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Behavior of Uniform 

Anisotropic Beams of 

Rectangular Section under 

Transverse Impact of a Mass 

A numerical method is presented to investigate the dynamic response of uniform ortho­
tropic beams subjected to an impact of a mass. Higher order shear deformation and 
rotary inertia are included in the analysis of the beams. The impactor and laminated 
composite beam are treated as a system. The nonlinear differential governing equations 
of motion are then derived based on the Lagrange principle and modified nonlinear 
contact law, and solved numerically. The solution procedure is applicable to arbitrary 
boundary conditions. Numerical results are compared with those available in the literature 
to demonstrate the validity of the method, and very good agreement is achieved. The 
effects of boundary conditions on the contact force, contact duration, stress distributions, 
and beam deflection are discussed. © 1997 John Wiley & Sons, Inc. 

INTRODUCTION 

The dynamic behavior of an isotropic beam when 

subjected to the transverse impact of a mass was 

first investigated by Timoshenko (1931). He stud­

ied steel beams elastically impacted by a steel ball. 

By combining the Hertzian contact law and Euler­

Bernoulli beam theory, he simplified the impact 

phenomenon into a 1 degree of freedom model 

and obtained a nonlinear integral equation for the 

impact force; the resulting equation was then 

called Timoshenko's integral equation. The non­

linearity of the equation was caused by the nonlin­

ear relationship between the impact force and the 

approach of the mass and beam. Timoshenko 

solved the equation by a stepwise numerical inte­

gration procedure and obtained the contact force; 

consequently the deflection of the beam and the 
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displacement of the impactor were calculated. 

Later, a similar method was extended to study 

the dynamic response of other isotropic structural 

elements, such as plates and shells, under impact 

loading. Various simplified methods were also sug­

gested to avoid the difficulty of nonlinearity in 

Timoshenko's integral equation. 

Recently, advanced fiber-reinforced composite 

materials, such as graphite/epoxy, have been suc­

cessfully utilized as structural materials for various 

industrial applications. The laminated composite 

structures are sensitive to impact loading that may 

cause invisible internal delaminations. The under­

standing of the dynamic impact response of struc­

tures is key to understanding the causes and pre­

vention of damage. Therefore, the low-velocity 

impact problem of composite structures has be­

come an important subject for research. A similar 
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approach to Timoshenko's was adopted by most 

researchers to solve the problem of composite 

structures under impact of a mass. Most of these 

authors focused their attention on the dynamic 

impact response of laminated composite plates 

(Bogdanovich and Iarve, 1992; Chattopadhyay 

and Saxena, 1991; Christoforou and Swanson, 

1991; Dobyn, 1981; Sun and Chattopadhyay, 

1975), but only a few researchers tried to predict 

the dynamic response of laminated beams sub­

jected to impact. Sun (1977) proposed a modified 

nonlinear contact law for orthotropic materials 

that accounted for the permanent indentation 

after unloading, and developed a finite element 

code to calculate the low velocity impact of com­

posite beams. Schonberg, Keer, and colleagues 

(Keer and Balarini, 1983; Keer and Lee, 1985; 

Schonberg, 1989; Schonberg et aI., 1987) studied 

the dynamic response of transverse isotropic 

beams subjected to impact loading by superimpos­

ing a static layer solution with the Euler-Bernoulli 

beam theory; however, the method could not be 

readily employed to analyze inhomogeneous ma­

terials. Xia (1988) presented an analysis of low­

velocity impact on a two-layer beam with inter­

layer slip; his work was based on Timoshenko 

beam theory. For composite materials, the trans­

verse shear deformations in some cases are sig­

nificant due to the high ratio of the extension mod­

ulus to the transverse shear modulus. Both 

elementary and Timoshenko beam theories are 

therefore inadequate for accurate calculation of 

the response of composite beams under impact. 

