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Abstract In this work, we utilize the quasinormal modes
(QNMs) of a massless scalar perturbation to probe the Van
der Waals-like small and large black holes (SBH/LBH) phase
transition of charged topological Anti-de Sitter (AdS) black
holes in four-dimensional massive gravity. We find that the
signature of this SBH/LBH phase transition is detected in
the isobaric as well as in the isothermal process. This further
supports the idea that the QNMs can be an efficient tool to
investigate the thermodynamical phase transition.

1 Introduction

Einstein’s general relativity introduces gravitons as massless
spin-2 particles [1-3]. However, understanding the quan-
tum behavior of gravity could be related to the possible
mass of the graviton. This Einstein theory, modified at large
distances in massive gravity, provides a possible explana-
tion for the accelerated expansion of the Universe that does
not require any dark energy. Actually, the massive grav-
ity and its extensions, such as bimetric gravity, can yield
cosmological solutions which do display late-time accelera-
tion in agreement with observations [4—7]. Very recently, the
LIGO collaboration reporting the discovery of gravitational
waves asserted that [8] “assuming a modified dispersion rela-
tion for gravitational waves, our observations constrain the
Compton wavelength of the graviton to be Ay > 10'3 km,
which could be interpreted as a bound on the graviton mass
mg < 1.2 x 10722 eV/c?”. In order to have a massive gravi-
ton, the first attempt for constructing a massive theory was
in the work of Fierz and Pauli [9], which was done in the
context of linear theory. Unfortunately this theory possesses
the so-called van Dam, Veltman and Zakharov discontinu-
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ity problem. The resolution to this problem was Vainshtein’s
mechanism, which requires the system to be considered in a
nonlinear framework. As is now well known, it usually brings
about a Boulware—Deser ghost [10] by adding generic mass
terms for the graviton on the nonlinear level. Subsequently, a
nonlinear massive gravity theory was proposed by de Rham,
Gabadadze and Tolley (ARGT) [11,12], where the mass terms
are added in a specific way to ensure that the corresponding
equations of motion are at most second order differential
equations so that the Boulware—Deser ghost is eliminated.
Later, spherically symmetric black hole solutions were con-
structed in the dRGT massive gravity [13—-16], including its
extension in terms of electric charge [17-19], black string
[20], BTZ like black holes [21,22] and some other solutions
with higher curvature correction terms [23,24]. This pro-
gram goes beyond solution constructions in the dRGT mas-
sive gravity and focuses on the investigation of holographic
implications [25-30], discussing the thermodynamical prop-
erties [31-34] and calculating QNMs under massless scalar
perturbations for the BTZ like black hole [35].

The thermodynamical phase transition of a black hole is
always a hot topic in black hole physics. It may shed light on
the understanding of the relation between gravity and ther-
modynamics. Recently, thermodynamics of AdS black holes
has been generalized to the extended phase space where the
cosmological constant is treated as the pressure of the black
hole [36-38]. A particular emphasis has been put on the
study of the black hole phase transitions in AdS spacetime
in Ref. [39], which asserted the analogy between the Van
der Waals liquid—gas system behavior and the charged AdS
black hole. Subsequently a broad range of thermodynamic
behaviors has been discovered, including reentrant phase
transitions and more general Van der Waals behavior [40—
70]. Recently, some investigations of the thermodynamics of
AdS black holes in massive gravity showed generalizations
to the extended phase space [19,71-76], including the higher
curvature terms [23,31,32].
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For a long time, thermodynamical phase transitions of
the black hole are supposed to detect by some observational
signatures. Considering that QNMs of dynamical perturba-
tions are characteristic issues of black holes [77-79], it is
expected that black hole phase transitions can be reflected
in the dynamical perturbations in the surrounding geome-
tries of black holes through frequencies and damping times
of the oscillations. Moreover, the QNM frequencies of AdS
black holes have direct interpretation in terms of the dual
conformal field theory CFT [80-85]. A lot of discussions
have been focused on this topic and more and more evi-
dence has been found between thermodynamical phase tran-
sitions and dynamical perturbations. See for example [86—
96]. In the extended phase space, we have recovered the
deep relation between the dynamical perturbation and the
Van der Waals-like SBH/LBH phase transition in the four-
dimensional Reissner—Nordstrom—Anti de Sitter (RN-AdS)
black holes with spherical horizon (k = 1) [97]. Later, mat-
ters have been generalized to higher-dimensional RN-AdS
black holes [98], including time-domain profiles [99], and
higher-dimensional charged black holes in the presence of
Weyl coupling [100].

