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Renormalization group analyses of the Yukawa and the quartic scalar couplings are made
at the one-loop level in the framework of grand unified theories. The standard Weinberg-
Salam model with one Higgs scalar doublet and that with two massless Higgs scalar doublets
are examined numerically. The particle mass bounds, the fermion mass ratio and the behavior
of the quark mixing angles are studied. In the latter model, some discrete symmetries are
assumed in order to avoid flavor nonconserving neutral scalar interactions.

§1. Introduction

The phenomenology of the weak, electromagnetic and strong interactions
seems to be described by the standard SU(3)c X SU(2) X U(1) gauge theory. Its
extension to the grand unified theory (GUT), for example the SU(5) model,
explains the charge quantization.”

Though there is the hierarchy puzzle,” the grand unified gauge theories
provide us with profound understanding of particle physics. They predict a
phenomenologically favorable relation between the Weinberg angle of the neutral
weak interactions and the coupling constant of the strong interactions (QCD), and
in a minimal scheme the fermion mass ratio ms/m-, with the help of renormaliza-
tion group equations (RGE’s) at the one-loop level.¥ These agreements seem to
suggest that perturbation calculations in the effective SU(3)cXSU(2)X U(1)
gauge theory make sense, and that there is a desert up to the grand unification
mass Mx from the mass of SU(2) X U(1) breaking Mw.

Of course, it is possible that there are some additional thresholds of horizon-
tal gauge symmetries® and of technicolors,” etc. In such cases, the GUT predic-
tions of the gauge coupling constants are not likely to change significantly,
whereas those of the Higgs scalar structure are probably changed.

One of the useful methods to check the desert structure and the standard GUT
predictions is to study the behavior of the Yukawa and the quartic scalar
coupling constants using the RGE’s. Discussions along this line have been made
in some recent works.””” It has been made clear that there are upper bounds on
the masses of fermions and a neutral Higgs boson in the model with one Higgs
scalar doublet.? These bounds are calculated from the values of the Yukawa

*) Fellow of the Japan Society for the Promotion of Science.
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1178 H. Komatsu

and the quartic scalar couplings at Mw, which satisfy the following two condi-
tions:

(1) All interactions should remain in the perturbation domain,

(2) No vacuum instability should develop,
in the whole energy range between Mw and Myx. As a perturbation constraint, we
adopt in this paper that all coupling constants do not increase infinitely in
calculations of the RGE’s at the one-loop level. These conditions should be
satisfied, if we want to compute the effects of the grand unification and its
breaking. So far calculations of the RGE’s are made within a simple model
which contains only one Higgs doublet.

The number of Higgs scalars is one of the interesting problems in the unified
gauge theory. There are some discussions for the theory to incorporate more
than one Higgs doublet. First, the CP violation in the weak interactions can be
realized in a model with more than two Higgs doublets.® Local or discrete
horizontal symmetries usually demand some Higgs doublets.?”® Furthermore,
Peccei and Quinn have proposed a global U{(1) symmetry in order to answer the
strong CP problem.'” In this case, two Higgs doublets are needed, and there is
a pseudo-Goldstone boson, an axion.'” Yanagida and Yoshimura have shown
that two 5 scalars in the standard SU(5) model can explain the baryon asym-
metry of the universe by the lepto-quark interactions.'® Recently, a supersym-
metric SU(5) model, or a supersymmetric SU(3)e X SU(2)x U(1) model, with
two Higgs 5’s is proposed to guarantee the gauge hierarchy naturally.'®*

In this paper, we attempt to study the behavior of the Yukawa and the quartic
scalar couplings in the general cases of the standard model where Nx Higgs
scalar doublets are contained. A model with one Higgs doublet and that with
two massless Higgs doublets are examined numerically. In the former model,
the upper bounds on fermions and a scalar masses and the fermion mass ratio
ms/m: are calculated with the quark mixing angles taken into account, and
the evolution of the angles is examined. In the latter model, we also study them
in the massless scalar theory assuming some discrete symmetries and taking
account of the gauge hierarchy.