In the present work, a numerical method is pre­

sented to investigate the dynamic response of low­

velocity impact on laminated beams with arbitrary 

boundary conditions. A higher order shear defor­

mation theory is adopted for the analysis. Unlike 

most earlier studies on low-velocity impact, which 

tried to obtain an integral equation for the impact 

force, the impactor and laminated composite beam 

are treated as a system in the present analysis; 

hence, the impact force is an internal force in the 

system. In this case, the difficulty of solving a non­

linear integral equation is avoided. The potential 

and kinetic energies are expressed in terms of the 

generalized displacements of the laminated beam 

and the displacement of mass. By applying La­

grange's principle and using the modified contact 

law, the governing equations of motion can then 

be derived for the system; it should be noted that 

the governing equations are second-order differ­

ential equations. The equations of motion are then 

uncoupled by introducing the transformation of 

principal coordinates and solved by a numerical 

technique. Numerical results obtained in the pres­

ent analysis are compared with those available in 

the literature to verify the applicability of the 

method. The dynamic response of cross-ply lami­

nated beams SUbjected to the impact of a mass 

are presented. The effects of different boundary 

conditions, simply supported-simply supported 

(SS), clamped-clamped (CC), clamped-simply 

supported (CS), and clamped-free (CF), are 

also discussed. 

PROBLEM FORMULATION 

Consider a system that consists of a laminated 

beam and impactor. The x-y plane of the 

Cartesian coordinate system is located in the mid­

dle plane of the laminated beam, and the z axis is 

perpendicular to the x-y plane as shown in Fig. 

1. The laminated beam is constructed of K ortho­

tropic layers. The length, height, and width of the 

beam are L, h, and b, respectively, where both 

ratios of hi Land bl L are much smaller than unity. 

The impactor strikes the beam at Xs with the initial 

velocity Vo. The mass of the impactor is ms. Fol­

lowing a procedure similar to Reddy's higher order 

shear deformation theory of plates (Reddy, 1984), 

in which the transverse shear stresses, (Txz = (Ts 

and (Tzy = (T4, vanish on the plate's top and bottom 

surfaces, the assumed displacement field for the 

laminated beam is taken to be of the form 

u(x, z, t) = uo(x, t) + ztf;xCx, t) - 3h2 tf;x + ax ' 4z3 
( aw) 

(1) 
w(x, z, t) = wo(x, t), 

where Uo and Wo are the displacements of a point on 

the midplane and tf;x is the rotation of the normal to 

the midplane about the y axis. 

The strain-displacement relationships associ­

ated with the assumed displacements field in Eq. 

(1) are given by 

(2) 

where 
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FIGURE 1 The geometrical configuration of the beam-impactor system. 

By utilizing Hooke's law, the stresses in the kth 

layer of the laminated beam can be obtained in 

the following matrix form as 

[0'1] [Qh 0] [e1] (4) 

O's k 0 Q~s es / 

where Qfl and Q~s are the transformed material 

constants given by 

Qh = Qh cos4 Ok + Q~2 sin4 Ok 

+ 2(Qf2 + 2Q~6) sin2 Ok cos2 Ok> 

Q~s = Gf3 cos2 Ok + G~3 sin2 Ok> 

(5) 

and Ok is the angle between the fiber direction and 

x axis of the kth layer. Qij and Gij are the material 

constants in the material coordinate system of 

the layer. 

When the laminated beam is impacted by a 

mass an impact force results, and the value of the 

constant force is evaluated by a contact law that 

relates the impact force with indentation. Based 

on static indentation tests, Yang and Sun (1982) 

proposed a contact power law for composite mate­

rials in which permanent deformation at the con­

tact point after a loading-unloading cycle was con­

sidered. In the present study, this modified contact 

law is used to predict the contact force between 

the laminated beam and impactor. 

