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ABSTRACT

In this paperthe subbandlecompositiorof asinglechannel
imagerestoratiorproblemis examined.The decomposition
will be carriedoutin theimagemodel(prior model)in or-
derto take into accounthefrequeng activity of eachband
of the original image. The hyperparameterassociatedo
eachbandtogetherwith the original imageare rigurously
estimatedvithin the Bayesiarframenork. Finally the pro-
posedmethodis testedand comparedwith other methods
onrealandsyntheticimages.

1. INTRODUCTION

A standardormulation of the imagedegradationmodelis
givenin lexicographicform by [1]

g =Df +w, 1)

wherethep x 1 vectorsf, g, andw representespectiely
the original image, the available noisy and blurred image
andthe noisewith independenelementf varianceo2, =
B~1, andD representshe known blurring matrix. Theim-
agesareassumedo beof sizen x n, with p =n x n. The
restoration problem callsfor finding an estimateof f given
g, D andknowledgeaboutw andpossiblyf, (seeChapter
1in[13]).

Smoothnessonstraintonthe originalimagecanbein-
corporatedindertheform of

A 1 A
p(fla) o o?/? exp{-5a || Cf |}, (2)

whereC is the Laplacianoperator
Then,following the Bayesiarparadigmit is customary
to selectastherestoratiorof f, theimagef(,, 5y definedoy

fa,p) = arg{min[all Cf|”+5| g—Df[]}
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= arg{ maxp(flo)p(glf, 5)}, 3)

wherefrom Eq. 1 we have

plelf, ) o« exp(~ 36 lg ~DE P} (@)

An importantproblemariseswhena and/orj areun-
known. Much interesthascenteredn the questionof how
theseparametershouldbe estimated'se€[8], [15]). How-
ever, it is widely acceptedhat the hyperparametein the
imagemodel(a) shouldbeadaptedo thelocalimagechar
acteristics,althoughthe computationsinvolved have pre-
ventedthe developmentof muchresearchin thatarea(see
however[11], [12]).

Sincethe pionnerwork of GalatsanosandChin ([7]) an
importantamountof researchhasbeencarriedout in the
areaof multichanneimagerestoration(seefor example[9],
[18], [10], [4],[16]), unfortunatelyno muchwork hasbeen
reportedon theestimationof the parameterseededn mul-
tichannelimagerestoration(seehowever, [9], [21] , [22],
[11], [12]). Althoughthe computationsnvolvedin a multi-
channebproblemsaremoretime demandingthe paper{14]
provideda generaframewvork whereall thecalculationdn-
volvedin a multichannelimagerestorationcould be easily
carriedoutin thefrequengy domain.

Theapplicationof multichannetechniqueso singlechan-
nel restoratiorproblemsmagesusinga subbandiecompo-
sition wasproposedn [2] and[3] usingthe framavork de-
velopedin [14] .

In this paperwe examinethe subbandlecompositiorof
thequadratiamagemodelgivenin Eq.2. Sinceby perform-
ing asubbandiecompositionve areextractingdifferentfre-
queng regions(channelspf animage the procesf asso-
ciatingadifferentimagehyperparametdo eachsubbanaf
theimagemodelbecomesquialentto assigningdifferent
hyperparameten® differentfrequeny bandsin theimage.
Thosehyperparametensill reflectthenthe actiity of that
bandin the original image. We shav how the estimation
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Figurel: Four-channeR-D decomposition

of thoseparameterganbe carriedout within the Bayesian
imagerestoratiorparadigmandthe computatiorefficiently
implemented.

The restof the paperis organizedasfollows. In sec-
tion 2 the imageandnoisemodelsare definedin orderto
apply the Bayesianparadigm. For thoseimage and noise
models the estimatiorof the hyperparamete@ndthe orig-
inalimageis performedn section3. Finally in sectiord ex-
perimentaresultsareshovn andsections concludeshepa-
per. The paperalsocontainsanappendixwhereit is shavn
how to calculateall theinvolvedcomputations.

2. IMAGE AND NOISE MODELS

We will only discussthe image model and usethe noise
modeldefinedby Eq. 4.

A simpleway to incorporatethe smoothnessf the ob-
jectluminosityis to modelthedistribution of f by Eq. 2. It
is importantto notethatthis modelis a simultaneousutor
regressionSAR) ([17]) andthatis characterizethy

(Cf); = &, ()

wheree; areindependentV'(0, a1).

A carefullexaminationof Eq. 5 shavs thatthis expres-
sionis nottrue for realimages.The spectrunof Cf is not
normally flat and the enegy in eachfrequeny is not the
same(1/a). Obviously the imagemodelis just a simple
approximation.