In the next section, the general framework of the RGE’s in the standard
SU(3)eXxSU(2)X U(1) gauge theory is given, and the behavior of the gauge
couplings in the general scheme is discussed. The numerical results of the RGE’s
in a model with one Higgs doublet and that with two massless Higgs doublets
are given in §§ 3 and 4, respectively. The final section is devoted to conclusion.

*) In this type of models, an approach different from ours is needed, because there are many
particles, scalars and Majorana spinors, as the supersymmetric partners.
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Behavior of the Yukawa and Quartic Scalar Couplings 1179

§ 2. General framework

We consider the standard SU(3)c X SU(2)x U(1) gauge theory with Ny
fermion generations and Ny Higgs doublets. Fermions obey the standard as-
signments. Let g¢, ¢ and ¢" be the gauge coupling constants of SU(3)., SU(2)
and U(1), respectively. The Yukawa and the quartic scalar couplings are
defined as follows:

L y=f8(7:, [:)1da(li)rthec.
+h%( B, 1) ida(ns)r+h.c.+ hE(Be, i) ida(pi)r+hec. , (1)

V(g)= /1abcd¢a dode’ pa+ (lower order terms), (2)

where p:, n:, vi and [ (i=1, -+, Ng) are quarks with charge 2/3 and —1/3 and
leptons with charge 0 and —1, respectively, and ¢« (a=1, -, Nu) is a complex

scalar doublet, )
so=() =", )

The Yukawa coupling constants f#, 2% and h% are usually denoted by Ny X Ny
matrices fa, ha and . in this paper. All elements of fa, /a, ha and Aascq are
complex numbers, and the hermiticity condition for the scalar potential leads to
the following relation:

Il

Aabecd = Acdas :/U;adc :A;cba .

The mass-independent renormalization group equations for these coupling
constants at the one-loop level are obtained from the work of Ref. 14) as follows:

167%4 “a’,gc :<*11+%Ng>gc3, (3-a)
16nﬂzz (—2?2+§Ny+ NH> , (3+b)
1674 ‘j;i ~(B o+ o, (3-c)
167 u‘g; :-<Zg o ’2>fa+ L bt fat fafol fot fodoa,  (4-2)
167%4 ag‘“ = <8 4 2gt g ) ha—2Fshra" 1o

+%(ﬁbﬁb*+mhb*)ha+hahb*hb+thba, (4-b)
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dha 9 17

167 Lie = (3 S g+ 1 g )ﬁa—zmha*ﬁb

g Cols” + hohs" Yo ealts Tos + s Ava (4-¢)

16771 d/.la?:;d :%(2/1abmn/1nmcd +AasmnAcmna + AamnsAmnca

"F/la mndAcn mb +/1amanmbnd ) -3(3g2 + g'z )/Lzbcd

+2(30"+ g™ dasbea+ 9gzg'2(6adabc —iaabacd>

2
+Amoca Aam+ AameaAms + AasmaAcm+ Aasem Ama
—12Hasea (5)
Aas=Tr(fa' fo+3ha' hs+3hahs"),
Hasea=Tr(fa' fofe' fa+3ha' hohe' ha+3ha' hehs' ha
+3hoha heha' +3hahs" hahe' —3haha' hohe' —3hahe' hoha').

These RGE’s are valid for Mw <u<Mx, where Mw and Mx are the typical mass
scales of the SU(2) X U(1) breaking and the grand unification, respectively. We
consider Mw and Mx as the masses of W-boson and X-bosons, respectively.

Before calculating the RGE’s, we should determine the low energy param-
eters at Mw. At energies below Mw, the effective gauge theory is described by a
group SU(3)eX U(l)em (QCD and QED). The QED corrections to the gauge
couplings are calculated by Marciano as'®

2 _ 4dma(Mw) ]
T M) = G026, (M) * (6-a)
'a  dza(Mw)
g (MW)—l—Sinzﬁw(Mw)’ (6b)
1 385 GeV
a(Mw)= 128.5 ° MW‘sin Gw(Mw) "’

where sin’fw(Mw) is the observed value in the neutral current phenomena.
In order to calculate the QCD correction, we use the useful formula by
Georgi and Politzer,'®

dgc —_ [ ~£ <_1—__>:I
=B8s= 167r 1 3qu§ks 1+5ma®/u® ) )

