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✐♥❢❡r❡♥❝❡ ❜❛s❡❞ ♦♥ t❤❡ ❞✐r❡❝t ✉s❡ ♦❢ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ✐s ✉♥❢❡❛s✐❜❧❡ ❞✉❡ t♦ t❤❡
❧❛r❣❡ ♥✉♠❜❡r ♦❢ s✐♠✉❧❛t✐♦♥s r❡q✉✐r❡❞ ❛♥❞ s✐♠♣❧✐✜❡❞ ♣r❡❞✐❝t✐♦♥ ♠♦❞❡❧s✱ ❛♣♣r♦①✐♠❛t✐♥❣
t❤❡ s✐♠✉❧❛t❡❞ r❡s♣♦♥s❡✱ ❤❛✈❡ t♦ ❜❡ ✉s❡❞✳ ❆ ♠♦st ♣♦♣✉❧❛r ❛♣♣r♦❛❝❤ r❡❧✐❡s ♦♥ ●❛✉ss✐❛♥
♣r♦❝❡ss ♠♦❞❡❧❧✐♥❣✱ ✇❤❡r❡ t❤❡ r❡s♣♦♥s❡ ✭✉♥❦♥♦✇♥ ♣r✐♦r t♦ s✐♠✉❧❛t✐♦♥✮ ✐s ❝♦♥s✐❞❡r❡❞
❛s t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ❛ ●❛✉ss✐❛♥ ❘❛♥❞♦♠ ❋✐❡❧❞ ✭❘❋✮✱ ✇✐t❤ ♣❛r❛♠❡t❡r✐③❡❞ ♠❡❛♥ ❛♥❞
❝♦✈❛r✐❛♥❝❡✱ ❛♥❞ ❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ❣✐✈❡s ❛❝❝❡ss t♦ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡
❘❋ ✭❛❢t❡r s✐♠✉❧❛t✐♦♥✮✳ ❚②♣✐❝❛❧❧②✱ ✐♥ ❛ ❣♦❛❧✲♦r✐❡♥t❡❞ ❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥ st❡♣✇✐s❡ ✉♥✲
❝❡rt❛✐♥t② r❡❞✉❝t✐♦♥ ❬✼✱ ✽❪✱ t❤❡ ♣r❡❞✐❝t✐♦♥ ♠♦❞❡❧ ✐s ✉s❡❞ t♦ s❡❧❡❝t t❤❡ ✐♥♣✉t ❢❛❝t♦rs t♦
❜❡ ✉s❡❞ ❢♦r t❤❡ ♥❡①t s✐♠✉❧❛t✐♦♥✱ t❤❡ s❡❧❡❝t✐♦♥ ❜❡✐♥❣ ♦♣t✐♠❛❧ ✐♥ t❡r♠s ♦❢ ♣r❡❞✐❝t❡❞ ✉♥✲
❝❡rt❛✐♥t② ♦♥ t❤❡ t❛r❣❡t✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ✜rst✱ ♣♦ss✐❜❧② ❝r✉❞❡✱ ♣r❡❞✐❝t✐♦♥ ♠♦❞❡❧
✐s ♥❡❝❡ss❛r② t♦ ✐♥✐t✐❛❧✐③❡ t❤❡ ♣r♦❝❡❞✉r❡✳ ❚❤✐s ❛♠♦✉♥ts t♦ ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❜❡❤❛✈✐♦r
♦❢ ❛♥ ✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥ f ✭t❤❡ ♠♦❞❡❧ r❡s♣♦♥s❡✮ ♦♥ ❛ ❝♦♠♣❛❝t ❞♦♠❛✐♥ X ⊂ R

d ✭t❤❡
❢❡❛s✐❜❧❡ s❡t ❢♦r d ✐♥♣✉t ❢❛❝t♦rs✮ ❢r♦♠ ❛ ❢❡✇ ❡✈❛❧✉❛t✐♦♥s ✐♥s✐❞❡ t❤❡ ❞♦♠❛✐♥✳ ❚❤❛t ✐s
t❤❡ ❜❛s✐❝ ❞❡s✐❣♥ ♦❜❥❡❝t✐✈❡ ✇❡ s❤❛❧❧ ❦❡❡♣ ✐♥ ♠✐♥❞ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✱ ❛❧t❤♦✉❣❤ ✇❡
♠❛② ✉s❡ ❞✐✈❡rt❡❞ ♣❛t❤s ✇❤❡r❡ ❛♣♣r♦①✐♠❛t✐♦♥✴♣r❡❞✐❝t✐♦♥ ✇✐❧❧ ❜❡ s❤❛❞♦✇❡❞ ❜② ♦t❤❡r
♦❜❥❡❝t✐✈❡s✱ ✐♥t❡❣r❛t✐♦♥ ✐♥ ♣❛rt✐❝✉❧❛r✳
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■♥ ❣❡♥❡r❛❧✱ ❧✐tt❧❡ ✐s ❦♥♦✇♥ ❛❜♦✉t t❤❡ ❢✉♥❝t✐♦♥ ❛ ♣r✐♦r✐✱ ❛♥❞ ✐t s❡❡♠s ✐♥t✉✐t✐✈❡❧②
r❡❛s♦♥❛❜❧❡ t♦ s♣r❡❛❞ ♦✉t ♣♦✐♥ts ♦❢ ❡✈❛❧✉❛t✐♦♥ ❛❝r♦ss t❤❡ ❛✈❛✐❧❛❜❧❡ s♣❛❝❡❀ s❡❡ ❬✶✵❪✳ ❙✉❝❤
s♣❛❝❡✲✜❧❧✐♥❣ ❞❡s✐❣♥s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ♦♣t✐♠✐③✐♥❣ ❛ ❣❡♦♠❡tr✐❝❛❧ ♠❡❛s✉r❡ ♦❢ ❞✐s♣❡rs✐♦♥
♦r ❛ ❞✐s❝r❡♣❛♥❝② ❝r✐t❡r✐♦♥ ♠❡❛s✉r✐♥❣ ❞✐st❛♥❝❡ t♦ ✉♥✐❢♦r♠✐t②✳ ❲❤❡♥ ✉s✐♥❣ ❛ ●❛✉ss✐❛♥
❘❋ ♠♦❞❡❧✱ ♠✐♥✐♠✐③✐♥❣ t❤❡ ■♥t❡❣r❛t❡❞ ▼❡❛♥✲❙q✉❛r❡❞ Pr❡❞✐❝t✐♦♥ ❊rr♦r ✭■▼❙P❊✮ ✐s ❛❧s♦
❛ ♣♦♣✉❧❛r ❛♣♣r♦❛❝❤✱ ❛❧t❤♦✉❣❤ ♥♦t ✈❡r② ♠✉❝❤ ✉s❡❞ ❞✉❡ t♦ ✐ts ❛♣♣❛r❡♥t ❝♦♠♣❧❡①✐t②✱ s❡❡✱
❡✳❣✳✱ ❬✸✻✱ ✹✶❪✳ ❚❤❡ ♣❛♣❡r ♣r♦♠♦t❡s t❤❡ ✉s❡ ♦❢ ❞❡s✐❣♥s ♦♣t✐♠✐③❡❞ ❢♦r ✐♥t❡❣r❛t✐♦♥ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ✉♥✐❢♦r♠ ♠❡❛s✉r❡ ❢♦r t❤❡✐r ❣♦♦❞ s♣❛❝❡✲✜❧❧✐♥❣ ♣r♦♣❡rt✐❡s✳ ■t ❣✐✈❡s ❛ s✉r✲
✈❡② ♦❢ r❡❝❡♥t r❡s✉❧ts ♦♥ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧s t❤❛t ♠❡❛s✉r❡ ❞✐st❛♥❝❡ t♦ ✉♥✐❢♦r♠✐t② ❛♥❞
♣❧❛❝❡s r❡❝❡♥t ❛♣♣r♦❛❝❤❡s ♣r♦♣♦s❡❞ ❢♦r s♣❛❝❡✲✜❧❧✐♥❣ ❞❡s✐❣♥✱ s✉❝❤ ❛s ❬✻✹❪✱ ✐♥ ❛ ❣❡♥❡r❛❧
❢r❛♠❡✇♦r❦ ❛♥❞ ♣❡rs♣❡❝t✐✈❡ ❡♥❝♦♠♣❛ss✐♥❣ ❞❡s✐❣♥ ❢♦r ✐♥t❡❣r❛t✐♦♥✱ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡
✭❝♦♥t✐♥✉♦✉s✮ ❇❡st ▲✐♥❡❛r ❯♥❜✐❛s❡❞ ❊st✐♠❛t♦r ✭❇▲❯❊✮ ✐♥ ❛ ❧♦❝❛t✐♦♥ ♠♦❞❡❧ ✇✐t❤ ❝♦r✲
r❡❧❛t❡❞ ❡rr♦rs✱ ❛♥❞ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ❡♥❡r❣② ✭❦❡r♥❡❧ ❞✐s❝r❡♣❛♥❝②✮ ❢♦r s✐❣♥❡❞ ♠❡❛s✉r❡s✳
❖✉r ♦❜❥❡❝t✐✈❡ ✐s t♦ ❢♦st❡r t❤❡ ✉s❡ ♦❢ ❞❡s✐❣♥s ♦❜t❛✐♥❡❞ ❜② ♠✐♥✐♠✐③✐♥❣ ❛ q✉❛❞r❛t✐❝ ♠❡❛✲
s✉r❡ ♦❢ ❞✐s❝r❡♣❛♥❝②✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡❛s✐❧② ❝♦♠♣✉t❡❞✱ ❢♦r ❢✉♥❝t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛t t❤❡
✐♥✐t✐❛❧ ❡①♣❧♦r❛t♦r② st❛❣❡ ♦❢ ❝♦♠♣✉t❡r ❡①♣❡r✐♠❡♥ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t s✉❝❤
❝♦♥str✉❝t✐♦♥s ❛r❡ ❡s♣❡❝✐❛❧❧② ✉s❡❢✉❧ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❢✉♥❝t✐♦♥ ❡✈❛❧✉❛t✐♦♥s ✐s ♥♦t
✜①❡❞ ✐♥ ❛❞✈❛♥❝❡✱ ❛♥❞ ♦♥❡ ✇✐s❤❡s t♦ ❤❛✈❡ ❛♥ ♦r❞❡r❡❞ s❡q✉❡♥❝❡ ♦❢ ♣♦✐♥ts s✉❝❤ t❤❛t ❛♥②
✜rst n ♣♦✐♥ts ❤❛✈❡ s✉✐t❛❜❧❡ s♣❛❝❡✲✜❧❧✐♥❣ ♣r♦♣❡rt✐❡s✳

❲❡ st❛rt ❜② ❛ q✉✐❝❦ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❇❛②❡s✐❛♥ ❢✉♥❝t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ✐♥t❡❣r❛✲
t✐♦♥ ✭❙❡❝t✐♦♥ ✷✮✱ ✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ❛ ●❛✉ss✐❛♥ ❘❋
✇✐t❤ ❝♦✈❛r✐❛♥❝❡ str✉❝t✉r❡ ❞❡✜♥❡❞ ❜② s♦♠❡ ❦❡r♥❡❧ K❀ s❡❡ ✐♥ ♣❛rt✐❝✉❧❛r ❬✺✼✱ ✺✽✱ ✼✷✱ ✶✻❪
❢♦r ❇❛②❡s✐❛♥ ✐♥t❡❣r❛t✐♦♥✳ ❙❡❝t✐♦♥ ✸ s✉♠♠❛r✐③❡s r❡❝❡♥t r❡s✉❧ts ♦♥ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥
♦❢ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧s ❬✷✶✱ ✽✽✱ ✽✾❪ ❛♥❞ ❡①t❡♥❞s s♦♠❡ t♦ ❦❡r♥❡❧s ✇✐t❤ s✐♥❣✉❧❛r✐t✐❡s✱
✇❤✐❝❤ ✇❡ ❜❡❧✐❡✈❡ ❤❛✈❡ ❣r❡❛t ♣♦t❡♥t✐❛❧ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❛❝❡✲✜❧❧✐♥❣ ❞❡s✐❣♥s✳
■♥t❡❣r❛❧❧② str✐❝t❧② ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❦❡r♥❡❧s ❞❡✜♥❡ str✐❝t❧② ❝♦♥✈❡① ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧s
✭▲❡♠♠❛s ✸✳✶ ❛♥❞ ✸✳✷✮✱ ✇❤✐❝❤ ②✐❡❧❞s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♥♦t✐♦♥s ♦❢ ♣♦t❡♥t✐❛❧
❛♥❞ ❞✐r❡❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡ t❤❛t r❡✈❡❛❧s t❤❡ str♦♥❣ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❞✐s❝r❡♣❛♥❝② ♠✐♥✲
✐♠✐③❛t✐♦♥ ❛♥❞ ♠♦r❡ tr❛❞✐t✐♦♥❛❧ ❞❡s✐❣♥ ♦❢ ♦♣t✐♠❛❧ ❡①♣❡r✐♠❡♥ts✳ ❋✉rt❤❡r ❝♦♥♥❡❝t✐♦♥s
❛r❡ ❞✐s❝✉ss❡❞✿ ❇❛②❡s✐❛♥ ✐♥t❡❣r❛t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❇▲❯❊ ✐♥ ❛
♠♦❞❡❧ ✇✐t❤ ♠♦❞✐✜❡❞ ❝♦rr❡❧❛t✐♦♥ str✉❝t✉r❡ ✭❙❡❝t✐♦♥ ✸✳✺✳✷✮✱ s♦ t❤❛t t❤❡ t✇♦ ❛ss♦❝✐❛t❡❞
❞❡s✐❣♥ ♣r♦❜❧❡♠s ❝♦✐♥❝✐❞❡❀ t❤❡ ♣♦st❡r✐♦r ✈❛r✐❛♥❝❡ ✐♥ ❇❛②❡s✐❛♥ ✐♥t❡❣r❛t✐♦♥ ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ ♠✐♥✐♠✉♠ ♦❢ ❛ sq✉❛r❡❞ ❦❡r♥❡❧ ❞✐s❝r❡♣❛♥❝② ❢♦r s✐❣♥❡❞ ♠❡❛s✉r❡s ✇✐t❤ t♦t❛❧ ♠❛ss
♦♥❡ ✭❚❤❡♦r❡♠ ✹✳✸✮ ❛♥❞ t♦ t❤❡ ♠✐♥✐♠✉♠ ♦❢ ❛♥ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧ ❢♦r ❛ r❡❞✉❝❡❞ ❦❡r♥❡❧
✭❚❤❡♦r❡♠ ✹✳✹✮✳ ❙✐♥❝❡ t❤❡ ♣♦st❡r✐♦r ✈❛r✐❛♥❝❡ ❝r✐t❡r✐♦♥ ✐♥ ❇❛②❡s✐❛♥ ✐♥t❡❣r❛t✐♦♥ t❛❦❡s ❛
✈❡r② s✐♠♣❧❡ ❢♦r♠✱ ✐ts ♠✐♥✐♠✐③❛t✐♦♥ ❝♦♥st✐t✉t❡s ❛♥ ❛ttr❛❝t✐✈❡ ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡ ♠✐♥✲
✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ■▼❙P❊✳ ❚❤✐s ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✱ ✇❤✐❝❤ st❛rts ❜② ❡①♣❧♦r✐♥❣
r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❞✐s❝r❡♣❛♥❝② ❛♥❞ ❝♦✈❡r✐♥❣ r❛❞✐✉s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❦❡r♥❡❧ ❤❡r❞✐♥❣ ❛❧❣♦✲
r✐t❤♠s ❢r♦♠ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣✱ ✇❤✐❝❤ ❛r❡ s♣❡❝✐❛❧ ✐♥st❛♥❝❡s ♦❢ ✈❡rt❡①✲❞✐r❡❝t✐♦♥ ♠❡t❤♦❞s
✉s❡❞ ✐♥ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♣♦✐♥t s❡q✉❡♥❝❡s ✇✐t❤
s✉✐t❛❜❧❡ s♣❛❝❡✲✜❧❧✐♥❣ ♣r♦♣❡rt✐❡s✱ ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✹✳ ❙❡❝t✐♦♥ ✺ ♣r♦✈✐❞❡s ❛
❢❡✇ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s✳ ❚❤❡ ♠❛✐♥ r❡s✉❧ts ❛r❡ st❛t❡❞ ❛s t❤❡♦r❡♠s ♦r ❧❡♠♠❛s❀ ❧✐♥❦s
t♦ r❡❧❛t❡❞ ✇♦r❦✱ ♦r ❝♦♠♠❡♥ts ♦♥ s♣❡❝✐✜❝ ❛s♣❡❝ts✱ ❛r❡ ✐s♦❧❛t❡❞ ✐♥ ❛ ❢❡✇ r❡♠❛r❦s❀ s❡✈✲
❡r❛❧ ✐❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡s ❛r❡ ❣✐✈❡♥ t♦ ❤❡❧♣ ❦❡❡♣✐♥❣ tr❛❝❦ ♦❢ t❡❝❤♥✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥ts✳
❙❡✈❡r❛❧ ❛✉①✐❧✐❛r② r❡s✉❧ts ❛r❡ ❣✐✈❡♥ ✐♥ ❛♣♣❡♥❞✐❝❡s✳ ❆♣♣❡♥❞✐① ❆ ❞❡s❝r✐❜❡s ❝♦♥✈❡r❣❡♥❝❡
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s ✉s❡❞ ✐♥ ❙❡❝t✐♦♥ ✹❀ ✐t ❛❞❛♣ts s♦♠❡ ❦♥♦✇♥ r❡s✉❧ts ✐♥ t❤❡
❝♦♠♠✉♥✐t② ♦❢ ♦♣t✐♠❛❧ ❞❡s✐❣♥ t❤❡♦r② t♦ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❛ q✉❛❞r❛t✐❝ ❝r✐t❡r✐♦♥✳
❊①t❡♥s✐♦♥ t♦ ❞❡s✐❣♥ ❢♦r t❤❡ s✐♠✉❧t❛♥❡♦✉s ❡st✐♠❛t✐♦♥ ♦❢ s❡✈❡r❛❧ ✐♥t❡❣r❛❧s ✐s ❝♦♥s✐❞✲
❡r❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇✳ ❆♣♣❡♥❞✐① ❈ ❝♦♥t❛✐♥s t❡❝❤♥✐❝❛❧ ❞❡t❛✐❧s ❢♦r ❝♦♠♣✉t✐♥❣ ❡♥❡r❣② ❛♥❞

✷



♣♦t❡♥t✐❛❧ ❢♦r ❛ ♣❛rt✐❝✉❧❛r ❦❡r♥❡❧✳

✷✳ ❘❛♥❞♦♠✲✜❡❧❞ ♠♦❞❡❧s ❢♦r ❢✉♥❝t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ✐♥t❡❣r❛t✐♦♥✳

✷✳✶✳ ❙♣❛❝❡✲✜❧❧✐♥❣ ❞❡s✐❣♥ ❛♥❞ ❦❡r♥❡❧ ❝❤♦✐❝❡ ❢♦r ❢✉♥❝t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥✳
▲❡t K(·, ·) ❞❡♥♦t❡ ❛ s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❦❡r♥❡❧ ♦♥ X × X ✱ ✇✐t❤ ❛ss♦❝✐❛t❡❞
❘❡♣r♦❞✉❝✐♥❣ ❑❡r♥❡❧ ❍✐❧❜❡rt ❙♣❛❝❡ ✭❘❑❍❙✮ HK ✳ ❉❡♥♦t❡ Kx(·) = K(x, ·) ❛♥❞ 〈·, ·〉K
t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ✐♥ HK ✱ s♦ t❤❛t t❤❡ r❡♣r♦❞✉❝✐♥❣ ♣r♦♣❡rt② ❣✐✈❡s 〈f,Kx〉K = f(x)
❢♦r ❛♥② f ∈ HK ✳

❈♦♥s✐❞❡r ✜rst t❤❡ ❝♦♠♠♦♥ ❢r❛♠❡✇♦r❦ ✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ f t♦ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ✐s
s✉♣♣♦s❡❞ t♦ ❜❡❧♦♥❣ t♦ HK ✳ ▲❡t ηn(x) =

∑n
i=1 wif(xi) = w⊤

n yn ❜❡ ❛ ❧✐♥❡❛r ♣r❡❞✐❝t♦r
♦❢ f(x) ❜❛s❡❞ ♦♥ ❡✈❛❧✉❛t✐♦♥s ♦❢ f ❛t t❤❡ n✲♣♦✐♥t ❞❡s✐❣♥ Xn = {x1, . . . ,xn}✱ ✇✐t❤
xi ∈ X ❢♦r ❛❧❧ i✳ ❚❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r ✇❡ ❞❡♥♦t❡ wn = (w1, . . . , wn)

⊤✱ yn =
[f(x1), . . . , f(xn)]

⊤✱ kn(·) = [Kx1
(·), . . . ,Kxn

(·)]⊤ ❛♥❞ {Kn}i,j = K(xi,xj)✱ i, j =
1, . . . , n✳ ❚❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❣✐✈❡s t❤❡ ❝❧❛ss✐❝❛❧ r❡s✉❧t

|f(x)− ηn(x)| =
∣∣∣∣∣f(x)−

n∑

i=1

wif(xi)

∣∣∣∣∣ =
∣∣∣∣∣〈f,Kx −

n∑

i=1

wiKxi〉K

∣∣∣∣∣

≤ ‖f‖HK

∥∥∥∥∥Kx −
n∑

i=1

wiKxi

∥∥∥∥∥
HK

,

✇❤❡r❡ ‖f‖HK
❞❡♣❡♥❞s ♦♥ f ❜✉t ♥♦t ♦♥ Xn✱ ❛♥❞ ρn(x,w) = ‖Kx −

∑n
i=1 wiKxi

‖HK

❞❡♣❡♥❞s ♦♥ Xn ✭❛♥❞ wn✮ ❜✉t ♥♦t ♦♥ f ✳ ❙✉♣♣♦s❡ t❤❛t Kn ❤❛s ❢✉❧❧ r❛♥❦✳ ❋♦r ❛
❣✐✈❡♥ Xn✱ t❤❡ ❇❡st ▲✐♥❡❛r Pr❡❞✐❝t♦r ✭❇▲P✮ ♠✐♥✐♠✐③❡s ρn(x,w) ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦
η∗n(x) = (w∗

n)
⊤yn✱ ✇✐t❤ w∗

n = w∗
n(x) = K−1

n kn(x)✱ ✇❤✐❝❤ ❣✐✈❡s ρ∗n
2(x) = ρ2n(x,w

∗
n) =

K(x,x)− k⊤
n (x)K

−1
n kn(x)✳

❆ ❧❡ss r❡str✐❝t✐✈❡ ❛ss✉♠♣t✐♦♥ ♦♥ f ✐s t♦ s✉♣♣♦s❡ t❤❛t ✐t ❝♦rr❡s♣♦♥❞s t♦ ❛ r❡❛❧✐③❛t✐♦♥
♦❢ ❛ ❘❋ Zx✱ ✇✐t❤ ③❡r♦ ♠❡❛♥ ✭E{Zx} = 0✮ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ E{ZxZx′} = σ2K(x,x′)
❢♦r ❛❧❧ x✱ x′ ✐♥ X ✱ σ2 > 0✳ ❚❤❡♥✱ str❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥ s❤♦✇s t❤❛t η∗n(x) ✐s
st✐❧❧ t❤❡ ❇▲P ✭t❤❡ ♣♦st❡r✐♦r ♠❡❛♥ ✐❢ Zx ✐s ●❛✉ss✐❛♥✮✱ ❛♥❞ σ2 ρ∗n

2(x) ✐s t❤❡ ▼❡❛♥✲
❙q✉❛r❡❞ Pr❡❞✐❝t✐♦♥ ❊rr♦r ✭▼❙P❊✮ ❛t x✳ ❚❤✐s ❝♦♥str✉❝t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ s✐♠♣❧❡
❦r✐❣✐♥❣❀ s❡❡✱ ❡✳❣✳✱ ❬✹✱ ✾✹❪✳ ■▼❙P❊✲♦♣t✐♠❛❧ ❞❡s✐❣♥s ♠✐♥✐♠✐③❡ t❤❡ ✐♥t❡❣r❛t❡❞ sq✉❛r❡❞
❡rr♦r IMSPE(Xn) = σ2

∫
X
ρ∗n

2(x)❞µ(x)✱ ✇✐t❤ µ ❣❡♥❡r❛❧❧② t❛❦❡♥ ❛s t❤❡ ✉♥✐❢♦r♠ ♣r♦❜✲
❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ X ✱ s❡❡✱ ❡✳❣✳✱ ❬✸✻✱ ✹✶✱ ✽✸❪✳

■▼❙P❊✲♦♣t✐♠❛❧ ❞❡s✐❣♥s X∗
n ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦s❡♥ K✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡

❛s②♠♣t♦t✐❝ r❛t❡ ♦❢ ❞❡❝r❡❛s❡ ♦❢ IMSPE(X∗
n) ❛s n ✐♥❝r❡❛s❡s ❞❡♣❡♥❞s ♦♥ t❤❡ s♠♦♦t❤♥❡ss

♦❢ K ✭t❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r t❤❡ ✐♥t❡❣r❛t✐♦♥ ♣r♦❜❧❡♠✮❀ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✽✷❪✳ ■t ✐s r❛t❤❡r
✉s✉❛❧ t♦ t❛❦❡ K st❛t✐♦♥❛r② ✭tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥t✮✱ ✐✳❡✳✱ s❛t✐s❢②✐♥❣ K(x,x′) = Ψ(x −
x′) ❢♦r ❛❧❧ x ❛♥❞ x′✱ ✇✐t❤ Ψ ✐♥ s♦♠❡ ♣❛r❛♠❡tr✐❝ ❝❧❛ss s❡❧❡❝t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ♣r✐♦r
❦♥♦✇❧❡❞❣❡ ♦♥ t❤❡ s♠♦♦t❤♥❡ss ♣r♦♣❡rt✐❡s ♦❢ f ✳ ❆ t②♣✐❝❛❧ ❡①❛♠♣❧❡ ✐s t❤❡ ▼❛tér♥ ❝❧❛ss
♦❢ ❝♦✈❛r✐❛♥❝❡s✱ s❡❡ ❬✾✵✱ ❈❤❛♣✳ ✷❪✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r r❡❛s♦♥s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✱
❝♦♠♣✉t❡r ❡①♣❡r✐♠❡♥ts ♦❢t❡♥ ✉s❡ s♠❛❧❧ ✈❛❧✉❡s ♦❢ n✱ ❛♥❞ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡
❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ✐s ❤❛r❞❧② ♦❜s❡r✈❡❞✳ ■ts ❜❡❤❛✈✐♦r ♦♥ ❛ s❤♦rt ❤♦r✐③♦♥ ✐s ♠✉❝❤
♠♦r❡ ✐♠♣♦rt❛♥t ❛♥❞ str♦♥❣❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❧❡♥❣t❤s ✐♥ K✱ ✇❤✐❝❤ ❛r❡
❞✐✣❝✉❧t t♦ ❝❤♦♦s❡ ❛ ♣r✐♦r✐✳ ❘♦❜✉st♥❡ss ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ K ❢❛✈♦✉rs s♣❛❝❡✲
✜❧❧✐♥❣ ❞❡s✐❣♥s✱ ✇❤❡r❡ t❤❡ xi ❛r❡ s✉✐t❛❜❧② s♣r❡❛❞ ♦✈❡r X ✳ ◆♦t✐❝❡❛❜❧②✱ ✐t ✐s s❤♦✇♥ ✐♥
❬✽✺❪ t❤❛t ❢♦r tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥t ❛♥❞ ✐s♦tr♦♣✐❝ ❦❡r♥❡❧s ✭✐✳❡✳✱ s✉❝❤ t❤❛t K(x,x′) =
Ψ(‖x − x′‖)✱ ✇✐t❤ ‖ · ‖ t❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡ ✐♥ R

d✮✱ ♦♥❡ ❤❛s ρ2n(x) ≤ SK [hr(x)]
❢♦r s♦♠❡ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ SK(·)✳ ❍❡r❡ hr(x) = max‖x−x′‖≤r min1≤i≤n ‖x′ − xi‖

✸



♠❡❛s✉r❡s t❤❡ ❞❡♥s✐t② ♦❢ ❞❡s✐❣♥ ♣♦✐♥ts xi ❛r♦✉♥❞ x✱ ✇✐t❤ r ❛ ✜①❡❞ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳
■t s❛t✐s✜❡s✱ maxx∈X hr(x) ≥ maxx∈X h0(x) = CR(Xn)✱ ✇✐t❤

CR(Xn) = max
x∈X

min
1≤i≤n

‖x− xi‖ ,

t❤❡ ❝♦✈❡r✐♥❣ r❛❞✐✉s ♦❢ Xn✿ CR(Xn) ❞❡✜♥❡s t❤❡ s♠❛❧❧❡st r s✉❝❤ t❤❛t t❤❡ n ❝❧♦s❡❞ ❜❛❧❧s
♦❢ r❛❞✐✉s r ❝❡♥tr❡❞ ❛t t❤❡ xi ❝♦✈❡r X ✳ CR(Xn) ✐s ❛❧s♦ ❝❛❧❧❡❞ t❤❡ ❞✐s♣❡rs✐♦♥ ♦❢ Xn ❬✻✾✱
❈❤❛♣✳ ✻❪ ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠✐♥✐♠❛①✲❞✐st❛♥❝❡ ❝r✐t❡r✐♦♥ ❬✹✾❪ ✉s❡❞ ✐♥ s♣❛❝❡✲✜❧❧✐♥❣
❞❡s✐❣♥✳ ▲♦♦s❡❧② s♣❡❛❦✐♥❣✱ t❤❡ ♣r♦♣❡rt② ρ2n(x) ≤ SK [hr(x)] q✉❛♥t✐✜❡s t❤❡ ✐♥t✉✐t✐♦♥
t❤❛t ❞❡s✐❣♥s ✇✐t❤ ❛ s♠❛❧❧ ✈❛❧✉❡ ♦❢ CR ♣r♦✈✐❞❡ ♣r❡❝✐s❡ ♣r❡❞✐❝t✐♦♥s ♦✈❡r X s✐♥❝❡ ❢♦r
❛♥② x ✐♥ X t❤❡r❡ ❛❧✇❛②s ❡①✐sts ❛ ❞❡s✐❣♥ ♣♦✐♥t xi ❛t ♣r♦①✐♠✐t② ✇❤❡r❡ f(xi) ❤❛s ❜❡❡♥
❡✈❛❧✉❛t❡❞✳ ❆♥♦t❤❡r st❛♥❞❛r❞ ❣❡♦♠❡tr✐❝❛❧ ❝r✐t❡r✐♦♥ ♦❢ s♣r❡❛❞♥❡ss ✐s t❤❡ ♣❛❝❦✐♥❣ ✭♦r
s❡♣❛r❛t✐♥❣✮ r❛❞✐✉s

PR(Xn) =
1

2
min
i 6=j

‖xi − xj‖ .

■t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❧❛r❣❡st r s✉❝❤ t❤❛t t❤❡ n ♦♣❡♥ ❜❛❧❧s ♦❢ r❛❞✐✉s r ❝❡♥tr❡❞ ❛t t❤❡
xi ❞♦ ♥♦t ✐♥t❡rs❡❝t❀ 2PR(·) ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠❛①✐♠✐♥✲❞✐st❛♥❝❡ ❝r✐t❡r✐♦♥ ❬✹✾❪ ♦❢t❡♥
✉s❡❞ ✐♥ ❝♦♠♣✉t❡r ❡①♣❡r✐♠❡♥ts✳ ❚❤❡ ♣❛❝❦✐♥❣ r❛❞✐✉s PR(Xn) ✐s ❛ s✐♠♣❧❡r ❝❤❛r❛❝t❡r✐st✐❝
t❤❛♥ t❤❡ ❝♦✈❡r✐♥❣ r❛❞✐✉s CR(Xn)✱ ✐♥ t❡r♠s ♦❢ ❡✈❛❧✉❛t✐♦♥ ❛♥❞ ♦♣t✐♠✐③❛t✐♦♥✱ s❡❡✱ ❡✳❣✳✱
❬✼✹❪✳ ❘❡❣✉❧❛r✐③❡❞ ✈❡rs✐♦♥s ♦❢ PR(Xn) ❛r❡ ✇❡❧❧✲❦♥♦✇♥✱ s❡❡ ❊①❛♠♣❧❡ ✸✳✺❀ r❡❣✉❧❛r✐③❛t✐♦♥
♦❢ CR(Xn) ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✼✽❪✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ s❤❛❧❧ ❛❞♦♣t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❲❡ ❞♦ ♥♦t ✐♥t❡♥❞ t♦
❝♦♥str✉❝t ❞❡s✐❣♥s ❛❞❛♣t❡❞ t♦ ❛ ♣❛rt✐❝✉❧❛r K ❝❤♦s❡♥ ❢r♦♠ ❛ ♣r✐♦r✐ ❦♥♦✇❧❡❞❣❡ ♦♥ f ✳
◆❡✐t❤❡r s❤❛❧❧ ✇❡ ❡st✐♠❛t❡ t❤❡ ♣❛r❛♠❡t❡rs ✐♥ K ✭s✉❝❤ ❛s ❝♦rr❡❧❛t✐♦♥ ❧❡♥❣t❤s✮ ✇❤❡♥ K
✐s t❛❦❡♥ ❢r♦♠ ❛ ♣❛r❛♠❡tr✐❝ ❝❧❛ss✳ ❲❡ s❤❛❧❧ r❛t❤❡r ❝♦♥s✐❞❡r t❤❡ ❦❡r♥❡❧ K ❛s ❛ t♦♦❧ ❢♦r
❝♦♥str✉❝t✐♥❣ ❛ s♣❛❝❡✲✜❧❧✐♥❣ ❞❡s✐❣♥✱ t❤❡ q✉❛❧✐t② ♦❢ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ♠❡❛s✉r❡❞ ✐♥ ♣❛rt✐❝✉❧❛r
t❤r♦✉❣❤ t❤❡ ✈❛❧✉❡ ♦❢ CR✳ ❚❤❡ ♠♦t✐✈❛t✐♦♥ ✐s t✇♦❢♦❧❞✿ ✭i✮ t❤❡ ❝♦♥str✉❝t✐♦♥ ✇✐❧❧ ❜❡ ♠✉❝❤
❡❛s✐❡r t❤❛♥ t❤❡ ❞✐r❡❝t ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ CR✱ ✭ii✮ ✐t ✇✐❧❧ ❢❛❝✐❧✐t❛t❡ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢
s❡q✉❡♥❝❡s ♦❢ ♣♦✐♥ts s✉✐t❛❜❧② s♣r❡❛❞ ♦✈❡r X ✳

✷✳✷✳ ❇❛②❡s✐❛♥ q✉❛❞r❛t✉r❡✳ ❉❡♥♦t❡ ❜② M = M [X ] t❤❡ s❡t ♦❢ ✜♥✐t❡ s✐❣♥❡❞
❇♦r❡❧ ♠❡❛s✉r❡s ♦♥ ❛ ♥♦♥❡♠♣t② s❡t X ✱ ❛♥❞ ❜② M (q)✱ q ∈ R✱ t❤❡ s❡t ♦❢ s✐❣♥❡❞ ♠❡❛s✉r❡s
✇✐t❤ t♦t❛❧ ♠❛ss q✿ M (q) = {µ ∈ M : µ(X ) = q}✳ ❚❤❡ s❡t ♦❢ ❇♦r❡❧ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡s ♦♥ X ✐s ❞❡♥♦t❡❞ ❜② M+(1)✱ M+ ✐s t❤❡ s❡t ♦❢ ✜♥✐t❡ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡s
♦♥ X ✳ ❚②♣✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ❝♦rr❡s♣♦♥❞ t♦ X ❜❡✐♥❣ ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ R

d ❢♦r
s♦♠❡ d✳

❙✉♣♣♦s❡ ✇❡ ✇✐s❤ t♦ ✐♥t❡❣r❛t❡ ❛ r❡❛❧ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ X ✇✐t❤ r❡s♣❡❝t t♦ µ ∈
M+(1)✳ ❆ss✉♠❡ t❤❛t Eµ{|f(X)|} < +∞ ❛♥❞ ❞❡♥♦t❡

Iµ(f) = Eµ{f(X)} =

∫

X

f(x) ❞µ(x) .

❲❡ s❡t ❛ ♣r✐♦r ♦♥ f ✱ ❛♥❞ ❛ss✉♠❡ t❤❛t f ✐s ❛ r❡❛❧✐③❛t✐♦♥ ♦❢ ❛ ●❛✉ss✐❛♥ ❘❋✱ ✇✐t❤
❝♦✈❛r✐❛♥❝❡ σ2K(·, ·)✱ σ2 > 0✱ ❛♥❞ ✉♥❦♥♦✇♥ ♠❡❛♥ β0❀ t❤❛t ✐s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❧♦❝❛t✐♦♥
♠♦❞❡❧ ✇✐t❤ ❝♦rr❡❧❛t❡❞ ❡rr♦rs

f(x) = β0 + Zx , ✭✷✳✶✮

✇❤❡r❡ E{Zx} = 0 ❛♥❞ E{ZxZx′} = σ2K(x,x′) ❢♦r ❛❧❧ x,x′ ∈ X ✳ ❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s
♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ ✭✷✳✶✮ ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇❀ ♦♥❡ ♠❛② r❡❢❡r t♦ ❬✶✻❪ ❢♦r ❛♥

✹



❡①t❡♥s✐✈❡ r❡✈✐❡✇ ♦❢ ❇❛②❡s✐❛♥ q✉❛❞r❛t✉r❡✳ ❍❡r❡ K ✐s ❛ s②♠♠❡tr✐❝ P♦s✐t✐✈❡ ❉❡✜♥✐t❡
✭P❉✮ ❦❡r♥❡❧❀ t❤❛t ✐s✱ K(x,x′) = K(x′,x)✱ ❛♥❞ ❢♦r ❛❧❧ n ∈ N ❛♥❞ ❛❧❧ ♣❛✐r✇✐s❡ ❞✐✛❡r❡♥t
x1, . . . ,xn ∈ X ✱ t❤❡ ♠❛tr✐①Kn ✐s ♥♦♥✲♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡❀ ✐❢Kn ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✱ t❤❡♥
K ✐s ❝❛❧❧❡❞ ❙tr✐❝t❧② P♦s✐t✐✈❡ ❉❡✜♥✐t❡ ✭❙P❉✮✳ ◆♦t❡ t❤❛tK2(x,x′) ≤ K(x,x)K(x′,x′) <
+∞ ❢♦r ❛❧❧ x,x′ ∈ X s✐♥❝❡ K ❝♦rr❡s♣♦♥❞s t♦ ❛ ❝♦✈❛r✐❛♥❝❡✳ ❲❡ ✇✐❧❧ ❝❛❧❧ ❛ ❣❡♥❡r❛❧
❦❡r♥❡❧ K ❜♦✉♥❞❡❞ ✇❤❡♥ K(x,x) < ∞ ❢♦r ❛❧❧ x ∈ X ✱ ❛♥❞ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✇❤❡♥
t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C s✉❝❤ t❤❛t K(x,x) ≤ C ❢♦r ❛❧❧ x ∈ X ✳ ❆♥② P❉ ❦❡r♥❡❧ ✐s
❜♦✉♥❞❡❞✳

❙✐♠✐❧❛r❧② t♦ ❙❡❝t✐♦♥ ✷✳✶✱ ✇❡ ❞❡♥♦t❡ ❜② HK t❤❡ ❛ss♦❝✐❛t❡❞ ❘❑❍❙ ❛♥❞ ❜② 〈·, ·〉K
t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ✐♥ HK ✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t K ✐s ❜♦✉♥❞❡❞ ✇✐❧❧ ❜❡ r❡❧❛①❡❞ ✐♥
❙❡❝t✐♦♥ ✸✳✷ ✇❤❡r❡ ✇❡ s❤❛❧❧ ❛❧s♦ ❝♦♥s✐❞❡r s✐♥❣✉❧❛r ❦❡r♥❡❧s✱ ❜✉t t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r
✇❡ ❛ss✉♠❡ t❤❛t K ✐s s②♠♠❡tr✐❝✱ K(x,x′) = K(x′,x) ❢♦r ❛❧❧ x,x′ ∈ X ✳ ❆❧s♦✱ ✇❡
❛❧✇❛②s ❛ss✉♠❡✱ ❛s ✐♥ ❬✸✹✱ ❙❡❝t✳ ✷✳✶❪✱ t❤❛t ❡✐t❤❡r K ✐s ♥♦♥✲♥❡❣❛t✐✈❡ ♦♥ X × X ✱ ♦r X

✐s ❝♦♠♣❛❝t✳
❲❡ s❡t ❛ ✈❛❣✉❡ ♣r✐♦r ♦♥ β0 ❛♥❞ ❛ss✉♠❡ t❤❛t β0 ∼ N (β̂0

0 , σ
2A) ✇✐t❤ A → +∞✳

❚❤✐s ❛♠♦✉♥ts t♦ s❡tt✐♥❣ 1/A = 0 ✐♥ ❛❧❧ ❇❛②❡s✐❛♥ ❝❛❧❝✉❧❛t✐♦♥s❀ t❤❡ ❝❤♦✐❝❡ ♦❢ β̂0
0 ✐s

t❤❡♥ ✐rr❡❧❡✈❛♥t✳ ❙✉♣♣♦s❡ t❤❛t f ❤❛s ❜❡❡♥ ❡✈❛❧✉❛t❡❞ ❛t ❛♥ n✲♣♦✐♥t ❞❡s✐❣♥ Xn =
{x1, . . . ,xn} ∈ X n ✇✐t❤ ♣❛✐r✇✐s❡ ❞✐✛❡r❡♥t ♣♦✐♥ts✳ ❲❡ ❛ss✉♠❡ t❤❛t Kn ❤❛s ❢✉❧❧ r❛♥❦✳
❋♦r ❛♥② x ∈ X ✱ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ f(x) ✭❝♦♥❞✐t✐♦♥❛❧ ♦♥ σ2 ❛♥❞ K✮ ✐s
♥♦r♠❛❧✱ ✇✐t❤ ♠❡❛♥

η̂n(x) = β̂n
0 + k⊤

n (x)K
−1
n (yn − β̂n

0 1n)

❛♥❞ ✈❛r✐❛♥❝❡ ✭♠❡❛♥✲sq✉❛r❡❞ ❡rr♦r✮

σ2ρ2n(x) = σ2

[
K(x,x)− k⊤

n (x)K
−1
n kn(x) +

(1− k⊤
n (x)K

−1
n 1n)

2

1⊤
nK

−1
n 1n

]
, ✭✷✳✷✮

✇❤❡r❡

β̂n
0 =

1⊤
nK

−1
n yn

1⊤
nK

−1
n 1n

✭✷✳✸✮

❛♥❞ 1n ✐s t❤❡ n✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r (1, . . . , 1)⊤✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✽✹✱ ❈❤❛♣✳ ✹❪✳ ❚❤❡
♣♦st❡r✐♦r ♠❡❛♥ ♦❢ Iµ(f) ✐s t❤✉s

În =

∫

X

η̂n(x) ❞µ(x) = Eµ{η̂n(X)} = β̂n
0 + pn(µ)

⊤K−1
n (yn − β̂n

0 1n) , ✭✷✳✹✮

✇✐t❤

pn(µ) = (Pµ(x1), . . . , Pµ(xn))
⊤ , ✭✷✳✺✮

✇❤❡r❡✱ ❢♦r ❛♥② ν ∈ M ❛♥❞ x ∈ X ✱ ✇❡ ❞❡♥♦t❡

Pν(x) =

∫

X

K(x,x′) ❞ν(x′) . ✭✷✳✻✮

Pν(·) ✐s ❝❛❧❧❡❞ t❤❡ ❦❡r♥❡❧ ✐♠❜❡❞❞✐♥❣ ♦❢ ν ✐♥t♦ HK ✱ s❡❡ ❬✽✽✱ ❉❡❢✳ ✾❪❀ Pν(x) ✐s ✇❡❧❧✲❞❡✜♥❡❞
❛♥❞ ✜♥✐t❡ ❢♦r ❛♥② ν ∈ M ❛♥❞ x ∈ X ✇❤❡♥ K ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ t❤❡r❡ ❛❧✇❛②s ❡①✐sts ν ∈ M s✉❝❤ t❤❛t Pν(x) ✐s ✐♥✜♥✐t❡ ❢♦r ❛❧❧ x ∈ X ✇❤❡♥ K
✐s ♥♦t ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ♦♥ X ✳ ❚❤❡ ❢✉♥❝t✐♦♥ Pν(·) ✐s ❝❛❧❧❡❞ ❛ ♣♦t❡♥t✐❛❧ ✐♥ ♣♦t❡♥t✐❛❧
t❤❡♦r②✱ s❡❡ ❙❡❝t✐♦♥ ✸✳✷✳

✺



❙✐♠✐❧❛r❧② t♦ ✭✷✳✷✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ♣♦st❡r✐♦r ✈❛r✐❛♥❝❡ ♦❢ Iµ(f) ✐s

σ2s2n = σ2

[
EK(µ)− p⊤

n (µ)K
−1
n pn(µ) +

(1− p⊤
n (µ)K

−1
n 1n)

2

1⊤
nK

−1
n 1n

]
, ✭✷✳✼✮

✇❤❡r❡✱ ❢♦r ❛♥② ν ∈ M ✱ ✇❡ ❞❡♥♦t❡

EK(ν) =

∫

X 2

K(x,x′) ❞ν(x)❞ν(x′) . ✭✷✳✽✮

❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡ ❦❡② ♥♦t✐♦♥s ✐♥ ♣♦t❡♥t✐❛❧ t❤❡♦r②✱ ❝❛❧❧❡❞ t❤❡ ❡♥❡r❣② ♦❢ ν❀ s❡❡ ❙❡❝✲
t✐♦♥ ✸✳✷✳ ❋♦r µ ✐♥ M+(1)✱ ✇❡ ❤❛✈❡ EK(µ) = Eµ{K(X,X′)} ✇❤❡r❡ X ❛♥❞ X′ ❛r❡
✐♥❞❡♣❡♥❞❡♥t❧② ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ✭✐✳✐✳❞✳✮ ✇✐t❤ µ✳ ❚❤❡ q✉❛♥t✐t② −EK(µ) ❝♦rr❡✲
s♣♦♥❞s t♦ t❤❡ q✉❛❞r❛t✐❝ ❡♥tr♦♣② ✐♥tr♦❞✉❝❡❞ ❜② ❈✳❘✳ ❘❛♦ ❬✽✵❪❀ s❡❡ ❛❧s♦ ❘❡♠❛r❦ ✸✳✶✳
❉❡✜♥❡

M
α
K =

{
ν ∈ M :

∫

X

Kα(x,x) ❞|ν|(x) < +∞
}
, α > 0 . ✭✷✳✾✮

❲❤❡♥ µ ∈ M
1/2
K ✱ t❤❡ r❡♣r♦❞✉❝✐♥❣ ♣r♦♣❡rt② ❛♥❞ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ✐♠♣❧②

t❤❛t

EK(µ) =

∫

X 2

〈K(·,x),K(·,x′)〉K ❞µ(x)❞µ(x′)

≤
[∫

X

K1/2(x,x) ❞|µ|(x)
]2
< +∞ . ✭✷✳✶✵✮

❲❤❡♥ β0 ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❦♥♦✇♥ ✭❡q✉❛❧ t♦ ③❡r♦ ❢♦r ✐♥st❛♥❝❡✮✱ ✇❡ s✐♠♣❧② s✉❜st✐t✉t❡

β0 ❢♦r β̂n
0 ✐♥ ✭✷✳✹✮ ❛♥❞ t❤❡ ♣♦st❡r✐♦r ✈❛r✐❛♥❝❡ ✐s

σ2s2n,0 = σ2
[
EK(µ)− p⊤

n (µ)K
−1
n pn(µ)

]
. ✭✷✳✶✶✮

❇❛②❡s✐❛♥ q✉❛❞r❛t✉r❡ r❡❧✐❡s ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ Iµ(f) ❜② În✳ ❆♥ ♦♣t✐♠❛❧ ❞❡s✐❣♥
❢♦r ❡st✐♠❛t✐♥❣ Iµ(f) s❤♦✉❧❞ ♠✐♥✐♠✐③❡ s2n ❣✐✈❡♥ ❜② ✭✷✳✼✮✳ ❖♥❡ ♠❛② r❡❢❡r t♦ ❬✷✹❪ ❢♦r
❛ ❤✐st♦r✐❝❛❧ ♣❡rs♣❡❝t✐✈❡ ❛♥❞ t♦ ❬✹✺❪ ❢♦r ❛ r❡❝❡♥t ❡①♣♦s✐t✐♦♥ ♦♥ ❇❛②❡s✐❛♥ ♥✉♠❡r✐❝❛❧
❝♦♠♣✉t❛t✐♦♥✳ ❚❤❡ ❢r❛♠❡✇♦r❦ ♣r❡s❡♥t❡❞ ❛❜♦✈❡ ✐s s✐♠✐❧❛r t♦ t❤❛t ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✼✷❪
✭✇❤❡r❡ ❛♥ ✐♠♣r♦♣❡r ♣r✐♦r ❞❡♥s✐t② p(β0, σ

