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UniversidaddeGranada.18071Granada,Espãna.
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ABSTRACT

In thispaperthesubbanddecompositionof asinglechannel
imagerestorationproblemis examined.Thedecomposition
will becarriedout in the imagemodel(prior model)in or-
derto take into accountthefrequency activity of eachband
of the original image. The hyperparametersassociatedto
eachbandtogetherwith the original imagearerigurously
estimatedwithin theBayesianframework. Finally thepro-
posedmethodis testedandcomparedwith othermethods
on realandsyntheticimages.

1. INTRODUCTION

A standardformulationof the imagedegradationmodel is
givenin lexicographicform by [1]�������
	���
 (1)

wherethe ����� vectors� , � , and � representrespectively
the original image,the availablenoisy and blurred image
andthenoisewith independentelementsof variance���� ������

, and � representstheknown blurring matrix. Theim-
agesareassumedto beof size ����� , with � � ����� . The
restoration problem calls for finding anestimateof � given� , � andknowledgeabout � andpossibly � , (seeChapter
1 in [13] ).

Smoothnessconstraintson theoriginal imagecanbein-
corporatedundertheform of��� � � !#"
$%!'&)( �+*-,/.�021 �3 !54768�94 �;: 
 (2)

where 6 is theLaplacianoperator.
Then,following theBayesianparadigmit is customary

to selectastherestorationof f, theimage �=<?>A@ B2C definedby�=<?>A@ B2CD� EGF=H 0+IKJMLNPO !9476Q�84 � 	 � 4R� 1 ���Q4 �TSG:
This work hasbeensupportedby the“Comisión NacionaldeCiencia
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� EUFVH 0+I E ,N ��� �W� !#" ��� �X� �2
 � " : 
 (3)

wherefrom Eq.1 we have

�#� ��� �2
 � "Y$ � &Z( �'*),/.�021 �3 � 4
� 1 ���84 �U:Y[ (4)

An importantproblemariseswhen ! and/or
�

areun-
known. Much interesthascenteredon thequestionof how
theseparametersshouldbeestimated(see[8], [15]). How-
ever, it is widely acceptedthat the hyperparameterin the
imagemodel( ! ) shouldbeadaptedto thelocal imagechar-
acteristics,althoughthe computationsinvolved have pre-
ventedthe developmentof muchresearchin that area(see
however [11], [12]).

Sincethepionnerwork of GalatsanosandChin ([7]) an
importantamountof researchhasbeencarriedout in the
areaof multichannelimagerestoration(seefor example[9],
[18], [10], [4],[16]), unfortunatelyno muchwork hasbeen
reportedon theestimationof theparametersneededin mul-
tichannelimagerestoration(seehowever, [9], [21] , [22],
[11], [12]). Althoughthecomputationsinvolvedin a multi-
channelproblemsaremoretime demanding,thepaper[14]
providedageneralframework whereall thecalculationsin-
volved in a multichannelimagerestorationcouldbeeasily
carriedout in thefrequency domain.

Theapplicationof multichanneltechniquestosinglechan-
nel restorationproblemsimagesusingasubbanddecompo-
sition wasproposedin [2] and[3] usingtheframework de-
velopedin [14] .

In thispaperweexaminethesubbanddecompositionof
thequadraticimagemodelgivenin Eq.2. Sincebyperform-
ing asubbanddecompositionweareextractingdifferentfre-
quency regions(channels)of animage,theprocessof asso-
ciatingadifferentimagehyperparameterto eachsubbandof
the imagemodelbecomesequivalentto assigningdifferent
hyperparametersto differentfrequency bandsin theimage.
Thosehyperparameterswill reflectthentheactivity of that
bandin the original image. We show how the estimation
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Figure1: Four-channel2-D decomposition

of thoseparameterscanbecarriedout within theBayesian
imagerestorationparadigmandthecomputationefficiently
implemented.

