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$EVWUDFW

,Q WKLV DUWLFOH� D WZR�OHYHO UHJUHVVLRQ PRGHO LV LPSRVHG RQ WKH DELOLW\ SDUDPHWHUV LQ DQ

LWHP UHVSRQVH WKHRU\ �,57� PRGHO� 7KH DGYDQWDJH RI XVLQJ ODWHQW UDWKHU WKDQ REVHUYHG VFRUHV

DV GHSHQGHQW YDULDEOHV RI D PXOWL�OHYHO PRGHO LV WKDW LW RIIHUV WKH SRVVLELOLW\ RI VHSDUDWLQJ WKH

LQÀXHQFH RI LWHP GLI¿FXOW\ DQG DELOLW\ OHYHO DQG PRGHOLQJ UHVSRQVH YDULDWLRQ DQG PHDVXUHPHQW

HUURU� $QRWKHU DGYDQWDJH LV WKDW� FRQWUDU\ WR REVHUYHG VFRUHV� ODWHQW VFRUHV DUH WHVW�LQGHSHQGHQW�

ZKLFK RIIHUV WKH SRVVLELOLW\ RI XVLQJ UHVXOWV IURP GLIIHUHQW WHVWV LQ RQH DQDO\VLV ZKHUH WKH

SDUDPHWHUV RI WKH ,57 PRGHO DQG WKH PXOWLOHYHO PRGHO FDQ EH FRQFXUUHQWO\ HVWLPDWHG� 7KH

WZR�SDUDPHWHU QRUPDO RJLYH PRGHO LV XVHG IRU WKH ,57 PHDVXUHPHQW PRGHO� ,W ZLOO EH VKRZQ

WKDW WKH SDUDPHWHUV RI WKH WZR�SDUDPHWHU QRUPDO RJLYH PRGHO DQG WKH PXOWLOHYHO PRGHO FDQ EH

HVWLPDWHG LQ D %D\HVLDQ IUDPHZRUN XVLQJ *LEEV VDPSOLQJ� ([DPSOHV XVLQJ VLPXODWHG DQG UHDO

GDWD DUH JLYHQ�

.H\ ZRUGV� %D\HV HVWLPDWHV� *LEEV VDPSOHU� LWHP UHVSRQVH WKHRU\� 0DUNRY FKDLQ

0RQWH &DUOR� PXOWL�OHYHO PRGHO� WZR�SDUDPHWHU QRUPDO RJLYH PRGHO�



0XOWLOHYHO ,57 � �

,QWURGXFWLRQ

,Q HGXFDWLRQDO DQG VRFLDO UHVHDUFK� WKHUH LV D JURZLQJ LQWHUHVW LQ WKH SUREOHPV

DVVRFLDWHG ZLWK GHVFULELQJ WKH UHODWLRQV EHWZHHQ YDULDEOHV RI GLIIHUHQW DJJUHJDWLRQ OHYHO� ,Q

VFKRRO HIIHFWLYHQHVV UHVHDUFK� RQH PD\� IRU LQVWDQFH� EH LQWHUHVWHG LQ WKH HIIHFWV RI WKH VFKRRO

EXGJHW RQ WKH HGXFDWLRQDO DFKLHYHPHQW RI WKH VWXGHQWV� +RZHYHU� WKH IRUPHU YDULDEOH LV GHILQHG

RQ WKH VFKRRO OHYHO ZKLOH WKH ODWWHU YDULDEOH LV GHILQHG RQ WKH OHYHO RI VWXGHQWV� 7KLV JLYHV

ULVH WR SUREOHPV RI SURSHUO\ PRGHOLQJ GHSHQGHQFLHV EHWZHHQ WKHVH YDULDEOHV� 7KHVH SUREOHPV

FDQ EH FRSHG ZLWK XVLQJ PXOWLOHYHO PRGHOV �%U\N 	 5DXGHQEXVK� ����� 'H /HHXZ 	 .UHIW�

����� *ROGVWHLQ� ����� /RQJIRUG� ����� 5DXGHQEXVK� ������ ,Q WKH DERYH H[DPSOH� VWXGHQWV

DUH QHVWHG LQ VFKRROV� DQG LQ D PXOWLOHYHO PRGHO WKH VWXGHQWV ZRXOG PDNH XS D ILUVW OHYHO DQG

WKH VFKRROV D VHFRQGDU\ OHYHO� $OWKRXJK PRVW DSSOLFDWLRQV RI WKH PXOWLOHYHO SDUDGLJP DUH

IRXQG LQ UHJUHVVLRQ DQG DQDO\VLV RI YDULDQFH PRGHOV �VHH� IRU LQVWDQFH� %U\N 	 5DXGHQEXVK�

������ PXOWLOHYHO PRGHOLQJ GRHV� LQ SULQFLSOH� DSSO\ WR DOO VWDWLVWLFDO PRGHOLQJ RI GDWD ZKHUH

HOHPHQWDU\ XQLWV DUH QHVWHG ZLWKLQ DJJUHJDWHV� /RQJIRUG ������� IRU LQVWDQFH� JLYHV H[DPSOHV

RI PXOWLOHYHO IDFWRU DQDO\WLFDO PRGHOV DQG JHQHUDOL]HG OLQHDU PRGHOV�

$OVR LQ WKH ILHOG RI ,57 PRGHOV VRPH DSSOLFDWLRQV RI WKH PXOWLOHYHO SDUDGLJP FDQ EH

IRXQG� $GDPV� :LOVRQ DQG :X ������ GLVFXVV WKH WUHDWPHQW RI ODWHQW SUR¿FLHQF\ YDULDEOHV DV

RXWFRPHV LQ D UHJUHVVLRQ DQDO\VLV� 7KH\ VKRZ WKDW D UHJUHVVLRQ PRGHO RQ ODWHQW SUR¿FLHQF\

YDULDEOHV FDQ EH YLHZHG DV D WZR�OHYHO PRGHO ZKHUH WKH ¿UVW OHYHO FRQVLVWV RI WKH LWHP UHVSRQVH

PHDVXUHPHQW PRGHO ZKLFK VHUYHV DV D ZLWKLQ�VWXGHQW PRGHO DQG WKH VHFRQG OHYHO FRQVLVWV RI

D PRGHO RQ WKH VWXGHQW SRSXODWLRQ GLVWULEXWLRQ� ZKLFK VHUYHV DV D EHWZHHQ�VWXGHQWV PRGHO�

)XUWKHU� $GDPV� :LOVRQ DQG :X ������ VKRZ WKDW WKLV DSSURDFK UHVXOWV LQ DQ DSSURSULDWH

WUHDWPHQW RI PHDVXUHPHQW HUURU LQ WKH GHSHQGHQW YDULDEOH RI WKH UHJUHVVLRQ PRGHO� $QRWKHU

DSSOLFDWLRQ RI PXOWLOHYHO PRGHOLQJ LQ WKH IUDPHZRUN RI ,57 PRGHOV ZDV JLYHQ E\ 0LVOHY\ DQG

%RFN ������ ZKHUH JURXS�OHYHO DQG VWXGHQW�OHYHO HIIHFWV DUH FRPELQHG LQ DQ KLHUDUFKLFDO ,57

PRGHO� %RWK DSSOLFDWLRQV FDQ EH YLHZHG DV VSHFLDO FDVHV RI WKH JHQHUDO DSSURDFK SUHVHQWHG KHUH�

7KLV JHQHUDO DSSURDFK HQWDLOV D PXOWLOHYHO UHJUHVVLRQ PRGHO RQ WKH ODWHQW SUR¿FLHQF\ YDULDEOHV

DOORZLQJ IRU SUHGLFWRUV RQ WKH VWXGHQW�OHYHO DQG JURXS�OHYHO� 7KH PRWLYDWLRQ IRU WKLV DSSURDFK LV

WZRIROG� )LUVWO\� OLQHDU PXOWLOHYHO PRGHOV DUH EDVHG RQ WKH DVVXPSWLRQ RI KRPRVFHGDVWLFLW\� WKDW

LV� LW LV DVVXPHG WKDW WKH HUURU FRPSRQHQW LV LQGHSHQGHQW RI WKH RXWFRPH YDULDEOH� L�H�� WKH VFRUH

RI WKH WHVW WDNHU� ,Q ,57� PHDVXUHPHQW HUURU FDQ EH GH¿QHG ORFDOO\� IRU LQVWDQFH� DV WKH SRVWHULRU

YDULDQFH RI WKH DELOLW\ SDUDPHWHU JLYHQ D UHVSRQVH SDWWHUQ� 7KLV ORFDO GH¿QLWLRQ RI PHDVXUHPHQW

HUURU UHVXOWV LQ KHWURVFHGDVWLFLW\� ,Q WKH 5DVFK PRGHO� IRU LQVWDQFH� WKH SRVWHULRU YDULDQFH RI WKH
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DELOLW\ SDUDPHWHU JLYHQ DQ H[WUHPH VFRUH LV JUHDWHU WKDQ WKH SRVWHULRU YDULDQFH RI WKH DELOLW\

SDUDPHWHU JLYHQ DQ LQWHUPHGLDWH VFRUH �VHH� IRU LQVWDQFH� +RLMWLQN 	 %RRPVPD� ����� S����

7DEOH ����� 6R VXPPLQJ XS� WKH ¿UVW PRWLYH IRU DQ ,57 DSSURDFK WR PXOWLOHYHO PRGHOV SUHVHQWHG

KHUH LV WKH PRUH UHDOLVWLF WUHDWPHQW RI PHDVXUHPHQW HUURU� 7KH VHFRQG PRWLYH LV WKDW� FRQWUDU\

WR REVHUYHG VFRUHV� ODWHQW VFRUHV DUH WHVW�LQGHSHQGHQW� ZKLFK RIIHUV WKH SRVVLELOLW\ RI DQDO\]LQJ

GDWD IURP LQFRPSOHWH GHVLJQV� VXFK DV� IRU LQVWDQFH� PDWUL[�VDPSOHG HGXFDWLRQDO DVVHVVPHQWV�

ZKHUH GLIIHUHQW �JURXSV RI� SHUVRQV UHVSRQG WR GLIIHUHQW �VHWV RI� LWHPV�

$Q LPSRUWDQW GLIIHUHQFH EHWZHHQ WKH DSSURDFK E\ $GDPV HW DO� ������ DQG 0LVOHY\

DQG %RFN ������ DQG WKH SUHVHQW RQH LV WKH HVWLPDWLRQ SURFHGXUH� ,Q WKH HDUOLHU DSSURDFKHV

PDUJLQDO PD[LPXP OLNHOLKRRG �00/� DQG %D\HV PRGDO SURFHGXUHV �VHH� IRU LQVWDQFH� %RFN 	

$LWNLQ� ����� 0LVOHY\� ����� ZHUH XVHG� ZKLOH WKH SUHVHQW DSSURDFK HQWDLOV D IXOO\ %D\HVLDQ

SURFHGXUH� %HORZ� LW ZLOO EH VKRZQ WKDW DGRSWLQJ D IXOO\ %D\HVLDQ IUDPHZRUN UHVXOWV LQ

D VWUDLJKWIRUZDUG DQG HDVLO\ LPSOHPHQWHG HVWLPDWLRQ SURFHGXUH� 7KH SURFHGXUH KDV VHYHUDO

DGYDQWDJHV� )LUVW� D IXOO\ %D\HVLDQ SURFHGXUH VXSSRUWV GH¿QLWLRQ RI D IXOO SUREDELOLW\ PRGHO IRU

TXDQWLI\LQJ XQFHUWDLQW\ LQ VWDWLVWLFDO LQIHUHQFHV �VHH� IRU LQVWDQFH� *HOPDQ HW DO�� ����� S� ���

%RWK NQRZOHGJH DERXW SUHYLRXV UHVHDUFK DQG WKH GDWD FROOHFWLRQ SURFHVV FDQ EH LQFRUSRUDWHG LQ

WKH PRGHO� 6HFRQG� HVWLPDWHV RI PRGHO SDUDPHWHUV WKDW PLJKW RWKHUZLVH EH SRRUO\ GHWHUPLQHG

E\ WKH GDWD FDQ EH HQKDQFHG E\ LPSRVLQJ UHVWULFWLRQV RQ WKHVH SDUDPHWHUV YLD WKHLU SULRU

GLVWULEXWLRQV� )RU H[DPSOH� SULRUV FDQ EH SODFHG RQ WKH YDULDQFH FRPSRQHQWV LQ FDVH RI D VPDOO

QXPEHU RI /HYHO � XQLWV �VHH� IRU H[DPSOH� 6HOW]HU HW DO�� ������ 7KH WKLUG� DQG SUREDEO\ PRVW

LPSRUWDQW DGYDQWDJH� KDV WR GR ZLWK WKH IROORZLQJ� 7KH IUDPHZRUN XVHG KHUH LV FORVHO\ UHODWHG

WR WKH IUDPHZRUN LQWURGXFHG E\ $OEHUW ������� 5HFHQWO\� WKLV IUDPHZRUN KDV EHHQ IXUWKHU

HODERUDWHG IRU HVWLPDWLRQ RI ,57 PRGHOV ZLWK PXOWLSOH UDWHUV �3DW] 	 -XQNHU� ����E�� WHVWOHW

VWUXFWXUHV �%UDGORZ� :DLQHU 	 :DQJ� ����� :DLQHU� %UDGORZ 	 'X� ������ ODWHQW FODVVHV

�+RLMWLQN 	 0ROHQDDU� ����� DQG PXOWLGLPHQVLRQDO ODWHQW DELOLWLHV �%pJXLQ 	 *ODV� ������

7KH XQLI\LQJ WKHPH RI WKHVH DSSOLFDWLRQV LV WKH XVH RI D 0DUNRY FKDLQ 0RQWH &DUOR �0&0&�

PHWKRG IRU %D\HVLDQ LQIHUHQFHV� 7KH PRWLYDWLRQ IRU WKH UHFHQW LQWHUHVW LQ %D\HVLDQ LQIHUHQFH

DQG 0&0& PLJKW EH WKDW WKH FRPSOH[ GHSHQGHQF\ VWUXFWXUHV LQ WKH PHQWLRQHG PRGHOV UHTXLUH

WKH HYDOXDWLRQ RI PXOWLSOH LQWHJUDOV WR VROYH WKH HVWLPDWLRQ HTXDWLRQV LQ DQ 00/ RU %D\HV

PRGDO IUDPHZRUN �3DW] 	 -XQNHU� ����D�� ,Q WKH VHTXHO� LW ZLOO EHFRPH FOHDU WKDW WKHVH

SUREOHPV DUH HDVLO\ DYRLGHG LQ DQ 0&0& IUDPHZRUN� 7KLV SRLQW ZLOO EH UHWXUQHG WR LQ WKH

GLVFXVVLRQ VHFWLRQ�

7KLV DUWLFOH FRQVLVWV RI ¿YH VHFWLRQV� $IWHU WKLV LQWURGXFWLRQ VHFWLRQ� D JHQHUDO

PXOWLOHYHO�,57 PRGHO ZLOO EH SUHVHQWHG� ,Q WKH QH[W VHFWLRQ� DQ 0&0& HVWLPDWLRQ SURFHGXUH
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ZLOO EH GHVFULEHG� 7KHQ� LQ WKH IROORZLQJ VHFWLRQ� H[DPSOHV RI WKH SURFHGXUH ZLOO EH JLYHQ� $QG