Ldn_zq:y __ g’/ 1 )
}’}_’Zq d/l m 2”2\1+277Lq2/ﬂ2 ’
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Behavior of the Yukawa and Quartic Scalar Couplings 1181
where mq denotes the running quark mass. The on-shell mass mq of the quark
is defined by

ma(2mq) = mgq . (7)
For numerical calculations, we use the following ranges of parameters:
me=(4~5)GeV , m:=20GeV, Ac=(0.1~05)GeV ,

where mec, ms, etc. are neglected, and /¢ is defined, in this paper, by as=gc*/4r
at #2=20 GeV? as

11—%7%
aEl(ﬂ):Tln—/%. (nr=4)
As a result of numericél calculations, we get
as(Mw)=0.115~0.155, (8-a)
me{ Mw)=(3.1~4.1)GeV . (8+b)
Thus, we get the fermion mass ratio at Mw as follows:

_me(Mw) _ -
R(Mw)= e Mo ) =17~2.3. (9)
Here, the QED corrections to fermion masses are neglected.

The fermion mass matrices at Mw are

WlL:faUa s mn = hava , WZp:l/;aUa s (10)
where va (a=1, -+, Nu) is the vacuum expectation value of the neutral component
?<° of the scalar doublet. The quark mixing matrix U is defined by

U=UUr", (11)

where U, and U. are unitary matrices diagonalizing mems' and maman’,
respectively as

Usmsms' Up' =(a diagonal matrix),
Unmnmn' Un" =(a diagonal matrix).

By removing the unphysical phase factors, we can parametrize U in terms of the
quark mixing angles such as Kobayashi-Maskawa parametrization."” The
observed mixing angles are regarded as the values at Mw in the same way as the
Weinberg angle, though the observed quark masses are regarded as the values
determined by Eq. (7).

The GUT condition for the gauge coupling constants are as follows:
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1182 H. Komatsu

ge(Mx)=g(Mx)=+v5/3g"(Mx).

From Egs. (3), (6) and this condition, we can determine the value of Mx as

%-sinzé’w(Mw)}

1 } (12)

The observed proton stability at present
demands that Mx>10""" GeV. We
can get the allowed region of Ny and
sin®fw from the values of Mx and as(Mw),
Eq.(8-a),using Eq.(12) as shown inFig. 1.
The cases Nuy>8 are not favorable,
and the GUT prediction of the Weinberg
angle is sin *0w (Mw) =0.205 ~ 0.225.
These values are not so strict, because
we have calculated only in the one-loop

In Mx _ 4871 1 f
Mw ~ 110— Nu a(Mw) |
__16x [ 3 .
66+NH180(MW) a/s(MW)
10+ a bt /
N, o //d
//
’l._
N T T
0.2 0.22 0.24
sinzew

Fig. 1. Allowed region of N» and sin®*8w(Mw)
from the values of Mx and as(Mw). The
shaded region is allowed; (a) Mx=10"° GeV,
(b) Mx=10"*GeV, (c) as(Mw)=0.155 (e
=0.5GeV) and (d) as(Mw)=0.115 (A=0.1
GeV).

ings,

approximation, and because the allowed
value of Mx is not so clear now. Ny is
not constrained from Eq. (12), because it
is independent of N,.

In the small Yukawa coupling limit,
a constraint on Ny can be obtained from
the GUT condition of the Yukawa coupl-

fa(Mx):ha(MX). (13)

This is a condition of the minimal model, where only 5 scalars of SU(5) (or 10

of SO(10)) can be coupled to fermions.

If all Yukawa coupling constants are negligibly small compared to the gauge
coupling constants, the behavior of them are determined by the gauge couplings

using Egs. (4). In this case, the following equations can be obtained:

ha(p)=R(1) fa(st),

4 dR

2
167 R du

_q, 24U
8gc+3g

10 .,

18)

where R(Mw) is the fermion mass ratio in Eq. (9). In Fig. 2, R(Mw) is shown in

the Ny-sin’fw plane with Np,=3 and Ny;=4.

overlap of the allowed region.