The rest of the paperis organizedas follows. In sec-
tion 2 the imageandnoisemodelsaredefinedin order to
apply the Bayesianparadigm. For thoseimageandnoise
models,theestimationof thehyperparametersandtheorig-
inal imageis performedin section3. Finally in section4 ex-
perimentalresultsareshownandsection5 concludesthepa-
per. Thepaperalsocontainsanappendixwhereit is shown
how to calculateall theinvolvedcomputations.

2. IMAGE AND NOISE MODELS

We will only discussthe imagemodel and usethe noise
modeldefinedby Eq.4.

A simpleway to incorporatethesmoothnessof theob-
ject luminosity is to modelthedistribution of � by Eq.2. It
is importantto notethatthis modelis a simultaneousautor-
regression(SAR) ([17]) andthatis characterizedby� 6Q�\"^]��`_V]^
 (5)

where _V] areindependentab�dc 
V! �'� " .
A carefullexaminationof Eq.5 shows that this expres-

sion is not true for real images.Thespectrumof 6Q� is not
normally flat and the energy in eachfrequency is not the
same �e�gf !X" . Obviously the imagemodel is just a simple
approximation.

Let usnow considerh �i6Q� andperforma multichan-
neldescompositionof thatimage.Let �Kj and �lk be � 1nm
quadraturemirror filters (QMF) basedon the orthonormal
wavelet baseswith compactsupport[5], so that onesetof
coefficientsmaybeusedto definedtheother[20]. Then,the
subbanddecompositionof h canbecalculatedasdescribed
in Fig. 1.

We notethato �%prqjsj ptjsju	vprqkZj pwkZj/	�prqjMk ptjMkx	vprqk;k prk;kA
 (6)

where pry\z with { 
=|~}w�^
V� are the O ����f 3 " ������f 3 " S �O ����� S matricesusedto obtainthe bandsh y;z (seeFig. 1)
and q denotestranspose.It is importantto observethatnowp qy;z p y;z h containsinformationon somepartof thespec-
trum of h .

Let us considerthe quadraticform defining the image
model,we have!�476Q�84 � � !��e6 q 6Q�� �e6 q � !+p qjsj ptjsju	�!+p qkZj pwkZj/	!+p qjMk ptjMk�	�!�p qk;k pwk\k2"=6Q� (7)

Now, in orderto adaptthe imagemodel,andsohave a
hyperparameterfor eachof thedescomposedchannels,we
definethefollowing imagemodel

��� � � ! "R$ �� &)� ]?� � � ! " *-,/.�021 �3 �y @ z\�W�^j @ kg� !#y;z94
pry;zU6Q�Q4 � :
(8)

where ! denotesthevector � !+j�je
=!XkZj�
=!�jMk�
=!Xk\kW" and� &-� ]�� � � ! "Y��� � � ! ")� ��� ( � (9)

where � � ! "�� �y @ z\�W�^j @ kg� !#y @ zG6 q p qy;z pry\zG6 (10)

Beforeestimatingthe hyperparametersandrestorethe
original imageusingtheBayesianparadigm,let usexamine
how to extendthemodelto a multiscaledecomposition.

2.1. Multiscale decomposition of the image model

The modelwe have just proposedcanbe extendedto a � ]
channeldecomposition.To work with � ] channelsandso
asociate� ] hyperparametersto the imagemodelwe useas
prior modeltheonedefinedby thequadraticform:4�� ��� "e�Q4 � � ��-�\� �e�\�Z���M� �¡ V��=¢W£ � ¤ ¤ ¤ � ¥ ! y £ z £V¦§¦§¦ y ¥ z ¥ �

4Yp y ¥ z ¥ ��� " [Z[)[ p y £ z £ �e� "V6Q�84 � 

where p y � z � �©¨ " with {�ª 
^| ª }��e
V� and ¨ � � 
 [)[Z[ 
 � are
the «��d��f 3 ] " ������f 3 ] "�¬ �­«s��f 3 ] ��� ����f 3 ] �'� ¬ matricesused
to subbanddecomposeO ��f 3 ] �'� S � O ��f 3 ] �'� S images.