It is necessary to point out that in four-dimensional dRGT
massive gravity, there always exists a so-called Van der
Waals-like SBH/LBH phase transition for the charged AdS
black holes when the horizon topology is spherical (k = 1),
Ricci flat (k = 0) or hyperbolic (k = —1) [71]. In particular,
this phenomenon rarely occurs, since this Van der Waals-like
SBH/LBH phase transition was usually recovered in a vari-
ety of spherical horizon black hole backgrounds. Motivated
by these results, in this paper we find it crucial and well jus-
tified to reconsider the charged topological AdS black hole
in four-dimensional dRGT massive gravity. We further use
the QNM frequencies of a massless scalar perturbation to
probe the Van der Waals-like SBH/LBH phase transitions of
charged topological black holes (k = 0,k = +£1), respec-
tively.

This paper is organized as follows. In Sect. 2, we will
review the Van der Waals-like SBH/LBH phase transition
of charged topological AdS black holes in four-dimensional
massive gravity. In Sect. 3, we will disclose numerically that
the phase transition can be reflected by the QNM frequencies
of dynamical perturbations. We end the paper with conclu-
sions and discussions in Sect. 4.

2 Phase transition of charged topological AdS black
hole in massive gravity

We start with the action of four-dimensional massive grav-

ity in the presence of a negative cosmological constant
(331,

@ Springer
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where f is a fixed symmetric tensor usually called the refer-
ence metric, ¢; are constants, m is the mass parameter related
to the graviton mass and F,, is the Maxwell field strength
defined as Fj, = d,A, — d,A, with vector potential A,.
Moreover, U; are symmetric polynomials of the eigenvalues

of the 4 x 4 matrix K = /g7 f,,

U, = K],
U = K] = [K?],
Us =

=

8

KT — 3[KIK?] + 2[K3],
KI* — 612K + SICIIK] + 3[K%1% — 6[K%].
(2)

The square root in K is understood as the matrix square
root, i.e., (v/A)", (v/A),” = A", and the rectangular brackets
denote traces [K] = IC‘fL.

The action admits a static black hole solution with metric

ds? = — f(r)de> + B + r?h;jdxtdx/, (3)
)

where the coordinates are labeled x* = (¢, r, x!, x2) and h; |
describes the two-dimensional hypersurface with constant
scalar curvature 2k. The constant k characterizes the geo-
metric property of a hypersurface, which takes values k = 0
for the flat case, k = —1 for negative curvature and k = 1 for
positive curvature, respectively. In a four-dimensional situ-
ation we have U3 = Uy = 0. Then the solution of charged
topological AdS black hole is given by [33]
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where P equals —%. Moreover, the parameters mq and g
are related to mass and charge of black hole

V 1%}
M = —my, = —9q.

82" 2= Texd
Here V5 is the volume of space spanned by coordinates x'.
When m — 0, the solution (4) reduces to the RN-AdS black
hole.

The reference metric now can have a special choice

fuv = diag(0, 0, c3h;j). )

Without loss of generality we have setco = 1 in our following
discussions.
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In terms of the radius of the horizon r, the mass M,
Hawking temperature 7, entropy S and electromagnetic
potential ® of the black holes can be written as

V. B 87 Pr2 2
M= kpom?+ L 2 0T
8 423 2
2 X 2 2
A s L Y SO
16mry 4y
Vo s q
S=—r7, = —. 6
4r+ r4 ()

In the extended phase space, the black hole mass M is con-
sidered as the enthalpy rather than the internal energy of the
gravitational system [37].
From Eq. (6), the equation of state of the black hole can
be obtained,
T cim?®  k+ com? q2

P=—— - + : (7

2ry  8mry 8rrd 32mrd

To compare with Van der Waals fluid equation in four dimen-
sions, we can translate the “geometric” equation of state to a
physical one by identifying the specific volume v of the fluid
with horizon radius of black hole as v = 2r .