The contact force Ie is given as follows: 

(6) 

loading, 

(7) 

unloading, 

reloading, 

In the above equations, ke is a modified contact 

constant, am is the maximum indentation during 

loading, Fm is the maximum contact force at the 

beginning of unloading, and ao is permanent in­

dentation. The relative approach a can be ex­

pressed in terms of displacement of the laminated 

beam and the mass, 

a = w(xs) - W" (10) 

where Ws is the displacement of the mass mea­

sured from the position of initial contact, and 

w(xs) is the deflection of the beam at the impact 

point Xs' 

The response of the laminated beam under the 

impact force can be separated into functions of 

time and position. The displacement of the middle 

plane along the x direction, midplane slope, and 

transverse displacement of the beam are expressed 

by the matrix form, 
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o 

[ 4>Xi(X)] 

o 
~ J r~~:~~~ ~J ' 

[4>Zl(X)] [C,(t)] 

i = 1,2, ... ,n, (11) 

where Ai(t), Bi(t), and Ci(t) are defined as the 

generalized displacements of the laminated beam; 

[4>ui(X)], [4>Xi(X)], and [4>zi(X)] are three complete 
function series that satisfy the associated displace­

ment boundary conditions; and n is the number 

of terms for series truncation. Equation (11) trans­

forms a continuous system into a discrete system 

with 3n degrees of freedom. 

To avoid solving a nonlinear integral equation 

in the determination of the impact force, the lami­

nated beam and the mass are considered to be a 

system. The impact force becomes an internal 

force in the system. When the duration of the 

impact is long when compared to the period of 

the fundamental mode of the impactor, the vibra­

tion of the impactor is negligible (Rayleigh, 1906). 

Then the work done by the impact force is 

P - fa I' d - Kc ( _ )q +1 
c - 0 Jc a - (qc + 1) a ac '· (12) 

By combining Eqs. (10) and (12), the kinetic 

and potential energies of the system are given by 

where [U] = [u wyand the superscript dot de­

notes the derivative with respect to time and Pk is 

the density of the kth layer. 

The governing equations of motion for the sys­

tem can be derived by applying Lagrange's equa­

tions: 

dd [aL] - aL = 0, j = 1,2, ... ,3n + 1, (14) 
t aPi api 

where L = T - P is defined as the Lagrangian 

and [pJ = [[Aa [Ba [C;] Ws] are 3n + 1 gener­

alized coordinates of the system. By placing Eqs. 

(1), (2), (4), and (13) into Eq. (14), collecting the 

coefficients of the generalized displacements of 

the system and nonlinear terms, the governing 

equations in terms of generalized displacements 

of the system are obtained as 

[[M] 
[Old 

where 

[~,,] 
[Ai(t)] 

[Bi(t)] 

[ti(t)] 

+ [[K] [k']] 
[Old -Kc 

Ws(t) 

[Ai(t)] 

[Bi(t)] 

[e(t)] = [0], (15) 

(~ Ci4>zi(Xs) - Ws - acr' 

and [M] and [K] are the mass and stiffness matri­

ces given in the Appendix and [Old and [Ole are 
3n X 1, n X 1 zero matrices, respectively. 

The laminated beam is assumed at rest when 

the mass strikes it. The initial conditions for the 

system are therefore given as 

[U] = [iT] = [0], Ws = 0, Ws = Vo. (17) 

From Eqs. (15) and (17) the response of the 

laminated beam and the displacement of the im­

pactor can be determined. Due to the nonlinear 

terms in Eq. (15), closed form solutions cannot be 

expected. Hence, numerical techniques are em­

ployed. 

