have

Rt = H erp, ((q_1 — q)a:fm ® wl__m) LR = H erp, ((q — q_l)kl_lxim ® a:f_mlﬁ) ,

m>0 m>0

RO = exp (_(q - qil) Z [m]q(qm T q,m) hl,m ® hl,—m) .

m>0
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7.2. Proof of Proposition 5.5. Let i € I. Since each Fyyms (m > 0,0 € @) acts by

0 on the lowest weight vector of R@Tl’ only RY and R> contribute to the specialization of
N 0 5i,l

tRil(z,u). Let us replace in R° each hy,, (m > 0,1 € I) by —zmm

the trace on R;“l. We get

, that is we take

Bij(q™)ld, hi—m
exp Z zmi’j(q ) j]th_m = exp (Z 2" ):Ti(z)

j€I,m>0 [m]q m>0 [di]q [m]‘h

as [djlq[mlg; = [mgld;lgm and B; j(¢™) = Cji(q™)/[dilgm for any m € Z, j € I.
We have proved Proposition 5.5.

7.3. Reduction. It suffices to prove theorem 5.9 for W in € simple or standard (that is a
tensor product of fundamental representations). A representation in € is said to be thin if
its /-weight spaces are of dimension 1.

Remark 7.2. Leti € I anda € C*. If N; =1, then L(Y; ) is simple as a Uy(g)-module, as
shown by V. Chari [C2] (see also [HJ, Remark 7.7]). In particular, if this Uy(g) fundamental
representation is minuscule, then L(Y;,) is thin.

Proposition 7.3. Suppose that g is not of type Eg. Any simple object in C occurs as a
simple composition factor of a tensor product of thin fundamental representations.

Example 7.4. If g = sls, any simple object is C is isomorphic to a tensor product of thin
KR-modules, as shown by V. Chari and A. Pressley [CP].

Proof. This is clear for g of type A, B, C' or G5 as all fundamental representations are thin
[H1].

Type D,, (n > 4): for a € C* and i € {1,n — 1,n}, the representation L(Y;,) is thin (for
example by Remark 7.2). We have to prove the result for L(Y; ), 2 <i <n —2. It can be
obtained by induction on ¢ by using the following relation for 1 <i <n — 3:

[L(Y'LG) ® L(Y;,aqi+1 )] = [L(Yl,a}/;,aqi+1)] + [L<Yvi+1,aqi)]'

This relation can be easily established following the proof of T-systems relations in [H2].
By [FM], it suffices to prove that dominant monomials have the same multiplicities when
the g-character morphism is applied on both sides of the identity. Besides, the ¢-character
of a fundamental representation has a unique dominant monomial (that is it is affine-
minuscule) and its g-character is given by the algorithm of Mukhin and the first author
[FM]. Then it is not difficult to see that the left side of the identity has 2 dominant
monomials: the highest monomial Y1 Y qqi+1 and }/1,@1/;7aqi+1A1_’(11qA2_7(11q2 - A;(Ili = Y1 aqi-
Then the identity result follows as L(Y; 1 4,i) is affine-minuscule and as it can be proved as
in [H2, H3] that L(Y1,4Y; 44i+1) is affine-minuscule.

Type Fy: for a € C* and i = 1,4, the representation L(Y;,) is thin [H1]. We have to
prove the result for L(Y2,), L(Y3,). As above, it follows from the relations for a € C*:

[L(Yl,a) ® L(Yi,aq4)] = [L(}/l,ayl,aq‘l)] + [L(YQ,aQQ)]ﬂ
[L(n,a) ® L(Y4,aq2)] = [L(Y470Y21,aq2)] =+ [L(Y?),aq)]-
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Type Eg: for a € C* and i = 1,5, the representation L(Y;,) is thin (for example by
Remark 7.2). By using the same arguments as above, this implies the result for ¢ # 6. Then
we have

[L(Y1a) @ L(Y5 008)] = [L(Y1,0Y5 008)] + [L(Y5 ag3)]-
Type E7: for a € C*, the representation L(Ys ) is thin (for example by Remark 7.2). As
above, we get the result for ¢ = 6,5, 4, 3. Now the monomial

ViepYitio=YsaAgh AT AL JATL Al ATt AT ATl oAC Al

6,aqt0 6,aq9*5,aq2" “4,aq3* "3,aq** "7,aq°* "2,aq°* "3,aq% " "4,aq"* "5,a¢8* 76,aq°

occurs in x4(L(Ys,4)). In particular, we get as above

[L(Yé,a) ® L<Y6,aq10)] = [L(}/ﬁ,ayﬁ,aqlo)] + [L(Yl,aq5)]'
We have the result for i = 1. As [L(Y] 445) @ L(Y7 447)] = [L(Y71 005 Y1 aq7)] + [L(Y2,446)], this
also implies that L(Y5,46) is a composition factor of