In this paper, for notationsimplicity, we will only usea� channelsdecomposition,section4 however containstest
examplescarriedout athigherdecomposition.

2.2. Using the same hyperparameters for several sub-
bands

The imagemodel we are proposingallows the useof the
samehyperparametersfor several subbands.If � channels



areused,thesamehyperparametercouldbeassignedto all
the detail subbandsandthat onebe differentfrom the one
usedfor the �©� band. The sameideascanbe appliedwhen� ] channelsareused.

Finally, it is worthmentioningthatthemethodproposed
in [19] is a particularcaseof theonewe areproposinghere
andthat it is obtainedby usingasimageprior the onede-
fined by the quadraticform 4l®¯4 � anddecomposingit in
subbands.

Let usnow examinehow tho estimatetheunknown pa-
rametersandtherestorationin thecomingsection.

3. BAYESIAN ANALYSIS

The stepswe follow in this paperto estimatethe hyperpa-
rametersandtheoriginal imageare

Step I: Estimation of the hyperparameters°! � � °! jsj 
 °! kZj 
 °! jMk 
 °! jsj " and
°�

arefirst selectedas°! 
 °� �`EUFVH I E ,> @ B�±R² � ! 
 � "Y�`EUFVH I E ,> @ B�³?´ H ��� �X� ! 
 � "-
 (11)

where ��� �X� ! 
 � "��¶µ N ��� �W� ! " ��� ��� �2
 � "^·2�
Step II: Estimation of the original image

Oncethehyperparamentershavebeenestimated,thees-
timationof theoriginal image, � <¹¸> @ ¸BGC , is selectedastheim-
agesatisfying

� <¡¸> @ ¸BWC ��EUFVH IKJMLN �y;z\�W�^jMkg� °! y;z 4
p y;z 6Q�Q4 � 	 °� 4�� 1 �º�Q4 �
(12)

Notethatweareestimatingthehyperparameterby max-
imum likelihoodandthat the estimationof � is performed
by usingthe maximum a posteriori MAP. Furthermore,al-
thoughstepsI andII areseparated,the iterative schemeto
beproposedperformsbothestimationssimultaneously.

Theestimationprocessweareusingcouldbeperformed
within the so called hierarchicalBayesianapproach(see
[15]) by including hyperpriorson the unkonwn hypervec-
tor

°! andhyperparameters
°�
. However, the possibility of

incorporatingadditionalknowledgeon them by meansof
gammaor otherdistributionswill notbediscussedhere(see
[15]).

Let usexaminetheestimationprocessin detail. Fixing! and
�

andexpandingthefunction» � �2
=��� ! 
 � "�� �y @ z\�W�^j @ kg� !�y;z94
pty;zU6Q�Q4 � 	 � 4�� 1 ���84 �
(13)

around�=<?> @ B2C , we have» � �G
V��� ! 
 � "¼� » � �^<�> @ B2C¡
V��� ! 
 � "	 �3 � � 1 �=<?> @ B2C�" q=½ � ! 
 � " � � 1 �=<?> @ B2C�"
where½ � ! 
 � "R� �y @ z\�W�^j @ kg� !#y @ zG6¾q¿prqy @ z pty @ zU6¶	��ºq��
andtherefore�#� ��� ! 
 � "~� *-,/.�0W1 » � �=<?> @ BWC¡
=��� ! 
 � " f 3 :� &)� ]?� � � ! " ��À �=]?Á^Â � � " �µ N *),/.�021 �3 � � 1 �^<�> @ BWC¿" q=½ � ! 
 � " � � 1 �^<�> @ BWC¿" : ·W�

� *-,/.T021 » � �^<�> @ B2CV
V�X� ! 
 � " f 3 : � ½ � ! 
 � "Z� �'� ( �� &)� ]�� � � ! " ��À �=]?ÁeÂ � � " (14)

We thenhave3 ± ² � ! 
 � "Y� 1 �y @ z\�W�^j @ kg� !#y;z94
pry;zU68�=<?> @ B2C
4 �
1 � 4
� 1 �º�=<?> @ B2C-�?� � 1 ³?´ H�� Ã � ! 
 � ")�1 3 ³?´ H � &-� ]�� � � ! " 1 3 ³M´ H � À �=]?Á^Â � � "#	�Ä)Å �+Æ)Ç [

We now differentiate1 3 ± ² � ! 
 � " with respectto ! and�
soasto find theconditionswhicharesatisfiedat themax-

ima. We have4Rpty;zU6Q�=<?> @ B2CR4 � 	 Ç�È;É Ä-Ê O ½ � ! 
 � " �'� 6 q p qy\z pry;zU6 S �Ç�ÈgÉ Ä-Ê O � � ! " �'� 6 q p qy;z p y;z 6 S for { 
^|l} 0 �^
V� : (15)4
� 1 �º�=<?> @ B2C�4 � 	 Ç�ÈgÉ Ä-Ê O ½ � ! 
 � " ��� � q � S � �Tf � [ (16)

Note that if the samehyperparameteris usedfor some
subbands,thecorrespondingEqs.15and16arealsoeasyto
calculate.

By multiplying Eqs.15 by !�y;z and16by
�

we have!#y\zK4
pry;zg6Q�=<?> @ B2C�4 � 	!#y;z Ç�È;É Ä-Ê O ½ � ! 
 � " �'� 6 q p qy\z pry;zU6 S �!�y;z Ç�ÈgÉ Ä-Ê O � � ! " ��� 6 q p qy;z pry\zG6 S for { 
^|l} 0 �^
V� : (17)� 4�� 1 ���=<?> @ B2CR4 � 	 � Ç�ÈgÉ Ä)Ê O ½ � ! 
 � " ��� �ºqe� S � � (18)

andsince�y @ z\�W�^j @ kg� ! y;z Ç�È;É Ä-Ê O ½ � ! 
 � " �'� 6 q p qy;z p y;z 6 S	 � Ç�ÈgÉ Ä)Ê O ½ � ! 
 � " ��� � q � S � Ç�ÈgÉ Ä-Ê O o & S � � 

and �y @ z\�W�^j @ kg� ! y\z Ç�ÈgÉ Ä-Ê O � � ! " �'� 6 q p qy\z p y;z 6 S �

Ç�ÈgÉ Ä-Ê O o & S � � 




we haveat themaximumlikelihoodestimate(mle)�y @ z\�W�^j @ kg� ! y;z 4Rp y;z 68�=<?>A@ B2C
4 � 	 � 4�� 1 �º�=<?> @ B2C
4 � � � 

which meansthat at the mle a fraction of the observations
are usedto estimatethe missfit to the componentsof the
prior model ( !#y;z�4vpry;zg6Q�=<?> @ B2C�4 � , with { 
^|Ë} 0 �^
V� : )
andanotherproportionis usedfor the missfit to the noise
model(

� 4�� 1 �º�=<?> @ B2C
4 � ).
Let us examinethe useof the EM-algorithm [6] withÌ q � � � q 
V� q " and Í �Î��� O Ï o SMÐ Ì to iteratively increase± ² � ! 
 � " . Theapplicationof theEM-algorithmto ourprob-

lemsproducesEqs.15 and16 wherethe old valuesof the
hyperparametersareusedon theleft handsideof equations
to obtainthe new oneson the right handsideof the equa-
tions. Unfortunately, thoseequationsarehighly nonlinear
andso the new valuesof the hyperparametersaredifficult
to find.