SOLUTION PROCEDURE 

The second derivative terms are coupled in the 

governing equation, Eq. (15). Before solving the 

governing equations of motion by numerical tech­

niques, these second-order terms must be uncou­

pled. The mass matrix in Eq. (15) needs to be 

transformed into a diagonal matrix. By rearrang­

ing the governing equations of motion, the follow­

ing form of the equations is obtained: 
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[
[A;(t)]J [[Ai(t)]J 

[M] [~i(t)] + [K] [Bi(t)] 

[Ci(t)] [C;(t)] (18a) 

(18b) 

By setting the right side of Eq. (18a) to equal 

zero, Eq. (18a) can be used to determine the free 

vibration of the laminated beam with the corre­

sponding boundary conditions. The frequencies 

and normalized mode shape matrix of the lami­

nated beam are denoted by Wi and [V], respec­

tively. If repeated frequencies occur, the associ­

ated modes are orthogonalized. Therefore, the 

orthogonality conditions are given by 

[VY[M][V] = [I], (19a) 

[VY[K][V] = [w7J, (19b) 

where [I] is the identity matrix, [wf] is the diagonal 

matrix, and its diagonal elements consist of 3n 

frequencies of the laminated beam. 

The governing equations can then be uncoupled 

by introducing the transformation of principal co­

ordinates: 

(20) 

where [V] = [[vd [V2] [V3]Y and %(t)(j = 1, 
2, 3, ... ,3n) is called the principal coordinates 

of the laminated beam. 

In the Eq. (18) the generalized transverse dis­

placements Ci(t) are included in the nonlinear 

terms. To express the governing equations in terms 

of the principal coordinates of the beam and the 

displacement of the impactor, C;(t) are written as 

3n 

Ci(t) = 2: vq qj(t). (21) 
j~l 

By substituting Eqs. (20) and (21) into (18), 

and mUltiplying [vY on both sides, the uncoupled 

governing equations are obtained: 

[iji(t)] = -[VY[k'] (~ ~ vq o/Zi(XS)qj(t) 

(lla) 

where [ij;] = [ih ij2 ... ij2nY and [wfq;] = 
[ 2 2 2]T Wlql W2q2· .. W2nq2n . 

The initial conditions for the principal coordi­

nates of the beam can then be derived from Eqs. 

(17) and (20) as follows: 

[q] = [ti] = [0]. (23) 

The initial value problem of Eqs. (22) and (23) 

is solved numerically using the Runge-Kutta­

Nystron method (NAG, 1991). By choosing the 

appropriate function series [o/Ui(X)], [o/x;(x)] , and 

[o/Zi(X)] to satisfy the various boundary conditions, 

the numerical solutions of the dynamic response 

of the laminated beam with arbitrary boundary 

conditions are obtained. In the present study, sim­

ple-polynomial series are used to construct the 

functions [4>ui(X)] , [o/Xi(X)], and [o/Zi(X)] , and the 

response of the cross-ply beam with SS, CC, CS, 

CF boundary conditions are calculated. Once the 

principal coordinates qi(t) are known, the deflec­

tion of the beam is calculated from Eqs. (11) and 

(20); the strains and stresses at any point of the 

beam are then obtained from Eqs. (2) and (4) 

according to the known displacements of the 

beam. From the governing equations, the displace­

ment, velocity, and acceleration of the impactor 

are solved directly. The contact force and energy 

transformation between the laminated beam and 

impactor are obtained from Eqs. (6) and (13). 

NUMERICAL RESULTS 
AND DISCUSSION 

To verify the validity of the present method, nu­

merical examples are given and compared, where 

possible, with those available in the literature. The 

impact of a mass on a laminated composite beam 

is then studied in detail. 

Impact Between Isotropic Beam 
and Sphere 

Consider a steel beam impacted elastically by a 

steel ball at the center point of the beam. Timo-
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FIGURE 2 The comparison of the contact force and displacements for Timoshenko's case 1. 

shenko initiated the method into the area by solv­

ing the same problem in 1931. In his investigation, 

two cases were considered. In the first case he 

studied a 1 X 1 X 15.35 cm simply supported steel 

beam subjected to the transverse impact of a steel 

sphere with radius 1 cm at a velocity of 1 cm/s. 