2) ∝ σ−2 ✐s s❡t ♦♥ β0 ❛♥❞ σ2✮✱ r❡str✐❝t❡❞ t♦
t❤❡ ❝❛s❡ ✭r❡❝♦♠♠❡♥❞❡❞ ✐♥ t❤❛t ♣❛♣❡r✮ ✇❤❡r❡ t❤❡ ❦♥♦✇♥ tr❡♥❞ ❢✉♥❝t✐♦♥ ✐s s✐♠♣❧② t❤❡
❝♦♥st❛♥t ✶ ✭✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛♥ ✉♥❦♥♦✇♥ ♠❡❛♥ β0 ✐♥ t❤❡ ♠♦❞❡❧
✭✷✳✶✮✮✳ ■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ s❤❛❧❧ s❡❡ t❤❛t s2n,0 ✐s ❡q✉❛❧ t♦ t❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡ ♦❢ ❛ ✭sq✉❛r❡❞✮
❦❡r♥❡❧ ❞✐s❝r❡♣❛♥❝② ❜❡t✇❡❡♥ t❤❡ ♠❡❛s✉r❡ µ ❛♥❞ ❛ s✐❣♥❡❞ ♠❡❛s✉r❡ s✉♣♣♦rt❡❞ ♦♥ Xn✱
❛♥❞ t❤❛t s2n ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠✐♥✐♠✉♠ ♦❢ ❛ sq✉❛r❡❞ ❞✐s❝r❡♣❛♥❝② ❢♦r s✐❣♥❡❞ ♠❡❛s✉r❡s
t❤❛t ❛r❡ ❝♦♥str❛✐♥❡❞ t♦ ❤❛✈❡ t♦t❛❧ ♠❛ss ♦♥❡✱ ❛♥❞ ❛❧s♦ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠✐♥✐♠✉♠
♦❢ ❛♥ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧ ❢♦r ❛ ♠♦❞✐✜❡❞ ❦❡r♥❡❧ Kµ✳ ◆♦t❡ t❤❛t σ2s2n ≤ IMSPE(Xn) =

σ2
∫

X
ρ2n(x) ❞µ(x) ✭✇❤✐❝❤ r❡q✉✐r❡s µ ∈ M 1

K ⊂ M
1/2
K t♦ ❜❡ ✇❡❧❧✲❞❡✜♥❡❞✮❀ ✇❡ s❤♦✇ ✐♥

❚❤❡♦r❡♠ ✹✳✺ t❤❛t IMSPE(Xn) ≤ σ2s2n + σ2
[∫

X
K(x,x) ❞µ(x)− EK(µ)

]
✳ ❖♥❡ ♦❢ t❤❡

❦❡② ✐❞❡❛s ♦❢ t❤❡ ♣❛♣❡r ✐s t❤❛t s♣❛❝❡✲✜❧❧✐♥❣ ❞❡s✐❣♥ ♠❛② ❜❡ ❜❛s❡❞ ♦♥ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥
♦❢ s2n r❛t❤❡r t❤❛♥ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ■▼❙P❊✳

✻



✸✳ ❑❡r♥❡❧ ❞✐s❝r❡♣❛♥❝②✱ ❡♥❡r❣② ❛♥❞ ♣♦t❡♥t✐❛❧s✳

✸✳✶✳ ▼❛①✐♠✉♠ ♠❡❛♥ ❞✐s❝r❡♣❛♥❝②✿ ❛ ♠❡tr✐❝ ♦♥ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s
r❡❧❛t❡❞ t♦ ✐♥t❡❣r❛t✐♦♥✳ ❙✉♣♣♦s❡ t❤❛t K ✐s ❜♦✉♥❞❡❞ ❛♥❞ f ❜❡❧♦♥❣s t♦ t❤❡ ❘❑❍❙

HK ✳ ▲❡t µ ❛♥❞ ν ❜❡ t✇♦ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ✐♥ M+(1) ∩ M
1/2
K ✳ ❙✐♥❝❡ f ∈ HK ✱

✉s✐♥❣ t❤❡ r❡♣r♦❞✉❝✐♥❣ ♣r♦♣❡rt②✱ ✇❡ ♦❜t❛✐♥ Iµ(f) =
∫

X
〈f,Kx〉K ❞µ(x)✱ Iν(f) =∫

X
〈f,Kx〉K ❞ν(x) ❛♥❞

|Iµ(f)− Iν(f)| =
∣∣∣∣
∫

X

〈f,Kx〉K ❞(µ− ν)(x)

∣∣∣∣ = |〈f, Pµ − Pν〉K | ,

✇✐t❤ Pµ(·) ❛♥❞ Pν(·) t❤❡ ❦❡r♥❡❧ ✐♠❜❡❞❞✐♥❣s ✭✷✳✻✮✳ ❉❡✜♥❡

γK(µ, ν) = ‖Pµ − Pν‖HK
. ✭✸✳✶✮

❚❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ②✐❡❧❞s t❤❡ ❑♦❦s♠❛✲❍❧❛✇❦❛ t②♣❡ ✐♥❡q✉❛❧✐t②✱ s❡❡✱ ❡✳❣✳✱
❬✹✼❪✱ ❬✻✾✱ ❈❤❛♣✳ ✷❪✱ |Iµ(f)− Iν(f)| ≤ ‖f‖HK

γK(µ, ν)✱ ❛♥❞

γK(µ, ν) = sup
‖f‖HK

=1

|Iµ(f)− Iν(f)| , ✭✸✳✷✮

s❡❡✱ ❡✳❣✳✱ ❬✽✾✱ ❚❤✳ ✶❪✳ ❆❧s♦✱ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ ‖Pµ − Pν‖2HK
❣✐✈❡s

γK(µ, ν) =
(
‖Pµ‖2HK

+ ‖Pν‖2HK
− 2〈Pµ, Pν〉K

)1/2

=

(∫

X 2

K(x,x′) ❞(ν − µ)(x) ❞(ν − µ)(x′)

)1/2

. ✭✸✳✸✮

❚❤❡r❡❢♦r❡✱ γK(·, ·) ✐s ❛t t❤❡ s❛♠❡ t✐♠❡ ❛ ♣s❡✉❞♦♠❡tr✐❝ ❜❡t✇❡❡♥ ❦❡r♥❡❧ ✐♠❜❡❞❞✐♥❣s ✭✸✳✶✮
❛♥❞ ❛♥ ✐♥t❡❣r❛❧ ♣s❡✉❞♦♠❡tr✐❝ ♦♥ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s ✭✸✳✷✮✳ ■t ❞❡✜♥❡s ❛ ❦❡r♥❡❧
❞✐s❝r❡♣❛♥❝② ❜❡t✇❡❡♥ ❞✐str✐❜✉t✐♦♥s ✭✸✳✸✮✱ γK(·, ·) ✐s ❛❧s♦ ❝❛❧❧❡❞ t❤❡ ▼❛①✐♠✉♠ ▼❡❛♥

❉✐s❝r❡♣❛♥❝② ✭▼▼❉✮ ❜❡t✇❡❡♥ µ ❛♥❞ ν ✐♥ M+(1) ∩ M
1/2
K ✱ s❡❡ ❬✽✽✱ ❉❡❢✳ ✶✵❪✳

❚♦ ❞❡✜♥❡ ❛ ♠❡tr✐❝ ♦♥ t❤❡ ✇❤♦❧❡ M+(1)✱ ✇❡ ♥❡❡❞ Pµ t♦ ❜❡ ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞ s♦
t❤❛t Pµ = Pν ❢♦r µ ❛♥❞ ν ✐♥ M+(1) ✐♠♣❧✐❡s µ = ν✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♥♦t✐♦♥
♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ❦❡r♥❡❧✱ s❡❡ ❬✽✾✱ ❉❡❢✳ ✻❪✱ ✇❤✐❝❤ ✐s ❝❧♦s❡❧② ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣
❞❡✜♥✐t✐♦♥s✳
❉❡✜♥✐t✐♦♥ ✸✳✶✳ ❆ ❦❡r♥❡❧ K ✐s ■♥t❡❣r❛❧❧② ❙tr✐❝t❧② P♦s✐t✐✈❡ ❉❡✜♥✐t❡ ✭■❙P❉✮ ♦♥ M

✇❤❡♥ EK(ν) > 0 ❢♦r ❛♥② ♥♦♥③❡r♦ ♠❡❛s✉r❡ ν ∈ M ✳
❉❡✜♥✐t✐♦♥ ✸✳✷✳ ❆ ❦❡r♥❡❧ K ✐s ❈♦♥❞✐t✐♦♥❛❧❧② ■♥t❡❣r❛❧❧② ❙tr✐❝t❧② P♦s✐t✐✈❡ ❉❡✜♥✐t❡
✭❈■❙P❉✮ ♦♥ M ✇❤❡♥ ✐t ✐s ■❙P❉ ♦♥ M (0)❀ t❤❛t ✐s✱ ✇❤❡♥ EK(ν) > 0 ❢♦r ❛❧❧ ♥♦♥③❡r♦
s✐❣♥❡❞ ♠❡❛s✉r❡s ν ∈ M s✉❝❤ t❤❛t ν(X ) = 0✳

❆♥ ■❙P❉ ❦❡r♥❡❧ ✐s ❈■❙P❉✳ ❆ ❜♦✉♥❞❡❞ ■❙P❉ ❦❡r♥❡❧ ✐s ❙P❉ ❛♥❞ ❞❡✜♥❡s ❛♥ ❘❑❍❙✳
■♥ ❬✽✾✱ ▲❡♠♠❛ ✽❪✱ t❤❡ ❛✉t❤♦rs s❤♦✇ t❤❛t ❛ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❦❡r♥❡❧ ✐s ❝❤❛r❛❝t❡r✐st✐❝
✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❈■❙P❉✳ ❚❤❡ ♣r♦♦❢ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ ✭✸✳✸✮ ❢♦r
t❤❡ ▼▼❉ γK(µ, ν)✳ ❚❤❡② ❛❧s♦ ❣✐✈❡ ✭❈♦r♦❧❧❛r② ✹✮ ❛ s♣❡❝tr❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ γK(µ, ν)
❛♥❞ s❤♦✇ t❤❛t ❛ tr❛♥s❧❛t✐♦♥✲✐♥✈❛r✐❛♥t ❦❡r♥❡❧ s✉❝❤ t❤❛t K(x,x′) = Ψ(x−x′)✱ ✇✐t❤ Ψ ❛
✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❝♦♥t✐♥✉♦✉s r❡❛❧✲✈❛❧✉❡❞ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ❢✉♥❝t✐♦♥✱ s❛t✐s✜❡s✱ ❢♦r ❛♥②
µ ❛♥❞ ν ✐♥ M+(1)✱

γK(µ, ν) =

[∫

Rd

|φµ(ω)− φν(ω)|2 ❞Λ(ω)

]1/2
.

✼



❍❡r❡✱ φµ ❛♥❞ φν ❞❡♥♦t❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥s ♦❢ µ ❛♥❞ ν r❡s♣❡❝t✐✈❡❧② ❛♥❞ Λ ✐s
t❤❡ s♣❡❝tr❛❧ ❇♦r❡❧ ♠❡❛s✉r❡ ♦♥ R

d✱ ❞❡✜♥❡❞ ❜②

Ψ(x) =

∫

Rd

e−ix⊤
ω ❞Λ(ω) . ✭✸✳✹✮

❯s✐♥❣ t❤✐s s♣❡❝tr❛❧ r❡♣r❡s❡♥t❛t✐♦♥✱ t❤❡② ♣r♦✈❡ ✭❚❤❡♦r❡♠ ✾✮ t❤❛t K ✐s ❝❤❛r❛❝t❡r✐st✐❝
✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ Λ ❝♦✐♥❝✐❞❡s ✇✐t❤ R

d✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡
s✐♥❝✲sq✉❛r❡❞ ❦❡r♥❡❧ K(x, x′) = sin2[θ(x − x′)]/[θ(x − x′)]2✱ θ > 0✱ ✐s ❙P❉ ❜✉t ✐s ♥♦t
❝❤❛r❛❝t❡r✐st✐❝ ✭❛♥❞ t❤❡r❡❢♦r❡ ♥♦t ❈■❙P❉✮ s✐♥❝❡ t❤❡ s✉♣♣♦rt ♦❢ Λ ❡q✉❛❧s [−2θ, 2θ]✱ ❛♥❞
t❤❡ tr✐❛♥❣✉❧❛r ❦❡r♥❡❧ Kθ(x, x

′) = Ψθ(x − x′) = max{1 − θ|x − x′|, 0} ✐s ❙P❉ ❛♥❞
❝❤❛r❛❝t❡r✐st✐❝ s✐♥❝❡ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ Ψθ ✐s t❤❡ s✐♥❝✲sq✉❛r❡❞ ❢✉♥❝t✐♦♥✳ ❲❤❡♥
γK(µ, δx) ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❢♦r ❛❧❧ x ∈ X ✱ ✇✐t❤ δx t❤❡ ❉✐r❛❝ ❞❡❧t❛ ♠❡❛s✉r❡ ❛t x ✭❛♥❞
t❤✉s ✐♥ ♣❛rt✐❝✉❧❛r ✇❤❡♥ K ✐s ❝❤❛r❛❝t❡r✐st✐❝✮✱ ✇❡ ♠❛② ❝♦♥s✐❞❡r t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡
ξn,e = ξn,e(Xn) = (1/n)

∑n
i=1 δxi

❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❣✐✈❡♥ ❞❡s✐❣♥ Xn = {x1, . . . ,xn}✱
❛♥❞ γK(µ, ξn,e) ♦❢ ✭✸✳✷✮ ❣✐✈❡s t❤❡ ✇♦rst✲❝❛s❡ ✐♥t❡❣r❛t✐♦♥ ❡rr♦r ❢♦r ξn,e ✇❤❡♥ f ❤❛s
♥♦r♠ ♦♥❡ ✐♥ HK ❀ s❡❡ ❙❡❝t✐♦♥ ✹✳✸✳✶✳

❚②♣✐❝❛❧ ❡①❛♠♣❧❡s ♦❢ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ■❙P❉✱ ❛♥❞ t❤❡r❡❢♦r❡ ❝❤❛r❛❝t❡r✐st✐❝✱ ❦❡r✲
♥❡❧s ❛r❡ t❤❡ sq✉❛r❡❞ ❡①♣♦♥❡♥t✐❛❧ ❦❡r♥❡❧ Kt(x,x

′) = exp(−t ‖x− x′‖2)✱ t > 0✱ ❛♥❞ t❤❡
✐s♦tr♦♣✐❝ ▼❛tér♥ ❦❡r♥❡❧s✱ ✐♥ ♣❛rt✐❝✉❧❛r

K3/2,θ(x,x
′) = (1 +

√
3θ ‖x− x′‖) exp(−

√
3θ ‖x− x′‖) ✭▼❛tér♥ ✸✴✷✮ , ✭✸✳✺✮

❛♥❞ K5/2,θ(x,x
′) = [1+

√
5θ ‖x−x′‖+5θ2 ‖x−x′‖2/3] exp(−

√
5θ ‖x−x′‖) ✭▼❛tér♥

✺✴✷✮✱ s❡❡✱ ❡✳❣✳✱ ❬✾✵❪✳ ✭❚❤❡② ❛r❡ ❙P❉ ❢♦r ❛♥② d✱ s❡❡ ❬✹✵❪✱ ❛♥❞ ■❙P❉ s✐♥❝❡ t❤❡ s♣❡❝tr❛❧
♠❡❛s✉r❡ Λ ✐♥ ✭✸✳✹✮ ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ♦♥ R

d✳✮ ❚✇♦ ♦t❤❡r ✐♠♣♦rt❛♥t ❡①❛♠♣❧❡s ❛r❡
❣✐✈❡♥ ❤❡r❡❛❢t❡r✳
❊①❛♠♣❧❡ ✸✳✶ ✭❣❡♥❡r❛❧✐③❡❞ ♠✉❧t✐q✉❛❞r✐❝ ❦❡r♥❡❧✮✳ ❚❤❡ s✉♠ ♦❢ ■❙P❉ ❦❡r♥❡❧s ✐s ■❙P❉✳
❙✐♥❝❡ t❤❡ sq✉❛r❡❞ ❡①♣♦♥❡♥t✐❛❧ ❦❡r♥❡❧ Kt(x,x

′) ✐s ■❙P❉ ❢♦r ❛♥② t > 0✱ t❤❡ ✐♥t❡❣r❛t❡❞
❦❡r♥❡❧ ♦❜t❛✐♥❡❞ ❜② s❡tt✐♥❣ ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦♥ t ✐s ■❙P❉ t♦♦✳ ❖♥❡ ♠❛② t❤✉s
❝♦♥s✐❞❡r K(x,x′) =

∫
Kt(x,x

′) ❞π(t) ❢♦r π ❜♦✉♥❞❡❞ ❛♥❞ ♥♦♥ ❞❡❝r❡❛s✐♥❣ ♦♥ [0,+∞)✱
✇❤✐❝❤ ❣❡♥❡r❛t❡s t❤❡ ❝❧❛ss ♦❢ ❝♦♥t✐♥✉♦✉s ✐s♦tr♦♣✐❝ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s ✐♥ ❛r❜✐tr❛r②
❞✐♠❡♥s✐♦♥✱ s❡❡ ❬✽✼❪ ❛♥❞ ❬✾✵✱ ♣✳ ✹✹❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛♥② ǫ > 0 ❛♥❞ s > 0✱ ✇❡ ♦❜t❛✐♥

K(x,x′) =

∫ +∞

0

Kt(x,x
′) ts/2−1 exp(−ǫ t) ❞t = Γ(s/2)

(‖x− x′‖2 + ǫ)s/2
,

s❤♦✇✐♥❣ t❤❛t t❤❡ ❣❡♥❡r❛❧✐③❡❞ ♠✉❧t✐q✉❛❞r✐❝ ❦❡r♥❡❧

Ks,ǫ(x,x
′) = (‖x− x′‖2 + ǫ)−s/2 , ǫ > 0 , s > 0 , ✭✸✳✻✮

✐s ■❙P❉✱ s❡❡ ❛❧s♦ ❬✽✾✱ ❙❡❝t✳ ✸✳✷❪✳ ⊳

❊①❛♠♣❧❡ ✸✳✷ ✭❞✐st❛♥❝❡✲✐♥❞✉❝❡❞ ❦❡r♥❡❧s✮✳ ❈♦♥s✐❞❡r t❤❡ ❦❡r♥❡❧s ❞❡✜♥❡❞ ❜②

K(s)(x,x′) = −‖x− x′‖s , s > 0 , ✭✸✳✼✮

✇❤✐❝❤ ❛r❡ ❈■❙P❉ ❢♦r s ∈ (0, 2) ❬✾✸❪✱ ❛♥❞ t❤❡ r❡❧❛t❡❞ ❞✐st❛♥❝❡✲✐♥❞✉❝❡❞ ❦❡r♥❡❧s

K ′(s)(x,x′) = ‖x‖s + ‖x′‖s − ‖x− x′‖s , s > 0 .

◆♦t❡ t❤❛t EK′(s)(µ) = EK(s)(µ) ✇❤❡♥ µ(X ) = 0❀ ✐♥ ❬✾✸❪ EK′(s) ✐s ❝❛❧❧❡❞ ❡♥❡r❣② ❞✐s✲
t❛♥❝❡ ❢♦r s = 1 ❛♥❞ ❣❡♥❡r❛❧✐③❡❞ ❡♥❡r❣② ❞✐st❛♥❝❡ ❢♦r ❣❡♥❡r❛❧ s ∈ (0, 2]✳ ❋♦r s > 0✱

✽



t❤❡ s❡t MK′(s) ❝♦♥t❛✐♥s ❛❧❧ s✐❣♥❡❞ ♠❡❛s✉r❡s µ s✉❝❤ t❤❛t
∫

X
‖x− x0‖s ❞|µ|(x) < +∞

❢♦r s♦♠❡ x0 ∈ X ✳ ❚❤✐s r❡s✉❧t ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ tr✐❛♥❣✉❧❛r ✐♥❡q✉❛❧✲
✐t② ✇❤❡♥ s ∈ (0, 1]❀ ❢♦r s > 1 ✐t ❢♦❧❧♦✇s ❢r♦♠ ❝♦♥s✐❞❡r❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ s❡♠✐♠❡tr✐❝s
❣❡♥❡r❛t❡❞ ❜② ❦❡r♥❡❧s✱ s❡❡ ❬✽✽✱ ❘❡♠❛r❦ ✷✶❪✳ K ′(s) ✐s ❈■❙P❉ ❢♦r s ∈ (0, 2) ✭K ′(s)/2
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢r❛❝t✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✮✱ ❜✉t ✐s ♥♦t
❙P❉ ✭♦♥❡ ❤❛s ✐♥ ♣❛rt✐❝✉❧❛r✱ K ′(s)(0,0) = 0✮❀ K ′(2) ✐s ♥♦t ❈■❙P❉ s✐♥❝❡ EK′(2)(µ) =
[
∫

X
x⊤ ❞µ(x)][

∫
X

x ❞µ(x)]✱ µ ∈ M ✳ K(x, x′) = 1−K(1)(x, x′) = 1− |x− x′| ✐s ■❙P❉
❢♦r X = [0, 1]✳ ⊳

✸✳✷✳ ❊♥❡r❣② ❛♥❞ ♣♦t❡♥t✐❛❧s✱ ▼▼❉ ❢♦r s✐❣♥❡❞ ♠❡❛s✉r❡s ❛♥❞ s✐♥❣✉❧❛r
❦❡r♥❡❧s✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❡①t❡♥❞ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥s ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ t♦ s✐❣♥❡❞
♠❡❛s✉r❡s ❛♥❞ ❦❡r♥❡❧s ✇❤✐❝❤ ♠❛② ❤❛✈❡ s✐♥❣✉❧❛r✐t② ♦♥ t❤❡ ❞✐❛❣♦♥❛❧✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ✭✸✳✾✮
s❤♦✇s t❤❛t t❤❡ sq✉❛r❡❞ ▼▼❉ ❜❡t✇❡❡♥ t✇♦ ♠❡❛s✉r❡s µ ❛♥❞ ν ✐s t❤❡ ❡♥❡r❣② EK ♦❢ t❤❡
s✐❣♥❡❞ ♠❡❛s✉r❡ ν − µ✱ ❤❡♥❝❡ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❝♦♥s✐❞❡r✐♥❣ s✐❣♥❡❞ ♠❡❛s✉r❡s ❜❡s✐❞❡s
♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s✳ ❲❡ ❜❡❧✐❡✈❡ t❤❛t s✐♥❣✉❧❛r ❦❡r♥❡❧s ❤❛✈❡ ❣r❡❛t ♣♦t❡♥t✐❛❧ ✐♥t❡r❡st
❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❛❝❡✲✜❧❧✐♥❣ ❞❡s✐❣♥s✱ ❞✉❡ t♦ t❤❡✐r ♥❛t✉r❛❧ r❡♣❡❧❧✐♥❣ ♣r♦♣❡rt②✳

❉❡✜♥✐t✐♦♥s ✸✳✶ ❛♥❞ ✸✳✷ ❡①t❡♥❞ t♦ s✐♥❣✉❧❛r ❦❡r♥❡❧s✱ ✇✐t❤ ❘✐❡s③ ❦❡r♥❡❧s ❛s t②♣✐❝❛❧
❡①❛♠♣❧❡s✳
❊①❛♠♣❧❡ ✸✳✸ ✭❘✐❡s③ ❦❡r♥❡❧s✮✳ ❚❤❡s❡ ❢✉♥❞❛♠❡♥t❛❧ ❦❡r♥❡❧s ♦❢ ♣♦t❡♥t✐❛❧ t❤❡♦r② ❛r❡
❞❡✜♥❡❞ ❜②

K(s)(x,x
′) = ‖x− x′‖−s , s > 0 , ❛♥❞ K(0)(x,x

′) = − log ‖x− x′‖ , ✭✸✳✽✮

✇✐t❤ x,x′ ∈ X ⊂ R
d ❛♥❞ ‖ · ‖ t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠✳ ❲❤❡♥ s ≥ d✱ t❤❡ ❡♥❡r❣② EK(s)

(µ)
✐s ✐♥✜♥✐t❡ ❢♦r ❛♥② ♥♦♥③❡r♦ s✐❣♥❡❞ ♠❡❛s✉r❡✱ ❜✉t ❢♦r s ∈ (0, d) t❤❡ ❦❡r♥❡❧ K(s) ✐s ■❙P❉✳
❙✐♥❝❡ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❦❡r♥❡❧ K(0)(x,x

′) ❤❛s ❛ s✐♥❣✉❧❛r✐t② ❛t ③❡r♦ ❛♥❞ t❡♥❞s t♦ −∞
✇❤❡♥ ‖x−x′‖ t❡♥❞s t♦ +∞✱ ✐t ✇✐❧❧ ♦♥❧② ❜❡ ❝♦♥s✐❞❡r❡❞ ❢♦r X ❝♦♠♣❛❝t❀ K(0) ✐s ❈■❙P❉✱
s❡❡ ❬✺✻✱ ♣✳ ✽✵❪✳ ⊳

❈♦♥s✐❞❡r ❛❣❛✐♥ EK(µ) ❣✐✈❡♥ ❜② ✭✷✳✽✮✱ ✇✐t❤ µ ∈ M ✳ ■♥ ♣♦t❡♥t✐❛❧ t❤❡♦r②✱ t❤✐s
q✉❛♥t✐t② ✐s ❝❛❧❧❡❞ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ s✐❣♥❡❞ ♠❡❛s✉r❡ µ ❢♦r t❤❡ ❦❡r♥❡❧ K✳ ❉❡♥♦t❡

MK = {ν ∈ M : |EK(ν)| < +∞} .
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ s❤❛❧❧ ♦♥❧② ❝♦♥s✐❞❡r ❦❡r♥❡❧s t❤❛t ❛r❡ ❛t ❧❡❛st ❈■❙P❉✳ ❲❤❡♥ K
✐s ■❙P❉✱ EK(µ) ✐s ♣♦s✐t✐✈❡ ❢♦r ❛♥② ♥♦♥③❡r♦ µ ∈ M ✱ ❜✉t ✇❤❡♥ K ✐s ♦♥❧② ❈■❙P❉✱
EK(µ) ❝❛♥ ❜❡ ♥❡❣❛t✐✈❡❀ t❤✐s ✐s t❤❡ r❡❛s♦♥ ❢♦r t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✐♥ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ MK ✳ ◆♦t❡ t❤❛t MK ✐s t❤❡ s❡t ♦❢ ♠❡❛s✉r❡s s✉❝❤ t❤❛t EK(µ+)✱ EK(µ−) ❛♥❞
EK(µ+, µ−) =

∫
X 2 K(x,x′) ❞µ+(x)❞µ−(x′) ❛r❡ ❛❧❧ ✜♥✐t❡✱ ✇✐t❤ µ+ ❛♥❞ µ− ❞❡♥♦t✐♥❣

t❤❡ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ♣❛rts ♦❢ t❤❡ ❍❛❤♥✲❏♦r❞❛♥ ❞❡❝♦♠♣♦s✐t✐♦♥ µ = µ+ − µ− ♦❢
µ✱ s❡❡ ❬✸✹✱ ❙❡❝t✳ ✷✳✶❪✳ ❆❧s♦ ♥♦t❡ t❤❛t ✇❤❡♥ K ✐s ❜♦✉♥❞❡❞ ❛♥❞ ❞❡✜♥❡s ❛♥ ❘❑❍❙✱
M α

K ⊂ MK ❢♦r ❛♥② α ≥ 1/2✱ s❡❡ ✭✷✳✾✮ ❛♥❞ ✭✷✳✶✵✮❀ ✇❤❡♥ K ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✱
MK = M ✳

❋♦r ❛♥② µ ∈ MK ✱ Pµ(x) ❣✐✈❡♥ ❜② ✭✷✳✻✮ ✐s ❝❛❧❧❡❞ t❤❡ ♣♦t❡♥t✐❛❧ ❛t x ❛ss♦❝✐❛t❡❞ ✇✐t❤
EK(µ)✳ ■t ✐s ✇❡❧❧✲❞❡✜♥❡❞✱ ✇✐t❤ ✈❛❧✉❡s ✐♥ R ∪ {−∞,+∞}✱ ✇❤❡♥ Pµ+(x) ❛♥❞ Pµ−(x)
❛r❡ ♥♦t ❜♦t❤ ✐♥✜♥✐t❡✳ ❆❧s♦✱ Pµ(x) ✐s ✜♥✐t❡ ❢♦r µ✲❛❧♠♦st ❛♥② x✱ ❡✈❡♥ ✐❢ K ✐s s✐♥❣✉❧❛r✱

✇❤❡♥ µ ∈ M+(1) ∩ M
1/2
K ✳

❲❤❡♥ K ✐s ■❙P❉✱ ✇❡ ❝❛♥ st✐❧❧ ❞❡✜♥❡ ▼▼❉ t❤r♦✉❣❤ ✭✸✳✸✮✱

γK(µ, ν) = E
1/2
K (ν − µ) , ✭✸✳✾✮

s✐♥❝❡ EK(ν − µ) ✐s ♥♦♥♥❡❣❛t✐✈❡ ✇❤❡♥❡✈❡r ❞❡✜♥❡❞✳ ❚❤❡ s❡t MK ❢♦r♠s ❛ ♣r❡✲❍✐❧❜❡rt
s♣❛❝❡✱ ✇✐t❤ s❝❛❧❛r ♣r♦❞✉❝t t❤❡ ♠✉t✉❛❧ ❡♥❡r❣② EK(µ, ν) =

∫
X 2 K(x,x′) ❞µ(x)❞ν(x′)

✾



❛♥❞ ♥♦r♠ E
1/2
K (µ)✳ ❉❡♥♦t❡ ❜② PK t❤❡ ❧✐♥❡❛r s♣❛❝❡ ♦❢ ♣♦t❡♥t✐❛❧ ✜❡❧❞s Pµ(·)✱ µ ∈ MK ❀

✇❤❡♥ K ❞❡✜♥❡s ❛♥ ❘❑❍❙ HK ✱ ‖Pµ‖HK
= E

1/2
K (µ)✱ s♦ t❤❛t PK ⊂ HK ✱ ❛♥❞ PK ✐s

❞❡♥s❡ ✐♥ HK ✳ ❋♦r PK t♦ ❝♦♥t❛✐♥ ❛❧❧ ❢✉♥❝t✐♦♥s Kx(·) = K(·,x)✱ x ∈ X ✱ ✇❡ ♥❡❡❞
δx ∈ MK ❢♦r ❛❧❧ x✱ ✇❤✐❝❤ r❡q✉✐r❡s K(x,x) <∞ ❢♦r ❛❧❧ x ∈ X ✳

❋♦r µ, ν ∈ MK ✱ EK(µ, ν) ❞❡✜♥❡s ❛ s❝❛❧❛r ♣r♦❞✉❝t 〈Pµ, Pν〉PK
♦♥ PK ✱ ✇✐t❤

γK(µ, ν) = ‖Pµ − Pν‖PK
✳ ❙✐♠✐❧❛r❧② t♦ ❙❡❝t✐♦♥ ✸✳✶✱ ✇❡ ♦❜t❛✐♥

γK(µ, ν) = sup
ξ∈MK ,EK(ξ)=1

∣∣∣∣
∫

X 2

K(x,x′) ❞ξ(x)❞(µ− ν)(x′)

∣∣∣∣ ✭✸✳✶✵✮

= sup
‖h‖PK

≤1

|Iµ(h)− Iν(h)| ;

t❤❛t ✐s✱ ❛ r❡s✉❧t t❤❛t ❡①t❡♥❞s ✭✸✳✷✮ t♦ ❣❡♥❡r❛❧ ■❙P❉ ❦❡r♥❡❧s✳ ■❢ K ✐s ♦♥❧② ❈■❙P❉✱ ✇❡
❝❛♥ ❛❧s♦ ❞❡✜♥❡ γK(µ, ν) ✐♥ t❤❡ s❛♠❡ ✇❛② ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ♠❡❛s✉r❡s µ, ν ∈ M (1)❀ ✇❡
t❤❡♥ ❞❡✜♥❡ PK ❛s t❤❡ ❧✐♥❡❛r s♣❛❝❡ ♦❢ ♣♦t❡♥t✐❛❧ ✜❡❧❞s Pµ(·)✱ µ ∈ MK ∩ M (0)✱ ❛♥❞ ✐♥
✭✸✳✶✵✮ ✇❡ r❡str✐❝t ξ t♦ ❜❡ ✐♥ M (0)✳

❲❤❡♥K ✐s s✐♥❣✉❧❛r✱ t❤❡r❡ ❛❧✇❛②s ❡①✐sts ν ✐♥ MK s✉❝❤ t❤❛t Pν(x0) = +∞ ❢♦r s♦♠❡
x0✳ ❈♦♥s✐❞❡r ❢♦r ❡①❛♠♣❧❡ t❤❡ ❘✐❡s③ ❦❡r♥❡❧ K(s)(x,x

′) ✇✐t❤ s ∈ (0, d)❀ MK ❝♦♥t❛✐♥s
✐♥ ♣❛rt✐❝✉❧❛r ❛❧❧ s✐❣♥❡❞ ♠❡❛s✉r❡s ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt S(µ) ✇❤♦s❡ ♣♦t❡♥t✐❛❧ Pµ(x) ✐s
❜♦✉♥❞❡❞ ♦♥ S(µ)✱ s❡❡ ❬✺✻✱ ♣✳ ✽✶❪✳ ❚❛❦❡ ν ❛s t❤❡ ♠❡❛s✉r❡ ✇✐t❤ ❞❡♥s✐t② c/‖x− x0‖s−d

♦♥ X ✱ ✇✐t❤ x0 ∈ X ❀ ✇❡ ❤❛✈❡ EK(s)
(ν) < ∞ ❢♦r X ❝♦♠♣❛❝t✱ ❜✉t Pν(x0) = +∞✳ ❆s

❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛s ♥♦t❡❞ ✐♥ ❬✷✶❪✱ s✐♥❣✉❧❛r ❦❡r♥❡❧s ❤❛✈❡ ❧✐tt❧❡ ✐♥t❡r❡st ❢♦r ✐♥t❡❣r❛t✐♦♥✳

■♥❞❡❡❞✱ t❛❦❡ µ, ν ∈ MK ❛♥❞ h = Pν ∈ PK ✱ t❤❡♥ |Iµ(h)| ≤ ‖h‖PK
E

1/2
K (µ) =

E
1/2
K (ν)E

1/2
K (µ) <∞✱ ✇❤❡r❡❛s |Iξn(h)|♠❛② ❜❡ ✐♥✜♥✐t❡ ❢♦r s♦♠❡ ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥

ξn ♦❢ µ ❛s h ❝❛♥ ❜❡ ✐♥✜♥✐t❡ ❛t s♦♠❡ ♣♦✐♥ts✳ ❙✐♥❣✉❧❛r ❦❡r♥❡❧s ♠❛② ♥❡✈❡rt❤❡❧❡ss ❜❡ ✉s❡❞
❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❛❝❡✲✜❧❧✐♥❣ ❞❡s✐❣♥s✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ t❤❡ ❡①❛♠♣❧❡ ✐♥ ❙❡❝t✐♦♥ ✺✳✸✱
❛♥❞ t❤✐s ✐s ♦✉r ♠♦t✐✈❛t✐♦♥ ❢♦r ❝♦♥s✐❞❡r✐♥❣ t❤❡♠ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡ ❦❡② ❞✐✣❝✉❧t② ✇✐t❤ s✐♥❣✉❧❛r ❦❡r♥❡❧s ✐s t❤❡ ❢❛❝t t❤❛t ❞❡❧t❛ ♠❡❛s✉r❡s ❞♦ ♥♦t
❜❡❧♦♥❣ t♦ MK ✳ ❆♥ ❡①♣❡❞✐❡♥t s♦❧✉t✐♦♥ t♦ ❝✐r❝✉♠✈❡♥t t❤❡ ♣r♦❜❧❡♠ ✐s t♦ r❡♣❧❛❝❡ ❛
s✐♥❣✉❧❛r ❦❡r♥❡❧ ✇✐t❤ ❛ ❜♦✉♥❞❡❞ s✉rr♦❣❛t❡✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ s♣❛❝❡✲✜❧❧✐♥❣ ❞❡s✐❣♥ ✇❡ ♠❛②
r❡♣❧❛❝❡ t❤❡ ❘✐❡s③ ❦❡r♥❡❧ K(s)✱ s > 0✱ ❜② ❛ ❣❡♥❡r❛❧✐③❡❞ ✐♥✈❡rs❡ ♠✉❧t✐q✉❛❞r✐❝ ❦❡r♥❡❧ Ks,ǫ

❣✐✈❡♥ ❜② ✭✸✳✻✮✱ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❧✐♠✐t✐♥❣ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❞❡s✐❣♥s ♦❜t❛✐♥❡❞ ✇❤❡♥ ǫ→ 0✱
s❡❡ ❙❡❝t✐♦♥ ✹✳✸✳✶❀ s❡❡ ❛❧s♦ ❬✼✾❪ ❢♦r ♦t❤❡r ❝♦♥str✉❝t✐♦♥s✳

✸✳✸✳ ▼✐♥✐♠✉♠ ❡♥❡r❣② ❛♥❞ ❡q✉✐❧✐❜r✐✉♠ ♠❡❛s✉r❡s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇
t❤❛t t❤❡r❡ ❡①✐st str♦♥❣ ❝♦♥♥❡❝t✐♦♥s ❜❡t✇❡❡♥ r❡s✉❧ts ✐♥ ♣♦t❡♥t✐❛❧ t❤❡♦r② ❛♥❞ ♦♣t✐♠❛❧
❞❡s✐❣♥ t❤❡♦r②✱ ✇❤❡r❡ ♦♥❡ ♠✐♥✐♠✐③❡s ❛ ❝♦♥✈❡① ❢✉♥❝t✐♦♥❛❧ ♦❢ µ ∈ M+(1)✱ ✇✐t❤ t❤❡
♣❛rt✐❝✉❧❛r✐t② t❤❛t ❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥❛❧ ✐s q✉❛❞r❛t✐❝✳ ❚❤✐s ✇✐❧❧ ❜❡ ❡①♣❧♦✐t❡❞ ✐♥ ♣❛rt✐❝✉❧❛r
✐♥ ❙❡❝t✐♦♥ ✹✳✹ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♥❡st❡❞ ❞❡s✐❣♥ s❡q✉❡♥❝❡s✳

✸✳✸✳✶✳ ■❙P❉ ❦❡r♥❡❧s ❛♥❞ ❝♦♥✈❡①✐t② ♦❢ EK(·)✳
▲❡♠♠❛ ✸✳✶✳ K ✐s ■❙P❉ ✐❢ ❛♥❞ ♦♥❧② ✐❢ MK ✐s ❝♦♥✈❡① ❛♥❞ EK(·) ✐s str✐❝t❧② ❝♦♥✈❡①
♦♥ MK ✳

Pr♦♦❢✳ ❋♦r ❛♥② K✱ ❛♥② µ ❛♥❞ ν ✐♥ MK ❛♥❞ ❛♥② α ∈ [0, 1]✱ ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ ❣✐✈❡s

(1− α)EK(µ) + α EK(ν)− EK [(1− α)µ+ αν] = α(1− α)EK(ν − µ) . ✭✸✳✶✶✮

❆ss✉♠❡ t❤❛t K ✐s ■❙P❉✳ ❋♦r ❛♥② µ ❛♥❞ ν ✐♥ MK ✱ t❤❡ ♠✉t✉❛❧ ❡♥❡r❣② EK(µ, ν)
s❛t✐s✜❡s |EK(µ, ν)| ≤

√
EK(µ)EK(ν) < +∞✳ ❚❤❡r❡❢♦r❡✱ EK(µ−ν) = EK(µ)+EK(ν)−

2EK(µ, ν) ✐s ✜♥✐t❡ ❛♥❞ ✭✸✳✶✶✮ ✐♠♣❧✐❡s t❤❛t EK [(1 − α)µ + αν] ✐s ✜♥✐t❡✱ s❤♦✇✐♥❣ t❤❛t

✶✵



MK ✐s ❝♦♥✈❡①✳ ❙✐♥❝❡ K ✐s ■❙P❉✱ EK(ν − µ) > 0 ❢♦r µ, ν ∈ M ✱ ν 6= µ✱ ❛♥❞ ✭✸✳✶✶✮
✐♠♣❧✐❡s t❤❛t EK(·) ✐s str✐❝t❧② ❝♦♥✈❡① ♦♥ MK ✳

❈♦♥✈❡rs❡❧②✱ ❛ss✉♠❡ t❤❛t MK ✐s ❝♦♥✈❡① ❛♥❞ EK(·) ✐s str✐❝t❧② ❝♦♥✈❡① ♦♥ MK ✳ ❆♥②
ξ ∈ MK ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ξ = ν − µ ✇✐t❤✱ ❢♦r ✐♥st❛♥❝❡✱ ν = 2 ξ ❛♥❞ µ = ξ✱ ❜♦t❤ ✐♥
MK ✳ ■❢ EK(·) ✐s str✐❝t❧② ❝♦♥✈❡① ♦♥ MK ✱ ✭✸✳✶✶✮ ✇✐t❤ α ∈ (0, 1) ✐♠♣❧✐❡s t❤❛t EK(ξ) > 0
✇❤❡♥ ν 6= µ✱ t❤❛t ✐s✱ ✇❤❡♥ ξ 6= 0✳ ❚❤❡r❡❢♦r❡✱ K ✐s ■❙P❉✳

▲❡♠♠❛ ✸✳✶ ❛❧s♦ ❛♣♣❧✐❡s t♦ s✐♥❣✉❧❛r ❦❡r♥❡❧s✳ ❚❤❡ ❧❡♠♠❛ ❜❡❧♦✇ ❝♦♥❝❡r♥s ❈■❙P❉
❦❡r♥❡❧s✱ ✇❤✐❝❤ ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✳
▲❡♠♠❛ ✸✳✷✳ ❆ss✉♠❡ t❤❛t K ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✳ ❚❤❡♥✱ K ✐s ❈■❙P❉ ✐❢ ❛♥❞ ♦♥❧②
✐❢ EK(·) ✐s str✐❝t❧② ❝♦♥✈❡① ♦♥ M (1)✳
Pr♦♦❢✳ ❙✐♥❝❡ K ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✱ MK = M ✳ ❆ss✉♠❡ t❤❛t K ✐s ❈■❙P❉✳ ❚❤❡♥✱
EK(ν −µ) > 0 ❢♦r ❛♥② µ 6= ν ∈ M (1)✱ ❛♥❞ ✭✸✳✶✶✮ ✐♠♣❧✐❡s t❤❛t EK(·) ✐s str✐❝t❧② ❝♦♥✈❡①
♦♥ M (1)✳

❆ss✉♠❡ ♥♦✇ t❤❛t EK(·) ✐s str✐❝t❧② ❝♦♥✈❡① ♦♥ M (1)✳ ❚❛❦❡ ❛♥② ♥♦♥✲③❡r♦ s✐❣♥❡❞
♠❡❛s✉r❡ ξ ✐♥ M (0) ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❍❛❤♥✲❏♦r❞❛♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ξ = ξ+ − ξ−✱ ✇✐t❤
ξ+(X ) = ξ−(X ) = c > 0✳ ❉❡♥♦t❡ ν = ξ+/c✱ µ = ξ−/c✱ ✇✐t❤ ν ❛♥❞ µ ✐♥ M+(1) ✭ν
❛♥❞ µ ❛r❡ ✐♥ MK s✐♥❝❡ K ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✮✳ ❚❤❡♥✱ ❢♦r ❛♥② α ∈ (0, 1)✱ ✭✸✳✶✶✮ ❛♥❞
t❤❡ str✐❝t ❝♦♥✈❡①✐t② ♦❢ EK(·) ♦♥ M (1) ❣✐✈❡s EK(ξ) = c2 EK(ν − µ) > 0✳

◆♦t❡ t❤❛t ♦♥❡ ♠❛② r❡♣❧❛❝❡ M (1) ❜② M+(1)✱ ♦r ❜② ❛♥② M (γ) ✇✐t❤ γ 6= 0✱ ✐♥
▲❡♠♠❛ ✸✳✷✳

✸✳✸✳✷✳ ▼✐♥✐♠✉♠✲❡♥❡r❣② ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s✳ ■♥ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢
❙❡❝t✐♦♥ ✸✳✸✱ ✇❡ ❛ss✉♠❡ t❤❛t K ✐s s✉❝❤ t❤❛t EK(·) ✐s str✐❝t❧② ❝♦♥✈❡① ♦♥ M+(1) ∩ MK

❛♥❞ M (1) ∩ MK ✱ ✇❤✐❝❤ ✐s tr✉❡ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✸✳✶ ♦r ▲❡♠♠❛ ✸✳✷✳
❋♦r µ, ν ∈ MK ✱ ❞❡♥♦t❡ ❜② FK(µ; ν) t❤❡ ❞✐r❡❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ EK(·) ❛t µ ✐♥ t❤❡

❞✐r❡❝t✐♦♥ ν✱

FK(µ; ν) = lim
α→0+

EK [(1− α)µ+ αν]− EK(µ)

α
.

❙tr❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥ ❣✐✈❡s

FK(µ; ν) = 2

[∫

X 2

K(x,x′) ❞ν(x)❞µ(x′)− EK(µ)

]
. ✭✸✳✶✷✮

■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛♥② x ∈ X ✱ t❤❡ ♣♦t❡♥t✐❛❧ Pµ(x) ❛ss♦❝✐❛t❡❞ ✇✐t❤ µ ❛t x s❛t✐s✜❡s

Pµ(x) =
1

2
FK(µ; δx) + EK(µ) .

❘❡♠❛r❦ ✸✳✶ ✭❇r❡❣♠❛♥ ❞✐✈❡r❣❡♥❝❡ ❛♥❞ ❏❡♥s❡♥ ❞✐✛❡r❡♥❝❡✮✳ ❚❤❡ str✐❝t ❝♦♥✈❡①✐t② ♦❢
EK(·) ✐♠♣❧✐❡s t❤❛t EK(ν) ≥ EK(µ)+FK(µ, ν) ❢♦r ❛♥② µ, ν ∈ MK ✱ ✇✐t❤ ❡q✉❛❧✐t② ✐❢ ❛♥❞
♦♥❧② ✐❢ ν = µ✳ ❚❤✐s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡✜♥❡ ❛ ❇r❡❣♠❛♥ ❞✐✈❡r❣❡♥❝❡ ❜❡t✇❡❡♥ ♠❡❛s✉r❡s ✐♥
MK ✭❛♥❞ t❤✉s ❜❡t✇❡❡♥ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ✐♥ M+(1) ∩ MK✮✱ ❛s

BK(µ, ν) = EK(ν)− [EK(µ) + FK(µ, ν)] ;

s❡❡ ❬✽✶❪✳ ❉✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ ❣✐✈❡s BK(µ, ν) = EK(ν − µ) ✭✇✐t❤ t❤❡r❡❢♦r❡ BK(µ, ν) =
BK(ν, µ)✮✱ ♣r♦✈✐❞✐♥❣ ❛♥♦t❤❡r ✐♥t❡r♣r❡t❛t✐♦♥ ❢♦r t❤❡ ▼▼❉ γK(µ, ν)✱ s❡❡ ✭✸✳✾✮✳

❚❤❡ sq✉❛r❡❞ ▼▼❉ ✐s ❛❧s♦ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❞✐ss✐♠✐❧❛r✐t② ❝♦❡✣❝✐❡♥t✱ ♦r ❏❡♥s❡♥
❞✐✛❡r❡♥❝❡✱ ∆J(µ, ν) = (1/2)[EK(µ) + EK(ν)] − EK [(µ + ν)/2] ♦❢ ❬✽✵❪❀ ✐♥❞❡❡❞✱ ❞✐r❡❝t
❝❛❧❝✉❧❛t✐♦♥ ❣✐✈❡s γ2K(µ, ν) = EK(ν − µ) = 4∆J(µ, ν)✳ ⊳

✶✶



❆ss✉♠❡ t❤❛t X ✐s ❝♦♠♣❛❝t✳ ❙✐♥❝❡ EK(·) ✐s str✐❝t❧② ❝♦♥✈❡① ♦♥ M+(1)✱ t❤❡r❡
❡①✐sts ❛ ✉♥✐q✉❡ ♠✐♥✐♠✉♠✲❡♥❡r❣② ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✳ ❚❤❡ ♠❡❛s✉r❡ µ+

K ∈ M+(1) ✐s
t❤❡ ♠✐♥✐♠✉♠✲❡♥❡r❣② ♠❡❛s✉r❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ FK(µ+

K ; ν) ≥ 0 ❢♦r ❛❧❧ ν ∈ M+(1)✱ ♦r
❡q✉✐✈❛❧❡♥t❧②✱ s✐♥❝❡ ν ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ FK(µ+

K ; δx) ≥ 0 ❢♦r ❛❧❧
x ∈ X ✳ ❲❡ t❤✉s ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✱ ❝❛❧❧❡❞ ❡q✉✐✈❛❧❡♥❝❡ t❤❡♦r❡♠ ✐♥ t❤❡
♦♣t✐♠❛❧ ❞❡s✐❣♥ ❧✐t❡r❛t✉r❡✳
❚❤❡♦r❡♠ ✸✳✶✳ ❲❤❡♥ EK(·) ✐s str✐❝t❧② ❝♦♥✈❡① ♦♥ M+(1)∩MK ✱ µ+

K ∈ M+(1) ✐s t❤❡
♠✐♥✐♠✉♠✲❡♥❡r❣② ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ X ✐❢ ❛♥❞ ♦♥❧② ✐❢

∀x ∈ X , Pµ+
K
(x) ≥ EK(µ+

K) .