In the cases Ng=4, there is no
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Behavior of the Yukawa and Quartic Scalay Couplings 1183

T T
0.2 O.I22 0.24 0.2 0.32 0.24
sin®g,, sing,,

Fig. 2. Allowed region of Ny and sin’@w(Mw) in the small Yukawa coupling limit.

Now, let us discuss the Yukawa couplings in more general cases. By a
suitable unitary transformation of the scalar fields (¢1, -+, ¢,) to (b1, -+, &' n.,),
we can always set'?

N
(P> =v, (2= Z:_‘,]vaz)

($”>=0. (=2, Nu)

In this choice of the scalar fields, the fermion mass matrices, Egs. (10), are
determined by f1, /i and #:. Other Yukawa coupling constants fs, 4 and ks (b
=2, ---, Ny) cause the flavor changing neutral scalar interactions in general.

One of natural ways to avoid these undesirable effects is to assume that all
Yukawa coupling constants except for fi, /. and 41 vanish. This choice of the
Yukawa couplings is apparently stable for the RGE’s, Egs. (4). In this case, the
structure of the Yukawa couplings is the same as the case of Ny =1, which is
discussed in the next section. If this is the case, and if there are no fermions
whose mass is comparable with Mw, the results in Fig. 2 are reliable, that is the
small Yukawa coupling limit.

The general way to avoid the flavor changing effects is to assume that all
matrices fz (a=1, -+, Nu) are simultaneously diagonalized, as well as %a and /..
It is not apparent whether this choice of the Yukawa couplings is stable for the
RGE’s or not. A simple case which is stable for renormalization is that all
matrices f. are in proportion to each other as e fi=a=/fo="-=ay, f y,— f, where
a: (i=1, -+, Nu) is arbitrary parameter, similarly for 4. and /4e. In this case,
the Yukawa couplings can be set to belong to three independent Higgs scalars by
a suitable transformation of scalar fields.

Taking the GUT condition Eq. (13) into account, we can set only two of the
scalar fields to couple with fermions through the Yukawa couplings. A scalar
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1184 H. Komatsu

doublet ¢: couples to leptons and to nz, and another doublet ¢: couples to pe.
The behavior of the Yukawa couplings of this type is discussed in § 4. In this
case, the small Yukawa coupling approximation is also useful as far as all
fermion masses are small as compared to Mw.

Even though the flavor changing Yukawa couplings do not vanish, large
masses of the scalars make the effects small.'® In this case, the scalar masses
should be as large as several hundred GeV. This case will be briefly discussed in
the final section.

§3. NH:I

In this section, the minimal model with one Higgs doublet is studied. The
Yukawa couplings and the scalar potential are defined by
L v= 10, [:)g( Zj)R—i;h-C-
4+ i p:, ni)p(ns)r+he + Rl B, ﬁi)L&(pj)R’l‘h.C. , (14-a)

V($) =gAM@ @Y 184, (14-b)

where the notations are the same as in the previous section. The mass of the
physical neutral scalar and the fermion mass matrices are

m:zngw , Mn:‘\/g‘hMW , mngﬁMw - (15)

First, we discuss the Yukawa couplings. Let us define the following her-
mitian matrices:

F=ff', H.=hh', He=hh'. (16)

The quark mixing matrix U is defined by Eq. (11), where U. and U, are the
unitary matrices diagonalizing H» and Hp, respectively. The RGE’s of the
Yukawa coupling constants, Eqgs. (4), lead to the following equations:

872,1?!—5: —(%92+%g’2>F+%FZ+F Tr(F+3H.+3H,),  (17-a)

87rzﬂrd§/{" = *<8gc2+i 245

r2 i 2
Lo+ >Hn+ S Ha

—%(Han+HpHn)+Hn Tr(F+3H+3H,), (17-b)
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Behavior of the Yukawa and Quartic Scalar Couplings 1185

2 de,_( 2 22 £’2> é 2
87rptd#— 8gc+4g+12g Hp+2Hp
—%( HonHo+ HpHn)+ Hp Tr(F+3Hn + 3H,). (17-¢)

If H» and Hp can be simultaneously diagonalized, all quark mixing angles vanish.
In this case, Ur and U, can be chosen to be unit matrices independent of . In
a realistic model where the mixing angles do not vanish, U». and U, depend on g.
Thus, the mixing matrix U is dependent on the energy scale # The energy
dependence of Ur and Up can be obtained from the cross terms of H» and Hp in
Egs. (17:b) and (17-c¢).