The contact force and displacements of the sphere 

and the beam at the contact point were given in 

his publications (Timoshenko, 1931; Timoshenko 

and Young, 1954). In the second case the length 

of the beam and the radius of the sphere were 

taken to be twice as large as in the first case. A 

multiple-impact phenomena was found in the 

second case. The material constants of the steel 

are 

E = 215.6 GPa, G = 80 GPa, 

p = 7.96 X 103 kg/m3, v = 0.3, 

where E and G are the Young's and shear moduli 

of steel and p and v are the steel's density and 

Poisson ratio. 

Numerical results calculated from the present 

formulation are compared with Timoshenko's so­

lutions for the two cases and are plotted in Figs. 

2 and 3. In Fig. 2 the histories of the contact force 

and displacements of the sphere and beam at the 

impact point are given for the first case. The circles 

in the figures represent Timoshenko's solutions. 

The kilogram is adopted as the unit of the contact 

force, and the nondimensional time T is defined as 

T = t/T', where T' is 11180 of the fundamental 

natural period of the beam vibration (Timoshenko 

and Young, 1954). The figures show that very good 

agreement was achieved. For the second case, the 

histories of contact force, displacement of the im­

pactor, and the deflection of the beam at the mid­

dle are plotted in Fig. 3. Timoshenko's only pre­

dicted that double impact occurred in this case; 

he then perhaps stopped further calculation when 

he found that the impactor reversed its velocity 

direction and separated from the beam after the 

second impact. Figs. 2 and 3 show that during the 

second impact the impactor reverses its direction 

of motion and separates from the beam after the 

maximum value of the contact force is achieved. 

When the maximum deflection of the beam is 

reached, the beam releases its stored energy and 

moves toward its initial position. The third impact 

happens when the impactor is caught by the beam 

before the beam and the impactor return to their 

position at T = O. For the first two impacts, the 

present results are in good agreement with Timo­

shenko's solutions. 
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FIGURE 3 The comparison of the contact force and displacements for Timoshenko's case 2. 

For the two cases, the ratios of the energy lost 

from the impactor and absorbed by the beam to 

the total energy of the system are plotted in Figs. 

4 and 5 as a function of time. The vertical distances 

between the two energy ratio curves denote the 

fraction of the energy stored by the local deforma­

tion. In the second case the energy forming the 

local deformation reaches a maximum value dur­

ing the second impact, and the potential energy 

stored in the beam is transmitted back to the steel 

ball during the third impact. After the impact, the 

energies lost from the impactor are 91 and 12% 

for case 1 and case 2, respectively. The phenomena 

can also be seen from the histories of the impactor 

velocity shown in Figs. 4 and 5. The rebound veloc­

ities are 0.3 cmls in case 1 and 0.94 cmls in case 2. 

Goldsmith (1960) calculated the response of a 

steel beam when struck by a steel ball by using a 

dynamic plastic force-indentation law, in which a 

permanent crater at the impact point of the beam 

was considered. The steel beam has the dimen­

sions 1.27 X 1.27 X 76.2 cm. The steel ball with 

radius 0.635 cm strikes the midspan of the simply 

supported beam at the initial velocity of 45.72 

m/s. In Goldsmith's example, the force­

indentation law was taken to be of the form 

te = 3.616 X 108 al.128, 0 ::s a ::s am; 

( 
a - 3.12 X 10-4 )1.5 

!c = Fm am - 3.12 X 10-4 ' 
(24) 

am ::s a ::s 3.12 X 10-4 • 

The results obtained by combining the present 

formulation with the Hertzian law and the force­

indentation contact law are given in Figs. 6 and 7. 

The contact forces, displacements of the impactor, 

and the deflections of the beam at the impact point 

obtained from Goldsmith are also plotted with 

open circles for comparison. The overall behavior 

exhibits good agreement in the two examples. The 

histories of the velocities of the impactor and the 

energy ratios are presented in Figs. 8 and 9. In 

the second case 82% of the initial kinetic energy 

carried by the steel ball is used to form the perma­

nent crater in the impact point as indicated in 

Fig. 9. 