Let usnow considerz = Cf andperforma multichan-
nel descompositionf thatimage.Let w; andw;, bel — D
guadraturemirror filters (QMF) basedon the orthonormal
waveletbaseswith compactsupport[5], sothatonesetof
coeficientsmaybeusedto definedtheother[20]. Then,the
subbandiecompositiorof z canbe calculatedcasdescribed
in Fig. 1.

We notethat

I=W, Wy + W, Wy + W, Wy, + W, Wy, (6)

where W, with w,v € [, h arethe [(n/2) x (n/2)] x
[n x n] matricesusedto obtainthe bandsz,,, (seeFig. 1)
and! denotegransposelt is importantto obsenre thatnow
W! W,z containsnformationon somepartof the spec-
trum of z.

Let us considerthe quadraticform definingthe image
model,we have

aofCtCE
fC (aW! Wy + oW Wy, +
aWhL Wi, + aWt, Wy, )CEf  (7)

al cf?

Now, in orderto adapttheimagemodel,andso have a
hyperparametefior eachof the descomposedhannelswe
definethefollowing imagemodel

1 1 .
p(fla) x Z%exp{—i Z yy || W CF |17}
preor (Q) u,v€E{l,h}
(8)
whereq denoteghevector(ay;, ap, agp, apy) and
Zprior(g) = |P(Q)|_1/2 (9)

where

Pla)= >  0,,C'W,W,C (10)

u,ve{l,h}
Before estimatingthe hyperparameterand restorethe

originalimageusingthe Bayesiarparadigm)et usexamine
how to extendthe modelto a multiscaledecomposition.

2.1. Multiscale decomposition of the image model

The modelwe have just proposedcan be extendedto a 4
channeldecomposition.To work with 4¢ channelsand so
asociatet’ hyperparameter® theimagemodelwe useas
prior modelthe onedefinedby the quadraticform:

TAGE = %

| Wi, (3) -

Oyyvy..uiv; X

Wy, (DCE |1,

whereW,, ., (k) with ug,v;, € [,handk = 1,...,7 are
the [(n/2%) x (n/2%)] x [n/2¢=! x n/2i~1] matricesused
to subbandlecomposén/2¢-1] x [n/2¢-!] images.

In this paper for notationsimplicity, we will only usea
4 channelsdecompositionsection4 however containstest
examplescarriedout at higherdecomposition.

2.2. Using the same hyper parameters for several sub-
bands

The image model we are proposingallows the useof the
samehyperparameteror several subbands.If 4 channels



areused the samehyperparameterould be assignedo all

the detail subband@ndthat one be differentfrom the one
usedfor thell band. The sameideascanbe appliedwhen
4 channelsareused.

Finally, it is worthmentioningthatthe methodproposed
in [19] is a particularcaseof the onewe areproposinghere
andthatit is obtainedby usingasimageprior the onede-
fined by the quadraticform || f ||> anddecomposingt in
subbands.

Let usnow examinehow tho estimatethe unknawn pa-
rametersaandtherestoratiorin thecomingsection.

3. BAYESIAN ANALYSIS

The stepswe follow in this paperto estimatethe hyperpa-
rametersaandtheoriginalimageare

Step I: Estimation of the hyperparameters

& = (ay, pr, dun, dyy) and B arefirst selectechs

N

4,3 = argm%xﬁg(g, B) = argmaﬁxlogp(glg, B), (11)
o, o,

where

p(gle, B) = / p(El)p(glf, B)d

Step I1: Estimation of the original image

Oncethehyperparamentetsave beenestimatedthees-
timation of theoriginalimage,f(& A is selectechstheim-
agesatisfying -

fla) =argmin Y duy || WuuOF ||” +4 || g-Df |2

uv€E{lh}
(12)

Notethatwe areestimatinghe hyperparametdry max-
imum likelihood andthat the estimationof f is performed
by usingthe maximum a posteriori MAP. Furthermoreal-
thoughstepsl andll areseparatedthe iteratve schemeto
be proposegerformshothestimationsimultaneously

Theestimatiorprocessve areusingcouldbe performed
within the so called hierarchicalBayesianapproach(see
[15]) by including hyperpriorson the unkonwn hypenec-
tor & and hyperparameters. However, the possibility of
incorporatingadditional knowledge on them by meansof
gammeaor otherdistributionswill notbediscussedhere(see
[15]).