◆♦t❡ t❤❛t✱ ❜② ❝♦♥str✉❝t✐♦♥✱
∫

X
Pµ+

K
(x) ❞µ+

K(x) = EK(µ+
K)✱ ✐♠♣❧②✐♥❣ Pµ+

K
(x) =

EK(µ+
K) ♦♥ t❤❡ s✉♣♣♦rt ♦❢ µ+

K ✳ ❚❤❡ q✉❛♥t✐t② C+
K = [infµ∈M+(1) EK(µ)]−1✱ ✇✐t❤ K

❛♥ ■❙P❉ ❦❡r♥❡❧✱ ✐s ❝❛❧❧❡❞ t❤❡ ❝❛♣❛❝✐t② ♦❢ X ✐♥ ♣♦t❡♥t✐❛❧ t❤❡♦r②❀ ♥♦t❡ t❤❛t C+
K ≥ 0✳

❚❤❡ ♠✐♥✐♠✐③✐♥❣ ♠❡❛s✉r❡ µ+
K ∈ M+(1) ✐s ❝❛❧❧❡❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♠❡❛s✉r❡ ♦❢ X ✭µ+

K

✐s s♦♠❡t✐♠❡s r❡♥♦r♠❛❧✐③❡❞ ✐♥t♦ C+
K µ+

K ✱ s❡❡ ❬✺✻✱ ♣✳ ✶✸✽❪✮✳ ❚❤❡♦r❡♠ ✸✳✶ t❤✉s ❣✐✈❡s ❛
♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ t♦ ❜❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠
♠❡❛s✉r❡ ♦❢ X ✳
❊①❛♠♣❧❡ ✸✳✹ ✭❝♦♥t✐♥✉❛t✐♦♥ ♦❢ ❊①❛♠♣❧❡ ✸✳✷✮✳ Pr♦♣❡rt✐❡s ♦❢ ♠✐♥✐♠✉♠✲❡♥❡r❣② ♣r♦❜✲
❛❜✐❧✐t② ♠❡❛s✉r❡s µ+ = µ+

K(s) ❢♦r K(s) ❣✐✈❡♥ ❜② ✭✸✳✼✮ ✇✐t❤ X ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢

R
d✱ d ≥ 2✱ ❛r❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬✶✶❪ ❛♥❞ ❬✼✻❪✳ ❚❤❡ ♠❛ss ♦❢ µ+ ✐s ❝♦♥❝❡♥tr❛t❡❞ ♦♥ t❤❡

❜♦✉♥❞❛r② ♦❢ X ✱ ❛♥❞ ✐ts s✉♣♣♦rt ♦♥❧② ❝♦♠♣r✐s❡s ❡①tr❡♠❡ ♣♦✐♥ts ♦❢ t❤❡ ❝♦♥✈❡① ❤✉❧❧
♦❢ X ✇❤❡♥ s > 1❀ ❢♦r 0 < s < 2✱ µ+ ✐s ✉♥✐q✉❡❀ ✐t ✐s s✉♣♣♦rt❡❞ ♦♥ ♥♦ ♠♦r❡ t❤❛♥ d+ 1
♣♦✐♥ts ✇❤❡♥ s > 2✳

❚❛❦❡ X = Bd(0, 1)✱ t❤❡ ❝❧♦s❡❞ ✉♥✐t ❜❛❧❧ ✐♥ R
d✳ ❋♦r s②♠♠❡tr② r❡❛s♦♥s✱ µ+ ❢♦r

0 < s < 2 ✐s ✉♥✐❢♦r♠ ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡ Sd(0, 1) ❛♥❞

EK(s)(µ+) = −
∫

X 2

‖x− x′‖s ❞µ+(x)❞µ+(x′) = −
∫

X

‖x0 − x′‖s ❞µ+(x′) ,

✇❤❡r❡ x0 = (1, 0, . . . , 0)⊤✳ ❉❡♥♦t❡ ❜② ψd(·) t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ✜rst ❝♦♠♣♦♥❡♥t t = x′1
♦❢ x′ = (x′1, . . . , x

′
d)

⊤✳ ❲❡ ♦❜t❛✐♥ ψd(t) = (d − 1)Vd−1 (1 − t2)(d−3)/2/(d Vd)✱ ✇✐t❤
Vd = πd/2/Γ(d/2 + 1) t❤❡ ✈♦❧✉♠❡ ♦❢ Bd(0, 1)✱ ❛♥❞

EK(s)(µ+) = −
∫ 1

−1

[(1− t)2 + 1− t2]s/2 ψd(t)❞t = −2d−q−2Γ(d/2)Γ[(d+ s− 1)/2]√
πΓ(d+ s/2− 1)

.

■♥ ♣❛rt✐❝✉❧❛r✱ EK(1)(µ+) = −4/π ✇❤❡♥ d = 2 ❛♥❞ ✐s ❛ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ d✳ ❲❤❡♥
s = 2✱ t❤❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡ ✐s ❛❧s♦ ♦♣t✐♠❛❧✱ ❛♥❞ t❤❡ ♠✐♥✐♠✉♠
❡♥❡r❣② ❡q✉❛❧s −2 ❢♦r ❛❧❧ d ≥ 1✱ ❜✉t µ+ ✐s ♥♦t ✉♥✐q✉❡ ❛♥❞ t❤❡ ♠❡❛s✉r❡ ❛❧❧♦❝❛t✐♥❣ ❡q✉❛❧
✇❡✐❣❤t 1/(d+ 1) ❛t ❡❛❝❤ ♦❢ t❤❡ d+ 1 ✈❡rt✐❝❡s ♦❢ ❛ d r❡❣✉❧❛r s✐♠♣❧❡① ✇✐t❤ ✈❡rt✐❝❡s ♦♥
t❤❡ ✉♥✐t s♣❤❡r❡ ✐s ♦♣t✐♠❛❧ t♦♦✳ ⊳

❊①❛♠♣❧❡ ✸✳✺ ✭❝♦♥t✐♥✉❛t✐♦♥ ♦❢ ❊①❛♠♣❧❡ ✸✳✸✮✳ ❈♦♥s✐❞❡r ❘✐❡s③ ❦❡r♥❡❧s K(s)✱ s❡❡ ✭✸✳✽✮✱
❢♦r X = Bd(0, 1)✳ ❲❤❡♥ s ≥ d✱ EK(s)

(ν) ✐s ✐♥✜♥✐t❡ ❢♦r ❛♥② ♥♦♥✲③❡r♦ ν ∈ M ✱ ❜✉t ❢♦r

0 < s < d t❤❡r❡ ❡①✐sts ❛ ♠✐♥✐♠✉♠✲❡♥❡r❣② ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ+ = µ+
K(s)

✳ ❲❤❡♥

d > 2 ❛♥❞ s ∈ (0, d − 2]✱ µ+ ✐s ✉♥✐❢♦r♠ ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡ Sd(0, 1) ✭t❤❡ ❜♦✉♥❞❛r②
♦❢ X ✮❀ t❤❡ ♣♦t❡♥t✐❛❧ ❛t ❛❧❧ ✐♥t❡r✐♦r ♣♦✐♥ts s❛t✐s✜❡s Pµ+(x) ≥ EK(s)

(µ+) ✇✐t❤ str✐❝t

✐♥❡q✉❛❧✐t② ✇❤❡♥ s ∈ (0, d − 2)✳ ❲❤❡♥ s ∈ (d − 2, d)✱ µ+ ❤❛s ❛ ❞❡♥s✐t② ϕs(·) ✐♥
Bd(0, 1)✱

ϕs(x) =
π−d/2 Γ(1 + s/2)

Γ[1− (d− s)/2]

1

(1− ‖x‖2)(d−s)/2
,

✶✷



❛♥❞ t❤❡ ♣♦t❡♥t✐❛❧ Pµ+(·) ✐s ❝♦♥st❛♥t ✐♥ Bd(0, 1)✱ s❡❡✱ ❡✳❣✳✱ ❬✺✻✱ ♣✳ ✶✻✸❪✳
❲❤❡♥ d ≤ 2 ❛♥❞ s = 0✱ µ+ ❤❛s ❛ ❞❡♥s✐t② ✐♥ B2(0, 1) ❛♥❞ Pµ+(·) = EK(0)

(µ+) ✐♥

B2(0, 1)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r d = 1✱ µ+ ❤❛s t❤❡ ❛r❝s✐♥❡ ❞❡♥s✐t② 1/(π
√
1− x2) ✐♥ [−1, 1]

✇✐t❤ ♣♦t❡♥t✐❛❧ Pµ+(x) = log(2) − log(||x| +
√
x2 − 1|)✱ x ∈ R ✭❛♥❞ Pµ+(x) = log(2)

❢♦r x ∈ [−1, 1]✮✳
❚❤❡ ❡♥❡r❣② EK(s)

✐s ✐♥✜♥✐t❡ ❢♦r ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ n✲♣♦✐♥t ❞❡s✐❣♥s
Xn✳ ❖♥❡ ♠❛② ♥❡✈❡rt❤❡❧❡ss ❝♦♥s✐❞❡r t❤❡ ✏♣❤②s✐❝❛❧✑ ❡♥❡r❣②

ẼK(s)
(Xn) = [2/n(n− 1)]

∑

1≤i<j≤n

‖xi − xj‖−s ✭✸✳✶✸✮

✭ẼK(s)
(Xn) = −[2/n(n − 1)]

∑
1≤i<j≤n log ‖xi − xj‖ ✇❤❡♥ s = 0✮✱ ✇❤✐❝❤ ✐s ✜♥✐t❡

♣r♦✈✐❞❡❞ t❤❛t ❛❧❧ xi ❛r❡ ❞✐st✐♥❝t✱ s❡❡ ❬✷✶❪✳ ❆♥ n✲♣♦✐♥t s❡t X
∗
n ♠✐♥✐♠✐③✐♥❣ ẼK(s)

(Xn) ✐s

❝❛❧❧❡❞ ❛ s❡t ♦❢ ❋❡❦❡t❡ ♣♦✐♥ts✱ ❛♥❞ t❤❡ ❧✐♠✐t limn→∞ Ẽ
−1
K(s)

(X∗
n) ❡①✐sts ❛♥❞ ✐s ❝❛❧❧❡❞ t❤❡

tr❛♥s✜♥✐t❡ ❞✐❛♠❡t❡r ♦❢ X ✳ ❋♦r ❧❛r❣❡ s✱ Ẽ
−1/s
K(s)

(Xn) ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ r❡❣✉❧❛r✐③❡❞

✈❡rs✐♦♥ ♦❢ t❤❡ ♣❛❝❦✐♥❣ r❛❞✐✉s PR(Xn)✱ s❡❡ ❬✼✻❪✳ ❆ ♠❛❥♦r r❡s✉❧t ✐♥ ♣♦t❡♥t✐❛❧ t❤❡♦r②✱ s❡❡✱
❡✳❣✳✱ ❬✹✹❪✱ ✐s t❤❛t t❤❡ tr❛♥s✜♥✐t❡ ❞✐❛♠❡t❡r ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❝❛♣❛❝✐t② C+

K(s)
♦❢ X ✳ ■❢

C+
K(s)

> 0✱ t❤❡♥ µ+
K(s)

✐s t❤❡ ✇❡❛❦ ❧✐♠✐t ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ ❡♠♣✐r✐❝❛❧ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s

❛ss♦❝✐❛t❡❞ ✇✐t❤ ❋❡❦❡t❡ ♣♦✐♥ts ✐♥ X∗
n✳ ■♥ t❤❡ ❡①❛♠♣❧❡ ❝♦♥s✐❞❡r❡❞✱ ẼK(s)

(X∗
n) t❡♥❞s t♦

✐♥✜♥✐t② ✇❤❡♥ s ≥ d✱ ❜✉t ❛♥② s❡q✉❡♥❝❡ ♦❢ ❋❡❦❡t❡ ♣♦✐♥ts ✐s ❛s②♠♣t♦t✐❝❛❧❧② ✉♥✐❢♦r♠❧②
❞✐str✐❜✉t❡❞ ✐♥ X ❀ ẼK(s)

(X∗
n) ❣r♦✇s ❧✐❦❡ n

s/d−1 ❢♦r s > d ✭❛♥❞ ❧✐❦❡ log n ❢♦r s = d✮✳ ⊳

❘❡♠❛r❦ ✸✳✷ ✭❙t❡✐♥ ✈❛r✐❛t✐♦♥❛❧ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ❛♥❞ ❡♥❡r❣② ♠✐♥✐♠✐③❛t✐♦♥✮✳ ❱❛r✐❛✲
t✐♦♥❛❧ ✐♥❢❡r❡♥❝❡ ✉s✐♥❣ s♠♦♦t❤ tr❛♥s❢♦r♠ ❜❛s❡❞ ♦♥ ❦❡r♥❡❧✐③❡❞ ❙t❡✐♥ ❞✐s❝r❡♣❛♥❝② ♣r♦✲
✈✐❞❡s ❛ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ♠❡t❤♦❞ ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ t❛r❣❡t ❞✐str✐❜✉t✐♦♥❀ s❡❡
❬✻✵❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥❀ s❡❡ ❛❧s♦ ❬✷✷❪ ❢♦r ❛ ◆❡✇t♦♥ ✈❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞✳ ❚❤❡
❢❛❝t t❤❛t t❤❡ ❝♦♥str✉❝t✐♦♥ ❞♦❡s ♥♦t r❡q✉✐r❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ♥♦r♠❛❧✐③✐♥❣ ❝♦♥st❛♥t ♦❢
t❤❡ t❛r❣❡t ❞✐str✐❜✉t✐♦♥ ♠❛❦❡s t❤❡ ♠❡t❤♦❞ ♣❛rt✐❝✉❧❛r❧② ❛ttr❛❝t✐✈❡ ❢♦r ❛♣♣r♦①✐♠❛t✐♥❣ ❛
♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ✐♥ ❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡✳ ❉✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ s❤♦✇s t❤❛t ✇❤❡♥ t❤❡
❦❡r♥❡❧ ✐s tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥t ❛♥❞ t❤❡ t❛r❣❡t ❞✐str✐❜✉t✐♦♥ ✐s ✉♥✐❢♦r♠✱ t❤❡♥ ❙t❡✐♥ ✈❛r✐✲
❛t✐♦♥❛❧ ❣r❛❞✐❡♥t ❝♦rr❡s♣♦♥❞s t♦ st❡❡♣❡st ❞❡s❝❡♥t ❢♦r t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣②
EK(ξn,e) ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡ ξn,e = (1/n)

∑n
i=1 δxi

❀ t❤❛t ✐s✱ ❛t ✐t❡r❛t✐♦♥ k ❡❛❝❤

❞❡s✐❣♥ ♣♦✐♥t x
(k)
i ✐s ✉♣❞❛t❡❞ ✐♥t♦

x
(k+1)
i = x

(k)
i + γ

∑

i<j

∂K(x,x
(k)
j )

∂x

∣∣∣∣
x=x

(k)
i

❢♦r s♦♠❡ γ > 0✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❛❝❡✲✜❧❧✐♥❣ ❞❡s✐❣♥ t❤r♦✉❣❤ ❡♥❡r❣② ♠✐♥✐♠✐③❛✲
t✐♦♥ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡❀ s❡❡✱ ❡✳❣✳✱ ❬✺✵❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t
✐s s✉❣❣❡st❡❞ ✐♥ ❬✸❪ t♦ ❝♦♥str✉❝t ❞❡s✐❣♥s ✐♥ ❛ ❝♦♠♣❛❝t s✉❜s❡t X ♦❢ Rd ❜② ♠✐♥✐♠✐③✲

✐♥❣ ẼK(2)
(Xn) ❣✐✈❡♥ ❜② ✭✸✳✶✸✮ ✭♥♦t❡ t❤❛t ❢♦r d ≥ 3 ❞❡s✐❣♥ ♣♦✐♥ts ❝♦♥str✉❝t❡❞ ✐♥ t❤✐s

✇❛② ❛r❡ ♥♦t ❛s②♠♣t♦t✐❝❛❧❧② ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ✐♥ X ✮✳ ❚❤✐s ❛♣♣r♦❛❝❤ t❡♥❞s t♦
♣✉s❤ ♣♦✐♥ts t♦ t❤❡ ❜♦r❞❡r ♦❢ X ✱ s✐♠✐❧❛r❧② t♦ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ♣❛❝❦✐♥❣ r❛❞✐✉s
PR(Xn)✳ ⊳

✸✳✸✳✸✳ ▼✐♥✐♠✉♠✲❡♥❡r❣② s✐❣♥❡❞ ♠❡❛s✉r❡s✳ ❋r♦♠ ✭✸✳✾✮✱ t❤❡ sq✉❛r❡❞ ▼▼❉ ✐s
t❤❡ ❡♥❡r❣② ♦❢ ❛ s✐❣♥❡❞ ♠❡❛s✉r❡✳ ❆❧s♦✱ ❡✈❡♥ ✐❢ µ ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✱ t❤❡ ♠❡❛s✉r❡
ν ∈ M (1)✱ ✇✐t❤ ✜①❡❞ s✉♣♣♦rt ❞✐✛❡r❡♥t ❢r♦♠ t❤❛t ♦❢ µ✱ t❤❛t ♠✐♥✐♠✐③❡s γK(µ, ν)✱ ✐s
♥♦t ♥❡❝❡ss❛r✐❧② ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✳ ❍❡♥❝❡ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❝♦♥s✐❞❡r✐♥❣ ❡♥❡r❣②
♠✐♥✐♠✐③❛t✐♦♥ ❢♦r s✐❣♥❡❞ ♠❡❛s✉r❡s ❛♥❞ ♥♦t ♦♥❧② ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s✳

✶✸



❚❤❡ s✐t✉❛t✐♦♥ ✐s s❧✐❣❤t❧② ❞✐✛❡r❡♥t ❢r♦♠ t❤❛t ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✇❤❡♥ ✇❡ ❝♦♥✲
s✐❞❡r ♠❡❛s✉r❡s ✐♥ M (1)✳ ■♥ t❤❛t ❝❛s❡✱ µ∗

K ✐s t❤❡ ♠✐♥✐♠✉♠✲❡♥❡r❣② ♠❡❛s✉r❡ ✐♥ M (1)
✐❢ ❛♥❞ ♦♥❧② ✐❢ FK(µ∗

K ; ν) = 0 ❢♦r ❛❧❧ ν ∈ M (1)✱ t❤✐s ❝♦♥❞✐t✐♦♥ ❜❡✐♥❣ ❡q✉✐✈❛❧❡♥t t♦
FK(µ∗

K ; δx) = 0 ❢♦r ❛❧❧ x ∈ X ✳ ❲❡ t❤✉s ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✳
❚❤❡♦r❡♠ ✸✳✷✳ ❲❤❡♥ EK(·) ✐s str✐❝t❧② ❝♦♥✈❡① ♦♥ M (1) ∩ MK ✱ µ∗

K ∈ M (1) ✐s t❤❡
♠✐♥✐♠✉♠✲❡♥❡r❣② s✐❣♥❡❞ ♠❡❛s✉r❡ ✇✐t❤ t♦t❛❧ ♠❛ss ♦♥❡ ♦♥ X ✐❢ ❛♥❞ ♦♥❧② ✐❢

∀x ∈ X , Pµ∗
K
(x) = EK(µ∗

K) . ✭✸✳✶✹✮

■❢ ✇❡ ❞❡✜♥❡ ♥♦✇ ❛ s✐❣♥❡❞ ❡q✉✐❧✐❜r✐✉♠ ♠❡❛s✉r❡ ♦♥ X ❛s ❛ ♠❡❛s✉r❡ µ ∈ M (1)
s✉❝❤ t❤❛t Pµ(x) ✐s ❝♦♥st❛♥t ♦♥ X ✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Pµ(·)✱ ✇❤❡♥ s✉❝❤ ❛ ♠❡❛✲
s✉r❡ ❡①✐sts ✐t ♥❡❝❡ss❛r✐❧② s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✸✳✷ ❛♥❞ t❤❡r❡❢♦r❡ ❝♦✐♥✲
❝✐❞❡s ✇✐t❤ µ∗

K ✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ ♦♥❡ ❝♦♥s✐❞❡rs ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ✐♥
M+(1)✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ✭❣❡♥❡r❛❧✐③❡❞✮ ❝❛♣❛❝✐t② ♦❢ X ❢♦r ♠❡❛s✉r❡s ✐♥ M (1) ❛s
C∗

K = [infµ∈M (1) EK(µ)]−1✱ ✇✐t❤ C∗
K = 1/EK(µ∗

K) ✇❤❡♥ µ∗
K ❡①✐sts✱ s❡❡ ❬✷✶✱ ♣✳ ✽✷✹❪

✭♥♦t❡ t❤❛t C∗
K ♠❛② ❜❡ ♥❡❣❛t✐✈❡✮✳ ❍♦✇❡✈❡r✱ µ∗

K ♠❛② ♥♦t ❡①✐st ❡✈❡♥ ✐❢ X ✐s ❝♦♠♣❛❝t✳
◆♦t✐❝❡ ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t M (1) ✐s ♥♦t ✈❛❣✉❡❧② ❝♦♠♣❛❝t✱ ❝♦♥tr❛r✐❧② t♦ M+(1) ✭❛♥❞ ❢♦r
❘✐❡s③ ❦❡r♥❡❧s ✭✸✳✽✮ ✇✐t❤ s < d− 1✱ MK(s)

✐s ♥♦t ❝♦♠♣❧❡t❡ ❝♦♥tr❛r✐❧② t♦ MK(s)
∩ M+

❬✺✻✱ ❚❤✳ ✶✳✶✾❪✮✳
❊①❛♠♣❧❡ ✸✳✻ ✭❝♦♥t✐♥✉❛t✐♦♥ ♦❢ ❊①❛♠♣❧❡s ✸✳✷ ❛♥❞ ✸✳✹✮✳ ❚❛❦❡ K(x, x′) = K(s)(x, x′) =
−|x − x′|s ♦♥ X = [0, 1]✱ s ∈ (0, 2)✱ s❡❡ ✭✸✳✼✮✳ K ✐s ❈■❙P❉✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛
✉♥✐q✉❡ ♠✐♥✐♠✉♠✲❡♥❡r❣② ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ+ = µ+

K(s) ✐♥ M+(1)✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ ❜❡❧♦✇ ✇❡ s❤♦✇ t❤❛t ♠✐♥✐♠✉♠✲❡♥❡r❣② s✐❣♥❡❞ ♠❡❛s✉r❡s ✐♥ M (1) ❞♦ ♥♦t ❜❡❧♦♥❣
t♦ M+(1) ✇❤❡♥ s ∈ (1, 2) ❛♥❞ t❤❛t t❤❡r❡ ✐s ♥♦ ♠✐♥✐♠✉♠✲❡♥❡r❣② s✐❣♥❡❞ ♠❡❛s✉r❡ ✐♥
M (1) ✇❤❡♥ s ≥ 2✳

❲❤❡♥ s ∈ (0, 1)✱ µ+ ❤❛s ❛ ❞❡♥s✐t② ϕ(s)(·) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡
♦♥ [0, 1]✱

ϕ(s)(x) =
Γ[1− s/2]

2s
√
π Γ[(1− s)/2]

1

[x(1− x)](1+s)/2
,

❛♥❞ Pµ+(x) = E (µ+) = −√
π Γ(1 − s/2)/{2s Γ[(1 − s)/2] cos(πs/2)} ❢♦r ❛❧❧ x ∈ X

✭❛♥❞ E (µ+) → −1/2 ❛s s → 1−✮✳ ❚❤❡ ❢❛❝t t❤❛t Pµ+(x) = E (µ+) ❢♦r ❛❧❧ x ∈ X

✐♥❞✐❝❛t❡s t❤❛t µ+ ✐s t❤❡ ♠✐♥✐♠✉♠✲❡♥❡r❣② s✐❣♥❡❞ ♠❡❛s✉r❡ ✇✐t❤ t♦t❛❧ ♠❛ss ♦♥❡ ✇❤❡♥
s ∈ (0, 1)✳

❲❤❡♥ s ∈ [1, 2)✱ µ+ = (δ0 + δ1)/2❀ t❤❡ ❛ss♦❝✐❛t❡❞ ♣♦t❡♥t✐❛❧ ✐s Pµ+(x) = −(|x|s +
|1− x|s)/2 ≥ E (µ+) = −1/2✱ x ∈ X ✭♥♦t❡ t❤❛t Pµ+(x) = −1/2 ❢♦r ❛❧❧ x ∈ X ✇❤❡♥
s = 1✮✳

❈♦♥s✐❞❡r ♥♦✇ t❤❡ s✐❣♥❡❞ ♠❡❛s✉r❡ µw = [(1 + w)/2](δ0 + δ1) − wδ1/2✱ w > 0✱ s♦
t❤❛t µw(X ) = 1 ✭✐✳❡✳✱ µw ∈ M (1)✮✳ ❉✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ ❣✐✈❡s EK(s)(µw) = −(1 +
w)(1 + w − 22−sw)✱ ✇❤✐❝❤ ✐s ♠✐♥✐♠✉♠ ❢♦r w = w∗(s) = (1 − 21−s)/(22−s − 1)
✇❤❡♥ s < 2✱ ✇✐t❤ EK(s)(µw∗(s)) = 2(1 − 22−s)/(4 − 2s)2✳ ❋♦r s ∈ (1, 2) ✇❡ ❣❡t
EK(s)(µw∗(s)) < E (µ+) = −1/2✱ ❛♥❞ t❤❡r❡ ❡①✐st s✐❣♥❡❞ ♠❡❛s✉r❡s ✐♥ M (1) s✉❝❤ t❤❛t
EK(s)(µw) < E (µ+)✳ ❚❤❡r❡❢♦r❡✱ ♠✐♥✐♠✉♠✲❡♥❡r❣② s✐❣♥❡❞ ♠❡❛s✉r❡s ✇✐t❤ t♦t❛❧ ♠❛ss
♦♥❡ ❛r❡ ♥♦t ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s✳ ❋♦r s ≥ 2✱ limw→+∞ EK(s)(µw) = −∞✱ ❛♥❞ t❤❡r❡ ✐s
♥♦ ♠✐♥✐♠✉♠✲❡♥❡r❣② s✐❣♥❡❞ ♠❡❛s✉r❡❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ EK(s)(µw) = −(w+1)/2 ❢♦r s = 2✳

⊳

❊①❛♠♣❧❡ ✸✳✼ ✭❝♦♥t✐♥✉❛t✐♦♥ ♦❢ ❊①❛♠♣❧❡s ✸✳✸ ❛♥❞ ✸✳✺✮✳ ❈♦♥s✐❞❡r ❘✐❡s③ ❦❡r♥❡❧s K(s)✱
s❡❡ ✭✸✳✽✮✱ ❢♦r X = Bd(0, 1)✱ d > 2 ❛♥❞ s ∈ (0, d−2)❀ t❤❡ ♠✐♥✐♠✉♠✲❡♥❡r❣② ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡ µ+ ✐s t❤❡♥ ✉♥✐❢♦r♠ ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡ Sd(0, 1) ❛♥❞ t❤❡ ♣♦t❡♥t✐❛❧ ❛t ❛❧❧ ✐♥t❡r✐♦r
♣♦✐♥ts s❛t✐s✜❡s Pµ+(x) > EK(s)

(µ+)✳ ❈♦♥s✐❞❡r t❤❡ s✐❣♥❡❞ ♠❡❛s✉r❡ µw = (1 + w)µ+ −
✶✹



wµ(r)✱ ✇✐t❤ µ(r) ✉♥✐❢♦r♠ ♦♥ t❤❡ s♣❤❡r❡ Sd(0, r) ✇✐t❤ r❛❞✐✉s r ∈ (0, 1)✳ ❈❛❧❝✉❧❛t✐♦♥s
s✐♠✐❧❛r t♦ t❤♦s❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❬✺✻✱ ❚❤✳ ✶✳✸✷❪ s❤♦✇ t❤❛t EK(s)

(µw) < EK(s)
(µ+) ❢♦r

w s♠❛❧❧ ❡♥♦✉❣❤✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t µ+ ✐s ♥♦t t❤❡ ♠✐♥✐♠✉♠✲❡♥❡r❣② s✐❣♥❡❞ ♠❡❛s✉r❡ ✇✐t❤
t♦t❛❧ ♠❛ss ♦♥❡✳ ⊳

✸✳✸✳✹✳ ❲❤❡♥ ♠✐♥✐♠✉♠✲❡♥❡r❣② s✐❣♥❡❞ ♠❡❛s✉r❡s ❛r❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛✲
s✉r❡s✳ ❯♥❧✐❦❡ ♠✐♥✐♠✉♠✲❡♥❡r❣② ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s✱ ♠✐♥✐♠✉♠✲❡♥❡r❣② s✐❣♥❡❞ ♠❡❛✲
s✉r❡s ❞♦ ♥♦t ❛❧✇❛②s ❡①✐st✱ ❜✉t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ♣r♦✈✐❞❡s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥
❢♦r t❤❡✐r ❡①✐st❡♥❝❡✳ ❆❧s♦✱ ✇❡ s❤❛❧❧ s❡❡ ✐♥ ❙❡❝t✐♦♥ ✸✳✺✳✶ t❤❛t t❤❡ ❡①✐st❡♥❝❡ ✐s ❛❧✇❛②s
❣✉❛r❛♥t❡❡❞ ❛❢t❡r ❛ s✉✐t❛❜❧❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❦❡r♥❡❧✳
❚❤❡♦r❡♠ ✸✳✸✳ ❆ss✉♠❡ t❤❛t K ✐s ■❙P❉ ❛♥❞ tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥t✱ ✇✐t❤ K(x,x′) =
Ψ(x− x′) ❛♥❞ Ψ ❝♦♥t✐♥✉♦✉s✱ t✇✐❝❡ ❞✐✛❡r❡♥t✐❛❜❧❡ ❡①❝❡♣t ❛t t❤❡ ♦r✐❣✐♥✱ ✇✐t❤ ▲❛♣❧❛❝✐❛♥

∆Ψ(x) =
∑d

i=1 ∂
2Ψ(x)/∂x2i ≥ 0✱ x 6= 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♠✐♥✐♠✉♠✲❡♥❡r❣②

s✐❣♥❡❞ ♠❡❛s✉r❡ µ∗
K ✐♥ M (1)✱ ❛♥❞ µ∗

K ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✳

Pr♦♦❢✳ ❚❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✸✳✶ ❛r❡ s❛t✐s✜❡❞✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡
♠✐♥✐♠✉♠✲❡♥❡r❣② ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ+ s✉❝❤ t❤❛t Pµ+(x) ≥ EK(µ+) ❢♦r ❛❧❧ x ∈ X ✳
■t ❛❧s♦ s❛t✐s✜❡s Pµ+(x) = EK(µ+) ♦♥ t❤❡ s✉♣♣♦rt ♦❢ µ+✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡
❝♦♥❞✐t✐♦♥s ♦♥ K ✐♠♣❧② t❤❛t ❢♦r ❛♥② µ ✐♥ M+(1)✱ Pµ(·) ✐s s✉❜❤❛r♠♦♥✐❝ ♦✉ts✐❞❡ t❤❡
s✉♣♣♦rt ♦❢ µ✱ s❡❡✱ ❡✳❣✳✱ ❬✺✻✱ ❙❡❝t✳ ■✳✷❪✳ ❚❤❡ ✜rst ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ♦❢ ♣♦t❡♥t✐❛❧ t❤❡♦r②
t❤✉s ❤♦❧❞s ❬✺✻✱ ❚❤✳ ✶✳✶✵❪✿ Pµ(x) ≤ c ♦♥ t❤❡ s✉♣♣♦rt ♦❢ µ ✐♠♣❧✐❡s Pµ(x) ≤ c ❡✈❡r②✲
✇❤❡r❡✳ ❆♣♣❧②✐♥❣ t❤✐s t♦ µ+✱ ✇❡ ♦❜t❛✐♥ t❤❛t Pµ+(x) ≤ EK(µ+) ❡✈❡r②✇❤❡r❡❀ t❤❡r❡❢♦r❡✱
Pµ+(x) = EK(µ+) ❢♦r ❛❧❧ x ∈ X ✳ ❚❤❡♦r❡♠ ✸✳✷ ✐♠♣❧✐❡s t❤❛t µ+ ✐s t❤❡ ♠✐♥✐♠✉♠✲❡♥❡r❣②
s✐❣♥❡❞ ♠❡❛s✉r❡ ✇✐t❤ t♦t❛❧ ♠❛ss ♦♥❡✳

❚❤❡ ❝❡♥tr❛❧ ❛r❣✉♠❡♥t ❢♦r t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣❡rt② ❛❜♦✈❡ ✐s t❤❛t Pµ(·) ✐s s✉❜✲
❤❛r♠♦♥✐❝ ♦✉ts✐❞❡ t❤❡ s✉♣♣♦rt ♦❢ µ ❢♦r ❛♥② ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ✇✐t❤ ✜♥✐t❡ ❡♥❡r❣②✳
❚❤❡ ✇❡❛❦❡r ❝♦♥❞✐t✐♦♥ Ψ(x− x′) = ψ(|x− x′|) ✇✐t❤ ψ(·) ❝♦♥✈❡① ♦♥ (0,∞) ✐s s✉✣❝✐❡♥t
✇❤❡♥ d = 1✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ r❡s✉❧t ♦❢ ❍á❥❡❦ ✭✶✾✺✻✮✳ ❲❤❡♥ d ≥ 2 ✇✐t❤
Ψ(x− x′) = ψ(‖x− x′‖)✱ ψ(·) ♠✉st ❤❛✈❡ ❛ s✐♥❣✉❧❛r✐t② ❛t ✵ t♦ ❤❛✈❡ ∆Ψ(x) ≥ 0 ❢♦r ❛❧❧
x 6= 0✳ ❋♦r t❤❡ ❘✐❡s③ ❦❡r♥❡❧s K(s) ♦❢ ✭✸✳✽✮✱ ✇❡ ❤❛✈❡ ∆(‖x‖−s) = s(s+ 2− d)/‖x‖s+2✱

x 6= 0✳ ❲❤❡♥ d > 2 ❛♥❞ s ∈ (0, d − 2]✱ Pµ ✐s s✉♣❡r❤❛r♠♦♥✐❝ ✐♥ R
d✱ ❛♥❞ ✇❤❡♥

s ∈ [d−2, d)✱ Pµ ✐s s✉❜❤❛r♠♦♥✐❝ ♦✉ts✐❞❡ t❤❡ s✉♣♣♦rt ♦❢ µ✱ µ+ ❜❡✐♥❣ t❤❡♥ t❤❡ ♠✐♥✐♠✉♠✲
❡♥❡r❣② s✐❣♥❡❞ ♠❡❛s✉r❡ ❬✸✺✱ ✺✻❪✳ ❚❤✐s ✐s ❛❧s♦ tr✉❡ ❢♦r t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❦❡r♥❡❧ ❢♦r d ≤ 2✱
✇✐t❤ ∆(− log ‖x‖) = (2− d)/‖x‖2✱ x 6= 0✳ ❊①❛♠♣❧❡s ✸✳✺ ❛♥❞ ✸✳✼ ❣✐✈❡ ❛♥ ✐❧❧✉str❛t✐♦♥✳

❖t❤❡r ❡①❛♠♣❧❡s ♦❢ ❦❡r♥❡❧s s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✸✳✸ ❛r❡ ❣✐✈❡♥ ❜②
K(x,x′) = h[K(s)(x,x

′)] ✇❤❡r❡ K(s) ✐s ❛ ❘✐❡s③ ❦❡r♥❡❧ ✇✐t❤ s ∈ [d − 2, d) ❛♥❞ h ✐s
❛ t✇✐❝❡✲❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ ✭✐♥ ❢❛❝t✱ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ h ✐s
s✉✣❝✐❡♥t✱ s❡❡ ❬✶✱ ♣✳ ✶✸❪✮✳

■♥ ❚❤❡♦r❡♠ ✸✳✸ ✇❡ ❝❛♥ ❛❧s♦ ❝♦♥s✐❞❡r ❈■❙P❉ ❦❡r♥❡❧s✳ ❋♦r ❡①❛♠♣❧❡✱ ❢♦r t❤❡ ❦❡r♥❡❧s
K(s) ♦❢ ✭✸✳✼✮✱ ✇❡ ❤❛✈❡ ∆(−‖x‖s) = s(2 − s − d)/‖x‖2−s✱ x 6= 0✳ P♦t❡♥t✐❛❧s ❛r❡
s✉♣❡r❤❛r♠♦♥✐❝ ❢♦r d ≥ 2✳ ❲❤❡♥ d = 1✱ t❤❡② ❛r❡ s✉♣❡r❤❛r♠♦♥✐❝ ❢♦r s ∈ [1, 2)❀ t❤❡②
❛r❡ s✉❜❤❛r♠♦♥✐❝ ❛♥❞ s❛t✐s❢② t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ❢♦r s ∈ (0, 1)✱ s❡❡ ❊①❛♠♣❧❡ ✸✳✻✳

✸✳✹✳ ❇❡st ▲✐♥❡❛r ❯♥❜✐❛s❡❞ ❊st✐♠❛t♦r ✭❇▲❯❊✮ ♦❢ β0✳ ■♥ ❙❡❝t✐♦♥ ✸✳✺✳✷✱ ✇❡
s❤❛❧❧ s❡❡ t❤❛t ❇❛②❡s✐❛♥ ✐♥t❡❣r❛t✐♦♥ ✐♥ t❤❡ ♠♦❞❡❧ ✭✷✳✶✮ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝♦♥str✉❝t✐♦♥
♦❢ t❤❡ ❇▲❯❊ ♦❢ β0 ✐♥ ❛ ♠♦❞❡❧ ✇✐t❤ ❛ s✉✐t❛❜❧② ♠♦❞✐✜❡❞ ❝♦✈❛r✐❛♥❝❡✳ ❍❡r❡ ✇❡ ❝♦♥s✐❞❡r
t❤❡ ❇▲❯❊ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♠♦❞❡❧✱ ❛♥❞ s❤♦✇ t❤❛t ✐ts ❡①✐st❡♥❝❡ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❛t ♦❢
❛ ♠✐♥✐♠✉♠✲❡♥❡r❣② s✐❣♥❡❞ ♠❡❛s✉r❡ ❢♦r K✳

✸✳✹✳✶✳ ❈♦♥t✐♥✉♦✉s ❇▲❯❊✳ ❈♦♥s✐❞❡r ❛❣❛✐♥ t❤❡ s✐t✉❛t✐♦♥ ♦❢ ❙❡❝t✐♦♥ ✷✳✷ ✇❤❡r❡
σ2K ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦❢ ❛ r❛♥❞♦♠ ✜❡❧❞ Zx✳ ❙✉♣♣♦s❡ t❤❛t ✇❡ ♠❛②

✶✺



♦❜s❡r✈❡ f(·) ♦✈❡r X ✐♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ β0 ✐♥ t❤❡ r❡❣r❡ss✐♦♥ ✭❧♦❝❛t✐♦♥✮ ♠♦❞❡❧ ✇✐t❤
❝♦rr❡❧❛t❡❞ ❡rr♦rs ✭✷✳✶✮✳ ❆♥② ❧✐♥❡❛r ❡st✐♠❛t♦r ♦❢ β0 t❛❦❡s t❤❡ ❣❡♥❡r❛❧ ❢♦r♠

β̂0 = β̂0(ξ) =

∫

X

f(x) ❞ξ(x) = Iξ(f)

❢♦r s♦♠❡ ξ ∈ M ✱ ❛♥❞ β̂0(ξ) ✐s ✉♥❜✐❛s❡❞ ✇❤❡♥ ξ ∈ M (1)✳ ■ts ✈❛r✐❛♥❝❡ ✐s

Vξ = E{(β̂0(ξ)− β0)
2} = σ2

EK(ξ) ;

s❡❡ ❬✻✽✱ ❙❡❝t✳ ✹✳✷❪✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✉♠✲❡♥❡r❣② s✐❣♥❡❞ ♠❡❛s✉r❡ µ∗
K ✐s t❤❡♥

❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ❇▲❯❊ β̂∗
0 ❢♦r β0✱ ✇✐t❤ β̂∗

0 = β̂0(µ
∗
K)❀

t❤❡ ✈❛r✐❛♥❝❡ ♦❢ β̂∗
0 ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♠✐♥✐♠✉♠ ❡♥❡r❣② EK(µ∗

K)✱ ❛♥❞ ❚❤❡♦r❡♠ ✸✳✷
❝♦rr❡s♣♦♥❞s t♦ ●r❡♥❛♥❞❡r✬s t❤❡♦r❡♠ ❬✹✸❪✳ ❆❧s♦✱ ❢r♦♠ t❤❛t t❤❡♦r❡♠✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢
µ∗
K ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♠❡❛s✉r❡ t❤❛t ②✐❡❧❞s ❛ ❝♦♥st❛♥t

♣♦t❡♥t✐❛❧ ♦♥ X ✳ ■t ❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ ❛ ♣r♦♣❡rt② ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❝❛♣❛❝✐t② C∗
K ✱ ❛s

s❤♦✇♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳
❚❤❡♦r❡♠ ✸✳✹✳ ❲❤❡♥ K ✐s ■❙P❉✱ t❤❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ 1X ❡q✉❛❧ t♦ ✶ ♦♥ X ❜❡❧♦♥❣s
t♦ t❤❡ s♣❛❝❡ PK ♦❢ ♣♦t❡♥t✐❛❧ ✜❡❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛ ♠✐♥✐♠✉♠✲❡♥❡r❣② s✐❣♥❡❞
♠❡❛s✉r❡ µ∗

K ∈ M (1)✱ ✇✐t❤ EK(µ∗
K) 6= 0✳ ▼♦r❡♦✈❡r✱ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❝❛♣❛❝✐t② C∗

K ✐s
✜♥✐t❡ ❛♥❞ ♥♦♥③❡r♦✱ ❛♥❞ s❛t✐s✜❡s ‖1X ‖2

PK
= C∗

K ✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❛t 1X ∈ PK ✳ ❚❤❡r❡ ❡①✐sts µ ∈ MK s✉❝❤ t❤❛t Pµ = 1X ❀ t❤❛t ✐s✱
Pµ(x) = 1 ❢♦r ❛❧❧ x ∈ X ✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Pµ ②✐❡❧❞s EK(µ) = µ(X )✱ ✇❤✐❝❤ ✐s ✜♥✐t❡
❛♥❞ str✐❝t❧② ♣♦s✐t✐✈❡ s✐♥❝❡ K ✐s ■❙P❉ ❛♥❞ µ 6= 0✳ ❉❡♥♦t❡ µ′ = µ/µ(X ) ∈ M (1)✳ ❲❡
♦❜t❛✐♥ Pµ′(x) = 1/µ(X ) = EK(µ′) > 0 ❢♦r ❛❧❧ x ∈ X ✳ ❚❤❡♦r❡♠ ✸✳✷ ✐♠♣❧✐❡s t❤❛t
µ′ ✐s t❤❡ ♠✐♥✐♠✉♠✲❡♥❡r❣② ♠❡❛s✉r❡ µ∗

K ✳ ❆❧s♦✱ C∗
K = 1/EK(µ′) = µ(X ) 6= 0✱ ✇✐t❤

‖1X ‖2
PK

= EK(µ)✱ s❡❡ ❙❡❝t✐♦♥ ✸✳✷✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♠✐♥✐♠✉♠✲❡♥❡r❣② s✐❣♥❡❞ ♠❡❛s✉r❡ µ∗
K ∈ M (1)

✇✐t❤ EK(µ∗
K) 6= 0✳ ❚❤❡♦r❡♠ ✸✳✷ ✐♠♣❧✐❡s t❤❛t Pµ∗

K
(x) = EK(µ∗

K) ❢♦r ❛❧❧ x ∈ X ✳

❋♦r µ = µ∗
K/EK(µ∗

K)✱ ✇❡ ❣❡t Pµ(x) = 1 ❢♦r ❛❧❧ x ∈ X ✱ ❛♥❞ ‖1X ‖2
PK

= EK(µ) =
1/EK(µ∗

K)✳

❯♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✸✳✸✱ t❤❡ ❇▲❯❊ ❡①✐sts✱ β̂∗
0 = β̂0(µ

+
K)✱ ✇✐t❤ µ+

K t❤❡
♠✐♥✐♠✉♠✲❡♥❡r❣② ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✱ ❛♥❞ ✐ts ✈❛r✐❛♥❝❡ ❡q✉❛❧s σ2EK(µ+

K)✳ ❚❤❡ ❡①✐s✲
t❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✉♠✲❡♥❡r❣② s✐❣♥❡❞ ♠❡❛s✉r❡ ✐s ♥♦t ❣✉❛r❛♥t❡❡❞ ✐♥ ❣❡♥❡r❛❧✱ ✐♥ ♣❛rt✐❝✉❧❛r
✇❤❡♥ K(x,x′) = Ψ(x− x′) ❛♥❞ Ψ ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t ✵❀ s❡❡ ❊①❛♠♣❧❡ ✸✳✽ ❜❡❧♦✇✳

✸✳✹✳✷✳ ❉✐s❝r❡t❡ ❇▲❯❊✳ ❈♦♥s✐❞❡r t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❙❡❝t✐♦♥ ✷✳✷✱ ✇✐t❤ t❤❡ s❛♠❡
♥♦t❛t✐♦♥✱ ❛♥❞ s✉♣♣♦s❡ t❤❛t t❤❡ n ❞❡s✐❣♥ ♣♦✐♥ts xi ✐♥Xn ❛r❡ ✜①❡❞✳ ❆♥② ❧✐♥❡❛r ❡st✐♠❛t♦r
♦❢ β0 ✐♥ ✭✷✳✶✮ ❤❛s t❤❡♥ t❤❡ ❢♦r♠ β̃n

0 = w⊤
n yn✱ ✇✐t❤ wn = (w1, . . . , wn)

⊤ ∈ R
n✳ ❚❤❡

✉♥❜✐❛s❡❞♥❡ss ❝♦♥str❛✐♥t ✐♠♣♦s❡s w⊤
n 1n = 1✳ ❚❤❡ ✈❛r✐❛♥❝❡ ♦❢ β̃n

0 ❡q✉❛❧s σ2w⊤
nKnwn✱

❛♥❞ t❤❡ ❇▲❯❊ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❡st✐♠❛t♦r β̂n
0 ❣✐✈❡♥ ❜② ✭✷✳✸✮ ✭✇❡ ❛ss✉♠❡ t❤❛t Kn

✐s ♥♦♥s✐♥❣✉❧❛r✮✳ ❚❤❡ ♠✐♥✐♠✉♠✲❡♥❡r❣② s✐❣♥❡❞ ♠❡❛s✉r❡ ✐♥ M (1) ✭❤❡r❡ ❞✐s❝r❡t❡✮ µ∗
K

✐s ❞❡✜♥❡❞ ❜② t❤❡ ✇❡✐❣❤ts w∗
n = K−1

n 1n/(1
⊤
nK

−1
n 1n) s❡t ♦♥ t❤❡ ♣♦✐♥ts ✐♥ Xn❀ ✐ts

❡♥❡r❣② ✐s EK(µ∗
K) = w∗

n
⊤Knw

∗
n = 1/(1⊤

nK
−1
n 1n) ❛♥❞ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❇▲❯❊

❡q✉❛❧s σ2EK(µ∗
K)✳ ◆♦t❡ t❤❛t s♦♠❡ ❝♦♠♣♦♥❡♥ts ♦❢ w∗

n ♠❛② ❜❡ ♥❡❣❛t✐✈❡ ❛♥❞ t❤❛t t❤❡
♣♦t❡♥t✐❛❧ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♠❡❛s✉r❡ µ∗

K/EK(µ∗
K) ♦♥ X = Xn ❣✐✈❡s t❤❡ ❝♦♥st❛♥t

❢✉♥❝t✐♦♥ 1X = 1n✱ s❡❡ ❚❤❡♦r❡♠ ✸✳✹✳ ❚❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ♣r♦❜❧❡♠ ❢♦r t❤❡ ❞✐s❝r❡t❡
❇▲❯❊ t❤✉s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ n✲♣♦✐♥t s❡t ♠❛①✐♠✐③✐♥❣ 1⊤

nK
−1
n 1n✳

❊①❛♠♣❧❡ ✸✳✽✳ ❈♦♥s✐❞❡r K(x, x′) = exp(−θ|x− x′|)✱ θ > 0✱ ❢♦r x, x′ ∈ X = [0, 1]✳ K

✶✻



✐s ■❙P❉ ❛♥❞ s❛t✐s✜❡s

1X =
K(·, 0) +K(·, 1)

2
+
θ

2

∫ 1

0

K(·, x)❞x ,

s♦ t❤❛t 1X ∈ PK ✱ s❡❡ ❬✷❪✳ ❚❤❡ ♠✐♥✐♠✉♠✲❡♥❡r❣② ♠❡❛s✉r❡ ✐♥ M (1) ✐s µ∗
K = (δ0+ δ1+

θµL)/(θ + 2)✱ ✇✐t❤ µL t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ X ✱ ❛♥❞ µ∗
K ∈ M+(1)✳ ❚❤❡ ❇▲❯❊

♦❢ β0 ✐♥ ✭✷✳✶✮ ✐s β̂∗
0 =

∫
X
f(x) ❞µ∗

K(x)✱ ✐ts ✈❛r✐❛♥❝❡ ❡q✉❛❧s σ2EK(µ∗
K) = 2σ2/(θ + 2)✱

s❡❡ ❬✻✽✱ ♣✳ ✺✻❪✳ ◆♦t❡ t❤❛t K ′ = K − 2/(θ + 2) ✐s st✐❧❧ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✱ ❜✉t 1X 6∈ HK′

s✐♥❝❡ c2K ′ − 1 ✐s ♥♦t ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❢♦r ❛♥② c 6= 0✱ s❡❡✱ ❡✳❣✳✱ ❬✾✱ ♣✳ ✸✵❪✱ ❬✼✸✱ ♣✳ ✷✵❪✳
❈♦♥s✐❞❡r ♥♦✇ t❤❡ sq✉❛r❡❞ ❡①♣♦♥❡♥t✐❛❧ ❦❡r♥❡❧ K(x, x′) = exp(−θ|x− x′|2)✱ θ > 0✳

❚❤❡ ❝♦♥st❛♥t 1X ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ HK ❬✾✶❪ ❛♥❞ t❤❡ ❇▲❯❊ ♦❢ β0 ✐♥ ✭✷✳✶✮ ✐s ♥♦t
❞❡✜♥❡❞ ❢♦r t❤❛t ❦❡r♥❡❧✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❞✐s❝r❡t❡ ❇▲❯❊ ✭✷✳✸✮ ✐s ✇❡❧❧✲❞❡✜♥❡❞