Impact Between laminated Composite 
Beam and Mass 

With accuracy of the present method established, 

a laminated beam with boundary conditions of SS, 
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CC, CS, and CF is analyzed to demonstrate the 

influence of various boundary conditions on the 

transient response of the beam subjected to impact 

load. The contact force and duration, deflection of 

the beam at the contact point, energy transmission, 

and stresses histories are discussed. 

The cross-ply laminated beam with a [0/90/90/ 

0] lay-up is made of graphite/epoxy. Each lamina 

has the same thickness. The details of the geomet­

rical configuration and the material constants are 

given as follows: 

El = 120 GPa, E2 = 7.9 GPa, 

G12 = G23 = G!3 = 5.5 GPa, 

P12 = 0.3, p = 1.61 X 103 kg/m3, 

L = 20 cm, b = 2 cm, h = 1 cm. 

A steel impactor with a contacting spherical cap 

of radius 0.635 cm impacts the center point, (L/2, 

b/2), of the top surface of the laminated beam 

with an initial velocity of 10 m/s. The boundary 

conditions considered are simply supported at 

both ends, clamped at both ends, CS, and CF. The 

coefficients in the contact law, Eq. (6), are assumed 

as, loading, 

unloading, 

qc = 2.5, a c = 0.094(am - 1.65 X lO-S), 

am ?: 1.65 X lO-s m; 

qc = 2.5, a c = 0, am < 1.65 X lO-s m. 

The free vibration of the beam is first analyzed. 

The natural periods for the boundary conditions 

CC, CS, SS, and CF are 524.7, 729.7,1099.7, and 

3049.3 jJvs, respectively. The dynamic response of 

the beam under the impact of a mass is studied 

based on the vibration characteristics of the beam. 

The results for the contact forces are plotted in 

Figs. 10 and 11 for the four types of boundary 

conditions. The figures demonstrated that multiple 

impacts occur in all four boundary conditions. In 

the first impact, the magnitudes and durations of 

the contact forces are very close for four cases. The 

effects of the boundary conditions are reflected by 

the intervals, peak values, and numbers of the 

consequent impacts. For the beam fixed at both 

ends, which is stiffer when compared with the 

other three cases, only the double impacts occur 

and the second peak value of the contact force is 

larger than those in the other three cases. In the 

present problem the multiple impacts are mainly 

caused by the high frequency vibrations of the 

beam that are induced by the first impact. Similar 

mUltiple-impact phenomena were also found by 

Cairns and Lagace (1989) when they investigated 

the impact problem of composite plates with vari­

ous boundary conditions. 

The non dimensional displacements of the im­

pactor and the deflections of the beam at the mid­

dle span are presented in Figs. 12 and 13 as a 

function of time. As can be seen, the high fre­

quency vibrations of the beam are produced after 

the first contact. The reason is that the duration 

of the first impact is shorter than the natural peri­

ods of the beam with four boundary conditions. 

When the dotted line is above the solid line in 

Figs. 12 and 13, the impactor is separated from 

the beam. Also, in all four cases the impactors 

have not reached the maximum displacements in 

the negative z direction after the first contact. This 

implies that the velocity direction of the impactor 

is not reversed and only part of the initial kinetic 

energy is transmitted to the beam in the first im­

pact process. 

The in-plane stress O"j and transverse shear 

stress O"s at the midthickness of the bottom layer 

below the impact point are shown in Figs. 14 and 

15 with respect to the various boundary conditions. 

The in-plane stresses O"j is much greater in magni­

tude than the transverse shear stress O"s for the 

four cases. At the considered point, the maximum 

O"j for the simply supported boundary condition is 

larger than those in other cases. This is because 

the resistance of the rotation of the cross sections 

to y axis in the simply supported beam is small 

when compared with the beam fixed by a clamped 

end. Due to the symmetry of the CC and SS beam 

according to the considered point, the transverse 

shear stress O"s at the considered point are zero in 

these two cases; the impact loading is supported 

by the in-plane deformation. For the beam with 

CS and CF boundary conditions, both 0"1 and O"s 

at the considered point are produced by the impact 

and the impact loading is supported by the in-plane 

and shear deformations. It is also worth noting 

that O"j and O"s undergo high frequency oscillations 

during the impact process and the higher modes 

become pronounced. The effect of higher modes 

may cause delamination damage in the compos­

ite beam. 