As usual, a critical point occurs when P has an inflection
point,

P 0P

— = =0, ®)
3r+ T=T¢,ry=r¢

ar_%_ T=Tc,ry=rc

which leads to
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Evidently the critical behavior occurs when k + com? >
0, which is a joint effect of horizon topology k and cym?.
Previous thermodynamical discussions for RN-AdS black
holes show that the Van der Waals-like SBH/LBH only occurs
for spherical horizon topology k = 1. The graviton mass
significantly modifies this behavior and a non-zero m admits
that possibility of critical behavior for k # 1. In addition, it
has been shown [33] that when k + com? > 0, the small and
large black hole phases are both locally thermodynamically
stable because the corresponding heat capacities are always
positive.!

The equilibrium thermodynamics is governed by the
Gibbs free energy, G = G(T, P, q), which obeys the ther-
modynamic relation G = M — T S. For later discussions, it is
convenient to rescale the Gibbs free energy in the following
way: g = %G. Then g reads

! We thank Hai-Qing Zhang for pointing this out.

34> (k + com®)ry. B 271Pr_3~_' (10)
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Here r4 is understood as a function of pressure and temper-
ature, ry = r+ (P, T), via the equation of state (7).

3 Perturbations of charged topological AdS black hole
in massive gravity

Now we study the evolution of a massless scalar field pertur-
bation in the surrounding geometry of these charged topo-
logical AdS black holes.

A massless scalar field ¥ (r, ¢, Q) = d:(r)e_i‘"t Yim (),
obeys the Klein—-Gordon equation

Vaw(r, 1, Q) = u(v/=88" 9, W (r, 1,2)) =0,

(I

where Y, (£2) is a normalizable harmonic function on the
two-dimensional hypersurface. In particular, the Laplace
operator on 2 yields

1
N

VAV () = =12 Yim (). (12)

It is necessary to point out that the eigenvalue x> usually
gets different values in consideration of different horizon
topologies. For the spherical (k = 1) and flat (k = 0) topol-

ogy, the eigenvalue x> can be zero. Then the radial function
¢ (r) obeys
g’ £ ) CRA,
+ + =0, 13
¢"(r) (f() ¢+ (13)

where @ are complex numbers w = w, + i wj,, correspond-
ing to the QNM frequencies of the oscillations describing the
perturbation. For the hyperbolic horizon topology(k = —1),
the eigenvalue « 2 of the Laplace operator on §2 cannot be zero
[101-104], and is given by JT + 52, where &£ = Lo(Lg + 1),
Lo =0,1,2,...[105]. Then the radial function ¢ (r) obeys
the following differential equation:

" 1) ) (w_z_f)mr)_
Mr”(f() YONTe ) T
(14)
Here we define ¢(r) as ¢(r)exp[—i f f‘(”r)dr where

the exp[—i [ 2 70 —2~dr] asymptotically approaches the ingoing
wave near the horizon, then Egs. (13) and (14) become

fo_ 2 2)
CERCH
o(r)=0, k=01, (15)

@"(r)+¢'(r) (
2iw

0)
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and
, , fl) 2o 2
o+ (5 -7+ 7)
kPN e B
- (Zla) + 7) P 0, k=—1. (16)

In this paper, we only consider £ = 0, namely k> = 1/4 for
k=—1.

We are going to study whether the signature of Van der
Waals-like SBH/LBH phase transition of charged topological
AdS black holes can be reflected by the dynamical QNMs
behavior in the massless scalar perturbation. For Egs. (15)
and (16), we have ¢(r) = 1 in the limit of r — r4. At the
AdS boundary (r — 00), we need ¢(r) = 0. Under these
boundary conditions, we will numerically solve Eqs. (15)
and (16) separately to find QNM frequencies by adopting
the shooting method. In the context of the Van der Waals
phase transition picture, the dynamical perturbations in the
isobaric process and isothermal process will be discussed.
In our following numerical computations we will set g = 2,
m=1,c; =0.05and ¢cn, = 2.