❢♦r ❛♥② s❡t ♦❢ n ❞✐st✐♥❝t ♣♦✐♥ts xi✱ β̂
n
0 = w∗

n
⊤yn = 1⊤

nK
−1
n yn/(1

⊤
nK

−1
n 1n)✳ ❙✉♣♣♦s❡

t❤❛t t❤❡ n ♣♦✐♥ts xi ❛r❡ ❡q✉❛❧❧② s♣❛❝❡❞ ✐♥ X = [0, 1]✳ ❚❤❡ ♣r♦❝❡ss Zx ✐♥ ✭✷✳✶✮ ❤❛s ♠❡❛♥
sq✉❛r❡ ❞❡r✐✈❛t✐✈❡s ♦❢ ❛❧❧ ♦r❞❡rs✱ ❛♥❞✱ r♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ❢♦r ❧❛r❣❡ n t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢
t❤❡ ❇▲❯❊ ♠✐♠✐❝s t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ f ❛♥❞ t❤❡ ✇❡✐❣❤ts w∗

i str♦♥❣❧②
♦s❝✐❧❧❛t❡ ❜❡t✇❡❡♥ ❧❛r❣❡ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s✳ ❋✐❣✉r❡ ✸✳✶✲▲❡❢t s❤♦✇s t❤❡ ♦♣t✐♠❛❧
✇❡✐❣❤ts (w∗

i /|w∗
i |)(log10(max{|w∗

i |, 1})✱ tr✉♥❝❛t❡❞ t♦ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ❧❛r❣❡r t❤❛♥ ✶ ❛♥❞
✐♥ ❧♦❣ s❝❛❧❡✱ ✇❤❡♥ xi = (i − 1)/(n − 1)✱ i = 1, . . . , n = 101✳ ■♥ ❋✐❣✉r❡ ✸✳✶✲❘✐❣❤t✱ t❤❡
❦❡r♥❡❧ ✐s K(x, x′) = (1+

√
5|x−x′|+5|x−x′|2/3) exp(−

√
5|x−x′|) ✭▼❛tér♥ ✺✴✷✮✱ s♦

t❤❛t Zx ✐s t✇✐❝❡ ♠❡❛♥✲sq✉❛r❡ ❞✐✛❡r❡♥t✐❛❜❧❡❀ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❇▲❯❊ ♠✐♠✐❝s t❤❡
❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♦r❞❡r ❞❡r✐✈❛t✐✈❡s ♦❢ f ❛t 0 ❛♥❞ 1✿ ❤❡r❡✱ 1X 6∈ PK

❛❧t❤♦✉❣❤ 1X ∈ HK ❀ s❡❡ ❬✸✵✱ ✹✻❪ ❛♥❞ ❬✷✸❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳ ⊳

❋✐❣✉r❡ ✸✳✶✿ ❇▲❯❊ ✇❡✐❣❤ts (w∗
i /|w∗

i |) log10(max{|w∗
i |, 1}) ❢♦r xi = (i − 1)/(n − 1)✱ i =

1, . . . , n = 101✳ ▲❡❢t✿ K(x, x′) = exp(−|x− x′|2)✱ ❘✐❣❤t✿ K(x, x′) = (1 +
√
5|x− x′|+ 5|x−

x′|2/3) exp(−
√
5|x− x′|) ✭▼❛tér♥ ✺✴✷✮✳

❆❧t❤♦✉❣❤ ❛ ♠✐♥✐♠✉♠✲❡♥❡r❣② s✐❣♥❡❞ ♠❡❛s✉r❡ ♠❛② ♥♦t ❡①✐st✱ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥
✇❡ s❤❛❧❧ s❡❡ ❤♦✇✱ ❢♦r ❛♥② ♠❡❛s✉r❡ µ ∈ M (1) ❛♥❞ ❛♥② ❈■❙P❉ ❦❡r♥❡❧ K✱ ✇❡ ❝❛♥ ♠♦❞✐❢②
K ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ♠✐♥✐♠✉♠✲❡♥❡r❣② s✐❣♥❡❞ ♠❡❛s✉r❡ ❢♦r t❤❡ ♠♦❞✐✜❡❞ ❦❡r♥❡❧
❡①✐sts ✭❛♥❞ ❝♦✐♥❝✐❞❡s ✇✐t❤ µ✮✳

✸✳✺✳ ❊q✉✐❧✐❜r✐✉♠ ♠❡❛s✉r❡ ❛♥❞ ❦❡r♥❡❧ r❡❞✉❝t✐♦♥✿ ▼▼❉ ✐s ❡q✉✐✈❛❧❡♥t t♦
❡♥❡r❣② ♠✐♥✐♠✐③❛t✐♦♥ ❢♦r ❛ r❡❞✉❝❡❞ ❦❡r♥❡❧✳ ▼✐♥✐♠✉♠✲❡♥❡r❣② s✐❣♥❡❞ ♠❡❛s✉r❡s✱
✇❤❡♥ t❤❡② ❡①✐st✱ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✳

✶✼



▲❡♠♠❛ ✸✳✸✳ ■❢ K ✐s ❈■❙P❉ ❛♥❞ ✐❢ ❛ ♠✐♥✐♠✉♠✲❡♥❡r❣② s✐❣♥❡❞ ♠❡❛s✉r❡ µ∗
K ❡①✐sts ✐♥

M (1)✱ ✇❡ ❤❛✈❡ EK(ξ) = EK [ξ − ξ(X )µ∗
K ] + [ξ(X )]2 EK(µ∗

K) , ∀ ξ ∈ MK ✳
Pr♦♦❢✳ ❋♦r ❛♥② ξ ∈ MK ✱ ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ ❣✐✈❡s

EK [ξ − ξ(X )µ∗
K ] = EK(ξ) + [ξ(X )]2 EK(µ∗

K)− 2ξ(X )

∫

X 2

K(x,x′) ❞µ∗
K(x)❞ξ(x′)

= EK(ξ)− [ξ(X )]2 EK(µ∗
K) ,

✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✶✹✮✳

❯♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✸✳✸✱ ❛♥② ξ ∈ M (1) s❛t✐s✜❡s

EK(ξ) = EK(ξ − µ∗
K) + EK(µ∗

K) ,

✇❤❡r❡ t❤❡ ✜rst t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❡q✉❛❧s t❤❡ sq✉❛r❡❞ ▼▼❉ γ2K(ξ, µ∗
K)✱ s❡❡

✭✸✳✾✮✱ ❛♥❞ t❤❡ s❡❝♦♥❞ t❡r♠ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ξ✳ ▼✐♥✐♠✐③✐♥❣ t❤❡ ❡♥❡r❣② EK(ξ) ✐s
t❤✉s ❡q✉✐✈❛❧❡♥t t♦ ♠✐♥✐♠✐③✐♥❣ t❤❡ ▼▼❉ γK(ξ, µ∗

K)✳ ❍♦✇❡✈❡r✱ ✭i✮ µ∗
K ♠❛② ♥♦t ❡①✐st✱

✭ii✮ ✐♥ ♠❛♥② s✐t✉❛t✐♦♥s ✇❡ ✇✐s❤ t♦ s❡❧❡❝t ❛ ♠❡❛s✉r❡ ξ ❤❛✈✐♥❣ s♠❛❧❧ ▼▼❉ γK(ξ, µ) ❢♦r
❛ ❣✐✈❡♥ ♠❡❛s✉r❡ µ ∈ MK ✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ✐♥ ♣❛rt✐❝✉❧❛r ✇❤❡♥ ♦♥❡ ❛✐♠s ❛t ❡✈❛❧✉❛t✐♥❣
t❤❡ ✐♥t❡❣r❛❧ ♦❢ ❛ ❢✉♥❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ s♦♠❡ µ ∈ M+(1) ✭❙❡❝t✐♦♥ ✷✳✷✮✱ ♦r ✇❤❡♥ ✇❡
✇❛♥t t♦ ❝♦♥str✉❝t ❛ s♣❛❝❡✲✜❧❧✐♥❣ ❞❡s✐❣♥ ✐♥ X ✱ µ ❜❡✐♥❣ t❤❡♥ ✉♥✐❢♦r♠✳

✸✳✺✳✶✳ ❑❡r♥❡❧ r❡❞✉❝t✐♦♥✳ ❚❛❦❡ ❛♥② µ ∈ MK s✉❝❤ t❤❛t µ(X ) 6= 0✳ ❲✐t❤♦✉t
❛♥② ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❛ss✉♠❡ µ ∈ M (1)✳ ❋♦❧❧♦✇✐♥❣ ❬✷✶❪✱ ✇❡ s❤♦✇ ❤♦✇ t♦ ♠♦❞✐❢②
t❤❡ ❦❡r♥❡❧ K ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ♠✐♥✐♠✐③✐♥❣ t❤❡ ❡♥❡r❣② EKµ

(ξ)✱ ξ ∈ M (1)✱ ❢♦r t❤❡
♥❡✇ ✭r❡❞✉❝❡❞✮ ❦❡r♥❡❧ Kµ ✐s ❡q✉✐✈❛❧❡♥t t♦ ♠✐♥✐♠✐③✐♥❣ γKµ

(ξ, µ)✳ ❉❡✜♥❡

Kµ(x,x
′) = K(x,x′)− Pµ(x)− Pµ(x

′) + EK(µ) , ✭✸✳✶✺✮

s❡❡ ❬✽✻❪✳ ❖♥❡ ❝❛♥ r❡❛❞✐❧② ❝❤❡❝❦ t❤❛t t❤❡ ❡♥❡r❣② ❢♦r t❤✐s ♥❡✇ r❡❞✉❝❡❞ ❦❡r♥❡❧ Kµ s❛t✐s✜❡s
EKµ

(βµ) = 0 ❢♦r ❛♥② r❡❛❧ β ❛♥❞ t❤❛t t❤❡ ♣♦t❡♥t✐❛❧ ❢♦r µ ❛ss♦❝✐❛t❡❞ ✇✐t❤ Kµ s❛t✐s✜❡s

P̃µ(x) =
∫

X
Kµ(x,x

′) ❞µ(x′) = 0 ❢♦r ❛❧❧ x✳
◆❡①t t❤❡♦r❡♠ ✐♥❞✐❝❛t❡s t❤❛t✱ ❢♦r ❛♥② ❣✐✈❡♥ µ ✐♥ M (1) ∩ MK ✱ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣

s✐❣♥❡❞ ♠❡❛s✉r❡s ξ ✇✐t❤ t♦t❛❧ ♠❛ss ♦♥❡✱ ♠✐♥✐♠✐③✐♥❣ t❤❡ ❡♥❡r❣② EKµ(ξ) ✐s ❡q✉✐✈❛❧❡♥t t♦
♠✐♥✐♠✐③✐♥❣ t❤❡ ▼▼❉ γK(ξ, µ)✱ ♣r♦✈✐❞❡❞ t❤❛t K ✐s ❈■❙P❉✳
❚❤❡♦r❡♠ ✸✳✺✳ ■❢ K ✐s ❈■❙P❉✱ t❤❡♥ ❢♦r ❛♥② µ ∈ M (1) ∩ MK ✱ ✇❡ ❤❛✈❡
✭i✮ t❤❡ r❡❞✉❝❡❞ ❦❡r♥❡❧ Kµ ❞❡✜♥❡❞ ❜② ✭✸✳✶✺✮ ✐s ❈■❙P❉❀
✭ii✮ µ ✐s t❤❡ ♠✐♥✐♠✉♠✲❡♥❡r❣② ♠❡❛s✉r❡ ✐♥ M (1) ❢♦r Kµ✱ ❛♥❞

∀ ξ ∈ MK , EKµ(ξ) = EK [ξ − ξ(X )µ] = EKµ [ξ − ξ(X )µ] .

Pr♦♦❢✳ ❋♦r ❛♥② ♥♦♥③❡r♦ ξ ∈ MK ✱ ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ ✉s✐♥❣ ✭✸✳✶✺✮ ❣✐✈❡s

EKµ
(ξ) = EK(ξ)− 2ξ(X )

∫

X 2

K(x,x′) ❞µ(x)❞ξ(x′) + [ξ(X )]2 EK(µ)

= EK [ξ − ξ(X )µ] . ✭✸✳✶✻✮

✭i✮ ❲❤❡♥ ξ(X ) = 0 ✇❡ ❣❡t EKµ(ξ) = EK(ξ)✱ ✇❤✐❝❤ ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ✇❤❡♥ ξ 6= 0✱
s❤♦✇✐♥❣ t❤❛tKµ ✐s ❈■❙P❉✳ ✭ii✮ ❙✐♥❝❡ [ξ−ξ(X )µ](X ) = 0 ❛♥❞K ✐s ❈■❙P❉✱ EKµ

(ξ)>0
❢♦r ξ 6= ξ(X )µ✱ s❤♦✇✐♥❣ t❤❛t µ ✐s t❤❡ ✭✉♥✐q✉❡✮ ♠✐♥✐♠✉♠✲❡♥❡r❣② s✐❣♥❡❞ ♠❡❛s✉r❡ ✐♥
M (1) ❢♦r Kµ✳ ❙✐♥❝❡ EKµ

(µ) = 0✱ ▲❡♠♠❛ ✸✳✸ ✇✐t❤ Kµ s✉❜st✐t✉t❡❞ ❢♦r K ✐♠♣❧✐❡s t❤❛t
EKµ(ξ) = EKµ [ξ − ξ(X )µ] ❢♦r ❛♥② ξ ∈ MK ✱ ✇❤✐❝❤✱ t♦❣❡t❤❡r ✇✐t❤ ✭✸✳✶✻✮✱ ❝♦♥❝❧✉❞❡s
t❤❡ ♣r♦♦❢✳

✶✽



✸✳✺✳✷✳ ❑❡r♥❡❧ r❡❞✉❝t✐♦♥✱ ❇▲❯❊ ❛♥❞ ❇❛②❡s✐❛♥ ✐♥t❡❣r❛t✐♦♥✳ ❈♦♥s✐❞❡r ❛❣❛✐♥
t❤❡ s✐t✉❛t✐♦♥ ♦❢ ❙❡❝t✐♦♥ ✸✳✹✱ ❛♥❞ ❞❡✜♥❡ P1 ❛s t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ L2(X , µ)
♦♥t♦ t❤❡ ❧✐♥❡❛r s♣❛❝❡ s♣❛♥♥❡❞ ❜② t❤❡ ❝♦♥st❛♥t 1❀ s❡❡ ❬✸✼❪✳ ❚❤❡ ♠♦❞❡❧ ✭✷✳✶✮ ❝❛♥ t❤❡♥
❜❡ ✇r✐tt❡♥ ❛s

f(x) = β0 + P1Zx + (IdL2 −P1)Zx = β′
0 + Z̃x , ✭✸✳✶✼✮

✇❤❡r❡ β′
0 = β0 + P1Zx ❛♥❞ Z̃x = (IdL2 −P1)Zx✱ ✇✐t❤ Z̃x ❤❛✈✐♥❣ ③❡r♦ ♠❡❛♥ ❛♥❞

❝♦✈❛r✐❛♥❝❡ E{Z̃xZ̃x′} = σ2Kµ(x,x
′)✳ ❚❤❡ ❡①t❡♥s✐♦♥ t♦ ❛ ♠♦❞❡❧ ✇✐t❤ ❛ ♠♦r❡ ❣❡♥❡r❛❧

❧✐♥❡❛r tr❡♥❞ ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇✳ ❲❡ ❤❛✈❡ s❡❡♥ ✐♥ ❙❡❝t✐♦♥ ✸✳✹ t❤❛t t❤❡ ✈❛r✐❛♥❝❡
♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ❇▲❯❊ ♦❢ β0 ❡q✉❛❧s σ2EK(µ∗

K) ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ♠✐♥✐♠✉♠✲❡♥❡r❣②
s✐❣♥❡❞ ♠❡❛s✉r❡ µ∗

K ❡①✐sts✳ ✭◆♦t❡ t❤❛t t❤❡ ♣r✐♦r ♦♥ β′
0 r❡♠❛✐♥s ♥♦♥✲✐♥❢♦r♠❛t✐✈❡ ✇❤❡♥

t❤❡ ♣r✐♦r ♦♥ β0 ✐s ♥♦♥✲✐♥❢♦r♠❛t✐✈❡✳✮ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ♦❜t❛✐♥ ♥♦✇ t❤❛t t❤❡
❝♦♥t✐♥✉♦✉s ❇▲❯❊ ♦❢ β′

0 ❛❧✇❛②s ❡①✐sts✿ ✐t ❝♦✐♥❝✐❞❡s ✇✐t❤ Iµ(f) ❛♥❞ ✐ts ✈❛r✐❛♥❝❡ ✐s
σ2EKµ(µ) = 0✳ ❚❤❡r❡❢♦r❡✱ ❛s ♠❡♥t✐♦♥❡❞ ✐♥ ✐♥tr♦❞✉❝t✐♦♥✱ ❇❛②❡s✐❛♥ ✐♥t❡❣r❛t✐♦♥ ❢♦r t❤❡
♠♦❞❡❧ ✭✷✳✶✮ ✇✐t❤ ❝♦rr❡❧❛t❡❞ ❡rr♦rs ✐s ❡q✉✐✈❛❧❡♥t t♦ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ✐♥ ❛ ❧♦❝❛t✐♦♥
♠♦❞❡❧ ✇✐t❤ ❞✐✛❡r❡♥t ❝♦rr❡❧❛t✐♦♥ str✉❝t✉r❡✳
❘❡♠❛r❦ ✸✳✸ ✭♦t❤❡r ❦❡r♥❡❧s ✇✐t❤ ③❡r♦ ♣♦t❡♥t✐❛❧✮✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✈✐❛ ❦❡r♥❡❧ r❡❞✉❝t✐♦♥✱
❜❛s❡❞ ♦♥ ❛ L2(X , µ) ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥✱ ❤❛s t❤❡ ♠❡r✐t ♦❢ s✐♠♣❧✐❝✐t② ❛♥❞ ♣❧❡❛s❛♥t
✐♥t❡r♣r❡t❛t✐♦♥ t❤r♦✉❣❤ t❤❡ ♠♦❞❡❧ ✭✸✳✶✼✮✱ ❜✉t ✐t ✐s ♥♦t t❤❡ ♦♥❧② ♦♥❡ t❤❛t ❝❛♥ ♣r♦✈✐❞❡
❛ ❦❡r♥❡❧ ✇✐t❤ ③❡r♦ ♣♦t❡♥t✐❛❧ Pµ ❡✈❡r②✇❤❡r❡✳ ❖rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ❢♦r t❤❡ ❘❑❍❙
s❝❛❧❛r ♣r♦❞✉❝t ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✷✾❪ ✐♥ ♦r❞❡r t♦ ❝♦♥str✉❝t t❤❡ ❘❑❍❙ ♦❢ ③❡r♦ ♠❡❛♥
❢✉♥❝t✐♦♥s❀ s❡❡ ❛❧s♦ ❬✷✺✱ ❙❡❝t✳ ✷✳✺❪ ❛♥❞ ❬✸✾❪ ❢♦r ❢✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥ts ♦♥ ❆◆❖❱❆ ❦❡r♥❡❧
❞❡❝♦♠♣♦s✐t✐♦♥✳ ❆♥♦t❤❡r ♣♦ss✐❜✐❧✐t② ✐s t♦ ❝♦♥s✐❞❡r t❤❡ ✐♠❛❣❡ ♦❢ ❛ ❦❡r♥❡❧ ✉♥❞❡r ❛ ❙t❡✐♥
♦♣❡r❛t♦r✱ ❛s r❡❝❡♥t❧② ❝♦♥s✐❞❡r❡❞ ✐♥ ❞❡t❛✐❧s ✐♥ ❬✶✽❪❀ s❡❡ ❛❧s♦ ❬✼✶❪✳ ⊳

✸✳✻✳ ❙❡♣❛r❛❜❧❡ ❦❡r♥❡❧s✳ ❋r♦♠ d ❦❡r♥❡❧s Ki r❡s♣❡❝t✐✈❡❧② ❞❡✜♥❡❞ ♦♥ Xi × Xi✱
i = 1, . . . , d✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ s❡♣❛r❛❜❧❡ ✭t❡♥s♦r✲♣r♦❞✉❝t✮ ❦❡r♥❡❧ ❛s

K⊗(x,x′) =
d∏

i=1

Ki(xi, x
′
i) , ✭✸✳✶✽✮

✇❤❡r❡ x = (x1, . . . , xd)
⊤ ❛♥❞ x′ = (x′1, . . . , x

′
d)

⊤ ❜❡❧♦♥❣ t♦ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ X =
X1 × · · · × Xd✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ✐s ♣❛rt✐❝✉❧❛r❧② ✉s❡❢✉❧ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ♣r♦❞✉❝t
♠❡❛s✉r❡s ♦♥ X ✱ s✐♥❝❡✱ ✐♥ s♦♠❡ s❡♥s❡✱ ✐t ❛❧❧♦✇s ✉s t♦ ❞❡❝♦♠♣♦s❡ ❛♥ ✐♥t❡❣r❛t✐♦♥ ♣r♦❜❧❡♠
✐♥ ❛ ❤✐❣❤ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ✐♥t♦ ✐ts ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦✉♥t❡r♣❛rts✳ ❙✉♣♣♦s❡ t❤❛t ❡❛❝❤
Ki ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❛♥❞ ❈■❙P❉ ♦♥ M (i) = M [Xi]❀ t❤❛t ✐s✱ Ki ✐s ■❙P❉ ♦♥
M (i)(0)✱ s❡❡ ❉❡✜♥✐t✐♦♥s ✸✳✶ ❛♥❞ ✸✳✷✳ ❖♥❡ ❝❛♥ s❤♦✇ t❤❛t t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ K⊗

❜❡✐♥❣ ■❙P❉ ♦♥ ⊗d
i=1M

(i)(0)✱ s❡❡ ❬✾✷✱ ❚❤✳ ✷❪✳ ■♥ t❤❡ s❛♠❡ ♣❛♣❡r✱ t❤❡ ❛✉t❤♦rs ♣r♦✈❡
✭❚❤❡♦r❡♠ ✹✮ t❤❛t ✐❢ ❡❛❝❤ Ki ✐s ♠♦r❡♦✈❡r ❝♦♥t✐♥✉♦✉s ❛♥❞ tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥t✱ t❤❡♥
K⊗ ✐s ■❙P❉ ♦♥ M (0)❀ t❤❛t ✐s✱ K⊗ ✐s ❈■❙P❉ ♦♥ M ✳ ❚❤❡✐r ♣r♦♦❢ r❡❧✐❡s ♦♥ t❤❡
❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❈■❙P❉ ❛♥❞ ❝❤❛r❛❝t❡r✐st✐❝ ♣r♦♣❡rt✐❡s ❢♦r ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞
❦❡r♥❡❧s✱ ❛♥❞ ♦♥ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ❝♦♥t✐♥✉♦✉s✱ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞
❛♥❞ tr❛♥s❧❛t✐♦♥✲✐♥✈❛r✐❛♥t ❦❡r♥❡❧s t❤r♦✉❣❤ ❛ ♣r♦♣❡rt② ♦❢ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ♠❡❛s✉r❡
Λ ❞❡✜♥❡❞ ✐♥ ✭✸✳✹✮❀ s❡❡ ❙❡❝t✐♦♥ ✸✳✶✳ ❆ ❢✉rt❤❡r ❛ttr❛❝t✐✈❡ ❢❡❛t✉r❡ ♦❢ s❡♣❛r❛❜❧❡ ❦❡r♥❡❧s
✐s t❤❛t K⊗(x,x′) ✐s ❧❛r❣❡ ✇❤❡♥ x ❛♥❞ x′ ❛r❡ ❝❧♦s❡ ✐♥ s♦♠❡ ❝♦♦r❞✐♥❛t❡✱ ✇❤✐❝❤ ✐s ❛
✉s❡❢✉❧ ❢❡❛t✉r❡ ❢♦r t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ ❞❡s✐❣♥s ❤❛✈✐♥❣ ❣♦♦❞ s♣❛❝❡✲✜❧❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ✐♥
♣r♦❥❡❝t✐♦♥s✱ s❡❡ ❙❡❝t✐♦♥ ✺✳✸❀ s❡❡ ❛❧s♦ ❘❡♠❛r❦ ✸✳✹✳

❆♥ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ♦❢ s❡♣❛r❛❜❧❡ ❦❡r♥❡❧s K⊗ ✐s t❤❛t ❦❡r♥❡❧ r❡❞✉❝t✐♦♥s K⊗
µ

❞❡✜♥❡❞ ❜② ✭✸✳✶✺✮ ❛r❡ ❡❛s✐❧② ♦❜t❛✐♥❡❞ ❡①♣❧✐❝✐t❧②✳ ■♥❞❡❡❞✱ ✇❤❡♥ µ = ⊗d
i=1µ

(i) ✐s ❛

✶✾



♣r♦❞✉❝t ♠❡❛s✉r❡ ♦♥ X ✱ t❤❡♥✱ ❢♦r ❛❧❧ x ∈ X ✱

EK⊗(µ) =

d∏

i=1

EKi
(µ(i)) , ✭✸✳✶✾✮

Pµ(x) =

d∏

i=1

∫

Xi

Ki(xi, x
′
i) ❞µ

(i)(x′i) =
d∏

i=1

Pµ(i)(xi) , ✭✸✳✷✵✮

✇❤✐❝❤ ❢❛❝✐❧✐t❛t❡s t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ EK⊗
µ
(ξ)✱ ✐♥ ♣❛rt✐❝✉❧❛r ✇❤❡♥ ξ ✐s ❛ ❞✐s❝r❡t❡ ♠❡❛✲

s✉r❡ ❛s ❝♦♥s✐❞❡r❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❚❛❜❧❡ ✸✳✶ ❣✐✈❡s t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ EK(µ) ❛♥❞ Pµ(x)
♦❜t❛✐♥❡❞ ❢♦r ❛ ❢❡✇ ❦❡r♥❡❧s✱ ✇✐t❤ µ ✉♥✐❢♦r♠ ♦♥ X = [0, 1]❀ t❤❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡
sq✉❛r❡❞ ❡①♣♦♥❡♥t✐❛❧ ❛♥❞ ▼❛tér♥ ❦❡r♥❡❧s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✸✾❪✳ ◆♦t❡ t❤❛t ✐♥ ❡❛❝❤
❝❛s❡ EKµ(ξ) > 0 ❢♦r ❛♥② ξ ∈ M (1)✱ ξ 6= µ✳ ❖t❤❡r ♠♦r❡ ❣❡♥❡r❛❧ r❡s✉❧ts ❛r❡ ♣r♦✲
✈✐❞❡❞ ✐♥ ❚❛❜❧❡ ✶ ♦❢ ❬✶✻❪✳ ❊①♣r❡ss✐♦♥s ♦❢ EK(µ) ❛♥❞ Pµ(x) ❢♦r t❤❡ tr✐❛♥❣✉❧❛r ❦❡r♥❡❧
Kθ(x, x

′) = max{1 − θ|x − x′|, 0}✱ θ > 0 ✭✇✐t❤ µ ✉♥✐❢♦r♠ ♦♥ [0, 1]✮ ❛r❡ ❣✐✈❡♥ ✐♥
❆♣♣❡♥❞✐① ❈✳
❘❡♠❛r❦ ✸✳✹ ✭Pr♦❥❡❝t✐♦♥s ✐♥ s✉❜s♣❛❝❡s ✇✐t❤ s♠❛❧❧❡r ❞✐♠❡♥s✐♦♥✮✳ ▲❡t ξ ❛♥❞ µ ❜❡ t✇♦
♠❡❛s✉r❡s ✐♥ M (1) ❛♥❞ ❝♦♥s✐❞❡r t❤❡✐r sq✉❛r❡❞ ❞✐s❝r❡♣❛♥❝② γ2

K̂⊗(ξ, µ) ❢♦r t❤❡ ❦❡r♥❡❧

K̂⊗(x,x′) =
∏d

i=1[1 +Ki(xi, x
′
i)]✳ ❉✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ ❣✐✈❡s

γ2
K̂⊗(ξ, µ) =

d∑

m=1

∑

1≤i1<···<im≤d

γ2Ki1···im
(ξ, µ) ,

✇❤❡r❡ γ2Ki1···im
(ξ, µ) =

∫
X 2

∏d
j=1Kij (xij , x

′
ij
)❞(ξ − µ)(x)❞(ξ − µ)(x′) ❝♦rr❡s♣♦♥❞s t♦

❛ sq✉❛r❡❞ ❞✐s❝r❡♣❛♥❝② ✐♥ t❤❡ m✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ X = Xi1 × · · · × Xim ✳ ❲❤❡♥ µ
✐s ✉♥✐❢♦r♠ ♦♥ X = [0, 1]d✱ ❜② ❝❤♦♦s✐♥❣ ❛ ❞✐s❝r❡t❡ ♠❡❛s✉r❡ ξn ✇✐t❤ s♠❛❧❧ γ2

K̂⊗(ξn, µ)

✭s❡❡ ❙❡❝t✐♦♥ ✹✮ ✇❡ ♠❛② t❤✉s ❝♦♥str✉❝t ❛ ❞❡s✐❣♥ ❤❛✈✐♥❣ s✉✐t❛❜❧❡ s♣❛❝❡✲✜❧❧✐♥❣ ♣r♦♣❡rt✐❡s
✐♥ ❛❧❧ s✉❜✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡s✳ ❖♥❡ ♠❛② r❡❢❡r t♦ ❬✹✼❪ ❢♦r ❢✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥ts ❛♥❞
♣r❡❝✐s✐♦♥s✱ ✐♥❝❧✉❞✐♥❣ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ q✉❛❞r❛t✉r❡ ❡rr♦r ❜♦✉♥❞s ❛♥❞ t❤❡
✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❞✐✛❡r❡♥t ✇❡✐❣❤ts ❛❝r♦ss ❞✐♠❡♥s✐♦♥s✳ ⊳

❚❛❜❧❡ ✸✳✶✿ ❊♥❡r❣② EK(µ) ❛♥❞ ♣♦t❡♥t✐❛❧ Pµ(x) ❢♦r ❞✐✛❡r❡♥t ❦❡r♥❡❧s K ✇✐t❤ µ ✉♥✐❢♦r♠ ♦♥
X = [0, 1]❀ Pµ(x) = Sµ(x) + Sµ(1− x) + Tµ(x)❀ Sµ(·) ✐s ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ (0, 1]✱
Tµ = 0 ✇❤❡♥ K ✐s tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥t✳ F ✐s t❤❡ ❝✳❞✳❢✳ ♦❢ t❤❡ st❛♥❞❛r❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✳

K(x, x′) EK(µ) Sµ(x) ❬❛♥❞ Tµ(x)❪

e−θ(x−x′)2 {e−θ−1+
√
πθ[2F(

√
2θ)−1]}/θ √

π[F(
√
2θx) − 1/2]/

√
θ

e−θ|x−x′| 2(θ + e−θ − 1)/θ2 x(1 − e−θ|x|)/(θ|x|)
K3/2,θ/

√
3(x, x

′) ✐♥ ✭✸✳✺✮ 2[θ(2 + e−θ) + 3(e−θ − 1)]/θ2 x[2 − (2 + θ|x|)e−θ|x|]/(θ|x|)
[(x − x′)2 + ǫ]−1 ✭ǫ ≥ 0✮ (2/

√
ǫ) arctan(1/

√
ǫ) − log(1 + 1/ǫ) (1/

√
ǫ) arctan(x/

√
ǫ)

(|x − x′| + ǫ)−1 ✭ǫ > 0✮ 2 [(1 + ǫ) log(1 + 1/ǫ) − 1] sign(x) log(1 + |x|/ǫ)
(|x − x′| + ǫ)−1/2 ✭ǫ > 0✮ 4ǫ3/2 [2(1 + 1/ǫ)3/2 − 2 − 3/ǫ]/3 2

√
ǫ sign(x)(

√
1 + |x|/ǫ − 1)

1 − θ |x − x′| ✭0 < θ ≤ 1✮ 1 − θ/3 1/2 − θx|x|/2
|x − x′|−s ✭0 < s < 1✮ 2/(s2 − 3s + 2) x/[(1 − s)|x|s]
− log |x − x′| ✸✴✷ 1/2 − x log |x|
|x| + |x′| − |x − x′| 2/3 1/4 − x|x|/2 ❬Tµ(x) = |x|❪√

|x| +
√

|x′| −
√

|x − x′| 4/5 1/3 − 2x
√

|x|/3 ❬Tµ(x) =
√

|x|❪

✹✳ ❊①♣❡r✐♠❡♥t❛❧ ❞❡s✐❣♥✳ ❋r♦♠ ❙❡❝t✐♦♥ ✸✳✸✳✶✱ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛♥ ♦♣t✐♠❛❧
♠❡❛s✉r❡ ξ∗ ♠✐♥✐♠✐③✐♥❣ EK(ξ−µ) ❢♦r♠s ❛ ♣❛rt✐❝✉❧❛r ❝♦♥✈❡① ♣r♦❜❧❡♠ ✭q✉❛❞r❛t✐❝✮✱ ❛♥❞

✷✵



t❤❡r❡❢♦r❡ ♣r❡s❡♥ts s♦♠❡ s✐♠✐❧❛r✐t✐❡s ✇✐t❤ ♦♣t✐♠❛❧ ❡①♣❡r✐♠❡♥t❛❧ ❞❡s✐❣♥ ✐♥ ❛ ♣❛r❛♠❡t✲
r✐❝ ❢r❛♠❡✇♦r❦❀ s❡❡ ❬✺✹✱ ✸✷❪ ❢♦r ❡❛r❧② ❝♦♥tr✐❜✉t✐♦♥s✳ ❚❤❡r❡ ✐s ❛ ♥♦t✐❝❡❛❜❧❡ ❞✐✛❡r❡♥❝❡
❤♦✇❡✈❡r✿ ♦♣t✐♠❛❧ ❡①♣❡r✐♠❡♥t❛❧ ❞❡s✐❣♥ ❛✐♠s ❛t ❞❡t❡r♠✐♥✐♥❣ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡
✭❝❛❧❧❡❞ ❞❡s✐❣♥ ♠❡❛s✉r❡✮ ξ∗ t❤❛t ♠✐♥✐♠✐③❡s ❛ ❝♦♥✈❡① ❢✉♥❝t✐♦♥❛❧ φ(ξ)✱ ✉s✉❛❧❧② ❛ ❢✉♥❝t✐♦♥
Φ[M(ξ)] ♦❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐① M(ξ) ✐♥ ❛ ♣❛r❛♠❡tr✐❝ ♠♦❞❡❧✳ ❍❡r❡✱ t❤❡ ♦♣t✐♠❛❧
♠❡❛s✉r❡ ✐s ❦♥♦✇♥ ✭ξ∗ = µ✮✱ ❛♥❞ ✇❡ ✇✐s❤ t♦ ❝♦♥str✉❝t ❛ ❞✐s❝r❡t❡ ♠❡❛s✉r❡✱ ✇✐t❤ ❛
❧✐♠✐t❡❞ ♥✉♠❜❡r n ♦❢ s✉♣♣♦rt ♣♦✐♥ts✱ ✇❤✐❝❤ ✐s ❝❧♦s❡ t♦ µ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❤❛✈✐♥❣ s♠❛❧❧
♠❛①✐♠✉♠ ♠❡❛♥ ❞✐s❝r❡♣❛♥❝②

√
EK(ξ − µ)✳

❈♦♥s✐❞❡r ❛♥ n✲♣♦✐♥t ❞❡s✐❣♥ Xn = {x1, . . . ,xn}✱ ✇✐t❤ xi ∈ X ❢♦r ❛❧❧ i✳ ❋♦r
ξn ❛ ✜♥✐t❡ s✐❣♥❡❞ ♠❡❛s✉r❡ s✉♣♣♦rt❡❞ ♦♥ Xn✱ ξn =

∑n
i=1 wi δxi

✱ ✇❡ ❞❡♥♦t❡ wn =
(w1, . . . , wn)

⊤✳ ❆s ✐♥ ❙❡❝t✐♦♥ ✷✳✷✱ ✇❡ ❛ss✉♠❡ t❤❛t µ ∈ M+(1)✱ ✇✐t❤ s♣❡❝✐❛❧ ❛tt❡♥t✐♦♥
t♦ s♣❛❝❡✲✜❧❧✐♥❣ ❞❡s✐❣♥ ❢♦r ✇❤✐❝❤ µ ✐s ✉♥✐❢♦r♠ ♦♥ ❛ ❝♦♠♣❛❝t s✉❜s❡t X ♦❢ Rd✳ ❲❡
❛ss✉♠❡ t❤❛t K ✐s ❛ ❜♦✉♥❞❡❞ ■❙P❉ ❦❡r♥❡❧ ✭❛♥❞ ✐s t❤✉s ❙P❉✮ ❛♥❞ t❤❛t µ ❤❛s ✜♥✐t❡
❡♥❡r❣② EK(µ)✱ s❡❡ ✭✷✳✽✮✳ ❋♦r s♣❛❝❡✲✜❧❧✐♥❣ ❞❡s✐❣♥✱ ✇❡ ♠❛② r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦
tr❛♥s❧❛t✐♦♥✲✐♥✈❛r✐❛♥t ❦❡r♥❡❧s✳ ❉✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ ❣✐✈❡s

γ2K(ξn, µ) = EK(ξn − µ) = w⊤
nKnwn − 2w⊤

n pn(µ) + EK(µ) ,

=
∑

i,j

wiwj K(xi,xj)− 2

n∑

i=1

wi Pµ(xi) + EK(µ) , ✭✹✳✶✮

✇❤❡r❡ {Kn}i,j = K(xi,xj)✱ i, j = 1, . . . , n✱ ❛♥❞ pn(µ) ✐s ❣✐✈❡♥ ❜② ✭✷✳✺✮✳ ◆♦t❡ t❤❛t
EK(µ) ❛♥❞ t❤❡ Pµ(xi) ❤❛✈❡ s✐♠♣❧❡ ❡①♣r❡ss✐♦♥s ✇❤❡♥ K ✐s ❛ s❡♣❛r❛❜❧❡ ❦❡r♥❡❧ ❛♥❞
µ = ⊗d

i=1µ
(i) ✐s ❛ ♣r♦❞✉❝t ♠❡❛s✉r❡ ♦♥ X = X1 × · · · × Xd✱ s❡❡ ✭✸✳✶✾✱ ✸✳✷✵✮✳ ▼♦♥t❡✲

❈❛r❧♦ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❜❛s❡❞ ♦♥ ❛ ❧❛r❣❡ ✐✳✐✳❞✳ s❛♠♣❧❡ ❢r♦♠ µ✱ ♦r ❛ ❧♦✇✲❞✐s❝r❡♣❛♥❝②
s❡q✉❡♥❝❡✱ ❝❛♥ ❛❧✇❛②s ❜❡ ✉s❡❞ ✐♥st❡❛❞✳

✹✳✶✳ ❉✐s❝r❡♣❛♥❝✐❡s ❛♥❞ ❝♦✈❡r✐♥❣ r❛❞✐✉s✳ ❙✐♥❝❡ ♦✉r ✐♥✐t✐❛❧ ♠♦t✐✈❛t✐♦♥ ✐s t♦
❝♦♥str✉❝t ❞❡s✐❣♥s ❤❛✈✐♥❣ ❣♦♦❞ s♣❛❝❡✲✜❧❧✐♥❣ ♣r♦♣❡rt✐❡s✱ ✐♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❣✐✈❡ s♦♠❡
❛r❣✉♠❡♥ts s✉♣♣♦rt✐♥❣ t❤❡ ✐♥t✉✐t✐♦♥ t❤❛t ❞❡s✐❣♥s ✇✐t❤ s♠❛❧❧ ▼▼❉ ❤❛✈❡ s♠❛❧❧ ❝♦✈❡r✐♥❣
r❛❞✐✉s✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ X ✐s t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ❤②♣❡r❝✉❜❡ [0, 1]d✳

✹✳✶✳✶✳ ❙t❛r✲❞✐s❝r❡♣❛♥❝②✳ ▲♦✇ ❞✐s❝r❡♣❛♥❝② s❡q✉❡♥❝❡s ❛♥❞ ♣♦✐♥t s❡ts ❤❛✈❡ ❧♦✇
❞✐s♣❡rs✐♦♥✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t✱ ✇❤❡♥ Xn ✐s ❛♥ n✲♣♦✐♥t ❞❡s✐❣♥ ✐♥ X ✱

1√
d
CR(Xn) ≤ CR∞(Xn) = max

x∈X
min

1≤i≤n
‖x− xi‖∞ ≤ D1/d(Xn) ≤ 2D

1/d
∗ (Xn) ,

✇✐t❤ D(Xn) ❛♥❞ D∗(Xn) r❡s♣❡❝t✐✈❡❧② t❤❡ ❡①tr❡♠❡ ❛♥❞ st❛r ❞✐s❝r❡♣❛♥❝✐❡s ♦❢ Xn❀ s❡❡✱
❡✳❣✳✱ ❬✻✾✱ ♣✳ ✶✺ ❛♥❞ ✶✺✷❪✳ ❍❡♥❝❡✱ ❧♦✇ ❞✐s❝r❡♣❛♥❝② s❡q✉❡♥❝❡s ♦r ♣♦✐♥t s❡ts ❛❧s♦ ❤❛✈❡ ❧♦✇
❞✐s♣❡rs✐♦♥ ✭s♠❛❧❧ ❝♦✈❡r✐♥❣ r❛❞✐✐✮ ✖ t❤❡ r❡✈❡rs❡ ❜❡✐♥❣ ✇r♦♥❣✱ ❛s t❤❡ ❡①❛♠♣❧❡ ♦❢ ❘✉③s❛
s❡q✉❡♥❝❡ s❤♦✇s ❬✻✾✱ ♣✳ ✶✺✹❪✳

❚❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ st❛r ❞✐s❝r❡♣❛♥❝② ❛♥❞ ❝♦✈❡r✐♥❣ r❛❞✐✉s ✐s ❡✈❡♥ str♦♥❣❡r
✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❞❡s✐❣♥ ♠❡❛s✉r❡s ❛♥❞ ✇❡✐❣❤t❡❞ ❞✐s❝r❡♣❛♥❝✐❡s✳ ❈♦♥s✐❞❡r t❤❡ ❝❛s❡
d = 1✱ ❛♥❞ ❧❡t ξn ❜❡ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ s✉♣♣♦rt❡❞ ♦♥ Xn ✇✐t❤ ✇❡✐❣❤t wi ♦♥
xi✳ ❆ss✉♠❡✱ ✇✐t❤♦✉t ❛♥② ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ t❤❛t 0 ≤ x1 < x2 < · · · < xn ≤ 1✳ ❚❤❡

✇❡✐❣❤t❡❞ st❛r ❞✐s❝r❡♣❛♥❝② ♦❢ ξn ✐s ❞❡✜♥❡❞ ❛s D∗(ξn) = sup0≤t<1

∣∣∣
∑

i: xi≤t wi − t
∣∣∣✳ ❚❤❡

❝♦✈❡r✐♥❣ r❛❞✐✉s ♦❢ Xn ✐s CR(Xn) = max {x1, (x2 − x1)/2, . . . , (xn − xn−1)/2, 1− xn}✳
❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ ❞❡s✐❣♥s ✇✐t❤ x1 = 0 ❛♥❞ xn = 1✳ ❲❡ t❤❡♥
❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳
❚❤❡♦r❡♠ ✹✳✶✳ ❋♦r ❛♥② ❞❡s✐❣♥ ξn s✉❝❤ t❤❛t 0 = x1 < x2 < · · · < xn−1 < xn = 1✱

✷✶



✭i✮ CR(Xn) = D∗(ξ∗n)✱ ✇❤❡r❡ ξ
∗
n ❤❛s t❤❡ ✇❡✐❣❤ts w∗

1 = x2/2✱ w
∗
n = (1 − xn−1)/2

❛♥❞ w∗
i = (xi+1 − xi−1)/2 ❢♦r i = 2, . . . , n− 1❀

✭ii✮ D∗(ξn) > CR(Xn) ❢♦r ❛♥② ♦t❤❡r ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ξn s✉♣♣♦rt❡❞ ♦♥ Xn✳
Pr♦♦❢✳ ❖♥❡ ❝❛♥ ❝❤❡❝❦ t❤❛t✱ ❢♦r ❛♥② ❞❡s✐❣♥ ξn s✉♣♣♦rt❡❞ ♦♥ Xn✱

D∗(ξn) = max
1≤i≤n

{
wi

2
+

∣∣∣∣xi −
Wi +Wi−1

2

∣∣∣∣
}

✭✹✳✷✮

✇❤❡r❡ W0 = 0 ❛♥❞ Wi = w1 + · · · + wi ❢♦r i = 1, . . . , n✳ ❚❤✐s ❡①♣r❡ss✐♦♥ ✐s ❛ ❣❡♥✲
❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❛t ✐♥ ❬✻✾✱ ❚❤❡♦r❡♠ ✷✳✻❪ ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ st❛r ❞✐s❝r❡♣❛♥❝②✳ ■t ✐s t❤❡♥
str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t D∗(ξ∗n) = CR(Xn)✳ ▼♦r❡♦✈❡r✱ ✐❢ ✇❡ t❛❦❡ ξn = ξ∗n✱ t❤❡♥
❛❧❧ t❤❡ t❡r♠s ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✷✮ ❛r❡ ❡q✉❛❧ t♦ CR(Xn)✿

w∗
i

2
+

∣∣∣∣xi −
W ∗

i +W ∗
i−1

2

∣∣∣∣ = CR(Xn), i = 1, . . . , n .