Let usexaminethe estimationprocessn detail. Fixing
a andg andexpandingthefunction

M(f,gla,8) = > ow | WuCF|* +8 | g—Df |?
u,v€E{l,h}
(13)

aroundf(,, ), we have

M(f7g|g) /8) = M(f(g,5)7g|g7 /8)
1
+ 5= £0,5)'Qa, B)(f — fa.5)
where
Q@ f) = > au,C'W, W,,C+DD
u,v€{l,h}
andtherefore
exp{—M(f a,B)s g|Q; /B)/2}
p(gla, B) = (@)

Zprior (Q) Znoise (ﬂ)
/fexp{—%(f —f(0,8) Qla, B)(f — £(4.8))} df

eXp{_M(f(g,B)ﬂ glga ,8)/2}|Q(Q, B)|71/2

_ (14)
ZprioT(Q)Znoise(ﬂ)

We thenhave

2g(@f) == D ow || WuCap [’
u,w€{l,h}

— B llg—Dfiapll® —log|Q(e, )|
- 2 IOg Zprior (Q) -2 IOg Znoz'se (ﬂ) + const.
We now differentiate—2Lg(a, ) with respecto o and

B soasto find theconditionswhich aresatisfiedatthe max-
ima. We have

| WauuCfia ) |I” +trace[Q(a, 8) ' C'W{, W, C] =
trace[P(a)"'C'W! W ,,C] for u,v € {I,h} (15)
| g — Dfis 5 I +trace[Q(a, ,B)_lDtD] =p/B. (16)
Notethatif the samehyperparameteis usedfor some
subbandsthe correspondingegs.15and16 arealsoeasyto
calculate.
By multiplying Egs.15 by a,,,, and16 by 5 we have
o || WuwCfla g I +
ayptrace[Q(a, B)"'C*WE, W, C] =
ayytrace[P(a) 1C'WL, 'W,,C] for u,v € {I,h}(17)

B |l g — Df(ap) |I” +Btrace[Q(a,8) 'D'D] =p (18)

andsince

Z auvtrace]Q(a, B) *C'W! W, C|
u,ve{l,h}

+ptrace[Q(a, ﬂ)_lDtD] = trace[l,] = p,
and

Z uytrace[P(a) 'C'W! W, C] =
u,v€{l,h}
trace[l,] = p,



we have at the maximumlik elihoodestimatgmle)

> o | WuCfiap) I +8 || g — Dfa,s) I°=p,
u,ve{l,h}

which meansthat at the mle a fraction of the obsenations
are usedto estimatethe missfit to the componentof the
prior model (auy || WuwwCfa,g) |1, With u,v € {I,h})
and anotherproportionis usedfor the missfitto the noise
model(5 || g — Df(a ) [I%).

Let us examinethe use of the EM-algorithm [6] with
Xt = (ft,gt) andy = g = [0 I]*X toiteratively increase
Lg(a, 3). Theapplicationof the EM-algorithmto our prob-
lemsproducesEgs. 15 and 16 wherethe old valuesof the
hyperparametemreusedon the left handsideof equations
to obtainthe new oneson the right handside of the equa-
tions. Unfortunately thoseequationsare highly nonlinear
andso the new valuesof the hyperparameterare difficult
to find.

Let us, however, considerthe iteratve EM equations
correspondingo using one hyperparametefor the image
model(«) andonefor thenoise(s) (see[15]), we have

1 1
[—] = [5 {Il Cfap) 11> +

a

trace[(aC'C + fD'D) ' C'C]} ]

1 1
= |+ ={ll Clap I?
545 (I Ctan 1P +

trace[(aC'C + SD'D) "' C!C] — g} ] ld(19)

old

1 1
[E] - [5 {llg-Dfiup I? +

trace[(aC'C + fD'D)~'D'D]} }

1 1
- [— +2{lg~ Dffasy I +

old

B
trace[(aCtC + fD'D) ' D'D] — %H (20)
old

wheref(,, 5) hasbeendefinedin Eq. 3 and[ Jew and[ Jora
meanthe evaluationof the expressiongor the new andold
valuesof « andf respectiely.

We noticethattheseequationscorrespondo the appli-
cationof agradientdescendernmethodon1/« and1/s and
thatthesteponthegradientuseds 1/ (pa?) and1/(p3?) for
1/« and1/3 respectiely. Notice thatfor a givenfunction
y dependingn z, y(z), we have that

dy @ dr _:czd_y

d(1/z) drd(l/z) dx
Let us adaptthis methodto the multichannelproblem.
Multiplying anddividing the right handside of Eq. 15 by

a4y We have

1
Pauy)
trace[Q(a, B) ' C'WE, W, C]] = 1/ay,, (21)

[l W Cfa ) II” +

where
P(Quy) = ayytrace[P (@)™t CthwWw C],

(we have removedthe dependeng on a of p(ay,,) to sim-
plify thenotation).