ILQDOO\� WKH ODVW VHFWLRQ FRQWDLQV D GLVFXVVLRQ DQG VXJJHVWLRQV IRU IXUWKHU UHVHDUFK�

0XOWLOHYHO ,57 0RGHOV

2QH�ZD\ 5DQGRP (IIHFWV ,57 $129$

%HIRUH GHVFULELQJ WKH FRPSOHWH PRGHO FRQVLGHUHG KHUH� D VSHFLDO FDVH ZLOO EH SUHVHQWHG

¿UVW WR LOOXVWUDWH WKH GHSHQGHQF\ VWUXFWXUH RI D PXOWLOHYHO ,57 PRGHO� &RQVLGHU D SRSXODWLRQ RI

XQLWV� VD\ VFKRROV� IURP ZKLFK D VDPSOH RI XQLWV LQGH[HG � ' �c � � � c a LV GUDZQ� ,QGLYLGXDOV�

VD\ VWXGHQWV LQGH[HG � ' �c � � � c ?� � DUH QHVWHG ZLWKLQ XQLWV� ,Q WKLV IUDPHZRUN� %U\N DQG

5DXGHQEXVK ������ FRQVLGHU D WZR�/HYHO RQH�ZD\ UDQGRP HIIHFWV $129$PRGHO� )RU WKH ILUVW

OHYHO� WKH PRGHO LV JLYHQ E\

t�� ' q� n e��c ZLWK e�� q �Efc j2�c ���

WKH VHFRQG OHYHO LV JLYHQ E\

q� ' � n ��c ZLWK �� q �Efc �2�� ���

6R WKH PRGHO HQWDLOV WKDW WKH /HYHO � XQLW PHDQV DUH VDPSOHG IURP D QRUPDO GLVWULEXWLRQ ZLWK

PHDQ � DQG YDULDQFH �2� 3HUVRQV ZLWKLQ D XQLW DUH LQGHSHQGHQW DQG WKH GLVWXUEDQFHV RI WKH

UHJUHVVLRQ FRHIILFLHQWV LQ GLIIHUHQW VFKRROV DUH XQFRUUHODWHG� 7KLV PRGHO FDQ EH JHQHUDOL]HG WR

DQ ,57 IUDPHZRUN E\ LPSRVLQJ WKH OLQHDU VWUXFWXUH RQ XQREVHUYHG ODWHQW YDULDEOHV w�� UDWKHU

WKDQ RQ REVHUYHG YDULDEOHV t�� � 7KH DVVXPSWLRQ LV LQWURGXFHG WKDW XQLGLPHQVLRQDO DELOLW\

SDUDPHWHUV w�� DUH LQGHSHQGHQW DQG QRUPDOO\ GLVWULEXWHG JLYHQ q� � 6R OHW w�� m q� � �Eq�c j
2��

)XUWKHU� q� � �E�c � 2�� &RPELQLQJ WKHVH WZR DVVXPSWLRQV� LW IROORZV WKDW WKH MRLQW GLVWULEXWLRQ

RI WKH DELOLW\ SDUDPHWHUV DQG WKH UDQGRP UHJUHVVLRQ FRHI¿FLHQW LQ JURXS � LV PXOWLYDULDWH

QRUPDO� WKDW LV�
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6R� WKRXJK ORFDO LQGHSHQGHQFH KROGV ZLWKLQ JURXSV� RYHU JURXSV WKH DELOLW\ SDUDPHWHUV RI

WKH UHVSRQGHQWV DUH GHSHQGHQW� $V QRWHG DERYH� WKHVH NLQGV RI FRPSOH[ FRUUHODWHG VWUXFWXUHV

VXJJHVW XVLQJ D IXOO\ %D\HVLDQ UDWKHU WKDQ DQ 00/ RU %D\HV PRGDO DSSURDFK� +RZHYHU� WKLV

GRHV QRW PHDQ WKDW WKH ODWWHU WZR DSSURDFKHV DUH FRPSOHWHO\ LQIHDVLEOH IRU WKH SUHVHQW PRGHO�

WKLV SRLQW ZLOO EH UHWXUQHG WR LQ WKH GLVFXVVLRQ�

$ 0XOWLOHYHO ,57 0RGHO

%U\N DQG 5DXGHQEXVK ������ SUHVHQW WKH DERYH RQH�ZD\ UDQGRP HIIHFWV $129$

PRGHO DV D VSHFLDO FDVH RI D JHQHUDO PRGHO� ,Q DQ ,57 FRQWH[W� WKLV PRGHO WUDQVODWHV WR D

PRGHO JLYHQ E\

w�� ' qf� n � � �n q^�f^�� n � � �n q'�f'�� n e��c ZLWK e�� q �Efc j2�c DQG ���

q^� ' �^f n � � �n �^r`r^� n � � �n �^7`7^� n �^�c IRU ^ ' fc � � � c 'c ���

ZKHUH WKH /HYHO � HUURU WHUPV� �^�c ^ ' fc � � � c '� KDYH D PXOWLYDULDWH QRUPDO GLVWULEXWLRQ

ZLWK D PHDQ HTXDO WR ]HUR DQG D FRYDULDQFH PDWUL[ A� ,Q ���� f^�� DQG q^� DUH /HYHO �

SUHGLFWRU YDULDEOHV DQG UHJUHVVLRQ FRHIILFLHQWV� UHVSHFWLYHO\� 7KH ODWWHU DUH DVVXPHG WR EH

UDQGRP YDULDEOHV PRGHOHG E\ ���� ZKHUH `r^� DQG �^r DUH /HYHO � SUHGLFWRU YDULDEOHV DQG

UHJUHVVLRQ FRHIILFLHQWV� UHVSHFWLYHO\�

,Q WKH DERYH IRUPXODWLRQ� WKH FRHIILFLHQWV RI DOO WKH SUHGLFWRUV LQ WKH /HYHO � PRGHO

DUH WUHDWHG DV UDQGRP� WKDW LV� DV YDU\LQJ DFURVV /HYHO � XQLWV� ,Q FHUWDLQ DSSOLFDWLRQV� LW FDQ EH

GHVLUDEOH WR FRQVWUDLQ WKH HIIHFWV RI RQH RU PRUH RI WKH /HYHO � SUHGLFWRUV WR EH LGHQWLFDO DFURVV

/HYHO � XQLWV� 7KLV LV DFFRPSOLVKHG E\ UHIRUPXODWLQJ WKH KLHUDUFKLFDO PRGHO DV D PL[HG PRGHO

�5DXGHQEXVK� ������ 7KH LVVXHV DQG SURFHGXUHV GLVFXVVHG EHORZ DOVR DSSO\ WR WKHVH PL[HG

PRGHO VHWWLQJV�

8S WR WKLV SRLQW� WKH DELOLW\ SDUDPHWHU � LV XQVSHFLILHG DQG XQNQRZQ� ,Q WKH QH[W

VHFWLRQ� DQ ,57 PRGHO DQG DQ HVWLPDWLRQ SURFHGXUH ZLOO EH LQWURGXFHG�

$Q 0&0& (VWLPDWLRQ 3URFHGXUH IRU D 0XOWLOHYHO ,57 0RGHO

5HFHQWO\� $OEHUW ������ GHULYHG D SURFHGXUH IRU VLPXODWLQJ VDPSOLQJ IURP WKH

SRVWHULRU GLVWULEXWLRQ RI WKH LWHP DQG SHUVRQ SDUDPHWHUV RI WKH WZR�SDUDPHWHU QRUPDO RJLYH

PRGHO XVLQJ WKH *LEEV VDPSOHU �*HOIDQG HW DO�� ����� *HOPDQ HW DO�� ����� *HPDQ 	 *HPDQ�

������ ,Q WKLV SDSHU� WKLV DSSURDFK ZLOO EH JHQHUDOL]HG WR WKH PXOWLOHYHO ,57 PRGHO FRQVLGHUHG
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DERYH� ,Q WKH QRUPDO RJLYH PRGHO� WKH SUREDELOLW\ RI D FRUUHFW UHVSRQVH RI D SHUVRQ LQGH[HG ��

RQ DQ LWHP LQGH[HG & E& ' �c ���cg�� t��& ' �� LV JLYHQ E\

� Et��& ' � m w��c @&c K&� ' x E@&w�� � K&� c ���

ZKHUH x GHQRWHV WKH FXPXODWLYH VWDQGDUG QRUPDO GLVWULEXWLRQ IXQFWLRQ� DQG @& DQG K& DUH WKH

GLVFULPLQDWLRQ DQG GLIILFXOW\ SDUDPHWHU RI LWHP &� UHVSHFWLYHO\� %HORZ� WKH SDUDPHWHUV RI LWHP

& ZLOO DOVR EH GHQRWHG E\ 1&� ZLWK 1& ' E@&c K&�
| �QRWH WKDW LWHP GLI¿FXOW\ LV GHQRWHG E\ WKH

XVXDO FKRLFH KZKLOH UHJUHVVLRQ FRHI¿FLHQWV DUH GHQRWHG E\ q� ZKLFK LV WKH XVXDO FKRLFH LQ OLQHDU

UHJUHVVLRQ PRGHOV� 7KHVH SDUDPHWHUV VKRXOG QRW EH FRQIXVHG��

,Q D %D\HVLDQ IUDPHZRUN� WKH SDUDPHWHUV LQ WKH PRGHO GH¿QHG E\ ���� ��� DQG ���

DUH YLHZHG DV UDQGRP YDULDEOHV� ,QIHUHQFHV DERXW WKH SDUDPHWHUV DUH PDGH LQ WHUPV RI WKHLU

SRVWHULRU GLVWULEXWLRQ� +RZHYHU� DV ZLOO EH VKRZQ EHORZ� WKH VLPXOWDQHRXV SRVWHULRU GLVWULEXWLRQ

RI DOO PRGHO SDUDPHWHUV LV TXLWH FRPSOLFDWHG� 7KHUHIRUH� WKH FRPSOHWH VHW RI SDUDPHWHUV LV VSOLW

XS LQWR D QXPEHU RI VXEVHWV LQ VXFK D ZD\ WKDW WKH FRQGLWLRQDO SRVWHULRU GLVWULEXWLRQ RI HYHU\

VXEVHW JLYHQ DOO RWKHU SDUDPHWHUV KDV D WUDFWDEOH IRUP DQG FDQ EH HDVLO\ VDPSOHG� $ 0&0&

SURFHGXUH ZLOO EH XVHG IRU GUDZLQJ VDPSOHV IURP WKH FRQGLWLRQDO SRVWHULRU GLVWULEXWLRQV� 7KH

0&0& FKDLQV ZLOO EH FRQVWUXFWHG XVLQJ WKH *LEEV VDPSOHU�

7R LPSOHPHQW WKH *LEEV VDPSOHU IRU WKH QRUPDO RJLYH PRGHO� $OEHUW ������ DXJPHQWV

WKH GDWD E\ LQWURGXFLQJ LQGHSHQGHQW UDQGRP YDULDEOHV ~��&� ZKLFK DUH DVVXPHG WR EH QRUPDOO\

GLVWULEXWHG ZLWK PHDQ @&w�� � K& DQG YDULDQFH HTXDO WR RQH� ,W LV DVVXPHG WKDW t��& ' � LI

~��& : f DQG t��& ' f RWKHUZLVH� /HW ~ ' E~���c � � � c ~?aag� DQG OHW � DQG � EH WKH YHFWRUV

RI DOO SHUVRQ DQG LWHP SDUDPHWHUV� UHVSHFWLYHO\� 7KRXJK WKH MRLQW GLVWULEXWLRQ RI E~c�c �� KDV

DQ LQWUDFWDEOH IRUP� WKH IXOO\ FRQGLWLRQDO GLVWULEXWLRQ RI HDFK RI WKH WKUHH SDUDPHWHUV DUH HDV\

WR VLPXODWH� (DFK LWHUDWLRQ6 FRQVLVWV RI WKUHH VWHSV� ��� GUDZ ~6n� IURP LWV GLVWULEXWLRQ JLYHQ

�6 DQG �6c E2� GUDZ �6n� IURP LWV GLVWULEXWLRQ JLYHQ ~6n� DQG �6� DQG ��� GUDZ �6n� IURP

LWV GLVWULEXWLRQ JLYHQ ~6n� DQG �6n�� ,Q WKH QH[W VHFWLRQ� LW ZLOO EH VKRZQ WKDW WKLV LGHD FDQ

EH H[WHQGHG WR HVWLPDWLRQ RI WKH SRVWHULRU GLVWULEXWLRQ RI DOO SDUDPHWHUV LQ WKH PXOWLOHYHO ,57

PRGHO�

(VWLPDWLRQ RI WKH 0XOWLOHYHO ,57 0RGHO XVLQJ *LEEV 6DPSOLQJ

,Q WKH SUHVHQW FDVH� WKH GDWD FRQVLVW RI WKH LWHP UHVSRQVHVv� DQG WKH YDOXHV RI WKH /HYHO

� DQG � H[SODQDWRU\ YDULDEOHV� GHQRWHG E\j DQG`� UHVSHFWLYHO\� %HVLGHV WKH SDUDPHWHUV ~c�
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DQG �� WKH PRGHO KDV DV SDUDPHWHUV WKH /HYHO � UHJUHVVLRQ FRHI¿FLHQWV�� WKH /HYHO � FRHI¿FLHQWV