3.1 Isobaric phase transition

Due to the pressure P (or /) being fixed in this case, the
black hole horizon r is the only variable in the system. The
behavior of an isobar with different horizon topologies is
plotted in Fig. 1. For P < P,, the oscillating part displays
the occurrence of an SBH/LBH phase transition in the system
and the Gibbs free energy depicts a swallow tail behavior, also
signaling a first-order SBH/LBH phase transition. Here the
intersection point indicates the coexistence of two phases in
equilibrium. The critical pressure P. is obtained by ;’r—i =
3T

or?

+In Table 1 (see the appendix), we further list the QNM
frequencies of massless scalar perturbation around small and
large black holes for a first order SBH/LBH phase transition.
Fixing the pressure with P = (0.003, we obtain the phase
transition temperature 7, ~ 0.04567, T, =~ 0.06945 and
T, >~ 0.08664 in the cases of k = —1, 0 and 1, respectively,
where the small and large black hole phases can coexist. With

0.00 0.05 0.10 0.15

Fig. 1 The g—T (left panel) and T—r. (right panel) diagrams for P <
P.. The three lines correspond to k = 1 (dashed line), k = 0 (dotdashed
line) and k = —1 (solid line)
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Fig. 2 The behavior of QNM frequencies for large and small black
holes in the isobaric process. The arrow indicates the increase of the
black hole horizon

regard to a small black hole phase, the radius of the black hole
becomes smaller and smaller when the temperature decreases
from the phase transition temperature 7. In this process the
absolute values of the imaginary part of the QNM frequen-
cies decrease, while the real part frequencies change very
little. On the other hand, when the temperature for the large
black hole phase increases from the phase transition temper-
ature T, the black hole gets bigger. The QNM frequencies
increase in the real and absolute value of imaginary parts.
Consequently, the massless scalar perturbation outside the
black hole gets more oscillations but it decays faster. These
results are consistent with the overall discussions reported in
[97,98]. Figure 2 illustrates the QNM frequencies for small
and large black hole phases. Increase in the black hole size
is indicated by the arrows.

In addition, at the critical position P = P, with P, ~
0.0033157 for k = —1, P. >~ 0.0132629 for k = 0 and
P. ~0.0298416 for k = 1, a second-order phase transition
occurs. The QNM frequencies of the small and large black
hole phases are plotted in Fig. 3. We see that QNM frequen-
cies of two black hole phases show the same behavior as the
black hole horizon increases at the critical point.

3.2 Isothermal phase transition

Fixing the black hole temperature 7', the associated P—r4
diagram of charged topological AdS black holes is displayed
in the right part of Fig. 4. For T < T, there is an inflection
point and the behavior is reminiscent of the Van der Waals
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Fig. 3 The behavior of QNM frequencies for large and small black holes in the isobaric process. The arrow indicates the increase of the black

hole horizon
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Fig. 4 The g—P (left panel) and P—ry (right panel) diagrams for T <
T,. The three lines correspond to k = 1 (dashed line), k = 0 (dot dashed
line) and k = —1 (solid line)

liquid—gas system. Moreover, the behavior of the Gibbs free
energy is plotted in the left panel of Fig. 4. Similarly to Fig. 1,
characteristic first order SBH/LBH phase transition behavior
shows up.

Table 2 (see the appendix) displays the QNM frequen-
cies of small and large black hole phases at temperature
T = 0.797T, for different horizon topologies (k = 0, £1)
in the isothermal precess. Then the first order SBH/LBH
phase transition happens at P, =~ 0.001728 for k = —1, at
P, ~ 0.007189 for k = 0 and at P, ~ 0.016215 for k = 1,
where the small and large black holes possess the same Gibbs
free energy and same pressure. The data above (below) the
horizontal line are for the small (large) black hole phase,
respectively. The drastically different QNM frequencies for
small and large black hole phases are plotted in Fig. 5. From
the figure we see different slopes of the QNM frequencies
in the massless scalar perturbations revealing that small and
large black holes are in different phases.