In order to illustrate the dependence, we examine the case Ny=2 for sim-
plicity. The mixing matrix U in this case is defined by a mixing angle ¢ as
U:< cos 8 sin <9>.

—sinf cos @ (18)

0 is defined to be 0<@<7z/2. The evolution equation for & can be easily calcu-
lated as follows:

do_ 3

_ H,*+ H,*
Hay ~ 3277

H,"— H\*

Hz"+H1"}
Hzn_Hln 3 (19)

cos 6 sin 6{(Hy"— Hi") +(H - ")
where H.” and H/ (i=1,2) are eigenvalues of Hx» and Hp, respectively. Un-
physical phase factors in U. and U, are cancelled out in the calculation of
Eq. (19).

In the case H"" < H{", we can see from Eq. (19) that §=0(z/2) is an infrared
(ultraviolet) fixed point, and that the value of & at My is larger than that of & at
Mw. As the differences of the eigenvalues Hf"" — Hf” become larger, 6 at Mx be-
comes larger. The evolution equations of the eigenvalues are given by Eqgs. (17).
By a numerical calculation, for example, with 8(Mx)=nr/4, we obtain that
the minimum of 8(Mw) is 0.12x, which is calculated in the large limit of Fo(Mx),
H."(Mx) and H:"(Myx). In the small Yukawa-coupling limit, the mixing angle is
not changed. The model with Ng=2 is not realistic. If, however, there are
fermions of the fourth generation mixed mainly with the third generation, the
mixing angle at Mx is largely different from that at Mw.

In a realistic model with Ng=3 which is the Kobayashi-Maskawa model, we
describe here only results of numerical calculations. The quark mixing angles
are defined as follows:'”

C1 S1C3 S1S3
U=| —sic: ciczcs+ s253¢™ C1C283— S2¢C3€™° , (20)
—$152  C185203— C283€”® C18283+ c2c3e”’
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1186 H. Kowmaisu

where ¢: and s: (=1, 2, 3) denote cos #; and sin 6.

There are bounds on masses of the top quark and the Higgs scalar, Egs. (15),
as discussed in Ref. 6). The bounds are shown in Fig. 3(a). The calculations are
made with various values of the mixing angles, and we find that the quark
mixings do not change the results. Here, the values of the masses are calculated
from Egs. (5) with the coupling constants at Mw. The top quark mass is not
corrected using Eq. (7) in this and the following sections. The upper bounds of
the Yukawa and the quartic scalar couplings at Mw are as follows:

Hs"(Mw)

A1s \Mw)
ir <0.16,

AMw)

ix <0.25.

In Fig. 3(b), the fermion mass ratio,

(GZ\’/”) (a) Eq. (9), is shown with the top quark
mass. In a case of the large top quark
200"\_/ mass, the ratio gets the effects of the
large Yukawa coupling in Egs. (17).”
The shaded region in Fig. 3(b) corre-
1007 sponds to the following range of the
mixing angles:
0 T T —_ (91(Mx)<7f/4, QZ(MX)<7T/4:
0 100 200

wa)r (b) (93(Mx)<72'/4, 5(Mx)<ﬂ'/4
L—A__g.._ﬁsssfg Of course, these angles at Mw are con-
o strained from the present data.?” OQur
aim is to see the gross feature of the
0 o 1(')0 260 mixing effects. The upper bound of the

m, (GeV) shaded region is calculated in the case 6,

Fig. 3. (a) the bound of mx and mz and (b) the =0, =0:=0, W‘thh is consistent with the
fermion mass ratio ms/m= at Mw in the case Tesult shown in Ref. 7). In the case of

of Nu=1and N,=3 with sin?@uw(My)=0.205. large mu, the ratio ms/m. becomes larger
The shaded region in (b) corresponds to the - than the value calculated in the small
range of the mixing angles at Mx from 0 to Yukawa coupling limit in the previous

/4 section, and the large Yukawa coupling
effects are made to be mild by the quark mixings. In any case, m: should be less
than 200 GeV, and my should also be less than 200 GeV.