�� DQG WKH YDULDQFH FRPSRQHQWV j2 DQG A� $V D UHVXOW� WKH IXOO SRVWHULRU GLVWULEXWLRQ RI WKH

SDUDPHWHUV JLYHQ WKH GDWD LV JLYHQ E\
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�
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�'�
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R E� m A�
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�
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ZLWK ��c j� DQG `� WKH /HYHO � UHJUHVVLRQ FRHI¿FLHQWV DQG WKH /HYHO � DQG � H[SODQDWRU\

YDULDEOHV RI JURXS �� UHVSHFWLYHO\� 7KH H[DFW GH¿QLWLRQ RI j� DQG `� DV PDWULFHV ZLOO EH

UHWXUQHG WR EHORZ� )URP WKH GH¿QLWLRQ RI ~��& LW IROORZV WKDW

R E~��& m w��c �&c +��&� 2 � E~��&( @&w�� � K&c �� dU E~��& : f� U E+��& ' ��

n U E~��& � f� U E+��& ' f�o c

ZKHUH �E�( @&w�� � K&c �� VWDQGV IRU WKH QRUPDO GHQVLW\ ZLWK D PHDQ HTXDO WR @&w�� � K& DQG D

YDULDQFH HTXDO WR RQH� DQG U E�� LV DQ LQGLFDWRU YDULDEOH WDNLQJ WKH YDOXH RQH LI LWV DUJXPHQW LV

WUXH� DQG WDNLQJ WKH YDOXH ]HUR RWKHUZLVH�

$V ZLWK WKH EDVLF WZR�SDUDPHWHU ,57 PRGHO �VHH� IRU LQVWDQFH� %RFN 	 $LWNLQ� �����

WKH PRGHO PXVW EH LGHQWL¿HG E\ ¿[LQJ WKH RULJLQ DQG VFDOH RI WKH ODWHQW GLPHQVLRQ� 8VXDOO\�

WKLV LV GRQH E\ ¿[LQJ WKH PHDQ DQG WKH YDULDQFH RI WKH DELOLW\ GLVWULEXWLRQ WR ]HUR DQG RQH�

UHVSHFWLYHO\� +RZHYHU� DV FDQ EH YHUL¿HG IURP ���� WKH VFDOH RI WKH ODWHQW GLPHQVLRQ LV PDGH XS

RI VHYHUDO YDULDQFH FRPSRQHQWV� )XUWKHU� LQ PXOWLOHYHO PRGHOLQJ� RQH RIWHQ ¿WV DQ KLHUDUFKLFDO

VHW RI PRGHOV �VHH� IRU LQVWDQFH� %U\N 	 5DXGHQEXVK� ����� SS� �������� HQWDLOLQJ YDULRXV

GHFRPSRVLWLRQV RI WKH DELOLW\ YDULDQFH� DQG� WKHUHIRUH� ¿[LQJ RQH RI WKHVH YDULDQFH FRPSRQHQWV

LV QRW SUDFWLFDO� $Q DOWHUQDWLYH LV LPSRVLQJ WKH LGHQWLI\LQJ UHVWULFWLRQV RQ WKH LWHP SDUDPHWHUV�

6LQFH LPSRVLQJ
T

& @& ' � DQG
S

& K& ' f ZRXOG UHTXLUH UHVFDOLQJ DOO GUDZQ YDOXHV LQ HYHU\

LWHUDWLRQ� WKH PRVW FRQYHQLHQW ZD\ LV WR ¿[ RQH GLVFULPLQDWLRQ SDUDPHWHU WR RQH� DQG RQH

GLI¿FXOW\ WR ]HUR�

$VVXPLQJ LQGHSHQGHQFH EHWZHHQ WKH LWHP GLI¿FXOW\ DQG GLVFULPLQDWLRQ SDUDPHWHU

VLPSOL¿HV WKH FKRLFH RI WKH SULRU� EHFDXVH LQGHSHQGHQW VHWV RI SDUDPHWHUV PD\ EH FRQVLGHUHG

VHSDUDWHO\� $ QRQLQIRUPDWLYH SULRU IRU WKH GLI¿FXOW\ DQG GLVFULPLQDWLRQ SDUDPHWHU� ZKLFK

LQVXUHV WKDW HDFK LWHP ZLOO KDYH D SRVLWLYH GLVFULPLQDWLRQ LQGH[� OHDGV WR WKH VLPXOWDQHRXV
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QRQLQIRUPDWLYH SULRU R E�� ' R E@� R EM� 2
Tg

&'� U E@& : f�� 7KH RWKHU SULRUV ZLOO EH GLVFXVVHG

EHORZ� 7KH GLVWULEXWLRQ ��� KDV DQ LQWUDFWDEOH IRUP DQG ZLOO EH YHU\ GLIILFXOW WR VLPXODWH�

7KHUHIRUH� D *LEEV VDPSOLQJ DOJRULWKP ZLOO EH XVHG ZKHUH WKH WKUHH VWHSV RI WKH RULJLQDO

DOJRULWKP E\ $OEHUW ������ DUH H[WHQGHG WR VHYHQ VWHSV� (DFK VWHS FRQVLVW RI VDPSOLQJ IURP

WKH SRVWHULRU RI RQH RI WKH VHYHQ SDUDPHWHU YHFWRUV ~c�c �c�c j2c�cA FRQGLWLRQDOO\ RQ DOO

RWKHU SDUDPHWHUV� 7KHVH IXOO\ FRQGLWLRQDO GLVWULEXWLRQV DUH HDFK WUDFWDEOH DQG HDV\ WR VLPXODWH�

6R WKH UHPDLQLQJ SUREOHP LV ILQGLQJ WKH FRQGLWLRQDO GLVWULEXWLRQV RI ~c�c �c�c�c j2 DQG A�

UHVSHFWLYHO\�

6WHS �� 6DPSOLQJ ~� *LYHQ WKH SDUDPHWHUV � DQG �� WKH YDULDEOHV ~��& DUH LQGHSHQGHQW� DQG

~��& m �c �cv GLVWULEXWHG

�
� E@&w�� � K&c �� WUXQFDWHG DW WKH OHIW E\ � LI t��& ' �
� E@&w�� � K&c �� WUXQFDWHG DW WKH ULJKW E\ � LI t��& ' f�

���

6WHS �� 6DPSOLQJ �� 7KH DELOLW\ SDUDPHWHUV DUH LQGHSHQGHQW JLYHQ ~c �c� DQG j2� 8VLQJ

HTXDWLRQ Ee� DQG EH� LW IROORZV WKDW
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ZKHUH j�� LV D PDWUL[ RI WKH H[SODQDWRU\ YDULDEOHV RI SHUVRQ � RI JURXS �� WKDW LV� j�� '

Eff��c � � � cf'���
| �

,QVSHFWLRQ VKRZV WKDW ��� LV D QRUPDO PRGHO IRU WKH UHJUHVVLRQ RI ~��& n K& RQ @& ZLWK

w�� DV D UHJUHVVLRQ FRHIILFLHQW� ZKHUH w��� KDV D QRUPDO SULRU SDUDPHWHUL]HG E\ �� DQG j2 �H�J��

VHH� %R[ 	 7LDR� ����� SS� ������ /LQGOH\ 	 6PLWK� ������ 6R WKH IXOO\ FRQGLWLRQDO SRVWHULRU

GHQVLW\ RI w�� LV JLYHQ E\

w�� m ~��c �c��c j
2
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6WHS �� 6DPSOLQJ �� &RQGLWLRQDO RQ �� ~& ' E~��&c � � � c ~?��&c � � � c ~?aa&�
|
VDWLVILHV WKH OLQHDU

PRGHO

~& '
�
� ��

�
�& n %&c ����

ZKHUH %& ' E0��&c � � � c 0?aa&�
|
LV D UDQGRP VDPSOH IURP � Efc ��� &RPELQLQJ ���� ZLWK WKH

SULRU IRU �� LW IROORZV WKDW
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ZKHUH e�& LV WKH XVXDO OHDVW VTXDUH HVWLPDWRU EDVHG RQ E����

6WHS �� 6DPSOLQJ �� 'H¿QH j� '
�
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� ZLWK j�� DV GH¿QHG LQ 6WHS ��

)XUWKHU� `� LV WKH GLUHFW SURGXFW RI `^� ' E`f^�c � � � c`7^��
|
DQG D E' n �� LGHQWLW\ PDWUL[�

WKDW LV�`� ' i`^�j 
 W'n� �WKH GLUHFW SURGXFW LV DOVR NQRZQ DV WHQVRU SURGXFW RU .URQHFNHU

SURGXFW�� 7KHQ WKH IXOO\ FRQGLWLRQDO SRVWHULRU GHQVLW\ RI �� LV JLYHQ E\
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����1RWLFH WKDW WKH IXOO\ FRQGLWLRQDO SRVWHULRU RI �� HQWDLOV D PRGHO IRU

WKH UHJUHVVLRQ RI �� RQj� � ZLWK �� DV UHJUHVVLRQ FRHIILFLHQWV� ZKHUH WKH UHJUHVVLRQ FRHIILFLHQWV

KDYH D QRUPDO SULRU LQGXFHG E\ WKH /HYHO � PRGHO ���� WKDW LV� WKH UHJUHVVLRQ RI �� RQ`��
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6WHS �� 6DPSOLQJ �� 7KH PDWUL[ � LV WKH PDWUL[ RI UHJUHVVLRQ FRHIILFLHQWV IRU WKH UHJUHVVLRQ RI

�� RQ`�� 7KH XQELDVHG HVWLPDWRU IRU � ZLOO EH WKH JHQHUDOL]HG OHDVW VTXDUH HVWLPDWRU� %HFDXVH
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6WHS �� 6DPSOLQJ j2� 7KH FRQMXJDWH SULRU GHQVLW\ IRU WKH YDULDQFH j2 LV WKH U?� � �2 E�fc j
2
f��

8SRQ VHWWLQJ �f ' f� LW IROORZV WKDW WKH QRQLQIRUPDWLYH SULRU GHQVLW\ IRU WKH YDULDQFH LV

R Ej2� b j32� 7KHQ WKH FRQGLWLRQDO SRVWHULRU GLVWULEXWLRQ IRU j2 LV JLYHQ E\
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7KH SULRU GHQVLW\ IRU WKH YDULDQFH j2 LV LPSURSHU� EXW \LHOGV D SURSHU FRQGLWLRQDO SRVWHULRU

GHQVLW\ IRU j2�

6WHS �� 6DPSOLQJ A� $ERYH� `� DQG �� DUH GHILQHG DV WKH PDWUL[ RI H[SODQDWRU\ YDULDEOHV

DQG WKH YHFWRU RI UHJUHVVLRQ FRHIILFLHQWV IRU /HYHO � XQLW �� UHVSHFWLYHO\� 7KH /HYHO � PRGHO IRU
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DQG WKH SRVWHULRU GLVWULEXWLRQ RI A JLYHQ � DQG � LV DQ LQYHUVH�:LVKDUW GLVWULEXWLRQ� WKDW LV�
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�
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:LWK LQLWLDO YDOXHV �Ef�c �Ef�c�Ef�c j2
Ef�
c�Ef�cDQG AEf�c WKH *LEEV VDPSOHU LWHUDWLYHO\