In the isothermal transition, the QNMs can be affected
by the value of the pressure P (/) and the horizon radius 4,
which are related by a fixed temperature. To illustrate the
effects of the two parameters, we list the influence of r
on the frequencies for small and large black holes by fixing
P () in Table 3 (see the appendix) and QNM frequencies by
fixing the black hole size r4 in Table 4 (see the appendix).
From Tables 3 and 4 one can see that there is competition
between the pressure P and horizon radius 7. Each of these
parameters aims to overwhelm the other, which affects the
decay rate of the field.
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Fig. 5 The behavior of QNM frequencies for large and small black
holes in the isothermal process. The arrow indicates the increase of the
black hole horizon

In order to further discuss how these two factors affect the
QNM frequencies, we perform a double-series expansion of
the frequency w(ry + Ary, P + AP)

dw dw
o+ +Ary, P+ AP) =04, P)+ —Ary + —AP
ory oP
+O(AF2, AP?, Ary - AP).
a7

Obviously, the changes of the QNM frequency are under two
influences, one is from the change of the black hole size r
and the other is from the change of the pressure P (or AdS
radius /). For simple discussions we define A} = a‘%Am

and A, = g—gAP.
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Fig. 6 The behavior of QNM frequencies for large and small black holes in the isothermal process. The arrow indicates the increase of the black

hole horizon

Note that the choice of the step of pressure A P in linear
approximation is related to Ar, which is brought about by

4P — _Lz clm2 k+czm2_ q25
2ry  8mry 8mry

- i ) drp (18)
from the equation of state (7). In Table 5 (see the appendix),
we list the QNM frequencies from the linear approximation
for small and large black hole phase. One can see that the
behavior of @ is in good agreement with the numerical com-
putation results listed in Table 2. Comparing A; and A in
Table 5, the change of P (or ) in small black hole phase
clearly wins over the change of the black hole size, which
dominantly contributes to the behavior of QNM frequencies
for small black hole phase. For the large black hole phase,
the contributions of A; and A on the real part of the QNM
frequency are comparable. But the change of P (or /) wins
out a little.

In addition, for the isothermal phase transition at 7 = T¢,
the QNM frequencies for the small black hole and large black
hole are plotted in Fig. 6, which shows the same behavior as
the horizon radius increases.

4 Conclusions and discussions

We have calculated the QNMs of massless scalar field pertur-
bation around small and large charged topological AdS black
holes in four-dimensional dRGT massive gravity. When the
Van der Waals-like SBH/LBH phase transition happens in
the extended space, no matter whether in the isobaric pro-
cess by fixing the pressure P or in the isothermal process
by fixing the temperature 7 of the system, the slopes of the
QNM frequencies change drastically being different in the
small and large black hole phases as the horizon radius r
is increasing. This clearly shows the signature of the phase

@ Springer

transition between small and large black holes. Moreover, we
have also found that, at the critical isothermal and isobaric
phase transitions, QNM frequencies for both small and large
black holes have the same behavior, suggesting that QNMs
are not appropriate to probing the black hole second order
phase transition.

Comparing with the action of Eq. (1), Ref. [73] recently
asserted the existence of a Van der Waals-like SBH/LBH
phase transition with the massive potential {43 # 0 in the
five-dimensional case. Moreover, the charged black hole
[23], the Born—Infeld black hole [32] and the black hole in
the Maxwell and Yang—Mills fields [24] have recently been
constructed in Gauss—Bonnet massive gravity. The Van der
Waals-like SBH/LBH phase transition also appears in these
models. It would be interesting to extend our discussion to
these black hole solutions.
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5 Appendix

Here we present the related QNM frequencies of the massless
scalar perturbation around small and large black holes in the
isobaric as well as in the isothermal process.

