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Abstract 

An elementary understanding of the physical laws governing the spinning rotor 

1S necessary to grasp the essence and function of the various gyroscopic in­

struments found in to-day's aerospace and maritime vehicle control systems. 

This report gives a brief exhibition of the very basic phenomena of gyro be­

haviour in a way that may especially appeal to the control engineer with a 

limited educational background in the field of mechanical engineering. 
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BEHAVIOUR OF THE SPINNING GYRO ROTOR 

Ir. C. Huber 

Eindhoven University of Technology 

Department of Electrical Engineering 

Eindhoven, Netherlands 

The rigidity of the rotation axis of a spinning body is a remarkable phe­

nomenon. It invariably puzzles those confronted with it for the first time. 

But, though the complete theoretical treatment of spinning bodies belongs 

to the advanced subjects in mechanics (e.g. DEIMEL, MAGNUS)~, the basic 

principle involved appears to be of beautiful simplicity. 

The spinning motion is built up by torques applied during lengths of time. 

Torques can be regarded as vector quantities, and the time integral of a 

torque applied to a freely rotatable rigid body becomes the angular momentum 

of that body. The history of all torque vectors ever applied to the body 

is summed up in the momentary angular momentum, which too is a vector 

quantity. 

If no further torque 1S applied to the body it will retain it's angular 

momentum's magnitude and direction indefinitely, and nothing but a torque 

applied during some time will ever change it. If we can manage to keep a 

spinning body free of torques we can use its angular momentum vector as 

a directional reference with respect to inertial space. 

It is this basic property of a sp1nn1ng body that has led man to make use 

of such in solving a wide range of inertial rotation measurement and ve­

hicle control problems. 

~ See list of references on page 16. 
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Gyros used in the presence of gravity or other accelerations have to have 

a rotor suspension. The most widely used device for this purpose is the 

Cardanic gimbal system. 

Fig. i.-i. Cardanic gimbal suspension. 

The present paper, however, is not concerned with such practical aspects 

as how to realize certain conditions or requirements. Consequently, only 

idealized concepts shall be used here, such as infinite rigidity, zero 

impedance, rotor floating in space, etc. But it is this radical ideali­

sation of concepts that frees us from the burden of approximations and 

makes the basic reasoning simple. 
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2. Theory of gyro behaviour 

It is easy to gain insight into the elementary behaviour of the spinning 

rotor by dividing the subject into two separate aspects: 

a. Behaviour of the angular momentum VECTOR in space (steady state ki­

nematics) , 

b. Behaviour of the gyroscope viewed as mechanical two-port (transient 

state dynamics). 

A rigid body always has three principal axes of inertia (MAGNUS, SAVET). 

Usually the rotor of a gyro has the semblance of a wheel, and for our con­

siderations we shall assume such a wheel for the which the three principal 

moments of inertia show this relationship: 

J 1 = J
2 

< J
3 

2.-(1) 

Rotation shall be around the axis of J 3 (see fig. 2.1.-1.). This is a stable 

condition (MAGNUS, p.7S). 

This spinning rotor will be assumed to be floating in space. As a gyro it 

is characterized by the product of J 3 and its rotation speed vector w3 , 

which product is the angular momentum vector 

Let the spinning rotor be represented by the following figure: 

Fig. 2.1.-1. The spinning rotor. 

The axes of J 1 and J 2 are orthogonal to each other 

and to the axis of J 3 , which is also the spin axis. 

2.-(2) 
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Q~~~£ati~~_~f_!~£_~~g~l~£_~~~~~!~ 
The angular momentum is generated by applying a torque T to the aX1S 3 

during some length of time: 

2.1.-(1) 

The angular momentum can be regarded as the result of a torque-pulse, quite 

in analogy to magnitudes generated by pulses of other dimension, e.g.: 

-
linear momentum P 

electric charge Q 

v.M 

u.C 
{Fdt, 

fldt 

f~~£~£E~!i~_~f_~~~~!~ 

Differentiation of eq. 2.1.-(1) yields 

db -
- = T 
dt 

2.1.-(2) 

This means that the angular momentum b can only be changed by a torque T. 