VDPSOHV~� �� �� �� �� j2 DQGA IURP WKH GLVWULEXWLRQV E��� E���� E���� E���� E���� E��� DQG E����

7KH FRPSRQHQWV DUH XSGDWHG LQ WKH RUGHU JLYHQ E\ VWHSV ��� DERYH� 5REHUWV DQG 6DKX ������

VKRZHG WKDW D GLIIHUHQW XSGDWLQJ VWUDWHJ\ FDQ DIIHFW WKH VSHHG RI FRQYHUJHQFH� )XUWKHUPRUH�

WKH\ VKRZ WKDW LQ FDVH RI D KLHUDUFKLFDOO\ VWUXFWXUHG SUREOHP WKH VWUDWHJ\ RI LWHUDWLYHO\ XSGDWLQJ

WKH FRPSRQHQWV LQ WKH ¿[HG RUGHULQJ LV WKH EHVW�

7KH YDOXHV RI WKH LQLWLDO HVWLPDWHV DUH DOVR LPSRUWDQW IRU WKH UDWH RI FRQYHUJHQFH� :KHQ

SRRU LQLWLDO YDOXHV DUH FKRVHQ� FRQYHUJHQFH ZLOO EH YHU\ VORZ� &RQVLGHU� IRU H[DPSOH� IRUPXOD

E���� :KHQ WKH SDUDPHWHUV RI WKH PXOWLOHYHO PRGHO DUH HVWLPDWHG FRQGLWLRQDO RQ SRRU HVWLPDWHV

RI �� WKH SRRU HVWLPDWHV RI WKH PXOWLOHYHO PRGHO SDUDPHWHUV ZLOO VXEVHTXHQWO\ SURGXFH SRRU

HVWLPDWHV RI WKH DELOLW\ SDUDPHWHUV� 7KLV LV EHFDXVH� LQ 6WHS � WKH SUHGLFWLRQ RI � IURP WKH

PXOWLOHYHO PRGHO ZLOO GRPLQDWH WKH VDPSOHG YDOXHV RI � ZKHQ WKH /HYHO � UHVLGXDO YDULDQFH j2

LV VPDOOHU WKDQ WKH YDULDQFH RI e�� WKDW LV� �� 6R DIWHU VRPH LWHUDWLRQV� DOO WKH VDPSOHG YDOXHV RI

WKH SDUDPHWHUV DUH IDU DZD\ IURP WKH RSWLPDO SDUDPHWHU YDOXHV� ZKLOH j2 UHPDLQV VPDOOHU WKDQ

�� ,W ZLOO WDNH D ORW RI LWHUDWLRQV WR DOWHU WKLV SDWWHUQ� 7KHUHIRUH� WKH IROORZLQJ SURFHGXUH FDQ EH

XVHG WR REWDLQ EHWWHU LQLWLDO HVWLPDWHV� )LUVW� 00/ HVWLPDWHV RI WKH LWHP SDUDPHWHUV DUH PDGH

XQGHU WKH XVXDO DVVXPSWLRQ WKDW � LV QRUPDOO\ GLVWULEXWHG ZLWK > ' f DQG j ' � �VHH� %RFN 	

$LWNLQ� ����� 0LVOHY\� ������ $QRWKHU VXJJHVWLRQ PLJKW EH WR FRPSXWH LQLWLDO YDOXHV XVLQJ D

GLVWLQFW DELOLW\ GLVWULEXWLRQ IRU HYHU\ VXEJURXS �� 7KHVH HVWLPDWHV FDQ EH FRPSXWHG XVLQJ WKH

SURJUDP %LORJ�0* �=LPRZVNL HW DO�� ������ 7KHQ� XVLQJ GUDZV IURP WKH QRUPDO DSSUR[LPDWLRQ

RI WKH VWDQGDUG HUURUV RI WKH SDUDPHWHU HVWLPDWHV RI %LORJ�0* DV VWDUWLQJ YDOXHV� WKH 0&0&
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SURFHGXUH E\ $OEHUW ������ IRU HVWLPDWLQJ WKH QRUPDO RJLYH PRGHO FDQ EH UXQ� 7KDW LV� ZLWK WKH

DVVXPSWLRQ WKDW � LV VWDQGDUG QRUPDO GLVWULEXWHG IRUPXOD E��� EHFRPHV

w�� m ~��&c � q �

# ew��*�
�*� n �

c
�

�*� n �

$
c ����

DQG ~c � DQG � FDQ EH VDPSOHG IURP WKH GLVWULEXWLRQV E��� E��� DQG E���� $V WKH

*LEEV VDPSOHU KDV UHDFKHG FRQYHUJHQFH� WKH PHDQV RI WKH VDPSOHG YDOXHV RI E~c�c ��

DUH FRPSXWHG WR VWDUW VDPSOLQJ IURP WKH GLVWULEXWLRQV E���� E���� E��� DQG E���� $IWHU

FRQYHUJHQFH� PHDQV RI WKH VDPSOHG YDOXHV RI E�c�c j2cA� DUH XVHG DV LQLWLDO HVWLPDWHV�

,W LV DOVR SRVVLEOH WR XVH DQ (0 DOJRULWKP IRU HVWLPDWLQJ E�c�c j2cA� ZLWK WKH e�
EVHH� IRU LQVWDQFH� %U\N 	 5DXGHQEXVK� ������ 2QFH DOO LQLWLDO YDOXHV DUH HVWLPDWHG� HTXDWLRQ

E��� FDQ EH UHSODFHG E\ E���� DQG WKH FRPSOHWH VHYHQ�VWHS 0&0& SURFHGXUH FDQ EH VWDUWHG IRU

DQ HVWLPDWLRQ RI E~c�c �c�c�c j2cA��

6LPXODWHG DQG 5HDO�GDWD ([DPSOHV

,Q WKLV VHFWLRQ� D VLPXODWHG GDWD VHW DQG D GDWD VHW IURP D 'XWFK SULPDU\ VFKRRO

PDWKHPDWLFV WHVW DUH DQDO\]HG� 7KH VLPXODWHG GDWD VHW ZLOO EH XVHG WR LOOXVWUDWH WKH SDUDPHWHU

UHFRYHU\ ZLWK WKH *LEEV VDPSOHU� 7KH 'XWFK SULPDU\ VFKRRO PDWKHPDWLFV WHVW ZLOO EH XVHG WR

LOOXVWUDWH WKH SUDFWLFDO LPSDFW RI WKH SURSRVHG PXOWLOHYHO ,57 PRGHO�

$ 1XPHULFDO ([DPSOH

7R LOOXVWUDWH SDUDPHWHU UHFRYHU\� GDWD ZHUH VLPXODWHG XVLQJ D PXOWLOHYHO PRGHO ZLWK

RQH H[SODQDWRU\ YDULDEOH RQ ERWK OHYHOV� 7KH PRGHO LV JLYHQ E\

w�� ' qf� n q��f��� n e�� ����

qf� ' �ff n �f�`�f� n �f�

q�� ' ��f n ���`��� n ���c

ZLWK e�� q � Efc j2� DQG �^� q �
�
fc �2^

�
� 5HVSRQVH SDWWHUQV ZHUH JHQHUDWHG DFFRUGLQJ WR D

QRUPDO RJLYH ,57 PRGHO IRU D WHVW RI g ' 2f GLFKRWRPRXV LWHPV� 7KH JHQHUDWLQJ YDOXHV RI

WKH LWHP SDUDPHWHUV DUH VKRZQ XQGHU WKH ODEHO *HQHUDWHG LQ 7DEOH �� 7KH DELOLW\ SDUDPHWHUV

RI 2c fff VWXGHQWV ZHUH GLYLGHG RYHU a ' �f JURXSV RI ?� ' 2ff VWXGHQWV HDFK� DQG JHQHUDWHG

ZLWK WKH PXOWLOHYHO PRGHO JLYHQ E\ ����� 7KH WUXH YDOXHV IRU WKH ¿[HG HIIHFWV � DQG WKH YDULDQFH
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FRPSRQHQWV �fc �� DQG j DUH VKRZQ XQGHU WKH ODEHO *HQHUDWHG LQ 7DEOH �� 7KH H[SODQDWRU\

YDULDEOHV j DQG` ZHUH GUDZQ IURP � Efc �� DQG � E�*2c ��� UHVSHFWLYHO\�

:LWK %LORJ�0* HVWLPDWHV DV VWDUWLQJ YDOXHV� WKH QRUPDO RJLYH PRGHO ZDV HVWLPDWHG

ZLWK WKH 0&0& SURFHGXUH RI $OEHUW ������� 6XEVHTXHQWO\� WKH SDUDPHWHUV RI WKH PXOWLOHYHO

PRGHO ZHUH VDPSOHG� JLYHQ WKH SDUDPHWHUV RI WKH QRUPDO RJLYH PRGHO� ,Q WKH VLPXODWLRQ VWXG\�

Dff LWHUDWLRQV ZHUH QHHGHG WR HVWLPDWH WKH QRUPDO RJLYH PRGHO DQG DQRWKHU Dff LWHUDWLRQV ZHUH

QHHGHG WR FRPSXWH WKH SDUDPHWHUV RI WKH PXOWLOHYHO PRGHO� $IWHU WKDW� 2fc fff LWHUDWLRQV ZHUH

PDGH WR HVWLPDWH WKH SDUDPHWHUV RI WKH PXOWLOHYHO ,57 PRGHO�� 7KH FRQYHUJHQFH RI WKH *LEEV

VDPSOHU ZDV FKHFNHG E\ PRQLWRULQJ WKH H[SHFWHG D SRVWHULRUL HVWLPDWH RI HDFK SDUDPHWHU DQG

LWV SRVWHULRU VWDQGDUG GHYLDWLRQ IRU VHYHUDO FRQVHFXWLYH VHTXHQFHV RI �c fff LWHUDWLRQV� 7KH

*LEEV VDPSOHU KDV UHDFKHG FRQYHUJHQFH LI GLIIHUHQFHV DUH VPDOO� 7KH VDPSOH YDULDQFH RI WKH

LQGLYLGXDO GUDZV ZDV XVHG DV DQ HVWLPDWRU IRU WKH SRVWHULRU YDULDQFH �VHH� IRU LQVWDQFH� 3DW] 	

-XQNHU� ����E��

,Q 7DEOH �� WKH HVWLPDWHV RI WKH LWHP SDUDPHWHUV LVVXHG IURP WKH *LEEV VDPSOHU

DUH JLYHQ XQGHU WKH ODEHO *LEEV 6DPSOHU� 7KH LWHP SDUDPHWHU HVWLPDWHV DUH WKH PHDQV RI

WKH JHQHUDWHG SRVWHULRU GLVWULEXWLRQV� 7KH UHSRUWHG VWDQGDUG GHYLDWLRQV DUH WKH HVWLPDWHG

SRVWHULRU VWDQGDUG GHYLDWLRQV� ,Q WKH %D\HVLDQ IUDPHZRUN� FUHGLELOLW\ LQWHUYDOV DUH FDOFXODWHG

DV FRQ¿GHQFH UHJLRQV IRU WKH SDUDPHWHUV DQG WKH\ DUH JLYHQ LQ WKH FROXPQ ODEHOHG &,� 7KHVH

FUHGLELOLW\ LQWHUYDOV DUH WKH bDI�HTXDO�WDLOHG�LQWHUYDOV ZKRVH HQGSRLQWV DUH WKH 2�D DQG b.�D

SHUFHQWLOHV RI WKH PDUJLQDO SRVWHULRU GLVWULEXWLRQ RI WKH SDUDPHWHUV�

,QVHUW 7DEOH � DERXW KHUH

)LJXUH � SUHVHQWV WKH SRVWHULRU GHQVLWLHV RI @& IRU IRXU VSHFLILF LWHPV� ,Q HDFK SORW

RI )LJXUH �� WZR OLQHV DUH SORWWHG UHSUHVHQWLQJ WKH GHQVLW\ HVWLPDWHV EDVHG RQ Dff DQG 2fc fff

VLPXODWHG YDOXHV� UHVSHFWLYHO\� ,W FDQ EH VHHQ WKDW WKH ILUVW Dff YDOXHV� ZKLFK ZHUH SURGXFHG

ZLWK WKH *LEEV VDPSOHU WR JHW LQLWLDO HVWLPDWHV� ZHUH TXLWH UHPRYHG IURP WKH ¿QDO HVWLPDWHV�

,QVHUW )LJXUH � DERXW KHUH

7DEOH � SUHVHQWV WKH UHVXOWV RI WKH HVWLPDWLRQ RI WKH IL[HG HIIHFWV DQG WKH YDULDQFH

FRPSRQHQWV RI WKH PRGHO� 1RWLFH WKDW WKH FRQYHQWLRQDO PXOWLOHYHO WHUPLQRORJ\ LV VWLOO XVHG

4 2Q D 3HQWLXP ,, 733P+] FRPSXWHU� 53> 333 LWHUDWLRQV WRRN DERXW 43 KRXUV� 7KH 6�3OXV �0DWKVRIW� ����� FRGH
FDQ EH GRZQORDGHG IURP KWWS���XVHUV�HGWH�XWZHQWH�QO�IR[�
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DOWKRXJK DOO SDUDPHWHUV ZHUH WUHDWHG DV UDQGRP LQ WKH HVWLPDWLRQ SURFHGXUH� 7KH SRVWHULRU