L(Yﬁya) ® L(}%,aqlo) ® L(}%,an) & L(%,aq”)

and we have the result for i = 2. We conclude as

[L(Ys,0) © L(Y1,097)] = [L(Y6,0Y1,097)] + [L(¥7,0g4)]-

O

Remark 7.5. The statement is not satisfied for g of type Eg. Indeed the fundamental
representation L(Y;q) is not thin for any i in this case. For i = 1, it is known by [HN,
Section 6.1.2]. The Lie algebra for the sub Dynkin diagram I\ {7} is of type D7. The q-
character of fundamental representations are known for ¢ of type D. In particular we have
the result for 2 < i <5. In the same way we conclude for i = 6 by considering I \ {1,2,3}.
The Lie algebra for the sub Dynkin diagram I\ {1} is of type E7 and by using [HN, Section

6.1.2], we get the result for i = 7. The Lie algebra for the sub Dynkin diagram I\ {1,2} is
of type Eg and by using [HN, Section 6.1.2], we get the result for i = 8.

Proposition 7.6. Suppose that g is of type Eg. Any simple object in C occurs as a simple
composition factor of a tensor product of fundamental representations L(Y;,) with i = 1.

Proof. As above, we have the result for 1 < i < 5. Now the monomial

-1 _ —1 4—=1 4=1 4—=1 A=1 4=1 4—=1 4=1 4—=1 4-1 4—1 -1
Y771146Y1,aq12 - }/'1"“41,Cl(1142,aq2143,aq3A4,aq‘“45,aq5‘/48,aq6146,(1q6145,aq7A47aq8143,(1(19‘/42,aq10Al,aql1
occurs in x4(L(Y1,4)). In particular, we get as above

[L(Yl,ll) @ L(Yl,aq12)] = [L(}/l,ayl,aqm)] + [L(Yt?,aq‘S)]‘
We have the result for i = 7. As [L(Y7 446) @ L(Y7 448)] = [L(Y7 046 Y7 ag8)] + [L(Y5 aq7)], this
also implies that L(Yj ,,7) is a composition factor of
L(Ylya) ® L()/l,aqm) ® L()/l,an) X L(i/l,aql‘l)

and we have the result for ¢ = 6. We conclude as

[L(Yl,a) ® L(Y7,aq8)] = [L()/l,(ﬁ/?,aqs)] + D/&aq5]'
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Consequently, if g is not type Eg (resp. is of type Es) it suffices to prove Theorem 5.9 for
W tensor product of thin fundamental representations (resp. of fundamental representations

L(Y14)).

7.4. Proof of Theorem 5.9. By (5.19), we can assume that a = 1. We use the grading
of V = R;rl established in Theorem 6.1. For j € I and r» > 0 let us consider hj, =

hjr— %. Note that by Remark 6.2, 7y (h;,) is nilpotent. We have
(ar — 4z )5 — 4 ") mByj (™)~
RO=exp |- Y LA k(4 )hk,m @ hj—m | 1@ Ti(1)).

— 1
m>0kgel (g—q1) [mlq

This implies a factorization
Ly (2) = LiH(2) LY (2)(1dy © Ti(2)) Ly (=) LY,
where L (2) = (my(2) ® Id)(RF), Lgp = ¢~ ("v@Id(tx) and

Z (ar —ax Nai—a;") , mBu;(g™)

rErE e TR

LY (2) =exp | —
m>0,k,j€l

Let W be a simple object in €. The image of ty (z,u) in (End(W))][[z, u}tl]]je[ is a (possibly
infinite) linear combination of terms of the following form (we do not include L{P which

does not depend on z): the product of two factors, the first one being

(7.32) Ty u(Egssis Eg s, shive - RipryEgio— »+ Egrs—r,)

and the second one being

(7.33) Tw (Egyysys - Fp s, shin,—m = hiy—r, Ti(2) Fgi5—y - Fipo—,)s

where (1, , 58 € @3, Y, Y € @g, i, ,0p €1, 81,000,807 >0, 71,00, >0,

q1,: - ,qr >0and
R=(s1+-+sp)+(rm+-+r)+(@a+-+q)
Moreover, so that (7.32) is non zero, we must have for weight reason

P+ A+ By =+t
and by the conditions in Theorem 6.1

R < (Bi(wy) + -+ B (W)
Hence we have

R < (W) + -+ (wy).
So that (7.33) is non zero on (W), we must have for weight reason

(r(wi') + -+ (wy’) < hti(w = N).
This implies R < ht;(w — A). Hence, there is a finite number of choices for the s1,--- , s,
T1,"** Tp, 1, - ,qr- S0 the total sum is a finite linear combination of those terms.
Now suppose that W is simple and thin. By Proposition 5.8, the eigenvalues of T;(z)

on W)y are of the form f(2)Q(z) where f(z) does not depend on A and @ is a polynomial
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of degree ht;(w — A). The restriction of (f(2))"'T;(z) on W) is a polynomial of degree
hti(w — X). Hence each factor (7.33) is the product of f(z) by a polynomial of degree
hti(w — A\) — r. Hence (f(2)) 'ty (2,u) is a polynomial in z of degree at most ht;(w — \).