CONCLUSION 

A numerical method is presented by considering 

the beam and the impactor as a system. The high-
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FIGURE 12 The displacements of the impactor and the laminated beam at the contact 

point in CC and SS. 

order shear deformation and rotary inertia are 

included in the analysis of the beam. A set of 

governing equations of motion are obtained based 

on the Lagrange Principle and the plastic force­

indentation law. The governing equations are dis­

cretized from a continuous system to a system with 

multiple degrees of freedom by a separating 

variables method. By introducing the principal 

coordinates transformation, the equations of mo­

tion for the system are uncoupled according to 

the second derivative terms and are then solved 

numerically by employing the Runge-Kutta­

Nystron method. 

The accuracy of the proposed method is verified 

by comparing the numerical results with the pub­

lished solutions by Timoshenko (1954) and Gold­

smith (1960). In one case that Timoshenko investi­

gated by solving a nonlinear integral equation by 

using stepwise numerical integration, the present 

calculations predict that the third hit occurs during 

the impact process but Timoshenko gave only the 

first two impacts. The capability of the present 

formulation to combine with the various force 

indentation laws is examined by using Goldsmith's 

example, in which the permanent local deforma­

tion is taken into account. 

The impact response of a laminated composite 

beam with a cross-ply layup is investigated with 

respect to the various boundary conditions. In this 

problem, the multiple impacts phenomena is ob­

served in all cases. 

From the numerical results, the following main 

points can be drawn: 

1. The present method, combined with the 

proper contact law, can be used to study the 

dynamic response of the isotropic and com­

posite structures under low-velocity impact. 

2. The multiple impacts may occur in both iso­

tropic and composite structures. Some sim­

plified methods that assume one contact are 

no longer suitable for this kind of problem. 

3. The influence of the boundary condition on 

the contact force, deflection, and stresses of 

the beam are considerable. 
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FIGURE 15 The histories of the transverse shear stresses in CC, CS, SS, and CP. 

APPENDIX: MASS AND STIFFNESS 

MATRICES 

The displacement uo, wo, and the rotation lfix can 

be expressed as 

n 

Uo = ~ cPui(x)Ai(t), 
i~l 

n 

lfix = ~ cPx;(X)Bi(t), (A.1) 
i~l 

n 

Wo = ~ cPZi(X)C;(t). 
i~l 

The stiffness matrix of the beam is given in 

the form 

(A.2) 

where 

Kmn = Ki:m, Kmn = [kijn], (m, n = 1,2,3), 

and 

kT] = A 11 cPui,lcPuj,h 

k12 - (B 4E11) ..I,. ij - 11 - 3h2 cPui,! o/xj,l , 
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The mass matrix is in form of 

[

MU 

[M] = b f~ M21 

M31 

(A.3) 

where 

Mk/ = MII, Mkl = [mm, (k, I = 1,2,3), 

and 

The coefficients in the matrixes [K] and [M] 
are defined as follows: 

(Au, Bu, Du, Eu, Fu, Hu) 

- ~ fhk Qk (1 2 3 4 6) d - &1 h
k

-
1 

11 , Z, Z ,Z ,Z ,Z Z, (A.4a) 

(Ass, Dss, Fss) 

(A.4b) 

K 

- " fhk (1 2 3 4 6) d - L.. Pk ,Z,Z ,Z ,Z ,Z Z. 
i=l hk- 1 

(A.4c) 

The third subscript in functions cPui> cPXi> and cPzi 
is defined as derivatives with respect to x: 

(A.S) 
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