PHDQV DQG VWDQGDUG GHYLDWLRQV HVWLPDWHV FRPSXWHG ZLWK WKH *LEEV VDPSOHU DUH JLYHQ XQGHU WKH

ODEHO *LEEV 6DPSOHU� ,W FDQ EH VHHQ WKDW WKH WUXH SDUDPHWHU YDOXHV DUH ZHOO ZLWKLQ WKH FRPSXWHG

FUHGLELOLW\ LQWHUYDOV H[FHSW IRU ��f DQG ���� $V DQ DGGLWLRQDO FKHFN RQ WKH SURFHGXUH� WKH ¿[HG

HIIHFWV DQG YDULDQFH FRPSRQHQWV ZHUH DOVR HVWLPDWHG IURP WKH WUXH DELOLW\ SDUDPHWHUV � XVLQJ

+/0 IRU :LQGRZV �%U\N HW DO�� ������ ,Q SUDFWLFH� WKHVH DELOLW\ SDUDPHWHUV DUH� RI FRXUVH�

XQNQRZQ� ,QVSHFWLRQ VKRZV WKDW WKH HVWLPDWHV LVVXHG E\ WKH WZR PHWKRGV ZHUH TXLWH FORVH�

7KDW LV� WKH SDUDPHWHU YDOXHV IURP +/0 DUH ZHOO ZLWKLQ WKH FRPSXWHG FUHGLELOLW\ LQWHUYDOV� 7KH

HVWLPDWHV UHVXOWLQJ IURP +/0 DUH EDVHG RQ WKH WUXH DELOLW\ SDUDPHWHU� ZKLFK UHVXOWV LQ D PRUH

DFFXUDWH HVWLPDWHV� ,W VHHPV WKDW D IXOO\ %D\HVLDQ PHWKRG ZKLFK LQFOXGHV DOO WKH XQFHUWDLQW\

LQ WKH SUREOHP QHHGV ODUJHU VDPSOH VL]HV WR PDNH DGHTXDWH LQIHUHQFHV� 2Q WKH RWKHU KDQG�

FRPSDULQJ 00/ DQG IXOO\ %D\HVLDQ HVWLPDWHV RI DQ ,57 PRGHO IRU UHVSRQVHV WR WHVWOHWV� *ODV�

:DLQHU DQG %UDGORZ ������ DUJXH WKDW WKH VPDOOHU VL]H RI WKH IUHTXHQWLVW FRQ¿GHQFH LQWHUYDOV

LV UHODWHG WR WKH IDFW WKDW WKH\ DUH EDVHG RQ DQ DV\PSWRWLF DSSUR[LPDWLRQ WKDW GRHV QRW WDNH WKH

VNHZQHVV LQWR DFFRXQW� 2EYLRXVO\� PRUH UHVHDUFK FRPSDULQJ WKH WZR DSSURDFKHV QHHGV WR EH

GRQH�

,QVHUW 7DEOH � DERXW KHUH

)LQDOO\� LW LV RI LQWHUHVW WR HYDOXDWH ZKHWKHU WKH PXOWLOHYHO ,57 PRGHO ZDV DQ

LPSURYHPHQW RYHU WKH XVXDO PXOWLOHYHO PRGHO RQ WKH REVHUYHG VFRUHV� 7KH OLQHDU PRGHO RQ WKH

REVHUYHG VFRUHV LV OHVV FRPSOH[ WKDQ WKH PXOWLOHYHO ,57 PRGHO� EXW LW ZDV H[SHFWHG WKDW XVLQJ

REVHUYHG VFRUHV LQVWHDG RI ODWHQW VFRUHV DV GHSHQGHQW YDULDEOHV ZLOO UHVXOW LQ OHVV SUHFLVLRQ LQ

SDUDPHWHU UHFRYHU\� )RU FRPSDUDWLYH SXUSRVHV� WKH XQZHLJKWHG VXPV RI WKH LWHP UHVSRQVHV

ZHUH UHVFDOHG WR D VWDQGDUG QRUPDO GLVWULEXWLRQ� 7KHVH UHVFDOHG VFRUHV ZLOO EH FDOOHG =�VFRUHV�

7DEOH � JLYHV WKH UHVXOWV RI WKH HVWLPDWLRQ ZLWK +/0 IRU :LQGRZV XVLQJ WKH WUXH VWDQGDUGL]HG

DELOLW\ SDUDPHWHUV DQG =�VFRUHV�

,QVHUW 7DEOH � DERXW KHUH

)URP 7DEOH � DQG �� LW FDQ EH YHUL¿HG WKDW WKH HVWLPDWHV FRPSXWHG XVLQJ =�VFRUHV GLIIHU

VXEVWDQWLDOO\ IURP WKH DQDORJRXV HVWLPDWHV FRPSXWHG XQGHU D OLQHDU PRGHO RQ WKH WUXH DELOLW\

SDUDPHWHUV DQG XQGHU D PXOWLOHYHO ,57 PRGHO� 7KH GLIIHUHQFH LQ WKH HVWLPDWHV RI WKH YDULDQFH

FRPSRQHQWV DOVR KDG FRQVHTXHQFHV IRU WKH HVWLPDWHV RI WKH LQWUDFODVV FRUUHODWLRQ FRHIILFLHQW�
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7KLV FRHIILFLHQW H[SUHVVHV WKH SURSRUWLRQ RI YDULDQFH LQ DELOLW\ DFFRXQWHG IRU E\ JURXS�

PHPEHUVKLS� DIWHU FRQWUROOLQJ IRU WKH /HYHO � SUHGLFWRU YDULDEOH� WKDW LV�

e4f ' e�fe� f n ej2 �
)URP WKH UHVXOWV RI 7DEOH �� LW FDQ EH YHUL¿HG WKDW XVLQJ WKH +/0 HVWLPDWHV EDVHG RQ WKH

WUXH DELOLW\ SDUDPHWHUV UHVXOWHG LQ e4f ' ��b.c ZKLOH XVLQJ WKH HVWLPDWHV IURP *LEEV VDPSOHU

UHVXOWHG LQ e4f ' �eD.� 1RWLFH WKDW WKH VDPH LQWUDFODVV FRUUHODWLRQ FRHIILFLHQW LV REWDLQHG XVLQJ

WKH YDULDQFH FRPSRQHQWV RI WKH WUXH VWDQGDUGL]HG DELOLW\ SDUDPHWHUV DV VKRZQ LQ 7DEOH �� 7KLV

VKRZV WKDW WKLV PHDVXUH LV VFDOH�LQGHSHQGHQW� )URP WKH UHVXOWV RI 7DEOH �� LW FDQ EH YHUL¿HG

WKDW XVLQJ WKH =�VFRUHV UHVXOWHG LQ e4f ' �2�H� 6R WKH FRQFOXVLRQV GUDZQ IURP D PXOWLOHYHO ,57

PRGHO FDQ EH TXLWH GLIIHUHQW IURP WKH FRQFOXVLRQV GUDZQ IURP D PRUH WUDGLWLRQDO PXOWLOHYHO

DQDO\VLV�

$ 'XWFK 3ULPDU\ 6FKRRO 0DWKHPDWLFV 7HVW

7KLV VHFWLRQ FRQFHUQV D VWXG\ RI D SULPDU\ VFKRRO OHDYLQJ WHVW� $ PXOWLOHYHO ,57 PRGHO

DQG DQ KLHUDUFKLFDO OLQHDU PRGHO XVLQJ REVHUYHG VFRUHV ZHUH HVWLPDWHG DQG FRPSDUHG� 2QH RI

WKH UHVHDUFK TXHVWLRQV LQ WKH VWXG\ ZDV ZKHWKHU VFKRROV WKDW SDUWLFLSDWH RQ D UHJXODU EDVLV LQ WKH

FHQWUDO SULPDU\ VFKRRO OHDYLQJ WHVW LQ WKH 1HWKHUODQGV SHUIRUP EHWWHU WKDQ VFKRROV WKDW GR QRW

SDUWLFLSDWH RQ D UHJXODU EDVLV� 7R LQYHVWLJDWH WKLV UHVHDUFK TXHVWLRQ� WKH VWXGHQWV RI �� VFKRROV

ZHUH JLYHQ D PDWKHPDWLFV WHVW IRU JUDGH � VWXGHQWV� 7KH WHVW FRQVLVWHG RI �� PDWKHPDWLFV LWHPV

WDNHQ IURP WKH VFKRRO OHDYLQJ H[DPLQDWLRQ GHYHORSHG E\ WKH 1DWLRQDO ,QVWLWXWH IRU (GXFDWLRQDO

0HDVXUHPHQW �&LWR�� 2I WKH �� VFKRROV VDPSOHG� �� VFKRROV UHJXODUO\ SDUWLFLSDWHG LQ WKH VFKRRO

OHDYLQJ H[DPLQDWLRQ� LQ WKH VHTXHO� WKHVH VFKRROV ZLOO EH FDOOHG WKH &LWR VFKRROV� 7KH UHPDLQLQJ

�� VFKRROV ZLOO EH FDOOHG WKH QRQ�&LWR VFKRROV� 7KH WRWDO QXPEHU RI VWXGHQWV IRU ZKLFK GDWD

ZHUH DYDLODEOH ZDV �����

7KUHH VWXGHQWV¶ FKDUDFWHULVWLFV ZHUH XVHG DV D SUHGLFWRU IRU WKH VWXGHQWV¶ DFKLHYHPHQW�

VRFLR�HFRQRPLF VWDWXV �6(6�� QRQ�YHUEDO LQWHOOLJHQFH WHVW �,6,� DQG *HQGHU� 6(6 ZDV EDVHG

RQ IRXU LQGLFDWRUV� WKH HGXFDWLRQ DQG RFFXSDWLRQ OHYHO RI ERWK SDUHQWV �LI SUHVHQW�� 7KH QRQ�

YHUEDO LQWHOOLJHQFH WHVW ZDV PHDVXUHG LQ JUDGH � E\ WKUHH SDUWV RI DQ LQWHOOLJHQFH WHVW� 3UHGLFWRUV

6(6 DQG ,6, ZHUH QRUPDOO\ VWDQGDUGL]HG� 7KH GLFKRWRPRXV SUHGLFWRU *HQGHU LV DQ LQGLFDWRU

YDULDEOH HTXDO WR � IRU PDOHV DQG HTXDO WR � IRU IHPDOHV� )LQDOO\� D SUHGLFWRU YDULDEOH ODEHOHG

(QG HTXDOHG � LI WKH VFKRRO SDUWLFLSDWHV LQ WKH VFKRRO OHDYLQJ WHVW� DQG HTXDOV f LI WKLV LV QRW WKH

FDVH� $ FRPSOHWH GHVFULSWLRQ RI WKH GDWD FDQ EH IRXQG LQ �'RRODDUG� ����� S� ����
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7KH VWUXFWXUDO PRGHO XVHG LQ WKH DQDO\VLV LV JLYHQ E\

w�� ' qf� n q�,6,�� n q2�6(6�� n q�*HQGHU�� n e�� ����

qf� ' �ff n �f�(QG� n �f�

q� ' ��f

q2� ' �2f n �2�

q� ' ��f

ZKHUH e�� q � Efc j2� c �f� q � Efc � 2f� DQG �2� q � Efc �22� � )XUWKHU� �f� DQG �2� DUH DVVXPHG

LQGHSHQGHQW� 1RWLFH WKDW 6(6 LV PRGHOHG DV D UDQGRP HIIHFW� WKDW LV� LWV UHJUHVVLRQ FRHI¿FLHQW

YDULHV RYHU VFKRROV� 7KH WZR�SDUDPHWHU QRUPDO RJLYH PRGHO LV XVHG DV WKH PHDVXUHPHQWV

PRGHO�

7KH IXOO\ FRQGLWLRQDO GHFRPSRVLWLRQ RI *LEEV VDPSOLQJ ZDV UXQ IRU 2Dc fff LWHUDWLRQV�

ZLWK D EXUQ�LQ SHULRG RI Dc fff LWHUDWLRQV�� 2Dc fff LWHUDWLRQV ZHUH µHQRXJK¶ LQ WKH VHQVH WKDW D

VXEVWDQWLDO LQFUHDVH LQ WKH QXPEHU RI LWHUDWLRQV GLG QRW SHUWXUE YDOXHV RI HUJRGLF DYHUDJHV� WKDW

LV� WKH DYHUDJH RI WKH SDUDPHWHU GUDZV RYHU WKH LWHUDWLRQV DIWHU WKH EXUQ�LQ SHULRG�

7KH PXOWLOHYHO ,57 DQDO\VLV ZDV FRPSDUHG WR DQ DQDO\VHV ZLWK DQ KLHUDUFKLFDO PRGHO

RQ REVHUYHG VFRUHV� 7KH VFRUH GLVWULEXWLRQ RI WKH PDWKHPDWLFV WHVW KDG D µFHLOLQJ¶� WKDW LV� D

WKLUG RI WKH VWXGHQWV VFRUHG �D RU PRUH� ZLWK D PD[LPXP RI �H� $ VWDQGDUG SURFHGXUH IRU

GHDOLQJ ZLWK VXFK VNHZHG GLVWULEXWLRQV LV WR WUDQVIRUP WKH GDWD WR QRUPDOLW\� 7KLV ZDV GRQH

E\ DVVLJQLQJ QRUPDO RUGHU VWDWLVWLFV WR WKH UDQNHG VFRUHV �*ROGVWHLQ� ����� S� ���� 6R WKHVH

VR�FDOOHG 1�VFRUHV KDG D VWDQGDUG QRUPDO GLVWULEXWLRQ� )RU FRPSDUDWLYH SXUSRVHV� D VHFRQG

WUDQVIRUPDWLRQ ZDV DSSOLHG WR WUDQVIRUP WKHVH 1�VFRUHV WR WKH VDPH VFDOH DV WKH ODWHQW DELOLWLHV�

7KLV ZDV DFFRPSOLVKHG E\ WUDQVIRUPLQJ WKH 1�VFRUHV VXFK WKDW WKHLU PHDQ DQG YDULDQFH ZHUH

HTXDO WR WKH PHDQ DQG YDULDQFH RI WKH SRVWHULRU HVWLPDWHV RI WKH DELOLW\ SDUDPHWHUV� UHVSHFWLYHO\�

7KH UHVXOWV RI WKH DQDO\VHV DUH GLVSOD\HG LQ 7DEOH �� 7KH UHPDUN ZLWK UHVSHFW WR WKH

GLIIHUHQFH LQ WKH VWDQGDUG HUURUV PDGH DERYH DOVR DSSOLHV LQ WKH SUHVHQW FDVH�

,QVHUW 7DEOH � DERXW KHUH

7KH PDLQ UHVXOW RI WKH DQDO\VLV ZDV WKDW FRQGLWLRQDOO\ RQ 6(6� ,6, DQG *HQGHU� WKH &LWR

VFKRROV SHUIRUPHG EHWWHU WKDQ WKH QRQ�&LWR VFKRROV� 7KLV FDQ EH GHGXFHG IURP WKH HVWLPDWH RI

5 $OVR WKH 6�3OXV FRGH IRU WKLV H[DPSOH FDQ EH GRZQORDGHG IURP KWWS���XVHUV�HGWH�XWZHQWH�QO�IR[�
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WKH ¿[HG HIIHFW �f�c ZKLFK PRGHOV WKH FRQWULEXWLRQ RI SDUWLFLSDWLQJ LQ WKH VFKRRO OHDYLQJ H[DP