Noticethatp(a,,) = p if we have only oneimagepa-
rameterandthat

> plaw) =p

u,v€{l,h}

Thenwe canusethefollowing equationgo estimatehe
hyperparametersyherethe old valuesareusedin theright
handsideof theequationgo obtainthe newv onesontheleft
handside

1 1
= W ., Cf 2 +
[auv]new p(auy) [” wCH(a,p) |l

trace[Q(a, 8) "' C'W!, W, Cl]

1 1 .
= |—+ W Cfag II° +
trace[Q(a, f) " C'W!, W, C]
—trace[P(a) 'C'W!, W,,C]} ] ol
foru,v € {I,h} (22)

1 1 .
~+ = {|| g — Df, 2 +
[ﬁ all (@6 |

trace[Q(a, f) ' D'D] — %}] (23)
old

... -

This methodis againa gradientdescenbne. We have
usedit in our experimentsandhave not obsenedary con-
vergenceproblem,however, it would alwaysbe possibleto
usesmallerstepsasto guarantecorvergence.

4. EXPERIMENTAL RESULTS

In orderto shav the behaiour of the proposedalgorithm,
we have usedthe original 256 x 256 "Cameraman’image,
blurredby a motion blur over 9 pixels. It wasdegradedby

additive Gaussiamoiseto achieve 10, 20 and30dB SNR
(noisevariancesof S~ = 216.1, 37! = 64, and3~! =

6.25, respectiely). In all casesthe initial imagewasthe
degradedone. For a comparisonwe have alsoappliedthe
maximumlik elihoodrestorationmethodto thesedegraded
images.



Method | Iterations| ISNR -1
MLE 40 7.6038 | 184.98
1 param. 30 7.2863 | 214.03
2 params. 50 7.2844 | 214.09
4 params. 60 7.2241 | 213.95
10dB
Method | Iterations| ISNR -1
MLE 35 7.9889 | 49.84
1 param. 35 8.8162 | 63.64
2 params. 50 8.8086 | 63.68
4 params. 70 8.2787| 64.73
20dB
Method | Iterations| ISNR | 5!
MLE 30 6.2049 | 3.91
1 param. 35 8.8181 | 6.37
2 params. 41 8.8006 | 6.42
4 params. 90 9.1402 | 6.57

30dB

Tablel: iterationsrequired,ISNR, andnoisevarianceesti-
mationsfor the“CameramanimageanddifferentSNRs.

For the purposeof objetively testingthe performancef
theimagerestoratioralgorithms thelmprovemenin Signal
to NoiseRatio (ISNR) will beused.This metricis givenby

S [, ) — g(m, n)]”
Ymn [f(m,n) —f. (m,n)]

Inary casejt is veryimportantto considethebehaiour
of the algorithmsfrom the viewpoint of edgepreseration,
which canbeabasicindicatorof improvemenin quality for
subjetive comparisorof restoratioralgorithms

The valuesof ISNR, the requirednumberof iterations
neededo achieve corvergencean parameteestimationand
thecorrespondingaluesof theestimatedoisevarianceare
shavn in table1. We have includedthe resultsobtainedby
maximumlik elihoodandthe proposedilgorithmusingonly
oneparametefor all the bandsof theimage;usingtwo pa-
rameterspnefor thell band,anda differentonefor thelh,
hl, andhh. Thelastrow of every sub-tablecontainsghere-
sultobtainedusinga differentparametefor eachsubband.

From this table we can seethat the proposedmethod
obtainsbetterestimationof the noisevariance very close
to the real value, giving lessnoisy imagesthan maximum
likelihoodmethod.We canseethatthe ISNR is alsobetter
for theproposednethod.

ISNR = 10logy,

Figure2: (a) Originalimage.(b) Noisy-blurredmagefor 9-
pointmotionblur at30dB.(c) Maximumlik elihoodrestora-
tion. (d) Restoratiorobtainedwith the proposednethod.

Fig. 2 shows the original "Cameraman’image,the de-
gradedimageat 30 dB, the restorationobtainedby maxi-
mum likelihood andthe restorationobtainedwith the pro-
posedmethodusingfour prior-modelparametersa differ-
ent one for eachband. We can seethat the solution pro-
posedgivessmoothesolutionsbut the noiseis muchbetter
removed.

5. CONCLUSIONS
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