As long as T = 0 the momentum vector b will remain constant. This pheno­

menon is referred to as the conservation of angular momentum with the ab­

sence of torques. 

~~~~~!~_~~~g~_~i!~_~££i!£~£li_!~£q~~ 

The modulus as well as the orientation of a vector can only be altered by 

adding to it a vector of the same dimensionality. According to eq. 

2.1.-(1) Tdt is such a vector belonging to b: 

db = Tdt 2.1.-(3) 

A change of the momentum vector b can never be effected "suddenly". The 
-

torque T has always to be applied during some length of time, and the 
-

change always is in the direction of T. 

This is illustrated by the following diagram: 

Fig. 2.1.-2. Changing the momentum vector b by appling 
a torque T. 
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The orientation of T with respect to bo ' in fig. 2.1.-2., is such that 

the angular momentum vector changes its length as well as its direction. 

Thus the rotor will increase its speed of rotation (around axis 3, see 

fig. 2.1.-1.), and the torque generator not only delivers a torque, but 

energy to the rotor. The energy accumulated in the rotor is 

E 2.1.-(4) 

and the power required to speed up the rotor is 

p = Ii = (T. w) 2.1.-(5) 

rQ~~~:[~~~_Q~~~~_Q[_~Q~~~E~ 

It is also possible to change the angular momentum vector without deli­

vering energy to the rotor, i.e. without speeding it up. This happens 

when the torque vector T is constantly kept at right angles to the momen­

tum vector b. Graphically interpreted the point of the vector b then 

follows a bow of a circle, see fig. 2.1.-3. 

, T , 
/ 

Fig. 2.1.-3. The circular path described by the point of 
b when the momentum is changed power-free. The vector 
b has been given the indices 1 and 2 to show the chro­
nological sequence. 

The angular velocity of the sweeping vector b can easily be derived from 

the geometry of fig. 2.1.-3., namely 

da 
db Tdt 

b =b 2.1.-(6) 

thus for the angular rate 

a da T 
dt =b 2.1.-(7) 

Note that this derivation of a = f(T) requires the employment of the mo­

duli of the vector quantities, since division of vectors is not uniquely 

defined. However, here we are dealing with the vectors T and b orthogonally 
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oriented to each other, and we can easily conclude from fig. 2.1.-3. that 

a as a vector (thus &) is perpendicular to both T and b. The use of the 

moduli in this case is therefore permissible. 

!!:fJl!:.r!:!:.!'L'2L th§._[1.UE.'2 
From fig. 2.1.-3. one can easily deduce how it comes that a gyro with a 

larger momentum b is more "rigidll than a gyro with a smaller b. For, 

with the same torque T and the same time increment dt the momentum change 
- - - -
Tdt = db will produce a smaller angular increment da the larger b becomes. 

QUE.'2_!:,1]._a.!:.I!!QC!J:.!!. 
Suppose we have a spinning rotor suspended by two gimbals as depicted in 

fig. ],-], Assume the spin axis bearings to be free of friction. It 

will then be impossible to exert any torques in the direction of the spin 

aXlS by turning the gimbals. In other words, it will be impossible to 

change the magnitude of the momentum by means of the gimbals. Of any tor­

que applied to the gimbal system only a component orthogonal to the mo­

mentary spin axis can be transmitted (disregarding transient phenomena, 

which are to be treated in the succeeding chapter).Any change of the 

orientation of the spin axis therefore will be effected free of power. 

In this situation, a torque that rotates along with the moving gimbal re­

sults in a constant precession rate of the spin axis. With a torque that 

remains constant in space, however, the spin axis will merely turn until 

all torque components perpendicular to the spin axis have vanished. Then the 

momentum vector b will have aligned itself with the torque vector T. 

In order to study the dynamic behaviour we shall make a few practical 

assumptions. The first is that the rotor be spinning at a constant speed 

and that torques applied never change that speed, but only the direction 

of the angular momentum vector in the power-free manner described in 

chapter 2.1. The torque vector T thus must always be at right angles to 

the momentum vector b. From fig. 2.1.-3. we learn that the precession 

rate vector a must always be at right angles to both T and b. We thus 

have an orthogonal system in which 

& x b = T. 2.2.-(1) 
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The second assumption is that we consider both T and " to have a fixed 

direction lU inertial space as long as we are dealing with transient res-

ponses only. This we may do as long as we can neglect the small transient 

angular excursions t:.a with respect to the steady state direction of b. 

These two assumptions mean that we are dealing with an orthogonal setup 

at all times, and that we can drop the vector notations for T, b, and a. 
We know the directions of T and a,and we define them as input and output 

axes. In general, when we apply a torque to the input axis we can expect 

some angular movement. Thus the input magnitudes become T] and "]. In 