In the massless scalar theory, where the gauge hierarchy can be realized as
pointed out by Weinberg,” the upper bound of m: is about 80 GeV. In this case,
the spontaneous breakdown of SU(2) X U(1) is caused by the Coleman-Weinberg
mechanism,?” and m# should be less than about 10 GeV.

The behavior of the mixing angles in E¢s. (20) can also be calculated. In the
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Behavior of the Yukawa and Quartic Scalar Couplings 1187

Table I. The mixing angles at My in the case Ny =1 and Ny=3 with an initial condition of
Eqgs. (21) and sin?@w(Mw)=0.205.

mz[GeV] Sx(Mx) Sz(Mx) Ss(Mx) Sa(Mx)
30 0.2301 0.4009 0.3007 0.0500

60 0.2304 0.4036 0.3027 0.0501

90 0.2309 0.4084 0.3062 0.0503

120 0.2317 0.4160 0.3118 0.0506
150 0.2331 0.4277 0.3205 0.0510
180 0.2354 0.4465 0.3343 0.0517
210 0.2405 0.4821 0.3604 0.0532

Kobayashi-Maskawa model, these angles at Mw are constrained from the present
data.?” We chose, as an initial condition, the following values of the mixing

angles at Mw:
Sl(MW):O.23, Sz(MW):0.4, S3(MW):O.3, S&(MW):0.0S. (21)

Using the current-quark-masses as an initial condition of the eigenvalues of the
matrices Egs. (16), we calculate the angles at Mx by Egs. (17). In this calcula-
tion, we omit the GUT condition, Eq. (13). As the values of F(#) and Hn(x) are
sufficiently small, the effect of Eq. (13) does not change the results significantly.
The results are shown in Table I. The difference between the mixing angles at
Mw and Mx becomes large as m: increases. If we use another initial condition,
the results will be changed, but in any case the mixing angles at Mx are a little
larger than that at Mw in a model with one Higgs doublet.

§4. NH=2

The general treatment of a model with two Higgs doublets are complicated.
Though it is interesting, it does not seem to be realistic because of the flavor
nonconservation in the neutral scalar interactions. We consider here the follow-
ing Yukawa couplings:

L v=Ffii( s, I:)i$(li)r+h.c.
+hii( Pi, i )id1(ms)e+hc.+ I/Zij( Di, Wil 5z(pj)1e +h.c. (22)

As previously discussed, this is one of the natural ways to avoid the flavor
changing effects in the neutral interaction. The fermion mass matrices are

V2 v

ml:%%fMW, mn:7 Uth,
m,,:ﬁﬂﬁMw. (V*= 02+ 02?) (23)
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1188 H. Komatsu

Let us define the matrices F, H» and Hp by Eqgs. (16). The discussions are
made in the same way as the case Ny=1. From the RGE’s, Egs. (4), we obtain
the following equations:*

AE (9215 ) 3 ,
dH, 2.9 5.5 ,2> 3.,
87[/101 - <8c+ g+12g Hn+2Hn
+%(Han+HpHn)+Hn Tr(F+3H,), (24-b)
2 de__< 2, 9 o, 17 /2) 3452
8R',Ud 8c+ g+12 Hp+2Hp
+%(Han+HpHn)+Hp Tr(3Ho). (24-¢)

The difference between Eqs. (17) and (24) is caused by the vertex correction and
the wave function renormalization of the scalars.

As discussed in the previous section, the evolution of the quark mixing angles
can be obtained from Eqs. (24). In a toy model with Ng=2, where the mixing
angle 8 is defined by Eq. (18), we find

B (i~ Hi?)

Z—z 2 cos 0 sin O{(HL"—Hi") AL (25)
The sign of the r.h.s. is opposite to that of Eq. (19). Thus, §=0(x/2) is an
ultraviolet (infrared) fixed point in contrast to the case Ny=1, and the angle at
Mx is smaller than that at Mw.