Let us, however, considerthe iterative EM equations
correspondingto usingonehyperparameterfor the image
model( ! ) andonefor thenoise(

�
) (see[15]), we haveÑ �!ÓÒ À Â�Ô � Ñ ���Õ 4Ö6Q�=<?>/@ BWC
4 � 	

Ç�ÈgÉ Ä-Ê O � !X6 q 6¶	 � � q ��" ��� 6 q 6 Se×�Ø � jMÙ� Ñ �! 	 ��nÕ 4�6Q�=<?>A@ B2C�4 � 	
Ç�ÈgÉ Ä-Ê O � !X68q=6¶	 � �ºq���" ��� 68qe6 SÚ1 �!ËÛQÜ � j?Ù (19)Ñ �� Ò À Â�Ô � Ñ ���Õ 4�� 1 �º�=<?>A@ B2C�4 � 	
Ç�ÈgÉ Ä-Ê O � !X68q=6¶	 � �ºq���" ��� �Ýqe� S × Ø/� jMÙ� Ñ �� 	 �� Õ 4
� 1 ���=<?>/@ BWC
4 � 	
Ç�ÈgÉ Ä-Ê O � !X68q=6¶	 � �ºq���" ��� �Ýq�� S�1 ��ËÞ Ò � jMÙ (20)

where �=<?>A@ B2C hasbeendefinedin Eq.3 and O S À Â�Ô and O S � j?Ù
meantheevaluationof theexpressionsfor thenew andold
valuesof ! and

�
respectively.

We noticethat theseequationscorrespondto theappli-
cationof agradientdescendentmethodon �gf ! and �;f � and
thatthesteponthegradientusedis �;fA�s� ! � " and �gf/�s� � � " for�;f ! and �;f � respectively. Notice that for a givenfunctionß dependingon à , ß �dà " , we havethat· ß· �e�gf;à " � · ß· à · à· �e�gf;à " � 1 à � · ß· à

Let us adaptthis methodto the multichannelproblem.
Multiplying anddividing the right handsideof Eq. 15 by

!#y\z we have���� !�y;zU" « 4
p y;z 6Q�^<�> @ B2C�4 � 	Ç�ÈgÉ Ä-Ê O ½ � ! 
 � " ��� 68qeá¶qy;z pry;zG6 S ¬ � �;f !�y;zW
 (21)

where��� ! y;z "Y��! y;z Ç�ÈgÉ Ä-Ê O � � ! " ��� 6 q p qy;z p y;z 6 S 

(we have removedthe dependency on ! of �#� !#y;zU" to sim-
plify thenotation).

Notice that ��� !�y;zU"x� � if we have only oneimagepa-
rameterandthat �y @ z\�W�^j @ kg� �#� ! y;z "�� �

Thenwecanusethefollowing equationsto estimatethe
hyperparameters,wheretheold valuesareusedin theright
handsideof theequationsto obtainthenew onesontheleft
handsideÑ �!#y;zÚÒ À Â�Ô � ���� !�y;zg" « 4
pry;zU68�=<?> @ B2C�4 � 	

Ç�ÈgÉ Ä-Ê O ½ � ! 
 � " ��� 6 q p qy;z p y\z 6 S ¬ � jMÙ� Ñ �!�y;z 	 ��#� !#y;zU" Õ 4
pry;zU6Q�^<�>/@ B2C�4 � 	
Ç�ÈgÉ Ä-Ê O ½ � ! 
 � " ��� 6¾q¿prqy;z p y\z 6 S1 Ç�ÈgÉ Ä-Ê O � � ! " ��� 6¾q¿prqy;z pty;zG6 S × Ø/� jMÙ

for { 
=|l} 0 �e
¡� : (22)Ñ �� Ò À Â�Ô � Ñ �� 	 ���Õ 4�� 1 ���^<�> @ BWCR4 � 	
Ç�ÈgÉ Ä-Ê O ½ � ! 
 � " ��� � q � S�1 ��ËÞ Ò � jMÙ (23)

This methodis againa gradientdescentone. We have
usedit in our experimentsandhave not observedany con-
vergenceproblem,however, it would alwaysbepossibleto
usesmallerstepsasto guaranteconvergence.