analogy to this the output axis will, in general, be able to exert a 

torque when moving, so the output pair becomes T2 and a
2

• Both axes are 

geometrically decoupled due to their orthogonality, and if we assume the 

rotor to be floating in space to avoid suspension problems we can imagine 

it caught in a system of forks as is shown in fig. 2.2.-]. 

b~ 
1\ 

1-
input axis 

output axis ! ~ ,6:2 

as a mechanical two-port. Fig. 2.2.-]. The gyro 

As long as the rotor is not spinning, turning one fork will not influence 

the other, but when the rotor is sped up the two forks will be coupled 

with each other on the basis of the mechanical laws governing spinning 

bodies. The arrangement can be regarded as a mechanical two-port, and we 

shall analyze its behaviour as such, assuming the angular excursions of 

the two guiding forks as very small. 

~~:E~~E~_~g-1~~:E~~E~ 
Let a one-port (~ two-pole) in an arbitrary system (electrical, mechanical 

rectilinear, mechanical rotatory, magnetical, etc.) be characterized by 

two state variables (voltage - current; force - velocity; torque - angular rate 

magnetomotoric force - flux rate;etc.)having a specific relation to each 

other at that port (e.g. voltage per unit current = impedance). 
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In such a system a two-port (~ four-pole) is characterized by the relation 

between the state variables at the input and output port. A transducer is 

a two-port of special interest to us. With the ideal transducer a relation­

ship exists between one of each state variables at the input and one of 

those at the output, but not mutually between the two state variables at 

either input or output. The ideal transducer is able to transmit each in­

put state variable to the output independantly from the other. 

£!~~~!i~~_~~!~i~£~_Qf_ig£~l_!~~~~g~~£~~ 
The iterative matrix of an ideal transducer shows the transduction coeffi­

cient and its reciprocal in one of the diagonals, whereas the other diago­

nal contains only zeroes: 

or 2.2.-(2) 

The ideal transformer is an electrical example for the transformatoric type 

of transducer (see lefthand matrix in 2.2.-(2)) whereas a spinning rotor 

according to fig. 2.2.-1. with some idealisations forms an example of the 

gyratoric transducer (see other matrix in 2.2.-(2)). 

From eq. 2.2.-(1) we can conclude that with the gyro the two state varia-
- -bles involved are & and T. We have assigned fixed directions to these 

vector variables according to fig. 2.2.-1. Forthwith we shall be merely 

interested in the time-functions of the moduli & and T. 

We have thus arrived at a mechanical two-port the equations of which can 

be written as 

} 2.2.-(3) 

The matrix-form of 2.2.-3 is 

2.2.-(4) 
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and the appertaining two-port will be: 

Fig. 2.2.-2. The two-port equivalent of the idealized gyro. 

The transduction factor is b=w3 .J
3 

(compare eq. 2.-(2». In analogy to this 

the electrical Hall-effect gyrator's transduction factor h is the product 

of the magnetic induction and the Hall-constant, namely h = B.k. The Rall­

constant k of the material used can be compared with the moment of inertia 

J 3 , whereas the speed of rotation w3 represents a kind of biasing, or rather 

energizing, just as the induction B does. Both constituents of the trans­

duction factor, in each case, together lend the proper physical dimension 

to the transduction factor. 

Just as the ideal transformer does not exist in the physcial realm, so the 

idealized gyratoric two-port as represented by eq. 2.2.-(4) is an abstrac­

ted circuit element. The ideal transformer is approximated when the copper 

losses, stray inductances and the admittance of the main inductivity become 

negligibly small. In order to arrive at an ideal circuit element from a 

gyro according to fig. 2.2.-1 the forks would have to become infinitely 

rigid and massless, the friction with the axle would have to approach zero. 

Then, if w3 + 00 and J
3 

+ 0 simultaneously, the angular momentum b = w
3
.J

3 
can retain its finite value just as the ratio of the windings of a trans­

former can do even though the total number of windings may grow very large. 

I~E~2~~£~~_~~~E~Q~~g_~I~~~~E~ 
However, any practical gyro will be encumbered by disturbing elements. The 

most conspicuous ones will be the moments of inertia J 1 and J
2 

(see expla­

nation below fig. 2.1.-1.). One can regard them as oriented along the in-

put and output axes of the two-port, fig. 2.2.-1. The fork or gimbal iner­

tia has to be added, and if we think of them as comprised in J 1 and J 2 we can 

draw the following schematic: 
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• J I (II 
J 2 - ~ 

~ --------------.1 ~ : ~ 
• (l2 

Fig. 2.2.-3. The moments of inertia J I and J
2 

added to 
the ideal gyro two-port. 

The "short-circuited" input and output indicate that both the input and 

output axes are free of external torques, or So to say freewheeling, 

unbnrdened. 

~llii~a_g_~i~gl_~QH~~€ 

The input short-circuit can be replaced by a torque generator as in fig. 

2.2.-4.: 
J I J 2 • Oca 1)(, - ~ 

It I 