In a realistic model with Ny =3, where the angles are defined by Eq. (20), the
results of the numerical calculations are listed in Table II. The calculations are
made with an initial condition of Egs. (21) at Mw. We have assumed that v:=v:
to obtain the eigenvalues of F, H» and Hp at Mw from Egs. (23), and the GUT

Table II. The mixing angles at Mx in the case Ny =2 and Ny=3 with an initial condition of
Eqgs. (21) and sin®@w(Mw)=0.210.

me[GeV] s1(Mx) s2( Mx) sa( Mx) ss(Mx)
30 0.2299 0.3994 0.2996 0.0500

60 0.2297 0.3975 0.2982 0.0499

90 0.2294 0.3939 0.2955 0.0498
120 0.2287 0.3873 0.2906 0.0496
150 0.2274 0.3726 0.2796 0.0491

*) In the Appendix of Ref. 22), the RGE’s in the same model can be found, but those of the Yukawa

couplings are incorrect.

220z 18nbny 0z uo1senb Aq L0LEY8L/LLL L/Y/L9/e1one/did/woo dnoolwepeoe)/:sdiy woly papeojumoq



Behavior of the Yukawa and Quartic Scalar Couplings 1189

R(M,,) condition, Eq. (13), is omitted.

The fermion mass ratio ms/m-
in this model with Ng=3 is shown
24 = in Fig. 4 where the shaded region
corresponds to the values of the

0 160 z(l)o' mixing angles at Mx in a range from
m, (GeV) 0 to n/4. The lower bound of the
Fig. 4. Theratio ms/m: at Mw in the case Nx=2and shaded region is calculated in the

Ny=3 with sin®6w(Mw)=0.210. The shaded re- (gse ,=6,=6:=0. The top quark

gion corresponds to the range of the mixing masses in Fig. 4 are calculated from

angles at My from 0 to /4. Egs. (23) with an assumption 1= va.

In the case of large Hs?, the ratio becomes smaller than the value calculated
in the small Yukawa coupling limit. Thus in this case, the results in Fig. 2 are
recovered by the large Yukawa coupling effects. The model with Ny =4 may be
also favorable in the cases Ny =2.

Now, let us discuss the scalar potential. In order to guarantee the Yukawa
couplings to be the type of Eq. (22), we impose symmetries under the following
discrete transformation:*?

[¢1— — 1, (I:)r= — ()&, (n:)r— —(n:)r, others unchanged] (26-a)

4~

and/or
[¢2— — 2, (p:)r—~ —(p:)r, others unchanged]. (26:b)

We consider here the massless scalar theory in order to realize the gauge
hierarchy® and not to increase the number of parameters. The general potential
term of two massless Higgs doublets invariant under (26) is

V($)=gh( b $i) g hal b’ da)+ A ) (" )

T A" BB b gAY+ (827 6107, (27)

where all A’s are real. The effective potential of this model at the one-loop level
is studied in Ref. 22). The RGE’s of the A’s at the one-loop level can be obtained
from Eq. (5) and be found in the appendix of Ref. 22).

The vacuum stability condition is as follows:

A1 =0, A2=0, Ac=VAiAz +43=0
As=Ac+A:=0, Aa=Ag+As=0. (28)

If, and only if, A4=0, SU(2) X U(1) is spontaneously broken to U(1)em by the
Coleman-Weinberg mechanism.?” The ratio of the vacuum expectation values
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of ¢:° and ¢.° is real, and is given by
UIZ/UZZZVAZ;Al .

The relation A; =A: is not stable for RGE’s because of the fermion loop contribu-
tion. The top quark mass in Fig. 4 and Tablell, which is calculated with an
assumption 1 = vz, should be understood to be written as an example to see the
gross feature.

The physical scalars in this model are as follows: A massive charged
scalar x*, two massive neutral scalars x and x. and a scalon S which is a

pseudo-Goldstone boson associated with the spontaneous breakdown of the scale

invariance. Their masses are represented as follows:?*

mxi:%”;c Mw | (29-a)
2 WA .
mxl—\/g g MW, (29 b)
s
m12:72—§ gB Mw , (29-¢)
2
mszzﬁg—wg{ZmﬁrFm§1+m§2+6Mw4+3Mz4—4 S (mt,+3mh,+3mp)).