See Tables 1, 2, 3, 4 and 5.
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Table 1 The QNM frequencies of massless scalar perturbation with the change of the black hole temperature in the isobaric process. The upper
part above the horizontal line is for the small black hole phase, while the lower part is for the large black hole phase

k=—1 k=0 k=1

71072  rp » 71072  rp » 71072  rp ®

43 1.53312  0.37358 —0.084791 6.6 0.84698  0.58842 — 0.046751 8.3 0.64697  0.76024 — 0.020471
435 1.56832  0.37263 —0.087781  6.65 0.84901  0.58840 — 0.046801 8.4 0.64822  0.76022 — 0.020491
4.4 1.61023  0.37191 —0.090951 6.7 0.85107  0.58837 — 0.046841  8.45 0.64886  0.76021 — 0.020491
4.45 1.66230 037132 —0.093451 6.8 0.85527  0.58831 — 0.046941 8.5 0.64950  0.76020 — 0.020501
45 1.73196  0.37053 — 0.097951 6.9 0.85959  0.58825 — 0.047041 8.6 0.65078  0.76018 — 0.020511
4.65 3.93186  0.71210 — 0.47810I 7.0 7.49664  0.62800 — 0.519241 8.7 9.78451  0.77701 — 0.673191
4.7 4.17687  0.72185 —0.491891 7.1 7.79546  0.63601 —0.539791  8.75 9.92469  0.78088 — 0.682791
4.8 457798  0.73905 — 0.514131 7.2 8.0785 0.64384 — 0.55920I 8.8 10.0623  0.78472 — 0.692211
4.85 4775357  0.74717 —0.523881 7.3 8.34929  0.65153 —0.577741 8.9 10.3307  0.79235 — 0.710561
49 491841  0.75514 —0.533081  7.35 8.48087  0.65534 —0.586731 9.0 105913 0.79990 — 0.72836I1

Table 2 The QNM frequencies of massless scalar perturbation with the change of the black hole pressure in the isothermal process. The upper
part, above the horizontal line, is for the small black hole phase, while the lower part is for the large black hole phase

k=—1 k=0 k=1

P(1073)  ry o P(1073)  ry ® P1073)  rp ®

2.0 1.39769  0.734739 — 0.2629581 7.6 1.01374  0.84912 — 0.18330I  19.5 0.81148  1.61923 — 0.385731
1.95 1.40432  0.725094 — 0.2551071 7.5 1.01611  0.84456 — 0.180291  19.0 0.81513  1.60191 — 0.374601
1.9 1.40889  0.718765 — 0.2499711 7.4 1.01853  0.83996 — 0.177881  18.5 0.81892  1.58434 — 0.363501
1.85 1.41479  0.710838 — 0.2436581 7.3 1.02101  0.83533 — 0.175171  18.0 0.82286  1.56649 — 0.352411
1.8 1.42092  0.702818 — 0.2374351 7.2 1.02354  0.83065 — 0.172471  17.0 0.83129  1.52994 — 0.330321
1.6 6.90636  1.29303 — 0.4304981 7.0 4.26840  0.89870 — 0.68450I  15.0 3.90321  1.61987 — 1.328161
1.46 8.13084  1.29029 — 0.4347111 6.9 441023 0.89849 — 0.697171  14.5 4.15993  1.61688 — 1.368401
1.4 8.69728  1.28932 — 0.4372721 6.8 4.55105  0.89822 —0.70902I  14.0 4.42431 1.61320 — 1.405181
1.35 9.19643  1.28823 — 0.4392481 6.7 4.69174  0.89781 —0.720191  13.5 4.69961 1.60899 — 1.439251
1.3 9.72493  1.28698 — 0.4411041 6.6 4.83294  0.89728 — 0.730791  13.0 4.98877  1.60436 — 1.471131
Table 3 The QNM frequencies change as the black hole horizons r

k=-1 k=0 k=1

P(1073) 1y » P(1073)  rg ® P(1073)  ry ®

1.9 1.32 0.719628 — 0.2430021 7.4 1.0 0.84000 — 0.17600I  19.0 0.7 1.603743 — 0.352281
1.9 1.40889  0.718765 — 0.2499711 7.4 1.01853  0.83996 — 0.177881  19.0 0.815127  1.601909 — 0.374601
1.9 1.42 0.718721 — 0.2505941 7.4 1.2 0.83982 — 0.200441  19.0 0.95 1.600035 — 0.398051
1.4 8.6 1.28319 — 0.4346211 6.7 4.5 0.88740 — 0.690841  14.0 4.3 1.59778 — 1.365781
1.4 8.69728  1.28932 — 0.4372721 6.7 4.69174  0.89781 —0.720191  14.0 4.42431 1.61320 — 1.405181
1.4 8.8 1.29586 — 0.4400891 6.7 4.75 0.90106 —0.72910I  14.0 4.6 1.63562 — 1.460781
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Table 4 The QNM frequencies change as the pressure P