~ -4) !TI: 

b : 11i=O 0 

Fig. 2.2.-4. Torque generator connected to the input. 

Let a and T be sinusoidally varying state magnitudes: 

a = a.cos(wt + <1>.) 
} 2.2.-(5) 

(I 

T T.cos(wt + <l>T)' 

The torque generator then will be loaded by an impedance jwJ I plus the 

impedance of J 2 transformed (gyrated) to the input. The magnitude of this 

gyrated impedance can be determined by using eq. 2.2.-(3) as follows: 

ZI 
TI = b.a2 b2 

= = Z2 "I I 
j).T2 

2.2.-(6) 

If 

Z2 jwJ2 
2.2.-(7) 

then 

Z' 1 
I 

jW(J2/b2 ) 
2.2.-(8) 
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The gyrated impedance thus resembles a rotatory compliance 

Just as with the well-known electrical gyrator (FELDTKELLER), here 

too, "gyration" produces the dual counterpart of the respective circuitry, 

thus making impedances to admittances and parallel circuits to series cir­

cuits and vice Versa. We can thus project J 2 through the two-port to the 

input, and that yields the following circuit: 

Fig. 2.2.-5. J 2 gyrated to the input. 

The short circuit now left parallel to the output can be gyrated to an 

infinite impedance in series with the input so that we get: 

Fig. 2.2.-6. The short circuit at the output becomes 
an infinite impedance at the input, and the gyrator 
can be omitted. 

~be __ ~~£h~i§~_~f_~y~g~i~~ 
To demonstrate the usefulness of the two-port model of the spinning rotor 

we can derive the formula for its nutation frequency. 

If the gyro spin axis is free to move in all directions - freedom for small 

angular excursions is sufficient - we can replace the torque generator of 

fig. 2.2.-6 by a short circuit, thereby obtaining a resonant circuit: 
J

1 

Fig. 2.2.-7. The nutation circuit. 
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A puls injected into this circuit will make it resonate with the frequency 

V J I .'it 
b 

2.2.-(10) 

This we call the nutation frequency. 

It is also possible to grasp the kinematics of the nutation phenomenon by 

the following consideration using the two-port model:-

Torque and angular velocity of the sinusoidally moving rotation mass J I 
are 900 out of phase with each other. Since the transducer two-port turns 

the input torque into an output angular rate this output rate too will 

be 90 0 out of phase with the input rate: 

<[ T
J "'J = 90

0 

} '"' .-«" 
I I 

4: TJI = 4 "'2 

thus 4 C,2 "'J 90 0 and "'2"'1 90 0 

2.2.-(12) I 

If one studies this result at the hand of fig. 2.2.-1 it will be seen that 

the point of vector b describes a kind of Lissajous figure. With J
I 

= J
2 

this will be a circle, with J I # J
2 

(unequal moments of inertia of the 

gimbals) an ellipse. 

~~!~_gU~~_~~_~~!~_~~!~g~~!~~g_gU~Q 

The two-port model also allows the study of phenomena that do not strictly 

belong to the transient class provided the input and output axes and the 

associated torques and angular velocities can be regarded as orthogonal 

to each other. To show this use of the model the two main kinds of single 

degree of freedom gyros shall be taken:-

A rate gyro is obtained by measuring the output torque T2 that arises from 

an input angular rate "'I' The model of the fundamental ideal rate gyro 

looks like this: 

Fig. 2.2.-8. Angular rate source, ideal gyratoric transducer, 
and torque-meter with infinite input impedance constitute the 
idealized rate gyro. 
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• 
The torque-meter can be compared with an electrical voltage meter with 

very high input impedance. Practically speaking, however, the torque 

meter impedance is to be represented by a spring (electrically this would 

be a condensor), the output torque and thus the input angular rate being 

determined by the spring excursion. 

Whereas the rate gyro can be conceived of as a two-port.connected to an 

infinitely high load impedance, the rate integrating gyro will always 

have a finite secondary load resistor. It forces T2 and &2 to remain in 

phase at all times. This in turn makes also TI and &1 in phase with each 

other and with T2 and a2 • Let W represent the rotation resistance at the 

output aX1S. We then can write: 

T2 
W a

2 
= 2.2.-(13) 

and with eq. 2.2.-(3) 
~ 

T2 = ba = Wa 2 1 2.2.-(14) 

so that 
~ 

a
1 

W 
b a 2 2.2.-(15) 

=d finally 

" W a
l =b a 2 , 2.2.-(16) 

which means that the input angular excursion with respect to inertial 

space can be measured by the output angular excursion with respect to 

the orientation of the input axis (compare fig. 2.2.-1), the transfer 
~ 

ratio being determined by Wand b. 

Y~li4ifli_£f_f~~_f~~:E~~f_~~4~l 
The two-port model explained in the foregoing paragraphs allows us to cal­

culate the dynamical behaviour of a spinning rotor gyro (i.e. its response 

to transients) as well as its response to certain types of steady state 

signals with the same ease and precision as with any other linear system 

- provided the input, output, and spin axes sufficiently keep to the 

orthogonality requirements. Violation of these requirements entails non­

linearity, but fundamentally even then the model remains applicable. 
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