WR WKH DELOLW\ OHYHO RI WKH VWXGHQWV YLD LWV LQÀXHQFH RQ WKH LQWHUFHSW qf� � 7KLV LQWHUFHSW qf� LV

GH¿QHG DV WKH H[SHFWHG DFKLHYHPHQW RI D PDOH�VWXGHQW LQ VFKRRO � ZKHQ FRQWUROOLQJ IRU 6(6

DQG ,6,� 7KHUH LV D KLJKO\ VLJQL¿FDQW DVVRFLDWLRQ EHWZHHQ WKH /HYHO � SUHGLFWRUV ,6, DQG 6(6

DQG WKH DELOLW\ RI WKH VWXGHQWV� 2EYLRXVO\� VWXGHQWV ZLWK KLJK ,6, DQG 6(6 VFRUHV SHUIRUPHG

EHWWHU WKDQ VWXGHQWV ZLWK ORZHU VFRUHV� 7KH HIIHFW RI *HQGHU RQ PDWKHPDWLFV DFKLHYHPHQW ZDV

DOVR VLJQL¿FDQW DQG QHJDWLYHO\ UHODWHG WR DFKLHYHPHQW� 7KLV PHDQV WKDW FRQWUROOLQJ IRU (QG� ,6,

DQG 6(6� ER\V RXWSHUIRUPHG JLUOV RQ WKH PDWKHPDWLFV WHVW�

7KH UHVLGXDO YDULDQFH IRU WKH VFKRRO�OHYHO� �fc LV WKH YDULDQFH RI WKH DFKLHYHPHQW RI

PDOH�VWXGHQWV LQ VFKRRO �c qf�c DURXQG WKH JUDQG PHDQ� �ffc ZKHQ FRQWUROOLQJ IRU 6(6 DQG ,6,�

$SSDUHQWO\� D VXEVWDQWLDO SURSRUWLRQ RI WKH YDULDWLRQ LQ WKH RXWFRPH DW WKH VWXGHQW OHYHO ZDV

EHWZHHQ WKH VFKRROV� ZKLFK MXVWL¿HV WKH XVH RI D PXOWLOHYHO PRGHO�

7KHUH ZHUH VRPH LPSRUWDQW GLIIHUHQFHV EHWZHHQ WKH HVWLPDWHV IURP WKH PXOWLOHYHO ,57

PRGHO DQG WKH HVWLPDWHV IURP WKH +/0PRGHO YLD WUDQVIRUPHG 1�VFRUHV� )LUVWO\� WKH PDJQLWXGH

RI WKH HVWLPDWH RI �f� ZDV JUHDWHVW LQ WKH PXOWLOHYHO ,57 DQDO\VLV� VR WKLV DSSURDFK GLVFULPLQDWHG

PRUH EHWZHHQ &LWR VFKRROV DQG QRQ�&LWR VFKRROV� $OVR WKH PDJQLWXGH RI WKH HVWLPDWH RI WKH

YDULDQFH �2f ZDV JUHDWHVW LQ WKH PXOWLOHYHO ,57 DQDO\VLV� ZKLFK LQGLFDWHG PRUH YDULDELOLW\ LQ WKH

PHDQV LQ VFKRROV RI WKH VWXGHQWV¶ PDWK DFKLHYHPHQW� 7KXV� WKH HIIHFW RI JURXSLQJ ZDV JUHDWHU LQ

WKH PXOWLOHYHO ,57 DQDO\VLV� 1RWLFH WKDW� DJDLQ� WKH %D\HVLDQ PXOWLOHYHO ,57 HVWLPDWHV KDG ODUJHU

SRVWHULRU VWDQGDUG GHYLDWLRQV� 6R WKH UHPDUNV ZLWK UHVSHFW WR GLIIHUHQFHV EHWZHHQ IUHTXHQWLVW

DQG %D\HVLDQ FUHGLELOLW\ LQWHUYDOV PDGH DERYH DOVR DSSOLHV KHUH�

,Q WKH +/0 DQDO\VHV� WKH YDULDQFH �22 GLG QRW GLIIHU VLJQL¿FDQWO\ IURP ]HUR� VR WKH

6(6�PDWK UHJUHVVLRQ VORSH GLG QRW YDU\ IURP VFKRRO WR VFKRRO� 7KLV LV FRQWUDU\ WR WKH PXOWLOHYHO

,57 DQDO\VLV� ZKHUH WKH UHODWLRQVKLS EHWZHHQ 6(6 DQG PDWK DFKLHYHPHQW ZLWKLQ VFKRROV YDULHG

VLJQL¿FDQWO\ DFURVV VFKRROV� )LJXUH � GLVSOD\V WKH SUHGLFWHG DELOLWLHV RI WKH VWXGHQWV LQ D &LWR

DQG D QRQ�&LWR VFKRRO DV D IXQFWLRQ RI 6(6� 7KH SRLQWV DUH WKH H[SHFWHG SRVWHULRU HVWLPDWHV RI

WKH VWXGHQWV¶ DELOLWLHV�

,QVHUW )LJXUH � DERXW KHUH

)RU WKH VDPH VWXGHQWV DV LQ )LJXUH �� )LJXUH � VKRZV WKH SUHGLFWHG WUDQVIRUPHG 1�

VFRUHV DV D IXQFWLRQ RI 6(6� 7KH SRLQWV DUH WKH WUDQVIRUPHG 1�VFRUHV� 7KH DELOLWLHV DQG

WKH WUDQVIRUPHG 1�VFRUHV LQ WKH WZR SORWV DUH FRUUHFWHG IRU WKH HIIHFWV RI ,6, DQG *HQGHU�

7KH XSSHU OLQH UHSUHVHQWV WKH RXWFRPHV RI VWXGHQWV LQ D &LWR VFKRRO� ZKLFK LOOXVWUDWHV WKDW
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VWXGHQWV LQ &LWR VFKRROV SHUIRUPHG EHWWHU WKDQ VWXGHQWV LQ QRQ�&LWR VFKRROV� )XUWKHUPRUH� WKH

GLIIHUHQFHV EHWZHHQ WKH WZR OLQHV LV JUHDWHU LQ )LJXUH � ZKLFK LOOXVWUDWHV WKDW WKH VXEGLYLVLRQ

LQ &LWR DQG QRQ�&LWR VFKRROV ZDV JUHDWHU LQ WKH HVWLPDWHV UHVXOWLQJ IURP WKH PXOWLOHYHO ,57

DQDO\VLV� 0RUHRYHU� )LJXUH � VKRZV D VKDUSHU GLVWLQFWLRQ EHWZHHQ VFKRROV ZKLFK LQGLFDWHV D

JUHDWHU VFKRRO�OHYHO HIIHFW�

,QVHUW )LJXUH � DERXW KHUH

7KH GLIIHUHQFHV EHWZHHQ WKH HVWLPDWHV FDQ EH H[SODLQHG E\ WKH IDFW WKDW WKH VXP VFRUHV

GLVFULPLQDWH OHVV EHWZHHQ VWXGHQWV¶ RXWFRPHV WKDQ WKH FRPSOHWH UHVSRQVH SDWWHUQV� ZKLFK

LV IXUWKHU DPSOL¿HG E\ WKH µFHLOLQJ¶ HIIHFW ZKLFK VXSSUHVVHV WKH YDULDQFH LQ WKH GHSHQGHQW

YDULDEOH� 7KHUHIRUH� WKH PXOWLOHYHO ,57 DQDO\VLV JDXJHV D JUHDWHU YDULDQFH EHWZHHQ VWXGHQWV¶

DFKLHYHPHQWV ZKLFK UHVXOWV LQ D JUHDWHU VFKRRO�OHYHO HIIHFW ZKHUHDV WKH YDULDQFH DW /HYHO �

LV DOPRVW WKH VDPH� ,Q FRQFOXVLRQ� WKH PXOWLOHYHO ,57 PRGHO UHYHDOV D VKDUSHU GLVWLQFWLRQ LQ

VWXGHQWV¶ RXWFRPHV DFURVV VFKRROV�

'LVFXVVLRQ

,Q WKLV DUWLFOH� D WZR�OHYHO UHJUHVVLRQ PRGHO LV LPSRVHG RQ WKH DELOLW\ SDUDPHWHUV RI WKH

WZR�SDUDPHWHU QRUPDO RJLYH PRGHO� 7KH DGYDQWDJH RI XVLQJ ODWHQW UDWKHU WKDQ REVHUYHG VFRUHV

LV WKDW LW RIIHUV D PRUH UHDOLVWLF ZD\ RI PRGHOLQJ XQFHUWDLQW\ LQ WKH GHSHQGHQW YDULDEOH� )XUWKHU�

ODWHQW VFRUHV DUH WHVW�LQGHSHQGHQW� ZKLFK RIIHUV WKH SRVVLELOLW\ RI HQWHULQJ UHVXOWV IURP GLIIHUHQW

WHVWV LQ RQH DQDO\VLV�

,W ZDV VKRZQ WKDW WKH *LEEV VDPSOHU FDQ EH XVHG WR FRQFXUUHQWO\ HVWLPDWH DOO WKH

SDUDPHWHUV RI WKH PXOWLOHYHO ,57 PRGHO� 7KH PHWKRG SUHVHQWHG LV YHU\ SRZHUIXO EHFDXVH

WKHUH DUH QR OLPLWDWLRQV WR WKH QXPEHU RI SDUDPHWHUV RU WKH QXPEHU RI H[SODQDWRU\ YDULDEOHV�

$OWKRXJK JRRG LQLWLDO YDOXHV ZLOO VSHHG XS FRQYHUJHQFH� WKHUH DUH VWLOO PDQ\ LWHUDWLRQV QHFHVVDU\

IRU SURGXFLQJ DFFHSWDEOH HVWLPDWHV� )XUWKHU UHVHDUFK ZLOO FRQFHQWUDWH RQ WKH XVH RI D 0RQWH

&DUOR (0 �0&(0� DOJRULWKP WR OLPLW WKH DPRXQW RI LWHUDWLRQV �:HL 	 7DQQHU� ������

,W LV HDV\ WR LQFRUSRUDWH GLIIHUHQW W\SHV RI SULRU EHOLHIV DERXW WKH LWHP SDUDPHWHUV

�� 7KH QXPHULFDO H[DPSOH LOOXVWUDWHV WKDW WKH SRVWHULRU GLVWULEXWLRQ RI WKH LWHP GLVFULPLQDWLRQ

SDUDPHWHUV ZHUH VNHZHG WR WKH ULJKW� 7KHUHIRUH� LW FRXOG EH LQWHUHVWLQJ WR XVH D ORJ�QRUPDO SULRU

IRU WKH GLVFULPLQDWLRQ SDUDPHWHUV �0LVOHY\� ������ ,W LV DOVR SRVVLEOH WR LQFRUSRUDWH GLIIHUHQW

SULRUV IRU �c j2 RU A� ,Q WKLV SDSHU� -HIIUH\V¶ SULRU LV XVHG IRU WKH YDULDQFH FRPSRQHQWV� WKDW
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LV� R Ej2� 2 j32c R E�� 2 �3�� +RZHYHU� -HIIUH\V¶ SULRU IRU � LV SRWHQWLDOO\ D SUREOHP LQ FDVHV