4. EXPERIMENTAL RESULTS

In orderto show the behaviour of the proposedalgorithm,
we have usedtheoriginal

32âUã � 3GâGã
”Cameraman”image,

blurredby a motionblur over 9 pixels. It wasdegradedby
additive Gaussiannoiseto achieve �Zc , 3 c and ä2c dB SNR
(noisevariancesof

���'� � 3 � ã [ � , ����� � ã � , and
����� �ã [ 3Gâ , respectively). In all cases,the initial imagewasthe

degradedone. For a comparison,we have alsoappliedthe
maximumlikelihoodrestorationmethodto thesedegraded
images.



Method Iterations å æ�çéè �����
MLE 40 7.6038 184.98

1 param. 30 7.2863 214.03
2 params. 50 7.2844 214.09
4 params. 60 7.2241 213.95

10 dB

Method Iterations å æ�çéè �����
MLE 35 7.9889 49.84

1 param. 35 8.8162 63.64
2 params. 50 8.8086 63.68
4 params. 70 8.2787 64.73

20 dB

Method Iterations å æ�çéè �����
MLE 30 6.2049 3.91

1 param. 35 8.8181 6.37
2 params. 41 8.8006 6.42
4 params. 90 9.1402 6.57

30 dB

Table1: iterationsrequired,ISNR, andnoisevarianceesti-
mationsfor the“Cameraman”imageanddifferentSNRs.

For thepurposeof objetively testingtheperformanceof
theimagerestorationalgorithms,theImprovementin Signal
to NoiseRatio(ISNR)will beused.Thismetricis givenby

åWæ�çéè � �Zc ³?´ H �eê�ëìí ìî
ï�ð @ À O � �dñ 
 � " 1 � �dñ 
 � " S �ï ð @ À�ò � �dñ 
 � " 1 � <¹¸> @ ¸BGC �dñ 
 � " Ü �

ó ìôìõ
In any case,it is veryimportanttoconsiderthebehaviour

of thealgorithmsfrom theviewpoint of edgepreservation,
whichcanbeabasicindicatorof improvementin qualityfor
subjetivecomparisonof restorationalgorithms

The valuesof ISNR, the requirednumberof iterations
neededto achieveconvergencein parameterestimation,and
thecorrespondingvaluesof theestimatednoisevarianceare
shown in table1. We have includedtheresultsobtainedby
maximumlikelihoodandtheproposedalgorithmusingonly
oneparameterfor all thebandsof theimage;usingtwo pa-
rameters,onefor the �d� band,anda differentonefor the �ö� ,�u� , and �Ú� . Thelastrow of every sub-tablecontainsthere-
sult obtainedusinga differentparameterfor eachsubband.

From this table we can seethat the proposedmethod
obtainsbetterestimationsof the noisevariance,very close
to the real value,giving lessnoisy imagesthanmaximum
likelihoodmethod.We canseethat theISNR is alsobetter
for theproposedmethod.

a b

c d

Figure2: (a)Originalimage.(b)Noisy-blurredimagefor 9-
pointmotionblur at30dB.(c) Maximumlikelihoodrestora-
tion. (d) Restorationobtainedwith theproposedmethod.

Fig. 2 shows theoriginal ”Cameraman”image,thede-
gradedimageat 30 dB, the restorationobtainedby maxi-
mum likelihoodandthe restorationobtainedwith the pro-
posedmethodusingfour prior-modelparameters,a differ-
ent one for eachband. We canseethat the solution pro-
posedgivessmoothersolutionsbut thenoiseis muchbetter
removed.

5. CONCLUSIONS
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