❚❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ❛♥② ♦t❤❡r s❡t ♦❢ ✇❡✐❣❤ts w1, . . . , wn ✇❡ ❤❛✈❡ D∗(ξn) > CR(Xn)✳

✹✳✶✳✷✳ ▼▼❉✳ ❲❡ ❤❛✈❡ CR(Xn) > n−1/d/Vd ❛♥❞ CR∞(Xn) ≥ n−1/d/2✱ ✇✐t❤
Vd t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ✉♥✐t ❜❛❧❧ Bd(0, 1)✱ s✐♥❝❡ t❤❡ n ❜❛❧❧s ✭r❡s♣❡❝t✐✈❡❧②✱ ❤②♣❡r❝✉❜❡s✮
❝❡♥tr❡❞ ❛t t❤❡ xi✱ ✇✐t❤ ❝♦♠♠♦♥ r❛❞✐✉s CR(Xn) ✭r❡s♣❡❝t✐✈❡❧②✱ ❡❞❣❡ ❧❡♥❣t❤ CR∞(Xn)✮
♠✉st ❝♦✈❡r X ✳ ❚❤❡ ♠♦r❡ ♣r❡❝✐s❡ ❜♦✉♥❞ CR∞(Xn) ≥ 1/(2⌊n1/d⌋) ❛❧s♦ ❤♦❧❞s tr✉❡ ❬✻✾✱
❚❤✳ ✻✳✽❪✳ ❚❤❡ ❝♦✈❡r✐♥❣ r❛❞✐✐ ♦❢ ♦♣t✐♠❛❧ ❞❡s✐❣♥s ♦❢ s✐③❡ n ❞❡❝r❡❛s❡ ❛t t❤❡ s❛♠❡ r❛t❡✱ ✇✐t❤

lim supn→∞ n1/d minXn
CR(Xn) ≤ 2/V

1/d
d ✱ ✇❤❡r❡ Vd = πd/2/Γ(d/2+1)❀ s❡❡✱ ❡✳❣✳✱ ❬✼✹✱

❙❡❝t✐♦♥ ✷✳✷❪✳ ❚❤❡ ✉♣♣❡r ❜♦✉♥❞ ✐s s❧✐❣❤t❧② ✇♦rs❡ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ s❡q✉❡♥t✐❛❧ ❞❡s✐❣♥s❀
t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❡①t❡♥s✐❜❧❡ ♣♦✐♥t s❡q✉❡♥❝❡ s✉❝❤ t❤❛t limn→∞ n1/d CR∞(Xn) =
1/ log(4) ✐s ♣r♦✈❡❞ ✐♥ ❬✻✾✱ ❚❤✳ ✻✳✾❪✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ✐♥❞✐❝❛t❡s t❤❛t ❢♦r s✉✐t❛❜❧❡
❦❡r♥❡❧s t❤❡ ▼▼❉ ❞✐s❝r❡♣❛♥❝② γK(ξn, µ) ❣✐✈❡♥ ❜② ✭✸✳✷✮ ❛❧s♦ ②✐❡❧❞s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥
CR∞(Xn)✳
❚❤❡♦r❡♠ ✹✳✷✳ ▲❡t K ❜❡ ❛ ❜♦✉♥❞❡❞ ■❙P❉ s❡♣❛r❛❜❧❡ ❦❡r♥❡❧ ♦♥ X = [0, 1]d s✉❝❤ t❤❛t
❡❛❝❤ Ki ✐♥ ✭✸✳✶✽✮ ✐s tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥t✱ ✇✐t❤ Ki(x, x

′) = ψ(|x− x′|) ❛♥❞ ψ(0) = 1❀

❞❡♥♦t❡ P0,µ =
∫ 1

0
ψ(r) ❞r✳ ▲❡t Xn ❜❡ ❛♥ n✲♣♦✐♥t ❞❡s✐❣♥ ✐♥ X ❛♥❞ ξn ❞❡♥♦t❡ ❛♥②

♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ s✉♣♣♦rt❡❞ ♦♥ Xn✱ ✇✐t❤ γK(ξn, µ) ✐ts ▼▼❉✱ µ ❜❡✐♥❣ t❤❡ ✉♥✐❢♦r♠
♠❡❛s✉r❡ ♦♥ X ✳

✭i✮ ■❢ ψ ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❛♥❞ str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ♦♥ R
+✱ t❤❡♥✱

CR∞(Xn) ≤ ψ−1
[
P d
0,µ − γK(ξn, µ)

]
. ✭✹✳✸✮

✭ii✮ ■❢ ψ = ψθ ❤❛s ❜♦✉♥❞❡❞ s✉♣♣♦rt [−1/θ, 1/θ]✱ t❤❡♥✱

CR∞(Xn) < 1/θ ✭✹✳✹✮

✇❤❡♥ γK(ξn, µ) < P d
0,µ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r t❤❡ tr✐❛♥❣✉❧❛r ❦❡r♥❡❧ ❞❡✜♥❡❞ ❜② ψθ(r) =

max{1− θr, 0}✱ r ≥ 0✱ ✇✐t❤ θ > 1✱ CR∞(Xn) < 1/θ ✇❤❡♥ γK(ξn, µ) < 1/(2θ)d✳
Pr♦♦❢✳ ❉❡♥♦t❡ rn = CR∞(Xn) ❛♥❞ ❧❡t x0 ❜❡ ❛ ♣♦✐♥t ✐♥ X s✉❝❤ t❤❛t ‖x0−xi‖∞ ≥ rn
❢♦r ❛❧❧ xi ∈ Xn✳ ❲❡ t❛❦❡ f = Kx0

✐♥ ✭✸✳✷✮✱ s♦ t❤❛t Iµ(Kx0
) = Pµ(x0)✱ Iξn(Kx0

) =
Pξn(x0)✱ ‖f‖HK

= K1/2(x0,x0) = 1✱ ❛♥❞ ✭✸✳✷✮ ✐♠♣❧✐❡s Pµ(x0)−Pξn(x0) ≤ γK(ξn, µ)✳

✭i✮ ❲❡ ❤❛✈❡ Pξn(x0) =
∑n

i=1 wi

∏d
j=1 ψ(|x0j − xij |) ≤ (

∑n
i=1 wi)ψ(rn) = ψ(rn)✱

✇❤❡r❡ wi = ξn(xi) ❢♦r ❛❧❧ i✳ ❚❤❡r❡❢♦r❡✱

min
x∈X

Pµ(x) = Pµ(0) = P d
0,µ ≤ Pµ(x0) ≤ Pξn(x0) + γK(ξn, µ) ≤ ψ(rn) + γK(ξn, µ) ,

✷✷



✇❤✐❝❤ ❣✐✈❡s ✭✹✳✸✮✳
✭ii✮ ❙✉♣♣♦s❡ t❤❛t rn ≥ 1/θ✳ ❚❤❡♥✱ Pξn(x0) = 0 ❛♥❞ ✭✸✳✷✮ ✐♠♣❧✐❡s P d

0,µ ≤ Pµ(x0) ≤
γK(ξn, µ)✳ ❲❡ ♦❜t❛✐♥ ✭✹✳✹✮ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤❡ tr✐❛♥❣✉❧❛r ❦❡r♥❡❧ ✇✐t❤ θ > 1 s❛t✐s✜❡s
P0,µ = 1/(2θ)✳

❲❤❡♥ K ✐♠♣❧✐❝✐t❧② ❞❡✜♥❡s ❛ ♥♦r♠ ♦♥ X ✱ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❛♣♣r♦❛❝❤ ❛s ✐♥
t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✷ ✇❡ ❞✐r❡❝t❧② ❣❡t ❛ ❜♦✉♥❞ ♦♥ t❤❡ ❝♦✈❡r✐♥❣ r❛❞✐✉s ❢♦r t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ♥♦r♠✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ K ✐s t❤❡ ♣r♦❞✉❝t ♦❢ ❡①♣♦♥❡♥t✐❛❧ ❦❡r♥❡❧s
✇✐t❤ ψ(r) = exp(−θr)✱ θ > 0✱ ✇❡ ♦❜t❛✐♥ ❢♦r ✭i✮

max
x∈X

min
1≤i≤n

‖x− xi‖1 ≤ −1

θ
log

[(
1− e−θ

θ

)d

− γK(ξn, µ)

]
,

❛♥❞ ✇❤❡♥ K ✐s t❤❡ sq✉❛r❡❞ ❡①♣♦♥❡♥t✐❛❧ ❦❡r♥❡❧ Kθ(x,x
′) = exp(−θ‖x− x′‖2)✱ θ > 0✱

✇❡ ♦❜t❛✐♥

CR(Xn) ≤ r[θ](Xn) =

(
−1

θ
log

{
πd/2

θd/2
[F(

√
2θ)− 1/2]d − γK(ξn, µ)

})1/2

, ✭✹✳✺✮

✇✐t❤ F t❤❡ ❝✳❞✳❢✳ ♦❢ t❤❡ st❛♥❞❛r❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✳
❙✐♠✐❧❛r❧②✱ ❢♦r ✭ii✮✱ ✇❡ ♠❛② ✉s❡ t❤❡ s♣❤❡r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠♦❞❡❧ ✐♥ ❞✐♠❡♥s✐♦♥ d

✐♥st❡❛❞ ♦❢ t❤❡ ♣r♦❞✉❝t ♦❢ d tr✐❛♥❣✉❧❛r ❦❡r♥❡❧s✿ K(x,x′) ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✈♦❧✉♠❡
♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t✇♦ ❜❛❧❧s ❝❡♥t❡r❡❞ ❛t x ❛♥❞ x′ ✇✐t❤ r❛❞✐✉s ρ/2 ❛♥❞ ✐s t❤❡r❡❢♦r❡
③❡r♦ ✇❤❡♥ ‖x− x′‖ ≥ ρ❀ s❡❡✱ ❡✳❣✳✱ ❬✾✺✱ ❈❤❛♣✳ ✽❪✳

❊①❛♠♣❧❡ ✹✳✶✳ ❈♦♥s✐❞❡r t❤❡ ❝❛s❡ d = 2 ✇✐t❤ K = Kθ✱ t❤❡ sq✉❛r❡❞ ❡①♣♦♥❡♥t✐❛❧
❦❡r♥❡❧✳ ❲❡ s✉♣♣♦s❡ t❤❛t Xn ❤❛s ▼▼❉ ❞✐s❝r❡♣❛♥❝② ❞❡❝r❡❛s✐♥❣ ❛s

√
8/n ✭✇❤✐❝❤ ✐s t❤❡

❝❛s❡ ✇❤❡♥ Xn ✐s ❝♦♥str✉❝t❡❞ ❜② ❦❡r♥❡❧ ❤❡r❞✐♥❣❀ s❡❡ ❆♣♣❡♥❞✐① ❆✮✳ ❚❤❡ ❧❡❢t ♣❛♥❡❧ ♦❢
❋✐❣✉r❡ ✹✳✶ ♣r❡s❡♥ts t❤❡ ✉♣♣❡r ❜♦✉♥❞ r[θ](Xn) ❣✐✈❡♥ ❜② ✭✹✳✺✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ θ✱ ❢♦r t❤r❡❡
❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ n✳ ❚❤❡ r❡❞ s♦❧✐❞ ❧✐♥❡ ✭❜♦tt♦♠✮ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ ✇❤❡♥
n t❡♥❞s t♦ ✐♥✜♥✐t② ✭t❤❛t ✐s✱ ✇❤❡♥ γK(ξn, µ) ✐s s❡t t♦ ③❡r♦ ✐♥ ✭✹✳✺✮✮✳ ❋♦r ❡❛❝❤ ✜♥✐t❡ n✱ t❤❡
✉♣♣❡r ❜♦✉♥❞ ✐s ✐♥✜♥✐t❡ ✐❢ θ ✐s ❧❛r❣❡r t❤❛♥ t❤❡ ✈❛❧✉❡ θmax(n) s✉❝❤ t❤❛t P d

0,µ =
√
8/n✱

s❡❡ t❤❡ r✐❣❤t ♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ✹✳✶✳ ❋✐❣✉r❡ ✹✳✷✲❧❡❢t s❤♦✇s r∗(Xn) = minθ r[θ](Xn) ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ n❀ t❤❡ ♠✐♥✐♠✉♠ ✐s ♦❜t❛✐♥❡❞ ❛t θ∗(Xn) s❤♦✇♥ ♦♥ t❤❡ r✐❣❤t ♣❛♥❡❧✳

❚❤❡ ❜♦✉♥❞ r[θ](Xn) ✭♦r ♠♦r❡ ❣❡♥❡r❛❧❧② t❤❡ ❜♦✉♥❞ ♦♥ CR∞(Xn)✮ ✐s ✈❡r② ♣❡s✲
s✐♠✐st✐❝✱ ❜✉t ❋✐❣✉r❡ ✹✳✶ ♥❡✈❡rt❤❡❧❡ss s✉❣❣❡sts t❤❛t θ s❤♦✉❧❞ ✐♥❝r❡❛s❡ ❛t s✉✐t❛❜❧❡ r❛t❡
❛s n ✐♥❝r❡❛s❡s✱ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ ❝♦♠♠♦♥ ✐♥t✉✐t✐♦♥✳ ❯s✐♥❣ ❛ ❝♦✈❛r✐❛♥❝❡ ❦❡r♥❡❧ ✇✐t❤
❝♦rr❡❧❛t✐♦♥ ❧❡♥❣t❤ L = O(n−1/d) s❡❡♠s r❡❛s♦♥❛❜❧❡❀ s❡❡ t❤❡ ❡①❛♠♣❧❡s ♦❢ ❙❡❝t✐♦♥ ✺✳ ⊳

❘❡♠❛r❦ ✹✳✶ ✭✐♠♣r♦✈❡❞ ❜♦✉♥❞ ♦♥ CR∞(Xn)✮✳ ■♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✷ ✇❡ ❝♦♥✲
s✐❞❡r t❤❛t ❛❧❧ ♣♦✐♥ts xi ∈ Xn ❝❛♥ ❜❡ ❛t ℓ∞ ❞✐st❛♥❝❡ rn ❢r♦♠ x0✱ ✇❤❡r❡❛s s♦♠❡
❞❡s✐❣♥ ♣♦✐♥ts ❛r❡ ♥❡❝❡ss❛r✐❧② ❢✉rt❤❡r ❛✇❛②✳ ❚❤✐s ❝♦♥s✐❞❡r❛t✐♦♥ ②✐❡❧❞s ❛ t✐❣❤t❡r ✉♣✲
♣❡r ❜♦✉♥❞ ♦♥ rn✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❤❡♥ d = 1✱ ✐❢ ✇❡ t❛❦❡ ξn = ξn,e✱ t❤❡ ❡♠♣✐r✐✲

❝❛❧ ♠❡❛s✉r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ Xn✱ ✇❡ ♦❜t❛✐♥ t❤❛t Pξn(x0) ≤ Pξ̃n
(1/2)✱ ✇❤❡r❡ ξ̃n =

1
n

[∑krn

k=1 δ(2k−1)rn + δ1−(2k−1)rn + (n− 2krn)δ1/2−rn

]
, ✇✐t❤ krn = ⌊1/(4rn)⌋✱ ✇❤✐❝❤

❣✐✈❡s t❤❡ ✐♥❡q✉❛❧✐t②

Pξ̃n
(1/2) =

[
1− 2

n
krn

]
ψ(rn) +

2

n

krn∑

k=0

ψ[1/2− (2k − 1)rn] ≥ P0,µ − γK(ξn, µ) ;

❝♦♠♣❛r❡ ✇✐t❤ ✭✹✳✸✮ ✇✐t❤ d = 1✳ ■♥ ♣r❛❝t✐❝❡✱ ❤♦✇❡✈❡r✱ t❤❡ ✐♠♣r♦✈❡♠❡♥t ✐s ♥❡❣❧✐❣✐❜❧❡
❛♥❞ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦♥ CR∞(Xn) r❡♠❛✐♥s ♣❡ss✐♠✐st✐❝✳ ⊳

✷✸



❋✐❣✉r❡ ✹✳✶✿ ❙q✉❛r❡❞ ❡①♣♦♥❡♥t✐❛❧ ❦❡r♥❡❧ Kθ(x,x
′) = exp(−θ‖x−x

′‖2)✱ d = 2✳ ▲❡❢t✿ r[θ](Xn)

✭✹✳✺✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ θ ✇❤❡♥ γK(ξn, µ) =
√

8/n✱ ❢♦r n = 500✱ 1 000 ❛♥❞ 2 000✳ ❘✐❣❤t✿ θmax(n)

s✉❝❤ t❤❛t P d
0,µ =

√

8/n✳

❋✐❣✉r❡ ✹✳✷✿ ❙q✉❛r❡❞ ❡①♣♦♥❡♥t✐❛❧ ❦❡r♥❡❧ Kθ(x,x
′) = exp(−θ‖x − x

′‖2)✱ d = 2✳ ▲❡❢t✿
r∗(Xn) = minθ r[θ](Xn) ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ n✳ ❘✐❣❤t✿ θ∗(Xn) = argminθ r[θ](Xn) ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ n✳

❘❡♠❛r❦ ✹✳✷✳ ❲❤❡♥ t❤❡ tr✐❛♥❣✉❧❛r ❦❡r♥❡❧ ❞❡✜♥❡❞ ❜② ψθ(r) = max{1− θr, 0} ✐s ✉s❡❞
❢♦r ❦❡r♥❡❧ ❤❡r❞✐♥❣✱ ✇❡ ❤❛✈❡ γK(ξn, µ) <

√
8/n✱ s❡❡ ❆♣♣❡♥❞✐① ❆✱ ❛♥❞ ✭ii✮ ✐♠♣❧✐❡s

t❤❛t ❢♦r ❛♥② r0 = 1/θ ≤ 1✱ CR∞(Xn) < r0 ❢♦r n > 8(2/r0)
2d✳ ❚❤✐s r❛t❡ ♦❢ ❞❡❝r❡❛s❡

♦❢ CR∞(Xn) ✐s ♠✉❝❤ s❧♦✇❡r t❤❛♥ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ r❛t❡ n−1/d✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢
❡①t❡♥s✐❜❧❡ ♣♦✐♥t s❡q✉❡♥❝❡s ❛❝❤✐❡✈✐♥❣ t❤❡ ♦♣t✐♠❛❧ r❛t❡ n−1/d ♦♥ ❛ s♠♦♦t❤ ❘✐❡♠❛♥♥✐❛♥
♠❛♥✐❢♦❧❞ ✐s ❡st❛❜❧✐s❤❡❞ ✐♥ ❬✶✹❪✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ r❡❧✐❡s ♦♥ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ ❛♥♦t❤❡r
❢✉♥❝t✐♦♥ t❤❛♥ f = Kx0

✐♥ ✭✸✳✷✮✱ ❤❛✈✐♥❣ s✉♣♣♦rt ✐♥ Bd(x0, rn) ✇❤❡♥ Xn s❛t✐s✜❡s
‖xi − x0‖ ≥ rn ❢♦r ❛❧❧ xi✱ ✇✐t❤ ❛ ❧❛r❣❡ ✐♥t❡❣r❛t✐♦♥ ❡rr♦r Iµ(f)− Iξn(f) = Iµ(f) ❛♥❞ ❛
s♠❛❧❧ ♥♦r♠ ‖f‖H✱ ✇❤❡r❡ H ✐s ❛ ♣❛rt✐❝✉❧❛r ❙♦❜♦❧❡✈ s♣❛❝❡✳

❉❡♥♦t❡ ❜② ep(Xn, µ) = (Eµ{min1≤i≤n ‖X − xi‖p})1/p✱ p > 0 t❤❡ Lp ♠❡❛♥ q✉❛♥✲
t✐③❛t✐♦♥ ❡rr♦r ✐♥❞✉❝❡❞ ❜② Xn✳ ❋r♦♠ ❩❛❞♦r t❤❡♦r❡♠✱ limn→∞ n1/d minXn ep(Xn, µ)
❡①✐sts ✭❛♥❞ ❡q✉❛❧s t❤❡ ✐♥✜♠✉♠ ♦✈❡r n ✇❤❡♥ µ ✐s ✉♥✐❢♦r♠ ♦♥ [0, 1]d✮❀ s❡❡ ❬✹✷❪✳ ❚❤❡ ❢❛❝t
t❤❛t t❤❡ ❣r❡❡❞② ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❞❡s✐❣♥ X∗

n✱ r❡❝✉rs✐✈❡❧② ♦♣t✐♠❛❧ st❡♣ ❜② st❡♣ ❢♦r t❤❡
Lp q✉❛♥t✐③❛t✐♦♥ ❡rr♦r✱ ❛❝❤✐❡✈❡s lim supn→∞ n1/dep(X

∗
n, µ) <∞✱ ✐s ♣r♦✈❡❞ ✐♥ ❬✻✶❪✳ ❋♦r

✜①❡❞ n✱ ❛ ❞❡s✐❣♥ ♠✐♥✐♠✐③✐♥❣ ep(Xn, µ) ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✈✐❛ ❝❧✉st❡r✐♥❣ ✭s❡❡✱ ❡✳❣✳✱

✷✹



❬✷✻❪✮✱ ✇✐t❤ t❤❡ ❢❛♠♦✉s k✲♠❡❛♥s ❛❧❣♦r✐t❤♠ ❢♦r p = 2 ❬✺✾❪✱ k✲♠❡❞✐❛♥s ❢♦r p = 1 ❬✶✼❪✱ ♦r
✇✐t❤ ❛♥② ❣❡♥❡r❛❧ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠✳ ❆ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❝❧✉st❡r✐♥❣ ✇✐t❤ ♣❛rt✐❝❧❡
s✇❛r♠ ♦♣t✐♠✐③❛t✐♦♥ ✐s ✉s❡❞ ✐♥ ❬✻✸❪ ❢♦r ❛r❜✐tr❛r② p ≥ 2❀ ❝❧✉st❡r✐♥❣ ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✼✹❪
❢♦r t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ p = ∞✱ ✇✐t❤ e∞(Xn, µ) = CR(Xn)✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡s❡ ❝♦♥str✉❝✲
t✐♦♥s ❛r❡ ❢❛r ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ t❤❛♥ t❤♦s❡ ✉s✐♥❣ t❤❡ ♠❡t❤♦❞s ♦❢ ❙❡❝t✐♦♥ ✹✳✸ ❛♥❞ ✹✳✹✳

⊳

✹✳✷✳ ❉❡s✐❣♥ ❝r✐t❡r✐❛ ❜❛s❡❞ ♦♥ ❇❛②❡s✐❛♥ q✉❛❞r❛t✉r❡✳ ❙✐♥❝❡ s2n ❣✐✈❡♥ ❜② ✭✷✳✼✮
❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❢✉♥❝t✐♦♥ f ❝♦♥s✐❞❡r❡❞✱ ❛ ❞❡s✐❣♥ Xn ❢♦r ❇❛②❡s✐❛♥ ✐♥t❡❣r❛t✐♦♥
❝❛♥ ✐♥ ♣r✐♥❝✐♣❧❡ ❜❡ ❝❤♦s❡♥ ❜❡❢♦r❡❤❛♥❞✱ ❜② ❞✐r❡❝t ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ s2n✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ ❛♣♣r♦❛❝❤ ❢♦❧❧♦✇❡❞ ✐♥ ❬✼✷❪ ✇❤❡r❡ s❡✈❡r❛❧ q✉❛❞r❛t✉r❡ r✉❧❡s ❛r❡ t❛❜✉❧❛t❡❞ ❢♦r
s❡✈❡r❛❧ ✈❛❧✉❡s ♦❢ n✳ ❚❤❡ ♥❡①t t❤❡♦r❡♠ ❝♦❧❧❡❝ts s❡✈❡r❛❧ r❡s✉❧ts ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡ ✭♣❛rt
✭i✮ ❛♣♣❡❛r❡❞ ✐♥ ❬✹✽❪✱ ♣❛rt ✭ii✮ ✐s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✐♥ ❬✺✷❪ ❝❛❧❧❡❞ ♥♦r♠❛❧✐③❡❞ ❇❛②❡s✐❛♥
❝✉❜❛t✉r❡✮ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r s❤♦✇s t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♠✐♥✐♠✉♠ ♦❢ EK(ξn−µ)
✇✐t❤ r❡s♣❡❝t t♦ ✇❡✐❣❤ts wn ❛♥❞ t❤❡ ♣♦st❡r✐♦r ✈❛r✐❛♥❝❡s s2n ❛♥❞ s2n,0 r❡s♣❡❝t✐✈❡❧② ❣✐✈❡♥
❜② ✭✷✳✼✮ ❛♥❞ ✭✷✳✶✶✮✳ ❚❤❡ ❡①t❡♥s✐♦♥ ♦❢ ♠♦❞❡❧ ✭✷✳✶✮ t♦ ♠♦❞❡❧s ✐♥❝❧✉❞✐♥❣ ❛ ❧✐♥❡❛r❧②
♣❛r❛♠❡t❡r✐③❡❞ ♠❡❛♥ ❢✉♥❝t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✺✷❪❀ t❤❡ ❡①t❡♥s✐♦♥ t♦ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢
s❡✈❡r❛❧ ✐♥t❡❣r❛❧s ✐s tr❡❛t❡❞ ✐♥ ❬✼✷❪❀ s❡❡ ❛❧s♦ ❆♣♣❡♥❞✐① ❇✳ ❲❡ ❛ss✉♠❡ t❤❛t ❛❧❧ ♣♦✐♥ts ✐♥
Xn ❛r❡ ♣❛✐r✇✐s❡ ❞✐✛❡r❡♥t ❛♥❞ µ ✐s ♥♦t ❢✉❧❧② s✉♣♣♦rt❡❞ ♦♥ Xn✳
❚❤❡♦r❡♠ ✹✳✸✳ ▲❡t K ❜❡ ❛♥ ❙P❉ ❦❡r♥❡❧ ❛♥❞ ❧❡t µ ∈ M+(1) ∩ MK ✳

✭i✮ ❚❤❡ ♦♣t✐♠❛❧ ✉♥❝♦♥str❛✐♥❡❞ ✇❡✐❣❤ts w∗
n t❤❛t ♠✐♥✐♠✐③❡ EK(ξn − µ) ❛r❡ w∗

n =
K−1

n pn(µ) ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❡❛s✉r❡ ξ∗n✱ ✇✐t❤ ✇❡✐❣❤ts w∗
n✱ s❛t✐s✜❡s

EK(ξ∗n − µ) = s2n,0 , ✭✹✳✻✮

✇✐t❤ s2n,0 ❣✐✈❡♥ ❜② ✭✷✳✶✶✮✳
✭ii✮ ❚❤❡ ♦♣t✐♠❛❧ ✇❡✐❣❤ts ŵn t❤❛t ♠✐♥✐♠✐③❡ EK(ξn − µ) ✉♥❞❡r t❤❡ ❝♦♥str❛✐♥t

w⊤
n 1n =

∑n
i=1 wi = 1 ❛r❡

ŵn =

(
K−1

n − K−1
n 1n1

⊤
nK

−1
n

1⊤
nK

−1
n 1n

)
pn(µ) +

K−1
n 1n

1⊤
nK

−1
n 1n

, ✭✹✳✼✮

❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❡❛s✉r❡ ξ̂n✱ ✇✐t❤ ✇❡✐❣❤ts ŵn✱ s❛t✐s✜❡s

EK(ξ̂n − µ) = s2n , ✭✹✳✽✮

✇✐t❤ s2n ❣✐✈❡♥ ❜② ✭✷✳✼✮❀ t❤❡ ❡st✐♠❛t♦r ✭✷✳✹✮ ♦❢ t❤❡ ✐♥t❡❣r❛❧ Iµ(f) ✐s În = ŵ⊤
n yn✳

✭iii✮ ❋♦r ❛♥② ❜♦✉♥❞❡❞ s✐❣♥❡❞ ♠❡❛s✉r❡ ξn =
∑n

i=1 wi δxi
✇❡ ❝❛♥ ✇r✐t❡

EK(ξn − µ) = (wn −w∗
n)

⊤Kn(wn −w∗
n) + EK(ξ∗n − µ) , ✭✹✳✾✮

❛♥❞ ✇❤❡♥ t❤❡ ✇❡✐❣❤ts wi s✉♠ t♦ ♦♥❡✱ ✇❡ ❤❛✈❡

EK(ξn − µ) = (wn − ŵn)
⊤Kn(wn − ŵn) + EK(ξ̂n − µ). ✭✹✳✶✵✮

Pr♦♦❢✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ❢♦r w∗
n✱ ✭✹✳✻✮ ❛♥❞ ✭✹✳✾✮ ❞✐r❡❝t❧② ❢♦❧❧♦✇ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t

EK(ξn−µ) ✐s q✉❛❞r❛t✐❝ ✐♥ wn✱ s❡❡ ✭✹✳✶✮✳ ❙✐♥❝❡ K ✐s ❙P❉✱ str❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥
✉s✐♥❣ ▲❛❣r❛♥❣✐❛♥ t❤❡♦r② ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ EK(ξn − µ) ✉♥❞❡r t❤❡
❝♦♥str❛✐♥tw⊤

n 1n = 1 ❣✐✈❡s ✭✹✳✼✮ ❛♥❞ ✭✹✳✽✮✳ ❙✉♣♣♦s❡ t❤❛tw⊤
n 1n = 1✱ t❤❡♥ EK(ξn−µ) =

(wn − ŵn + ŵn − w∗
n)

⊤Kn(wn − ŵn + ŵn − w∗
n) + EK(ξ∗n − µ) ❣✐✈❡s ✭✹✳✶✵✮ s✐♥❝❡

Kn(ŵn −w∗
n) ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ 1n ❛♥❞ (wn − ŵn)

⊤1n = 0✳

✷✺



❘❡♠❛r❦ ✹✳✸✳ ❊q✉❛t✐♦♥ ✭✹✳✻✮ ✐s s✐♠♣❧② r❡❧❛t❡❞ t♦ t❤❡ ❢❛❝t t❤❛t✱ ❢♦r f t❤❡ r❡❛❧✐③❛t✐♦♥
♦❢ ❛ ●❛✉ss✐❛♥ ❘❋ ✇✐t❤ ③❡r♦ ♠❡❛♥ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ σ2K(·, ·)✱ ✇❡ ❤❛✈❡

E{[Iµ(f)− Iξn(f)]
2} = σ2

∫

X 2

K(x,x′) ❞(ξn − µ)(x) ❞(ξn − µ)(x′)

= σ2 ‖Pµ − Pξn‖2HK
= σ2

EK(ξn − µ) ,

t❤❡ ♠✐♥✐♠✉♠ ❜❡✐♥❣ ❛tt❛✐♥❡❞ ❢♦r t❤❡ ❇❛②❡s ♣r❡❞✐❝t♦r În = pT
n (µ)K

−1
n yn✱ t❤❛t ✐s✱ ❢♦r

t❤❡ ✇❡✐❣❤ts w∗
n✳ ✭◆♦t❡ t❤❛t ✇❡ ❝❛♥♥♦t ✉s❡ t❤❡ r❡♣r♦❞✉❝✐♥❣ ♣r♦♣❡rt② f(x) = 〈f,Kx〉K

s✐♥❝❡ ✇✳♣✳ ✶ f ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ HK ❀ ❝♦♠♣❛r❡ ✇✐t❤ ❬✹✽✱ Pr♦♣♦s✐t✐♦♥ ✶❪✳✮
■t ✐s s❤♦✇♥ ✐♥ ❬✺✸❪ t❤❛t ♣♦❧②♥♦♠✐❛❧✲❜❛s❡❞ q✉❛❞r❛t✉r❡ r✉❧❡s ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s

❇❛②❡s✐❛♥ q✉❛❞r❛t✉r❡ ✐♥ ❛ ♠♦❞❡❧ ✇✐t❤ ③❡r♦ ♠❡❛♥ ❢♦r ❛ s✉✐t❛❜❧② ❝❤♦s❡♥ ✭♣♦❧②♥♦♠✐❛❧✮
❦❡r♥❡❧❀ t❤❡ ♦♣t✐♠❛❧ n✲♣♦✐♥t s❡t ✭✇✐t❤ n = p+1 ❢♦r ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ p✮ ♠✐♥✐♠✐③✐♥❣
t❤❡ ♣♦st❡r✐♦r ✈❛r✐❛♥❝❡ ✭✹✳✻✮ r❡❛❧✐③❡s t❤❡ ❝✉❜❛t✉r❡ r✉❧❡✳ ❖♥❡ ♠❛② r❡❢❡r t♦ t❤❡ ❞✐s❝✉ss✐♦♥
✐♥ ❘❡♠❛r❦ ❇✳✶ ♦❢ ❆♣♣❡♥❞✐① ❇ ❢♦r ♠♦❞❡❧s t❤❛t ✐♥❝❧✉❞❡ ❛ ❧✐♥❡❛r❧② ♣❛r❛♠❡t❡r✐③❡❞ ♠❡❛♥✿
❛♥② ❝✉❜❛t✉r❡ r✉❧❡s ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❇❛②❡s✐❛♥ ✐♥t❡❣r❛t✐♦♥❀ s❡❡ ❬✺✷❪✳ ⊳

■♥ t❤❡ ❞✐s❝r❡t❡ ❝❛s❡ ❝♦♥s✐❞❡r❡❞ ❤❡r❡✱ t❤❡ ♠✐♥✐♠✉♠✲❡♥❡r❣② s✐❣♥❡❞ ♠❡❛s✉r❡ ξ̂n ✇✐t❤
t♦t❛❧ ♠❛ss ♦♥❡ ❛❧✇❛②s ❡①✐sts✱ ❜✉t ξ̂n ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡❀ t❤❛t ✐s✱
s♦♠❡ ✇❡✐❣❤ts ŵi ♠❛② ❜❡ ♥❡❣❛t✐✈❡✳ ❚❤❡♦r❡♠ ✹✳✸ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡
K ✐s ♦♥❧② ❝♦♥❞✐t✐♦♥❛❧❧② ❙P❉✱ ❜✉t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ♦♣t✐♠❛❧ ✇❡✐❣❤ts ŵn ✐s ♠♦r❡
✐♥✈♦❧✈❡❞ ✇❤❡♥ Kn ✐s s✐♥❣✉❧❛r❀ s❡❡ ❘❡♠❛r❦ ✹✳✹✳

❉❡♥♦t❡ ❜② K̃n t❤❡ n × n ♠❛tr✐① ✇✐t❤ ❡❧❡♠❡♥ts {K̃n}i,j = Kµ(xi,xj)✱ ✇❤❡r❡ Kµ

✐s t❤❡ r❡❞✉❝❡❞ ❦❡r♥❡❧ ✭✸✳✶✺✮❀ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❡❝t♦r ♦❢ ♣♦t❡♥t✐❛❧ ✈❛❧✉❡s ❛t t❤❡ xi ✐s

t❤❡♥ p̃n = (P̃µ(x1), . . . , P̃µ(xn))
⊤ = 0✳ ❋♦r ♠❡❛s✉r❡s ξn ✐♥ M (1)✱ ✐♥ ❝♦♠♣❧❡♠❡♥t ♦❢

✭ii✮ ♦❢ ❚❤❡♦r❡♠ ✹✳✸✱ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✳ ✭❙✐♠✐❧❛r ❡①♣r❡ss✐♦♥s ❢♦r t❤❡
♣♦st❡r✐♦r ♠❡❛♥ ❛♥❞ ✈❛r✐❛♥❝❡ ❛r❡ ♦❜t❛✐♥❡❞ ❢♦r ❛ ❦❡r♥❡❧ ❤❛✈✐♥❣ ③❡r♦ ♣♦t❡♥t✐❛❧ ✭❦❡r♥❡❧
✐♠❜❡❞❞✐♥❣✮❀ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✼✵❪ ✇❤❡r❡ t❤❡ ❙t❡✐♥ ♦♣❡r❛t♦r ✐s ✉s❡❞ ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧
❢r❛♠❡✇♦r❦❀ s❡❡ ❛❧s♦ ❘❡♠❛r❦ ✸✳✸✳✮
❚❤❡♦r❡♠ ✹✳✹✳ ❋♦r K ❛♥ ❙P❉ ❦❡r♥❡❧✱ µ ∈ M+(1) ∩ MK ❛♥❞ ξn ∈ M (1)✱ ✇❡ ❤❛✈❡

EK(ξn − µ) = EKµ
(ξn) = w⊤

n K̃nwn . ✭✹✳✶✶✮

❚❤❡ ♣♦st❡r✐♦r ♠❡❛♥ ✭✷✳✹✮ ❛♥❞ ✈❛r✐❛♥❝❡ ✭✷✳✼✮ ♦❢ Iµ(f) ❛r❡ r❡s♣❡❝t✐✈❡❧② ❣✐✈❡♥ ❜②

În =
1⊤
n K̃

−1
n yn

1⊤
n K̃

−1
n 1n

, ✭✹✳✶✷✮

σ2s2n = σ2(1⊤
n K̃

−1
n 1n)

−1 . ✭✹✳✶✸✮

Pr♦♦❢✳ ❊q✉❛t✐♦♥ ✭✹✳✶✶✮ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✺✳ ❙✐♥❝❡ ✇❡ ❛ss✉♠❡❞ t❤❛t µ ✐s ♥♦t ❢✉❧❧②

s✉♣♣♦rt❡❞ ♦♥ Xn ❛♥❞ K ✐s ❙P❉✱ ✭✹✳✶✶✮ ❣✐✈❡s inf‖wn‖=1 w
⊤
n K̃nwn > 0 ✱ ✇❤✐❝❤ ✐♠♣❧✐❡s

t❤❛t K̃n ❤❛s ❢✉❧❧ r❛♥❦✳ ❉✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ ✉s✐♥❣ ✭✸✳✶✺✮ ❣✐✈❡s K̃n = Kn − pn(µ)1
⊤
n −

1np
⊤
n (µ) + EK(µ)1n1

⊤
n ✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ❢♦r K̃−1

n t❤❡♥ ②✐❡❧❞s 1⊤
n K̃

−1
n 1n = 1/s2n✱ ✇✐t❤

s2n ❣✐✈❡♥ ❜② ✭✷✳✼✮✱ ♣r♦✈✐♥❣ ✭✹✳✶✸✮✳ ❚❤❡ ❡①♣❛♥s✐♦♥ ♦❢ (1⊤
n K̃

−1
n yn)/(1

⊤
n K̃

−1
n 1n) ❣✐✈❡s

✭✷✳✹✮✱ ✇❤✐❝❤ ♣r♦✈❡s ✭✹✳✶✷✮✳

❊q✉❛t✐♦♥s ✭✹✳✶✷✮ ❛♥❞ ✭✹✳✶✸✮ ✐♥❞✐❝❛t❡ t❤❛t În ✐s t❤❡ ❇▲❯❊ ♦❢ β′
0 ❛♥❞ σ2s2n ✐s ✐ts

✈❛r✐❛♥❝❡ ✐♥ t❤❡ ♠♦❞❡❧ ✭✸✳✶✼✮✱ f(x) = β′
0 + Z̃x✱ s❡❡ ❙❡❝t✐♦♥s ✸✳✹✳✷ ❛♥❞ ✸✳✺✳✷✳ ❚❤❡

r❡❛s♦♥ ✐s t❤❛t ♣r❡❞✐❝t✐♦♥s ❛r❡ ♥♦t ♠♦❞✐✜❡❞ ✇❤❡♥ ✉s✐♥❣ t❤❡ r❡❞✉❝❡❞ ❦❡r♥❡❧ Kµ ✐♥st❡❛❞

✷✻



♦❢ K✱ t❤❛t ✐s✱ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♠♦❞❡❧ f(x) = β′
0 + Z̃x ✐♥st❡❛❞ ♦❢ ✭✷✳✶✮❀ s❡❡ ❬✸✼✱

❙❡❝t✳ ✺✳✹❪✳ ■t ✐♠♣❧✐❡s t❤❛t t❤❡ ❡①♣r❡ss✐♦♥s ✭✷✳✹✮ ❛♥❞ ✭✷✳✼✮ ♦❢ În ❛♥❞ s2n ❛r❡ ✉♥❝❤❛♥❣❡❞
✇❤❡♥ r❡♣❧❛❝✐♥❣ K ❜② Kµ✳ ❙✐♥❝❡✱ ❜② ❝♦♥str✉❝t✐♦♥✱ p̃n(µ) = 0 ❛♥❞ EKµ(µ) = 0 ✭❛s
(IdL2 −P1)Zx ❤❛s ♥♦ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ✐♥t❡❣r❛❧ ♦❢ f✮✱ ✇❡ ❞✐r❡❝t❧② ♦❜t❛✐♥ ✭✹✳✶✷✮ ❛♥❞
✭✹✳✶✸✮✳

❆ ❢✉rt❤❡r ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❛t t❤❡ s✉❜st✐t✉t✐♦♥ ♦❢ Kµ ❢♦r K ❧❡❛✈❡s t❤❡ ♠❡❛♥✲
sq✉❛r❡❞ ❡rr♦r ✭✷✳✷✮ ✉♥❝❤❛♥❣❡❞✱ ✇❤✐❝❤ ②✐❡❧❞s ❛ ❜♦✉♥❞ ♦♥ t❤❡ ■▼❙P❊ ♦❢ ❛ ❞❡s✐❣♥ Xn✳
❚❤❡♦r❡♠ ✹✳✺✳ ❋♦r K ❛♥ ❙P❉ ❦❡r♥❡❧ ❛♥❞ µ ∈ M+(1) ∩ MK ✱ t❤❡ ■▼❙P❊ ♦❢ ❛♥
n✲♣♦✐♥t ❞❡s✐❣♥ Xn s❛t✐s✜❡s

σ2 s2n ≤ IMSPE(Xn) ≤ σ2

[
s2n +

∫

X

K(x,x) ❞µ(x)− EK(µ)

]
. ✭✹✳✶✹✮

Pr♦♦❢✳ ❘❡♣❧❛❝✐♥❣ K ❜② Kµ ✐♥ ✭✷✳✷✮✱ ✇❡ ❣❡t
∫

X

ρ2n(x) ❞µ(x) =

∫

X

Kµ(x,x) ❞µ(x) +
1

1⊤
n K̃

−1
n 1n

− trace
[
K̃−1

n Q̃⊥
n H̃n(µ)

]
,

✇❤❡r❡ H̃n(µ) =
∫

X
k̃n(x)k̃

⊤
n (x) ❞µ(x)✱ ✇✐t❤ k̃n(x) = (Kµ(x,x1), . . . ,Kµ(x,xn))

⊤✱

❛♥❞ ✇❤❡r❡ Q̃⊥
n = In − 1n1

⊤
n K̃

−1
n /(1⊤

n K̃
−1
n 1n)✱ ✇✐t❤ In t❤❡ n✲❞✐♠❡♥s✐♦♥❛❧ ✐❞❡♥t✐t②

♠❛tr✐①✱ ✐s ❛ ♣r♦❥❡❝t♦r ♦♥t♦ t❤❡ ❧✐♥❡❛r s♣❛❝❡ ♦rt❤♦❣♦♥❛❧ t♦ 1n✳ ❙✐♥❝❡ K̃−1
n ✱ Q̃⊥

n ❛♥❞

H̃n(µ) ❛r❡ ♥♦♥✲♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡✱ ✇❡ ♦❜t❛✐♥

IMSPE(Xn) = σ2

∫

X

ρ2n(x) ❞µ(x) ≤ σ2

[∫

X

Kµ(x,x) ❞µ(x) +
1

1⊤
n K̃

−1
n 1n

]
.

❚♦❣❡t❤❡r ✇✐t❤ ✭✸✳✶✺✮ ❛♥❞ ✭✹✳✶✸✮✱ t❤✐s ❣✐✈❡s t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐♥❡q✉❛❧✐t② ✐♥ ✭✹✳✶✹✮✳
❚❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ✐♥❡q✉❛❧✐t② ✐s ❛ s✐♠♣❧❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❝♦♥✈❡①✐t② ♦❢ t→ t2✳ ✭◆♦t❡
t❤❛t ✭✷✳✶✵✮ ✐♠♣❧✐❡s t❤❛t

∫
X
K(x,x) ❞µ(x) ≥ EK(µ)✳✮

❖♥❡ s❤♦✉❧❞ ♥♦t✐❝❡ t❤❛t t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✐♥ ✭✹✳✶✹✮ ♠❛② ❜❡ r❛t❤❡r ❧♦♦s❡ ❢♦r ❧❛r❣❡ d✳
❋♦r ✐♥st❛♥❝❡✱ ✇❤❡♥ K ✐s s❡♣❛r❛❜❧❡ ❛s ✐♥ ✭✸✳✶✽✮✱ ✇✐t❤ ❛❧❧ Ki ✐❞❡♥t✐❝❛❧ ❛♥❞ K1(x, x) = 1
❢♦r ❛❧❧ x✱ ❛♥❞ µ ✐s ✉♥✐❢♦r♠ ♦♥ X = [0, 1]d✱ t❤❡♥

∫
X
K(x,x) ❞µ(x) − EK(µ) = 1 −

E d
K1

(µ(1))✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❧♦s❡ t♦ ♦♥❡ ❢♦r ❧❛r❣❡ d✳
❘❡♠❛r❦ ✹✳✹ ✭♦♣t✐♠❛❧ ✇❡✐❣❤ts ❢♦r ❈■❙P❉ ❦❡r♥❡❧s✮✳ ▲❛❣r❛♥❣✐❛♥ t❤❡♦r② ✐♥❞✐❝❛t❡s t❤❛t
t❤❡ s♦❧✉t✐♦♥ ŵn ✐s ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥ Rn(ŵ

⊤
n λ)⊤ = (0⊤ 1)⊤✱

✇❤❡r❡

Rn =

(
K̃n 1n

1⊤
n 0

)
.

❲❤❡♥ K ✐s ❝♦♥❞✐t✐♦♥❛❧❧② ❙P❉✱ Kµ ✐s ❝♦♥❞✐t✐♦♥❛❧❧② ❙P❉ t♦♦✱ ❛♥❞ t❤❡ ♠❛tr✐① Rn

❤❛s ❢✉❧❧ r❛♥❦ n+ 1✳ ■♥❞❡❡❞✱ Rn(z
⊤
n z)⊤ = 0 ✐♠♣❧✐❡s 1⊤

n zn = 0 ❛♥❞ K̃nzn + z1n = 0✳

▼✉❧t✐♣❧②✐♥❣ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ❜② z⊤n ✱ ✇❡ ❣❡t z
⊤
n K̃nzn = 0✳ ❙✐♥❝❡Kµ ✐s ❝♦♥❞✐t✐♦♥❛❧❧②

❙P❉✱ t❤✐s ✐s ✐♥❝♦♠♣❛t✐❜❧❡ ✇✐t❤ 1⊤
n zn = 0 ✉♥❧❡ss zn = 0 ❛♥❞ z = 0✳ ❲❡ ♦❜t❛✐♥

ŵn =
(K̃n + 1n1

⊤
n )

−11n

1⊤
n (K̃n + 1n1

⊤
n )

−11n

,

❛♥❞ s2n = ŵ⊤
n K̃nŵn = (1⊤

n (K̃n + 1n1
⊤
n )

−11n)
−1 − 1✳ ❲❤❡♥ K ✐s ❙P❉ ❛♥❞ K̃n ❤❛s

❢✉❧❧ r❛♥❦ ✭❚❤❡♦r❡♠ ✹✳✹✮✱ ✇❡ r❡❝♦✈❡r ŵn = K̃−1
n 1n/(1

⊤
n K̃

−1
n 1n) ❛♥❞ În = ŵ⊤

n yn ❣✐✈❡♥
❜② ✭✹✳✶✷✮✳ ⊳

✷✼



❘❡♠❛r❦ ✹✳✺ ✭■▼❙P❊ ❢♦r s❡♣❛r❛❜❧❡ ❦❡r♥❡❧s✮✳ ❚❤❡ ✉s❡ ♦❢ ❛ s❡♣❛r❛❜❧❡ ❦❡r♥❡❧ ✭✸✳✶✽✮ ❛♥❞
❛ ♣r♦❞✉❝t ♠❡❛s✉r❡ µ = ⊗d

i=1µ
(i) ♦♥ X = X1 × · · · × Xd ❢❛❝✐❧✐t❛t❡s t❤❡ ❝❛❧❝✉❧❛t✐♦♥s

♦❢ K̃n ❛♥❞ EK(ξn − µ)✱ s❡❡ ✭✹✳✶✮✱ s✐♥❝❡ EK(µ) ❛♥❞ Pµ(xi) ❤❛✈❡ t❤❡ s✐♠♣❧❡ ❡①♣r❡ss✐♦♥s
✭✸✳✶✾✱ ✸✳✷✵✮✳ ❚❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ■▼❙P❊ ✐s ❢❛❝✐❧✐t❛t❡❞ t♦♦✱ ❜✉t t♦ ❛ ❧❡ss❡r ❡①t❡♥t✳
■♥❞❡❡❞✱ ✉s✐♥❣ ✭✷✳✷✮ ✇❡ ♦❜t❛✐♥

∫

X

ρ2n(x) ❞µ(x) =

∫

X

K(x,x) ❞µ(x) +
1

1⊤
nK

−1
n 1n

− 2
p⊤
n (µ)K

−1
n 1n

1⊤
nK

−1
n 1n

− trace
[
K−1

n Q⊥
nHn(µ)

]
,

✇❤❡r❡ Q⊥
n = In − 1n1

⊤
nK

−1
n /(1⊤

nK
−1
n 1n) ❛♥❞

{Hn(µ)}j,k=
∫

X

K(x,xj)K(x,xk)❞µ(x)=
d∏

i=1

∫

Xi

Ki(xi, xji)Ki(xi, xki)❞µ
(i)(xi) . ⊳

✹✳✸✳ ❖♥❡✲s❤♦t ❞❡s✐❣♥s✳ ❲❡ ❝♦♥s✐❞❡r t✇♦ ❞❡s✐❣♥ ❝♦♥str✉❝t✐♦♥s ❜❛s❡❞ ♦♥ ♠✐♥✐✲
♠✐③❛t✐♦♥ ♦❢ t❤❡ ♣♦st❡r✐♦r ✈❛r✐❛♥❝❡ σ2 s2n✿ ✐♥ t❤❡ ✜st ♦♥❡✱ t❤❡ ❞❡s✐❣♥ ♣♦✐♥ts ❛r❡ ✉♥✐❢♦r♠❧②
✇❡✐❣❤t❡❞❀ ✐♥ t❤❡ s❡❝♦♥❞ ♦♥❡✱ t❤❡② r❡❝❡✐✈❡ t❤❡ ♦♣t✐♠❛❧ ✇❡✐❣❤ts ✭✹✳✼✮✳

✹✳✸✳✶✳ n✲♣♦✐♥t ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡s✳ ❈♦♥s✐❞❡r t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡ ξn,e =
(1/n)

∑n
i=1 δxi ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❣✐✈❡♥ ❞❡s✐❣♥ Xn = {x1, . . . ,xn}✳ ❆s ✐♥❞✐❝❛t❡❞ ❤❡r❡✲

❛❢t❡r✱ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ s♣❛❝❡✲✜❧❧✐♥❣ ❞❡s✐❣♥ ♣r♦✈✐❞❡s s❡✈❡r❛❧ ❡①❛♠♣❧❡s ♦❢ ❝♦♥str✉❝t✐♦♥s
♦❢ n✲♣♦✐♥t ❞❡s✐❣♥s t❤r♦✉❣❤ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ sq✉❛r❡❞ ▼▼❉ EK(ξn,e − µ) =

EKµ
(ξn,e) ✇✐t❤ r❡s♣❡❝t t♦ Xn✳ ◆♦t✐❝❡ t❤❛t EK(ξn,e − µ) = (1⊤

n K̃n1n)/n
2❀ s❡❡ ✭✹✳✶✶✮✳

❋♦r X = [0, 1]d✱ s❡♣❛r❛❜❧❡ ❦❡r♥❡❧s ❜❛s❡❞ ♦♥ ✈❛r✐❛♥ts ♦❢ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❝♦✈❛r✐✲
❛♥❝❡ ②✐❡❧❞ L2 ❞✐s❝r❡♣❛♥❝✐❡s ✭s②♠♠❡tr✐❝✱ ❝❡♥tr❡❞✱ ✇r❛♣✲❛r♦✉♥❞ ❛♥❞ s♦ ♦♥✮❀ s❡❡✱ ❡✳❣✳✱
❬✹✼❪✱ ❬✸✶✱ ❈❤❛♣✳ ✸❪✳ ❋♦r ✐♥st❛♥❝❡✱ ❢♦r X = [0, 1] ❛♥❞ K(x, x′) = 1− |x− x′| ✭❢♦r ✇❤✐❝❤
t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ EK(µ) ❛♥❞ Pµ(x) ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✸✳✶✮✱ EKµ(ξn,e) ✐s t✇✐❝❡ t❤❡
sq✉❛r❡❞ L2 st❛r ❞✐s❝r❡♣❛♥❝② ❢♦r d = 1✳

❚❤❡ ■❙P❉ ❦❡r♥❡❧ K⊗
s,ǫ(x,x

′) =
∏d

i=1Ks,ǫ(xi, x
′
i)✱ ✇✐t❤ Ks,ǫ ❣✐✈❡♥ ❜② ✭✸✳✻✮ ✇✐t❤

s > 0 ❛♥❞ ǫ > 0✱ ✐s ❝❛❧❧❡❞ ♣r♦❥❡❝t✐♦♥ ❦❡r♥❡❧ ✐♥ ❬✻✷❪✳ ❋♦r ✈❡r② s♠❛❧❧ ǫ✱ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥
♦❢ EK⊗

1,ǫ
(ξn,e) ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ♠❛①✐♠✉♠✲♣r♦❥❡❝t✐♦♥ ❞❡s✐❣♥✱ ❛s

❞❡✜♥❡❞ ✐♥ ❬✺✶❪✳ ◆♦t❡ t❤❛t ♠✐♥✐♠✐③✐♥❣ EK⊗
s,ǫ
(ξn,e) ✐s ♥♦t ❡q✉✐✈❛❧❡♥t t♦ ♠✐♥✐♠✐③✐♥❣

EK⊗
s,ǫ
(ξn,e − µ)✿ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ µ ✐s ✉♥✐❢♦r♠ ♦♥ X ✱ ✇❤✐❝❤ ✐s ❛ss✉♠❡❞ t♦ ❜❡