(29-d)

Of course, these masses are given at Mw with a condition A,=0.

If As=0, which is stable for the RGE’s, Egs. (22) and (27) are invariant under
separate phase transformations of ¢, and ¢.. This is the U(1)pe symmetry,'®
and xz is an axion.'”

The relation A« Mw)=0 should be satisfied, and all A’s should satisfy the
vacuum stability condition (28) in the whole energy regions from Mw to Mx.
The parameters A’s should be chosen at Mx just like that, using the RGE’s. In this
way the gauge hierarchy can be realized. This is not fine tuning, if the mass-
lessness of the scalars are guaranteed by some mechanism.

By numerical calculations in that way, we can find the upper bounds of the
scalar masses, Egs. (29). The results are as follows:

my=<240 GeV My, Mr, <200 GeV | ms <40 GeV .

The upper bounds of the A’s are O(1). The scalon mass can be as heavy as
40 GeV in this model in contrast to the case Nx=1.

The Yukawa coupling constants are bounded themselves from Egs. (24) as in
the case Ny=1. But, in the case of the large Yukawa couplings, the vacuum
stability condition and A« Mw)—0 cannot be satisfied. In the massless scalar
theory, further constraint on the Yukawa coupling constants is obtained. The
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upper bound of the top quark mass in the model with two massless Higgs doublets
is

me <120 GeV .

§ 5. Conclusion

We have studied the RGE’s of the Yukawa and the quartic scalar couplings,
and examined mainly the behavior of the Yukawa coupling constants in the cases
Ni=1 and Ny=2, Egs. (14-a) and (22), respectively. These are applicable to
the general cases of Ny with an assumption of the flavor conservation in the
neutral scalar interactions at the tree level.

It is possible to suppress the flavor changing effects by giving large masses to
the scalars. As discussed in Ref. 19), the scalars not concerned with the Higgs
mechanism may have arbitrary large bare mass terms. In this case, however, it
is difficult to explain naturally the gauge hierarchy.

In the massless scalar theory, the values of the quartic scalar coupling
constants at Mw in the general cases of Ny have upper bounds of O(1) as
examined, for example, in the previous two sections. Thus, after the spontane-
ous breakdown of SU(2) X U(1) by the Coleman-Weinberg mechanism, the upper
bound of the scalar masses is about a few hundred GeV. On the other hand, the
Yukawa coupling constants related to the flavor changing effects may have the
values of O(1). We should suppress these couplings to be sufficiently small
compared to the gauge couplings.

After all, one of the natural ways to avoid flavor changing neutral interac-
tions is to choose the Yukawa couplings of the type Eq. (14-a) or Eq. (22).
Whether these are the cases or not, the gross feature of the results in §§ 3 and 4
are likely unchanged, because the additional Yukawa coupling constants cannot
be large. In the model with Ng=3, only Hs” can be large, which depends on the
top quark mass.

The main difference between the results of the cases Ny =1 and Ny=2is in
the quark mixing angles, Tables I and II. The mixing angles at Mx can be
observed in the interactions caused by the X-boson exchange, for example the
proton decay. Among them, ¢ may be observed easily in comparison with
others. In the case Nu=1, 6:(Mx) is a little larger than é:(Mw). On the other
hand, in the case Ny =2, 6:(Mx) is smaller than &(Mw). If m:. is smaller than the
bound calculated in the massless scalar theory, the difference is very small, about
19 at most. If m. is sufficiently large, or if there are fermions of the fourth
generation with masses comparable to My, the difference may be observed in the
proton decays. The observation of & (Mx) being different from 6:(Mw) is an
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evidence of the large Yukawa couplings. If this is the case, the scalar mass terms
seem to be needed in both cases of Ny=1 and Ny=2. We have studied the
massless scalar theory in § 4, but the results of the Yukawa couplings are inde-
pendent of the scalar mass terms.

We have studied the standard GUT prediction. If evidences being at vari-
ance with our results are found, the standard GUT should be modified.
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