Now consider a tensor product W = W1 ® --- ® Wy of thin simple representations W;.
By using inductively the formula (Id ® A)(R) = Ry 3R12 we have for N > 2

(7.34) (Id & A)N(R) = RLN_A'_QRLN_A'_lel’N oo IRLQ.

Hence we can use the same proof as above where the term inside 7y in the factor (7.32) is
replaced by a product of N such terms and the factor (7.33) is replaced by a product of N
such terms with 7y, (1 < j < N) instead of myy .

Let us conclude the proof of Theorem 5.9 when g is not of type FEg. It suffices to prove
that the degree of the polynomial in z is not only less than or equal to ht;(w— \), but equal
to it. First note that Theorem 5.9 implies Theorem 5.17, so the degree of the polynomial
in Theorem 5.17 is less than or equal to the degree in Theorem 5.9. But the eigenvalues of
(fi(2))"Ti(2) are exactly of degrees ht;(w — A) by Proposition 5.8. Hence the result. For
the same reason, the degree is exactly ht;(w — \) in Corollary 5.10.

To conclude, let us prove the result when g is of type Eg. We have seen it suffices to
consider the case of a tensor product of fundamental representations W = L(Y] ,). This
representation has been studied for example in [HN, Section 6.1.2}2. It has a unique /-weight
space W’ whose dimension is not 1: it corresponds to the monomial m = Y5 qq14 Y5_alq16 and
it is of dimension 2. To use the same argument as above, we just have to prove the action
of (f(2))"'T;(z) on W' is a polynomial of degree ht;(w — ) (with the same notation as
above).

The g-character of W can be computed by using the algorithm of Mukhin and the first
author [FM]. In particular the monomials in mZ[Agfi]be(c* which occur in x,(W) are nec-

essarily m, mAsz ,q15, mA5_(11q15 with respective multiplicities 2, 1, 1. Besides, by setting

Yjp = 1for j #5in mA; 415 +2m:|—mA;’(1lq15 we get Y2, 14+ 2Y5 0q14 V5 16 + Y 2 1o which
is the g-character of a simple U,(slz)-module of dimension 4. Let U be the subalgebra of
U,(g) generated by the x?m, kEY hs, (m € Z, r € Z\ {0}). Then U is isomorphic to

U,(sly). From the discussion above, W’ generates a simple U-module of dimension 4 which
is the sum of 3 ¢-weight spaces of W. Let w be an highest weight vector of this module.
Then C.w is a f-weight space of W of dimension 1 and (f(z))~!7;(z) is a polynomial on
C.w. But we have also W' = 3>, C.xy .w. By Lemma 5.7, for i # 5, Tj(z) commutes
with the 2, . So, we have the result on W’. Suppose that i = 5. Then T5(z) € U[[z]]. The
result follows from Theorem 5.17 that we have already established in the case g = sl2 (in
fact, this is exactly the example explained in Section 5.8).

Remark 7.7. In the case N; = 1, for example for any i for g of type A, the proof in Section
7.4 is simplified thanks to Section 6.3. Indeed, by Theorem 6.3, we have Ty (Eqims) = 0
for (m>1and a € ®F) or (m > —a(a)) and o € Dy ). Moreover we have a scalar action

i
_ _—%iyldy
WV(hj,m) - m(qi—q-il)

3

form >0 and j € I. This implies LY, (z) = 1. Consider a tensor

2The representation W has dimension 249. As a Ug(g)-module, it has two simple constituents, one of
them is the trivial representation of dimension 1.
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product W = W1 @ --- @ Wy of thin simple representations. By using formula (7.34), we
can use the same arguments as above by considering only terms of the form

z”+"'+TNTrV,u((E,8§1) '-'EB@E&—%D “'Eafvﬁb) o (E,BYV) "'Eﬁig)EL%N) By ’Y(N)))
mw (Fgon "'F/Bf?Ti(Z)Fa—ﬁ” B 'Fé—wﬁ”)@' H @y (Fgon - 'Fﬁf,f;)ﬂ(z)Fé—%N) "'F5—‘Y§%))
where r1 < Ry,--- ,rn < Rn, (1)(% )=-= ’77("5)(@/) =1and Ry, -, Ry are fized.

Example 7.8. Let us now consider the example in Section 5.7 from the angle of the proof
above (strictly speaking, the example here is essentially equivalent to Section 5.7). In the
case § = sly with V = Rfl, we have ﬂv(xfm) =0 form >1 and 7y (z7,,) =0 for m > 2.

_({Id% form > 0. Hence

Ly (z) = L (2)(Idy @ T(az)) Ly (2)(my @ Id)(R™),

L‘t(z) = eap, ((q_1 — q)ﬂv(a:fo) ® mio) , Ly (2) = exp, ((q - q_l)zm/(k:fl:nil) ® :L‘f_lk:l) .

Hence

— 12 r(3—r
W,u):Z((q : Z“mH ¢ @ ) T (=) (@ k) R

Moreover my (h1m) =

,r.
r>0 m>r

When we specialize xi_l on a simple finite-dimensional representation W, it becomes nilpo-
tent and the sum is finite. Then we recover the formulas as in Section 5.7.
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