k=—1 k=0 k=1

ry P(1073) r P(1073) ry P(1073) o

1.40889  1.85 0.710848 — 0.2433151  1.01853 7.3 0.835334 — 0.17491681  0.81513  18.0 1.56650 — 0.350601
1.40889 1.9 0.718765 — 0.249971  1.01853 7.4 0.8399608 — 0.1778781  0.81513  19.0 1.60191 — 0.374601
1.40889 2.0 0.734378 — 0.2635681  1.01853 7.5 0.844556 — 0.1808421  0.81513  20.0 1.63634 — 0.398651
8.69728 1.3 1.22583 — 0.4147731  4.69174 6.6 0.889526 — 0.7095271  4.42431  13.0 1.53729 — 1.305161
8.69728 1.4 1.28932 — 0.4372721  4.69174 6.7 0.897811 — 0.7201941  4.42431  14.0 1.61320 — 1.40518I
8.69728 1.5 1.36017 — 0.4581251  4.69174 6.8 0.906075 — 0.7308571  4.42431  15.0 1.68843 — 1.505101

Table 5 @ is the QNM frequencies from the linear approximation. Aj and Aj represent corrections due to variation of the black hole size and
pressure, respectively

k=-1
P(1073) e o & Ay Ay
2.0 1.39769 0.734739 — 0.2629581 0.734554 — 0.2626231 0.000101584 + 0.0008501 0.0156869 — 0.0135021
1.9 1.40889 0.718765 — 0.2499711 0.718765 — 0.2499711 0 0
1.8 1.42092 0.702818 — 0.2374351 0.702969 — 0.2373821 —0.000109 — 0.000913378I —0.0156869 + 0.0135021
1.46 8.13084 1.29029 — 0.4347111 1.29375 — 0.4347911 —0.0358755 4+ 0.01548651 0.0403032 — 0.01300581
1.4 8.69728 1.28932 — 0.4372721 1.28932 — 0.4372721 0 0
1.3 9.72493 1.28698 — 0.4411041 1.28723 — 0.4436921 0.0650862 — 0.0280961 —0.067172 4+ 0.02167621
k=0
P(1073) e ® & Ay As
7.5 1.01611 0.84456 — 0.180291 0.84457 — 0.180541 0+ 0.0002957241 0.004611 — 0.00296261
7.4 1.01853 0.83996 — 0.177881 0.83996 — 0.177881 0 0
7.3 1.02101 0.83533 — 0.175171 0.83534 — 0.175221 0 — 0.0003030561 —0.004611 + 0.00296261
6.8 4.55105 0.89822 — 0.709021 0.89839 — 0.709371 —0.0076873 + 0.02148051 0.008274 — 0.0106651
6.7 4.69174 0.89781 — 0.720191 0.89781 — 0.720191 0 0
6.6 4.83294 0.89728 — 0.730791 0.89724 — 0.731081 0.00771 — 0.021558I —0.008274 + 0.0106651
k=1
P(1073) ry ® @ A Ay
19.5 0.81148 1.61923 — 0.385731 1.61942 — 0.385941 0.000054 + 0.0006681 0.01746 — 0.0120131
19.0 0.81513 1.60191 — 0.374601 1.60191 — 0.374601 0 0
18.5 0.81892 1.58434 — 0.363501 1.58439 — 0.361981 —0.000056 — 0.00061 —0.01746 + 0.012021
14.5 4.15993 1.61688 — 1.368401 1.61763 — 1.371441 —0.033347 + 0.083721 0.037785 — 0.0499851
14.0 4.42431 1.61320 — 1.40518I 1.61320 — 1.40518I 0 0
13.5 4.69961 1.60899 — 1.439251 1.61014 — 1.442371 0.034725 — 0.0871781 —0.037785 4 0.0499851
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