❝♦♠♣❛❝t ❛♥❞ ❝♦♥✈❡①✱ t❤❡ ❢♦r♠❡r t❡♥❞s t♦ ♣✉s❤ ❞❡s✐❣♥ ♣♦✐♥ts t♦ t❤❡ ❜♦✉♥❞❛r② ♦❢ X

✇❤❡r❡❛s t❤❡ ❧❛tt❡r ❦❡❡♣s ❛❧❧ ♣♦✐♥ts ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ X ❀ s❡❡ ❬✻✷❪✳
■♥ ❬✻✹❪✱ s♣❛❝❡✲✜❧❧✐♥❣ ❞❡s✐❣♥s ✐♥ ❛ ❝♦♠♣❛❝t s❡t X ⊂ R

d ❛r❡ ❝♦♥str✉❝t❡❞ ❜② ♠✐♥✐♠✐③✲
✐♥❣ EK(1)(ξn,e−µ) ❢♦r µ ✉♥✐❢♦r♠ ♦♥ X ✱ s❡❡ ✭✸✳✼✮✳ ❚❤❡ ❛✉t❤♦rs ❝❛❧❧ s✉♣♣♦rt ♣♦✐♥ts t❤❡
♦♣t✐♠❛❧ s✉♣♣♦rtX∗

n✱ ✇❤✐❝❤ t❤❡② ❞❡t❡r♠✐♥❡ ✈✐❛ ❛ ♠❛❥♦r✐③❛t✐♦♥✲♠✐♥✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠
✉s✐♥❣ t❤❡ ♣r♦♣❡rt② t❤❛t t❤❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❛ ❞✐✛❡r❡♥❝❡✲♦❢✲❝♦♥✈❡① ♦♣t✐✲
♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ❱❛❧✉❡s ♦❢ EK(1)(µ) ❛♥❞ Pµ(x) ❛r❡ ♥♦t ❛✈❛✐❧❛❜❧❡ ❡✈❡♥ ❢♦r X = [0, 1]d

❛♥❞ ▼♦♥t❡✲❈❛r❧♦ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ✉s❡❞✳

✹✳✸✳✷✳ n✲♣♦✐♥t ♦♣t✐♠❛❧ ♠❡❛s✉r❡s✳ ❚❤❡♦r❡♠s ✹✳✸ ❛♥❞ ✹✳✹ ✐♥❞✐❝❛t❡ t❤❛t✱ ✐❢ K ✐s
❙P❉✱ EK(ξ̂n − µ) = (1⊤

n K̃
−1
n 1n)

−1 ✐s t❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡ ♦❢ EK(ξn − µ) ❢♦r ♠❡❛s✉r❡s
ξn ∈ M (1)✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t s♣❛❝❡✲✜❧❧✐♥❣ ❞❡s✐❣♥s ♦♥ ❛ ❝♦♠♣❛❝t ❛♥❞ ❝♦♥✈❡①

s✉❜s❡t X ♦❢ Rd ❜② ♠❛①✐♠✐③✐♥❣ 1⊤
n K̃

−1
n 1n ✇✐t❤ r❡s♣❡❝t t♦ Xn ∈ R

nd✱ ❢♦r ❛ s✉✐t❛❜❧❡ K✱
t❛❦✐♥❣ µ ✉♥✐❢♦r♠ ♦♥ X ✳ ❚❤✐s ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ❛♥② ✉♥❝♦♥str❛✐♥❡❞ ♥♦♥❧✐♥❡❛r
♣r♦❣r❛♠♠✐♥❣ ❛❧❣♦r✐t❤♠✱ s❡❡ t❤❡ ❡①❛♠♣❧❡s ✐♥ ❙❡❝t✐♦♥ ✺✳ ◆♦t❡ t❤❛t✱ ❢r♦♠ t❤❡ ❈❛✉❝❤②✲
❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ EK(ξ̂n − µ) = (1⊤

n K̃
−1
n 1n)

−1 ≤ (1⊤
n K̃n1n)/n

2 = EK(ξn,e − µ)✳

✷✽



✹✳✹✳ ❙❡q✉❡♥❝❡s ♦❢ ♥❡st❡❞ ❞❡s✐❣♥s✳ ❚❤❡r❡ ❡①✐st s✐t✉❛t✐♦♥s ✇❤❡r❡ t❤❡ ♥✉♠❜❡r
n ♦❢ ❞❡s✐❣♥ ♣♦✐♥ts ✉❧t✐♠❛t❡❧② ✉s❡❞ ✭❢♦r ✐♥t❡❣r❛t✐♦♥✱ ♦r ❢✉♥❝t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥✮ ❞✐❢✲
❢❡rs ❢r♦♠ t❤❛t ✐♥✐t✐❛❧❧② ♣❧❛♥♥❡❞✱ s❛② N ✳ ■t ✐s t❤❡ ❝❛s❡ ✐♥ ♣❛rt✐❝✉❧❛r ✇❤❡♥ ❢✉♥❝t✐♦♥
❡✈❛❧✉❛t✐♦♥s ❛r❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ♠♦r❡ ❡①♣❡♥s✐✈❡ t❤❛♥ ❡①♣❡❝t❡❞✱ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✲
✐♠❡♥t❛t✐♦♥ ✐s st♦♣♣❡❞ ❛❢t❡r n < N s✐♠✉❧❛t✐♦♥s✱ ♦r ✇❤❡♥ s✐♠✉❧❛t✐♦♥s ❢❛✐❧ ❛t s♦♠❡ ❞❡s✐❣♥
♣♦✐♥ts ❛♥❞ t❡st✐♥❣ ❛t ♠♦r❡ t❤❛♥ N ♣♦✐♥ts ✐s r❡q✉✐r❡❞ t♦ ♦❜t❛✐♥ N ✈❛❧✐❞ ❡✈❛❧✉❛t✐♦♥s
✐♥ t♦t❛❧✳ ■♥ s✉❝❤ ❝✐r❝✉♠st❛♥❝❡s✱ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ❤❛✈❡ s❡q✉❡♥❝❡s ♦❢ ♥❡st❡❞ ❞❡s✐❣♥s
✭❡①t❡♥s✐❜❧❡ ♣♦✐♥t s❡q✉❡♥❝❡s✮ ❛t ♦♥❡✬s ❞✐s♣♦s❛❧✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ✐s t❤❡♥ t♦ ❝♦♥str✉❝t ♦r✲
❞❡r❡❞ s❡q✉❡♥❝❡s x1,x2, . . . ♦❢ ❞❡s✐❣♥s ♣♦✐♥ts s✉❝❤ t❤❛t ❛♥② ❞❡s✐❣♥ Xn = {x1, . . . ,xn}
♠❛❞❡ ♦❢ t❤❡ ✜rst n ♣♦✐♥ts ♦❢ t❤❡ s❡q✉❡♥❝❡ ❤❛s ❣♦♦❞ s♣❛❝❡✲✜❧❧✐♥❣ ♣r♦♣❡rt✐❡s✳ ❆ t②♣✐❝❛❧
❡①❛♠♣❧❡ ✐s ❣✐✈❡♥ ❜② ▲♦✇ ❉✐s❝r❡♣❛♥❝② ❙❡q✉❡♥❝❡s ✭▲❉❙✮ ✐♥ [0, 1]d✱ s❡❡ ❬✻✾❪✳

❲❤❡♥ K ✐s ❙P❉✱ ✇❡ ♠❛② ❡①♣❧♦✐t ❡①♣r❡ss✐♦♥ ✭✹✳✶✸✮ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡ ♦❢
Iµ(f) ✐♥ ❛ ❣r❡❡❞② s❡q✉❡♥t✐❛❧ ❝♦♥str✉❝t✐♦♥✿ ❛t st❡♣ n ✇❡ ❝❤♦♦s❡ xn+1 t❤❛t ♠✐♥✐♠✐③❡s
s2n+1✳ ❚❤✐s s❡q✉❡♥t✐❛❧ ❝♦♥str✉❝t✐♦♥✱ ❝❛❧❧❡❞ ❙❡q✉❡♥t✐❛❧ ❇❛②❡s✐❛♥ ◗✉❛❞r❛t✉r❡ ✐♥ ❬✶✺❪✱
✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ✐♠♣❧❡♠❡♥t ❝♦♠♣❛r❡❞ ✇✐t❤ ❣❧♦❜❛❧ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ s2n✱ s❡❡ ✭✷✳✼✮✳
❉✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥✱ ✉s✐♥❣ ❢♦r♠✉❧❛❡ ❢♦r t❤❡ ✐♥✈❡rs✐♦♥ ♦❢ t❤❡ ❜❧♦❝❦ ♠❛tr✐①

K̃n+1 =

(
K̃n k̃n(xn+1)

k̃⊤
n (xn+1) Kµ(xn+1,xn+1)

)
,

✇❤❡r❡ {K̃n}i,j = Kµ(xi,xj) ❛♥❞ {k̃n(x)}i = Kµ(x,xi)✱ i, j = 1, . . . , n✱ x ∈ X ✱ ❣✐✈❡s

s2n+1 =

[
1⊤
n K̃

−1
n 1n +

(1− k̃n(xn+1)
⊤K̃−1

n 1n)
2

Kµ(xn+1,xn+1)− k̃⊤
n (xn+1)K̃

−1
n k̃n(xn+1)

]−1

. ✭✹✳✶✺✮

❚❤❡ s❡q✉❡♥t✐❛❧ ❝♦♥str✉❝t✐♦♥ ✐s t❤✉s

xn+1 ∈ Arg max
x∈X

(1− k̃n(x)
⊤K̃−1

n 1n)
2

Kµ(x,x)− k̃⊤
n (x)K̃

−1
n k̃n(x)

. ✭✹✳✶✻✮

❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❣r❛❞✐❡♥t ❛❧❣♦r✐t❤♠ ♦❢ ❬✸✸❪ ②✐❡❧❞s ❛ s✐♠♣❧❡r ❝♦♥str✉❝t✐♦♥✱ ♣❛rt✐❝✉✲
❧❛r❧② ✇❡❧❧ ❛❞❛♣t❡❞ t♦ t❤❡ s✐t✉❛t✐♦♥ ✭❛♥❞ ❛❧s♦ ❛♣♣❧✐❝❛❜❧❡ ✇❤❡♥K ✐s ✉♥❜♦✉♥❞❡❞✮✳ ■t r❡❧✐❡s
♦♥ t❤❡ s❡q✉❡♥t✐❛❧ s❡❧❡❝t✐♦♥ ♦❢ ♣♦✐♥ts t❤❛t ♠✐♥✐♠✐③❡ t❤❡ ❝✉rr❡♥t ❞✐r❡❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡
♦❢ EK(ξ − µ) = EKµ(ξ)✱ ✇✐t❤ ξ s✉♣♣♦rt❡❞ ♦♥ ❞❡s✐❣♥ ♣♦✐♥ts ♣r❡✈✐♦✉s❧② s❡❧❡❝t❡❞✳ ❚❤❡

❛❧❣♦r✐t❤♠ ✐s ✐♥✐t✐❛❧✐③❡❞ ❛t ❛ ♠❡❛s✉r❡ ξ(n0) s✉♣♣♦rt❡❞ ♦♥ Xn0
∈ X n0 ✭✇✐t❤ ❢♦r ✐♥st❛♥❝❡

n0 = 1 ❛♥❞ ξ(1) = δx1 ❢♦r s♦♠❡ x1 ∈ X ✮✳ ▲❡t ξ(n) ❞❡♥♦t❡ t❤❡ ♠❡❛s✉r❡ ❛ss♦❝✐❛t❡❞

✇✐t❤ t❤❡ ❝✉rr❡♥t ❞❡s✐❣♥ Xn ♦❢ ✐t❡r❛t✐♦♥ n✱ ✇✐t❤ ✇❡✐❣❤ts w
(n)
i ✱ ✐✳❡✳✱ ξ(n) =

∑n
i=1 w

(n)
i δxi

✳
❚❤❡ ♥❡①t ❞❡s✐❣♥ ♣♦✐♥t ✐s ❝❤♦s❡♥ ✐♥ Argminx∈X FKµ

(ξ(n), δx)✱ ✇✐t❤ FKµ
t❤❡ ❞✐r❡❝t✐♦♥❛❧

❞❡r✐✈❛t✐✈❡ ✭✸✳✶✷✮ ✭❛♥② ♠✐♥✐♠✐③❡r ❝❛♥ ❜❡ s❡❧❡❝t❡❞ ✐♥ ❝❛s❡ t❤❡r❡ ❛r❡ s❡✈❡r❛❧✮✳ ❙tr❛✐❣❤t✲
❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥ ✉s✐♥❣ ✭✸✳✶✷✮ ❣✐✈❡s xn+1 ∈ Argmins∈X [Pξ(n)(x) − Pµ(x)]✱ t❤❛t
✐s✱

xn+1 ∈ Arg min
x∈X

[
n∑

i=1

w
(n)
i K(x,xi)− Pµ(x)

]
. ✭✹✳✶✼✮

❆❢t❡r ❝❤♦♦s✐♥❣ xn+1✱ t❤❡ ♠❡❛s✉r❡ ξ(n) ✐s ✉♣❞❛t❡❞ ✐♥t♦

ξ(n+1) = (1− αn)ξ
(n) + αnδxn+1 ✭✹✳✶✽✮

✷✾



❢♦r s♦♠❡ αn ∈ [0, 1]✱ s♦ t❤❛t ξ(n+1) ∈ M+(1) ✇❤❡♥ ξ(n) ∈ M+(1)✳ ❲❤❡♥ ξ(n0) ✐s
t❤❡ ❡♠♣✐r✐❝❛❧ ✭✉♥✐❢♦r♠✮ ♠❡❛s✉r❡ ♦♥ Xn0

✱ t❤❡ ❝❤♦✐❝❡ αn = 1/(n + 1) ✐♠♣❧✐❡s t❤❛t
ξ(n) r❡♠❛✐♥s ✉♥✐❢♦r♠ ♦♥ ✐ts s✉♣♣♦rt Xn ❢♦r ❛❧❧ n✱ s❡❡ ❬✾✻❪ ❢♦r ❛♥ ❡❛r❧② ❝♦♥tr✐❜✉t✐♦♥
✐♥ t❤❡ ❞❡s✐❣♥ ❝♦♥t❡①t✳ ❚❤❡ ♠❡t❤♦❞ ✐s ❝❛❧❧❡❞ ❦❡r♥❡❧ ❤❡r❞✐♥❣ ✐♥ t❤❡ ♠❛❝❤✐♥❡✲❧❡❛r♥✐♥❣
❧✐t❡r❛t✉r❡✱ s❡❡ ❬✺✱ ✶✾✱ ✹✽❪✳ ■t ✐s s❤♦✇♥ ✐♥ ❬✶✾❪ t❤❛t EK(ξ(n)−µ) = O(1/n2) ✇❤❡♥ HK ✐s
✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧✱ ❜✉t ✇❡ ♦♥❧② ❤❛✈❡ t❤❡ ✇❡❛❦❡r r❡s✉❧t EK(ξ(n) − µ) = O(1/n) ✇❤❡♥
HK ✐s ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧✱ s❡❡ ❬✺❪❀ s❡❡ ❛❧s♦ ❆♣♣❡♥❞✐① ❆✳

❘❡♠❛r❦ ✹✳✻✳ ■❢ ✇❡ t❛❦❡ xn+1 ∈ Argminx∈X

∑n
i=1 w

(n)
i K(x,xi) ✐♥st❡❛❞ ♦❢ ✭✹✳✶✼✮✱

t❤❡♥ t❤❡ ❛❧❣♦r✐t❤♠ ♠✐♥✐♠✐③❡s EK(ξ)❀ s❡❡ ❊①❛♠♣❧❡ ✸✳✺ ❛♥❞ ❘❡♠❛r❦ ✸✳✷✳ ❚❤❡ ♣r❡s❡♥❝❡
♦❢ Pµ(x) ✐♥ ✭✹✳✶✼✮ ♣❡r♠✐ts t♦ ❦❡❡♣ t❤❡ ❞❡s✐❣♥ ♣♦✐♥ts xi ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ X ❀ s❡❡ ❛❧s♦
❬✻✷❪✳ ❚❤❡ ✜rst ♣♦✐♥t x1 ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛s ❛ ♠✐♥✐♠✐③❡r ♦❢ Pµ(x) ✭t❤❛t ✐s✱ 1d/2 ✇❤❡♥
µ ✐s ✉♥✐❢♦r♠ ♦♥ [0, 1]d✮✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ✭✹✳✶✼✮ ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❡✈❡♥ ✐❢ K ✐s s✐♥❣✉❧❛r✿
✐♥ t❤❛t ❝❛s❡✱ ✐t ❣✉❛r❛♥t❡❡s t❤❛t ❛❧❧ ❞❡s✐❣♥ ♣♦✐♥ts ❛r❡ ❞✐✛❡r❡♥t ✭xi 6= xj ❢♦r ❛❧❧ i, j✮❀
t❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r ❛❧❧ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛♥♦♥✐❝❛❧ ♣r♦❥❡❝t✐♦♥s ✇❤❡♥ K ✐s t❤❡ ♣r♦❞✲
✉❝t ♦❢ s✐♥❣✉❧❛r ❦❡r♥❡❧s✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ δxn+1

t♦ t❤❡ ❝✉rr❡♥t ❞❡s✐❣♥

♠❡❛s✉r❡ ❝r❡❛t❡s ❛ ❧♦❝❛❧ ♠❛①✐♠✉♠ ♦❢ t❤❡ ❢✉♥❝t✐♦♥
∑n+1

i=1 w
(n)
i K(x,xi)− Pµ(x) ✐♥ t❤❡

♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ xn+1✱ s♦ t❤❛t t❤❡ ♥❡①t ♣♦✐♥t xn+2 ✐s ❝❤♦s❡♥ ❛t s♦♠❡ ❞✐st❛♥❝❡ ❢r♦♠
❛❧❧ ♣r❡✈✐♦✉s ♦♥❡s✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ ❛♥ ❛❞❡q✉❛t❡ ❦❡r♥❡❧ ❤❛s t❤❡r❡❢♦r❡ s♦♠❡ ✐♠♣♦rt❛♥❝❡✿
✐ts ❞❡❝r❡❛s❡ s❤♦✉❧❞ ❜❡ ❢❛st ❡♥♦✉❣❤ t♦ ❡♥s✉r❡ t❤❛t ♣♦✐♥ts ❛r❡ ✇❡❧❧ s♣r❡❛❞ ❛♣❛rt ✭t❤❡
❝♦rr❡❧❛t✐♦♥ ❧❡♥❣t❤ s❤♦✉❧❞ ❜❡ s♠❛❧❧ ❡♥♦✉❣❤ ✇❤❡♥ K ❝♦rr❡s♣♦♥❞s t♦ ❛ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝✲
t✐♦♥✮❀ ❛ tr❛♥s❧❛t✐♦♥✲✐♥✈❛r✐❛♥t ❦❡r♥❡❧ ✇✐t❤ ❜♦✉♥❞❡❞ s✉♣♣♦rt ❧❡❛✈❡s s♦♠❡ ❛r❜✐tr❛r✐♥❡ss
✐♥ t❤❡ ❝❤♦✐❝❡ ♦❢ Xn ✉♥t✐❧ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ s✉♣♣♦rts ♦❢ t❤❡ K(xi, ·) ❝♦✈❡rs X ✱ ❛♥❞ ✐s
♥♦t ♥❡❝❡ss❛r✐❧② s✉✐t❛❜❧❡✳ ❲❡ t❤✉s r❡❝♦♠♠❡♥❞ ✉s✐♥❣ ❛ ✭tr❛♥s❧❛t✐♦♥✲✐♥✈❛r✐❛♥t✮ ❦❡r♥❡❧
✇✐t❤ ✉♥❜♦✉♥❞❡❞ s✉♣♣♦rt❀ ✐❢ nmax ✐s t❤❡ ♠❛①✐♠✉♠ ❞❡s✐❣♥ s✐③❡ ❝♦♥s✐❞❡r❡❞✱ ❛ ❝♦rr❡❧❛t✐♦♥

❢✉♥❝t✐♦♥ ✇✐t❤ ❝♦rr❡❧❛t✐♦♥ ❧❡♥❣t❤ L ≈ n
−1/d
max ✐s ❛♣♣r♦♣r✐❛t❡✳ ❈❤♦♦s✐♥❣ K ❞✐✛❡r❡♥t✐❛❜❧❡

❢❛❝✐❧✐t❛t❡s t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ EK(ξn,e − µ) = 1⊤
n K̃n1n/n

2 ✭❙❡❝t✐♦♥ ✹✳✸✳✶✮✱ ♦r t❤❡

♠❛①✐♠✐③❛t✐♦♥ ♦❢ 1⊤
n K̃

−1
n 1n ✭❙❡❝t✐♦♥ ✹✳✸✳✷✮✳ ⊳

❘❡♠❛r❦ ✹✳✼ ✭❣r❡❡❞② ▼▼❉ ♠✐♥✐♠✐③❛t✐♦♥✮✳ ❉❡♥♦t❡ ξ(n+)(x) = [n/(n + 1)]ξ(n) +
[1/(n+ 1)]δx✳ ❚❤❡ ❞✐r❡❝t ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ EK(ξ(n+)(x)− µ) ✇✐t❤ r❡s♣❡❝t t♦ x ②✐❡❧❞s

x(n+1) ∈ Arg min
x∈X

[
1

n+ 1

n∑

i=1

K(x,xi)− Pµ(x) +
1

2(n+ 1)
K(x,x)

]
, ✭✹✳✶✾✮

t❤❛t ✐s✱ ❛ s❡❧❡❝t✐♦♥ ✈❡r② ❝❧♦s❡ t♦ ✭✹✳✶✼✮ ✇❤❡♥ K(x,x) ✐s ❝♦♥st❛♥t ✭▼❛tér♥ ❦❡r♥❡❧ ❢♦r
✐♥st❛♥❝❡✮✳ ◆♦t❡ t❤❛t t❤✐s ❝♦♥str✉❝t✐♦♥ r❡q✉✐r❡s K(x,x) <∞ ❢♦r ❛❧❧ x ∈ X ✱ ❝♦♥tr❛r②
t♦ ✭✹✳✶✼✮✳ ⊳

■♥ ♣r❛❝t✐❝❡ n ✐s ❛❧✇❛②s s♠❛❧❧❡r t❤❛♥ s♦♠❡ ❣✐✈❡♥ nmax✱ ❛♥❞ t♦ ❢❛❝✐❧✐t❛t❡ t❤❡ ❝♦♥✲
str✉❝t✐♦♥ ✇❡ ❝❛♥ r❡str✐❝t t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ xi t♦ ❛ ✜♥✐t❡ s✉❜s❡t XΩ = {s1, . . . , sΩ} ♦❢ X ✱
✇✐t❤ Ω ≫ nmax ✭✇❤❡♥ X = [0, 1]d✱ XΩ ❝❛♥ ❜❡ ❣✐✈❡♥ ❜② ❛ r❡❣✉❧❛r ❣r✐❞✱ ♦r ❜② t❤❡ ✜rst Ω
♣♦✐♥ts ♦❢ ❛ ▲❉❙✮✳ ❋♦r ❛♥② n ≤ nmax✱ ✇❡ ❝❛♥ ✇r✐t❡ Xn = {x1, . . . ,xn} = {si1 , . . . , sin}✱
t❤❡ ❝♦♥str✉❝t✐♦♥ ❜❡✐♥❣ ✐♥✐t✐❛❧✐③❡❞ ❛t s♦♠❡ n0✲♣♦✐♥t ❞❡s✐❣♥ Xn0

⊂ XΩ✳ ❆ ♠❡❛s✉r❡

ξ s✉♣♣♦rt❡❞ ♦♥ Xn ❝❛♥ t❤✉s ❜❡ ✇r✐tt❡♥ ❛s ξ =
∑Ω

i=1 ωiδsi ✱ ✇✐t❤ ωi = 0 ✇❤❡♥
si 6∈ Xn✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❛❧❧ n✱ ξ(n) ✐s ❢✉❧❧② ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ Ω✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r

ω(n) = (ω
(n)
1 , . . . , ω

(n)
Ω )⊤✱ ✇✐t❤ ω(n) ✐♥ t❤❡ ♣r♦❜❛❜✐❧✐t② s✐♠♣❧❡① PΩ ✇❤❡♥ ξ(n) ∈ M+(1)✳

❚❤❡ ✉♣❞❛t✐♥❣ ❡q✉❛t✐♦♥s ✭✹✳✶✼✱ ✹✳✶✽✮ t❤❡♥ ✐♠♣❧② t❤❛t ω(n+1) ✐s ♦❜t❛✐♥❡❞ ❜② ♠♦✈✐♥❣
ω(n) ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❛ ✈❡rt❡① ♦❢ PΩ✱ ❤❡♥❝❡ t❤❡ ♥❛♠❡ ✈❡rt❡①✲❞✐r❡❝t✐♦♥ ❣✐✈❡♥ t♦
♠❡t❤♦❞s ❜❛s❡❞ ♦♥ ✭✹✳✶✽✮ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ♦♣t✐♠❛❧ ❞❡s✐❣♥✱ s❡❡✱ ❡✳❣✳✱ ❬✼✺✱ ❈❤❛♣✳ ✾❪
❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳ ❚❤❡ ❝♦st ♦❢ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ xn+1 ✐♥ ✭✹✳✶✼✮ ✐s O(Ω)✿

✸✵



✇❡ ❝♦♠♣✉t❡ K(x,xn) ❢♦r ❛❧❧ x ∈ XΩ ❛♥❞ ✉♣❞❛t❡ t❤❡ s✉♠
∑n−1

i=1 K(x,xi)❀ t❤❡ ❝♦st ❢♦r
n ✐t❡r❛t✐♦♥s s❝❛❧❡s ❛s O(nΩ)✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❝♦st ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ Pµ(x)
❢♦r ❛❧❧ x ∈ XΩ✳

❚❤❡ ♠❡❛s✉r❡ ξ(n) ❝♦♥str✉❝t❡❞ ❜② ✭✹✳✶✽✮ ✇✐t❤ αn = 1/(n + 1) ✐s ✉♥✐❢♦r♠ ♦♥ ✐ts
s✉♣♣♦rt✳ ❚❤❡ ♠✐♥✐♠✉♠✲♥♦r♠✲♣♦✐♥t ❛❧❣♦r✐t❤♠ ♦❢ ❬✺❪ r❡♣❧❛❝❡s ξ(n) ❜② t❤❡ ♠❡❛s✉r❡
❤❛✈✐♥❣ t❤❡ s❛♠❡ s✉♣♣♦rt ❜✉t ♦♣t✐♠❛❧ ✇❡✐❣❤ts ✐♥ PΩ✳ ❚❤❡ str❛t❡❣② t❤❛t ❝♦♥s✐sts ✐♥
♦♣t✐♠✐③✐♥❣ t❤❡ ✇❡✐❣❤ts ♦♥ t❤❡ ❝✉rr❡♥t s✉♣♣♦rt ♦❢ t❤❡ ❞❡s✐❣♥ ♠❡❛s✉r❡ ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥
✐s ❦♥♦✇♥ t♦ ❜❡ ❡✣❝✐❡♥t ❛❧s♦ ✐♥ ♦t❤❡r ❞❡s✐❣♥ ❝♦♥t❡①ts✱ s❡❡ ❆❧❣♦r✐t❤♠ ✶ ✐♥ ❬✼✼❪✳ ❍❡r❡
t❤❡ ✇❡✐❣❤ts ❛r❡ s♦❧✉t✐♦♥ ♦❢ ❛ ❝♦♥✈❡① q✉❛❞r❛t✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ❢❛❝✐❧✐t❛t❡s
t❤❡✐r ❞❡t❡r♠✐♥❛t✐♦♥✳ ■♥ t❤❡ ❡①❛♠♣❧❡s ♦❢ ❙❡❝t✐♦♥ ✺✱ ✇❡ ❝♦♥s✐❞❡r ❛ st✐❧❧ s✐♠♣❧✐✜❡❞ ✈❡rs✐♦♥

✇❤❡r❡ ξ(n) ✐s r❡♣❧❛❝❡❞ ❜② ξ̂(n) ❤❛✈✐♥❣ ✇❡✐❣❤ts ŵ
(n)
i ❣✐✈❡♥ ❜② ✭✹✳✼✮✳ ❚❤✐s ♠♦❞✐✜❝❛t✐♦♥ ♦❢

ξ(n) ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥ ✐♥❞✉❝❡s ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ♦❢ O(n3) ❛t ✐t❡r❛t✐♦♥
n ✭O(n2) ✐❢ r❛♥❦✲♦♥❡ ✉♣❞❛t✐♥❣ ✐s ✉s❡❞ t♦ ❝♦♠♣✉t❡ K−1

n ✮ ❛♥❞ r❡q✉✐r❡s t❤❡ st♦r❛❣❡ ♦❢

❛❧❧ K(x,xi)✱ i = 1, . . . , n✱ x ∈ XΩ✱ ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡
∑n

i=1 ŵ
(n)
i K(x,xi)✳ ❲❤❡♥ K

✐s ❛ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ✇✐t❤ s♠❛❧❧ ❝♦rr❡❧❛t✐♦♥ ❧❡♥❣t❤ L ❛♥❞ PR(Xn) ≫ L✱ ❛❧❧ ❞❡s✐❣♥

♣♦✐♥ts ❤❛✈❡ s✐♠✐❧❛r ✐♥✢✉❡♥❝❡ ♦♥ EK(ξn − µ) ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ♦♣t✐♠❛❧ ✇❡✐❣❤ts ŵ
(n)
i

❛r❡ ♥❡❛r❧② ✐❞❡♥t✐❝❛❧✿ ❢♦r n s♠❛❧❧ ❡♥♦✉❣❤✱ t❤❡ r❡s✉❧t✐♥❣ ❞❡s✐❣♥ ✐s t❤❡♥ s✐♠✐❧❛r t♦ t❤❛t
♦❜t❛✐♥❡❞ ✇❤❡♥ ξ(n) ✐s ❢♦r❝❡❞ t♦ ❜❡ ✉♥✐❢♦r♠✳

❲❡ ❤❛✈❡ ❛❧s♦ ❝♦♥s✐❞❡r❡❞ s❡✈❡r❛❧ ✈❛r✐❛♥ts ♦❢ ✭✹✳✶✽✮✱ ✇❤❡r❡ t❤❡ st❡♣✲s✐③❡ αn ✐s
♦♣t✐♠✐③❡❞ ✐♥st❡❛❞ ♦❢ ❜❡✐♥❣ ✜①❡❞ t♦ 1/(n+1)✱ ♦r ✉s✐♥❣ ❛ ✈❡rt❡①✲❡①❝❤❛♥❣❡ ♠❡t❤♦❞ ❜❛s❡❞
♦♥ t❤❡ tr✉❡ st❡❡♣❡st✕❞❡s❝❡♥t ❞✐r❡❝t✐♦♥❀ s❡❡ ❆♣♣❡♥❞✐① ❆ ❢♦r ❞❡t❛✐❧s✿ t❤❡ ♣❡r❢♦r♠❛♥❝❡s✱
✐♥ t❡r♠s ♦❢ ❞❡❝r❡❛s❡ ♦❢ EK(ξ(n)−µ) ♦r ✐♥ t❡r♠s ♦❢ s♣❛❝❡✲✜❧❧✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ ✐ts s✉♣♣♦rt✱
CR(Xn) ❛♥❞ PR(Xn)✱ ✇❡r❡ ♥♦t s✐❣♥✐✜❝❛♥t❧② ❜❡tt❡r t❤❛♥ t❤♦s❡ ♦❜t❛✐♥❡❞ ✇✐t❤ ✭✹✳✶✽✮✳
❚❤❡ s❛♠❡ ♦❜s❡r✈❛t✐♦♥ ❤♦❧❞s ❢♦r t❤❡ ❙❡q✉❡♥t✐❛❧ ❇❛②❡s✐❛♥ ◗✉❛❞r❛t✉r❡ ✭✹✳✶✻✮ ❛♥❞ t❤❡
❣r❡❡❞② ▼▼❉ ♠✐♥✐♠✐③❛t✐♦♥ ✭✹✳✶✾✮✳

❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t t❤❡ n✲t❤ ❞❡s✐❣♥ ✐♥ ❛ s❡q✉❡♥❝❡ ♦❢ ♥❡st❡❞ ❞❡s✐❣♥s ❝❛♥ ❜❡ ✉s❡❞
❛s ✐♥✐t✐❛❧✐③❛t✐♦♥ ❢♦r t❤❡ ✭✉♥❝♦♥str❛✐♥❡❞✮ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ EK(ξn,e − µ) = 1⊤

n K̃n1n/n
2

✭❙❡❝t✐♦♥ ✹✳✸✳✶✮✱ ♦r t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ 1⊤
n K̃

−1
n 1n ✭❙❡❝t✐♦♥ ✹✳✸✳✷✮✱ ✇✐t❤ r❡s♣❡❝t t♦ Xn✳

✺✳ ■❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡s✳

✺✳✶✳ ◆❡st❡❞ ❞❡s✐❣♥s✱ d = 2✳ ❲❡ t❛❦❡ X = [0, 1]2✱ µ ✐s ✉♥✐❢♦r♠ ♦♥ X ❛♥❞
t❤❡ ❝❛♥❞✐❞❛t❡ s❡t XΩ ✐s ❣✐✈❡♥ ❜② ❛ r❡❣✉❧❛r 64 × 64 ❣r✐❞ ✐♥ X ❀ K ✐s t❤❡ ♣r♦❞✉❝t
♦❢ ✉♥✐✲❞✐♠❡♥s✐♦♥❛❧ ▼❛tér♥ ✸✴✷ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s K3/2,θ✱ s❡❡ ✭✸✳✺✮✳ ❲❡ ❝♦♥s✐❞❡r
♥❡st❡❞ ❞❡s✐❣♥s ♦❢ s✐③❡ ✉♣ t♦ nmax = 140 ❛♥❞ ❝♦♠♣❛r❡ ❞❡s✐❣♥s XVD

n ❣❡♥❡r❛t❡❞ ❜②
t❤❡ ✈❡rt❡①✲❞✐r❡❝t✐♦♥ ♠❡t❤♦❞ ✭✹✳✶✼✱ ✹✳✶✽✮ ✇✐t❤ ♠♦r❡ ❝❧❛ss✐❝❛❧ ❞❡s✐❣♥ s❡q✉❡♥❝❡s✿ XS

n✱
❣✐✈❡♥ ❜② t❤❡ ✜rst n ♣♦✐♥ts ♦❢ ❙♦❜♦❧✬ ▲❉❙❀ XsS

n ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ r❛♥❞♦♠
❧✐♥❡❛r s❝r❛♠❜❧❡✱ s❡❡ ❬✻✺❪❀ ❛♥❞ ❛♥ ❡①t❡♥s✐❜❧❡ ❧❛tt✐❝❡ s❡q✉❡♥❝❡ XEL

n ✱ ✇❤❡r❡ t❤❡ n✲t❤
♣♦✐♥t ✐s ❣✐✈❡♥ ❜② {ng}✱ ✇✐t❤ g ❤❛✈✐♥❣ ✐rr❛t✐♦♥❛❧ ❝♦♠♣♦♥❡♥ts ✐♥❞❡♣❡♥❞❡♥t ♦✈❡r t❤❡
r❛t✐♦♥❛❧s ❛♥❞ {t} ❞❡♥♦t✐♥❣ t❤❡ ❢r❛❝t✐♦♥❛❧ ♣❛rt✱ ❛♣♣❧✐❡❞ ❝♦♠♣♦♥❡♥t✇✐s❡✳ ❈❤♦♦s✐♥❣ ❛
s✉✐t❛❜❧❡ ❣❡♥❡r❛t♦r g ✐s ❛ ❞❡❧✐❝❛t❡ ♠❛tt❡r❀ s❡❡✱ ❡✳❣✳✱ ❬✺✺❪✱ ❬✻✾✱ ❈❤❛♣✳ ✺❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s
t❤❡r❡✐♥✳ ❲❡ ✉s❡ t❤❡ ❝♦♥str✉❝t✐♦♥ s✉❣❣❡st❡❞ ✐♥ ❤tt♣✿✴✴❡①tr❡♠❡❧❡❛r♥✐♥❣✳❝♦♠✳❛✉✴✱ ✇✐t❤
g = (1/ϕd, 1/ϕ

2
d, . . . , 1/ϕ

d
d)

⊤ ❛♥❞ ϕd t❤❡ ✉♥✐q✉❡ ♣♦s✐t✐✈❡ r♦♦t ♦❢ xd+1 = x+ 1✱ ✇❤✐❝❤
s❡❡♠s q✉✐t❡ ❡✛❡❝t✐✈❡ ❢♦r s♠❛❧❧ ❡♥♦✉❣❤ d✳ ❲❡ ✐♥✐t✐❛❧✐③❡ ✭✹✳✶✼✱ ✹✳✶✽✮ ❜②X1 = {(0.5, 0.5)}
✭n0 = 1✮ ❛♥❞ t❛❦❡ θ = 10✳ ❲❡ ❛❧s♦ ❝♦♥s✐❞❡r ❛ ✈❛r✐❛♥t ♦❢ t❤❡ ♠✐♥✐♠✉♠✲♥♦r♠✲♣♦✐♥t

❛❧❣♦r✐t❤♠ ♦❢ ❬✺❪✱ ✇❤❡r❡ ξ̂(n) ❤❛✈✐♥❣ t❤❡ ♦♣t✐♠❛❧ ✇❡✐❣❤ts ✭✹✳✼✮ ✐s s✉❜st✐t✉t❡❞ ❢♦r ξ(n) ✐♥
✭✹✳✶✼✱ ✹✳✶✽✮❀ ✇❡ ❞❡♥♦t❡ ❜② XMN

n t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡s✐❣♥s✳ ❚❤❡ ❝❤♦✐❝❡ nmax = 140 ✐s
❛r❜✐tr❛r②❀ ✇❡ t❛❦❡ nmax > 27 = 128 t♦ ❜❡ ♠♦r❡ ❢❛✐r ✇✐t❤ Sn ✇❤✐❝❤ ✐s ❦♥♦✇♥ t♦ ❤❛✈❡
❛♣♣❡❛❧✐♥❣ ♣r♦♣❡rt✐❡s ✇❤❡♥ n ✐s ❛ ♣♦✇❡r ♦❢ t✇♦✳

❚❤❡ ❢♦✉r ❞❡s✐❣♥sXVD
140✱ X

MN
140 ✱ X

sS
140 ❛♥❞XEL

140 ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✺✳✶✳ ❱✐s✉❛❧❧②✱
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t❤❡② ❛r❡ ❛❧❧ r❡❛s♦♥❛❜❧② s♣❛❝❡ ✜❧❧✐♥❣✱ ✇✐t❤ ❛ s❧✐❣❤t❧② ❜❡tt❡r ❜❡❤❛✈✐♦r ❢♦rXMN
140 ✭t♦♣ r✐❣❤t✮

❛♥❞ XEL
140 ✭❜♦tt♦♠ r✐❣❤t✮❀ XS

140 ✭♥♦t s❤♦✇♥✮ ❤❛s ❛ ❢❡✇ ♥❡❛r❧② ❝♦✐♥❝✐❞❡♥t ♣♦✐♥ts t❤❛t
❛♣♣❡❛r ❛❢t❡r n = 110 ✭t❤✐s ✇✐❧❧ ❜❡ r❡✈❡❛❧❡❞ ❜② ❋✐❣✉r❡ ✺✳✷✲r✐❣❤t✮✳

❋✐❣✉r❡ ✺✳✶✿ ❚♦♣ ❧❡❢t✿ X
VD
140 = Supp(ξ(140)) ❣❡♥❡r❛t❡❞ ❜② ✭✹✳✶✼✱ ✹✳✶✽✮ ✇✐t❤ αn = 1/(n + 1)

❛♥❞ θ = 10 ✐♥ K3/2,θ✳ ❚♦♣ r✐❣❤t✿ X
MN
140 = Supp(ξ̂(140)) ✭♠✐♥✐♠✉♠✲♥♦r♠✲♣♦✐♥t ✈❛r✐❛♥t ✇❤❡r❡

ξ̂(n) ✇✐t❤ ♦♣t✐♠❛❧ ✇❡✐❣❤ts ✐s s✉❜st✐t✉t❡❞ ❢♦r ξ(n) ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥✮✳ ❇♦tt♦♠ ❧❡❢t✿ X
sS
140 ✭✜rst

✶✹✵ ♣♦✐♥ts ♦❢ ❛ s❝r❛♠❜❧❡❞ ❙♦❜♦❧✬ ▲❉❙✮✳ ❇♦tt♦♠ r✐❣❤t✿ XEL
140 ✭❡①t❡♥s✐❜❧❡ ❧❛tt✐❝❡ s❡q✉❡♥❝❡✮✳

❋✐❣✉r❡ ✺✳✷ s❤♦✇s t❤❡ s❝❛❧❡❞ ✈❛❧✉❡s n1/d CR(Xn) ✭❧❡❢t✱ s♠❛❧❧ ✈❛❧✉❡s ❛r❡ ♣r❡❢❡rr❡❞✮
❛♥❞ n1/d PR(Xn) ✭r✐❣❤t✱ ❧❛r❣❡ ✈❛❧✉❡s ❛r❡ ♣r❡❢❡rr❡❞✮ ❢♦r t❤❡ ✜✈❡ s❡q✉❡♥❝❡s ♦❢ ♥❡st❡❞
❞❡s✐❣♥s ❝♦♥s✐❞❡r❡❞✱ XVD

n ✱ XMN
n ✱ XS

n✱ X
sS
n ❛♥❞ XEL

n ✱ ❢♦r n = 2, . . . , nmax = 140✳ ❚❤❡
❜❡❤❛✈✐♦r ♦❢ CR(XS

n) ♦♥ t❤❡ ❧❡❢t ♣❛♥❡❧ ✐❧❧✉str❛t❡s t❤❡ ❢❛❝t t❤❛t ❙♦❜♦❧✬ s❡q✉❡♥❝❡ ❤❛s s✉✐t✲
❛❜❧❡ s♣❛❝❡✲✜❧❧✐♥❣ ♣r♦♣❡rt✐❡s ❢♦r n ❡q✉❛❧ t♦ ❛ ♣♦✇❡r ♦❢ t✇♦ ✭♥♦t✐❝❡ t❤❡ ❥✉♠♣ ❞♦✇♥✇❛r❞s
❛t n = 128✮ ❜✉t ♠❛② ♣❡r❢♦r♠ r❛t❤❡r ♣♦♦r❧② ♦t❤❡r✇✐s❡ ✭❛♥❞ t❤❡ s✐t✉❛t✐♦♥ ❞❡t❡r✐♦r❛t❡s
❛s d ✐♥❝r❡❛s❡s✮❀ PR(XS

n) ♦♥ t❤❡ r✐❣❤t ♣❛♥❡❧ r❡✈❡❛❧s t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ♥❡❛r❧② ❝♦✐♥❝✐❞❡♥t
♣♦✐♥ts ❛❢t❡r n = 110✳ ❖✈❡r❛❧❧✱ t❤❡ s❝r❛♠❜❧❡❞ s❡q✉❡♥❝❡ XsS

n ♣❡r❢♦r♠s ❜❡tt❡r t❤❛♥ XS
n

❜✉t s✐❣♥✐✜❝❛♥t❧② ✇♦rs❡ t❤❛♥ XVD
n ❛♥❞ XMN

n ✱ ❜♦t❤ ✐♥ t❡r♠s ♦❢ ❝♦✈❡r✐♥❣ ❛♥❞ ♣❛❝❦✐♥❣
r❛❞✐✉s✳ ❚❤❡ ❡①t❡♥s✐❜❧❡ ❧❛tt✐❝❡ s❡q✉❡♥❝❡ XEL

n ♣❡r❢♦r♠s s❧✐❣❤t❧② ❜❡tt❡r t❤❛♥ XMN
n ✐♥

t❡r♠s ♦❢ ♣❛❝❦✐♥❣ r❛❞✐✉s✱ ❜✉t CR(XEL
n ) ✐s s✐❣♥✐✜❝❛♥t❧② ❧❛r❣❡r t❤❛♥ CR(XMN

n ) ❛❧❧ ❛❧♦♥❣
t❤❡ s❡q✉❡♥❝❡❀ XMN

n ♣❡r❢♦r♠s ❝♦♥s✐st❡♥t❧② ❜❡tt❡r t❤❛♥ XVD
n ❢♦r ❜♦t❤ ❝r✐t❡r✐❛✳

❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ EK(ξn,e − µ) ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ n✱ ✇✐t❤ ξn,e t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡

❛ss♦❝✐❛t❡❞ ✇✐t❤ Xn✱ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✸ ❢♦r XVD
n ✱ XMN

n ❛♥❞ XS
n❀ EK(ξ̂n − µ)✱ ✇✐t❤

ξ̂n ❤❛✈✐♥❣ ♦♣t✐♠❛❧ ✇❡✐❣❤ts ✭✹✳✼✮✱ ✐s s❤♦✇♥ ♦♥ t❤❡ r✐❣❤t ♣❛♥❡❧✱ ❢♦r t❤❡ s❛♠❡ ❞❡s✐❣♥s

✭♥♦t❡ t❤❛t EK(ξ̂n − µ) ≤ EK(ξn,e − µ)✮✳ XVD
n ♣❡r❢♦r♠s s❧✐❣❤t❧② ❜❡tt❡r t❤❛♥ XMN

n ✐♥
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❋✐❣✉r❡ ✺✳✷✿ n1/d
CR(Xn) ✭❧❡❢t✮ ❛♥❞ n1/d

PR(Xn) ✭r✐❣❤t✮ ❢♦r t❤❡ ❞❡s✐❣♥s X
VD
n ✭r❡❞✱ ❞✐❛✲

♠♦♥❞s✮✱ XMN
n ✭❜❧✉❡✱ st❛rs✮✱ XS

n ✭❜❧❛❝❦✱ ♣❧✉s❡s✮✱ XsS
n ✭❜❧❛❝❦✱ ①✲♠❛r❦s✮ ❛♥❞ X

EL
n ✭♠❛❣❡♥t❛✱

tr✐❛♥❣❧❡s✮✳

t❡r♠s ♦❢ EK(ξn,e − µ) ❜✉t s❧✐❣❤t❧② ✇♦rs❡ ✐♥ t❡r♠s ♦❢ EK(ξ̂n − µ)❀ ❜♦t❤ ♣❡r❢♦r♠ ❜❡tt❡r
t❤❛♥ XS

n ❢♦r t❤❡ t✇♦ ❝r✐t❡r✐❛✳ XsS
n ✭♥♦t s❤♦✇♥✮ ♣❡r❢♦r♠s s✐♠✐❧❛r❧② t♦ XS

n❀ X
EL
n ✭♥♦t

s❤♦✇♥✮ ✐s ❜❡t✇❡❡♥ XS
n ❛♥❞ XVD

n ✳ ❆♥ ✐♠♣♦rt❛♥t ♦❜s❡r✈❛t✐♦♥ ❤❡r❡ ✐s t❤❛t ❞❡s✐❣♥s ♠❛②
❤❛✈❡ s✐❣♥✐✜❝❛♥t❧② ❞✐st✐♥❝t s♣❛❝❡✲✜❧❧✐♥❣ ♣r♦♣❡rt✐❡s ✭❋✐❣✉r❡ ✺✳✷✮ ❛❧t❤♦✉❣❤ t❤❡② ♣❡r❢♦r♠
❛❧♠♦st s✐♠✐❧❛r❧② ✐♥ t❡r♠s ♦❢ ▼▼❉ ✭❋✐❣✉r❡ ✺✳✸✮✱ ✐♥ ♣❛rt✐❝✉❧❛r ✐♥ t❡r♠s ♦❢ ❞❡❝r❡❛s❡
r❛t❡✳ ❋✐❣✉r❡ ✺✳✹ ✐❧❧✉str❛t❡s t❤❡ ❢❛❝t t❤❛t ❛ ❢❛st❡r ❞❡❝r❡❛s❡ ♦❢ ▼▼❉ ❞♦❡s ♥♦t ♠❡❛♥
t❤❛t t❤❡ ❞❡s✐❣♥ ♣♦✐♥ts ❤❛✈❡ ❛ ❜❡tt❡r ❞✐str✐❜✉t✐♦♥✿ t❤❡r❡✱ θ = 1 ✐♥ K3/2,θ✱ s♦ t❤❛t
▼▼❉ ❝♦♥s✐❞❡rs t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥s ♠✉❝❤ s♠♦♦t❤❡r t❤❛♥ ♣r❡✈✐♦✉s❧② ✇❤❡♥ ✇❡
❤❛❞ θ = 10✳ ❚❤❡ ❧❡❢t ♣❛♥❡❧ s❤♦✇s EK(ξn,e − µ) ❢♦r XVD

n ❛♥❞ XS
n✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱

❜♦t❤ ❝♦♥str✉❝t✐♦♥s ②✐❡❧❞ ❛ ♠✉❝❤ ❢❛st❡r ❞❡❝r❡❛s❡ ♦❢ ▼▼❉ t❤❛♥ ♦♥ t❤❡ ❧❡❢t ♣❛♥❡❧ ♦❢
❋✐❣✉r❡ ✺✳✸✱ ✇✐t❤ ❛ s✐❣♥✐✜❝❛♥t❧② s♠❛❧❧❡r ▼▼❉ ❢♦r XVD

n t❤❛♥ ❢♦r XS
n✳ ❖♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ t❤❡ ❞❡s✐❣♥XVD
140 s❤♦✇♥ ♦♥ t❤❡ r✐❣❤t ♣❛♥❡❧ ♦❢ t❤❡ ✜❣✉r❡ ❤❛s ✈❡r② ♣♦♦r s♣❛❝❡✲✜❧❧✐♥❣

♣r♦♣❡rt✐❡s❀ ❝♦♠♣❛r❡ ✇✐t❤ t❤❡ t♦♣✲❧❡❢t ♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ✺✳✷✳

❋✐❣✉r❡ ✺✳✸✿ EK(ξn,e − µ) ✭❧❡❢t✮ ❛♥❞ EK(ξ̂n − µ) ✭r✐❣❤t✮ ❛s ❢✉♥❝t✐♦♥s ♦❢ n ✭❧♦❣ s❝❛❧❡✮✱ ✇✐t❤
ξn,e t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ Xn ❛♥❞ ξ̂n t❤❡ ♠❡❛s✉r❡ ✇✐t❤ ♦♣t✐♠❛❧ ✇❡✐❣❤ts ŵn