ZKHUH a LV VPDOO �0RUULV� ����� 5XELQ� ������ 2WKHU SRVVLEOH FKRLFHV RI SULRUV IRU j2 DQG �

DUH DQ XQLIRUP SULRU DQG DQ LQYHUVH�FKL�VTXDUH SULRU ZLWK VPDOO GHJUHHV RI IUHHGRP �VHH� IRU

LQVWDQFH� 6HOW]HU� ������ 7KH LQYHUVH�FKL�VTXDUH GLVWULEXWLRQ KDV WKH SURSHUW\ WKDW� LQ FRQWUDVW WR

WKH XQLIRUP SULRU� WKH SULRU SUREDELOLWLHV JUDGXDOO\ GHFUHDVH ZKHQ YDOXHV RI WKH YDULDQFH EHFRPH

DUELWUDULO\ ODUJH� $QDORJRXVO\� DQ DOWHUQDWLYH SULRU IRUA LV DQ LQYHUVH�:LVKDUW GLVWULEXWLRQ ZLWK

VPDOO GHJUHHV RI IUHHGRP� $QRWKHU SRVVLELOLW\ ZRXOG EH D PRUH LQIRUPDWLYH LQYHUVH�FKL�VTXDUH

SULRU RU LQYHUVH�:LVKDUW SULRU ZLWK PRGH DQG VSUHDG VSHFL¿HG LQ DFFRUGDQFH ZLWK SUHYLRXV

UHVHDUFK� 8VLQJ QRQFRQMXJDWH SULRU GLVWULEXWLRQV KDV WKH GLVDGYDQWDJH WKDW VDPSOLQJ IURP WKH

IXOO\ FRQGLWLRQDO GLVWULEXWLRQV FDQ EH YHU\ FRPSOLFDWHG� ,Q WKDW FDVH� DSSUR[LPDWLRQV FDQ EH

XVHG IURP ZKLFK VDPSOLQJ LV SRVVLEOH� 7KH 0HWURSROLV�+DVWLQJV DOJRULWKP FDQ EH XVHG WR

FRPSHQVDWH IRU WKH DSSUR[LPDWLRQ �*HOPDQ HW DO�� ����� S� �����

,Q WKLV DUWLFOH� WKH IRFXV ZDV RQ LQIHUHQFHV DVVXPLQJ WKDW WKH PRGHO LV FRUUHFW� 7KH

SUREOHP RI PRGHO FKHFNLQJ XVLQJ %D\HV IDFWRUV LV UDWKHU GLIILFXOW� HVSHFLDOO\ ZKHQ SULRU

LQIRUPDWLRQ LV ZHDN �2¶+DJDQ� ������ 3RVWHULRU SUHGLFWLYH GDWD FDQ EH XVHG WR MXGJH WKH ¿W

RI WKH %D\HVLDQ PRGHO WR WKH REVHUYHG GDWD� 7DLO�DUHD SUREDELOLWLHV� RU SRVWHULRU S�YDOXHV� FDQ

EH FDOFXODWHG XQGHU WKH SRVLWHG PRGHO WR TXDQWLI\ WKH H[WUHPHQHVV RI WKH REVHUYHG YDOXH RI D

VHOHFWHG GLVFUHSDQF\ �H�J�� GLIIHUHQFHV EHWZHHQ REVHUYDWLRQV DQG SUHGLFWLRQV�� 7KH SUHGLFWLYH

GDWD DUH HDVLO\ VDPSOHG YLD 0RQWH &DUOR VLPXODWLRQ �VHH� IRU H[DPSOH� *HOPDQ HW DO�� ������

7KH *LEEV VDPSOLQJ IRUPXODWLRQ SUHVHQWHG LQ WKLV DUWLFOH FDQ EH H[WHQGHG WR VHWWLQJV LQ ZKLFK

WKH IL[HG HIIHFWV DUH GLVWULEXWHG ZLWK KHDY\ WDLOV �6HOW]HU� ����� WR VWXG\ WKH H[WHQW WR ZKLFK

SRVWHULRU PHDQV DQG LQWHUYDOV FKDQJH DV WKH GHJUHH RI KHDY\�WDLOHGQHVV DVVXPHG LQFUHDVHV�

$QRWKHU UHPDUN FRQFHUQV DOWHUQDWLYH PRGHV RI HVWLPDWLRQ� 7KH ¿UVW DSSURDFK PLJKW EH

WR XVH D ORJLW�OLQN LQ FRPELQDWLRQ ZLWK D SURFHGXUH WR HVWLPDWH D OLQHDU PXOWLOHYHO PRGHO� VXFK

DV� IRU LQVWDQFH� +/0� $SSO\LQJ WKH ORJLW WUDQVIRUPDWLRQ WR WKH WZR�SDUDPHWHU ORJLVWLF PRGHO�

UHVXOWV LQ

ORJ

�
R��&

�� R��&

�
' @&w�� � K& n 0��&c

ZHUH R��& VWDQGV IRU WKH SUREDELOLW\ RI D FRUUHFW UHVSRQVH DQG 0��& LV D QRUPDOO\ GLVWULEXWHG HUURU

YDULDEOH� $ OLQHDU PXOWLOHYHO PRGHO FDQ WKHQ EH LPSRVHG LQ w��� 7KH SUREOHP KHUH LV WKDW WKH

LWHP GLVFULPLQDWLRQ SDUDPHWHUV @& DUH PXOWLSOLFDWLYH ZLWK WKH DELOLW\ SDUDPHWHU w��� DQG WKHUH

LV QR ZD\ WR FRQFXUUHQWO\ HVWLPDWH WKH LWHP SDUDPHWHUV XVLQJ D SDFNDJH IRU OLQHDU PXOWLOHYHO

PRGHOV� $ VROXWLRQ PLJKW EH WR HVWLPDWH WKH LWHP SDUDPHWHUV XVLQJ %LORJ�0* DQG LPSXWH
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WKHP LQWR WKH PXOWLOHYHO ORJLW DQDO\VLV� +RZHYHU� WKHUH DUH WZR SUREOHPV ZLWK WKLV DSSURDFK�

)LUVW� WKH XQFHUWDLQW\ ZLWK UHVSHFW WR WKH LPSXWHG SDUDPHWHUV LV YHU\ GLI¿FXOW WR PRGHO LQ WKH

ORJLW DQDO\VLV� 6HFRQG� LQ %LORJ�0* WKH LWHP SDUDPHWHUV DUH HVWLPDWHG XQGHU WKH DVVXPSWLRQ

WKDW WKH DELOLW\ SDUDPHWHUV DUH QRUPDOO\ GLVWULEXWHG� +RZHYHU� WKH PRGHO LPSRVHG E\ ��� DQG

��� GRHV QRW LPSO\ D QRUPDO GLVWULEXWLRQ RI w��� DQG WKLV PLVV�VSHFL¿FDWLRQ ZLOO FDXVH ELDV LQ

WKH SDUDPHWHUV ZKHQ WKH PXOWLOHYHO ,57 PRGHO KROGV� 7KH VHYHULW\ RI WKLV ELDV� KRZHYHU� LV

XQNQRZQ� DQG WR RSW IRU WKLV DSSURDFK FHUWDLQO\ PRUH UHVHDUFK QHHGV WR EH GRQH�

$QRWKHU DSSURDFK WR HVWLPDWLQJ WKH SDUDPHWHUV LQ WKH PXOWLOHYHO ,57 PRGHO PLJKW EH

DQ 00/ RU %D\HV PRGDO SURFHGXUH� 7R VWXG\ WKLV DSSURDFK LQ VRPH GHWDLO� FRQVLGHU WKH RQH�

ZD\ $129$ PRGHO JLYHQ LQ WKH ¿UVW VHFWLRQ RI WKLV DUWLFOH� 7KH LPSDFW RI WKH GHSHQGHQF\

VWUXFWXUH ��� RQ DQ 00/ RU %D\HV PRGDO HVWLPDWLRQ SURFHGXUH FDQ EH DVVHVVHG E\ LQVSHFWLRQ

RI D OLNHOLKRRG IXQFWLRQ PDUJLQDOL]HG RYHU DOO UDQGRP HIIHFWV� 7KLV OLNHOLKRRG IXQFWLRQ FDQ EH

ZULWWHQ DV

uE�c j2c � c �(v� '
\
�

]
c � � � c

] \
���

RE)�� m w��c ��}Ew�� m q�c j
2��Eq� m �c ��_w��c � � � c _w?��_q�

'
\
�

] 57\
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]
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68�Eq� m �c ��_q��

ZKHUH RE)�� m w��c �� LV WKH ,57 PRGHO VSHFLI\LQJ WKH SUREDELOLW\ RI REVHUYLQJ UHVSRQVH SDWWHUQ

)�� DV D IXQFWLRQ RI WKH DELOLW\ SDUDPHWHU w�� DQG WKH LWHP SDUDPHWHUV �� }Ew�� m q�c j
2� LV

WKH GHQVLW\ RI w�� DQG �Eq� m �c �� LV WKH GHQVLW\ RI q� � ,W FDQ EH VHHQ WKDW WKH GHSHQGHQF\

VWUXFWXUH UHVXOWV LQ QHVWLQJ RI LQWHJUDWLRQV WKDW PLJKW FRPSOLFDWH DQ 00/ HVWLPDWLRQ SURFHGXUH�

1RWLFH WKDW WKH PDUJLQDO OLNHOLKRRG HQWDLOV D PXOWLSOH LQWHJUDO RYHU w�� DQG q�� +HQFH WKHUH LV

QR QHHG WR FRPSXWH KLJK�GLPHQVLRQDO LQWHJUDOV� &RPSXWDWLRQ RI WZR�GLPHQVLRQDO LQWHJUDOV

VXI¿FHV� ,Q WKLV UHVSHFW� WKLV DSSURDFK WR HVWLPDWLRQ LV UHODWHG WR WKH EL�IDFWRU IXOO�LQIRUPDWLRQ

IDFWRU DQDO\VLV PRGHO E\ *LEERQV DQG +HGHNHU ������ ZKR VKRZ WKDW QXPHULFDO LQWHJUDWLRQ E\

*DXVV�+HUPLWH TXDGUDWXUH LV IHDVLEOH LQ WKHVH SUREOHPV� 7KHUHIRUH� 00/ DQG %D\HV PRGDO

HVWLPDWLRQ DUH VWLOO RSWLRQV WKDW GHVHUYH IXUWKHU LQYHVWLJDWLRQ�

5HIHUHQFHV

$GDPV� 5� -�� :LOVRQ� 0�� 	 :X� 0� ������� 0XOWLOHYHO LWHP UHVSRQVH PRGHOV� $Q

DSSURDFK WR HUURUV LQ YDULDEOH UHJUHVVLRQ� -RXUQDO RI (GXFDWLRQDO DQG %HKDYLRUDO 6WDWLVWLFV� ���

������
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$OEHUW� -� +� ������� %D\HVLDQ HVWLPDWLRQ RI QRUPDO RJLYH LWHP UHVSRQVH FXUYHV XVLQJ

*LEEV VDPSOLQJ� -RXUQDO RI (GXFDWLRQDO 6WDWLVWLFV� ��� ��������

%pJXLQ� $� $�� 	 *ODV� &� $� :� ������� 0&0& HVWLPDWLRQ RI PXOWLGLPHQVLRQDO

,57 PRGHOV �7HFKQLFDO 5HSRUW 1R�������� )DFXOW\ RI (GXFDWLRQDO 6FLHQFH DQG 7HFKQRORJ\�

8QLYHUVLW\ RI 7ZHQWH�

%RFN� 5� '�� 	 $LWNLQ� 0� ������� 0DUJLQDO PD[LPXP OLNHOLKRRG HVWLPDWLRQ RI LWHP

SDUDPHWHUV� $SSOLFDWLRQ RI DQ (0 DOJRULWKP� 3V\FKRPHWULND� ��� ��������

%R[� *� (� 3�� 	 7LDR� *� &� ������� %D\HVLDQ ,QIHUHQFH LQ 6WDWLVWLFDO $QDO\VLV� 5HDGLQJ�

0$� $GGLVRQ�:HVOH\ 3XEOLVKLQJ &RPSDQ\�

%UDGORZ� (� 7�� :DLQHU� +�� 	 :DQJ� ;� ������� $ %D\HVLDQ UDQGRP HIIHFWV PRGHO IRU

WHVWOHWV� 3V\FKRPHWULND� ��� ��������

%U\N� $� 6�� 	 5DXGHQEXVK� 6� :� ������� +LHUDUFKLFDO /LQHDU 0RGHOV� 1HZEXU\ 3DUN�

&DOLIRUQLD� 6DJH 3XEOLFDWLRQV�

%U\N� $� 6�� 5DXGHQEXVK� 6� :�� 	 &RQJGRQ� 5� ������� +OP IRU :LQGRZV� &KLFDJR�

6FLHQWL¿F 6RIWZDUH ,QWHUQDWLRQDO� ,QF�

'H /HHXZ� -�� 	 .UHIW� ,� *� *� ������� 5DQGRP FRHI¿FLHQW PRGHOV IRU PXOWLOHYHO

DQDO\VLV� -RXUQDO RI (GXFDWLRQDO DQG %HKDYLRUDO 6WDWLVWLFV� ��� ������

'RRODDUG� 6� ������� 6FKRROV LQ FKDQJH RU VFKRROV LQ FKDLQV� 8QSXEOLVKHG GRFWRUDO

GLVVHUWDWLRQ� 8QLYHUVLW\ RI 7ZHQWH� 7KH 1HWKHUODQGV�

*HOIDQG� $� (�� +LOOV� 6� (�� 5DFLQH�3RRQ� $�� 	 6PLWK� $� )� 0� ������� ,OOXVWUDWLRQ

RI %D\HVLDQ LQIHUHQFH LQ QRUPDO GDWD PRGHOV XVLQJ *LEEV VDPSOLQJ� -RXUQDO RI WKH $PHULFDQ

6WDWLVWLFDO $VVRFLDWLRQ� ��� ��������

*HOPDQ� $�� &DUOLQ� -� %�� 6WHUQ� +� 6�� 	 5XELQ� '� %� ������� %D\HVLDQ GDWD DQDO\VLV�

/RQGRQ� &KDSPDQ 	 +DOO�

*HOPDQ� $�� 0HQJ� ;�/�� 	 6WHUQ� +�6� ������� 3RVWHULRU SUHGLFWLYH DVVHVVPHQW RI

PRGHO ¿WQHVV YLD UHDOL]HG GLVFUHSDQFLHV� 6WDWLVWLFD 6LQLFD �� ��������

*HPDQ� 6�� 	 *HPDQ� '� ������� 6WRFKDVWLF UHOD[DWLRQ� *LEEV GLVWULEXWLRQ� DQG

WKH %D\HVLDQ UHVWRUDWLRQ RI LPDJHV� ,((( 7UDQVDFWLRQV RQ 3DWWHUQ $QDO\VLV DQG 0DFKLQH

,QWHOOLJHQFH� �� ��������

*LEERQV� 5� '�� 	 +HGHNHU� '� 5� ������� )XOO�LQIRUPDWLRQ EL�IDFWRU DQDO\VLV�

3V\FKRPHWULND� ��� ��������

*ODV� &�$�:�� :DLQHU� +�� 	 %UDGORZ ������� 00/ DQG ($3 HVWLPDWHV IRU WKH WHVWOHW
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UHVSRQVH PRGHO� ,Q :�-� YDQ GHU /LQGHQ 	 &�$�:� *ODV �(GV��� &RPSXWHU $GDSWLYH 7HVWLQJ�

7KHRU\ DQG 3UDFWLFH� %RVWRQ 0$� .OXZHU�1LMKRII 3XEOLVKLQJ�

*ROGVWHLQ� +� ������� 0XOWLOHYHO 6WDWLVWLFDO 0RGHOV ��QG HG��� /RQGRQ� (GZDUG $UQROG�

+RLMWLQN� +�� 	 %RRPVPD� $� ������� 2Q SHUVRQ SDUDPHWHU HVWLPDWLRQ LQ WKH

GLFKRWRPRXV 5DVFK PRGHO� ,Q *� +� )LVFKHU 	 ,� 0ROHQDDU �(GV��� 5DVFK PRGHOV� IRXQGDWLRQV�

UHFHQW GHYHORSPHQWV DQG DSSOLFDWLRQV �SS� ������� 1HZ <RUN� 1<� 6SULQJHU�

+RLMWLQN� +�� 	 0ROHQDDU� ,� :� ������� $ PXOWLGLPHQVLRQDO LWHP UHVSRQVH PRGHO�

FRQVWUDLQHG ODWHQW FODVV DQDO\VLV XVLQJ WKH *LEEV VDPSOHU DQG SRVWHULRU SUHGLFWLYH FKHFNV�

3V\FKRPHWULND� ��� ��������

/LQGOH\� '� 9�� 	 6PLWK� $� )� 0� ������� %D\HV HVWLPDWHV IRU WKH OLQHDU PRGHO� -RXUQDO

RI WKH 5R\DO 6WDWLVWLFDO 6RFLHW\� 6HULHV %� ��� �����

/RQJIRUG� 1� 7� ������� 5DQGRP &RHI¿FLHQW 0RGHOV� 1HZ <RUN� 1<� 2[IRUG 8QLYHUVLW\

3UHVV ,QF�

0DWKVRIW� ,QF� ������� 6�3OXV ���� 3URJUDPPHU¶V JXLGH DQG &RPSXWHU 3URJUDP�

6HDWWOH� :$� 'DWD DQDO\VLV SURGXFWV GLYLVLRQ� 0DWKVRIW�

0LVOHY\� 5� -� ������� %D\HV PRGHO HVWLPDWLRQ LQ LWHP UHVSRQVH PRGHOV� 3V\FKRPHWULND�

��� ��������

0LVOHY\� 5� -�� 	 %RFN� 5� '� ������� $ KLHUDUFKLFDO LWHP�UHVSRQVH PRGHO IRU

HGXFDWLRQDO WHVWLQJ� ,Q 5� '� %RFN �(GV��� 0XOWLOHYHO DQDO\VLV RI HGXFDWLRQDO GDWD �SS� �������

6DQ 'LHJR� $FDGHPLF 3UHVV�

0RUULV� &� 1� ������� 3DUDPHWHULF HPSLULFDO %D\HV LQIHUHQFH� 7KHRU\ DQG DSSOLFDWLRQV

�ZLWK GLVFXVVLRQ�� -RXUQDO RI WKH $PHULFDQ 6WDWLVWLFDO $VVRFLDWLRQ� ��� ������

2¶+DJDQ� $� ������� )UDFWLRQDO %D\HV IDFWRUV IRU PRGHO FRPSDULVRQ� -RXUQDO RI WKH

5R\DO 6WDWLVWLFDO 6RFLHW\� 6HULHV %� ��� �������

3DW]� 5� -�� 	 -XQNHU� %� :� �����D�� $ VWUDLJKWIRUZDUG DSSURDFK WR 0DUNRY FKDLQ 0RQWH

&DUOR PHWKRGV IRU LWHP UHVSRQVH PRGHOV� -RXUQDO RI (GXFDWLRQDO DQG %HKDYLRUDO 6WDWLVWLFV� ���

��������

3DW]� 5� -�� 	 -XQNHU� %� :� �����E�� $SSOLFDWLRQV DQG H[WHQVLRQV RI 0&0& LQ ,57�

0XOWLSOH LWHP W\SHV� PLVVLQJ GDWD� DQG UDWHG UHVSRQVHV� -RXUQDO RI (GXFDWLRQDO DQG %HKDYLRUDO

6WDWLVWLFV� ��� WR DSSHDU�

5DXGHQEXVK� 6� :� ������� (GXFDWLRQDO DSSOLFDWLRQV RI KLHUDUFKLFDO OLQHDU PRGHOV� $

UHYLHZ� -RXUQDO RI (GXFDWLRQDO 6WDWLVWLFV� ��� �������
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5REHUWV� *� 2�� 	 6DKX� 6� .� ������� 8SGDWLQJ VFKHPHV� FRUUHODWLRQ VWUXFWXUH� EORFNLQJ

DQG SDUDPHWUL]DWLRQ IRU WKH *LEEV VDPSOHU� -RXUQDO RI WKH 5R\DO 6WDWLVWLFDO 6RFLHW\� 6HULHV %�

��� ��������

5XELQ� '� %� ������� (VWLPDWLRQ LQ SDUDOOHO UDQGRPL]HG H[SHULPHQWV� -RXUQDO RI

(GXFDWLRQDO 6WDWLVWLFV� �� ��������

6HOW]HU� 0� +� ������� 6HQVLWLYLW\ DQDO\VLV IRU ¿[HG HIIHFWV LQ WKH KLHUDUFKLFDO PRGHO� $

*LEEV VDPSOLQJ DSSURDFK� -RXUQDO RI (GXFDWLRQDO 6WDWLVWLFV� ��� ��������

6HOW]HU� 0� +�� :RQJ� :� +�� 	 %U\N� $� 6� ������� %D\HVLDQ DQDO\VLV LQ DSSOLFDWLRQV

RI KLHUDUFKLFDO PRGHOV� ,VVXHV DQG PHWKRGV� -RXUQDO RI (GXFDWLRQDO DQG %HKDYLRUDO 6WDWLVWLFV�

��� ��������

:DLQHU� +�� %UDGORZ� (� 7�� 	 'X� =� ������� 7HVWOHW UHVSRQVH WKHRU\� DQ DQDORJ IRU

WKH �SO PRGHO XVHIXO LQ WHVWOHW�EDVHG DGDSWLYH WHVWLQJ� ,Q :� -� YDQ GHU /LQGHQ 	 &� $� :�

*ODV �(GV��� &RPSXWHUL]HG DGDSWLYH WHVWLQJ� WKHRU\ DQG SUDFWLFH �SS� ��������� %RVWRQ� 0$�

.OXZHU $FDGHPLF 3XEOLVKHUV�

:HL� *� &� *�� 	 7DQQHU� 0� $� ������� $ 0RQWH &DUOR LPSOHPHQWDWLRQ RI WKH

(0 DOJRULWKP DQG WKH SRRU PDQ¶V 'DWD $XJPHQWDWLRQ DOJRULWKPV� -RXUQDO RI WKH $PHULFDQ

6WDWLVWLFDO $VVRFLDWLRQ� ��� ��������

=LPRZVNL� 0� )�� 0XUDNL� (�� 0LVOHY\� 5� -�� 	 %RFN� 5� '� ������� %LORJ 0*� 0XOWLSOH�

JURXS ,57 DQDO\VLV DQG WHVW PDLQWHQDQFH IRU ELQDU\ LWHPV� &KLFDJR� 6FLHQWL¿F 6RIWZDUH

,QWHUQDWLRQDO� ,QF�
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)LJXUH �� 3RVWHULRU GHQVLWLHV RI @& IRU LWHPV �� �� � DQG �� 'RWWHG OLQH LV DQ HVWLPDWH RI
GHQVLW\ DIWHU Dff YDOXHV� DQG VROLG OLQH LV DQ HVWLPDWH DIWHU 2fc fff YDOXHV�
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0XOWLOHYHO ,57 � ��

7DEOH �� ,WHP SDUDPHWHU HVWLPDWHV RI WKH QRUPDO RJLYH ,57 PRGHO XVLQJ WKH *LEEV VDPSOHU�

*HQHUDWHG *LEEV 6DPSOHU

,WHP dn en dn V�G� &, en V�G� &,

4 =973 =337 =9;< =389 ^=8;:> =;3<` 3 3 ^3> 3`
5 4=346 �=34< =<;5 =3:5 ^=;85> 4=46:` �=345 =387 ^�=457> =3;8`
6 =<6< �=83; =<87 =3:5 ^=;59> 4=43:` �=844 =388 ^�=959>�=744`
7 =:;3 �=399 =:79 =38; ^=96;> =;9<` �=44: =378 ^�=53;>�=364`
8 =;57 �=4;3 =;<9 =39: ^=::9> 4=36;` �=545 =383 ^�=649>�=456`
9 =::5 �=34: =;65 =396 ^=:4:> =<97` �=349 =37; ^�=446> =3:8`
: =<36 �=<75 =;7; =39; ^=:59> =<<4` �=;<4 =386 ^�4=335>�=:<6`
; =:;< =49; =;56 =396 ^=:43> =<88` =43; =37: ^=344> =4<7`
< =<48 =333 =;:: =399 ^=:8;> 4=354` �=335 =37< ^�=437> =3;;`
43 =<9: =936 =<<; =3:8 ^=;93> 4=489` =896 =387 ^=783> =996`
44 4=3;: �=343 4=3<6 =3:; ^=<84> 4=594` �=365 =38: ^�=485> =3:7`
45 =<;3 �=839 4=37: =3:: ^=<3<> 4=545` �=87< =38: ^�=99:>�=774`
46 4=457 =78; 4=444 =3;3 ^=<96> 4=5;4` =746 =38< ^=5<3> =853`
47 =<78 �=9<4 =<6; =3:4 ^=;47> 4=3<6` �=9:< =387 ^�=:<4>�=8;3`
48 4=36< �=568 4=345 =3:5 ^=;;3> 4=49:` �=596 =388 ^�=6:;>�=497`
49 4=335 �=735 4 3 ^4> 4` �=6:4 =386 ^�=7:<>�=5:4`
4: =9:9 =784 =935 =385 ^=839> =:46` =79: =373 ^=6;9> =877`
4; =;78 �=8:; =;57 =397 ^=:3<> =<94` �=8;; =383 ^�=9<4>�=7<9`
4< =:<9 =385 =<76 =39< ^=;4;> 4=3<5` =379 =384 ^�=393> =475`
53 =:55 =448 =:<< =394 ^=9;<> =<64` =439 =379 ^=345> =4<4`



0XOWLOHYHO ,57 � ��

7DEOH �� 3DUDPHWHU HVWLPDWHV RI WKH PXOWLOHYHO PRGHO� ZLWK WKH *LEEV VDPSOHU DQG +/0 IRU
:LQGRZV�

*HQHUDWHG +/0 *LEEV 6DPSOHU

)L[HG (IIHFWV &RHI¿FLHQW V�H� &RHI¿FLHQW V�G� &,

�33 �=63 �=699 =449 �=64< =4;5 ^�=9;4> =374`
�
34

=48 =5<4 =483 =53< =56; ^�=5:3> =9<3`
�43 =68 =744 =375 =7:; =394 ^=694> =934`
�44 4 =<5< =3;4 =:5; =456 ^=7;9> =<:4`

5DQGRP (IIHFWV 9DULDQFH 9DULDQFH 9DULDQFH V�G� &,

&RPSRQHQWV &RPSRQHQWV &RPSRQHQWV

�3 =4 =464 =483 =34; ^=3;8> =595`
�4 =4 =3<4 =3<: =33: ^=384> =49;`
� =5 =4<< =4:; =339 ^=469> =538`



0XOWLOHYHO ,57 � ��

7DEOH �� 3DUDPHWHU UHFRYHU\ RI WKH PXOWLOHYHO PRGHO ZLWK VWDQGDUGL]HG WUXH ODWHQW VFRUHV DQG
=�VFRUHV DV GHSHQGHQW YDULDEOHV�

+/0 +/0 �VXP VFRUHV�

)L[HG (IIHFWV &RHI¿FLHQW V�H� &RHI¿FLHQW V�H�

�33 �=574 =466 �=4<4 =473
�34 =669 =4:6 =594 =4;7
�43 =7:7 =37< =888 =37<
�44 4=3:4 =3<6 =:37 =3<;

5DQGRP (IIHFWV 9DULDQFH 9DULDQFH

&RPSRQHQWV &RPSRQHQWV

�3 =484 =477
�4 =438 =3<:
� =55< =795



0XOWLOHYHO ,57 � ��

7DEOH �� 3DUDPHWHU HVWLPDWHV RI WKH PXOWLOHYHO PRGHO ZLWK WKH *LEEV VDPSOHU DQG +/0 XVLQJ
1�VFRUHV DQG UHVFDOHG 1�VFRUHV DV GHSHQGHQW YDULDEOHV�

*LEEV 6DPSOHU +/0 +/0

�1�VFRUHV� �UHVFDOHG 1�VFRUHV�

)L[HG (IIHFWV &RHI¿FLHQW V�G� &, &RHI¿FLHQW V�H� &RHI¿FLHQW V�H�

�33 �=4:5 =547 ^�=8;<> =575` �=5;: =3:; �=458 =39;
�34 =79: =575 ^�=339> =<76` =774 =3;: =6;< =3::
�43 =778 =367 ^=6;7> =849` =748 =34: =69: =349
�53 =569 =444 ^=353> =789` =546 =356 =4;; =353
�
63

�=4;4 =373 ^�=595>�=435` �=49: =367 �=47; =363

5DQGRP (IIHFWV 9DULDQFH V�G� &, 9DULDQFH 9DULDQFH

&RPSRQHQWV &RPSRQHQWV &RPSRQHQWV

�3 =743 =374 ^=655> =847` =659 =5;;
�5 =55; =354 ^=486> =657` =445 =3<<
� =977 =389 ^=896> =:5<` =:8: =99<