✭✹✳✼✮✱ ❢♦r X
VD
n ✭r❡❞ s♦❧✐❞ ❧✐♥❡✮✱ XMN

n ✭❜❧✉❡ ❞❛s❤❡❞ ❧✐♥❡✮ ❛♥❞ X
S
n ✭❜❧❛❝❦ ❞♦tt❡❞ ❧✐♥❡✮❀ θ = 10

✐♥ K3/2,θ✳
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❋✐❣✉r❡ ✺✳✹✿ ▲❡❢t✿ EK(ξn,e−µ) ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ n ✭❧♦❣ s❝❛❧❡✮✱ ✇✐t❤ ξn,e t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡
❛ss♦❝✐❛t❡❞ ✇✐t❤ X

VD
n ✭r❡❞ s♦❧✐❞ ❧✐♥❡✮ ❛♥❞ X

S
n ✭❜❧❛❝❦ ❞♦tt❡❞ ❧✐♥❡✮❀ r✐❣❤t✿ XVD

140❀ θ = 1 ✐♥ K3/2,θ✳

❲❡ ❝♦♥str✉❝t ♥♦✇ ❞❡s✐❣♥s XVD
n ❛♥❞ XMN

n ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ θ ✐♥ K3/2,θ✳
❋✐❣✉r❡ ✺✳✺ t♦♣✲❧❡❢t ✭r❡s♣❡❝t✐✈❡❧②✱ t♦♣✲r✐❣❤t✮ s❤♦✇s CR(XVD

n ) ✭r❡s♣❡❝t✐✈❡❧②✱ PR(XVD
n )✮

❢♦r θ = 1 ✭❞❛s❤❡❞ ❧✐♥❡✮✱ θ = 1/n
1/d
max ≃ 11.8 ✭❜❧❛❝❦ ❞❛s❤✲❞♦tt❡❞ ❧✐♥❡✮ ❛♥❞ θ = 50

✭s♦❧✐❞ ❧✐♥❡✮❀ t❤❡ ❝♦❧♦✉r❡❞ r❡❣✐♦♥ ✐s t❤❡ ❡♥✈❡❧♦♣❡ ♦❢ t❤❡ ❝✉r✈❡s ♦❜t❛✐♥❡❞ ✇❤❡♥ θ =
1, 5, 10, 15, . . . , 50✳ ❚❤❡ s❡❝♦♥❞ r♦✇ ❣✐✈❡s t❤❡ s❛♠❡ ✐♥❢♦r♠❛t✐♦♥ ❢♦r t❤❡ ❞❡s✐❣♥ XMN

n ✳
❖♥❡ ♠❛② ♥♦t✐❝❡ t❤❛t t❤❡ ❝✉r✈❡s ✐♥ s♦❧✐❞ ❧✐♥❡ ❝♦✐♥❝✐❞❡ ♦♥ t❤❡ t✇♦ r♦✇s✿ ✇❤❡♥ K3/2,θ

❤❛s ❛ s♠❛❧❧ ❝♦rr❡❧❛t✐♦♥ ❧❡♥❣t❤ ✭θ ✐s ❧❛r❣❡✮✱ t❤❡ t✇♦ ❝♦♥str✉❝t✐♦♥s ❣✐✈❡ s✐♠✐❧❛r ❞❡s✐❣♥s

s✐♥❝❡ t❤❡ ♦♣t✐♠❛❧ ✇❡✐❣❤ts ✐♥ ξ̂(n) ❛r❡ ♥❡❛r❧② ❛❧❧ ❡q✉❛❧ t♦ 1/n ❛t ❡❛❝❤ n ✭maxi{ŵ(n)
i }−

mini{ŵ(n)
i } < 3 × 10−4 ❢♦r n = 140 ❛♥❞ θ = 50✮✳ ❲❡✐❣❤t ♦♣t✐♠✐③❛t✐♦♥ ♠❛❦❡s t❤❡

❝♦♥str✉❝t✐♦♥ ❧❡ss s❡♥s✐t✐✈❡ t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ θ✿ ✐♥ s♦♠❡ s❡♥s❡ ✐t ♣❡r♠✐ts t♦ ❝♦♠♣❡♥s❛t❡
❢♦r t❤❡ ❧♦ss ✐♥ s♣❛❝❡✲✜❧❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ✐♥❝✉rr❡❞ ❜② ❝❤♦♦s✐♥❣ ❛ ❦❡r♥❡❧ ✇✐t❤ ❡①❝❡ss✐✈❡❧②
❧❛r❣❡ ❝♦rr❡❧❛t✐♦♥ ❧❡♥❣t❤ ✭θ ✐s t♦♦ s♠❛❧❧✮ ❛♥❞ ❢♦r❝✐♥❣ ❛❧❧ ✇❡✐❣❤ts t♦ ❜❡ ❡q✉❛❧ ❞✉r✐♥❣ t❤❡

❝♦♥str✉❝t✐♦♥✳ ❚❤❡ ❝❤♦✐❝❡ θ = n
1/d
max ≃ 11.8 ❛♣♣❡❛rs t♦ ②✐❡❧❞ ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡✱ ✇✐t❤

❧❛r❣❡r θ ❧❡❛❞✐♥❣ t♦ ❧❛r❣❡r ♣❛❝❦✐♥❣ r❛❞✐✐ ❜✉t ✇♦rs❡ ❝♦✈❡r✐♥❣ ❜❡❤❛✈✐♦r✳

✺✳✷✳ ❖♥❡✲s❤♦t ❞❡s✐❣♥s✱ d = 2, 3✳ ❍❡r❡ ✇❡ ✉s❡ t❤❡ n✲t❤ ❞❡s✐❣♥ ✐♥ ❛ s❡q✉❡♥❝❡ ♦❢
♥❡st❡❞ ❞❡s✐❣♥s t♦ ✐♥✐t✐❛❧✐③❡ t❤❡ s❡❛r❝❤ ❢♦r ❛♥ ▼▼❉ ❞❡s✐❣♥✳ ■♥ ❬✻✹❪✱ t❤❡ ▼▼❉ ❛ss♦❝✐❛t❡❞
✇✐t❤ ❡♥❡r❣② ❞✐st❛♥❝❡ ✭❦❡r♥❡❧ ✭✸✳✼✮✮ ✐s ♠✐♥✐♠✐③❡❞ ✇✐t❤ ❛ ▼❛❥♦r✐③❛t✐♦♥✲▼✐♥✐♠✐③❛t✐♦♥
✭▼▼✮ ❛❧❣♦r✐t❤♠❀ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦♣t✐♠❛❧ ❞❡s✐❣♥s ❛r❡ ❝❛❧❧❡❞ s✉♣♣♦rt ♣♦✐♥ts✱ ❞❡✲
♥♦t❡❞ ❜② Xsupp

n ✐s ✇❤❛t ❢♦❧❧♦✇s✳ ❯s✐♥❣ t❤❡ ❡①♣❧✐❝✐t ❢♦r♠ ♦❢ t❤❡ ❦❡r♥❡❧ K3/2,θ(·, ·) ❛♥❞
♣♦t❡♥t✐❛❧ Pµ(·)✱ ✇❡ ❝❛♥ ❛❧s♦ ❝♦♥str✉❝t ❛ ❝♦♥✈❡① ♠❛❥♦r❛♥t ❢♦r t❤❡ ✭sq✉❛r❡❞✮ ▼▼❉ ✭✹✳✶✮✱
❢♦r ❛♥② s❡t ♦❢ ✇❡✐❣❤ts wn✳ ❆♥ ▼▼ ❛❧❣♦r✐t❤♠ ❝❛♥ t❤❡♥ ❜❡ ✉s❡❞ t♦ ❞✐r❡❝t❧② ♠✐♥✐♠✐③❡
EK(ξn,e − µ) ✭ξn,e ❤❛✈✐♥❣ ❛❧❧ ✇❡✐❣❤ts ❡q✉❛❧ t♦ 1/n✮✱ ♦r EK(ξ̂n − µ) = (1⊤

n K̃
−1
n 1n)

−1✱
✇✐t❤ r❡s♣❡❝t t♦ Xn✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✇❡ ❛❧t❡r♥❛t❡ ▼▼ st❡♣s ❢♦r t❤❡ ♠✐♥✐♠✐③❛t✐♦♥
✇✐t❤ r❡s♣❡❝t t♦ Xn ✇✐t❤ ✜①❡❞ ✇❡✐❣❤ts✱ ❛♥❞ ✭❡①♣❧✐❝✐t✮ ✇❡✐❣❤t ♦♣t✐♠✐③❛t✐♦♥ t❤r♦✉❣❤
✭✹✳✼✮✳ ❲❡ ❞❡♥♦t❡ ❜② XMM−MMD

n t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡s✐❣♥s✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ✇❡ ❝❛♥

❛❧s♦ ❞✐r❡❝t❧② ♠✐♥✐♠✐③❡ EK(ξn,e−µ)✱ ♦r ♠❛①✐♠✐③❡ 1⊤
n K̃

−1
n 1n✱ ✇✐t❤ r❡s♣❡❝t t♦ Xn ✉s✐♥❣

❛♥② ♥♦♥❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ ❛❧❣♦r✐t❤♠✳ ◆♦t❡ t❤❛t ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ✐♠♣♦s❡ t❤❡ ❝♦♥✲
str❛✐♥ts xi ∈ X ❢♦r ❛❧❧ i t❤❛♥❦s t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♣♦t❡♥t✐❛❧s Pµ(xi) ✐♥ ✭✹✳✶✮ ❛❝t✐♥❣ ❛s
♣❡♥❛❧t② ❢✉♥❝t✐♦♥s✳ ❙✐♥❝❡ ❞❡r✐✈❛t✐✈❡s ❛r❡ ❛✈❛✐❧❛❜❧❡✱ ✇❡ ✉s❡ ❈♦♥❥✉❣❛t❡ ●r❛❞✐❡♥t ✭❈●✮❀
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡s✐❣♥s ❛r❡ ❞❡♥♦t❡❞ XCG−MMD

n ✳ ▼▼ ❛♥❞ ❈● ♦♥❧② ❣✐✈❡ ❧♦❝❛❧❧②
♦♣t✐♠❛❧ s♦❧✉t✐♦♥s✱ ✇❤✐❝❤ t❤❡r❡❢♦r❡ ❞❡♣❡♥❞ ♦♥ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥✳ ❚❛❜❧❡ ✺✳✶ ❣✐✈❡s ❛♥ ✐❧✲
❧✉str❛t✐♦♥ ❢♦r n = 100✱ d = 2, 3 ❛♥❞ K t❤❡ ♣r♦❞✉❝t ♦❢ ▼❛tér♥ ✸✴✷ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s
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❋✐❣✉r❡ ✺✳✺✿ n1/d
CR(Xn) ✭❧❡❢t ❝♦❧✉♠♥✮ ❛♥❞ n1/d

PR(Xn) ✭r✐❣❤t ❝♦❧✉♠♥✮ ❛s ❢✉♥❝t✐♦♥s ♦❢ n✱
❢♦r XVD

n ✭t♦♣ r♦✇✮ ❛♥❞ X
MN
n ✭❜♦tt♦♠ r♦✇✮✱ ✇❤❡♥ θ ✈❛r✐❡s ❜❡t✇❡❡♥ ✶ ❛♥❞ ✺✵ ✐♥ K3/2,θ✿ θ = 1

✐♥ ❞❛s❤❡❞ ❧✐♥❡✱ θ = 1/n
1/d
max ✐♥ ❞❛s❤❡❞✲❞♦tt❡❞ ❧✐♥❡✱ θ = 50 ✐♥ s♦❧✐❞ ❧✐♥❡✳

K3/2,θ ✇✐t❤ θ = n1/d✳ XsS
100 ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✜rst ✶✵✵ ♣♦✐♥ts ♦❢ ❛ s❝r❛♠❜❧❡❞ ❙♦❜♦❧✬

s❡q✉❡♥❝❡✱ XVD
100 ✐s ♦❜t❛✐♥❡❞ ✇✐t❤ ✭✹✳✶✼✱ ✹✳✶✽✮ ❛♥❞ ✐s ✉s❡❞ t♦ ✐♥✐t✐❛❧✐③❡ t❤❡ ♦♣t✐♠✐③❛t✐♦♥

❢♦r t❤❡ ♦t❤❡r ❞❡s✐❣♥s ✐♥ t❤❡ t❛❜❧❡✿ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ EK(ξn,e −µ) ②✐❡❧❞s XMM−MMD
100,e

❛♥❞ XCG−MMD
100,e ✱ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ 1⊤

n K̃
−1
n 1n ②✐❡❧❞s XMM−MMD

100 ❛♥❞ XCG−MMD
100 ✳ ■♥✐✲

t✐❛❧✐③❛t✐♦♥ ❛t XsS
100 ❣✐✈❡s ❞❡s✐❣♥s ✇✐t❤ ✇♦rs❡ ❝♦✈❡r✐♥❣ ❛♥❞ ♣❛❝❦✐♥❣ ♣❡r❢♦r♠❛♥❝❡s ❢♦r

❛❧❧ ❝♦♥str✉❝t✐♦♥s ❝♦♥s✐❞❡r❡❞✳ ❚❛❜❧❡ ✺✳✶ s❤♦✇s t❤❡ ✈❡r② ❣♦♦❞ s♣❛❝❡✲✜❧❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡
♦❢ ❞❡s✐❣♥s ❜❛s❡❞ ♦♥ ▼▼❉ ♠✐♥✐♠✐③❛t✐♦♥ ❢♦r t❤❡ ❡♥❡r❣② ❞✐st❛♥❝❡ ✭t❤❡ s✉♣♣♦rt ♣♦✐♥ts
♦❢ ❬✻✹❪✮✱ ❜✉t t❤❡ ❝♦♥str✉❝t✐♦♥ ✐s ❝♦♠♣✉t❛t✐♦♥❛❧❧② ♠♦r❡ ❞❡♠❛♥❞✐♥❣ ✐♥ ❤✐❣❤ ❞✐♠❡♥s✐♦♥s
❞✉❡ t♦ t❤❡ ♥❡❝❡ss✐t② t♦ ❛♣♣r♦①✐♠❛t❡ µ ❜② ❛ ❞✐s❝r❡t❡ ♠❡❛s✉r❡ ✭✇❡ ✉s❡ ❛ 64 × 64 ❛♥❞
❛ 16 × 16 × 16 r❡❣✉❧❛r ❣r✐❞ ❢♦r d = 2, 3 r❡s♣❡❝t✐✈❡❧②✱ ✇✐t❤ t❤✉s ✹✱✵✾✻ ♣♦✐♥ts ✐♥ ❜♦t❤
❝❛s❡s✮✳

❚❛❜❧❡ ✺✳✶✿ ❈♦✈❡r✐♥❣ ❛♥❞ ♣❛❝❦✐♥❣ ♣❡r❢♦r♠❛♥❝❡s ♦❢ ✈❛r✐♦✉s ✜①❡❞✲s✐③❡ ❞❡s✐❣♥s ✭d=2,3❀ n=100✮✳

X
sS
100 X

VD
100 X

supp
100 X

MM−MMD
100,e X

MM−MMD
100 X

CG−MMD
100,e X

CG−MMD
100

d = 2 CR ✵✳✶✸✼✼ ✵✳✵✾✷✺ ✵✳✵✽✸✾ ✵✳✵✽✽✾ ✵✳✵✽✼✹ ✵✳✵✽✽✾ ✵✳✵✽✹✺
PR ✵✳✵✷✵✹ ✵✳✵✷✻✷ ✵✳✵✹✶✾ ✵✳✵✸✻✺ ✵✳✵✷✸✽ ✵✳✵✸✻✾ ✵✳✵✸✵✷

d = 3 CR ✵✳✸✵✺✹ ✵✳✷✻✹✺ ✵✳✷✵✸✷ ✵✳✷✻✼✸ ✵✳✷✻✷✹ ✵✳✷✻✽✶ ✵✳✷✽✽✻
PR ✵✳✵✹✶✺ ✵✳✵✼✺✶ ✵✳✶✵✹✷ ✵✳✵✽✽✻ ✵✳✵✽✾✻ ✵✳✵✾✸✽ ✵✳✵✾✷✷
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✺✳✸✳ d = 10✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡♣❧❛❝❡ CR(Xn) ❜② ✐ts ✉♥❞❡r ❛♣♣r♦①✐♠❛t✐♦♥
maxx∈XQ

min1≤i≤n ‖x−xi‖✱ ✇❤❡r❡ XQ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✜rst 219 ♣♦✐♥ts ♦❢ ❛ s❝r❛♠✲
❜❧❡❞ ❙♦❜♦❧✬ s❡q✉❡♥❝❡ ❝♦♠♣❧❡♠❡♥t❡❞ ✇✐t❤ ❛ 3d ❢✉❧❧ ❢❛❝t♦r✐❛❧ ❞❡s✐❣♥✳ ❖♥ ♣✉r♣♦s❡✱ ✇❡
❝❤♦♦s❡ ❛ ❝❛♥❞✐❞❛t❡ s❡t ❢♦r ❦❡r♥❡❧ ❤❡r❞✐♥❣ ❤❛✈✐♥❣ t❤❡ s❛♠❡ s✐③❡ ❛s ❛❜♦✈❡✱ ❞❡s♣✐t❡
d = 10✿ XΩ ✐s ❣✐✈❡♥ ❜② ✹✱✵✾✻ ♣♦✐♥ts ♦❢ ❛ s❝r❛♠❜❧❡❞ ❙♦❜♦❧✬ s❡q✉❡♥❝❡ ✐♥ [0, 1]d✳ ■♥
❣❡♥❡r❛❧✱ ❡♥❧❛r❣✐♥❣ Ω ✐♠♣r♦✈❡s t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ▼▼❉✲❜❛s❡❞ ❞❡s✐❣♥s✳

❋✐❣✉r❡ ✺✳✻ ✐s s✐♠✐❧❛r t♦ ❋✐❣✉r❡ ✺✳✷ ❛♥❞ s❤♦✇s t❤❡ s❝❛❧❡❞ ✈❛❧✉❡s n1/d CR(Xn) ✭❧❡❢t✮
❛♥❞ n1/d PR(Xn) ✭r✐❣❤t✮ ❢♦r ❛ s❝r❛♠❜❧❡❞ ❙♦❜♦❧✬ s❡q✉❡♥❝❡ XsS

n ❛♥❞ t❤r❡❡ s❡q✉❡♥❝❡s ♦❢
♥❡st❡❞ ❞❡s✐❣♥s ❢♦r n = 1, . . . , nmax = 100✿ XVD−log

n ✱ XVD−M
n ❛♥❞ XMN−M

n ✳ XVD−log
n

✐s ❣❡♥❡r❛t❡❞ ❜② ✭✹✳✶✼✱ ✹✳✶✽✮ ✇✐t❤ K t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ✉♥✐✲❞✐♠❡♥s✐♦♥❛❧ ✭s✐♥❣✉❧❛r✮
❧♦❣❛r✐t❤♠✐❝ ❦❡r♥❡❧ K(0) ✐♥ ✭✸✳✽✮❀ XVD−M

n ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ s❛♠❡ ✈❡rt❡①✲❞✐r❡❝t✐♦♥

♠❡t❤♦❞ ❜✉t ❢♦r t❤❡ ♣r♦❞✉❝t ♦❢ ▼❛tér♥ ❦❡r♥❡❧s K3/2,θ✱ ✇✐t❤ θ = n
1/d
max✱ XMN−M

n ✐s ❢♦r
t❤❡ ♠✐♥✐♠✉♠✲♥♦r♠✲♣♦✐♥t ❛❧❣♦r✐t❤♠ ✇✐t❤ t❤❡ s❛♠❡ ❦❡r♥❡❧✳

❚❤❡ t❤r❡❡ ▼▼❉ r❡❧❛t❡❞ ♥❡st❡❞ ❞❡s✐❣♥s ♣❡r❢♦r♠ s✐❣♥✐✜❝❛♥t❧② ❜❡tt❡r t❤❛♥ t❤❡
s❝r❛♠❜❧❡❞ ❙♦❜♦❧✬ s❡q✉❡♥❝❡❀ ❧✐❦❡ ✇❡ ♦❜s❡r✈❡❞ ✐♥ s♠❛❧❧❡r ❞✐♠❡♥s✐♦♥s✱ XMN−M

n ✐s ♣❡r❢♦r♠✲
✐♥❣ ❝♦♥s✐st❡♥t❧② ❜❡tt❡r t❤❛♥ XVD−M

n ❀ XVD−log
n ♣❡r❢♦r♠s s❧✐❣❤t❧② ✇♦rs❡ t❤❛♥ XVD−M

n ❜✉t
❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ♥♦t r❡q✉✐r✐♥❣ t❤❡ t✉♥✐♥❣ ♦❢ ❛ ❧❡♥❣t❤✲s❝❛❧❡ ♣❛r❛♠❡t❡r θ✳ ◆♦t❡
t❤❛t✱ s✐♥❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ♦♥❧② s❝❛❧❡s ❛s O(nΩ)✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② ❣❡♥❡r❛t❡ ♠❛♥②
❞❡s✐❣♥s✱ ❢♦r ❞✐✛❡r❡♥t ❦❡r♥❡❧s✱ ❞✐✛❡r❡♥t ❝♦rr❡❧❛t✐♦♥ ❧❡♥❣t❤ ♣❛r❛♠❡t❡rs✱ ♦r ❞✐✛❡r❡♥t ❝❛♥✲
❞✐❞❛t❡ s❡ts XΩ✱ ❛♥❞ t❤❡♥ s❡❧❡❝t t❤❡ ❜❡st ♦♥❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✈❛❧✉❡s ♦❢ ❛ ♣❛rt✐❝✉❧❛r
❝r✐t❡r✐♦♥ ♦❢ ✐♥t❡r❡st ♦✈❡r ❛ ♣❛rt✐❝✉❧❛r r❛♥❣❡ ♦❢ ❞❡s✐❣♥ s✐③❡s✳

❋✐❣✉r❡ ✺✳✻✿ n1/d
CR(Xn) ✭❧❡❢t✮ ❛♥❞ n1/d

PR(Xn) ✭r✐❣❤t✮ ❢♦r t❤❡ ❞❡s✐❣♥sXsS
n ✭❜❧❛❝❦✱ ①✲♠❛r❦s✮✱

X
VD−log
n ✭♠❛❣❡♥t❛✱ tr✐❛♥❣❧❡s✮✱ XVD−M

n ✭r❡❞✱ ❞✐❛♠♦♥❞s✮ ❛♥❞ X
MN−M
n ✭❜❧✉❡✱ st❛rs✮✳

❚❛❜❧❡ ✺✳✷ ♣r❡s❡♥ts t❤❡ ❝♦✈❡r✐♥❣ ❛♥❞ ♣❛❝❦✐♥❣ r❛❞✐✐ ❢♦r ❞✐✛❡r❡♥t ❞❡s✐❣♥s ✇✐t❤ n =
100✳ XsS

100✱ X
VD−log
100 ❛♥❞ XVD−M

100 ❛r❡ ❧✐❦❡ ✐♥ ❋✐❣✉r❡ ✺✳✻❀ X
supp
100 ❝♦rr❡s♣♦♥❞ t♦ s✉♣✲

♣♦rt ♣♦✐♥ts ♦❜t❛✐♥❡❞ ❜② ♠✐♥✐♠✐③✐♥❣ t❤❡ ▼▼❉ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡♥❡r❣② ❞✐st❛♥❝❡ ✭µ ✐s
❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡ ✉♥✐❢♦r♠ ♠❡❛s✉r❡ ♦♥ ❛ 4d ❢✉❧❧✲❢❛❝t♦r✐❛❧ ❞❡s✐❣♥✮✱ XCG−MMD

100,e ❛♥❞

XCG−MMD
100 r❡s♣❡❝t✐✈❡❧② ♠✐♥✐♠✐③❡ EK(ξn,e − µ) ❛♥❞ ♠❛①✐♠✐③❡ 1⊤

n K̃
−1
n 1n❀ t❤❡s❡ t❤r❡❡

♦♣t✐♠✐③❛t✐♦♥s ❛r❡ ✐♥✐t✐❛❧✐③❡❞ ❛t XVD−M
100 ✳ XLh

100 ✐s ❛ ♠❛①✐♠✐♥✲♦♣t✐♠❛❧ ▲❛t✐♥ ❤②♣❡r❝✉❜❡

❞❡s✐❣♥ ✭❞♦✇♥❧♦❛❞❡❞ ❢r♦♠ ❤tt♣s✿✴✴s♣❛❝❡✜❧❧✐♥❣❞❡s✐❣♥s✳♥❧✴✮ ❛♥❞ X
Lh−supp
100 ✐s ♦❜t❛✐♥❡❞ ❜②

♠✐♥✐♠✐③✐♥❣ t❤❡ ▼▼❉ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡♥❡r❣② ❞✐st❛♥❝❡✱ ✇✐t❤ ✐♥✐t✐❛❧✐③❛t✐♦♥ ❛t XLh
100✳

❚❤❡ t❤r❡❡ ❞❡s✐❣♥s X
supp
100 ✱ XCG−MMD

100,e ❛♥❞ XCG−MMD
100 ✐♠♣r♦✈❡ XVD−M

100 ❜♦t❤ ✐♥ t❡r♠s

♦❢ ❝♦✈❡r✐♥❣ ❛♥❞ ♣❛❝❦✐♥❣ r❛❞✐✉s✳ ❚❤❡ ♠✉❝❤ ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡ ♦❢ XLh−supp
100 ❝♦♠♣❛r❡❞

✇✐t❤ X
supp
100 ✐❧❧✉str❛t❡s t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❛ ❣♦♦❞ ✐♥✐t✐❛❧✐③❛t✐♦♥ ❢♦r ▼▼❉ ♠✐♥✐♠✐③❛t✐♦♥✳
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◆♦t✐❝❡ t❤❛t CR(XLh−supp
100 ) > CR(XLh

100)✱ ✇❤❡r❡❛s PR(X
Lh−supp
100 ) > PR(XLh

100)✳

❚❛❜❧❡ ✺✳✷✿ ❈♦✈❡r✐♥❣ ❛♥❞ ♣❛❝❦✐♥❣ ♣❡r❢♦r♠❛♥❝❡s ♦❢ ✈❛r✐♦✉s ✜①❡❞✲s✐③❡ ❞❡s✐❣♥s ✭d=10❀ n=100✮✳

X
sS
100 X

VD−log
100 X

VD−M
100 X

supp
100 X

CG−MMD
100,e X

CG−MMD
100 X

Lh
100 X

Lh−supp
100

CR ✶✳✸✻✽✹ ✶✳✷✾✾✵ ✶✳✸✶✻✽ ✶✳✸✵✽✸ ✶✳✷✺✾✹ ✶✳✷✽✾✸ ✶✳✷✺✶✺ ✶✳✷✼✻✷
PR ✵✳✷✹✺✻ ✵✳✷✾✷✶ ✵✳✸✵✵✹ ✵✳✺✸✸✷ ✵✳✸✾✾✸ ✵✳✹✶✵✾ ✵✳✺✶✵✾ ✵✳✻✸✸✼

❋♦r ❛♥② d′ ∈ {1, . . . , d} ❛♥❞ ❛♥② r ∈ {1, . . . ,
(
d
d′

)
}✱ ❧❡t Pd′,r ❞❡♥♦t❡ ♦♥❡ ♦❢ t❤❡(

d
d′

)
❞✐st✐♥❝t ♣r♦❥❡❝t✐♦♥s ♦♥ ❛♥ ❛①✐s✲❛❧✐❣♥❡❞ d′ ❞✐♠❡♥s✐♦♥❛❧ s✉❜✲s♣❛❝❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣

❝r✐t❡r✐❛ ♠❡❛s✉r❡ t❤❡ ✇♦rst✲❝❛s❡ ♣r♦❥❡❝t✐♦♥ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛ ❞❡s✐❣♥ ✐♥ t❡r♠s ♦❢ ✐ts
❝♦✈❡r✐♥❣ ❛♥❞ ♣❛❝❦✐♥❣ r❛❞✐✐ ✐♥ ❞✐♠❡♥s✐♦♥ d′✿

CRd′(Xn) = max
r=1,...,( d

d′)
max

x∈[−1,1]d′
‖x, Pd′,r(Xn)‖ ,

PRd′(Xn) =
1

2
min

r=1,...,( d
d′)

min
i 6=j

‖Pd′,r(xi)− Pd′,r(xj)‖ .

❋✐❣✉r❡ ✺✳✼ s❤♦✇s t❤❡ r❛t✐♦s CRd′(X100)/CRd′(XLh
100) ❛♥❞ PRd′(X100)/PRd′(XLh

100) ❢♦r

X100 = XsS
100✱ X

VD−log
100 ✱ Xsupp

100 ✱ XCG−MMD
100,e ✱ XLh−supp

100 ❛♥❞ d′ = 2, . . . , 10✳

❋✐❣✉r❡ ✺✳✼✿ ❘❡❧❛t✐✈❡ ♣❡r❢♦r♠❛♥❝❡s CRd′(X100)/CRd′(X
Lh
100) ✭❧❡❢t✮ ❛♥❞

PRd′(X100)/PRd′(X
Lh
100) ✭r✐❣❤t✮ ❢♦r X

sS
100 ✭❜❧❛❝❦✱ ①✲♠❛r❦s✮✱ X

VD−log
100 ✭♠❛❣❡♥t❛✱ tr✐❛♥✲

❣❧❡s✮✱ Xsupp
100 ✭r❡❞✱ ♣❧✉s❡s✮✱ XCG−MMD

100,e ✭❜❧✉❡✱ ❞✐❛♠♦♥❞s✮ ❛♥❞ X
Lh−supp
100 ✭❣r❡❡♥✱ st❛rs✮✳

❆❧t❤♦✉❣❤ t❤❡ s✐③❡ ♦❢ t❤❡ ❝❛♥❞✐❞❛t❡ s❡t ✉s❡❞ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ XVD−log
100 ✐s

✈❡r② s♠❛❧❧ ✭Ω = 4, 096✮ r❡❧❛t✐✈❡ t♦ t❤❡ ❞✐♠❡♥s✐♦♥ ✭d = 10✮✱ t❤✐s s❡q✉❡♥t✐❛❧❧② ❝♦♥✲
str✉❝t❡❞ ❞❡s✐❣♥ ♣❡r❢♦r♠s s✐❣♥✐✜❝❛♥t❧② ❜❡tt❡r t❤❛♥ t❤❡ s❝r❛♠❜❧❡❞ ❙♦❜♦❧✬ s❡q✉❡♥❝❡ ❛❧s♦
✐♥ ♣r♦❥❡❝t✐♦♥s t♦ s♠❛❧❧❡r ❞✐♠❡♥s✐♦♥s✳ ❚❤❡ ♦♥❡✲s❤♦t ❞❡s✐❣♥s Xsupp

100 ❛♥❞ XCG−MMD
100,e ❛r❡

♦♥❧② s❧✐❣❤t❧② ✇♦rs❡ t❤❛♥ t❤❡ ✭❜❡st ❛✈❛✐❧❛❜❧❡✮ ▲❛t✐♥ ❤②♣❡r❝✉❜❡ ❞❡s✐❣♥ XLh
100✳ ▼▼❉

♠✐♥✐♠✐③❛t✐♦♥ ❢♦r t❤❡ ❦❡r♥❡❧ ✭✸✳✼✮ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡♥❡r❣②✲❞✐st❛♥❝❡✱ ✐♥✐t✐❛❧✐③❡❞ ❛t XLh
100✱

②✐❡❧❞s t❤❡ ♦✈❡r❛❧❧ ❜❡st ❞❡s✐❣♥ X
Lh−supp
100 ❛♠♦♥❣ t❤♦s❡ ❝♦♥s✐❞❡r❡❞✳
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✻✳ ❈♦♥❝❧✉s✐♦♥✳ ❖♣t✐♠❛❧ ❞❡s✐❣♥s ❢♦r ❇❛②❡s✐❛♥ ✐♥t❡❣r❛t✐♦♥ ♦❢ ❛♥ ✉♥❦♥♦✇♥ ❢✉♥❝✲
t✐♦♥ ❝♦♥s✐❞❡r❡❞ ❛s ❛ r❡❛❧✐③❛t✐♦♥ ♦❢ ❛ ●❛✉ss✐❛♥ ❘❋ ✇✐t❤ ❝♦✈❛r✐❛♥❝❡ K✱ ✇✐t❤ r❡s♣❡❝t t♦ ❛
♠❡❛s✉r❡ µ✱ t❤❛t ♠✐♥✐♠✐③❡ t❤❡ ♣♦st❡r✐♦r ✐♥t❡❣r❛t✐♦♥ ✈❛r✐❛♥❝❡✱ ❛r❡ ❛❧s♦ ♦♣t✐♠❛❧ ❞❡s✐❣♥s
❢♦r t❤❡ ❇▲❯❊ ✐♥ ❛ ❧♦❝❛t✐♦♥ ♠♦❞❡❧ ✇✐t❤ ❝♦rr❡❧❛t❡❞ ❡rr♦rs✱ ✇✐t❤ t❤❡✐r ❝♦rr❡❧❛t✐♦♥ ❦❡r♥❡❧
❞❡♣❡♥❞✐♥❣ ♦♥ K ❛♥❞ µ✱ ❛♥❞ ♠✐♥✐♠✐③❡ t❤❡ ▼▼❉✱ ❛ ❦❡r♥❡❧ ❞✐s❝r❡♣❛♥❝② t♦ µ✳ ❚❤❡ ❢❛❝t
t❤❛t t❤✐s sq✉❛r❡❞ ❞✐s❝r❡♣❛♥❝② t❛❦❡s t❤❡ ❢♦r♠ ♦❢ ❛ q✉❛❞r❛t✐❝ ❡♥❡r❣②✱ ❞❡♣❡♥❞✐♥❣ ♦♥ K✱
❢♦r t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ µ ❛♥❞ t❤❡ ❞❡s✐❣♥ ♠❡❛s✉r❡✱ ♣❡r♠✐ts t♦ ✉s❡ ❛❧❧ t❤❡ ❝❧❛ss✐❝❛❧
♠❛❝❤✐♥❡r② ♦❢ ♦♣t✐♠❛❧ ❞❡s✐❣♥✱ ✐♥❝❧✉❞✐♥❣ t❤❡♦r② ✭❝♦♥✈❡①✐t②✱ ❞✐r❡❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s✱ ♦♣✲
t✐♠❛❧✐t② t❤❡♦r❡♠s✮ ❛♥❞ ❛❧❣♦r✐t❤♠s✳ ❲❤❡♥ µ ✐s ✉♥✐❢♦r♠✱ ▼▼❉ ♠✐♥✐♠✐③❛t✐♦♥ ❛♣♣❡❛rs
t♦ ❜❡ ❛ ♥❛t✉r❛❧ ✇❛② ♦❢ ❝♦♥str✉❝t✐♥❣ s♣❛❝❡✲✜❧❧✐♥❣ ❞❡s✐❣♥s✿ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠ ♦❢ t❤❡
❝r✐t❡r✐♦♥ ♠❛❦❡s t❤❡ ❛❧❣♦r✐t❤♠s s✐♠♣❧❡ ❛♥❞ ✐♥t✉✐t✐✈❡❀ ♦♥❡✲st❡♣✲❛❤❡❛❞ ❝♦♥str✉❝t✐♦♥s ❛❧✲
❧♦✇ t❤❡ ❢❛st ❣❡♥❡r❛t✐♦♥ ♦❢ s❡q✉❡♥❝❡s ♦❢ ♥❡st❡❞ ❞❡s✐❣♥s ✇✐t❤ ❣♦♦❞ ♣r♦♣❡rt✐❡s ❢♦r ❛♥②
s✐③❡✳

❋♦r µ ✉♥✐❢♦r♠✱ t❤❡ s♣❛❝❡✲✜❧❧✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ ❞❡s✐❣♥s ♦❜t❛✐♥❡❞ ❜② ▼▼❉ ♠✐♥✐♠✐③❛✲
t✐♦♥ ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❦❡r♥❡❧ K✳ ❚❤❡ ♣❛♣❡r ❤❛s ❢♦❝✉s❡❞ ♦♥ t✇♦ ❝❧❛ss✐❝❛❧
s♣❛❝❡✲✜❧❧✐♥❣ ❝❤❛r❛❝t❡r✐st✐❝s✱ t❤❡ ❝♦✈❡r✐♥❣ ❛♥❞ ♣❛❝❦✐♥❣ r❛❞✐✐✳ ❋✐♥❞✐♥❣ t❤❡ ♠♦st s✉✐t✲
❛❜❧❡ ❦❡r♥❡❧ ❢♦r ❛♥② ♦❢ t❤❡s❡ ❝❤❛r❛❝t❡r✐st✐❝s r❡♠❛✐♥s ❛♥ ♦♣❡♥ ✐ss✉❡✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡
❧❛st t✇♦ ❝♦❧✉♠♥s ♦❢ ❚❛❜❧❡ ✺✳✷ ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ✐s♦tr♦♣✐❝ ❦❡r♥❡❧ ✭✸✳✼✮ ❛ss♦❝✐❛t❡❞ ✇✐t❤
❡♥❡r❣②✲❞✐st❛♥❝❡ ❢❛✈♦✉rs ♣❛❝❦✐♥❣ ♦♥ ❡①♣❡♥s❡ ♦❢ ❝♦✈❡r✐♥❣✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ s❡♣❛r❛❜❧❡
tr❛♥s❧❛t✐♦♥✲✐♥✈❛r✐❛♥t ❦❡r♥❡❧s ♣❡❛❦❡❞ ❡♥♦✉❣❤ ❛t t❤❡ ♦r✐❣✐♥ ❡♥s✉r❡ t❤❛t ❞❡s✐❣♥s ♣♦✐♥ts
❛r❡ ✇❡❧❧ s♣r❡❛❞ ✐♥ ❛❧❧ ♣r♦❥❡❝t✐♦♥s✳ ❙✐♥❣✉❧❛r ❦❡r♥❡❧s✱ ✇❤✐❝❤ ❞♦ ♥♦t ❞❡✜♥❡ ❘❑❍❙ ❛♥❞
♣r❡s❡♥t s✐❣♥✐✜❝❛♥t t❤❡♦r❡t✐❝❛❧ ❝❤❛❧❧❡♥❣❡s✱ ❛❧s♦ ❤❛✈❡ ❣r❡❛t ♣♦t❡♥t✐❛❧ ✐♥ t❤✐s r❡s♣❡❝t
✭s❡❡ ❬✼✾❪✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✉♣♣♦rt ♣♦✐♥ts t❤❛t ♠✐♥✐♠✐③❡ ▼▼❉ ❢♦r ❛ ♣❛rt✐❝✉❧❛r
✐s♦tr♦♣✐❝ ❦❡r♥❡❧ ♣r♦✈✐❞❡❞ ❜❡st r❡s✉❧ts ❢♦r t❤❡ ✇❤♦❧❡ d✲❞✐♠❡♥s✐♦♥❛❧ s❡t ✐♥ ♦✉r ♥✉♠❡r✐❝❛❧
❡①❛♠♣❧❡s✳

❖✉r ♠❛✐♥ ✐♥t❡♥t✐♦♥ ✇✐t❤ t❤✐s ♣❛♣❡r ✐s t♦ ♣r♦♠♦t❡ t❤❡ ❣❡♥❡r❛❧ ✉s❡ ♦❢ ▼▼❉ ♠✐♥✲
✐♠✐③❛t✐♦♥ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❛❝❡✲✜❧❧✐♥❣ ❞❡s✐❣♥s✳ ❲❡ ❤♦♣❡ t❤❛t t❤❡ st✐♠✉❧❛t✐♥❣
❝♦♥♥❡❝t✐♦♥s ❜❡t✇❡❡♥ ❇❛②❡s✐❛♥ ✐♥t❡❣r❛t✐♦♥ ❛♥❞ ♦t❤❡r ❛r❡❛s✱ s✉❝❤ ❛s ♣♦t❡♥t✐❛❧ t❤❡♦r②
❛♥❞ ❇▲❯❊✱ ✇✐❧❧ ❜❡ ♦❢ ❣❡♥❡r❛❧ ✐♥t❡r❡st ❛♥❞ ✇✐❧❧ ❛ttr❛❝t ❛tt❡♥t✐♦♥ t♦ t❤✐s t②♣❡ ♦❢ ❞❡s✐❣♥
❛♣♣r♦❛❝❤❡s✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts✳ ❚❤❡ ✜rst ❛✉t❤♦r t❤❛♥❦s t❤❡ ■s❛❛❝ ◆❡✇t♦♥ ■♥st✐t✉t❡ ❢♦r
▼❛t❤❡♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s✱ ❈❛♠❜r✐❞❣❡✱ ❢♦r s✉♣♣♦rt ❛♥❞ ❤♦s♣✐t❛❧✐t② ❞✉r✐♥❣ t❤❡ ♣r♦❣r❛♠♠❡
❯◗ ❢♦r ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ✐♥ ❝♦♠♣❧❡① s②st❡♠s ✇❤❡r❡ ✇♦r❦ ♦♥ t❤✐s ♣❛♣❡r ✇❛s ♣❛rt❧②
✉♥❞❡rt❛❦❡♥ ✭❊P❙❘❈ ❣r❛♥t ♥♦ ❊P✴❑✵✸✷✷✵✽✴✶✮✳ P❛rt ♦❢ t❤✐s ✇♦r❦ ✇❛s s✉♣♣♦rt❡❞ ❜②
t❤❡ ♣r♦❥❡❝t ■◆❉❊❳ ✭■◆❝r❡♠❡♥t❛❧ ❉❡s✐❣♥ ♦❢ ❊❳♣❡r✐♠❡♥ts✮ ❆◆❘✲✶✽✲❈❊✾✶✲✵✵✵✼ ♦❢ t❤❡
❋r❡♥❝❤ ◆❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❆❣❡♥❝② ✭❆◆❘✮✳ ❲❡ ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡ ❙é❜❛st✐❡♥ ❉❛
❱❡✐❣❛ ✭❙❛❢r❛♥✱ P❛r✐s✮ ❢♦r ❞r❛✇✐♥❣ ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ❧✐t❡r❛t✉r❡ ♦♥
❦❡r♥❡❧ ❤❡r❞✐♥❣ ❛♥❞ t♦ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ L2 ❞✐s❝r❡♣❛♥❝②✳ ❉✐s❝✉ss✐♦♥s
✇✐t❤ ◆✐❝♦❧❛s ❉✉rr❛♥❞❡ ✭P❘❖❲▲❊❘✳✐♦✱ ❈❛♠❜r✐❞❣❡✱ ❯❑✮ ♦♥ t❤❡ ❘❑❍❙ ♦❢ ▼❛tér♥
❦❡r♥❡❧s ✇❡r❡ ✈❡r② ❤❡❧♣❢✉❧✳ ❲❡ ❛r❡ ❛❧s♦ ✈❡r② ❣r❛t❡❢✉❧ t♦ t❤❡ t✇♦ ❛♥♦♥②♠♦✉s r❡❢❡r❡❡s
❢♦r t❤❡✐r ❝❛r❡❢✉❧ r❡❛❞✐♥❣ ❛♥❞ t❤❡✐r ♥✉♠❡r♦✉s ❝♦♠♠❡♥ts ❛♥❞ s✉❣❣❡st✐♦♥s t❤❛t ❤❡❧♣❡❞
✉s t♦ ✐♠♣r♦✈❡ t❤❡ ♣❛♣❡r✳

❆♣♣❡♥❞✐① ❆✳ ❙♦♠❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt✐❡s ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ❣r❛❞✐❡♥t ❛❧✲
❣♦r✐t❤♠s✳

❲❡ ❝♦♥s✐❞❡r ❛ ❝♦♥❞✐t✐♦♥❛❧ ❣r❛❞✐❡♥t ❛❧❣♦r✐t❤♠ ✇✐t❤ ✐t❡r❛t✐♦♥s ❣✐✈❡♥ ❜② ✭✹✳✶✽✮✳ K
✐s ❛ ❜♦✉♥❞❡❞ ■❙P❉ ❦❡r♥❡❧ ✭❛♥❞ ✐s t❤✉s ❙P❉✮❀ ✐♥ ❝♦♥tr❛st ✇✐t❤ ❬✶✺❪✱ ✇❡ ❞♦ ♥♦t ❛ss✉♠❡
t❤❛t HK ✐s ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ▼▼❉ ♠✐♥✐♠✐③❛t✐♦♥✱ t❤❡ ❝r✐t❡r✐♦♥
✐s q✉❛❞r❛t✐❝✱ ✇❤✐❝❤ ❢❛❝✐❧✐t❛t❡s t❤❡ ❞❡✈❡❧♦♣♠❡♥ts t♦ ❢♦❧❧♦✇✱ ❜✉t t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞

✸✽



❛r❡ ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❛t ❛♥❞ r❡❧② ♠❛✐♥❧② ♦♥ ❝♦♥✈❡①✐t②✳ ❲❡ ❢♦❝✉s ♦✉r ❛tt❡♥t✐♦♥ ♦♥
t❤❡ ❝❛s❡ ✇❤❡♥ X ✐s r❡♣❧❛❝❡❞ ❜② ❛ ✜♥✐t❡ s❡t XΩ = {s1, . . . , sΩ}✱ s♦ t❤❛t ❛ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡ ξ ♦♥ XΩ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ✈❡❝t♦r ♦❢ ✇❡✐❣❤ts ω ✐♥ t❤❡ ♣r♦❜❛❜✐❧✐t② s✐♠♣❧❡①
PΩ✳ ❍♦✇❡✈❡r✱ ❛❢t❡r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ❆✳✶ ✇❡ ✐♥❞✐❝❛t❡ ✇❤② ❛ s✐♠✐❧❛r ❛♥❛❧②s✐s
❛♣♣❧✐❡s t♦ t❤❡ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s✐t✉❛t✐♦♥✳

❉❡♥♦t❡ JK(ω) = ‖ω − ω̂‖2
K

= (ω − ω̂)⊤K(ω − ω̂)✱ ✇✐t❤ K = KΩ ❛ ♥♦♥✲♥❡❣❛t✐✈❡
❞❡✜♥✐t❡ Ω×Ω ♠❛tr✐① ❛♥❞ ω̂ ✐♥ PΩ ✭❛♥❞ ω̂ = 1Ω ✇❤❡♥ t❤❡ t❛r❣❡t ♠❡❛s✉r❡ ✐s ✉♥✐❢♦r♠
♦♥ XΩ✮✳ ❉❡♥♦t❡ ❜② BΩ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ ‖ω−ω′‖2

K
❢♦r ω ❛♥❞ ω′ ✐♥ PΩ✳ ❉❡♥♦t✐♥❣

❜② λmax(K) t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ K✱ ✇❡ ❝❛♥ ❛❧✇❛②s t❛❦❡ BΩ = 2λmax(K)✱ t❤❡
❜♦✉♥❞ ✉s❡❞ ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥ts ❜❡❧♦✇✳ ❲❤❡♥ K(x,x) = 1 ❛♥❞ K(x,x′) ≥ 0 ❢♦r ❛❧❧
x,x′✱ ✇❡ ❝❛♥ t❛❦❡ BΩ = 2 ✭❛♥❞ r❡♣❧❛❝❡ λmax(K) ❜② ✶ ✐♥ ❚❤❡♦r❡♠s ❆✳✶✱ ❆✳✷ ❛♥❞ ❆✳✸✮✳

❋♦r i = 1, . . . ,Ω✱ ✇❡ ❞❡♥♦t❡ ❜② ei t❤❡ i✲t❤ ❜❛s✐s ✈❡❝t♦r✱ ✇✐t❤ ❝♦♠♣♦♥❡♥t ♥✉♠❜❡r
i ❡q✉❛❧ t♦ ♦♥❡✳ ■t❡r❛t✐♦♥ ✭✹✳✶✽✮ ❤❛s t❤❡ ❢♦r♠

ω(n+1) = ω(n) + αn∆n

❢♦r s♦♠❡ st❡♣✲s✐③❡ αn ❛♥❞ ❞✐r❡❝t✐♦♥ ∆n = ei+n − ω(n)✱ ✇✐t❤ t❤❡ ✐♥❞❡① i+n t❛❦❡♥ ✐♥

Argmini=1,...,Ω e⊤i ∇JK(ω(n))✱ ✇❤❡r❡ t❤❡ ❣r❛❞✐❡♥t ∇JK(ω) ✐s ❣✐✈❡♥ ❜②

∇JK(ω) = 2K(ω − ω̂) .

❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ si+n ∈ Argmins∈XΩ

[
Pξ(n)(s)− Pµ(s)

]
✱ s❡❡ ✭✹✳✶✼✮✳

❆✳✶✳ ❱❡rt❡①✲❞✐r❡❝t✐♦♥✱ ♣r❡❞❡✜♥❡❞ st❡♣✲s✐③❡✳ ❚❛❦❡ αn = 1/(n+1) ✐♥ ✭✹✳✶✽✮✳
❲❡ ✜rst ♠❡♥t✐♦♥ ❛ s✐♠♣❧❡ r❡s✉❧t ✐♥❞✐❝❛t✐♥❣ t❤❛t ‖ω(n) − 1Ω/Ω‖2K = O(1/n) ❞✉r✐♥❣
t❤❡ ✐♥✐t✐❛❧ n1 ≤ Ω ✐t❡r❛t✐♦♥s ✇❤❡♥ ❛❧❧ i+n ❛r❡ ❞✐st✐♥❝t ❢♦r n ≤ n1✳
▲❡♠♠❛ ❆✳✶✳ ❆❧❣♦r✐t❤♠ ✭✹✳✶✽✮ ✇✐t❤ αn = 1/(n + 1)✱ ✐♥✐t✐❛❧✐③❡❞ ❛t ω(1) = ei0 ❢♦r
s♦♠❡ i0 ∈ {1, . . . ,Ω}✱ s❛t✐s✜❡s

‖ω(n) − 1Ω/Ω‖2K ≤ λmax(K)

n
, 1 ≤ n ≤ n1 ≤ Ω ,

✇❤❡r❡ n1 ✐s s✉❝❤ t❤❛t ❛❧❧ i+n ❛r❡ ❞✐st✐♥❝t ❢♦r n ≤ n1✳
Pr♦♦❢✳ ❋♦r n ≤ n1✱ ❛❢t❡r ❛ s✉✐t❛❜❧❡ r❡♦r❞❡r✐♥❣ ♦❢ ✐♥❞✐❝❡s ✇❡ ❤❛✈❡ ω

(n) = (1/n, . . . , 1/n,
0 . . . , 0)⊤✳ ❚❤❡r❡❢♦r❡✱ ‖ω(n) − 1Ω/Ω‖2K ≤ λmax(K)‖ω(n) − 1Ω/Ω‖2 = λmax(K) (Ω −
n)/(nΩ) ≤ λmax(K)/n✳

◆♦t❡ t❤❛t t❤✐s ♣r♦♣❡rt② ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♦r❞❡r ✐♥ ✇❤✐❝❤ t❤❡ ✈❡rt✐❝❡s ♦❢ PΩ

✭t❤❡ ein✮ ❛r❡ s❡❧❡❝t❡❞✳ ■t ✐s t❤❡r❡❢♦r❡ ❛❧s♦ ✈❛❧✐❞ ❢♦r ▼❈ s❛♠♣❧✐♥❣ ✇✐t❤♦✉t r❡♣❧❛❝❡♠❡♥t
✇✐t❤✐♥ XΩ✳ ❆❧s♦ ♥♦t❡ t❤❛t t❤❡ ♦♣t✐♠❛❧ st❡♣✲s✐③❡ α̂n ❛t ✐t❡r❛t✐♦♥ n ❢♦r t❤❡ ♠✐♥✐♠✐③❛t✐♦♥
♦❢ ‖ω(n) − 1Ω/Ω‖2 ❡q✉❛❧s αn = 1/(n+ 1)✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ s❤♦✇s t❤❛t ✭✹✳✶✽✮ ✇✐t❤ αn = 1/(n+1) ❡♥s✉r❡s t❤❛t ‖ω(n)−
ω̂‖2

K
= O(log n/n)✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ Ω ❛♥❞ ♦❢ t❤❡ ♣♦s✐t✐♦♥s ♦❢ ω(1) ❛♥❞ ω̂ ✐♥ PΩ✳

❚❤❡♦r❡♠ ❆✳✶✳ ❆❧❣♦r✐t❤♠ ✭✹✳✶✽✮ ✇✐t❤ αn = 1/(n+1)✱ ✐♥✐t✐❛❧✐③❡❞ ❛t ❛♥② ω(1) ✐♥ PΩ✱
s❛t✐s✜❡s

‖ω(n) − ω̂‖2
K

≤ 2λmax(K)
1 + 2 log(n+ 1)

n
, n ≥ 1 . ✭❆✳✶✮

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s t❤❡ s❛♠❡ ❧✐♥❡s ❛s ✐♥ ❬✷✵✱ ❙❡❝t✳ ✸❪✳ ❉❡♥♦t❡ g(ω) = ‖ω − ω̂‖2
K

❛♥❞ ω(n+)(α) = ω(n) + α∆n✳ ◆♦t✐❝❡ t❤❛t ω
(n) ∈ PΩ ❢♦r ❛❧❧ n ≥ 1✳ ❲❡ ❤❛✈❡

g[ω(n+)(α)] = g(ω(n)) + 2α∆⊤
nK(ω(n) − ω̂) + α2‖∆n‖2K

≤ g(ω(n)) + 2α∆⊤
nK(ω(n) − ω̂) + α2λmax(K)‖∆n‖2

≤ g(ω(n)) + 2α∆⊤
nK(ω(n) − ω̂) + 2α2λmax(K) .

✸✾



❚❤❡ ❝♦♥✈❡①✐t② ♦❢ g(·) ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ∆n ✐♠♣❧② t❤❛t

g(ω(n)) ≥ g(ω̂) = 0 ≥ g(ω(n)) + (ω̂ − ω(n))⊤∇JK(ω(n)) ≥ g(ω(n)) + ∆⊤
n∇JK(ω(n)) .

❚❤❡r❡❢♦r❡✱ ∆⊤
n∇JK(ω(n)) = 2∆⊤

nK(ω(n) − ω̂) ≤ −g(ω(n)) ❛♥❞

g[ω(n+)(α)] ≤ (1− α)g(ω(n)) + 2α2λmax(K) . ✭❆✳✷✮

❚❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢ ✐s ❜② ✐♥❞✉❝t✐♦♥ ♦♥ n✳ ❚❤❡ ❜♦✉♥❞ ✭❆✳✶✮ ✐s ✈❛❧✐❞ ❢♦r n = 1
s✐♥❝❡ ‖ω(1) − ω̂‖2

K
≤ 2λmax(K)✳ ❙✉♣♣♦s❡ t❤❛t ✐t ✐s s❛t✐s✜❡❞ ❜② ω(n)❀ ✭❆✳✷✮ ❣✐✈❡s

‖ω(n+1) − ω̂‖2
K

≤ 2λmax(K)

{
1 + 2 log(n+ 2)

n+ 1
− 2(n+ 1) log[1 + 1/(n+ 1)]− 1

(n+ 1)2

}

≤ 2λmax(K)
1 + 2 log(n+ 2)

n+ 1

s✐♥❝❡ log(1 + t) ≥ t/2 ❢♦r t ∈ [0, 1]✳

❯s✐♥❣ α = 2/(n + 3) ✐♥ ✭❆✳✷✮✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t g(ω(n)) ≤
8λmax(K)/(n + 3) ❢♦r ❛❧❧ n✱ s❡❡ ❬✷✵❪✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✭✹✳✶✽✮ ✇✐t❤ αn = 2/(n + 3)
✐♥st❡❛❞ ♦❢ 1/(n + 1) s❛t✐s✜❡s ‖ω(n) − ω̂‖2

K
≤ 8λmax(K)/(n + 3)✱ n ≥ 1✱ ✇✐t❤ t❤✉s ❛

♠✉❝❤ ❢❛st❡r ❞❡❝r❡❛s❡ t❤❛♥ ✭❆✳✶✮✳ ❯s✐♥❣ ❛ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤✱ ✐t ✐s s❤♦✇♥ ✐♥ ❬✷✽❪ t❤❛t
❛ r❛t❡ ♦❢ ❞❡❝r❡❛s❡ ♦❢ O(1/n) ✐s ❛❧s♦ ♦❜t❛✐♥❡❞ ✇❤❡♥ αn ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s❡q✉❡♥❝❡
αn+1 = αn − α2

n/2 ✇✐t❤ α0 = 1✳
❘❡♠❛r❦ ❆✳✶ ✭t❤❡ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s✐t✉❛t✐♦♥✮✳ ❆ ♣r♦♣❡rt② s✐♠✐❧❛r t♦ ❚❤❡♦r❡♠ ❆✳✶
r❡♠❛✐♥s ✈❛❧✐❞ ✐♥ t❤❡ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ ✇❤❡♥ ✇♦r❦✐♥❣ ❞✐r❡❝t❧② ✐♥ t❤❡ s❡t M+(1)
♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ X ✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ❤❡r❡ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r t❤❡
❝❛s❡ ✇❤❡♥ K ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✱ ✇✐t❤ ♠♦r❡♦✈❡r K(x,x) = 1 ❛♥❞ K(x,x′) ≥ 0 ❢♦r
❛❧❧ x,x′✳ ❖♥❡ ♠❛② r❡❢❡r t♦ ❬✶✽❪ ❢♦r ❛ ❞❡❡♣❡r ❛♥❛❧②s✐s✱ ✐♥❝❧✉❞✐♥❣ ✐♥ ♣❛rt✐❝✉❧❛r r❡s✉❧ts
✐♥ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ ❛♣♣r♦①✐♠❛t❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦✈❡r ❛ ✜♥✐t❡ s❡t ✐s ❝♦♥❞✉❝t❡❞ t♦
s❡❧❡❝t xn+1 ✐♥ ✭✹✳✶✼✮✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ❛❜♦✈❡ ♦♥ K ✐♠♣❧✐❡s γ2K(ξ, ν) = EK(ξ − ν) =
‖Pξ − Pν‖2HK

≤ 2 ❢♦r ❛♥② ξ✱ ν ✐♥ M+(1) ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❛t ❆❧❣♦r✐t❤♠ ✭✹✳✶✽✮ ✇✐t❤

αn = 1/(n+ 1)✱ ✐♥✐t✐❛❧✐③❡❞ ❛t ❛♥② ξ(1) ✐♥ PΩ✱ s❛t✐s✜❡s

γ2K(ξ(n), µ) ≤ 2
1 + 2 log(n+ 1)

n
, n ≥ 1 .

❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❛t ♦❢ ❚❤❡♦r❡♠ ❆✳✶✳ ❉❡♥♦t✐♥❣ ξ(n+)(α) = ξ(n) + α∆n✱ ✇✐t❤
∆n = δxn+1 − ξ(n)✱ ✇❡ ♦❜t❛✐♥

γ2K [ξ(n+)(α), µ] = γ2K(ξ(n), µ) + 2αEK(∆n, ξ
(n) − µ) + α2

EK(∆n)

≤ γ2K(ξ(n), µ) + 2αEK(∆n, ξ
(n) − µ) + 2α2 .

❚❤❡ ❝♦♥✈❡①✐t② ♦❢ EK(·) ✐♠♣❧✐❡s

EK(ξ(n) − µ) ≥ 0 ≥ EK(ξ(n) − µ) + FK(ξ(n) − µ, µ)

≥ EK(ξ(n) − µ) + min
ν∈M+(1)

FK(ξ(n) − µ, ν)

= EK(ξ(n) − µ) + 2 min
x∈X

[Pξ(n)(x)− Pµ(x)− EK(ξ(n) − µ)]

= EK(ξ(n) − µ) + 2EK(∆n, ξ
(n) − µ) .

❚❤❡r❡❢♦r❡✱ γ2K [ξ(n+)(α), µ] ≤ (1 − α) γ2K(ξ(n), µ) + 2α2✱ ❛♥❞ t❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢ ✐s
❜② ✐♥❞✉❝t✐♦♥ ♦♥ n✱ ✉s✐♥❣ ξ(n+1) = ξ(n+)[1/(n + 1)]✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❣❡t γ2K(ξ(n), µ) ≤
8/(n+ 3) ✇❤❡♥ αn = 2/(n+ 3)✳ ⊳

✹✵



◆❡①t ❧❡♠♠❛✱ ❜❛s❡❞ ♦♥ ❬✶✾❪✱ s❤♦✇s t❤❛t ‖ω(n) − ω̂‖2
K

❞❡❝r❡❛s❡s ❛s C/n2 ✇❤❡♥ ω̂

❧✐❡s ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ PΩ✳ ❍❡r❡✱ ❝♦♥tr❛r② t♦ ❬✶✾❪✱ ✇❡ ❞♦ ♥♦t ❛ss✉♠❡ t❤❛t H ✐s ✜♥✐t❡
❞✐♠❡♥s✐♦♥❛❧ ❛♥❞ ✉s❡ ✐♥st❡❛❞ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ ω✳
▲❡♠♠❛ ❆✳✷✳ ❲❤❡♥ ω̂ ✐s ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ PΩ✱ ✭✹✳✶✽✮ ✇✐t❤ αn = 1/(n+1)✱ ✐♥✐t✐❛❧✐③❡❞
❛t ❛♥② ω(1) ✐♥ PΩ✱ s❛t✐s✜❡s

‖ω(n) − ω̂‖2
K

≤ 4R2
∗

(
1 +

R2
∗

α2
∗

)
1

n2
, n ≥ 1 ,

✇❤❡r❡ R∗ = [λmax(K) (1 − 1/Ω)]1/2 ❛♥❞ α∗ = w∗/L✱ ✇✐t❤ w∗ = mini=1,...,Ω{ŵ}i ✭s♦
t❤❛t w∗ ≤ 1/Ω✮ ❛♥❞ L = (maxi=1,...,Ω{K−1}ii)1/2✳
Pr♦♦❢✳ ❉❡♥♦t❡ v(α) = ω̂−α(ω(n)−ω̂)/‖ω(n)−ω̂‖K✱ α > 0✳ ❚❤❡♥✱ ❢♦r ❛♥② i = 1, . . . ,Ω✱

|e⊤i (ω(n) − ω̂)|
‖ω(n) − ω̂‖K

≤ max
u:u⊤1Ω=0,u⊤Ku=1

|e⊤i u|

≤ max
u:u⊤Ku=1

|e⊤i u| =
√

e⊤i K
−1ei ≤ L = w∗/α∗ ,

s♦ t❤❛t {v(α)}i ≥ {ω̂}i − w∗ ≥ 0✱ ❛♥❞ v(α) ∈ PΩ✱ ❢♦r ❛♥② α ≤ α∗✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
ei+n t❤❡♥ ✐♠♣❧✐❡s t❤❛t

(ei+n − ω̂)⊤K(ω(n) − ω̂) ≤ [v(α∗)− ω̂)]⊤K(ω(n) − ω̂) = −α∗‖ω(n) − ω̂‖K . ✭❆✳✸✮

❚❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ ❬✶✾❪✳ ❉❡♥♦t❡ e+i0 = ω(1) ❛♥❞ zn =
∑n

i=1(ei+n−1
−

ω̂)✳ ❲❡ ❝❛♥ ✇r✐t❡ ω(n) = (1/n)
∑n

i=1 ei+n−1
✱ s♦ t❤❛t zn = n(ω(n)−ω̂)✱ n2‖ω(n)−ω̂‖2

K
=

‖zn‖2K✱ ❛♥❞ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❜♦✉♥❞ ‖zn‖2K✳ ❲❡ ❤❛✈❡

‖zn‖2K − ‖zn+1‖2K = −2(ei+n − ω̂)⊤Kzn − ‖ei+n − ω̂‖2
K
,

✇❤❡r❡ ‖ei+n − ω̂‖K ≤ 2R∗ ❛♥❞ (ei+n − ω̂)⊤Kzn ≤ −α∗‖zn‖K ❢r♦♠ ✭❆✳✸✮✳ ❚❤❡r❡❢♦r❡✱

‖zn+1‖2K ≤ ‖zn‖2K − 2α∗
(
‖zn‖K − 2R2

∗/α∗
)
.

❙✉♣♣♦s❡ t❤❛t ‖zn‖K > 2R2
∗/α∗✳ ❚❤❡♥✱ ‖zn+1‖2K ≤ ‖zn‖2K✱ ❛♥❞ ‖zn‖2K ❞❡❝r❡❛s❡s ✉♥t✐❧

s♦♠❡ n0 ✇❤❡♥ ‖zn0
‖K ≤ 2R2

∗/α∗✳ ❇✉t t❤❡♥✱

‖zn0+1‖2K ≤ ‖zn0‖2K − 2α∗
(
‖zn0‖K − 2R2

∗/α∗
)
≤ 4R2

∗(1 +R2
∗/α

2
∗) ,

s♦ t❤❛t ‖zn‖2K ≤ 4R2
∗(1 +R2

∗/α
2
∗) ❢♦r ❛❧❧ n > n0✳

▲❡♠♠❛ ❆✳✷ ✐♥❞✐❝❛t❡s t❤❛t ‖ω(n)−ω̂‖2
K

≤ C/n2✳ ❍♦✇❡✈❡r✱ ❢♦r ❧❛r❣❡ Ω t❤❡ ❝♦♥st❛♥t
C ❣r♦✇s ❧✐❦❡ O(Ω2) ✭s✐♥❝❡ α∗ ≤ 1/(LΩ)✮ ✇❤✐❝❤ ♠❛❦❡s t❤✐s r❡s✉❧t ♦❢ t❤❡♦r❡t✐❝❛❧ ✐♥t❡r❡st
♦♥❧②✳ ◆♦t❡ t❤❛t ❛♣♣❧✐❝❛t✐♦♥s t②♣✐❝❛❧❧② ❝♦♥❝❡r♥ s✐t✉❛t✐♦♥s ✇❤❡r❡ Ω ✐s ✈❡r② ❧❛r❣❡✳

❆✳✷✳ ❱❡rt❡①✲❞✐r❡❝t✐♦♥✱ ♦♣t✐♠❛❧ st❡♣✲s✐③❡✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ♣r❡❞❡✜♥❡❞ st❡♣✲
s✐③❡ αn = 1/(n+1) ✐♥ ✭✹✳✶✽✮ ❞♦❡s ♥♦t ❡♥s✉r❡ ❛ ♠♦♥♦t♦♥✐❝ ❞❡❝r❡❛s❡ ♦❢ EK(ξ(n)−µ)✳ ❆♥
❛❧t❡r♥❛t✐✈❡ ♦♣t✐♦♥ ✐s t♦ ❝❤♦♦s❡ αn t❤❛t ♠✐♥✐♠✐③❡s EK [ξ(n+)(α)−µ] ✇✐t❤ r❡s♣❡❝t t♦ α ∈
[0, 1]✱ ✇✐t❤ ξ(n+)(α) = (1−α) ξ(n)+α δxn+1 ❛♥❞ xn+1 ❣✐✈❡♥ ❜② ✭✹✳✶✼✮✳ ❙tr❛✐❣❤t❢♦r✇❛r❞
❝❛❧❝✉❧❛t✐♦♥ ❣✐✈❡s αn = min{1, α̂n}✱ ✇✐t❤

α̂n =
〈Pξ(n) − Pµ, Pξ(n) − Pδxn+1

〉K
‖Pξ(n) − Pδxn+1

‖2HK

=
EK(ξ(n))− Pξ(n)(xn+1)−

∑n
i=1 w

(n)
i Pµ(xi) + Pµ(xn+1)

EK(ξ(n))− 2Pξ(n)(xn+1) +K(xn+1,xn+1)

✹✶



✭✇❤✐❝❤ r❡q✉✐r❡s t❤❛t EK(ξ(n)) <∞✮✱ ❛♥❞ α̂n s❛t✐s✜❡s

α̂n =
(ei+n − ω(n))⊤K(ω̂ − ω(n))

‖ei+n − ω(n)‖2
K

. ✭❆✳✹✮

◆❡①t ▲❡♠♠❛ ✐♥❞✐❝❛t❡s t❤❛t α̂n ≤ 1 ✇❤❡♥ ŵ ∈ PΩ✱ s♦ t❤❛t s❡tt✐♥❣ αn = α̂n ✐♥ ✭✹✳✶✽✮
❡♥s✉r❡s t❤❛t ω(n) r❡♠❛✐♥s ✐♥ PΩ ❢♦r ❛❧❧ n✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡ ❣❧♦❜❛❧ ❞❡❝r❡❛s❡
♦❢ ‖ω(n) − ω̂‖2

K
♦✈❡r ♠❛♥② ✐t❡r❛t✐♦♥s ✇✐t❤ t❤✐s ♦♣t✐♠❛❧ αn ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❜❡tt❡r

t❤❛t ✇✐t❤ t❤❡ ♣r❡❞❡✜♥❡❞ st❡♣✲s✐③❡ αn = 1/(n+1) ♦❢ ❙❡❝t✐♦♥ ❆✳✶❀ s❡❡ ✐♥ ♣❛rt✐❝✉❧❛r ❬✷✽❪
❢♦r s✉❝❤ ❝♦♥s✐❞❡r❛t✐♦♥s❀ s❡❡ ❛❧s♦ ❬✺❪✳ ❖♥❡ ♠❛② r❡❢❡r t♦ ❬✷✼❪ ❢♦r t❤❡ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧
s✐t✉❛t✐♦♥✳
▲❡♠♠❛ ❆✳✸✳ ❲❤❡♥ ω̂ ∈ PΩ✱ α̂n ❣✐✈❡♥ ❜② ✭❆✳✹✮ ✐s ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ ♦♥❡✳
Pr♦♦❢✳ ❲❡ ❝❛♥ ✇r✐t❡ (ei+n −ω(n))⊤K(ω̂−ω(n)) = ‖ei+n −ω(n)‖2

K
+(ei+n −ω̂)⊤K(ω(n)−

ω̂) − ‖ei+n − ω̂‖2
K
✳ ❲❤❡♥ ω̂ ∈ PΩ✱ ω̂i ≥ 0 ❢♦r ❛❧❧ i✱ ❛♥❞

∑Ω
i=1 ω̂i(ei − ω̂) = 0 ✐♠♣❧✐❡s

t❤❛t
∑Ω

i=1 ω̂i(ei−ω̂)⊤K(ω(n)−ω̂) = 0✳ ❚❤❡r❡❢♦r❡ mini=1,...,Ω(ei−ω̂)⊤K(ω(n)−ω̂) =
(ei+n − ω̂)⊤K(ω(n) − ω̂) ≤ 0✱ ✇❤✐❝❤ ❣✐✈❡s α̂n ≤ 1✳
❚❤❡♦r❡♠ ❆✳✷✳ ❆❧❣♦r✐t❤♠ ✭✹✳✶✽✮ ✇✐t❤ αn = α̂n ❣✐✈❡♥ ❜② ✭❆✳✹✮✱ ✐♥✐t✐❛❧✐③❡❞ ❛t ❛♥②
ω(1) ∈ PΩ✱ s❛t✐s✜❡s

‖ω(n) − ω̂‖2
K

≤ 8λmax(K)
1

n+ 3
, n ≥ 1 . ✭❆✳✺✮

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ❬✷✵✱ ❙❡❝t✳ ✷❪ ❛♥❞ ✉s❡s t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢
❚❤❡♦r❡♠ ❆✳✶✳ ❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭❆✳✷✮ ✐s ♠✐♥✐♠✉♠ ❢♦r α̂ = g(ω(n))/[4λmax(K)] ≤
1/2✳ ❚❤❡r❡❢♦r❡✱

g(ω(n+1)) = min
α∈[0,1]

g[ω(n+)(α)] ≤ (1− α̂)g(ω(n)) + 2 α̂2λmax(K)

= g(ω(n))

[
1− g(ω(n))

8λmax(K)

]
.

❙✐♥❝❡ 1− t ≤ 1/(1 + t) ❢♦r ❛❧❧ t > −1✱ ✇❡ ♦❜t❛✐♥

g(ω(n+1))/[8λmax(K)] ≤ 1

1 + {g(ω(n))/[8λmax(K)]}−1

✇❤✐❝❤✱ ❜② ✐♥❞✉❝t✐♦♥✱ ✐♠♣❧✐❡s t❤❛t g(ω(n)) ≤ 8λmax(K)/(n+ 3)❀ t❤❛t ✐s✱ ✭❆✳✺✮✳
▲❡♠♠❛ ❆✳✹✳ ❲❤❡♥ ω̂ ✐s ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ PΩ✱ ✭✹✳✶✽✮ ✇✐t❤ αn = α̂n ❣✐✈❡♥ ❜② ✭❆✳✹✮✱
✐♥✐t✐❛❧✐③❡❞ ❛t ❛♥② ω(1) ∈ PΩ✱ s❛t✐s✜❡s

‖ω(n+1) − ω̂‖2
K

≤ ‖ω(1) − ω̂‖2
K

exp

(
−α

2
∗ n

4R2
∗

)
, n ≥ 1 , ✭❆✳✻✮

✇❤❡r❡ R∗ = [λmax(K) (1 − 1/Ω)]1/2 ❛♥❞ α∗ = w∗/L✱ ✇✐t❤ w∗ = mini=1,...,Ω{ŵ}i ✭s♦
t❤❛t w∗ ≤ 1/Ω✮ ❛♥❞ L = (maxi=1,...,Ω{K−1}ii)1/2✳
Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ s❛♠❡ ❛♣♣r♦❛❝❤ ❛s ✐♥ ❬✻❪ ❛♥❞ ✉s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❛s ✐♥ t❤❡ ♣r♦♦❢
♦❢ ❚❤❡♦r❡♠ ❆✳✶✳ ❲❡ ❝❛♥ ✇r✐t❡ g(ω(n+1)) = g[ω(n+)(α̂n)]✱ ✇✐t❤ α̂n ❣✐✈❡♥ ❜② ✭❆✳✹✮✳
❚❤❡r❡❢♦r❡✱

g(ω(n+1)) = g(ω(n)) + 2α̂n∆
⊤
nK(ω(n) − ω̂) + α2

n‖∆n‖2K

= g(ω(n))− [∆⊤
nK(ω(n) − ω̂)]2

‖∆n‖2K
.

✹✷



❊q✉❛t✐♦♥ ✭❆✳✸✮ ✐♠♣❧✐❡s t❤❛t [∆⊤
nK(ω(n) − ω̂)]2 ≥ α2

∗g(ω
(n))✱ ❛♥❞ t❤✉s

g(ω(n+1)) ≤ g(ω(n))

[
1− α2

∗
‖∆n‖2K

]
≤ g(ω(n))

[
1− α2

∗
4R2

∗

]
.

❚❤✐s ✐♠♣❧✐❡s g(ω(n+1)) ≤ g(ω(1)) exp[−α2
∗ n/(4R

2
∗)]✱ t❤❛t ✐s✱ ✭❆✳✻✮✳

❙✐♠✐❧❛r❧② t♦ ▲❡♠♠❛ ❆✳✷✱ t❤❡ s♠❛❧❧ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦♥st❛♥t α∗ ♠❛❦❡s t❤❡ ❧✐♥❡❛r
❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐♥ ✭❆✳✻✮ ♦❢ t❤❡♦r❡t✐❝❛❧ ✐♥t❡r❡st ♦♥❧②✳

❆✳✸✳ ❱❡rt❡①✲❡①❝❤❛♥❣❡✳ ❋♦❧❧♦✇✐♥❣ ❬✻✻✱ ✻✼❪✱ ♦♥❡ ♠❛② ❛❧s♦ ✉s❡ ❛ ✈❡rt❡①✲❡①❝❤❛♥❣❡
♠❡t❤♦❞ ❜❛s❡❞ ♦♥ t❤❡ tr✉❡ st❡❡♣❡st✲❞❡s❝❡♥t ❞✐r❡❝t✐♦♥✱ s❡❡ ❛❧s♦ ❬✶✷✱ ✶✸❪✳ ❚❤❡ ✐t❡r❛t✐♦♥s
❛r❡ t❤❡♥

ξ(n+1) = ξ(n) + αn (δxn+1 − δ
x
−
n
) , ✭❆✳✼✮

✇❤❡r❡ xn+1 ✐s ❣✐✈❡♥ ❜② ✭✹✳✶✼✮ ❛♥❞

x−
n ∈ Arg max

x∈Supp(ξ(n))

[
Pξ(n)(x)− Pµ(x)

]
, ✭❆✳✽✮

✇✐t❤ Supp(ξ(n)) = Xn t❤❡ s✉♣♣♦rt ♦❢ ξ(n)✳ ❚❤❡ st❡♣✲s✐③❡ αn ✐s t❤❡♥ ❣✐✈❡♥ ❜②
min{α̂n, ξ

(n)(x−
n )}✱ ✇❤❡r❡ α̂n ♠✐♥✐♠✐③❡s EK [{ξ(n)+α (δxn+1−δx−

n
)}−µ] ✇✐t❤ r❡s♣❡❝t t♦

α ✭t❤❡ ❝♦♥str❛✐♥t αn ≤ ξ(n)(x−
n ) ❡♥s✉r❡s t❤❛t ξ

(n+1) ∈ M+(1) ✇❤❡♥ ξ(n) ∈ M+(1)✮✳
❉✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ ❣✐✈❡s

α̂n =
〈Pξ(n) − Pµ, Pδ

x
−
n

− Pδxn+1
〉K

‖Pδ
x
−
n

− Pδxn+1
‖2HK

=
[Pξ(n)(x−

n )− Pµ(x
−
n )]− [Pξ(n)(xn+1)− Pµ(xn+1)]

K(x−
n ,x

−
n ) +K(xn+1,xn+1)− 2K(x−

n ,xn+1)
. ✭❆✳✾✮

❋♦r t❤❡ ❛❧❣♦r✐t❤♠ ❞❡✜♥❡❞ ❜② ✭❆✳✼✱ ❆✳✽✮✱ ✇❡ ❤❛✈❡ ω(n+1) = ω(n) + αn∆n ✇✐t❤
♥♦✇ ∆n = ei+n − ei−n ✱ ✇❤❡r❡ ✇❡ t❛❦❡ i+n ∈ Argmini=1,...,Ω e⊤i K(ω(n) − ω̂) ❛♥❞ i−n ∈
Argmaxi: e⊤

i ω
(n)>0 e

⊤
i K(ω(n) − ω̂)✳ ❚❤❡ st❡♣ s✐③❡ ✭❆✳✾✮ ❡q✉❛❧s

α̂n =
∆⊤

nK(ω̂ − ω(n))

‖∆n‖2K
. ✭❆✳✶✵✮

❚❛❦❡ αn = min{ω(n)

i−n
, α̂n} ✐♥ ✭❆✳✼✮✱ s♦ t❤❛t ω(n) r❡♠❛✐♥s ✐♥ PΩ ❢♦r ❛❧❧ n✳ ❯s✐♥❣ t❤❡

s❛♠❡ ♥♦t❛t✐♦♥ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ❆✳✶✱ ✇❡ ❤❛✈❡

g[ω(n+)(α)] ≤ g(ω(n)) + 2α∆⊤
nK(ω(n) − ω̂) + 2α2λmax(K) ,

❛♥❞✱ s✐♥❝❡ ω(n) ∈ PΩ✱ t❤❡ ❝♦♥✈❡①✐t② ♦❢ g(·) ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ∆n ✐♠♣❧② t❤❛t

g(ω̂) = 0 ≥ g(ω(n)) + 2(ω̂ − ω(n))⊤K(ω(n) − ω̂) ≥ g(ω(n)) + 2∆⊤
nK(ω(n) − ω̂) .

❲❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②❀ t❤❡ ♣r♦♦❢ ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❛t ♦❢ ❚❤❡♦r❡♠ ❆✳✷✳

❚❤❡♦r❡♠ ❆✳✸✳ ❙✉♣♣♦s❡ t❤❛t ω̂ ❛♥❞ K ❛r❡ s✉❝❤ t❤❛t α̂n ≤ ω
(n)

i−n
❢♦r ❛♥② ω(n) ∈ PΩ✳

❚❤❡♥✱ ❛❧❣♦r✐t❤♠ ✭❆✳✼✱ ❆✳✽✮ ✇✐t❤ αn = α̂n ❣✐✈❡♥ ❜② ✭❆✳✶✵✮✱ ✐♥✐t✐❛❧✐③❡❞ ❛t ❛♥② ω(1) ∈
PΩ✱ s❛t✐s✜❡s

‖ω(n) − ω̂‖2
K

≤ 8λmax(K)

n+ 3
, n ≥ 1 .

✹✸



❚❤❡r❡ ❡①✐st s✐t✉❛t✐♦♥s ✇❤❡r❡ t❤❡ ❝♦♥❞✐t✐♦♥ α̂n ≤ ω
(n)

i−n
✐s ♥♦t s❛t✐s✜❡❞✳ ❚❛❦❡ ❢♦r ✐♥✲

st❛♥❝❡ Ω = 3✱ K t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ❛♥❞ ω̂ = (0, 0, 1)⊤✱ ω(n) = (1/3, 1/3, 1/3)⊤❀ t❤❡♥

α̂n = 1/2 > ω
(n)

i−n
= 1/3✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ ❢♦r ✐♥st❛♥❝❡

❢♦r ω̂ = 1Ω/Ω ❛♥❞ K t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ✭✇❡ ❤❛✈❡ in− = Argmax
i:ω

(n)
i >0

(ω
(n)
i − ω̂i)✱

❛♥❞
∑Ω

i=1(ω
(n)
i − ω̂i) = 0 ✐♠♣❧✐❡s t❤❛t ω

(n)

i−n
> ω̂i−n

❛♥❞ s✐♠✐❧❛r❧② ω
(n)

i+n
< ω̂i+n

❀ ✇❡ ❣❡t

α̂n = (ω
(n)

i−n
− ω

(n)

i+n
)/2 ≤ ω

(n)

i−n
/2 < ω

(n)

i−n
✮✱ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ✐♥❞✐❝❛t❡ t❤❛t ✐t

❤♦❧❞s tr✉❡ ✐♥ ♠♦st s✐t✉❛t✐♦♥s✳

❆♣♣❡♥❞✐① ❇✳ ❇❛②❡s✐❛♥ q✉❛❞r❛t✉r❡✿ s❡✈❡r❛❧ ✐♥t❡❣r❛❧s✳
❋♦❧❧♦✇✐♥❣ ❬✼✷❪✱ ❝♦♥s✐❞❡r ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ s✐t✉❛t✐♦♥ ❝♦♥s✐❞❡r❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷

✇❤❡r❡ ♦♥❡ ✇✐s❤❡s t♦ ❡st✐♠❛t❡

Iµ(f) = Eµ{f(X)r(X)} =

∫

X

f(x)r(x) ❞µ(x) ,

✇✐t❤ r(x) = (r0(x), . . . , rp(x))
⊤ ❛ ✈❡❝t♦r ♦❢ p+ 1 ❦♥♦✇♥ ❢✉♥❝t✐♦♥s ♦❢ x✱ s✉❝❤ t❤❛t t❤❡

(p+ 1)× (p+ 1) ♠❛tr✐①

Mr = Eµ{r(X)r⊤(X)}

❡①✐sts ❛♥❞ ✐s ♥♦♥s✐♥❣✉❧❛r✳ ❙❡❡ ❛❧s♦ ❬✺✽❪✳ ❲✐t❤♦✉t ❛♥② ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ♠❛② ❛ss✉♠❡
t❤❛t r0(x) ≡ 1✳

❲❡ ❛❧s♦ s❧✐❣❤t❧② ❣❡♥❡r❛❧✐③❡ t❤❡ ♠♦❞❡❧ ✭✷✳✶✮ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ❧✐♥❡❛r tr❡♥❞ h⊤(x)β❀
t❤❛t ✐s✱ ✇❡ ❝♦♥s✐❞❡r

f(x) = h⊤(x)β + Zx , ✭❇✳✶✮

✇❤❡r❡ h(x) = (h0(x), . . . , hp′(x))⊤ ✐s ❛ ✈❡❝t♦r ♦❢ p′ + 1 ❦♥♦✇♥ ❢✉♥❝t✐♦♥s ♦❢ x ❛♥❞

β ∈ R
p′+1 ❤❛s t❤❡ ♥♦r♠❛❧ ♣r✐♦r N (β̂

0
, σ2A)✱ ♥♦♥✲✐♥❢♦r♠❛t✐✈❡ s♦ t❤❛t ✇❡ ❝❛♥ r❡♣❧❛❝❡

A−1 ❜② t❤❡ ♥✉❧❧ ♠❛tr✐① 0 ✐♥ ❛❧❧ ❝❛❧❝✉❧❛t✐♦♥s ✭t❤❡ ❝❤♦✐❝❡ ♦❢ β̂
0
❜❡✐♥❣ t❤❡♥ ✐rr❡❧❡✈❛♥t✮✳

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♠❛tr✐① Eµ{h(X)h⊤(X)} ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ❋♦r r❡❛s♦♥s t❤❛t ✇✐❧❧
❜❡❝♦♠❡ ❝❧❡❛r ❜❡❧♦✇✱ ✇❡ s❤❛❧❧ ❝♦♥s✐❞❡r ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❝❛s❡ ✇❤❡r❡ h = r✳

❚❤❡ ♣♦st❡r✐♦r ♠❡❛♥ ❛♥❞ ✈❛r✐❛♥❝❡ ♦❢ f(x)✱ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ σ2 ❛♥❞ K✱ ❛r❡ ♥♦✇✱
r❡s♣❡❝t✐✈❡❧②✱

η̂n(x) = h⊤(x)β̂
n
+ k⊤

n (x)K
−1
n (yn −Hnβ̂

n
) ,

σ2ρ2n(x) = σ2
{
K(x,x)− k⊤

n (x)K
−1
n kn(x)

+ [h(x)−H⊤
nK

−1
n kn(x)]

⊤(H⊤
nK

−1
n Hn)

−1[h(x)−H⊤
nK

−1
n kn(x)]

}
,

✇❤❡r❡ {Hn(x)}i,j = hj(xi)✱ i = 1, . . . , n✱ j = 0, . . . , p′✱ ❛♥❞

β̂
n
= (H⊤

nK
−1
n Hn)

−1H⊤
nK

−1
n yn .

❚❤❡ ♣♦st❡r✐♦r ♠❡❛♥ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ Iµ(f) ❛r❡

În = B(µ)β̂
n
+Pn(µ)K

−1
n (yn −Hnβ̂

n
) , ✭❇✳✷✮

σ2 Vn = σ2
{
Ur(µ)−Pn(µ)K

−1
n P⊤

n (µ)

+
[
B(µ)−Pn(µ)K

−1
n Hn

]
(H⊤

nK
−1
n Hn)

−1
[
B(µ)−Pn(µ)K

−1
n Hn

]⊤}
, ✭❇✳✸✮

✹✹



✇❤❡r❡ B(µ) = Eµ{r(X)h⊤(X)}✱ Pn(µ) = Eµ{r(X)k⊤
n (X)} ❛♥❞

Ur(µ) = Eµ{r(X)r⊤(X′)K(X,X′)} ,

✇✐t❤ X ❛♥❞ X′ ✐✳✐✳❞✳ ∼ µ✳
❘❡♠❛r❦ ❇✳✶ ✭❘❡♣r♦❞✉❝t✐♦♥ ♦❢ ❝✉❜❛t✉r❡ r✉❧❡s✮✳ ❈♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ p = 1
✭r(x) ≡ 1✮✱ n = p′ + 1✱ s♦ t❤❛t Hn ✐s n × n✱ ❛♥❞ s✉♣♣♦s❡ t❤❛t Xn ✐s s✉❝❤ t❤❛t

Hn ✐s ♥♦♥s✐♥❣✉❧❛r✳ ❚❤❡♥✱ ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ s❤♦✇s t❤❛t În = ŵ⊤
n yn✱ ✇✐t❤ w⊤

n =
H⊤

n Eµ{h(X)} ❛♥❞ Vn = EK(ξn − µ)✱ ✇❤❡r❡ ξn ❤❛s ✇❡✐❣❤ts wn✳ ❚❤❡ ✇❡✐❣❤ts wn

❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❦❡r♥❡❧ K ❛♥❞ ❡✈❡r② ❢✉♥❝t✐♦♥ f ✐♥ t❤❡ ❧✐♥❡❛r
s♣❛❝❡ s♣❛♥♥❡❞ ❜② h(·) ✐s ✐♥t❡❣r❛t❡❞ ❡①❛❝t❧② ✭̂In = Iµ(f) ✇❤❡♥ f(x) = γ⊤h(x) ❢♦r
s♦♠❡ ✈❡❝t♦r γ✮✱ s❡❡ ❬✺✷✱ ❚❤✳ ✷✳✶✵❪✳ ■♥ t❤❡ s❛♠❡ ♣❛♣❡r✱ t❤❡s❡ r❡s✉❧ts ❛r❡ ✉s❡❞ t♦ s❤♦✇
t❤❛t ❢♦r ❛♥② n✲♣♦✐♥t ❝✉❜❛t✉r❡ r✉❧❡ t❤❡r❡ ❡①✐sts n ❢✉♥❝t✐♦♥s hi(·) s✉❝❤ t❤❛t t❤❡ r✉❧❡
❝♦rr❡s♣♦♥❞s t♦ ❇❛②❡s✐❛♥ ✐♥t❡❣r❛t✐♦♥ ❢♦r ♠♦❞❡❧ ✭❇✳✶✮✳ ❖♥❡ ♠❛② ❛❧s♦ r❡❢❡r t♦ ❬✺✸❪ ❢♦r t❤❡
r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♣♦❧②♥♦♠✐❛❧✲❜❛s❡❞ q✉❛❞r❛t✉r❡ r✉❧❡s ❛♥❞ ❇❛②❡s✐❛♥ q✉❛❞r❛t✉r❡ ✭❢♦r ❛
s✉✐t❛❜❧② ❝❤♦s❡♥ ♣♦❧②♥♦♠✐❛❧ ❦❡r♥❡❧✮ ✇❤❡♥ β ✐♥ ✭❇✳✶✮ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ ✈❡❝t♦r ♦❢ ❦♥♦✇♥
❝♦♥st❛♥ts ✭❢♦r ✐♥st❛♥❝❡✱ ③❡r♦✮✱ s♦ t❤❛t t❤❡ ♣♦st❡r✐♦r ✈❛r✐❛♥❝❡ ✐s ❣✐✈❡♥ ❜② ✭✷✳✶✶✮✳ ⊳

❙✉♣♣♦s❡ t❤❛t Mh = Eµ{h(X)h⊤(X)} ✐s ♥♦♥s✐♥❣✉❧❛r✳ ❋♦❧❧♦✇✐♥❣ ❙❡❝t✐♦♥ ✸✳✺✳✷✱ ✇❡
❝❛♥ ✇r✐t❡ f(x) = h⊤(x)β + PhZx + (IdL2 −Ph)Zx✱ ✇❤❡r❡ Ph ❞❡♥♦t❡s t❤❡ ♦rt❤♦❣♦♥❛❧
♣r♦❥❡❝t✐♦♥ ♦❢ L2(X , µ) ♦♥t♦ t❤❡ ❧✐♥❡❛r s♣❛❝❡ s♣❛♥♥❡❞ ❜② h(·)❀ t❤❛t ✐s✱ Phg(x) =
h⊤(x)M−1

h

∫
X

h(x′)g(x′) ❞µ(x′) ❢♦r ❛❧❧ g ∈ L2(X , µ)✳ ❚❤✐s ❣✐✈❡s

PhZx = h⊤(x)M−1
h

∫

X

h(x′)Zx′ ❞µ(x′) .

■♥ ❛❜s❡♥❝❡ ♦❢ ♣r✐♦r ✐♥❢♦r♠❛t✐♦♥ ♦♥ β ✭A−1 = 0✮✱ t❤❡ ♣r✐♦r ♦♥ t❤❡ ♣❛r❛♠❡t❡rs β′ =
β + M−1

h

∫
X

h(x′)Zx′ ❞µ(x′) r❡♠❛✐♥s ♥♦♥✲✐♥❢♦r♠❛t✐✈❡✱ ❛♥❞ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❦❡r♥❡❧ ♦❢

Z̃x = (IdL2 −Ph)Zx ✐s

Kµ(x,x
′) = K(x,x′)− u⊤

µ (x)M
−1
h h(x′)− h⊤(x)M−1

h uµ(x
′)

+h⊤(x)M−1
h Uh(µ)M

−1
h h(x′) ,

✇❤❡r❡ Uh(µ) = Eµ{h(X)r⊤(X′)K(X,X′)} ❛♥❞ uµ(x) = Eµ{h(X)K(X,x)} , x ∈ X ✳
❙✐♠✐❧❛r❧② t♦ ❙❡❝t✐♦♥ ✹✳✷ ✭s❡❡ ❬✸✼✱ ❙❡❝t✳ ✺✳✹❪✮✱ t❤✐s ❦❡r♥❡❧ r❡❞✉❝t✐♦♥ ❞♦❡s ♥♦t ♠♦❞✐❢②

♣r❡❞✐❝t✐♦♥s✱ ❛♥❞ ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ s❤♦✇s t❤❛t Eµ{h(X)h⊤(X′)Kµ(X,X
′)} = 0 ❛♥❞

Eµ{h(X)k̃⊤
n (X)} = 0✱ ✇✐t❤ k̃n(x) = (Kµ(x,x1), . . . ,Kµ(x,xn))

⊤✳ ❚❛❦✐♥❣ h = r✱ ✇❡
t❤✉s ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✱ ✇❤❡r❡ Rn ✐s t❤❡ n× (p+ 1) ♠❛tr✐① {Rn(x)}i,j =
rj(xi)✱ i = 1, . . . , n✱ j = 0, . . . , p✱ ❛♥❞ {K̃n}i,j = Kµ(xi,xj)✱ i, j = 1, . . . , n✳

▲❡♠♠❛ ❇✳✶✳ ❲❤❡♥ K ✐s ❙P❉ ❛♥❞ h = r ✐♥ ✭❇✳✶✮✱ În ❣✐✈❡♥ ❜② ✭❇✳✷✮ s❛t✐s✜❡s

În = Mr(R
⊤
n K̃

−1
n Rn)

−1(R⊤
n K̃

−1
n yn) ,

❛♥❞ t❤❡ ♣♦st❡r✐♦r ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✭❇✳✸✮ s❛t✐s✜❡s

Vn = Mr(R
⊤
n K̃

−1
n Rn)

−1Mr . ✭❇✳✹✮

❚♦ ❡♥s✉r❡ ❛ ♣r❡❝✐s❡ ❡st✐♠❛t✐♦♥ ♦❢ Iµ(f)✱ ✇❡ ♠❛② s❡❧❡❝t ❛ ❞❡s✐❣♥ Xn t❤❛t ♠✐♥✐♠✐③❡s
J (Vn)✱ ✇✐t❤ J (·) ❛ ▲♦❡✇♥❡r ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ t❤❡ s❡t ♦❢ s②♠♠❡tr✐❝ ♥♦♥✲
♥❡❣❛t✐✈❡ ❞❡✜♥❡ ♠❛tr✐❝❡s✳ ❚②♣✐❝❛❧ ❝❤♦✐❝❡s ❛r❡ J (Vn) = det(Vn) ✭❉✲♦♣t✐♠❛❧✐t②✮ ❛♥❞
J (Vn) = trace(Vn) ✭❆✲♦♣t✐♠❛❧✐t②✮✳ ●r❡❡❞② ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ J (Vn) ❝♦rr❡s♣♦♥❞s t♦

✹✺



❙❡q✉❡♥t✐❛❧ ❇❛②❡s✐❛♥ ◗✉❛❞r❛t✉r❡✱ s❡❡ ❙❡❝t✐♦♥ ✹✳✹✳ ❯s✐♥❣ ✭❇✳✹✮ ❛♥❞ ❢♦r♠✉❧❛❡ ❢♦r t❤❡
✐♥✈❡rs✐♦♥ ♦❢ ❛ ❜❧♦❝❦ ♠❛tr✐①✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥s ❢♦r det(Vn+1) ❛♥❞
trace(Vn+1)✿

det(Vn+1) = det(Vn)
Kµ(x,x)− k̃⊤

n (x)K̃
−1
n k̃n(x)

ρ̃2n(x)
,

trace(Vn+1) = trace(Vn)

− [r(x)−R⊤
n K̃

−1
n k̃n(x)]

⊤(R⊤
n K̃

−1
n Rn)

−1M2
r(R

⊤
n K̃

−1
n Rn)

−1[r(x)−R⊤
n K̃

−1
n k̃n(x)]

ρ̃2n(x)
,

✇✐t❤

ρ̃2n(x) =

[
Kµ(x,x)− k̃⊤

n (x)K̃
−1
n k̃n(x) +

(1− k̃⊤
n (x)K̃

−1
n 1n)

2

1⊤
n K̃

−1
n 1n

]
.

❲❤❡♥ p = 0 ✭r(x) ≡ 1✮✱ Vn = s2n ✐♥ ✭✹✳✶✸✮ ❛♥❞ det(Vn+1) = trace(Vn+1) = s2n+1

❣✐✈❡♥ ❜② ✭✹✳✶✺✮✳

❆♣♣❡♥❞✐① ❈✳ ❊♥❡r❣② ❛♥❞ ♣♦t❡♥t✐❛❧ ❢♦r t❤❡ tr✐❛♥❣✉❧❛r ❦❡r♥❡❧✳
❈♦♥s✐❞❡r t❤❡ tr✐❛♥❣✉❧❛r ❦❡r♥❡❧ Kθ(x, x

′) = max{1 − θ|x − x′|, 0}✱ θ > 0✱ ✇✐t❤ µ
✉♥✐❢♦r♠ ♦♥ [0, 1]✳ ❚❤❡ ❡①♣r❡ss✐♦♥s ♦❢ EK(µ) ❛♥❞ Pµ(x) ✈❛r② ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❛♥❣❡
❝♦♥s✐❞❡r❡❞ ❢♦r θ✱ ✇✐t❤ ✐♥ ❛❧❧ ❝❛s❡s Pµ(x) = 0 ✇❤❡♥ x ≤ −1/θ ♦r 1 + 1/θ ≤ x✳

2 ≤ θ✳ EK(µ) = (3θ − 1)/(3θ2) ❛♥❞

Pµ(x) =





θ(x+ 1/θ)2/2 ✐❢ − 1/θ ≤ x ≤ 0
1/θ − θ(1/θ − x)2/2 ✐❢ 0 ≤ x ≤ 1/θ
1/θ ✐❢ 1/θ ≤ x ≤ 1− 1/θ
1/θ − θ(1/θ + x− 1)2/2 ✐❢ 1− 1/θ ≤ x ≤ 1
θ(1− x+ 1/θ)2/2 ✐❢ 1 ≤ x ≤ 1 + 1/θ

1 ≤ θ ≤ 2✳ EK(µ) = (3θ − 1)/(3θ2) ❛♥❞

Pµ(x) =





θ(x+ 1/θ)2/2 ✐❢ − 1/θ ≤ x ≤ 0
1/θ − θ(1/θ − x)2/2 ✐❢ 0 ≤ x ≤ 1− 1/θ
1/θ − θ(1/θ − x)2/2− θ(1/θ + x− 1)2/2 ✐❢ 1− 1/θ ≤ x ≤ 1/θ
1/θ − θ(1/θ + x− 1)2/2 ✐❢ 1/θ ≤ x ≤ 1
θ(1− x+ 1/θ)2/2 ✐❢ 1 ≤ x ≤ 1 + 1/θ

0 < θ ≤ 1✳ EK(µ) = 1− θ/3 ❛♥❞

Pµ(x) =





θ(x+ 1/θ)2/2 ✐❢ − 1/θ ≤ x ≤ 1− 1/θ
1− θ/2 + θx ✐❢ 1− 1/θ ≤ x ≤ 0
1− θ/2 + θx− θx2 ✐❢ 0 ≤ x ≤ 1
1 + θ/2− θx ✐❢ 1 ≤ x ≤ 1/θ
θ(1− x+ 1/θ)2/2 ✐❢ 1/θ ≤ x ≤ 1 + 1/θ

❘❊❋❊❘❊◆❈❊❙
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✶✺✭✶✮✿✺✾✕✼✶✱ ✶✾✽✹✳
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